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The paper [R.T. Sandberg and A.G.R. Thomas, Phys. Rev. Lett. 130, 10.1103/PhysRevLett.130.085001
(2023)] proposed a scheme to generate ultrashort, high energy pulses of XUV photons though dephasingless
photon acceleration in a beam driven plasma wakefield. An ultrashort laser pulse is placed in the plasma
wake behind a relativistic electron bunch so that it experiences a density gradient and therefore shifts up in
frequency. Using a tapered density profile provides phase-matching between driver and witness pulses. In
this paper, we study via particle-in-cell simulation the limits, practical realization and 3D considerations for
beam driven photon acceleration using the tapered plasma density profile. We study increased efficiency by
use of a chirped drive pulse, establishing the necessity of the density profile shape we derived as opposed
to a simple linear ramp, but also demonstrating that a piecewise representation of the profile—as could be
achieved experimentally by a series of gas cells—is adequate for achieving phase matching. Scalings to even
higher frequency shifts are given.

I. INTRODUCTION

The many applications of bright, coherent XUV light
have motivated substantial interest in source develop-
ment, such as the construction of XUV wavelength Free
Electron Lasers such as FLASH44 as well as nonlinear fre-
quency mixing45, high harmonic generation46, relativis-
tic flying mirrors47–49, and XUV lasing50, to name a few.
Another method for generating short wavelengths is the
scheme of ‘photon acceleration’51. In ‘photon accelera-
tion’, a laser pulse that experiences a co-moving plasma
density gradient will be upshifted in frequency. From
eikonal solutions to the wave equation, well known ray-
tracing solutions can be used for the temporal variation in
the light52,53, which for a plane wave propagating in the z
direction with linear plasma dispersion (ω2 = k2c2 + ω2

p,
where ω2

p = e2n/meε0 for a plasma of number density n)
results in a frequency shift according to

dω

dz
' − 1

2kc2
∂(ω2

p/γ)

∂z
. (1)

Photon acceleration can arise as a result of plasma
wakefields51, ionization fronts54,55 and even using
metamaterials56. Photon acceleration was measured
in ionization front57 and laser wakefield acceleration
experiments58,59. Recent results include cascaded se-
quences of localized ionizations60, resulting in large fre-
quency shifts and the use of plasma wakes to downshift
radiation to very long wavelengths61. Limits to photon
acceleration in plasma wakefields in the linear62 and non-
linear regimes63,64 were previously studied, identifying
dephasing of the photon beam with respect to the accel-
erating refractive index gradient placing a ceiling on the
frequency shift. Dephasing occurs when the difference
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between the phase velocity of the wake and the high-
frequency photon pulse results in it slipping out of the
accelerating refractive index gradient. A recent scheme
for overcoming this restriction using an ionization front
is dephasingless frequency shift using a ‘flying focus,’ a
combination of a chirped laser pulse and an achromatic
lens for spatiotemporal shaping of a laser pulse65. The
flying focus was also used to mitigate the analogous pro-
cess of electron beam dephasing in a plasma wakefield66,
in addition to related spatiotemporally structured focus-
ing schemes67,68.

Another method for mitigating dephasing, in the con-
text of electron acceleration is the use of tapered plasma
density ramps69–72. By having a non-uniform density, the
plasma wavelength varies along the propagation length,
which allows for locking the accelerating phase with the
particle beam. Tapered density ramps were previously
suggested as a way of increasing the frequency shifts in
photon acceleration51,62.

For positive frequency shift, the laser pulse must be at
a phase in the wake where the density is gradient is nega-
tive with respect to z. However, the laser centroid moves
at the group velocity of the laser pulse and so as the laser
pulse shifts in frequency, its group velocity increases and
the pulse will change position in the wake. To mitigate
dephasing of the photon pulse, we use a tapered density
profile (similar to that proposed for mitigating dephasing
in electron acceleration70,72–74) to continuously increase
the plasma wavelength and keep the laser pulse experi-
encing a positive plasma density gradient. We also use
an electron beam driver, which both simplifies the phase
matching condition and addresses issues with red shifting
of the drive pulse in the case of a laser driver.

For phase matching, we must try to keep the witness
pulse at the phase where the density perturbation in the
wake δn(ζ; z) ≡ nw(ζ; z)− n(z) = 0 within the region of
negative density gradient, hereby labelled as ζδ, as the
location of the reference density gradient we are trying
to track. To keep the pulse experiencing the greatest
possible frequency shift, we require ζcentroid = ζδ for all
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times, where ζcentroid denotes the center of the witness
laser pulse. However, this is complicated by the fact that
as the laser pulse shifts in frequency, its group velocity
varies, leading to a system of coupled differential equa-
tions. Assuming that the laser pulse moves at the linear
group velocity and the plasma is underdense, ω2

p/ω
2 � 1,

we previously obtained75 an equation relating the z pro-
file of the plasma number density to the variation in the
wake position of the zero density perturbation ζδ with
plasma density,

dn

dz
' 1

2c

ω2
p

ω2

[
dζδ
dn

]−1

. (2)

The phase matching condition in equation 2 and the fre-
quency shift relation in equation 1 together are a coupled
pair of differential equations to be solved using an exten-
sion of 1D beam driven wakefield solutions76 to obtain
the plasma density profile that will give phase matched
photon acceleration. Full details of the numerical solu-
tion and its derivation for the density profiles are being
published elsewhere77.

In this paper, we study via particle-in-cell simulation
the limits, practical realization and 3D considerations
for beam driven photon acceleration using the tapered
plasma density profile demonstrated in Ref.75. The sim-
ulations show that it is possible to generate ultrashort
pulses of XUV radiation with relativistic intensity, that
is the normalized vector potential a0 = eE0/mecω0 ∼ 1,
where E0 is the peak field of the witness pulse. In the sim-
ulations, we use the density profile determined by solv-
ing equations (1) and (2) in a series of simulations to
demonstrate the behavior of dephasingless plasma wake-
field photon acceleration (dePWPA) for deviations from
ideal conditions.

• We first demonstrate the importance of the phase
matched density profile by comparing a simulation
of a uniform plasma density profile and various lin-
ear plasma densities with the phase matched pro-
file. The laser pulse rapidly dephases from the up-
shifting region of the wake in every non-dePWPA
case.

• Next we use realistic beam parameters to demon-
strate 10× frequency shift. Later, this simulation
will then be repeated in 3D; comparison indicates
the effective 1D nature of the scheme even in 3D
geometry.

• We perform a 1D simulation with a long drive beam
to demonstrate a beam profile not obtainable in the
ultrashort limit. This simulation demonstrates 30×
frequency shift and 6× energy gain.

• We repeat the previous simulation with a piecewise
constant approximation to the density profile and
still realize 30× frequency shift. A piecewise con-
stant profile could be realized in practice with a
series of gas cells.

• We perform a quasi-3D simulation demonstrating
10× frequency shift and 5× energy gain using the
1D phase matching profile, demonstrating the util-
ity of the analytic profile in practice.

• Finally, we demonstrate 10× frequency shift and
5× energy gain in quasi-3D using a piecewise ap-
proximation to the phase matched profile. This
demonstrates the robustness of the phase matched
profile to non-ideal conditions.

We end by summarizing the results of the simulations and
looking ahead to future research into photon acceleration.

For the simulations, we use the 1D version of the
particle-in-cell (PIC) code OSIRIS78,79 and the quasi-3D
code FBPIC80. In the discussion of the 1D examples
we introduce the normalizations when describing physical
quantities. In the discussion of the 3D examples, physi-
cal quantities are detailed in SI units. The efficiency of
energy transfer from the drive beam to the witness laser
is an important metric that we study in both 1D and
3D situations. To measure the efficiency of the dePWPA
scheme, we define the average energy transfer efficiency
as

η =
∆Ulaser
−∆Ubeam

=
Ulaser − Ulaser,initial
Ubeam,initial − Ubeam

, (3)

with energy changes ∆Ulaser/beam measured between the
initial and final times. In the 1D case, to calculate the
energy transfer a characteristic area must be assumed in
the non-simulated dimensions, which divides out of this
expression. In all cases, for a “flat-top” particle beam
driver of number density nd and length Ld, the beam
driver strength is parameterized by the normalized areal
density of the beam A = (nd/n0)kp0Ld, where n0 is a
reference plasma density and kp0 = ωp0/c.

II. 1D SIMULATION RESULTS

We start by simulating the dePWFA scheme under dif-
ferent drive beam, plasma profile and witness laser con-
ditions in one dimension. To demonstrate the scaling of
the solutions, for all the 1D simulations we express the
equations in normalized units, with all plasma densities
n → n/n0, such that ωp → ωp/ωp0, ω → ω/ωp0, p →
p/mec, etc., where ω2

p0 = e2n0/meε0, E → eE/mcωp0,
etc.

A. 1D simulations with and without the dePWPA density
profile

Here, we use 1D simulations to compare the position
of the laser in the case of the tapered plasma density pro-
file with several other possible density profiles, including
a piecewise constant approximation to the tapered pro-
file, a uniform plasma density profile, and several linearly
varying plasma densities.
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In the simulations in this section, the drive beam has
density nd/n0 = 0.4 and length kp0Ld = 1.0 for A =
0.4. Initially the witness laser has ωL/ωp0 = 10. The
witness laser has a normalized strength parameter a0 =
0.5, with a pulse duration ωp0τ = 0.885, corresponding
to an intensity full-width at half-max (FWHM) of 3 fs
when λ0 = 800 nm. We start with 618 cells per laser
wavelength λ and in the tailored density case end with
61.8 cells per λ for the upshifted laser. We use a CFL
condition of ωp0∆t = 0.9995kp0∆x and 4 particles per
cell.

We see in figure 1 the position of the laser centroid in
the wake as a function of propagation distance for various
plasma density profiles. The top panel shows the laser
centroid and wake in the case of uniform plasma density,
the middle panel shows the laser centroid and wake in the
dePWPA plasma density profile, and the bottom panel
shows the laser centroid and wake in a piecewise constant
approximation to the dePWPA profile. In the uniform
density case, the laser centroid clearly slips past the den-
sity peak and out of the frequency-shifting region, back
into the density gradient of the next density peak, past
that and on through the wake. No sustained frequency
shift is attained. On the other hand, in the tapered den-
sity profile and its piecewise constant approximation the
laser centroid maintains its position in front of the first
density peak in the wake, where the density gradient is
increasing with respect to ζ and the frequency shifts up
continuously, as shown in Ref.75.

In the bottom panel, the piecewise constant approxi-
mation is also able to maintain the centroid position on
the density gradient on average. Through each constant
section the centroid slips back, starting on a shallower
part of the gradient than ζδ and ending up on a steeper
gradient. The average gradient is very close to the gradi-
ent at ζδ and so the frequency shift and phase matching
is near identical to the analytic solution density function
shown in the middle panel. This result shows that the
tapered density profile can be approximated by a piece-
wise constant representation with negligible degradation
of performance. This is important because a piecewise
constant profile could be achieved in practice by a se-
ries of gas cells or gas jets with different gas densities,
whereas the analytic curve would be difficult to generate
experimentally.

In previous papers, e.g.51, it has been suggested that
a linear ramp would be able to mitigate dephasing. We
have also simulated linear ramps of various gradients to
try to mitigate dephasing. In Fig. 2, left hand panel, the
position of the laser centroid in the wake is shown for var-
ious linear profiles. The linear down-ramped density pro-
files are chosen to have gradients from near the steepest
in the dePWPA profile to the shallowest, as shown in the
right hand panel of the figure (and also compared with
the dePWPA profile). In addition to a limitation of the
linear gradient that it eventually reaches zero and trun-
cates the acceleration in any case, additionally the linear
profile causes rapid dephasing for all linear gradients in-

FIG. 1: Laser centroid in wake over propagation
distance, comparing the effect of the (piecewise

approximation to the) tapered density profile on the
laser centroid. The centroid dephases rapidly from the
wake in the uniform density case shown in the top panel,
whereas the phase of the laser in the wake is maintained
in the tapered density case shown in the bottom panel.
To illustrate the wake we plot δn = nw(ξ; z)− n(z).
Note that in these images the wake coordinate is

ξ = z − ct not ζ, but for vp → c, ξ ' −cζ.

vestigated; indeed any linear gradient is arguably worse
than a straightforward uniform gradient. This can be
clearly seen from the left hand panel showing the wake-
fields resulting from the linear ramp. The reason is that
the curvature of the wakefield phase fronts is clearly the
wrong way compared to the curvature of the centroid
position for the analytically phase-matched profile, as in
figure 1 middle panel. It is therefore clear that the de-
PWPA solution, or at least an approximation to it, is
required to achieve phase matching and hence large fre-
quency shifts in PWPA.

B. 1D dePWPA simulation with a chirped driver for
comparison with quasi-3D simulation

In this section we perform a 1D simulation using the
dePWPA density profile and drive beam parameters for
comparison with a later quasi-3D simulation, in particu-
lar using a chirped drive beam to increase energy transfer
efficiency. This is because a finite length beam will gen-
erate a wakefield with a gradient such that the back of
the drive bunch is decelerated faster than the front. By
adding a chirp, the beam energy loss can be tuned so
that the whole beam depletes at once, which increases
the energy transfer efficiency from driver to witness. Ini-
tially the laser has ωL/ωp0 = 10. The drive beam has
density nd/n0 = 0.2 and length kp0Ld = 1.9. These pa-
rameters correspond to A = 0.38, which is the A used in
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FIG. 2: Laser centroid in wake over propagation distance, comparing the effect of various linear plasma density
profiles on the laser centroid. On the right is shown how the various linear profiles compare with the dePWPA

profile. The centroid dephases rapidly from the wake regardless of the linear profile used. To illustrate the wake we
plot δn = nw(ξ; z)−n(z). Note that in these images the wake coordinate is ξ = z− ct not ζ, but for vp → c, ξ ' −cζ.

the later quasi-3D simulation. The laser has an a0 = 2.4,
with a pulse duration ωp0τ = 0.885, corresponding to an
intensity full-width at half-max (FWHM) of 3 fs when
λ0 = 800 nm. We start with 618 cells per λ and in the
tailored density case end with 61.8 cells per λ. We use a
CFL condition of ωp0∆t = 0.9995kp0∆x and 4 particles
per cell.

We can see in figure 3 that the mean laser wavenumber
matches the predicted wavenumber and increases by a
factor of more than 10. The drive beam is linearly chirped
in energy so that each section of the beam is depleted at
roughly the same time. The chirp has the trapezoidal
form γ(ωp0ζ) = 4000+32000(ωp0ζ/1.9). The form of the
chirp is chosen so that most of the drive beam energy is
extracted, and 7.2% of the extracted energy is transferred
to the witness laser pulse. The frequency shift and energy
change stop around 120, 000kp0z, at which point the drive
beam is depleted of energy.

C. 1D long drive beam

In this section we demonstrate the ability of the model
to generate frequency shift for finite length drive beams.
We can see shifts of 30× in frequency, 6× in energy, 25×
in intensity, and 13× in compression. The frequency gain
stops once the driver is depleted of energy, indicating
that the gain is limited only by the ability of the driver
to maintain the wake.

The drive beam has density nd/n0 = 0.3 and length
kp0Ld = 12.56. The beam has an up-chirp in energy
similar to the previous section of the form γ(ωp0ζ) =

4000 + 32000(ωp0ζ/12.56). The chirp helps prevents par-
tial beam depletion but is not optimal; we anticipate that
a triangular chirp would be more beneficial. Initially the
laser has ωL = 10. The laser has an a0 of 4.0, with an
intensity pulse duration ωp0τ = 0.85. We use 30000 cells
for 618 cells per λL0 and about 21 cells per λLf , a CFL
condition of ∆t = 0.9995∆x, and 4 particles per cell.

Figure 4 shows that the mean laser wavenumber
matches or exceeds the predicted wavenumber and in-
creases by a factor of more than 30. About 5% of the en-
ergy lost by the drive beam is transferred to the witness
laser pulse. The rate of change in energy transfer has a
discontinuity around 60, 000kp0z. This is the drive beam
depletion length; at this point a portion of the beam has
lost enough energy to move at sub-relativistic velocities
and gets caught by the electron-accelerating fields. This
loads the wake, so the laser pulse behind no longer sees
an increasing density gradient and doesn’t experience any
more frequency shift.

The reported values of this 1D dimensionless simula-
tion can be understood in physical units if we impose
some initial scales. Assuming the initial laser wavelength
is 800 nm and the drive beam has an initial root-mean-
square radial extent σr = 16 µm, then the system prop-
agates about 10 cm and the shifts are 30× in frequency,
from an initial wavelength λ = 800 nm to 27 nm, 6× in
energy, from U = 50 mJ to 900 nm, 25× in intensity,
and 13× in compression, from an initial full-width half-
maximum in intensity pulse duration of cτ = 900 nm to
69 nm.
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(a) (b) (c)

FIG. 3: 1D Results for a drive beam with density nd/n0 = 0.2 and length kp0Ld = 1.9 and a laser pulse with
normalized strength parameter a0 = 2.4, (a) spectrum of laser pulse versus propagation distance, the red curve

shows the predicted frequency as determined by equations (1) and (2) and the black line shows the mean frequency,
note that the mean frequency increases by a factor of 10, (b) Tapered density profile for dephasingless photon

acceleration as determined by equations (1) and (2), (c) drive beam energy in blue and laser pulse energy in red,
shown to different scales, the electron drive beam loses energy linearly to the wake and is almost completely

depleted of energy, the laser gains about 7% of the initial energy in the drive beam
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FIG. 4: Results in 1D for drive beam nd/n0 = 0.3, kp0Ld = 12.56 and laser a0 = 4.5, (a) spectrum of laser pulse
versus propagation distance, the red curve shows the predicted frequency as determined by equations (1) and (2)
and the black line shows the mean frequency, note that mean frequency increases by a factor of 30, (b) Tapered

density profile for dephasingless photon acceleration as determined by equations (1) and (2), (c) drive beam energy
in blue and laser pulse energy in red, shown to different scales, the electron drive beam loses energy linearly to the
wake and loses about half its energy before parts of the beam are depleted and the wake is disrupted. Laser energy

increases monotonically, with most of the energy gain occurring early in the simulation.

D. 1D dePWPA with a piecewise approximation to the exact
profile

In this section we repeat the previous simulation us-
ing a piecewise constant approximation to the tapered
plasma density profile. In this case 30× frequency shift
and 6× energy gain are still measured, demonstrating
that the density profile is robust to perturbations.

The drive beam has density nd = 0.3n0 and length
kp0Ld = 12.56. Initially the laser has ωL = 10ωp0. The
laser has an a0 of 4.5, with a pulse duration ωp0τ =
0.885, corresponding to an intensity full-width at half-
max (FWHM) of 3 fs when λ0 = 800 nm. We use 30000
cells for 618 cells per λL0 and about 21 cells per λLf , a
CFL condition of ωp0∆t = 0.9995kp0∆x, and 4 particles
per cell.

Figure 5 shows that the mean laser wavenumber
matches or exceeds the predicted wavenumber and in-
creases by a factor of more than 30. About 5% of the en-
ergy lost by the drive beam is transferred to the witness

laser pulse. The frequency energy transfer sees a discon-
tinuity around 60, 000kp0z. As in the previous section,
a portion of the beam is depleted of energy, dephases,
loads the wake, and stops the frequency shift of the trail-
ing laser pulse.

This simulation uses a piecewise approximation to
the density profile obtained from solving equations (1)
and (2). Using a scaling for 100× underdense initial
plasma density n0 relative to an initial laser wavelength
of λL0 = 800 nm, the step lengths are 1, 1, 4, 6, 8, 10,
and 70 mm. The density over each interval is the density
of the numerically evaluated tapered profile at the mid-
point of the interval. Significant frequency shift is still
obtained, demonstrating that the phase matched photon
acceleration scheme is robust to perturbations in the den-
sity profile, and could be achieved with a sequence of gas
cell targets of increasing length and decreasing plasma
density.
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FIG. 5: 1D Results for a drive beam with density nd/n0 = 0.3, length kp0Ld = 12.56 and a laser pulse with
normalized strength parameter a0 = 4.5, (a) spectrum of laser pulse versus propagation distance, measured in
kL/kL0 where kL = kz is the laser wavenumber, the red curve shows the predicted frequency as determined by

equations (1) and (2) and the black line shows the mean frequency, note that that mean frequency increases by a
factor of 30, (b) Tapered density profile (dashed red) for dephasingless photon acceleration as determined by

equations (1) and (2) and piecewise approximation (solid blue), (c) drive beam energy in blue and laser pulse energy
in red, shown to different scales, the electron drive beam loses energy linearly to the wake and loses about half its

energy before parts of the beam are depleted and the wake is disrupted.

E. 1D long laser pulse

In this section we demonstrate the ability of the model
to generate frequency shift even for longer witness laser
pulses. As in the preceding two sections, we can see
shifts of 30× in frequency, 6× in energy and 25× in in-
tensity. The laser pulse has an initial pulse duration 10
times longer than the previous cases, corresponding to a
FWHM duration τL ≈ 28 fs for λ = 800 nm light.

The drive beam has density nd/n0 = 0.3 and length
kp0Ld = 12.56. The beam has an up-chirp in energy
similar to the previous section of the form γ(ωp0ζ) =
4000 + 32000(ωp0ζ/12.56). The chirp helps prevents par-
tial beam depletion but is not optimal; we anticipate that
a triangular chirp would be more beneficial. Initially the
laser has ωL/ωp0 = 10. The laser has an a0 of 0.5, with
an intensity FWHM of ωp0τ = 8. We use 30000 cells
for 618 cells per λL0 and about 21 cells per λLf , a CFL
condition of ωp0∆t = 0.9995kp0∆x, and 4 particles per
cell.

Figure 6 shows that the mean laser wavenumber
matches or exceeds the predicted wavenumber and in-
creases by a factor of more than 30. About 5% of the en-
ergy lost by the drive beam is transferred to the witness
laser pulse. The rate of change in energy transfer has a
discontinuity around 60, 000kp0z. This is the drive beam
depletion length; at this point a portion of the beam has
lost enough energy to move at sub-relativistic velocities
and gets caught by the electron-accelerating fields. This
loads the wake, so the laser pulse behind no longer sees
an increasing density gradient and doesn’t experience any
more frequency shift. Note that this simulation shows the
robustness of the scheme to laser pulse duration.

The reported values of this 1D dimensionless simula-
tion can be understood in physical units if we impose
some initial scales. Assuming the initial laser wavelength
is 800 nm and the drive beam has an initial root-mean-

square radial extent σr = 16 µm, then the system prop-
agates about 10 cm and the shifts are 30× in frequency,
from an initial wavelength λ = 800 nm to 27 nm, 6× in
energy, from U = 50 mJ to 900 nm, 25× in intensity,
and 13× in compression, from an initial full-width half-
maximum in intensity pulse duration of cτ = 900 nm to
69 nm.

III. QUASI-3D SIMULATIONS

There are several multi-dimensional effects to consider
in applying the density profile derived in 1D for frequency
upshift in the 3D case. These include laser pulse diffrac-
tion, the transverse wake profile, drive beam self-focusing
and the qualitatively different axial density profile in the
blowout regime. These affect both the laser pulse dynam-
ics, the electron beam dynamics, and the wake profile.

In one dimension, the region of frequency upshift has
length L ≤ λp/2 since there is no transverse evolution
and so for the entire laser pulse to see frequency upshift,
the pulse width must be shorter than λp/2. We note,
as did Esarey et al.62 that the wake itself has the shape
of a plasma channel and can focus a laser pulse. The
region of frequency upshift and laser focusing has width
λp/4; for frequency upshift and guiding, the pulse width
must be less than λp/4. Additionally, for higher intensity
pulses above the critical power, relativistic self-focusing
can maintain the pulse profile.

In linear theory, the wake profile is the product of the
longitudinal and transverse profiles, where the transverse
profile of the wake is the transverse profile of the drive
beam. Given a drive beam creating a quasilinear wake
with a transverse gaussian profile, the wake transverse
profile will be gaussian. On axis, the laser pulse sees
a parabolic transverse density profile, which, if deep and
wide enough, will guide the laser pulse. We use a gaussian
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FIG. 6: 1D Results for a drive beam with density nd = 0.3, length Ld = 12.56 and a laser pulse with duration
ωp0τL = 8 and normalized strength parameter a0 = 0.5, corresponding to 28 fs for 800 nm light and initial plasma
density n0 = 1.74× 1019cm−3, (a) spectrum of laser pulse versus propagation distance, measured in kL/kL0 where
kL = kz is the laser wavenumber, the dashed red curve shows the predicted frequency as determined by equations (1)
and (2) and the black line shows the mean frequency, note that that mean frequency still increases by a factor of 30,
(b) drive beam energy in blue and laser pulse energy in red, shown to different scales, the electron drive beam loses
energy linearly to the wake and loses about half its energy before parts of the beam are depleted and the wake is

disrupted. Note that frequency shift and energy gain are similar to the initially single cycle case presented in Fig. 4.

drive electron beam and find that the laser pulse stays
focused over more than 100 Rayleigh ranges. We have not
experienced issues with focusing effects with the witness
laser.

The drive beam, however, is limited by focusing ef-
fects in 3D. The most substantial issue is that the tail of
the electron drive beam experiences radial focusing forces
in the wake created by the drive beam and is pinched.
Once the beam radius decreases below a threshold value,
the wake develops the quasi-spherical shape character-
istic of the blowout regime, a regime distinct to 2- and
3-dimensions. In the blowout regime, the longitudinal
wake profile becomes singular and the region with a den-
sity gradient becomes vanishingly small with slope tend-
ing to infinity. The laser pulse no longer fits in the region
of frequency upshifting and so the blowout wake regime
is to be avoided. Even if the drive beam is initially broad
and creates an almost 1D wake, in simulations the beam
can be pinched until it creates a wake in the blowout
regime. This is a significant effect that is detrimental
to the current frequency shifting scheme for long drive
beams and finding ways—other than using an ultrashort
beam—to mitigate this effect is active research.

A. 3D dePWPA with short broad drive beam

We use the PIC code FBPIC80 to study dePWPA in a
quasi-3D geometry. FBPIC runs on GPUs. The advan-
tage to FBPIC is its spectral cylindrical representation.
The spectral field solve reduces numerical dispersion with

fewer grid points than the standard Yee finite difference
scheme. The spectral cylindrical representation decom-
poses the azimuthal direction into a Fourier represen-
tation. Our problem is nearly cylindrically symmetric,
with the most significant asymmetry in the linear polar-
ization of the laser. We use two angular modes, which is
enough to capture the linearly polarized laser as well as
the cylindrically symmetric wake from the drive beam.

We use the quasi-3D particle-in-cell code FBPIC80 to
demonstrate the dePWPA scheme. For the 3D results we
list physical quantities in SI units rather than the nor-
malized units presented earlier. In the simulation, the
drive electron beam has a charge Q = 8.6 pC, length
cτ = 0.4 µm, focused radial extent σr = 32 µm, and a
divergence σr′ = 0.4 mrad. The beam has a linear up-
chirp of the form γ(ζ) = 5× 104 + 5× 104(cζ/Ld) for an
average beam particle energy of 50 GeV. The chirp mit-
igates beam erosion somewhat but there is room for tun-
ing. The beam parameters are similar to those accessible
at the SLAC FACET-II facility81. The laser has a nor-
malized field strength parameter a0 = 1 and initial wave-
length λL0 = 800 nm, corresponding to a peak intensity
I = 2.1× 1018 Wcm−2, a pulse width cτ = 1.25 µm, and
a spot size of w0 = 2λp0 = 20λL0 = 16 µm, starting with
its centroid ζcent = 6.6 µm/c behind the front of the elec-
tron drive beam. For these parameters, ζδ = 5.4 µm/c, so
we see some robustness to variation in initial position of
the laser pulse. Single cycle laser pulses at this intensity
have been demonstrated experimentally73. Visualization
of the drive beam, its wake and the witness laser pulse
in the quasi-3D simulation is shown in Fig. 7.
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FIG. 7: Isocontours from quasi-3D simulation data
demonstrating phase matched photon acceleration; the
purple disk at the right is the drive electron beam,

yellow and green are the positive and negative density
perturbations of the wake, and the blue and red

spheroid is a contour of the envelope of the transverse
electric field, colored to show the laser pulse field phase.

We use the plasma density profile shown in Fig. 8 and
determined through a numerical algorithm77 from equa-
tions 1 and 2, scaled by n0 = 1.74× 1019 cm−3, which is
100× less than the initial critical density of the laser. For
numerical parameters we use 3200× 200 grid points and
2 angular modes. This gives 85 cells per λL0 and about
8 cells per λLf , which therefore requires a dispersion-free
solver or numerical dispersion would be an impediment.
For the plasma we use 2×2 particles per cell (ppc) in the
z and r directions times 8 ppc in the azimuthal direction.

The results of the quasi-3D simulation of PMPA can
be seen in Fig. 9. Figure (a) shows the spectrum as a
function of length propagated in the simulation. Over-
laid is the theoretical model of Eqns. (1) and (2) (red line,
identical to the analytic predictions of equations, which
predicts the shift of the photons well. Figure (b) shows
the initial spectrum and the spectrum at the end of the
simulation. As well as showing that the pulse maintains a
narrow bandwidth, the amplitude of the spectrum has in-
creased, indicating the energy of the laser pulse increased.
Figure (c) shows the energy evolution of the drive beam
and the laser pulse. The drive beam loses 25 J of energy
over the course of the simulation while the laser pulse, ini-
tially having 50 mJ, gains 200 mJ for about 1% energy
transfer efficiency, which could be increased by optimiza-
tion of the driver. Note that overall pulse energy gain is
not unexpected, as to within the quasistatic approxima-
tion, local field action is conserved82, and so the energy
gain by the pulse would be expected to scale with the
frequency increase. In the simulations, the nearly 10×
frequency shift results in a lower 5× pulse energy gain,
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n 0

FIG. 8: Density profile for unlimited photon
acceleration driven by an ultrashort driver with

A = (kp0Ld0)(nd0/n0) = 0.38.

because of losses due to diffraction/dispersion.

Due to the nonlinear wake, the back of the pulse sees a
steeper plasma gradient than the front of the pulse. The
pulse develops significant up-chirp, which, together with
dispersion, leads to a 2.7× compression of the pulse from
an initial duration of cτ = 1.25 µm to 0.51 µm. The
intensity sees a significant increase of 20× from an initial
intensity I = 2 × 1018 W/cm2 to 4 × 1019 W/cm2, a
relativistic intensity corresponding to a0 = 0.4 at 80 nm.

We note that the laser pulse stays focused through-
out the course of the simulation. The drive beam has a
gaussian radial profile, which is therefore parabolic close
to axis. Thus the wake has an approximately parabolic
transverse profile and acts as a guiding channel for the
laser pulse. The pulse stays focused over more than 10
centimeters when the Rayleigh range corresponding to
the final wavelength is zR = πw2

0/λLf ≈ 10 mm, mean-
ing that the pulse was effectively guided for more than
10 Rayleigh lengths.

The data ends at z = 72 mm. Beyond this length,
the beam driver has lost sufficient energy to break up.
Going beyond this length would also start to reach the
resolution limit of the simulation for the maximum fre-
quency. In 1D simulations at higher resolution with a
longer drive pulse, where tuning of the drive beam prop-
agation was easier through parametric studies of many
simulations, we have demonstrated even 30× frequency
shifts. Beginning with the 2nd harmonic of a Ti:Sapph
laser at 400 nm, a 30 times shift (scaling the plasma /
initial conditions to maintain similarity and fixing a0)
would result in 125 mJ pulses of coherent 13.3 nm light,
which may be useful for photolithography.
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FIG. 9: Quasi-3D simulation results from FBPIC for a drive beam with kp0Ld0 = 0.5. (a) Comparing the initial and
final spectra. The spectrum has shifted to about 10× the initial wavenumber. (b) Plot of the spectrum over time.
The red line is the theoretical 1D frequency shift. (c) Drive beam energy (blue) and witness laser energy (red)

B. Quasi-3D simulation with piecewise density profile

In this section we repeat the simulation of the previous
section but use a piecewise-constant approximation to
the density profile, as shown in figure 10. We still find
10× frequency shift and 5× energy gain, demonstrating
that the tapered density profile is robust to imperfections
or variations from ideal in plasma density provided that
it follows the ideal profile on average.
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FIG. 10: Piecewise approximation to the profile used for
quasi-3D simulation

The approximation is made on progressively longer in-
tervals, as in the previous 1D piecewise simulation. The
first two steps are each 1 mm long, then 4 mm, 6 mm, 8
mm, 10 mm, and the last step here is 70 mm long. The
density over each interval is the density of the numer-
ically evaluated tapered profile at the midpoint of the
interval.

We can see the results of propagating through the
piecewise constant approximation to the phase matched
density profile in figure 11. Similarly to the simulation
with the phase matched density profile, in part (a) we see
that the final frequency is almost 10 times the initial fre-
quency, and the amplitude of the spectrum has increased,
indicating the energy of the laser pulse increased. The

frequency shift is shown over the course of the simulation
in (b), following the theoretical prediction indicated by
the red line. The center of the distribution follows the
theoretical prediction.

In figure 9(c) we see the loss of drive beam energy is
linear with propagation distance, as the beam energy is
continuously transferred to the wake. On the other hand,
the laser gains about 200 mJ for a 5× shift in energy. For
this simulation about 1% of the energy lost by the drive
beam to the wake was transferred to the laser pulse.

Comparing the piecewise results in figure 11 with the
results using the exact tapered profile 9, we see similar
frequency shifts and energy gains. We see slightly more
shift in the exact case, where the center of the spectrum
is above the predicted frequency, than in the piecewise
case, where the center of the spectrum is close to the
predicted frequency. We also see in the late-time spectra
plots in figures 11(a) and 11(b) that the amplitude of the
the spectrum is slightly lower in the piecewise case, and
in figures 11(c) and 11(c) that the energy gain of the laser
pulse is slightly less. These discrepancies are slight and
speak strongly to the reliability of the tapered density
profile for attaining frequency shift.

IV. CONCLUSIONS AND FUTURE DIRECTIONS

In summary, we have demonstrated a scheme for large
frequency upshift of a laser pulse using the wake gener-
ated by a relativistic particle beam propagating through
a tapered plasma density profile. Our analytic model
predicts arbitrary frequency shift limited only by the
drive beam. We demonstrate the model in several 1- and
quasi-3D simulations. These demonstrate how quickly
a laser dephases in the wake if the phase-matched den-
sity profile is not used. 1D simulations show frequency
shifts of 30× or more if a sufficient drive beam is used,
as well as demonstrating that drive beams of arbitrary
length and density can be used and that non-ideal, physi-
cally realizable density profiles still lead to 30× frequency
shifts. An important feature of the beam-driven photon-
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FIG. 11: Quasi-3D simulation results from FBPIC for a drive beam with kp0Ld0 = 0.5 using a piecewise
approximation to the phase matched density profile. (a) Comparing the initial and late-time (z = 72 mm) spectra.
The spectrum has shifted to almost 10x the initial wavenumber. (b) Plot of the spectrum over time. The red line is

the theoretical 1D frequency shift. (c) Drive beam energy (blue) and witness laser energy (red)

acceleration scheme is its robustness. In the simulations
explored here, in addition to 3D effects, longer pulses
and non-ideal plasma conditions did not substantially
degrade performance. Although the analytic work was
derived assuming a weak and extremely short witness
pulse, longer, ωpτ > 1, and more intense, a0 > 1, pulses
still resulted in large frequency shifts and high efficiency
but with additional spectral broadening, mostly because
of the initial trapping of the light.

In the quasi-3D simulations shown here, an short, un-
optimized driver was used, but in principle there is much
scope for increasing coupling of driver energy to the
wake/witness laser pulse, including advancements in spa-
tiotemporally evolving electron beam drivers83. Quasi-
3D simulation results directly demonstrated a 10× fre-
quency shift with 1% energy transfer efficiency. Guid-
ing of the laser pulse is achieved by the wake itself, in
addition to the lengthening of the Rayleigh range as the
frequency increases and possibly relativistic self-focusing.
In quasi-3D simulations we have also demonstrated the
robustness of the plasma density profile to perturbations,
as well as a route to practical realization of the tapered
density profile, using a piecewise constant approximation
to the density profile. Frequency shifts of 10× are still
observed in quasi-3D simulations with a non-ideal profile.

The overall energy amplification of the witness laser
pulse is another notable feature of the scheme. Previ-
ous authors have shown that under certain assumptions
“photon number” (or more precisely, classical action) is
conserved in fully ionized plasma wakes62,82,84. In our
simulations, in 1D the overall pulse energy scales pre-
cisely proportional to the average frequency shift, con-
sistent with this conclusion (i.e Upulse ∝ 〈ω〉). In 3D,
this relationship does not exactly hold in the simula-
tions, which in part could be because of diffraction of
some pulse energy out of the wake in addition to slight
spatial non-uniformity of the frequency shift.

Our results indicate that using an electron beam driver
is a viable route to generate high-power, high-frequency
coherent radiation. It may also be possible to demon-

strate these shifts with a laser beam driver, although dis-
persion and frequency shifting of the lead pulse require
compensation.

To evaluate the prospects of this scheme for attaining
greater frequency shifts, we consider the relation for fre-
quency gain as a function of plasma density derived in
Ref.75,

ω(n) = ω0 exp [A (ζδ(n)− ζδ0)] , (4)

defined for n in (0, n0] where n(0) = n0 and where ω0

and ζδ0 are the initial frequency position in the wake
of the witness pulse respectively. In figure 12 we plot
several curves indicating how the frequency shift as the
laser propagates through decreasing plasma density are
given for drive beams of charge Q = 1, 2, and 5 nC,
corresponding to amplitudes A = 0.18, 0.35, and 0.88.
We can see that the strong drive sees greater frequency
shifts for the same change in plasma density. Several
points are marked on each trajectory indicating how far
the laser and drive beam must propagate to reach that
frequency-density point on the trajectory, if the initial
laser pulse has wavelength λ = 800 µm and the initial
plasma density is n0 = 1.7×1019 cm−1. For a drive beam
with Q = 5 nC, the model predicts 100× frequency shift
in 2 m of propagation. On the other hand, for a drive
beam with Q = 1 nC a frequency shift of 100× would
require 1 km of propagation. One fundamental limita-
tion on the breakdown of the continuum approximation
for the plasma and how this potentially restricts the fre-
quency shift through the onset of scattering from individ-
ual plasma electrons. This is left for future investigation.
The enhanced shifts with higher drive beam amplitude
and more nonlinear wakes show the need for the nonlin-
ear model derived in this paper and the need to pursue
higher-amplitude drivers in subsequent research.

We envision three broad directions for the investigating
the future of unlimited photon acceleration. First, under-
standing 3D transverse effects and feasible acceleration
with finite-duration electron beams. Second, optimiza-
tion of electron beam, laser beam, and plasma density
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FIG. 12: (a) Relative frequency gain as a function of density, (ω/ω0)(n), is plotted for beam drive charges Q = 1 nC,
2 nC, and 5 nC. The frequency gain-density curves are labeled with markers indicating the distance that the laser
and drive beam must propagate to achieve the indicated shift. (b) Relative frequency gain as a function of z in

meters, plotted for beam drive charges Q = 1 nC, 2 nC, and 5 nC.

profile. Third, developing the phase matched system of
equations for laser-driven photon acceleration.

The evolution of the drive beam has a significant ef-
fect on the wake profile. In particular, the radial focusing
forces of the wake cause the drive beam to pinch. A drive
beam that is initially broad enough for the 1D wake ex-
pressions to be valid will shrink until radial effects change
the plasma wavelength and ultimately the highly nonlin-
ear blowout regime is reached, which is undesirable for
photon acceleration.

Several open questions remain with regards to under-
standing and controlling the transverse drive beam dy-
namics and their effects on photon acceleration. First,
while we have avoided the blowout regime in pursuit of
finite duration plasma gradients, it may be possible to
realize frequency shifts within the blowout regime. If
not, then it is necessary to avoid the blowout regime
somehow. Perhaps there are matching conditions so that
the electron beam propagates without self-focusing into
a blowout-producing profile. It may be that a gaussian
beam will self-focus too strongly, but perhaps beams can
be constructed having a higher divergence at the back of
the beam and so not self-focusing before the depletion
length is reached.

Also, we use simple expressions for the index of refrac-
tion and laser group velocity. Several nonlinear effects
were neglected in the analysis, including relativistic, in-
tensity and channel effects on the wake profile and laser
evolution. The effects of these corrections are unknown
but could be large enough to affect the wake or laser
pulse.

The next broad category of future directions is in op-
timizing the frequency shift and efficiency of our scheme.
As in electron acceleration85,86, we anticipate that a
properly shaped laser pulse should admit laser beam
loading of the wake. This could enhance energy gain,
frequency shift, or the amount of light we can shift.
Also, in this work we used very short, single cycle laser
pulses. While such pulses have been experimentally
demonstrated73, as the simulations demonstrated, the

scheme isn’t restricted to single cycle pulses.
The third category of future directions is laser-driven

photon acceleration. Laser-driven photon acceleration
has been studied more than electron-beam-driven pho-
ton acceleration but not with a profile such as we have
developed here. In this case, the frequency-shifting pulse
would have a higher group velocity than the drive pulse
and so would eventually catch up to the drive pulse. This
limits how long and how much the frequency can be
increased. There have been theoretical investigations63
into laser-driven frequency upshift but little successful
simulation and even less on a dephasingless frequency
upshift.
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