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Abstract— The connectivity enabled by modern com-
puter networking technologies introduces vulnerabilities
to adversarial attacks. Although it is ideal to be able to
prevent all possible cyber attacks, this is not possible or
feasible in practice and society must accept that attacks
are inevitable. While many works study optimal security
policies to minimize the chance of successful attacks, there
are many unexplored territories. In this letter, we formulate
and investigate a new problem, namely the tradeoff between
the effort or resource that should be spent on preventing
attacks (i.e., preventive defense) and the effort or resource
that should be spent on recovering from attacks (i.e., re-
active defense). We formulate the problem as a resource
allocation game between the defender and the attacker,
where they decide how to allocate resources to defend and
attack a set nodes (e.g., computers), respectively. The game
unfolds in two phases. (i) Allocate preventive resources
to reduce the probabilities that the nodes are successfully
compromised by the attacker. (ii) The compromised nodes
undergo a recovery process, which can be sped up with the
allocation of more reactive defense resources. Our results
completely characterize the Nash equilibria of this game,
revealing the defender’s optimal allocation of preventive
versus reactive resources.

Index Terms— Game theory, Optimization, Agents-based
systems, Stochastic systems

I. INTRODUCTION

THE scale and connectivity of modern networked infras-
tructures introduces vulnerabilities that can be exploited

by malicious entities. In particular, the security of computer
networks is a persistent concern, despite tremendous advance-
ments in cybersecurity mechanisms such as cryptosystems,
intrusion detection systems, and firewalls. Indeed, cyber at-
tacks cannot be completely prevented for reasons that include
undecidability (e.g., there is no universal method or tool that
can determine whether any piece of code is malicious or not)
[1] and human factors [2].

In principle, it would be ideal to prevent as many attacks
from succeeding as possible by employing preventive defense
mechanisms, such as access control and firewalls. However,
this can incur prohibitively high costs to an infrastructure’s
operator and inconveniences to users (e.g., every Internet
access is thoroughly vetted). A complementary approach is to
employ reactive defenses, in addition to preventive defenses,
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to recover systems from compromised states to secure states.
The intuition is that some attacks are too costly to prevent from
happening in the first place, and it may be more cost-effective
to tolerate their occurrence and deal with their compromises
afterwards. This naturally leads to a tradeoff between the
amount of effort that should be spent on preventive defense
and the effort that should be spent on reactive defense. Un-
derstanding this tradeoff is currently under-developed, as there
have been numerous calls to incorporate these two security
aspects in a single decision-making paradigm [3]–[9].

In this letter, we investigate preventive-reactive defense
tradeoffs by appealing to contest theory, which studies compet-
itive resource allocation with a variety of model formulations
[10], [11]. In its basic form, players compete over a set of
valuable items by allocating their limited resources to them.
Some of these variations, such as the well-known Colonel
Blotto game and Tullock contest, have recently been applied
to numerous problems relating to cybersecurity [12]–[14],
wireless communications [15], and network security [16]–[22].
These works leverage this flexible framework to generate spe-
cific insights regarding optimal resource allocation decisions
for defenders. However, they primarily focus on strategies that
maximize prevention, and neglect to consider how resources
should be employed to improve reactive mechanisms in the
event that an attack successfully bypasses the preventive
measures.

We formulate a resource allocation contest between a de-
fender and an attacker. The main question we seek to address
is: what amount of the total resource budget should the de-
fender devote to preventive versus reactive security? To draw
insights into this question, we consider two distinct temporal
phases. In phase 1, the attacker wages attacks against the
defender’s nodes (e.g., computers), where the attack success
on each node is probabilistic and depends on the defender’s
allocation of preventive resources. In phase 2, the compro-
mised nodes undergo a recovery process, which can be sped up
with the allocation of more reactive resources. The defender’s
objective is to choose a policy for allocating preventive and
reactive resources so as to minimize the total expected time the
nodes spend in compromised states; the attacker’s objective is
to maximize it.

To the best of our knowledge, the inclusion of a reactive
phase is novel to the theoretic formulation of contests. The
main contribution of this letter is the characterization of the
optimal amount of resources that the defender invests in
preventive and reactive phases. In doing so, we also provide
the optimal (i.e., equilibrium) resource allocations among the
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Recovery time
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Fig. 1: The two-phase resource allocation contest model. (Left) In phase 1, the defender allocates two types of resources to nodes –
preventive defense (represented as blue arrows) and reactive defense (represented as green bars). Simultaneously, the attacker allocates its
limited resources. The allocation of preventive resources diminishes the probability each node becomes compromised. (Center) The attack
event results in a subset of nodes becoming compromised. (Right) In phase 2, the compromised nodes undergo a recovery process. The time
Ti it takes node i to recover is stochastically determined and can be reduced with the allocation of more reactive defense resources. The
cost to the defender is a weighted sum of recovery times, where the weight vi can be interpreted as the value of node i.

nodes in both phases. These results contribute to understanding
the tradeoffs between robustness and resilience properties
under a more holistic approach to decision-making for security.

In Section II, we formulate our two-phase contest model.
Section III presents our main result (Theorem 3.1), which
determines the defender’s optimal investments in reactive and
preventive resources. Section IV contains all technical details
and proofs necessary to establish the main result. Section V
gives concluding remarks.

II. MODEL

We formalize the problem as a two-player game between a
defender D and attacker A. The defender has a limited budget
X > 0 of resources to invest into both preventive and reactive
defense. The defender D is tasked with allocating resources
among a set of nodes N = {1, . . . , n}. A feasible strategy
for D is a pair of vectors (x(1) = (x

(1)
1 , . . . , x

(1)
n ),x(2) =

(x
(2)
1 , . . . , x

(2)
n )) that satisfies x

(1)
i , x

(2)
i ≥ 0 for all i ∈ N and

x(1) + x(2) ∈ ∆(X), where

∆(X) :=

{
z ∈ R|N | : zi ≥ 0 ∀i ∈ N and

∑

i∈N
zi ≤ X

}
.

(1)
We will denote ∆2(X) as the set of all such feasible pairs
x = (x(1),x(2)). We will refer to x(1) as the protection
vector and x(2) as the recovery vector. Given any feasible
pair (x(1),x(2)) ∈ ∆2(X), X1 :=

∑
i∈N x

(1)
i and X2 :=∑

i∈N x
(2)
i are the amount of resources devoted to preventive

and reactive defenses, respectively. The attacker A has a
resource budget Y > 0 that it invests for launching attacks
on the nodes. A feasible strategy for A is any vector y ∈
∆(Y ). Given resource allocations (x(1),x(2)) and y from both
players, the following sequence of events occurs in two phases.

Phase 1: The decisions x(1) and y influence the probabilities
that a node becomes compromised. We consider the proba-
bility that node i ∈ N becomes compromised is given by a
ratio-form contest success function (CSF) [23], [24], which is
commonly used to model breach probabilities in cybersecurity

applications [14], [25]:

pi(x
(1)
i , y

(1)
i ) :=

y
(1)
i

y
(1)
i + x

(1)
i

. (2)

This is also referred to in the literature as the Tullock CSF. The
probability that node i remains secure (i.e. not compromised)
from the attack is 1−pi. From (2), the outcomes for each node
are independent of each other – a common assumption in the
contests literature [23]. Consequently, the probability that the
set of nodes C ⊆ N become compromised is precisely

qC(x
(1),y) :=

(∏

i∈C

yi

yi + x
(1)
i

)(∏

i/∈C

x
(1)
i

yi + x
(1)
i

)
. (3)

Regarding the informational capability of D, we make the
following assumption.

Assumption 1. The defender cannot observe the set of nodes
C that become compromised.

Hence, D cannot base its decision x(2) on knowing the
compromised nodes, and the selection of the recovery vector
x(2) effectively occurs at the same time as the selection of
x(1). This is reasonable in cybersecurity scenarios, as many
studies on the competitive control over computer networks
assume a defender does not know the infection status of its
nodes [26].
Phase 2: Given node i is compromised, it takes a random time
Ti(x

(2)
i ) ≥ 0 for the compromise to be detected and recover

i to a secure state. We model Ti as an exponential random
variable with a rate parameter ri(x

(2)
i ) that increases in x

(2)
i .

We note that the exponential distribution is a common choice
to model recovery times (e.g. in compartmental contagion
dynamics like SIS or SIR [27]).

In particular, Ti(x
(2)
i ) ∼ Exp(ri(x

(2)
i )) with rate parameter

ri(x
(2)
i ) defined by

ri(x
(2)
i ) :=

x
(2)
i + δi

x
(2)
i + δi + ϵi

, (4)

where δi ≥ 0 indicates any existing reactive defense resources
that node i is equipped with and ϵi > 0 is an environmental
parameter that determines how effective the reactive defense
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Attacker strength Y

<latexit sha1_base64="1CmML1VbNmJlQICI9PvltvCEVwE=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEcVGS4mtZdOPOCvYBbQyT6bQdOpOEmRuxhIK/4saFIm79Dnf+jdM2C209cOFwzr3ce08QC67Bcb6t3MLi0vJKfrWwtr6xuWVv79R1lCjKajQSkWoGRDPBQ1YDDoI1Y8WIDARrBIOrsd94YErzKLyDYcw8SXoh73JKwEi+vdcG9gjpTQxcEoFHuOmX7499u+iUnAnwPHEzUkQZqr791e5ENJEsBCqI1i3XicFLiQJOBRsV2olmMaED0mMtQ0MimfbSyfkjfGiUDu5GylQIeKL+nkiJ1HooA9MpCfT1rDcW//NaCXQvvJSHcQIspNNF3URgiPA4C9zhilEQQ0MIVdzcimmfKELBJFYwIbizL8+TernknpVOb0+KlcssjjzaRwfoCLnoHFXQNaqiGqIoRc/oFb1ZT9aL9W59TFtzVjazi/7A+vwBcrWVJw==</latexit>

Optimal X⇤
2

<latexit sha1_base64="iQFjagO+D0HvT5iIC0e4LIlyFlg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6yIEvXiMYB6QLGF2MpsMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDf1W09cGxGrRxwn3I/oQIlQMIpWarV7VXJD3F6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezcyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2d9IXmDOXYEsq0sLcSNqSaMrQJFW0I3uLLy6RZrXiXlYuH83LtNo+jAMdwAmfgwRXU4B7q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4AfkGOYA==</latexit>

X2 = 0

<latexit sha1_base64="3SnjjzIEtwl38EYEPRbVrirlE88=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kknx6yIUvXisYNtAG8pmu2mXbjZhdyKU0h/hxYMiXv093vw3btsctPXBwOO9GWbmhakUBl3321lZXVvf2CxsFbd3dvf2SweHTZNkmvEGS2Si/ZAaLoXiDRQouZ9qTuNQ8lY4vJv6rSeujUjUI45SHsS0r0QkGEUrtfxuldwQv1squxV3BrJMvJyUIUe9W/rq9BKWxVwhk9SYtuemGIypRsEknxQ7meEpZUPa521LFY25Ccazcyfk1Co9EiXalkIyU39PjGlszCgObWdMcWAWvan4n9fOMLoOxkKlGXLF5ouiTBJMyPR30hOaM5QjSyjTwt5K2IBqytAmVLQheIsvL5NmteJdVi4ezsu12zyOAhzDCZyBB1dQg3uoQwMYDOEZXuHNSZ0X5935mLeuOPnMEfyB8/kDuuGOiA==</latexit>

X2 = X

<latexit sha1_base64="El7PEPNCWUKkzRNBDUaSJqdmRzI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4tQ9OKxgmkLbSib7bZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPGiZONeM+i2WsWyE1XArFfRQoeSvRnEah5M1wdDf1m09cGxGrRxwnPIjoQIm+YBSt5LfIDXG75YpbdWcgy8TLSQVy1Lvlr04vZmnEFTJJjWl7boJBRjUKJvmk1EkNTygb0QFvW6poxE2QzY6dkBOr9Eg/1rYUkpn6eyKjkTHjKLSdEcWhWfSm4n9eO8X+dZAJlaTIFZsv6qeSYEymn5Oe0JyhHFtCmRb2VsKGVFOGNp+SDcFbfHmZNM6q3mX14uG8UrvN4yjCERzDKXhwBTW4hzr4wEDAM7zCm6OcF+fd+Zi3Fpx85hD+wPn8AVVBjbs=</latexit>

X = 0

<latexit sha1_base64="44nd5fGDULjkj2cfsbHa8tTyQPc=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoPgKcyI2zGoB48RzAJJCD2dmqRJT8/QXSPGIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1/FgKg6777WQWFpeWV7KrubX1jc2t/PZO1USJ5lDhkYx03WcGpFBQQYES6rEGFvoSan7/auTX7kEbEak7HMTQCllXiUBwhlZq5/eaCA+YXkMAqgOa8sjgsJ0vuEV3DDpPvCkpkCnK7fxXsxPxJASFXDJjGp4bYytlGgWXMMw1EwMx433WhYalioVgWun4+iE9tEqHBpG2pZCO1d8TKQuNGYS+7QwZ9sysNxL/8xoJBhetVKg4QVB8sihIJMWIjqKgHaGBoxxYwrgW9lbKe0wzjjawnA3Bm315nlSPi95Z8fT2pFC6nMaRJfvkgBwRj5yTErkhZVIhnDySZ/JK3pwn58V5dz4mrRlnOrNL/sD5/AHuQ5WM</latexit>

Defender cost

<latexit sha1_base64="3oECeF2cLIDLgrpzSDwgiRbYkqo=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoPgKcyI2zHqxWMEs0gSQk+nkjTp6Rm6a8Qw5ODFX/HiQRGvfoQ3/8bOctDog4LHe1VU1QtiKQx63peTWVhcWl7JrubW1jc2t9ztnaqJEs2hwiMZ6XrADEihoIICJdRjDSwMJNSCweXYr92BNiJSNziMoRWynhJdwRlaqe3mmwj3mJ4jMj4ATQ1qUD3s0xG9bbsFr+hNQP8Sf0YKZIZy2/1sdiKehKCQS2ZMw/dibKVMo+ASRrlmYiC2e1gPGpYqFoJppZMnRnTfKh3ajbQthXSi/pxIWWjMMAxsZ8iwb+a9sfif10iwe9ZKhYoTBMWni7qJpBjRcSK0IzRwlENLGNfC3kp5n2nG0eaWsyH48y//JdXDon9SPL4+KpQuZnFkSZ7skQPik1NSIlekTCqEkwfyRF7Iq/PoPDtvzvu0NePMZnbJLzgf389WmDM=</latexit>

Attacker strength Y

<latexit sha1_base64="+eDoBKUq3qb8NtVucWT6EUhW/AU=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURX8tSNy4r2Ae0oUymk3boZBJmbsQQiht/xY0LRdz6Fe78G6dtFtp6YOBwzj3cucePBdfgON9WYWl5ZXWtuF7a2Nza3rF395o6ShRlDRqJSLV9opngkjWAg2DtWDES+oK1/NH1xG/dM6V5JO8gjZkXkoHkAacEjNSzD7rAHiCrmQwd4lhFPvG54JCOe3bZqThT4EXi5qSMctR79le3H9EkZBKoIFp3XCcGLyMKOBVsXOommsWEjsiAdQyVJGTay6YnjPGxUfo4iJR5EvBU/Z3ISKh1GvpmMiQw1PPeRPzP6yQQXHkZl3ECTNLZoiARGCI86QP3uWIURGoIoYqbv2I6JIpQMK2VTAnu/MmLpHlacS8q57dn5Wotr6OIDtEROkEuukRVdIPqqIEoekTP6BW9WU/Wi/VufcxGC1ae2Ud/YH3+APPWl84=</latexit>

Breach probability

<latexit sha1_base64="1CmML1VbNmJlQICI9PvltvCEVwE=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEcVGS4mtZdOPOCvYBbQyT6bQdOpOEmRuxhIK/4saFIm79Dnf+jdM2C209cOFwzr3ce08QC67Bcb6t3MLi0vJKfrWwtr6xuWVv79R1lCjKajQSkWoGRDPBQ1YDDoI1Y8WIDARrBIOrsd94YErzKLyDYcw8SXoh73JKwEi+vdcG9gjpTQxcEoFHuOmX7499u+iUnAnwPHEzUkQZqr791e5ENJEsBCqI1i3XicFLiQJOBRsV2olmMaED0mMtQ0MimfbSyfkjfGiUDu5GylQIeKL+nkiJ1HooA9MpCfT1rDcW//NaCXQvvJSHcQIspNNF3URgiPA4C9zhilEQQ0MIVdzcimmfKELBJFYwIbizL8+TernknpVOb0+KlcssjjzaRwfoCLnoHFXQNaqiGqIoRc/oFb1ZT9aL9W59TFtzVjazi/7A+vwBcrWVJw==</latexit>

Optimal X⇤
2

<latexit sha1_base64="iQFjagO+D0HvT5iIC0e4LIlyFlg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6yIEvXiMYB6QLGF2MpsMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDf1W09cGxGrRxwn3I/oQIlQMIpWarV7VXJD3F6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezcyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMv2d9IXmDOXYEsq0sLcSNqSaMrQJFW0I3uLLy6RZrXiXlYuH83LtNo+jAMdwAmfgwRXU4B7q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4AfkGOYA==</latexit>

X2 = 0

<latexit sha1_base64="RDrnGtpf4PiWJm8eeprywWKm9mM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL9GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1H8kLM=</latexit>

(a)
<latexit sha1_base64="/tTlddFi10QdICIRV/sBHdL5Dc0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL/sm4Wyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNOLx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j7pCc0ZypEllGlhbyVsQDVlaEPK2xC8+ZcXSf207F2Uz+/OipXrLI4cHMIRlMCDS6jALVShBgwUPMMrvDnGeXHenY9Z65KTzRzAHzifP1OCkLQ=</latexit>

(b)
<latexit sha1_base64="InS4YOaE6zoPNImPN0SmMmndlzs=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL7GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1UIkLU=</latexit>

(c)

Fig. 2: Illustrations of the main result, Theorem 3.1, with X = 1, v = [1, 2, 3], ϵ = [0.5, 0.3, 0.8], and δ = [0.02, 0.05, 0.6]. (a) The
percentage of resources the defender devotes to reactive defense in equilibrium as the adversary’s budget Y increases. (b) Expected costs
to the defender when it uses equilibrium strategy (solid blue), invests all resources into reactive defense (dashed red), invests no resources
into reactive defense (solid red), and has no resources at all (dashed black). (c) The probability that at least one of the nodes becomes
compromised when the defender uses its equilibrium strategy (solid blue), or invests no resources into reactive defense (solid red).

resources x(2)
i are in terms of reducing expected recovery time.

The recovery rate has a unit upper bound ri < 1 across all
nodes; note that this is without loss of generality because any
heterogeneity may be absorbed in the importance parameters
vi. The cost experienced by the defender is given by

JD :=
∑

i∈C
vi · Ti(x

(2)
i ), (5)

where vi > 0 indicates node i’s importance (e.g.) to the
service of a network. Intuitively, the cost is the sum total of
the amount of time each node spends in the compromised
state weighted by its importance. The cost to the attacker is
the negative, JA = −JD. A diagram of the complete model
setup is shown in Figure 1. The defender seeks to minimize
its ex-ante expected total cost,

J̄D(x,y) := EC∼q(x(1),y)

[∑

i∈C
vi · E[Ti(x

(2)
i )]

]
, (6)

and the attacker seeks to maximize the defender’s cost. Be-
cause each node becomes compromised with an independent
probability pi and the expected recovery time for i ∈ N does
not depend on the compromised set C, the expected total cost
can be expressed as

J̄D(x,y) =
∑

i∈N

y
(1)
i

y
(1)
i + x

(1)
i

· vi
(
1 +

ϵi

δi + x
(2)
i

)
. (7)

This defines a two-player strategic-form game that we denote
by G(∆2(X),∆(Y ),Γ), where Γ = {vi, δi, ϵi}i∈N is the tuple
of environmental parameters. An equilibrium of the game is
any pair (x∗,y∗) that satisfies

J̄D(x,y
∗) ≥ J̄D(x

∗,y∗) ≥ J̄D(x
∗,y) (8)

for every x ∈ ∆2(X) and y ∈ ∆(Y ).

III. MAIN RESULTS

Before presenting the main Theorem, we will follow (with-
out loss of generality) a re-ordering of the indices of N
according to

α1 ≤ α2 ≤ · · · ≤ αn, (9)

where αi :=
δi√
ϵivi

. We also define parameters V :=
∑

i∈N vi,
and for k = 1, . . . , n, Ek :=

∑
j>k

ϵjvj

δj
, Dk :=

∑
j≤k δj ,

Sk := (
∑

j≤k

√
ϵjvj)

2, and Ck := Sk

V+Ek
.

Our main result below establishes the amount of resources
the defender devotes to reactive defenses in its equilibrium
strategy.

Theorem 3.1. The game G(∆2(X),∆(Y ),Γ) admits a unique
equilibrium, where the defender’s optimal amount of resources
X∗

2 to invest into reactive defense is given as follows.
1) If Y ≤ f1(0) or Y = 0, then X∗

2 = 0.
2) If Y ≥ fℓ(X), then X∗

2 = X , where ℓ is the unique index
satisfying

ℓ = argmax {k = 1, . . . , n : g(αk) ≤ X} (10)

and function g : R+ → R+ is defined as

g(t) :=
∑

i∈N
max {t√ϵivi − δi, 0} . (11)

3) If fk(g(αk)) < Y ≤ fk(g(αk+1)) for k ∈ {1, . . . , ℓ}, then

X∗
2 =

√
C2

k + Ck(Dk +X + Y )− (Ck +Dk). (12)

The optimal amount of resources to invest into preventive
defense is X∗

1 = X −X∗
2 . Here, we define

fk(X2) :=
V + Ek + Sk/(X2 +Dk)

Sk/(X2 +Dk)2
− (X −X2) (13)

for k = 1, 2, . . . , n.

Section IV contains the full proof of this result. The first
item of the Theorem indicates that no resources should be
invested in reactive defense if the adversary is sufficiently
weak, meaning that the attacker cannot succeed and thus re-
covery is not necessary. The threshold for defining “sufficiently
weak” depends on the system’s parameters. We note that this
threshold can be negative, in which case the inequality is
never satisfied. In this case the defender will always invest
some resources in reactive defense because the attacker has a
chance to succeed even if all defensive efforts are allocated to
prevention. The second item indicates that the defender should
invest all of its resources into reactive defense if the adversary



is sufficiently strong. In this case, the defender should not
waste any resources on preventive defense. The third item
specifies, in all other cases, how the defender should split its
investments between prevention defense and reactive defense.

Figure 2 illustrates these results on a three-node example
case study. When Y = 0, the defender is indifferent to any
amount X2 ∈ [0, X] because no attack occurs. However, an
interesting observation in Figure 2(a) is that for small Y > 0,
the optimal percent investment starts increasing immediately
from ∼25%. One might have expected the percentage to be 0,
since it is much easier to prevent breaches when the attacker
has negligible strength. In Figure 2(c), the probability that at
least one of the nodes become compromised is shown. By
using the optimal investment X∗

2 , we observe the tradeoff that
the defender makes, namely sacrificing preventive security in
order to minimize the overall cost.

IV. ANALYSIS

This section provides a sequence of technical Lemmas that
are necessary to establish the proof of Theorem 3.1. Our
approach is as follows: we first show that G(∆2(X),∆(Y ),Γ)
is a zero-sum game with convex-concave structure (Lemma
4.1), allowing us to cast the problem of finding the equilibrium
as a min-max optimization. We then proceed to explicitly
solve the optimization problem (Lemmas 4.3 and 4.4) by first
appealing to known results in the literature (Lemma 4.2). The
final proof of Theorem 3.1 is provided at the end of the section.

Lemma 4.1. The cost function J̄D(x,y) : ∆2(X)×∆(Y ) →
R is continuous, convex in x for any fixed y, and concave in
y for any fixed x.

Proof. We focus on the proof for fixed y ∈ ∆(Y ) as the proof
for fixed x is similar. The Hessian matrix of J̄D with respect
to x is the following 2n × 2n symmetric matrix represented
in block form:

Hx :=

[
D(1) M

M D(2)

]
. (14)

Each of the blocks are n × n diagonal matrices
with non-negative entries. We have D(1) =

diag
({

2yi

(yi+x
(1)
i )3

vi

(
1 + ϵi

δi+x
(2)
i

)}

i∈N

)
, D(2) =

diag
({

yi

yi+x
(1)
i

2ϵivi

(δi+x
(2)
i )3

}

i∈N

)
, and M =

diag
({

yi

(yi+x
(1)
i )2

ϵivi

(δi+x
(2)
i )2

}

i∈N

)
. The eigenvalues of

Hx are real-valued and are the solutions s ∈ R to

det(sI2n −Hx) = 0. (15)

Note that sI2n −Hx is also a block matrix,

sI2n −Hx =

[
sIn −D(1) −M

−M sIn −D(2)

]
. (16)

Using the determinant identity det(sI2n −Hx) = det((sIn −
D(1))(sIn − D(2)) − M2) = 0, we observe that the latter

matrix is diagonal with entries that are quadratic in s:

hi(s) := s2 − (D
(1)
i +D

(2)
i )s+ (D

(1)
i D

(2)
i −M2

i ), i ∈ N .
(17)

The constant term is non-negative since matrix D(1)D(2)−M2

is diagonal with non-negative entries,

(yi)
2

(yi + x
(1)
i )4

ϵiv
2
i

(δi + x
(2)
i )3

(
4 + 3

ϵi

δi + x
(2)
i

)
≥ 0. (18)

We conclude that each of the hi(·) satisfies hi(0) ≥ 0 and
h′
i(0) ≤ 0. Therefore, s < 0 cannot be a solution to any

hi(s) = 0, i ∈ N . ■

Consequently, the Minimax Theorem asserts that the game
G(∆2(X),∆(Y ),Γ) admits a unique equilibrium cost; i.e., in
any Nash equilibrium, the cost to the defender is given by

min
x∈∆2(X)

max
y∈∆N (Y )

J̄D(x,y). (19)

Equation (19) provides a min-max optimization problem
whose solution will yield the equilibrium payoff and strategy
for the defender.

In order to solve (19), we first consider a simpler game
in which the attacker and defender’s strategy is respectively
a vector of allocations x ∈ ∆(X) and y ∈ ∆(Y ), and
wi > 0 denotes the cost to the defender if node i becomes
compromised. The cost function to the defender is

∑

i∈N

yi
yi + xi

· wi, (20)

and the attacker’s cost is the negation. Let us denote this game
by G0(∆(X),∆(Y ), {wi}i∈N ). In other words, G0 is the game
consisting of only phase 1 of G. The following well-known
result describes its equilibrium.

Lemma 4.2 ( [24]). The game G0(∆(X),∆(Y ), {wi}i∈N )
admits a unique Nash equilibrium (x∗,y∗) ∈ ∆(X)×∆(Y ),
where

x∗
i =

wi∑
j∈N wj

X and y∗i =
wi∑

j∈N wj
Y (21)

for all i ∈ N . The equilibrium cost to the defender is given
by

J0
D(X;w) :=

Y

Y +X

∑

i∈N
wi. (22)

We observe that our formulation G(∆2(X),∆(Y ),Γ) re-
sembles G0 with the difference that in our formulation, the
defender has an opportunity to influence the values of the wi’s
through its allocation of recovery resources x(2). Namely, the
weights are given by

wi(x
(2)
i ) := vi

(
1 +

ϵi

x
(2)
i + δi

)
. (23)

The next Lemma leverages this observation to refine optimiza-
tion problem (19).

Lemma 4.3. The equilibrium cost to the defender in



G(∆2(X),∆(Y ),Γ) is

min
X2∈[0,X]

min
x(2)∈∆(X2)

Y

Y +X −X2

∑

i∈N
wi(x

(2)
i ). (24)

Proof. From (19), the equilibrium cost of G(∆2(X),∆(Y ),Γ)
is

min
x∈∆2(X)

max
y∈∆N (Y )

J̄D(x,y)

= min
X2∈[0,X]

min
x(2)∈∆(X2)

[
min

x(1)∈∆(X−X2)
max

y∈∆N (Y )
J̄D(x,y)

]

= min
X2∈[0,X]

min
x(2)∈∆(X2)

J0
D(X −X2; {wi(x

(2)
i )}i∈N )

(25)
where J0

D is given in (22). ■

In addition to finding the equilibrium cost of
G(∆2(X),∆(Y ),Γ), solving the optimization problem
(24) also reveals the optimal amount of resources to invest
into reactive defense X∗

2 as well as the allocation of the X∗
2

resources over the nodes. Thus, we first focus on solving
inner minimization problem of (24). That is, for a fixed X2,
find the allocation of reactive defense resources that solves

min
x(2)∈∆(X2)

Y

Y +X −X2

∑

i∈N
wi(x

(2)
i ). (26)

Its solution is characterized below.

Lemma 4.4. Suppose X2 ∈ [0, X] is fixed. The solution to
(26) is given by

x
(2)∗
i =

{ √
ϵivi∑

j≤k

√
ϵjvj

(X2 +
∑

j≤k δj)− δi, for i ≤ k

0, for i > k
(27)

for i = 1, . . . , n, where k ∈ {1, 2, . . . , n} is the unique index
for which g(αk) ≤ X2 < g(αk+1) with αn+1 := ∞, and g(·)
is defined in (11). The optimal value of (26) is

Y

Y +X −X2

(
V + Ek +

Sk

X2 +Dk

)
. (28)

Proof. The optimal choice is also a solution to the problem

min
x(2)∈∆(X2)

∑

i∈N

ϵivi
xi + δi

, (29)

which is obtained by removing additive constants and common
factors. This is a convex problem since the objective and
constraint set ∆(X2) are convex. Slater’s condition also holds.
Thus, the Karush-Kuhn-Tucker (KKT) conditions are neces-
sary and sufficient for optimality. In addition to the constraint
x(2) ∈ ∆(X2), we need ∀i ∈ N ,

− ϵivi
(xi + δi)2

− λi + λ = 0, (30)

where λi ≥ 0 is the multiplier associated with the non-
negativity constraint −xi ≤ 0 and λ ≥ 0 is the multiplier
associated with the budget constraint

∑
i∈N xi − X2 ≤ 0.

The complementary slackness conditions must also hold, i.e.,
λixi = 0 for all i ∈ N and λ(

∑
i∈N xi − X2) = 0. From

condition (30), we observe two cases are possible
1) If λ < ϵivi

δ2i
, then we have λ∗

i = 0 and x∗
i =

√
ϵivi

λ − δi.

2) If λ ≥ ϵivi

δ2i
, then we have x∗

i = 0 and λ∗
i ≥ 0.

Consequently, we also observe that λ ̸= 0, for otherwise the
budget constraint would be violated. Thus, it must hold that∑

i∈N x∗
i = X2, i.e., all of the budget is used. Therefore, the

budget constraint must be satisfied with equality:

g(t) :=
∑

i∈N
max {t√ϵivi − δi, 0} = X2, (31)

where the variable t := 1/
√
λ. The function g(t) is piece-wise

linear and strictly increasing at any point t such that g(t) > 0.
It is also unbounded from above and continuous. Thus, there
exists a unique solution to the above equation.

For easier exposition, we will assume that the arrangement
of indices (9) is ordered strictly, i.e. α1 < α2 < · · · < αn

1.
These are the values of t at which the piecewise-linear parts
t
√
ϵivi− δi become active in g(t). The function g can then be

written in the form

g(t) =





0, if t ∈ [0, α1)∑
j≤k t

√
ϵjvj − δj , if t ∈ [αk, αk+1),

k = 1, . . . , n− 1∑
j∈N t

√
ϵjvj − δj , if t > αn.

(32)

There exists an index k∗ ∈ {1, . . . , n} for which g(αk∗) <
X2 ≤ g(αk∗+1), where we define αn+1 := ∞. From (31), we
can recover the value t∗ =

X2+
∑

j≤k∗ δj∑
j≤k∗

√
ϵjvj

. This implies λ∗
i = 0

for all i = 1, . . . , k∗, giving
√
ϵivi∑

j≤k∗
√
ϵjvj

(X2+
∑

j≤k∗ δj)−δi,
and x∗

i = 0 for all i = k∗ + 1, . . . , n. Substituting these into
the objective of (26) yields expression (28). ■

With the value of the inner problem established by (28), we
complete the solution of (24) to establish Theorem 3.1.

Proof of Theorem 3.1. We leverage Lemma 4.4 to express
problem (24) as

min
X2∈[0,X]

L(X2), (33)

where L : [0, X] → R is defined as

L(X2) := Lk(X2) for g(αk) ≤ X2 < g(αk+1), k = 1, . . . , ℓ
(34)

with Lk(X2) := Y
Y+X−X2

(
V + Ek + Sk

X2+Dk

)
and ℓ being

defined in (10). In words, L(X2) is the minimum cost the
defender can ensure when spending X2 resources on reac-
tive defense. We claim that function L(X2) is convex and
continuously differentiable on (0, X) because each Lk(X2) is
convex, Lk(g(αk+1)) = Lk+1(g(αk+1)), and L′

k(g(αk+1)) =
L′
k+1(g(αk+1)). Therefore, L attains its minimum value for a

unique X∗
2 ∈ [0, X]. Its derivative is

L′(X2) =
Y

Y +X −X2

V + Ek +
Sk

X2+Dk

Y +X −X2
− Sk

(X2 +Dk)2

 .

(35)
The condition L′(0) ≥ 0 implies that L(X2) is strictly
increasing, and therefore X∗

2 = 0. This condition corre-
sponds to item 1) in Theorem 3.1. The condition L′(X) ≤

1This is without loss of generality as identical arguments in the proof still
apply to non-strict orderings.



0 implies that L(X2) is strictly decreasing on [0, X], and
therefore X∗

2 = X . This condition corresponds to item 2)
in Theorem 3.1. If neither of these conditions hold, then it
must be true that L′

k(X
∗
2 ) = 0 for some k ∈ {1, . . . , ℓ}

and X∗
2 ∈ [g(αk), g(αk+1)). This implies that the condition

L′
k(g(αk)) ≤ 0 and L′

k(g(αk+1)) ≥ 0 must hold, which
correspond to item 3) in Theorem 3.1. In this case, X∗

2 is
calculated by solving

V + Ek + Sk

X2+Dk

Y +X −X2
− Sk

(X2 +Dk)2
= 0. (36)

Using a change of variable Z := X2 + Dk, we multiply the
above equation by the positive factor Z2(Z− (Dk +X +Y ))
to obtain a quadratic equation

Z2 + 2CkZ − Ck(Dk +X + Y ) = 0, (37)

where we denote Ck = Sk

Vk+Ek
. The roots are

Z = −Ck ±
√
C2

k + Ck(Dk +X + Y ), (38)

of which only the ‘+’ root is positive. We therefore obtain

X∗
2 =

√
C2

k + Ck(Dk +X + Y )− (Ck +Dk). (39)

■

This concludes the proof of the main result, Theorem 3.1.

V. CONCLUSION

We have examined fundamental tradeoffs between invest-
ing in preventive versus reactive defense. We formulated a
resource allocation contest game between a defender and an
attacker with two distinct temporal phases. In phase 1, the
defender’s preventive resources reduces the probability that
nodes can become compromised by the attacker. In phase
2, the compromised nodes undergo a recovery process that
can be sped up with more reactive resources. Our analysis
characterizes the Nash equilibrium strategies, which reveal the
defender’s optimal investment in preventive versus reactive de-
fense efforts given limited resources. An interesting extension
to this letter is to consider resources that may regenerate over
time. This highlights the dynamic nature of making resource
allocation decisions.
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