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A B S T R A C T

In this work, we study field-induced stress in cylindrical and spherical core-shell structures with linear elasticity. 
The solid conducting core, which carries a net electric charge, experiences hydrostatic tensile stress for spherical 
structure and tensile stress in radial, axial and azimuth directions for cylindrical structure. The conducting shell 
is subjected to tensile stress in the radial direction and compressive stress in the azimuth direction for both the 
spherical and cylindrical structures. The radial tensile stress can cause the formation and propagation of cracks. 
For a section of the shell with the planar faces parallel to symmetrical axis, the field-induced force on the section 
is repulsive when the distance between the symmetrical axis and the section of the shell is larger than the critical 
distance.

Introduction

The interaction between electric charge and electric field can cause 
the separation of the gravity center of electron from the corresponding 
one of positive charge (ion), resulting in changes in the microstructure of 
materials. The studies of field-induced changes in the microstructures of 
materials have led to the finding of field-induced polarization [1–3], 
piezoelectricity [2,4,5], electrostriction [6–9], and so forth, and opened 
new frontiers in the fields of smart devices and systems. On the other 
hand, there have been extensive studies on field-induced shape changes 
of liquid droplets as well as field-induced fluid flow, which is considered 
as a branch of fluid dynamics under electric field and referred to elec
trohydrodynamics [10–13]. In the heart of the field-induced changes in 
microstructures and fluid flow are the electric force on electric char
ge/dipole and/or the electric stress generated by electric field.

In contrast to the studies of piezoelectricity, electrostriction, and 
electrohydrodynamics, there are few works on field-induced deforma
tion of electric conductors. Landau et al. [14] in the book “Electrody
namics of Continuous Media” briefly discussed the changes in the 
volume and shape of a conducting sphere in a uniform electric field. 
Hansen et al. [15] analyzed the elastic deformation of a semi-infinite 
metallic material due to electrostatic pressure induced by a voltage 
bias. Yang and Song [16,17] analyzed surface instability of elastic 
conducting films and semi-infinite conducting materials in electric field 
with the contribution of field-induced deformation. Huang [18] studied 
surface instability of an elastic conducting film in an electric field 
without the field-induced deformation.

Recently, field-assisted forming and machining of metallic materials 

[19–22] and field-assisted energy storage [23–26] have attracted great 
attention. One of concerns in the applications of these processes is the 
structural integrity of materials and devices in electric field, i.e., 
field-induced deformation and structural changes, even though studies 
have been conducted on electroplasticity of metallic materials with the 
passing of electric current [27–34]. The field-induced deformation of 
mechanical structures and systems can lead to the failure and/or mal
function of the structures and systems. For example, applying 
high-voltage electric pulses led to the roughening of stainless-steel sur
face placed in a 154 mM NaCl solution [35] and the dispersion of small 
lead particles in grain boundaries of a Cu–Zn alloy [36]. Liu et al. [37] 
reported that the mechanical behavior of CrMnFeCoNi 
high-entropy-alloy processed by field-assisted machining with ion beam 
is dependent on the ions (Xe+ and Ga+) used in the machining. Elec
trochemical cycling can lead to structural damage/degradation of 
electrode materials, such as Si [38,39].

Currently, field-assisted processing with ion beam has been used to 
machine inner surface of metallic tube structures [22]. Core-shell 
structures, such as spherical and cylindrical core-shells [40,41], have 
been used to accommodate cycling-induced swelling of electrode ma
terials, mitigate structural damage of electrode materials induced by 
electromotive stress and diffusion-induced stress, and prolong the life
span of metal-ion batteries [42–44]. An et al. [40] used micro-spherical 
Si/C core-shell structures, which consist of Si nanoparticle as solid core 
and a thin C as shell, as anode materials of lithium-ion batteries, which 
retained 81.4% of the initial capacity after 1200 cycles. Liu et al. [41] 
demonstrated that lithium-ion batteries with core-shell Bi@C nanowires 
as anode materials exhibited long-cyclic life. These studies point to the 
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effectiveness of core-shell structures in improving the structural integ
rity of lithium-ion batteries. However, few have focused on 
field-induced deformation of core-shell structures, which is of practical 
importance to understand the deformation of mechanical structures in 
an electric field.

The purpose of this work is targeted at the elastic deformation of 
symmetrical structures consisting of a conducting solid core and a 
conducting shell, i.e., the cylindrical core-shell and spherical core-shell 
structures shown schematically in Fig. 1, with the conducting core car
rying electric charge. The deformation and stress fields in the con
ducting core and conducting shell were obtained. For the conducting 
shell, the field effect on the resultant force onto a section of the shell 
with planar faces parallel to axisymmetric axis was discussed.

Mathematical formulations

For a conducting material, the electric field intensity, E, at the sur
face of the conducting material with ρs as the surface charge density, as 
shown in Fig. 1a, is 

E =
ρs

ε0
n. (1) 

Here, ε0 is the dielectric constant of the air, and n is the unit outward 
normal on the surface. The electric field introduces normal stress, σn, on 
the surface as 

σn =
1
2

ρsE. (2) 

The normal stress leads to the deformation of the conducting mate
rial. Assume that the conducting material is isotropic and homogeneous. 
For elastic deformation with small strain, the theory of linear elasticity is 
used. The constitutive relations are 

ε =
1
E

[(1 + ν)σ − νtr(σ)I]. (3) 

The equilibrium equations describing the elastic deformation of the 
conducting material without body force can be formulated as 

∇2u +
1

1 − 2ν ∇ ∈= 0. (4) 

The dilatation, ∈ = ∇•u, satisfies the Laplace equation as 

∇2 ∈= 0. (5) 

Here, ε and σ are the strain and stress tensors, respectively, u is the 
displacement vector, and E and ν are the Young’s modulus and Poisson’s 
ratio of the conducting material, respectively. The boundary condition is 

σ⋅n = σn. (6) 

Eqs. (2)–(6) form the basis to analyze the field-induced deformation 
of conducting material.

Deformation and stress fields

Using Eqs. (2)–(6), we analyze the field-induced deformation in two 
configurations, as shown in Fig. 1b-c. The first one consists of a cylin
drical conducting solid core and a cylindrical conducting shell, and the 
second one consists of a spherical conducting solid core and a spherical 
conducting shell. The solid core carries electric charge, which uniformly 
distributes on the surface.

A cylindrical conducting solid core enclosed with a co-axial cylindrical 
conducting shell

For the structure of a cylindrical conducting solid core with a co-axial 
cylindrical conducting shell, the cylindrical solid core carries electric 
charge, which induces opposite electric charge on the inner surface of 
the co-axial cylindrical conducting shell and electric charge of the same 
sign on the outer surface of the co-axial cylindrical conducting shell. Let 
Q be electric charges per unit length carried by the cylindrical solid core. 
Provided that electric charges are uniformly distributed over individual 
surfaces, the charge densities on the surfaces are 

ρa =
Q

2πa
, ρb = −

Q
2πb

and ρc =
Q

2πc
(7) 

for the surfaces with the radii of a, b, and c (a < b < c), respectively. 
Here, a is associated with the surface of the cylindrical solid core; b and c 
are associated with the inner and outer surfaces of the cylindrical con
ducting shell, respectively. Using Eq. (1), the electric field intensities on 
individual surfaces are found to be 

Ea =
Q

2πε0

1
a
er, Eb =

Q
2πε0

1
b
er and Ec =

Q
2πε0

1
c
er (8) 

with er as the radial direction. According to Eq. (2), the normal stresses 
on the corresponding surfaces are 

σ(a)
n =

1
2ε0

(
Q

2πa

)2

, σ(b)
n =

1
2ε0

(
Q

2πb

)2

and σ(c)
n =

1
2ε0

(
Q

2πc

)2

(9) 

Here, the superscripts and subscripts of a, b, and c represent the surfaces 
with the radii of a, b, and c, respectively. It is evident that all the surfaces 
are subjected to tensile normal stress.

With the characteristics of axisymmetric symmetry, Eqs. (4)-(5) and 
the equation of ∈ = ∇•u are simplified as 

1
r

∂
∂r

(

r
∂∈(n)

∂r

)

= 0, (10) 

1
r

∂
∂r

(

r
∂u(n)

r
∂r

)

−
u(n)

r
r2 +

1
1 − 2νn

∂∈(n)

∂r
= 0, (11) 

∈(n) =
1
r

∂
(
ru(n)

r

)

∂r
, (12) 

with u(n)
r as the non-zero displacement along the radial direction. The 

Fig. 1. Schematic of (a) electric field intensity, E, at the surface of a conducting material, (b) a cylindrical-shell structure, and (c) a spherical-shell structure.
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general solutions of ∈(n) and u(n)
r are 

∈(n) = A(n) and u(n)
r =

A(n)

2
r +

B(n)

r
, (13) 

which gives the non-zero stress components of the stress tensor σ(n) as 

σ(n)
rr =

En

(1 + νn)(1 − 2νn)

[
A(n)

2
− (1 − 2νn)

B(n)

r2

]

, (14) 

σ(n)

θθ =
En

(1 + νn)(1 − 2νn)

[
A(n)

2
+ (1 − 2νn)

B(n)

r2

]

, (15) 

σ(n)
zz =

νnEnA(n)

(1 + νn)(1 − 2νn)
. (16) 

Here, the superscript n takes the value of 1 or 2 with 1 representing the 
solid core and 2 representing the conducting shell. Using the boundary 
condition of (6) and |σ(1)| < ∞ as r → 0, we obtain 

σ(1)
rr = σ(1)

θθ =
1

2ε0

(
Q

2πa

)2

for r < a (17) 

σ(1)
zz =

ν1

ε0

(
Q

2πa

)2

for r < a (18) 

σ(2)
rr =

1
2ε0

(
Q
2π

)2 1
r2 for b ≤ r ≤ c, (19) 

σ(2)

θθ = −
1

2ε0

(
Q
2π

)2 1
r2 for b ≤ r ≤ c, (20) 

σ(2)
zz = 0 for b ≤ r ≤ c. (21) 

It is interesting to note that the stress fields in both the cylindrical 
solid core and the cylindrical conducting shell are independent of 
Young’s modulus of the corresponding materials. The cylindrical solid 
core experiences tensile stresses along the radial, axial and azimuth di
rections. In contrast, the cylindrical conducting shell experiences tensile 
stress along the radial direction and compressive stress along the azi
muth direction. No axial stress is on the cylindrical conducting shell.

A spherical conducting solid core enclosed with a concentric spherical 
conducting shell

For the structure of a spherical conducting solid core of a in radius 
with a concentric spherical conducting shell of b (b > a) in inner radius 
and c in outer radius, the spherical solid core carries electric charge of Q, 
which induces opposite electric charge on the inner surface of the 
concentric spherical conducting shell and electric charge of the same 
sign on the outer surface of the concentric spherical conducting shell.

Provided that electric charges are uniformly distributed over indi
vidual surfaces, the charge densities on the surfaces of the spherical solid 
conductor and the spherical conducting shell can be expressed as 

ρa =
Q

4πa2, ρb = −
Q

4πb2 and ρc =
Q

4πc2 (22) 

for the surfaces with the radii of a, b, and c, respectively. Using Eq. (22), 
the electric field intensities on individual surfaces are found to be 

Ea =
Q

4πε0

1
a2er, Eb =

Q
4πε0

1
b2er and Ec =

Q
4πε0

1
c2er (23) 

with er as the radial direction. The electric field acts on the electric 
charges in individual surfaces and introduces normal stress as 

σ(a)
n =

1
2ε0

(
Q

4πa2

)2

, σ(b)
n =

1
2ε0

(
Q

4πb2

)2

and σ(c)
n =

1
2ε0

(
Q

4πc2

)2

(24) 

Here, all the surfaces are subjected to tensile normal stress.
With the characteristics of spherical symmetry, Eqs. (4)-(5) and the 

equation of ∈ = ∇•u are simplified as 

1
r2

∂
∂r

(

r2∂∈(n)

∂r

)

= 0, (25) 

1
r2

∂
∂r

(

r2∂u(n)
r

∂r

)

−
2u(n)

r
r2 +

1
1 − 2νn

∂∈(n)

∂r
= 0, (26) 

∈(n) =
1
r2

∂
(
r2u(n)

r
)

∂r
, (27) 

with u(n)
r as the non-zero displacement along the radial direction. The 

general solutions of ∈(n) and u(n)
r are 

∈(n) = A(n) and u(n)
r =

A(n)

3
r +

B(n)

r2 , (28) 

which gives the non-zero stress components of the stress tensor σ(n) as 

σ(n)
rr =

En

(1 + νn)(1 − 2νn)

[

(1 + νn)
A(n)

3
− 2(1 − 2νn)

B(n)

r3

]

, (29) 

σ(n)

θθ =
En

(1 + νn)(1 − 2νn)

[

(1 + νn)
A(n)

3
+ (1 − 2νn)

B(n)

r3

]

. (30) 

Using the boundary conditions of (6) and |σ(1)| < ∞ as r → 0, we 
obtain 

σ(1)
rr = σ(1)

θθ =
1

2ε0

(
Q

4πa2

)2

for r ≤ a, (31) 

σ(n)
rr = −

1
2ε0

(
Q
4π

)2 1
bc

(
c3 − b3

)

(

(c − b) −
c4 − b4

r3

)

for b ≤ r ≤ c, (32) 

σ(n)

θθ = −
1

2ε0

(
Q
4π

)2 1
bc

(
c3 − b3

)

(

(c − b) +
1
2

c4 − b4

r3

)

for b ≤ r ≤ c.

(33) 

It is interesting to note that the stress fields in both the spherical solid 
core and the spherical conducting shell are independent of elastic con
stants of the corresponding materials. The spherical solid core experi
ences hydrostatic tensile stress. In contrast, the spherical conducting 
shell experiences tensile stress along the radial direction and compres
sive stress along the azimuth direction.

Numerical implementation

According to the above results, the stress field in the solid core is 
independent of spatial variable. The numerical calculation is thus 
focused on the radial and hoop stresses in the conducting shell. Fig. 2
shows spatial distribution of the radial and hoop stresses in a cylindrical 
conducting shell with c/b = 2. It is evident that the magnitudes of both 
the radial and hoop stresses decrease with the increase in the distance to 
the inner surface of the cylindrical conducting shell. The decrease of the 
radial stress with the increase in the distance to the inner surface of the 
cylindrical conducting shell can be associated with the requirement of 
force balance. From Eq. (9), the resultant force due to the electric 
stresses is zero along the radial direction for any arc-cylindrical section, 
indicating that the arc-cylindrical section is at equilibrium state under 
the action of the electric stresses.

Fig. 3 shows spatial distribution of the radial and hoop stresses in a 
spherical conducting shell with c/b = 2. Similar to the cylindrical con
ducting shell, the magnitudes of both the radial and hoop stresses 
decrease with the increase in the distance to the inner surface of the 
spherical conducting shell. The decrease of the radial stress with the 
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increase in the distance to the inner surface of the spherical conducting 
shell can be attributed to the decrease of the electric stress on the outer 
surface of the spherical conducting shell, which is inversely proportional 
to the fourth power of the radius of the outer surface.

Discussion

It is known that it is impossible to completely eliminate structural 
flaws, such as cracks and cavities, in a material. Electrical and/or me
chanical stresses can cause growth of structural flaws, which can even
tually lead to the failure and malfunction of associated structures and 
devices. From the above analysis, we note that both the solid conducting 
core and the hollow conducting shell experience tensile stress in the 
radial direction and the hollow conducting shell experiences compres
sive stress in the azimuth direction. Such stress distributions suggest that 
any cracks in the solid conducting core and the cracks with the crack 
plane near the crack edge/tip being normal to the radial direction in the 
hollow conducting shell can grow under the action of electric stresses 
when local tensile stress generated by the electric stresses reaches the 
critical stress for the formation and propagation of cracks. However, the 
compressive hoop stress hinders the formation and growth of cracks 
with the crack plane near the crack edge/tip normal to the azimuth 
direction in the hollow conducting shell.

Structural flaws formed during the forming and manufacturing 

generally exhibit the characteristics of randomness. Cracks with the 
crack plane near the crack edge/tip being parallel to axisymmetric axis 
for the cylindrical and spherical conducting shells, as shown in Fig. 4, 
can occur. Under such a configuration, it requires the determination of 
local stress state induced by electric stresses. For simplicity, we limit the 
following analysis to the total force on the S-section in the direction (N- 
direction) normal to the plane, which likely contains planar cracks.

Let λ be the distance between the plane and the axisymmetric axis 
(the center) of the cylindrical (spherical) conducting shell. For the cy
lindrical conducting shell, the resultant force per unit length, FN, on the 
S-section in the N-direction is calculated as, 

FN = −
1

2ε0

(
Q

2πb

)2 ∫ θ

−θ
bcosαdα +

1
2ε0

(
Q

2πc

)2 ∫ θ+Δθ

−θ−Δθ
ccosαdα (34) 

=
1
ε0

(
Q
2π

)2(
sin(θ + Δθ)

c
−

sinθ
b

)

.

Here, the sinθ and sin(θ+Δθ) can be calculated from λ as 

sinθ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
b2 − λ2

√

b
and sin(θ + Δθ) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
c2 − λ2

√

c
. (35) 

Substituting Eq. (35) in Eq. (34) yields 

FN =
1
ε0

(
Q
2π

)2
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

c2 − λ2
√

c2 −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
b2 − λ2

√

b2

)

. (36) 

To have a repulsive force on the S-section, it requires FN > 0. This 
gives 

λ >
bc

(
b2 + c2

)1/2. (37) 

The electric stresses introduce a resultant repulsive force on the S- 
section for λ satisfying Eq. (37), which can cause the formation and 
propagation of cracks in the planar faces of the S-section when local 
stresses generated by the electric stresses reach the critical stress.

For the spherical conducting shell, the resultant force, FN, on the S- 
section in the N-direction is calculated as, 

FN = −
1

2ε0

(
Q

4πb2

)2 ∫ θ

0
2πb2sinαcosαdα

+
1

2ε0

(
Q

4πb2

)2 ∫ θ+Δθ

0
2πc2sinαcosαdα (38) 

= −
1

2ε0

(
Q
4π

)2(
sin2θ

b2 −
sin2

(θ + Δθ)

c2

)

.

Here, the sinθ and sin(θ+Δθ) can be calculated from Eq. (35). 
Substituting Eq. (35) in Eq. (38) yields 

FN =
1

2ε0

(
Q
4π

)2
(

c2 − λ2

c4 −
b2 − λ2

b4

)

. (39) 

To have a repulsive force on the S-section, it requires FN > 0. This 
gives 

λ >
bc

(
b2 + c2

)1/2. (40) 

Fig. 2. Spatial variation of radial and hoop stresses in a cylindrical conducting 
shell (c/b = 2).

Fig. 3. Spatial variation of radial and hoop stresses in a spherical conducting 
shell (c/b = 2).

Fig. 4. Schematic of a plane parallel to axisymmetric axis.
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which is the same as the case for the cylindrical conducting shell. The 
electric stresses introduce a resultant repulsive force on the S-section for 
λ satisfying Eq. (40), which can cause the formation and propagation of 
cracks in the planar faces of the S-section when local stresses generated 
by the electric stresses reach the critical stress.

Summary

In summary, we have brought out the important role of electric 
charge in the stress evolution of two physical configurations – the 
spherical core-shell and cylindrical core-shell structures. Using the 
theory of linear elasticity, both the stress and displacement fields have 
been obtained and proportional to the square of the charge carried by 
the solid conducting core. The spherical conducting core experiences 
hydrostatic tensile stress, and the cylindrical conducting core experi
ences tensile stress in the radial, axial and azimuth directions. Both the 
spherical and cylindrical conducting shells are subjected to tensile stress 
in the radial direction and compressive in the azimuth direction. There is 
no stress on the cylindrical conducting shell in the axial direction. The 
tensile stress in the radial direction can cause the formation and prop
agation of cracks with the crack plane near the crack edge/tip normal to 
the radial direction when local stress reaches the critical stress.

Using the electric stresses, we have calculated the resultant force on a 
section of the shell with the planar faces parallel to symmetrical axis for 
the spherical core-shell structure and the cylindrical core-shell structure. 
The direction of the resultant force is normal to the corresponding 
symmetrical axis. There exists a transition of the resultant force from 
attractive force to repulsive force. The presence of the repulsive force 
indicates that the electric stresses can also cause formation and propa
gation of cracks in the planar faces parallel to the corresponding sym
metrical axis, leading to the failure and malfunction of associated 
structures and devices.

Understanding the mechanical deformation of core-shell structures 
in electric field allows for the determination of the critical field intensity 
for the occurrence of field-induced structural damage/degradation. The 
obtained result can be used to optimize the process parameters used in 
the field-assisted machining of tube-like structures to improve the 
structural integrity and in the production of core-shell structures of high 
quality for applications in metal-ion battery.
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