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Reinforcement Strategies in General Lotto
Games

Keith Paarporn, Rahul Chandan, Mahnoosh Alizadeh, Jason R. Marden

Abstract— Strategic decisions are often made over mul-
tiple periods of time, wherein decisions made earlier impact
a competitor’s success in later stages. In this paper, we
study these dynamics in General Lotto games, a class of
models describing the competitive allocation of resources
between two opposing players. We propose a two-stage
formulation where one of the players has reserved re-
sources that can be strategically pre-allocated across the
battlefields in the first stage of the game as reinforcements.
The players then simultaneously allocate their remaining
real-time resources, which can be randomized, in a deci-
sive final stage. Our main contributions provide complete
characterizations of the optimal reinforcement strategies
and resulting equilibrium payoffs in these multi-stage Gen-
eral Lotto games. Interestingly, we determine that real-time
resources are at least twice as effective as reinforcement
resources when considering equilibrium payoffs.

I. INTRODUCTION

System planners must make investment decisions to mitigate
the risks posed by disturbances or adversarial interference. In
many practical settings, these investments are made and built
over time, leading up to a decisive point of conflict. Security
measures in cyber-physical systems and public safety are
deployed and accumulated over long periods of time. Attackers
can consequently use knowledge of the pre-deployed elements
to identify vulnerabilities and exploits in the defender’s strat-
egy [2], [7], [31]. Many types of contests involves deciding
how much effort to exert over multiple rounds of competition
[1], [6], [15], [16], [25], [30].

Indeed, investment decisions are dynamic, where early in-
vestments affect how successful a competitor is at later points
in time. Many of these scenarios involve the strategic alloca-
tion of resources, exhibiting trade-offs between the costs of
investing resources in earlier periods and reserving resources
for later stages. In particular, an adversary is often able to
learn how the resources were allocated in the earlier periods
and can exploit this knowledge in later periods.

In this manuscript, we seek to characterize the interplay
between early and late resource investments. We study these
elements in General Lotto games, a game-theoretic framework
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that describes the competitive allocation of resources between
opponents. The General Lotto game is a popular variant of the
classic Colonel Blotto game, wherein two budget-constrained
players, A and B, compete over a set of valuable battlefields.
The player that deploys more resources to a battlefield wins
its associated value, and the objective for each player is to win
as much value as possible. Outcomes in the standard formu-
lations are determined by a single simultaneous allocation of
resources, i.e. they are typically studied as one-shot games.

The formulations considered in this paper focus on a multi-
stage version of the General Lotto game where one of the
players can reinforce various battlefields before the competi-
tion begins by pre-allocating resources to battlefields; hence,
we refer to these reinforcement strategies as pre-allocation
strategies. More formally, our analysis is centered on the
following multi-stage scenario: Player A is endowed with
P ≥ 0 resources to be pre-allocated, and both players possess
real-time resources RA, RB ≥ 0 to be allocated at the time
of competition. In the first stage, player A decides how to
deploy the pre-allocated resources P over the battlefields. The
pre-allocation decision is binding and known to player B. In
the final stage, both players engage in a General Lotto game
where they simultaneously decide how to deploy their real-
time resources, and payoffs are subsequently derived.

The pre-allocated resources may represent, for example,
the installation of anti-virus tools on system servers. The
capabilities of anti-virus software are typically static and well-
known, and thus a potential attacker would have knowledge
about the system’s base level of defensive capability. However,
the attacker would not generally have knowledge about the
system’s placement of intrusion-detection systems, which are
often dynamic and part of a “moving target defense” strategy
[5], [32], [33]. Moreover, attackers’ strategies must be unpre-
dictable in an attempt to exploit defenses. Thus, the use of
real-time resources in our model represents such dynamic and
unpredictable strategies. A full summary of our contributions
is provided below.

Our Contributions: Our main contribution in this paper is a
full characterization of equilibrium strategies and payoffs to
both players in the aforementioned two-stage General Lotto
game (Theorem 3.1). By characterizing these optimal rein-
forcement strategies, we are able to provide Pareto frontiers
for player A as one balances a combination of real-time and
pre-allocated resources (Lemma 4.1). Interestingly, Theorem
4.2 demonstrates that real-time resources are at least twice
as effective as pre-allocated resources when considering the
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equilibrium payoff of player A.
Our second set of results in this manuscript focus on

the optimal investment levels of pre-allocated and real-time
resources. Rather than player A being equipped with a fixed
budget of resources (P,RA), we rather consider a setting
where player A has a monetary budget MA and each type
of resource is associated with a given per-unit cost. Building
upon the above characterization of the optimal reinforcement
strategies in Theorem 3.1, in Theorem 4.1 we characterize the
optimal investment strategies for this per-unit cost variant of
the two-stage General Lotto game. This provides an under-
standing of the precise combination of pre-allocated and real-
time resources that optimize player A’s equilibrium payoff.

Our last contribution focuses on a variant of this General
Lotto game where both players can employ pre-allocated
resources. In particular, we consider a scenario where player
B is able to respond to player A’s pre-allocation with its
own pre-allocated resources, before engaging in the final-
stage General Lotto game. This is formulated as a Stackelberg
game, where both players have monetary budgets MA,MB

and per-unit costs for investing in the two types of resources.
We fully characterize the Stackelberg equilibrium (Proposition
5.1), which highlights that having the opportunity to respond
to an opponent’s early investments can significantly improve
one’s eventual performance.

Related works: This manuscript takes steps towards under-
standing the competitive allocation of resources in multi-
stage scenarios. There is widespread interest in this research
objective that involves the analysis of zero-sum games [14],
[20], [21], differential or repeated games [13], [27], and
Colonel Blotto games [1], [19], [26], [29]. The goal of many
of these works is to develop tools to compute decision-making
policies for agents in adversarial and uncertain environments.
In comparison, our work provides explicit, analytical char-
acterizations of equilibrium strategies, which draws sharper
insights that relate the players’ performance with the various
elements of adversarial interaction. As such, our work is
related to a recent research thread in which allocation decisions
are made over multiple stages [4], [9], [10], [17], [19], [23],
[26], [29].

Our work also draws significantly from the primary litera-
ture on Colonel Blotto and General Lotto games [8], [18], [24],
[28]. In particular, the simultaneous-move subgame played in
the final stage of our formulations was first proposed by Vu
and Loiseau [28], and is known as the General Lotto game
with favoritism (GL-F). Favoritism refers to the fact that pre-
allocated resources provide an incumbency advantage to one
player’s competitive chances. Their work establishes existence
of equilibria and develops computational methods to calculate
them to arbitrary precision. However, this prior work consid-
ers pre-allocated resources as exogenous parameters of the
game. In contrast, we model the deployment of pre-allocated
resources as a strategic element of the competitive interaction.
Furthermore, we provide the first analytical characterizations
of equilibria and the corresponding payoffs in GL-F games.

II. PROBLEM FORMULATION

The General Lotto game with pre-allocations (GL-P) is a
two-stage game with players A and B, who compete over a set
of n battlefields, denoted as B = {1, . . . , n}. Each battlefield
b ∈ B is associated with a known valuation wb > 0, which
is common to both players. Player A is endowed with a pre-
allocated resource budget P > 0 and a real-time resource
budget RA > 0. Player B is endowed with a budget RB > 0
of real-time resource, but no pre-allocated resources. The two
stages are played as follows:

– Stage 1 (pre-allocation): Player A decides how to allocate
her P pre-allocated resources to the battlefields, i.e., it selects
a vector p = (p1, . . . , pn) ∈ ∆n(P ) := {p′ ∈ Rn

+ : ∥p′∥1 =
P}, where Rn

+ denotes vectors with non-negative entries. We
term the vector p as player A’s pre-allocation profile. No
payoffs are derived in Stage 1, and A’s choice p becomes
binding and known to player B.

– Stage 2 (decisive point of conflict): Players A and B then
compete in a simultaneous-move sub-game with their real-time
resource budgets RA, RB . Here, both players can randomly
allocate these resources as long as their expenditure does not
exceed their budgets in expectation. Specifically, a strategy for
player i ∈ {A,B} is an n-variate (cumulative) distribution Fi

over allocations xi ∈ Rn
+ that satisfies

Exi∼Fi

[∑
b∈B

xi,b

]
≤ Ri. (1)

We use L(Ri) to denote the set of all strategies Fi that satisfy
(1). Given that player A chose p in Stage 1, the expected
payoff to player A is given by

UA(p, FA, FB) := ExA∼FA
xB∼FB

[∑
b∈B

wb ·1{xA,b + pb ≥ qxB,b}

]
(2)

where 1{·} is the usual indicator function taking a value of
1 or 0.1 In words, player B must overcome player A’s pre-
allocated resources pb as well as player A’s allocation of real-
time resources xA,b in order to win battlefield b. The parameter
q > 0 is the relative quality of player B’s real-time resources
against player A’s resources. For simpler exposition, we will
simply set q = 1, noting that all of our results are easily
attained for any other value of q. The payoff to player B
is UB(p, FA, FB) = 1 − UA(p, FA, FB), where we assume
without loss of generality that

∑
b∈B wb = 1.

Stages 1 and 2 of GL-P are illustrated in Figure 1. We spec-
ify an instantiation of the game as GL-P(P,RA, RB ,w). We
focus on the subgame-perfect equilibrium solution concept.

Definition 2.1. A profile (p∗, F ∗
A(p), F

∗
B(p)) where p∗ ∈

∆n(P ) and F ∗
i (p) : ∆n(P ) → L(Ri), for i = A,B, is a

subgame-perfect equilibrium (SPE) if the following conditions
hold.

1The tie-breaking rule (i.e., deciding who wins if xA,b + pb = xB,b) can
be assumed to be arbitrary, without affecting any of our results. This property
is common in the General Lotto literature, see, e.g., [18], [28].
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P

Fig. 1: (Left) The two-stage General Lotto game with Pre-allocations (GL-P). Players A and B compete over n battlefields, whose valuations
are given by {wb}nb=1. In Stage 1, player A decides how to deploy P pre-allocated resources to the battlefields. Player B observes the
deployment. In Stage 2, the players simultaneously decide how to deploy their real-time resources RA and RB and final payoffs are
determined. (Center) This plot shows the SPE payoff to player A under varying resource endowments (Theorem 3.1). Obtaining more
pre-allocated resources improves the payoff with decreasing marginal returns. Here, we have fixed RB = 1. (Right) The characterization of
the SPE payoff is broken down into three separate cases in the game’s parameters. These are shown as the three regions in this plot, here
parameterized by RB and RA, which correspond to the items in Theorem 3.1. We have fixed P = 0.5 here.

• For any p ∈ ∆n(P ), (F ∗
A(p), F

∗
B(p)) constitutes a Nash

equilibrium of the Stage 2 subgame:

UA(p, F
∗
A(p), F

∗
B(p)) ≥ UA(p, FA, F

∗
B(p))

and UB(p, F
∗
A(p), F

∗
B(p)) ≥ UB(p, F

∗
A(p), FB)

(3)

for any FA ∈ L(RA) and FB ∈ L(RB).
• The pre-allocation p∗ satisfies

UA(p
∗, F ∗

A(p
∗), F ∗

B(p
∗)) ≥ UA(p, F

∗
A(p), F

∗
B(p)) (4)

for any p ∈ ∆n(P ).

In an SPE, the players select their Stage 2 strategies
conditioned on player A’s choice of pre-allocation p in Stage
1, such that F ∗

A(p), F
∗
B(p) forms a Nash equilibrium of the

one-shot subgame of Stage 2. We stress the importance of the
common knowledge assumption for the pre-allocation choice
p before Stage 2 – over time, an opponent is likely to learn the
placement of past resources and would be able to exploit this
knowledge at a later point in time. The second condition in the
above definition asserts that player A’s SPE pre-allocation p∗

in Stage 1 optimizes its equilibrium payoff in the subsequent
Stage 2 subgame.

We remark that the Stage 2 subgame has been studied in the
recent literature, where it is termed a General Lotto game with
Favoritism [28]. We denote it as GL-F(p, RA, RB). There,
a pre-allocation vector p is viewed as an exogenous fixed
parameter, whereas in our GL-P formulation, it is an endoge-
nous strategic choice. It is established in [28] that a Nash
equilibrium exists and its payoffs are unique for any instance
of GL-F(p, RA, RB). Consequently, the players’ SPE payoffs
in our GL-P game are necessarily unique. We will denote
π∗
i (P,RA, RB) := Ui(p

∗, F ∗
A(p

∗), F ∗
B(p

∗)), i ∈ {A,B}, as
the players’ payoffs in an SPE when the dependence on the
vector w is clear.

While [28] provided numerical techniques to compute an
equilibrium of GL-F(p, RA, RB) to arbitrary precision, ana-
lytical characterizations of them (e.g. closed-form expressions)
were not provided. In the next section, we develop techniques

to derive such characterizations, as they are required to pre-
cisely express the SPE of the GL-P game.

III. EQUILIBRIUM CHARACTERIZATIONS

In this section, we present our main results regarding
the characterization of players’ SPE payoffs in the GL-P
game. These results highlight the relative effectiveness of pre-
allocated vs real-time resources.

A. Main results
The result below provides an explicit characterization of the

players’ payoffs in an SPE of the two-stage GL-P game.

Theorem 3.1. Consider the game GL-P(P,RA, RB ,w).
Player A’s payoff π∗

A(P,RA, RB) in a SPE is given as
follows:

1) If RB ≤ P , or RB > P and RA ≥ 2(RB−P )2

P+2(RB−P ) , then
π∗
A(P,RA, RB) is

1− RB

2RA

(
RA +

√
RA(RA + 2P )

P +RA +
√
RA(RA + 2P )

)2

. (5)

2) If RB > P and 0 < RA < 2(RB−P )2

P+2(RB−P ) , then
π∗
A(P,RA, RB) is

RA

2(qRB − P )
. (6)

3) If RA = 0, then π∗
A(P,RA, RB) is(
1−min

{
RB

P
, 1

})
(7)

Player B’s SPE payoff is given by π∗
B(P,RA, RB) =

1 − π∗
A(P,RA, RB). In all instances, player A’s SPE pre-

allocation is p∗ = w · P .

A visualization of the parameter regimes of the three cases
above is shown in the right Figure 1. Note that the standard
General Lotto game (without pre-allocations, [11]) is included
as the vertical axis at P = 0. An illustration of the SPE payoffs
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to player A is shown in the center plot of Figure 1. We notice
that given sufficiently high amount of pre-allocated resources
(i.e. P > RB), player A can attain a positive payoff even
without any real-time resources (RA = 0). For P < RB ,
player A receives zero payoff since player B can simply
exceed the pre-allocation on every battlefield. Observe that
the SPE payoff π∗

A(P,RA, RB) exhibits diminishing marginal
returns in RA and in P for larger values of P , but is not in
general a concave function in P – see the RA = 0.5 curve,
which has an inflection.
Proof approach and outline: The derivation of the SPE
payoffs in Theorem 3.1 follows a backwards induction ap-
proach. First, for any fixed pre-allocation vector p, one char-
acterizes the equilibrium payoff of the Stage 2 sub-game
GL-F(p, RA, RB). We denote this payoff as

πA(p, RA, RB) := UA(p, F
∗
A(p), F

∗
B(p)) (8)

where F ∗
A(·), F ∗

B(·) satisfies the first condition of Definition
2.1. Then, the SPE payoff is calculated by solving the follow-
ing optimization problem,

π∗
A(P,RA, RB) = max

p∈∆n(P )
πA(p, RA, RB). (9)

The following proof outline is taken to derive the SPE
strategies and payoffs.
Part 1: We first detail analytical methods to derive the equi-
librium payoff πA(p, RA, RB) to the second stage subgame
GL-F(p, RA, RB).
Part 2: We show that p∗ = w · P is an SPE pre-allocation,
i.e. it solves the optimization problem (9).
Part 3: We derive the analytical expressions for π∗

A reported
in Theorem 3.1.

Each one of the three parts has a corresponding Lemma that
we present in the following subsection.

B. Proof of Theorem 3.1

Part 1: The recent work of Vu and Loiseau [28] provides a
method to derive an equilibrium of the General Lotto game
with Favoritism GL-F(p, RA, RB). This method involves solv-
ing the following system2 of two equations for two unknown
variables (κA, κB) ∈ R2

++:

RA=

n∑
b=1

[hb(κA, κB)− pb]
2

2wbκB
, RB=

n∑
b=1

h2
b(κA, κB)− p2b

2wbκA

(10)
where hb(κA, κB) := min{wbκB , wbκA + pb} for b ∈ B.
The two equations above correspond to the expected budget
constraint (1) for both players. There always exists a solution
(κ∗

A, κ
∗
B) ∈ R2

++ to this system [28], which allows one to
calculate the following equilibrium payoffs.

Lemma 3.1 (Adapted from [28]). Suppose (κ∗
A, κ

∗
B) ∈ R2

++

solves (10). Then there is a Nash equilibrium (F ∗
A, F

∗
B) of

2The problem settings considered in [28] are more general, which considers
two-sided favoritism (i.e. pb < 0 for some b). However, exact closed-
form solutions were not provided. The paper [28] provided computational
approaches to calculate an equilibrium to arbitrary precision.

GL-F(p, RA, RB) where player A’s equilibrium payoff is
given by

πA(p, RA, RB) =
∑
b∈B1

wb

[
1− κ∗

B

2κ∗
A

(
1− p2i

(wbκB)2

)]
+
∑
b∈B2

wb
κ∗
A

2κ∗
B

(11)
and the equilibrium payoff to player B is πB(p, RA, RB) =
1− πA(p, RA, RB). Here, we define

B1 := {b ∈ B : hb(κ
∗
A, κ

∗
B) = wbκ

∗
B} and B2 := B\B1.

Lemma 3.1 provides an expression for πA(p, RA, RB) in
terms of a solution (κ∗

A, κ
∗
B) to the system of equations (10).

The sets B1 and B2 specify two cases that determine how much
effort is expended each battlefield: Player A exerts more effort
on battlefields belonging to B1, and less effort on B2.

Now, in order to study the optimization (9), we need
to be able to either find closed-form expressions for the
solution (κ∗

A, κ
∗
B) in terms of the defining game parameters

p, RA, RB ,w, or establish certain properties about the payoff
function (11), such as concavity in p. Unfortunately, we find
that this function is not generally concave for p ∈ ∆n(P ).
Our approach in Part 2 is to show that it is always increasing
in the direction pointing to p∗.
Part 2: This part of the proof is devoted to showing that
p∗ = w ·P is an SPE pre-allocation for player A. This divides
the total pre-allocated resources P among the battlefields
proportionally to their values wb, b ∈ B.

Lemma 3.2. The vector p∗ = w ·P is an SPE pre-allocation.

Equivalently, p∗ solves the optimization problem (9).

Proof. The proof will follow two sub-parts, 2-a and 2-b. In
part 2-a, we first establish that p∗ is a local maximizer of
πA(p, RA, RB) when either B1 = B or B2 = B. In part 2-
b, we show that no choice of p ∈ ∆n(P ) that results in both
sets B1 and B2 being non-empty achieves a higher payoff than
πA(p

∗, RA, RB), thus establishing Lemma 3.2.
Part 2-a: p∗ is a local maximizer of πA(p, RA, RB).

From Lemma 3.1 and the definition of hb(κA, κB), we find
that the solution to (10) under the pre-allocation p∗ is always
in one of two completely symmetric cases: 1) B1 = B; or 2)
B2 = B. Thus, we need to show p∗ is a local maximizer in
both cases.
Case 1 (B1 = B): For p ∈ ∆n(P ), the system (10) is written

RA =
n∑

b=1

(wbκB − pb)
2

2wbκB
and RB =

n∑
b=1

(wbκB)
2 − p2b

2wbκA

(12)
where 0 < wbκB − pb ≤ wbκA holds ∀b ∈ B. It yields the

algebraic solution

κ∗
B = P +RA +

√
(P +RA)2 − ∥p∥2w

κ∗
A =

(P +RA)κ
∗
B − ∥p∥2w

RB
.

(13)

where ∥p∥2w :=
∑n

b=1
p2
b

wb
. This solution needs to satisfy the

set of conditions 0 < wbκB − pb ≤ κA ∀b ∈ B, but the
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explicit characterization of these conditions is not needed to
show that p∗ is a local maximum. Indeed, first observe that
the expression for κ∗

B is required to be real-valued, which we
can write as the condition

p ∈ R(1) :=
{
p ∈ ∆n(P ) : ∥p∥2w < (P +RA)

2
}
. (14)

We thus have a region R(1) for which player A’s equilibrium
payoff (Lemma 3.1) is given by the expression

π
(1)
A (p) := 1− RB

f(∥p∥w)

(
1− ∥p∥2w

(P+RA+f(∥p∥w))2

)
(15)

where f(∥p∥w) :=
√
(P +RA)2 − ∥p∥2w. The partial deriva-

tives are calculated to be

∂π
(1)
A

∂pb
(p) =

pb
wb

· 2RB

f(∥p∥w)(P +RA + f(∥p∥w))2
(16)

A critical point of π(1)
A must satisfy z⊤∇π

(1)
A (p) = 0 for any

z ∈ Tn, where we define Tn := {z ∈ Rn :
∑n

b=1 zb = 0}
as the tangent space of ∆n(P ). Indeed for any p ∈ R(1), we
calculate

(p−w · P )⊤∇π
(1)
A (p) = g(∥p∥w) ·

(
∥p∥2w − P 2

)
≥ 0

(17)

where g(∥p∥w) := 2RB

f(∥p∥w)(P+RA+f(∥p∥w))2 > 0 for any p ∈
R(1n). The inequality above is met with equality if and only
if p = p∗. This is due to the fact that minp∈∆n(P ) ∥p∥2w =

∥p∗∥2w = P 2. Thus, p∗ is the unique maximizer of π
(1)
A (p)

on R(1).
Case 2 (B2 = B): For p ∈ ∆n(P ), the system is written as

RA =
n∑

b=1

(wbκA)
2

2wbκB
and RB =

n∑
b=1

(wbκA − pb)
2 − (pb)

2

2wbκA
,

where wbκB − pb > wbκA holds for all b ∈ B. This readily
yields the algebraic solution:

κ∗
B = 2

(RB − P )2

RA
and κ∗

A = 2(RB − P ). (18)

For this solution to be valid, the following conditions are
required:
• κ∗

A, κ
∗
B ∈ R++: This requires that RB − P > 0.

• wbκ
∗
B − pb > wbκ

∗
A for all b ∈ B: This requires that

2
(RB − P )2

RA
− 2(RB − P )−max

b
{ pb
wb

} > 0.

The left-hand side is quadratic in RB − P , and thus requires
that either

RB − P <
RA

2

(
1−

√
1 +

2

RA
max

b
{ pb
wb

}
)

or

RB − P >
RA

2

(
1 +

√
1 +

2

RA
max

b
{ pb
wb

}
)
. (19)

The former cannot hold since the numerator on the right-hand
side is strictly negative, but κ∗

A, κ
∗
B ∈ R++ requires RB−P >

0. Thus, (19) must hold, and we define the region

R(2) := {p ∈ ∆n(P ) : (19) is satisfied}. (20)

Clearly, this is more restrictive than RB−P > 0. This dictates
the boundary of Case 2.

For any p ∈ R(2), the expression for player A’s payoff in
(11) simplifies to

πA(p, RA, RB) =
n∑

b=1

wb
κ∗
A

2κ∗
B

=
RA

2(RB − P )
,

where we use the expression for κ∗
B and κ∗

A in (18). Observe
that player A’s payoff is constant in the quantity p. Thus, for
any p ∈ R(2), it holds that all battlefields are in Case 2, and
that player A’s payoff is the above. We conclude sub-part 2-a
noting that, for given quantities RA and P , if there exists any
p ∈ R(2), then p∗ = w · P ∈ R(2), since ||p||∞ ≥ ||p∗||∞
and the right-hand side in (19) is increasing in ||p||∞.
Part 2-b: Any pre-allocation p that corresponds to a solu-
tion of (10) with B1,B2 ̸= ∅ satisfies πA(p, RA, RB) ≤
πA(p

∗, RA, RB).
For easier exposition, the proof of Part 2-b is presented in

Appendix A. Together, Parts 2-a and 2-b imply that p∗ is a
global maximizer of the function πA(p, RA, RB), completing
the proof of Lemma 3.2. ■

Part 3: In the third and final part, we obtain the formulas for
SPE payoffs reported in Theorem 3.1.

Proof of Theorem 3.1. We proceed to derive closed-form so-
lutions for the SPE payoff π∗

A(P,RA, RB). From Lem-
mas 3.1 and 3.2, the SPE payoff is attained by evaluating
πA(p

∗, RA, RB), i.e. from equation (11). From the discussion
of Part 2-a, this amounts to analyzing the two completely
symmetric cases B1 = B and B2 = B.

Case 1 (B1 = B): Substituting p∗ = w · P into (13) and
simplifying, we obtain

κ∗
B = P +RA +

√
RA(RA + 2P )

κ∗
A =

(P +RA)κ
∗
B − P 2

RB
.

(21)

Next, we verify that this solution satisfies the conditions 0 <
κ∗
B − P ≤ κ∗

A imposed by the case B1 = B.
• κ∗

B − P > 0: This holds by inspection.
• κ∗

B − P ≤ κA: We can write this condition as

RB − P ≤ RA +
PRA

RA +
√

RA(RA + 2P )
(22)

We note that whenever RB ≤ P , this condition is always
satisfied. When RB > P , this condition does not automatically
hold, and an equivalent expression of (22) is given by

RA ≥ 2(RB − P )2

P + 2(RB − P )
. (23)

Observe that RA = 2(RB−P )2

P+(RB−P ) satisfies (22) with equality,
and is in fact the only real solution (one can reduce it to a
cubic polynomial in RA).

When these conditions hold, the equilibrium payoff
π∗
A(P,RA, RB) = πA(p

∗, RA, RB) can be directly computed
from Lemma 3.1, i.e. (11). It is given by the expression (5).
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Case 2 (B2 = B): Substituting p = w · P into (18) and
simplifying, we obtain

κ∗
A = 2(RB − P ) and κ∗

B =
2(RB − P )2

RA
. (24)

The solution satisfies the conditions 0 < κ∗
A < κ∗

B − P
imposed by the case B2 = B if and only if RB > P

and RA > 2(RB−P )2

P+(RB−P ) . When this holds, the SPE payoff is
calculated from (11) to be π∗

A(P,RA, RB) =
RA

2(RB−P ) . ■

IV. INTERPLAY BETWEEN RESOURCE TYPES

In this section, we present some implications from Theorem
3.1 regarding the relative value between pre-allocated and real-
time resources. Specifically, we study how player A should
invest in both types of resources when they are costly to ac-
quire. We then analyze an effectiveness ratio, which quantifies
the amount of resources from each type that achieves equal
performance.

A. Optimal investment in resources
We highlight the interplay between the two types of re-

sources by considering the following scenario: player A has
an opportunity to make an investment decision regarding
its resource endowments. That is, the pair (P,RA) ∈ R2

+

is a strategic choice made by player A before the game
GL-P(P,RA, RB ,w) is played. Given a monetary budget
MA > 0 for player A, any pair (P,RA) must belong to the
following set of feasible investments:

I(MA) := {(P,RA) : RA + cAP ≤ MA} (25)

where cA ≥ 0 is the per-unit cost for purchasing pre-allocated
resources, and we assume the per-unit cost for purchasing
real-time resources is 1 without loss of generality. We are
interested in characterizing player A’s optimal investment
subject to the above cost constraint, and given player B’s
resource endowment RB > 0. This is formulated as the
following optimization problem:

πopt
A := max

(P,RA)∈I(MA)
π∗
A(P,RA, RB). (26)

In the result below, we derive the complete solution to the
optimal investment problem (26).

Theorem 4.1. Fix a monetary budget MA > 0, relative per-
unit cost cA > 0, and RB > 0 real-time resources for
player B. Then, player A’s optimal investment in pre-allocated
resources in (26) is

P ∗ =


2(1−cA)
2−cA

MA

cA
, if cA < t

∈ [0, 2(1−cA)
2−cA

MA

cA
], if cA = t

0, if cA > t

. (27)

where t := min{1, MA

RB
}. The optimal investment in real-time

resources is R∗
A = MA − cAP

∗. The resulting payoff πopt
A to

player A is given by
1− RB

2MA
cA(2− cA), if cA < t

1− RB

2MA
, if cA ≥ t and MA

RB
≥ 1

MA

2RB
, if cA ≥ t and MA

RB
< 1

. (28)

A plot of the optimal investment P ∗ (27) is shown in
the right Figure 2. If the cost cA exceeds 1, then there is
no investment in pre-allocated resources since they are less
effective than real-time resources. Thus, cA must necessarily
be cheaper than real-time resources in order to invest in any
positive amount. We note that while an optimal investment
can purely consist of real-time resources, no optimal invest-
ment from Theorem 4.1 can purely consist of pre-allocated
resources. Interestingly, when the monetary budget is small
(MA < 1), there is a discontinuity in the investment level P ∗

at cA = RB .
The proof of this result relies on the following technical

lemma, which characterizes the level curves of the SPE payoff
π∗
A(P,RA, RB). A level curve with fixed performance level

Π ∈ [0, 1] is defined as the set of points

LΠ := {(P,RA) ∈ R2
+ : π∗

A(P,RA, RB) = Π}. (29)

Lemma 4.1. Given any RB > 0 and w ∈ Rn
++, fix a desired

performance level Π ∈ [0, 1]. The level curve LΠ is given by

LΠ =
⋃

P∈
[
0,

RB
1−Π

] (P,RΠ(P )) (30)

where if 0 ≤ Π < 1
2 ,

RΠ(P ) =

2Π(RB − P ) for P ∈
[
0, (1−2Π)RB

1−Π

)
(RB−(1−Π)P )2

2RB(1−Π) for P ∈
[
(1−2Π)RB

1−Π , WRB

1−Π

]
(31)

and if 1
2 ≤ Π ≤ 1,

RΠ(P ) =
(RB − (1−Π)P )2

2RB(1−Π)
(32)

If P > RB

1−Π , then π∗
A(P,RA, RB) > Π for any RA ≥ 0.

The above characterizations follow directly from the ex-
pressions in Theorem 3.1 and is thus omitted. In the center
Figure 2, we illustrate level curves associated with varying
performance levels Π. We can now leverage the above Lemma
to complete the proof of Theorem 4.2.

Proof of Theorem 4.1. We first observe that for any Π ∈
(0, 1), the level curve RΠ(P ) (from Lemma 4.1) is strictly
decreasing and convex in P ∈ [0, RB

1−Π ]. Hence, the function
πA(P,RA, RB) is quasi-concave in (P,RA). Observe that the
set of points (P,RA) ∈ R2

+ that satisfy RA+cAP = MA con-
sists of the line segment RA = MA − cAP , P ∈ [0,MA/cA],
with slope −cA, and end-points (MA, 0) and (0,MA/cA).
Thus, the optimization amounts to finding the highest level
curve that intersects with RA = MA−cAP , P ∈ [0,MA/cA].

The slope of a level curve RΠ(P ) at P = 0 is

∂RΠ

∂P
(0) =

{
−2Π, if Π < 1

2

−1, if Π ≥ 1
2

. (33)

Let MA ≥ 0 such that π∗
A(0,MA, RB) = Π ≥ 1/2. Then,

note that, if −cA < −1 (or, equivalently cA > 1), then RA =
MA− cAP shrinks faster in P than the level curve RΠ(P ) by
monotonicity and convexity of the level curve in P . Thus,
the allocation (P,RA) = (0,MA) maximizes A’s payoff,
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Stage 1 (Pre-allocate) Stage 2 (Real-time)

(a) (b)

RA

RB

P = ∑pb

p1 p2 pnp1 p2 pn

(c)

Perform-
ance (Π) (0, RA) (Peq, 0) Peq/RA

0.250 (0, 0.500) (1.333, 0) 2.667

0.500 (0, 1.000) (2.000, 0) 2.000

0.625 (0, 1.333) (2.667, 0) 2.000
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0.875 (0, 4.000) (8.000, 0) 2.000

<latexit sha1_base64="4WVDf9KocOKVMG5D97ssA6ijGM0=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SDYGHYlqGXQxjKCeUCyhNnZm2TI7IOZu2JYUtv4KzYWitj6BXb+jZNkC008MHA459yZuceLpdBo299Wbml5ZXUtv17Y2Nza3inu7jV0lCgOdR7JSLU8pkGKEOooUEIrVsACT0LTG15P/OY9KC2i8A5HMbgB64eiJzhDI3WLhx2EB0zNzCmTMjIy+FTB7H5Nx7TWLZbssj0FXSRORkokg8l/dfyIJwGEyCXTuu3YMbopUyi4hHGhk2iIGR+yPrQNDVkA2k2nq4zpsVF82ouUOSHSqfp7ImWB1qPAM8mA4UDPexPxP6+dYO/STUUYJwghnz3USyTFiE56ob5QwFGODGFcCfNXygdMMY6mvYIpwZlfeZE0zsrOeblyWylVr7I68uSAHJET4pALUiU3pEbqhJNH8kxeyZv1ZL1Y79bHLJqzspl98gfW5w94IZq/</latexit>

pre-allocated resources P

<latexit sha1_base64="5dEFdN1n8xU6GvS2OnTKjBcKypo=">AAACD3icbVBNS8NAEN34bf2qevSyWJQKUhIp6tEPBI8qtgptCJvtRJduNmF3IpbQf+DFv+LFgyJevXrz37itOfj1YODx3gwz88JUCoOu++GMjI6NT0xOTZdmZufmF8qLS02TZJpDgycy0ZchMyCFggYKlHCZamBxKOEi7B4O/Isb0EYk6hx7Kfgxu1IiEpyhlYLyehvhFvOjKAKO4gYUGEP1wKR9elQ9C/Y3z4KDjaBccWvuEPQv8QpSIQVOgvJ7u5PwLAaFXDJjWp6bop8zjYJL6JfamYGU8S67gpalisVg/Hz4T5+uWaVDo0TbUkiH6veJnMXG9OLQdsYMr81vbyD+57UyjHb9XKg0Q1D8a1GUSYoJHYRDO0LbGGTPEsa1sLdSfs0042gjLNkQvN8v/yXNrZq3Xauf1it7B0UcU2SFrJIq8cgO2SPH5IQ0CCd35IE8kWfn3nl0XpzXr9YRp5hZJj/gvH0Cn9ubuQ==</latexit>

E↵ectiveness ratio E(RA, RB)

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="Xrmp0fMDPS3synlvtTM53hwMrlw=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSDYGHYlqGXUxjIG84BkCbOTm2TI7IOZu2JYUtr4KzYWitj6CXb+jZNHoYkHLhzOuXfm3uPHUmh0nG9rYXFpeWU1s5Zd39jc2rZ3dqs6ShSHCo9kpOo+0yBFCBUUKKEeK2CBL6Hm969Hfu0elBZReIeDGLyAdUPREZyhkVr2QRPhAdMyMHmCIgCqYPK2pkNabl227JyTd8ag88SdkhyZotSyv5rtiCcBhMgl07rhOjF6KVMouIRhtploiBnvsy40DA1ZANpLx4cM6ZFR2rQTKVMh0rH6eyJlgdaDwDedAcOenvVG4n9eI8HOhZeKME4QQj75qJNIihEdpULbQgFHOTCEcSXMrpT3mGIcTXZZE4I7e/I8qZ7m3bN84baQK15N48iQfXJIjolLzkmR3JASqRBOHskzeSVv1pP1Yr1bH5PWBWs6s0f+wPr8AWLomZA=</latexit>

Real-time resources RA

<latexit sha1_base64="pCRhYmaNVcSz0xRgewklthotlas=">AAACCHicbVA9SwNBEN3zM8avqKWFi0HQJtxJUMugjUWKCOYDkiPsbSa6uHt37M4Fw5HSxr9iY6GIrT/Bzn/jJrlCow8GHu/NMDMviKUw6Lpfztz8wuLScm4lv7q2vrFZ2NpumCjRHOo8kpFuBcyAFCHUUaCEVqyBqUBCM7i7GPvNAWgjovAahzH4it2Eoi84Qyt1C3sdhHtMqzAASXmiB2DoYRWUYrRc8o5G3ULRLbkT0L/Ey0iRZKh1C5+dXsQTBSFyyYxpe26Mfso0Ci5hlO8kBmLG79gNtC0NmQLjp5NHRvTAKj3aj7StEOlE/TmRMmXMUAW2UzG8NbPeWPzPayfYP/NTEcYJQsini/qJpBjRcSq0JzRwlENLGNfC3kr5LdOMo80ub0PwZl/+SxrHJe+kVL4qFyvnWRw5skv2ySHxyCmpkEtSI3XCyQN5Ii/k1Xl0np03533aOudkMzvkF5yPbycgmMM=</latexit>

Level curves (Lemma 4.1)
<latexit sha1_base64="hGyX87Ho7g8W/4Ptm83PDn+MYUQ=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGgnoMevEYIRskQ+jp1CRNeha6a8Q4BH/FiwdFvPof3vwbO8tBEx8UPN6roqqeF0uh0ba/rczK6tr6RnYzt7W9s7uX3z9o6ChRHOo8kpFqeUyDFCHUUaCEVqyABZ6Epje8mfjNe1BaRGENRzG4AeuHwhecoZG6+aMOwgOmxdoAIgUBLZecs3E3X7BL9hR0mThzUiBzVLv5r04v4kkAIXLJtG47doxuyhQKLmGc6yQaYsaHrA9tQ0MWgHbT6fVjemqUHvUjZSpEOlV/T6Qs0HoUeKYzYDjQi95E/M9rJ+hfuakI4wQh5LNFfiIpRnQSBe0JBRzlyBDGlTC3Uj5ginE0geVMCM7iy8ukcV5yLkrlu3Khcj2PI0uOyQkpEodckgq5JVVSJ5w8kmfySt6sJ+vFerc+Zq0Zaz5zSP7A+vwBOFWUbQ==</latexit>

(Theorem 4.1)

<latexit sha1_base64="zG0mlcVg1Xnt9SozKEmY5FfNEVM=">AAACFnicbVC7SgNBFJ31GeMramkzGAWbhF0JKlZRG8sIJgaSEGYnd5PB2Z1l5q4YlnyFjb9iY6GIrdj5N04ehSYeGDiccw937vFjKQy67rczN7+wuLScWcmurq1vbOa2tmtGJZpDlSupdN1nBqSIoIoCJdRjDSz0Jdz6d5dD//YetBEqusF+DK2QdSMRCM7QSu1coYnwgClXBqkKqM0WmJTK2tChGsZ7zBnd5+3z/UE7l3eL7gh0lngTkicTVNq5r2ZH8SSECLlkxjQ8N8ZWyjQKLmGQbSYGYsbvWBcalkYsBNNKR2cN6IFVOjRQ2r4I6Uj9nUhZaEw/9O1kyLBnpr2h+J/XSDA4baUiihOEiI8XBYmkqOiwI9oRGjjKviWMa2H/SnmPacbRNpm1JXjTJ8+S2lHROy6Wrkv58sWkjgzZJXvkkHjkhJTJFamQKuHkkTyTV/LmPDkvzrvzMR6dcyaZHfIHzucPxtCfGg==</latexit>

cost of pre-allocated resources: cA

<latexit sha1_base64="9/fcVopQ8KsmN7/jNTELCVVhrz4=">AAAB/XicbVDJSgNBEO1xjXGLy81LYxDiJcyEoB6DXjxGyAbJEHo6NUmTnoXuGjEOwV/x4kERr/6HN//GznLQxAcFj/eqqKrnxVJotO1va2V1bX1jM7OV3d7Z3dvPHRw2dJQoDnUeyUi1PKZBihDqKFBCK1bAAk9C0xveTPzmPSgtorCGoxjcgPVD4QvO0Ejd3HEH4QHTQm0AkYKAloul83E3l7eL9hR0mThzkidzVLu5r04v4kkAIXLJtG47doxuyhQKLmGc7SQaYsaHrA9tQ0MWgHbT6fVjemaUHvUjZSpEOlV/T6Qs0HoUeKYzYDjQi95E/M9rJ+hfuakI4wQh5LNFfiIpRnQSBe0JBRzlyBDGlTC3Uj5ginE0gWVNCM7iy8ukUSo6F8XyXTlfuZ7HkSEn5JQUiEMuSYXckiqpE04eyTN5JW/Wk/VivVsfs9YVaz5zRP7A+vwBOduUbg==</latexit>

(Theorem 4.2)

<latexit sha1_base64="X91qo09v1jTDtGhCsXN6KT2inZI=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzx4jEuWSAZQk+nkzTp6Rm6a4Qw5BO8eFDEq1/kzb+xk8xBEx8UPN6roqpeEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+cS1EZF6xHHM/ZAOlOgLRtFKD/fdardYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/2U6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5PGWdm7LF/cnZcq1SyOPBzBMZyCB1dQgVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4A7sGNlQ==</latexit>

RB

<latexit sha1_base64="UvKCjNedxxYOwlceORgP0BhkWdM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKrV6EqhcvQgX7gW0om+2mXbrZhN2NUEL/hRcPinj133jz37htc9DWBwOP92aYmefHnCntON9WbmV1bX0jv1nY2t7Z3SvuHzRVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Y9upn7riUrFIvGgxzH1QjwQLGAEayM93vWu0CVy7HKlVyw5tjMDWiZuRkqQod4rfnX7EUlCKjThWKmO68TaS7HUjHA6KXQTRWNMRnhAO4YKHFLlpbOLJ+jEKH0URNKU0Gim/p5IcajUOPRNZ4j1UC16U/E/r5Po4MJLmYgTTQWZLwoSjnSEpu+jPpOUaD42BBPJzK2IDLHERJuQCiYEd/HlZdIs227VrtyflWrXWRx5OIJjOAUXzqEGt1CHBhAQ8Ayv8GYp68V6tz7mrTkrmzmEP7A+fwDaYI8X</latexit>

MA = 0.25

<latexit sha1_base64="swJG44gLnsvY6x5U4yc1ImaZdOM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEtl6EqhcvQgX7gW0om+2mXbrZhN2NUEL/hRcPinj133jz37htc9DWBwOP92aYmefHnCntON9WbmV1bX0jv1nY2t7Z3SvuHzRVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Y9upn7riUrFIvGgxzH1QjwQLGAEayM93vWu0CVy7Gq5Vyw5tjMDWiZuRkqQod4rfnX7EUlCKjThWKmO68TaS7HUjHA6KXQTRWNMRnhAO4YKHFLlpbOLJ+jEKH0URNKU0Gim/p5IcajUOPRNZ4j1UC16U/E/r5Po4MJLmYgTTQWZLwoSjnSEpu+jPpOUaD42BBPJzK2IDLHERJuQCiYEd/HlZdI8s92KXb4/L9WuszjycATHcAouVKEGt1CHBhAQ8Ayv8GYp68V6tz7mrTkrmzmEP7A+fwDh+Y8c</latexit>

MA = 0.75

<latexit sha1_base64="4CURYCs18igW/nsLBf+zG6E6Tfs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKrV6EqhcvQgX7gW0om+2mXbrZhN2NUEL/hRcPinj133jz37htc9DWBwOP92aYmefHnCntON9WbmV1bX0jv1nY2t7Z3SvuHzRVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Y9upn7riUrFIvGgxzH1QjwQLGAEayM93vWu0CVy7XKlVyw5tjMDWiZuRkqQod4rfnX7EUlCKjThWKmO68TaS7HUjHA6KXQTRWNMRnhAO4YKHFLlpbOLJ+jEKH0URNKU0Gim/p5IcajUOPRNZ4j1UC16U/E/r5Po4MJLmYgTTQWZLwoSjnSEpu+jPpOUaD42BBPJzK2IDLHERJuQCiYEd/HlZdIs227VrtyflWrXWRx5OIJjOAUXzqEGt1CHBhAQ8Ayv8GYp68V6tz7mrTkrmzmEP7A+fwDb548Y</latexit>

MA = 1.25

<latexit sha1_base64="Cp3jkH1d6SvXc7n5wcpzt9V4opA=">AAACFXicbVDJSgNBEO1xjXGLevTSGAQRCTPidkz0ogchgjFCEoeeTo029ix01wTDMD/hxV/x4kERr4I3/8aeJAe3Bw2P96qqq54XS6HRtj+tsfGJyanpwkxxdm5+YbG0tHyho0RxaPBIRurSYxqkCKGBAiVcxgpY4EloerdHud/sgdIiCs+xH0MnYNeh8AVnaCS3tNVGuMP0JOyBxgBCpCp3aEbbvmI85W6N1q82s/TUrWVuqWxX7AHoX+KMSJmMUHdLH+1uxJN8LpdM65Zjx9hJmULBJWTFdqIhZvyWXUPL0JAFoDvp4KqMrhulS/1ImWf2GqjfO1IWaN0PPFMZMLzRv71c/M9rJegfdFIRxglCyIcf+YmkGNE8ItoVCjjKviGMK2F2pfyGmTTQBFk0ITi/T/5LLrYrzl5l92ynXD0cxVEgq2SNbBCH7JMqOSZ10iCc3JNH8kxerAfryXq13oalY9aoZ4X8gPX+BX/MnwI=</latexit>

Investment ratio
cAP

⇤

MA

Fig. 2: (Left) A plot of the effectiveness ratio E(RA, RB) (Theorem 4.2), which quantifies the multiplicative factor of pre-allocated resources
needed to achieve the same performance as an amount of real-time resources RA. Notably, real-time resources are at least twice as effective
as an equivalent amount of pre-allocated resources. (Center) This plot shows a collection of level curves for player A’s SPE payoff. A level
curve corresponds to a fixed performance level Π, and any point (P,RA) on the level curve satisfies π∗

A(P,RA, RB) = Π (Lemma 4.1).
(Right) This plot shows the fraction of player A’s monetary budget MA that is devoted to stationary resources given the optimal investment
(Theorem 4.1), i.e. cAP ∗/MA. We note the discontinuities at the cost cA = min{MA/RB , 1}. In these plots, we set RB = 1.

as all other points on the line segment RA = MA − cAP ,
P ∈ [0,MA/cA], intersect with strictly lower level curves.
Similarly, for MA ≥ 0 such that π∗

A(0,MA, RB) = Π < 1/2,
the allocation (P,RA) = (0,MA) maximizes A’s payoff when
cA > 2Π. Since the condition π∗

A(0,MA, RB) = Π ≥ 1/2 is
equivalent to MA ≥ RB and π∗

A(0,MA, RB) = RA

2RB
when

MA < RB , it follows that P ∗ = 0 if cA > min{1, MA

RB
}. For

the remainder of the proof, we use t = 1 (resp. t = MA

RB
) and

MA ≥ RB (resp. MA < RB) interchangeably.
Suppose that cA = t and t = MA

RB
. Then the level

curve corresponding to Π(MA) = W
2 cA has an interval of

budget-feasible points (P,RA) parameterized by P ∈ [0, (1−
cA

2−cA
)MA

cA
] with RA = MA − cP . If t = 1, then there is

a single budget-feasible point (P,RA) = (0,MA) for the
level curve corresponding to Π(MA) = (1 − RB

2MA
). In both

cases, there are no budget-feasible points for any level curve
corresponding to Π > Π(MA).

Now, suppose t = 1 and cA < t. We wish to find the level
curve for which the line (P,MA−cAP ), P ∈ [0,MA/cA], lies
tangent. The point(s) of tangency yields the optimal solution
due to the quasi-concavity of π∗

A. Furthermore, since MA ≥
RB and cA < 1, a solution (P,RA) must satisfy Π ∈ [ 12 , 1]
and

∂RΠ

∂P
(P ∗) =

P ∗(1−Π)

RB
− 1 = −cA

RΠ(P
∗) =

(RB − (1−Π)P ∗)2

2RB(1−Π)
= MA − cAP

∗
(34)

From the first equation, we obtain P ∗ = RB(1−cA)
1−Π . Plugging

this expression into the second equation, we obtain Π = (1−
RB

2MA
cA(2− cA)) ∈ [ 12 , 1], which leads to the unique solution

P ∗ = (1− cA
2−cA

)MA

cA
≤ MA

cA
.

Lastly, suppose cA < t and t = MA

RB
(MA < RB). Similar to

the preceding case, we seek the highest level curve for which
the budget constraint is tangent. Due to the assumption that
MA < RB and c < MA

RB
, we observe that tangent points cannot

exist for P < 1−2Π
1−Π RB and Π < 1

2 , i.e. in the region where
the level curve is linear. Thus, it must be that either Π < 1

2

and P ≥ 1−2Π
1−Π RB , or Π ≥ 1

2 . In either case, a solution must
also satisfy the equations in (34), from which we obtain an
identical expression for P ∗. ■

B. The effectiveness ratio
Another approach we take to highlight the interplay between

the two resource types is through the effectiveness ratio,
defined below.

Definition 4.1. For a given RA, RB > 0, let P eq(RA, RB) >
0 be the unique value such that π∗

A(P
eq, 0, RB) =

π∗
A(0, RA, RB). The effectiveness ratio is defined as

E(RA, RB) :=
P eq

RA
(35)

In words, P eq is the amount of pre-allocated resources
required to achieve the same level of performance as the
amount RA of real-time resources in the absence of pre-
allocated resources. The effectiveness ratio E thus quantifies
the multiplicative factor of pre-allocated resources needed
compared to real-time resources RA. Intuitively, E also serves
as a metric to “fairly price” the two types, since RA units of
real-time resources gives equal performance as P = E · RA

units of stationary resources.
The following result establishes the effectiveness ratio for

any given parameters.

Theorem 4.2. For a given RA, RB > 0, the effectiveness ratio
is

E(RA, RB) =

{
2 if RA ≥ RB ,

2(RB)2

RA(2RB−RA) if RA < RB .
(36)

Here, it is interesting to note that the ratio E is lower-
bounded by 2 – real-time resources are at least twice as
effective as pre-allocated resources. Additionally, as RA →
0+, the ratio grows unboundedly E → ∞. This is due to
the fact that without any real-time resources, player A needs
at least P ≥ RB pre-allocated resources to obtain a positive
payoff (see third case of Theorem 3.1). A plot of the ratio E
is shown in the left Figure 2.
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Proof. First, suppose RA < RB . Then π∗
A(0, RA, RB) =

RA

2RB
< 1/2. Focusing on the level curve associated with the

value Π = RA

2RB
, the quantity P eq is determined as the endpoint

of this curve where there are zero real-time resources. From
(31) , this occurs when P = RB

1−Π = 2(RB)2

2RB−RA
.

Now, suppose RA ≥ RB . Then π∗
A(0, RA, RB) = (1 −

RB

2RA
≥ 1/2. Similarly, the quantity P eq is determined as the

endpoint of the level curve associated with Π = (1 − RB

2RA
).

From (32) , this occurs when P = RB

1−Π = 2RA. ■

V. TWO-SIDED PRE-ALLOCATIONS

The scenarios studied thus far have considered one-sided
pre-allocations, where only player A has the opportunity
for early investments. The goal in this section is to take
preliminary steps in understanding how multiple rounds of
early investments, on the part by both competitors, impacts
the players’ performance in the final stage. We will consider a
scenario where player B has an opportunity to respond to the
pre-allocation decision of player A with its own pre-allocated
resources, which we formulate as a Stackelberg game. A
Stackelberg game is a two-player interaction where the leader
(here, player A) selects an action first. The follower observes
this action and subsequently selects its action in response.

Remark 5.1. Before formalizing this game, we remark that
such a scenario admits positive and negative pre-allocations,
i.e. pb > 0 for some subset of battlefields and pb < 0
on the others. Here, pb < 0 means that the amount |pb|
of pre-allocated resources favors player B. While the work
in [28] establishes existence of equilibrium for any such
pre-allocations as well as numerical approaches to compute
equilibria to arbitrary precision, it does not provide ana-
lytical characterizations of them. Indeed, while our current
techniques (i.e. from Theorem 3.1) analytically derive the
equilibria for any positive pre-allocation vector, they are yet
unable to account for such two-sided favoritism. Developing
appropriate methods is subject to future study.

In light of the aforementioned limitations, we may still
investigate the impact of player B’s response in the context
of a single-battlefield environment3. The Stackelberg game is
defined as follows. Player A has a monetary budget MA with
per-unit cost cA ∈ (0, 1) for stationary resources. Similarly,
player B has a monetary budget MB with per-unit cost cB ∈
(0, 1). The players compete over a single battlefield of unit
value.

– Stage 1: Player A chooses its pre-allocation investment pA ∈
[0, MA

cA
]. Player B observes.

– Stage 2: Player B chooses its pre-allocation investment pB ∈
[0, MB

cB
].

The interpretation of the quantity Mi/ci, i = A,B, is the
maximum amount of stationary resources that player i can
obtain by using its entire monetary budget Mi.

3In contrast to Colonel Blotto games, General Lotto games with a single
battlefield still provides rich insights that often generalize to multi-battlefield
scenarios [11], [12], [22].

– Stage 3: The players engage in the General Lotto game with
favoritism GL-F(pA− pB ,MA− cApA,MB − cBpB). Players
derive the final payoffs

uA(pA, pB) := π∗
A(pA − pB ,MA − cApA,MB − cBpB)

uB(pA, pB) := 1− uA(pA, pB)
(37)

Note that pA − pB is the favoritism to player A. When it is
non-negative, π∗

A is given precisely by Theorem 3.1. When it
is negative, π∗

A = 1 − π∗
B where π∗

B is given as in Theorem
3.1 with the indices switched.

Let us denote this game as GL-S({Mi, ci}i=A,B). We
seek to characterize the Stackelberg equilibrium, the standard
solution concept for such games.

Definition 5.1. The investment profile (p∗A, p
∗
B) is a Stackel-

berg equilibrium if

p∗A ∈ arg max
pA∈[0,MA/cA]

(
min

pB∈[0,MB/cB ]
uA(pA, pB)

)
(38)

and
p∗B ∈ arg min

pB∈[0,MB/cB ]
uA(p

∗
A, pB). (39)

In words, the leader selects a pre-allocation p∗A that maxi-
mizes its payoff uA(pA, p

∗
B), given that player B will observe

pA and respond with its own pre-allocation p∗B that will
maximize its payoff uB(pA, pB). Note that the definition in
(38) is in a max-min form, since the final payoffs in GL-
S are constant-sum. The characterization of the Stackelberg
equilibrium is given in the result below.

Proposition 5.1. The Stackelberg equilibrium of
GL-S({Mi, ci}i=A,B) is given as follows.
1) Suppose MB

cB
≤ MA. Then p∗A is given according to

Theorem 4.1 and p∗B = 0.
2) Suppose MA < MB

cB
≤ MA

cA
. If p†A < 2(1−cA)

2−cA
MA

cA
, then

p∗A is given according to Theorem 4.1 and p∗B = 0, where
p†A ∈ (0, MA

cA
] is the unique value that satisfies uB(pA, 0) =

uB(pA, p̂B), with

p̂B :=
MB

cB
− MB − cBpA

2− cB
. (40)

If p†A ≥ 2(1−cA)
2−cA

MA

cA
, then p∗A = p†A, and p∗B = 0 or p̂B .

3) Suppose MA

cA
< MB

cB
. Then p∗A = 0 and p∗B = p̂B .

Several comments are in order. In the first interval MB

cB
≤

MA, player B is sufficiently weak such that it does not respond
with any of its own stationary resources against any player
A investment pA ∈ [0, MA

cA
]. Thus, the Stackelberg solution

recovers the result from Theorem 4.1. For a large part of the
middle interval MA < MB

cB
≤ MA

cA
, p∗A coincides with the

investment from Theorem 4.1, i.e. p∗A is determined according
to (27). The choice p∗A forces player B to respond with zero
stationary resources (i.e. when p†A < 2(1−cA)

2−cA
MA

cA
). However,

when p†A ≥ 2(1−cA)
2−cA

MA

cA
, player A’s optimal investment makes

player B indifferent between responding with zero or with an
amount p̂B > p∗A of stationary resources that exceeds the pre-
allocation of player A. In the last interval MA

cA
< MB

cB
, player

B is sufficiently strong such that it is optimal for player A to
invest zero stationary resources.
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A. The impact of responding

We illustrate the implications of Proposition 5.1 regarding
the responding player’s (B) performance in the numerical
example shown in Figure 3. Here, we compare player B’s
Stackelberg equilibrium payoff to the payoff it would have
obtained if it did not have an opportunity to respond. We
recall that this payoff was characterized in Theorem 4.1. By
definition, the Stackelberg payoff is necessarily at least as high
as the non-responding payoff – one performs better being able
to respond to a pre-allocation. However, what is notable in
Figure 3 is a significant, discontinuous increase in payoff for
player B once MB

cB
is sufficiently high (i.e. exceeds MA

cA
).

The presence of the discontinuity strongly suggests that
being in a resource-advantaged position with regards to MB

cB
is a crucial factor for performance in multi-stage resource
allocation. At the same time, Proposition 5.1 asserts that no
response is optimal if player B is resource-disadvantaged
(first item). This conclusion is contrasted with the classic
simultaneous-move General Lotto games, in which there is
no such discontinuity in the equilibrium payoffs – they vary
continuously in the players’ budgets [11], [18].
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classic GL

Fig. 3: This plot illustrates the Stackelberg equilibrium payoff (red
line, Proposition 5.1) to player B contrasted with its payoff if it did
not have the opportunity to respond with pre-allocated resources, i.e.
setting pB = 0 (green dashed line, Theorem 4.1). Also plotted is the
classic, simultaneous-move General Lotto game payoffs (dotted blue
line), which is independent of pre-allocations as it only depends on
real-time resources. There is a notable improvement in performance
when player B is sufficiently budget-rich, MB

cB
=

MA
cA

. In this
example, we fixed MA = 0.5, cA = 0.2, and cB = 0.5, and varied
MB from 0 to 3.

The remainder of this section provides the proof of Propo-
sition 5.1, which utilizes two supporting Lemmas.

B. Follower’s best-response

We begin by analyzing player B’s best-response to any
player A pre-allocation pA. We need to find p∗B that solves

max
pB∈[0,MB/cB ]

uB(pA, pB). (41)

Let us denote p = (pA, pB), RA = MA − cApA,
and RB = MB − cBpB . Define fA(p) := RA +

√
RA(RA + 2(pA − pB)), fB(p) :=

√
RB , and gB(p) :=√

RB + 2(pB − pA). Define

u1A
B (p) :=

MB − cBpB
2RA

(
fA(p)

pA − pB + fA(p)

)2

u2A
B (p) := 1− RA

2(MB − cBpB − (pA − pB))

u1B
B (p) := 1− RA

2

(
fB(p) + gB(p)

pB − pA + fB(p)(fB(p) + gB(p))

)2

u2B
B (p) :=

MB − cBpB
2(RA − (pB − pA))

(42)
From Theorem 3.1, one can write player B’s payoff in GL-S

as

uB(p) =


u1A
B (p) if p ∈ R1A

u2A
B (p) if p ∈ R2A

u1B
B (p) if p ∈ R1B

u2B
B (p) if p ∈ R2B

(43)

where

R1A = {pA ≥ pB : RB < pA − pB , or

RB ≥ pA − pB and RA ≥ 2(RB − (pA − pB))
2

2RB − (pA − pB)
}

R2A = {pA ≥ pB}\R1A

R1B = {pB > pA : RA < pB − pA, or

RA ≥ pB − pA and RB ≥ 2(RA − (pB − pA))
2

2RA − (pB − pA)
}

R2B = {pB > pA}\R1B

(44)
The following Lemma details player B’s payoff for any
response pB ∈ [0, MB

cB
].

Lemma 5.1. Consider any fixed strategy (pA, RA) for player
A. Player B’s payoff is given as follows.

a) If MB

cB
≤ RA + pA, then uB(p) is decreasing for all

pB ∈ [0, MB

cB
].

b) If RA + pA < MB

cB
≤ RA

cB
+ pA, then

uB(p) =


u1A
B (p), if pB ∈ [0, pA]

u2B
B (p), if pB ∈ (pA, p

1B
B ]

u1B
B (p), if pB ∈ (p1BB , MB

cB
]

(45)

where p1BB is the unique solution to

F (pB) :=
(RA + pA − pB)

2

2RA + pA − pB
= MB − cBpB . (46)

c) If RA

cB
+ pA < MB

cB
≤ 1

cB

(
pA +

RA+
√

RA(RA+2pA)

2

)
,

then

uB(p) =


u1A
B (p), pB ∈ [0, p1AB ]

u2A
B (p), pB ∈ (p1AB , pA]

u1B
B (p), pB ∈ (pA,

MB

cB
]

(47)

where p1AB is the unique solution to

G(pB) :=
2(MB + (1− cB)pB − pA)

2

2(MB − cBpB)− (pA − pB)
= RA. (48)
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on pB ∈ (0, pA)

d) If MB

cB
> 1

cB

(
pA +

RA+
√

RA(RA+2pA)

2

)
, then

uB(p) =

{
u2A
B (p), if pB ∈ [0, pA]

u1B
B (p), if pB ∈ (pA,

MB

cB
].

(49)

The proof is deferred to Appendix B. The final Lemma
characterizes player B’s best response to any fixed player A
strategy.

Lemma 5.2. Consider any fixed strategy (pA, RA) for player
A. Player B’s best-response

p∗B := arg max
pB∈[0,

MB
cB

]

uB(pA, pB) (50)

is determined according to

p∗B =


0, if MB

cB
< h(RA, pA)

p̂B , if MB

cB
> h(RA, pA)

0 or p̂B , if MB

cB
= h(RA, pA)

(51)

where p̂B was defined in (40), and h(RA, pA) ∈ (RA +

pA, pA +
RA+

√
RA(RA+2pA)

2 ) is the unique value of MB

cB
at

which u1A
B (pA, 0) = u1B

B (pA, p̂B).

The proof is deferred to Appendix C, where we thoroughly
analyze the properties of the functions u1A

B , u2A
B , u1B

B , and u2B
B

as characterized by Lemma 5.1. This allows us to identify the
maximizer p∗B ∈ [0, MB

cB
] of uB for all possible cases stated

in Lemma 5.1.

C. Proof of Proposition 5.1
We are now ready to establish Proposition 5.1.

Proof. Let us define

T1(pA) := pA +RA(pA)

T2(pA) := pA +
RA(pA) +

√
RA(pA)(RA(pA) + 2pA)

2
.

(52)
where RA(pA) = MA− cApA. It holds that T1(0) = T2(0) =
MA, T1(

MA

cA
) = T2(

MA

cA
) = MA

cA
, and T1(pA) < T2(pA) on

the interval pA ∈ (0, MA

cA
). We prove the result item by item.

1) Suppose MB

cB
≤ MA. In this case, we have MB

cB
≤ T1(pA)

for all pA ∈ [0, MA

cA
], with equality at pA = 0 if and only if

MB

cB
= MA. Thus, player B’s best-response against any pA is

p∗B = 0 (Lemma 5.2). The scenario reduces to the optimization
problem from Corollary 4.1.
2) Suppose MA < MB

cB
≤ MA

cA
.

By Lemma 5.2, the threshold at which player B’s best-
response switches is given by the value of pA that satisfies
h(MA − cApA, pA) = MB

cB
. Equivalently, this is the value

of pA that satisfies u1A
B (pA, 0) = u1B

B (pA, p̂B) with MB

cB
≤

1
cB

T2(pA). The latter condition ensures that either u1A
B (pA, 0)

or u1B
B (pA, p̂B) is player B’s best-response payoff (Lemma

5.1). One can write

u1B
B (pA, p̂B) = 1− cA(2− cB)

2

MA

cA
− pA

MB

cB
− pA

(53)

This is a decreasing and concave function on pA ∈ [0, MB

cB
),

and it decreases to −∞ as pA → MB

cB
. The payoff u1A

B (pA, 0)
is given by

u1A
B (pA, 0) =

MB

2
√

RA(pA)

(
2(T2(pA)− pA)

T1(pA) + 2(T2(pA)− pA)

)2

(54)
This function has a single critical point in the interval [0, MA

cA
]

at p̄A = 2(1−cA)
2−cA

MA

cA
, which is a local minimum. It is

decreasing on [0, p̄A) and increasing on (p̄A,
MA

cA
].

There is a unique value p†A ∈ (0, MB

cB
) such that MB

cB
≤

1
cB

T2(p
†
A) where these two functions intersect. Note that from

Lemma 5.2, p†A is the unique value that satisfies

h(MA − cAp
†
A, p

†
A) =

MB

cB
. (55)

Player B’s best-response is p∗B = p̂B for pA < p†A, and p∗B =

0 for pA > p†A (Lemma 5.2). Consequently, player A’s payoff
(under player B’s best-response) is given by

uA(pA, p
∗
B) =

{
1− u1B

B (pA, p̂B), if pA ∈ [0, p†A)

1− u1A
B (pA, 0), if pA ∈ (p†A,

MA

cA
]

(56)

We observe that uA(pA, p
∗
B) is increasing on pA ∈ [0, p†A). If

p†A ≥ p̄A, then uA(pA, p
∗
B) is decreasing on (p†A,

MA

cA
], and

hence player A’s security strategy is p∗A = p†A. The resulting
payoff to player A is

1− u1B
B (p†A, p̂B) =

cA(2− cB)

2

MA

cA
− p†A

MB

cB
− p†A

. (57)

If p†A < p̄A, then uA(pA, p
∗
B) is increasing on (p†A, p̄A] and

decreasing on (p̄A,
MA

cA
]. Hence, player A’s security strategy

is p∗A = p̄A = 2(1−cA)
2−cA

MA

cA
. The resulting payoff to player A

is given by Corollary 4.1.
3) Suppose MB

cB
> MA

cA
.

In this case, the function u1B
B (pA, p̂B) is strictly increasing

on pA ∈ [0, MA

cA
]. Any intersection (if any) with u1A

B (pA, 0)

must occur on pA > p̄A, where u1A
B (pA, 0) is increasing.

Therefore, uA(pA, p
∗
B) must be strictly decreasing on [0, MA

ca
]

and hence p∗A = 0. The resulting payoff to player A is

1− u1B
B (0, p̂B) =

cB(2− cB)

2

MA

MB
. (58)

■

VI. CONCLUSION

In this manuscript, we studied the strategic role of pre-
allocations in competitive interactions under a two-stage Gen-
eral Lotto game model, where one of the players can place
resources before a decisive point of conflict. Our main con-
tribution fully provided subgame-perfect equilibrium charac-
terizations to this formulation. This result revealed a rich
interplay between the effectiveness of pre-allocated resources
and real-time resources, which allowed us to quantify optimal
investments in both types of resources. We then analyzed a
Stackelberg game scenario where the other player is able to
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respond to the pre-allocation before the final decisive round.
This highlights the significance that more dynamic and sequen-
tial interactions can have on a player’s eventual performance.
Future work will involve studying these dynamic interactions
in richer environmental contexts, e.g. with multiple fronts of
battlefields.
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[32] Q. Zhu and T. Başar. Game-theoretic approach to feedback-driven multi-
stage moving target defense. In International conference on decision and
game theory for security, pages 246–263. Springer, 2013.

[33] R. Zhuang, S. A. DeLoach, and X. Ou. Towards a theory of moving
target defense. In Proceedings of the first ACM workshop on moving
target defense, pages 31–40, 2014.

APPENDIX

A. Proof of Part 2-b
Here, we present the proof of Part 2-b from the proof

outline of Theorem 3.1. It states that: Any pre-allocation p that
corresponds to a solution of (10) with B1,B2 ̸= ∅ satisfies
πA(p, RA, RB) ≤ πA(p

∗, RA, RB).
Throughout the proof, we will use the short-hand notation

Wj =
∑

b∈Bj
wb, Pj =

∑
b∈Bj

pb and pj = (pb)b∈Bj , for
j = 1, 2. For p ∈ ∆n(P ), we obtain the system of equations

RA =
∑
b∈B1

(wbκB − pb)
2

2wbκB
+
∑
b∈B2

(wbκA)
2

2wbκB
,

RB =
∑
b∈B1

(wbκB)
2 − (pb)

2

2wbκA
+
∑
b∈B2

(wbκA + pb)
2 − (pb)

2

2wbκA
,

where 0 < wbκB − pb ≤ wbκA holds for all b ∈ B1, and
wbκB − pb > wbκA holds for all b ∈ B2. The system of
equations readily gives the expression:

W1κ
2
B +W2κ

2
A = 2κB(XA + P2)− ||p1||2w
= 2κA(XB − P2) + ||p1||2w,

(59)

where recall that ||p1||2w =
∑

b∈B2
[(pb)

2/wb]. The solution to
the above system of equations is

κ∗
B =

C1H2 ±
√

C2
2H1H2

W1C2
2 +W2C2

1

,

κ∗
A =

C2H1 ±
√

C2
1H1H2

W1C2
2 +W2C2

1

,

(60)

where we denote C1 := RA + P1, C2 := RB − P2, H1 :=
C2

1 − W1||p1||2w and H2 := C2
2 + W2||p1||2w. We consider

only the scenario where ± = + in (60), since the expression
for κ∗

A is strictly negative when ± = −. Simply observe that
C1 > 0, C2

1 > H1, 0 < C2
2 < H2 and, thus, that either (i)

H1 > 0, C2 > 0 and 0 < C2H1 < C1

√
H1H2, (ii) H1 < 0,

C2 < 0 and 0 < C2H1 = |C2||H1| < C1

√
|H1||H2|, or (iii)

only one of H1 or C2 is negative, in which case C2H1 < 0.
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Substituting (60) into (11) and simplifying, we obtain

πA(p, RA, RB) = W1 +

√
H1H2 − C1C2

||p1||2w
, (61)

and the partial derivatives of πA(p, RA, RB) with respect to
pb are as follows. For b ∈ B1,

∂πA

∂pb
=

−pb/wb

(||p1||2w)2
√
H1H2

(C1

√
H2 − C2

√
H1)

2

+
1

||p1||2w
√
H1

(C1

√
H2 − C2

√
H1)

(62)

and for b ∈ B2,

∂πA

∂pb
=

1

||p1||2w
√
H2

(C1

√
H2 − C2

√
H1). (63)

We first consider critical points p strictly in the interior of
∆n(P ), and resolve the points on the boundary later. One
necessary condition for a critical point is that ( ∂

∂pb
− ∂

∂pc
)πA =

0 for all b ∈ B1 and c ∈ B2. Firstly, observe that C1 >
√
H1

and
√
H2 > C2, and, thus, it must be that C1

√
H2−C2

√
H1 >

0. We can thus divide the expression ∂πA

∂pb
= ∂πA

∂pc
on both sides

by C1

√
H2 − C2

√
H1 and rearrange to obtain

(pb/wb)(C1

√
H2 − C2

√
H1) = ||p1||2w(

√
H2 −

√
H1) > 0.

Observe that the left-hand side is strictly greater than zero, and,
thus, the right-hand side must be as well. This immediately
requires

√
H2 −

√
H1 > 0, since ||p1||2w > 0. Re-arranging

the above expression, note that we also require√
H1[C2(pb/wb)− ||p1||2w] =

√
H2[C1(pb/wb)− ||p1||2w].

Since we have just shown that
√
H2 >

√
H1 must hold, it fol-

lows that each b ∈ B1 satisfies either (i) C2(pb/wb)−||p1||2w <
C1(pb/wb) − ||p1||2w < 0; or (ii) C2(pb/wb) − ||p1||2w >
C1(pb/wb) − ||p1||2w > 0. Observe that C1(pb/wb) > ||p1||21
must hold for b′ ∈ arg maxb∈B1

pb/wb, and thus b′ must
satisfy scenario (ii) and C2 > C1 (or, equivalently, RB −P >
RA). This last inequality then implies that scenario (ii) must
be satisfied for all b ∈ B1.

We have shown that, in order for ( ∂
∂pb

− ∂
∂pc

)πA = 0 to
hold for all b ∈ B1 and c ∈ B2, a critical point p must satisfy

pb
wb

= p̄ :=

√
H2 −

√
H1

C1

√
H2 − C2

√
H1

||p1||2w,

for each b ∈ B1. Expanding this expression, and solving for p̄
explicitly, we obtain the following two possible (real) solutions
for p̄:

p̄ = 0 or p̄ =
2(RB − P )(qRB −RA − P )

RA
,

where we use P1 = W1p̄, P2 = P −P1, and ||p1||2w = W1p̄
2.

As p̄ = 0 is inadmissible, we consider the latter expression
for p̄. After inserting this expression for p̄ into the right-hand
side of (19), where maxb{pb/wb} = p̄, we obtain

RA

2

[
1 +

√
1 +

2

RA
p̄

]
=

RA

2
+RB − P − RA

2
= RB − P,

which follows since we showed above that RB−P > RA must
hold. Thus, the only critical point sits at the boundary of the

region where all battlefields are in Case 2, since decreasing p̄
even slightly will satisfy the condition in (19). We can further
verify that the payoff at this critical point is equal to the
constant payoff in the region where all battlefields are in Case
2, but omit this for conciseness.

We conclude the proof by resolving the scenario where p
lies on the boundaries of ∆n(P ). Observe that the conditions
on qκ∗

B and κ∗
A immediately imply that pb/wb > pc/wc for

any b ∈ B1 and c ∈ B2. Thus, on the boundaries of ∆n(P ), it
must either be that all battlefields with pb = 0 (and possibly
more) are in Case 2, or that all battlefields in B are in Case 1
(which is covered by Lemma 3.2, part 2-a).

In the scenario where all battlefields with pb = 0 are in
Case 2, note that the necessary condition ( ∂

∂pi
− ∂

∂pj
)πA ≥ 0

for i ∈ arg minb∈B1
{pb/wb} and j ∈ arg maxb∈B1

{pb/wb}
only holds with equality if pb/wb = P1/W1 for all b ∈ B1. If
P1/W1 < p̄, then the inequality in (19) is satisfied implying
that all battlefields are in Case 2, and Lemma 3.2 shows
that p∗ must correspond with the same payoff to player A.
Otherwise, if P1/W1 = p̄, then we showed above that the
global maximum sits at the boundary where all battlefields
are in Case 2 and p∗ achieves the same payoff.

Finally, if P1/W1 > p̄, then, from (62) and (63), we know
that ( ∂

∂pb
− ∂

∂pc
)πA < 0 must hold for all b ∈ B1 and c ∈

B2, since the choice pb/wb = p̄ satisfies ( ∂
∂pb

− ∂
∂pc

)πA =

0, and ∂πA

∂pb
is decreasing with respect to pb/wb while ∂πA

∂pc

is constant. This violates a necessary condition for a critical
point, and implies that A’s payoff is increasing in the direction
of decreasing pb and increasing pc, as expected. ■

B. Proof of Lemma 5.1
We prove the result in two parts, considering the two

separate intervals pB ∈ [0, pA] and pB ∈ (pA,
MB

cB
].

Part 1: pB ∈ [0, pA]. Define the function

G(pB) =
2(MB − pA + pB(1− cB))

2

2(MB − pA + pB(1− cB)) + pA − pB
(64)

The definition of R1A may be restated as

R1A = {pB < p0, or pB ≥ p0 and G(pB) < RA} . (65)

where p0 = pA−MB

1−cB
.

• Suppose MB

cB
≤ RA + pA. Since MB ≤ cBpA, we have

p0 > pA, and consequently uB(p) = u1A
B (p) ∀pB ∈ [0, pA].

The sign of ∂u1A
B

∂pB
is equivalent to the sign of

−fA(pB)
[
cB(2p

2
A +RA(2RA − 3pB))

+ pA(cB(5RA − 2pB)− 2MB)

+ (fA(pB)−RA)(cB(3pA + 2RA − pB)− 2MB)

−2MB(RA − pB)]
(66)

where fA(pB) = RA +
√
RA(RA + 2(pA − pB)). It then

holds that ∂u1A
B

∂pB
(pA, pB) ≤ 0 for pB ∈ [0, pA] if and only

if MB

cB
≤ RA + pA. It follows that uB is decreasing on the

interval pB ∈ [0, pA].
• Suppose RA + pA < MB

cB
≤ RA

cB
+ pA. First we consider

the case that RA

cB
+ pA < pA

cB
. Here, p0 ∈ [0, pA) and thus
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we immediately have uB(p) = u1A
B (p) for pB ∈ [0, p0).

We also have G(p0) = 0, G(pB) is strictly increasing on
pB ∈ (p0, pA), and G(pA) < RA (from MB ≤ RA + cBpA).
Therefore, G(pB) < RA for all pB ∈ (p0, pA], and hence
uB(p) = u1A

B (p).
Now, we consider the case that RA

cB
+ pA ≥ pA

cB
. The range

pA < MB

cB
≤ pA

cB
follows the above argument identically. Now,

when pA

cB
< MB

cB
≤ RA

cB
+pA, we have p0 < 0, G(pB) is strictly

increasing on [0, pA], and G(pA) < RA. Therefore, G(pB) <
RA for all pB ∈ (p0, pA], and hence uB(p) = u1A

B (p).
• Suppose RA

cB
+ pA < MB

cB
≤

1
cB

(
pA +

RA+
√

RA(RA+2pA)

2

)
. First we consider the

case RA

cB
+ pA < pA

cB
. In the range RA

cB
+ pA < MB

cB
≤ pA

cB
,

we have p0 ∈ [0, pA) and thus we immediately have
uB(p) = u1A

B (p) for pB ∈ [0, p0). We also have G(p0) = 0
and G(pB) is strictly increasing on pB ∈ (p0, pA). Now,
the condition RA

cB
+ pA < MB

cB
asserts that G(pA) > RA.

Thus, there is a unique value, p1AB ∈ (p0, pA) that solves
G(p1AB ) = RA.

In the range pA

cB
< MB

cB
≤ 1

cB

(
pA +

RA+
√

RA(RA+2pA)

2

)
,

G(pB) is strictly increasing, G(0) < RA, and G(pA) > RA

which yields the result. To see this, we first note that p0 <
0. To show G is strictly increasing, the sign of G′(pB) is
equal to the sign of (2c2B − 3cB +1)pB +(3− 2cB)MB − pA
(from MB > pA). Observe that this value is linear in pB . At
pB = 0, it is (3 − 2cB)MB − pA > 0, and at pB = pA,
it is (3 − 2cB)(MB − cBpA) > 0. Thus, G′(pB) > 0 for
pB ∈ (0, pA). The condition G(0) = 2(MB−pA)2

2(MB−pA)+pA
< RA is

equivalent to MB ≤ 1
cB

(
pA +

RA+
√

RA(RA+2pA)

2

)
.

The case RA + cBpA ≥ pA follows identical arguments to
the above.
• Suppose MB

cB
> 1

cB

(
pA +

RA+
√

RA(RA+2pA)

2

)
. Here,

p0 < 0, G(pB) is strictly increasing on (0, pA), and G(pA) <
RA. This yields the result.
Part 2: pB ∈ (pA,

MB

cB
]. Define the functions

F (pB) :=
2(tA − pB)

2

2RA + pA − pB
L(pB) := MB − cBpB

(67)

where tA := RA+pA. The definition of R1B may be restated
as

R1B = {pB > tA, or pB ≤ tA and F (pB) ≤ L(pB)}. (68)

• Suppose MB

cB
≤ tA. Here, F (pB) is strictly decreasing on

(pA,
MB

cB
), F (pA) = RA > L(pA), and F (MB

cB
) > L(MB

cB
=

0. The solutions to the equation F (pB) = L(pB) are given by

r±(MB) :=
1

2(2− cB)
[2tA(2− cB)−L(pA)

±
√

(2tA(2− cB)− L(pA))2−4(2− cB)(2tA(tA−MB) +MBpA)

]
(69)

The roots are complex if and only if MB < cBpA − 2(2 −
cB)RA + 2RA

√
2(2− cB), in which case uB = u2B

B for all
pB ∈ [pA,

MB

cB
] (since F (pB) > L(pB)).

So, we consider cBpA−2(2−cB)RA+2RA

√
2(2− cB) ≤

MB ≤ cBtA, in which the roots are real-valued, and only r+
can be in the interval (pA, MB

cB
). We thus have

uB(p) =


u2B
B (p), pB ∈ [pA, r−]

u1B
B (p), pB ∈ (r−, r+]

u2B
B (p), pB ∈ (r+,

MB

cB
]

(70)

Both payoff functions u2B
B and u1B

B are decreasing in pB
in their respective intervals. Indeed,

∂u2B
B

∂pB
=

L(pB)− cB(tA − pB)

2(tA − pB)2
≤ 0 (71)

where the inequality is due to MB ≤ cBtA.
To show u1B

B is decreasing, we observe that the payoff
u1B
B admits a single critical point in the interval (pA,

MB

cB
).

Indeed, denoting ℓ(pB) =
√
L(pB) ≥ 0 and g(pB) =√

L(pB) + 2(pB − pA) > 0, we can calculate

∂u1B
B

∂pB
= −RA

2

(ℓ+ g)(cB(ℓ+ g)− 2ℓ)

ℓg(ℓg + L(pB) + pB − pA)2
. (72)

It holds that ∂u1B
B

∂pB
(pA) > 0, ∂u1B

B

∂pB
(MB

cB
) < 0, and ∂u1B

B

∂pB
(pB) =

0 if and only if

pB = p̂B :=
MB

cB
− MB − cBpA

2− cB
∈ (pA,

MB

cB
). (73)

Thus, p̂B is a local maximizer, with u1B
B decreasing for pB >

p̂B . Now, observe that r−(cBtA) = p̂B , r+(cBtA) = MB

cB
,

r−(MB) is decreasing in MB , and p̂B is increasing in MB .
We have p̂B ≤ r−, and therefore uB(p) is decreasing for all
pB ∈ [pA,

MB

cB
].

• Suppose tA < MB

cB
≤ RA

cB
+ pA. Here, uB = u1B

B for
pB ∈ (tA,

MB

cB
). The function F (pB) is strictly decreasing on

(pA, tA) with F (pA) = RA ≥ L(pA) and F (tA) = 0. Thus,
we have F (pB) > L(pB) for pB ∈ [pA, p

1B
B ] and F (pB) ≤

L(pB) for pB ∈ [p1BB , tA], where p1BB is the unique value in
the interval [pA, tA) that satisfies F (pB) = L(pB). We thus
get the stated characterization for uB(p).
• Suppose RA

cB
+ pA < MB . Here, uB = u1B

B for pB ∈
(tA,

MB

cB
). The function F (pB) is strictly decreasing on

(pA, tA) with F (pA) = RA < MB − cBpA and F (tA) = 0.
Thus, we have F (pB) < MB − cBpB for pB ∈ [pA, tA].
Therefore, uB = u1B

B for all pB ∈ [pA,
MB

cB
].

From identical arguments from the first bullet point (MB

cB
≤

tA), we know that u1B
B admits the local maximizer p̂B ∈

(pA,
MB

cB
). Combining the characterizations from Part 1 and

Part 2 yields the result.

C. Proof of Lemma 5.2

We first address the two extreme lower and upper intervals.
We will denote fA(pB) = RA +

√
RA(RA + 2(pA − pB)).

• Suppose MB

cB
≤ RA + pA. By Lemma 5.2 uB(pA, pB)

is decreasing for all pB ∈ [0, MB

cB
], and hence

max
pB∈[0,

MB
cB

]
uB(pA, pB) = uB(0).

This article has been accepted for publication in IEEE Transactions on Automatic Control. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TAC.2024.3471411

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.  See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: UNIV OF COLORADO COLORADO SPRINGS. Downloaded on March 02,2025 at 17:33:18 UTC from IEEE Xplore.  Restrictions apply. 



14

• Suppose pA + fA(0)
2 < MB

cB
. Here, uB is strictly increasing

on pB ∈ [0, pA), and the maximum value in the interval
pB ∈ (pA,

MB

cB
] is given by u1B

B (p̂B). Therefore,

max
pB∈[0,

MB
cB

]

uB(pB) = u1B
B (p̂B). (74)

• Now, consider the middle interval RA + pA < MB

cB
≤

pA + fA(0)
2 . By Lemma 5.1, uB(0) = u1A

B (0). Here, uB is
decreasing at pB = 0 but is increasing at pB = pA (whether
in region R1A or R2A). By Lemma 5.1, the maximum
value in the interval pB ∈ (pA,

MB

cB
] is given by u1B

B (p̂B).
Therefore,

max
pB∈[0,

MB
cB

]

uB(pB) = max{u1A
B (0), u1B

B (p̂B)}. (75)

We can identify the existence of a threshold value
h(RA, pA) ∈ (RA + pA, pA + fA(0)

2 ) for which p∗B = 0 for
MB

cB
< h(pA), p∗B = p̂B for MB

cB
> h(pA), and p∗B = p̂B

or 0 for MB

cB
= h(pA). Indeed the payoff u1B

B (p̂B) may be
written as

u1B
B (p̂B) = 1− cB(2− cB)

2

RA

MB − cBpA
(76)

The payoff u1A
B (0) is given by

u1A
B (0) =

MB

2

( √
RA +

√
RA + 2pA

RA + pA +
√
RA(RA + 2pA)

)2

(77)

Denoting K1 = cB(2−cB)
2 and K2 =( √

RA+
√
RA+2pA

RA+pA+
√

RA(RA+2pA)

)2

, we have u1B
B (p̂B) = u1A

B (0)

precisely at

MB

cB
=

1

cBK2

[
K2

2
cBpA + 1

−
√
(
K2

2
cBpA + 1)2 − 2K2(cBpA +K1RA)

] (78)

Denoting h(RA, pA) as the right-hand side above, we obtain
the result.
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