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Abstract

The dynamics of viscous thin-film particle-laden flows down inclined surfaces are commonly modeled with one of two approaches:
a diffusive flux model or a suspension balance model. The diffusive flux model assumes that the particles migrate via a diffusive
flux induced by gradients in both the particle concentration and the effective suspension viscosity. The suspension balance model
introduces non-Newtonian bulk stress with shear-induced normal stresses, the gradients of which cause particle migration. Both
models have appeared in the literature of particle-laden flow with virtually no comparison between the two models. For particle-
laden viscous flow on an incline, in a thin-film geometry, one can use lubrication theory to derive a compact dynamic model
in the form of a 2 × 2 system of conservation laws. We can then directly compare the two theories side by side by looking at
similarities and differences in the flux functions for the conservation laws, and in exact and numerical simulations of the equations.
We compare the flux profiles over a range of parameters, showing fairly good agreement between the models, with the biggest
difference involving the behavior at the free surface. We also consider less dense suspensions at lower inclination angles where
the dynamics involve two shock waves that can be clearly measured in experiments. In this context the solutions differ by no more
than about 10%, suggesting that either model could be used for this configuration.
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1. Introduction

The study of the dynamics of particles in viscous liquids is important due to their wide-ranging applications in fields involving
the transport of suspensions, such as in the food industry [17] and in geology [5]. However, there is still a need for a fundamental
understanding of the physical phenomena occurring in creeping suspensions, including gravitational settling and shear-induced
resuspension [3].

The present work focuses on the dynamics of particle-laden gravity-driven thin-film flows down an incline. These flows can
be captured through simple experiments [11, 12] by mixing negatively buoyant particles (e.g., glass or ceramic beads) in a viscous
liquid (e.g., silicone oil) to form a uniformly mixed suspension, before pouring the mixture into a wide, inclined channel and
letting it flow under the influence of gravity. There are two distinct classes of continuum models used to describe particle-laden
flows: diffusive flux models (DFMs) and suspension balance models (SBMs). While diffusive flux models describe the flux of the
particles in the suspension in terms of the gradients of the particle concentration and the shear rate [12, 7, 16], suspension balance
models relate the migration flux of the particles within the suspension rheology based on volume-averaged balances of mass and
momentum for the liquid and particle phases [19, 10, 13, 14, 18].

Both models have been successful in capturing experimental observations of the viscous thin-film flow down an incline
[12, 19, 11]. More broadly, these models apply to various particle-laden flows, including Couette flows [16, 10, 1], laminar pipe
flow [21, 9], and parallel plate flows [8, 20], among others. The SBM features a non-Newtonian suspension stress with shear-
induced normal stresses, which drive particle migration through their gradients. This model includes physically-derived formulas
for normal and suspension viscosities and stresses, making it more suitable for solving stress-related problems, particularly in
studying the viscoelastic properties of highly-concentrated suspensions [1, 20].

We compare the two models directly by examining numerical simulations of vertical equilibrium profiles where suspensions
with local concentrations above and below a critical concentration will have different behaviors. We validate numerical simulations
with physical experimental results of the thin-film flow in a settled regime. That is, at lower particle concentrations and small
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2.2. Suspension Balance Model

We adopt the suspension balance model described in [19, 18, 9]. The formation the suspension balance model is similar to
the system (1), differing only in two ways. First, the suspension stress term for the suspension balance model Σs is modified to
account for normal stress ΣN in the suspension. The expression for Σs is given by Σs = 2µ(s)(ϕ)E + ΣN , where the suspension
viscosity µ(s)(ϕ) is given by

µ(s)(ϕ) = µℓ

(

1 +
5
2

ϕ

(1 − ϕ/ϕm)
+ I(ϕ)

(ϕ/ϕm)2

(1 − ϕ/ϕm)2

)

, I(ϕ) = m1 +
m2 − m1

1 + I0ϕ2/(ϕm − ϕ)2
, (3)

where the constants used here are I0 = 0.005,m1 = 0.32,m2 = 0.7. The normal stress ΣN is given by

ΣN = −µ
(n)(ϕ)γ̇(Λ1exe

T
x + Λ2eze

T
z ), µ(n)(ϕ) = Knµℓ(ϕ/ϕm)2/(1 − ϕ/ϕm)2 (4)

where µ(n)(ϕ) is the normal viscosity, and the constants used are Λ1 = 1,Λ2 = 0.8,Kn = 1, and ex, ez are unit column vectors in the
x and z-directions, respectively. The second difference is that the particle transport equation consists of a flux Js which includes
the contribution due to particle phase stress Σp:

Js =
d2

18µℓ
Φ(ϕ)(∇ · Σp + (ρp − ρℓ)ϕg), Σp = (µ(s)(ϕ) − µℓ)E + ΣN . (5)

2.3. Lubrication Approximation

In most experiments, the characteristic fluid layer thickness H is small compared to the characteristic length L in the direction
along the incline, namely ε = H/L ≪ 1. We use the lubrication approximation technique [15, 2] to reduce the governing equations
of both models described in Sec. 2 to simplified conservation laws for the particle concentration and the film height. We use the
following non-dimensional quantities (denoted with a hat) and the corresponding characteristic values for both the diffusive flux
and suspension balance models:

(x, z) = (Lx̂, ẑ) , (u,w) = U(û, εŵ), ε =
H

L
, U =

H2ρℓg sinα
µℓ

, t =
L

U
t̂, (6)

(Jx, Jz) =

(

ε
d2U

H2
Ĵx,

d2U

H2
Ĵz

)

, µ = µℓµ̂, µ
(s) = µℓµ̂

(s), µ(n) = µℓµ̂
(n), p =

Uµℓ

H
p̂. (7)

To ensure a continuum model, we assume the particle diameter is much smaller than the fluid depth, (d/H)2 = εβ ≪ 1, where
0 < β < 1, and otherwise assume d large enough so that the particles are non-colloidal. In the limit ε → ∞, γ̇ ≈

∣

∣

∣

∂u
∂z

∣

∣

∣ + O(ε) and
the standard asymptotic calculation gives the following equation that governs the leading order approximation of the shear stress
σ = µ(ϕ) ∂u

∂z
and particle volume fraction ϕ for the diffusive flux model

∂sσ̃ +

(

1 +
ρp − ρℓ

ρℓ
ϕ̃

)

= 0,

(

1 +
2(Kv − Kc)

Kc

ϕ̃

ϕm − ϕ̃

)

σ̃∂sϕ̃ + Bd − (Bd + 1)ϕ̃ −
ρp − ρℓ

ρℓ
ϕ̃2 = 0, σ̃(1) = 0, (8)

where Bd = 2(ρp − ρℓ) cotα/9ρℓKc is a non-dimensional buoyancy parameter measuring the strength of settling due to gravity
in the z-direction relative to the strength of shear-induced migration. The first equation in (8) comes from the approximation
of Stokes equation, and the second equation comes from the particle transport equation. In (8), we have defined ϕ̃ and σ̃ with
normalized height s = z/h (h is the height of the suspension) by

ϕ̃(t, x; s) := ϕ(t, x; h(t, x)s) = ϕ(t, x; z), ũ(t, x; s) :=
u(t, x; h(t, x)s)

h(t, x)2
, σ̃(t, x; s) :=

σ(t, x; h(t, x)s)
h(t, x)

. (9)

The solution of (8) is uniquely determined given ϕ0(x, t) =
∫ 1

0
ϕ̃(t, x; s) ds. Therefore, the dependence of ϕ on x and t is captured

though ϕ0. Using a similar procedure, to leading order in ε, the equilibrium model for the suspension balance model is given by

∂sσ̃ +

(

1 +
ρp − ρℓ

ρℓ
ϕ̃

)

= 0, ∂s(R(ϕ̃)σ̃) + Bsϕ̃ = 0, σ̃(1) = 0, (10)

where R(ϕ̃) := µ(n)/µ(s) is the ratio of normal to suspension viscosity and Bs = (ρp − ρℓ) cotα/ρℓKnΛ2 is a non-dimensional
buoyancy parameter analogous to Bd above. The solution of (10) is unique if ϕ0 is given. Similar to the diffusive flux model,
the first equation in (10) is the leading order approximation of the Stokes equation, while the second equation approximates the
particle transport equation in the thin film limit.

By comparing systems (8) and (10), we observe two key points about these models in the thin-film limit. First, despite the
suspension balance model using a stress tensor that more accurately describes the rheology of the particle-liquid mixture than the
diffusive flux model, both models lead to the same reduced equation that relates shear stress and gravitational terms in the thin film
limit. Second, the main difference between the two models is reflected in the second equations of (8) and (10). In the diffusive
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flux model, the reduced equation for particle flux depends only on the shear stress, whereas in the suspension balance model, it
depends on both the shear stress and its derivative. This leads to different solution behaviors near the free surface.

Figure 5 in [19] shows the solution of (10) for different values of ϕ0. When ϕ0 is large, ϕ = ϕm for a region near the free
surface, and this region expands as ϕ0 approaches the maximum packing fraction. This suggests a layer of particles at the maximum
packing fraction suspended above the liquid and particle mixture, resulting in zero velocity in that region, which is non-physical.
In contrast, the solution of (8) avoids this issue as the solution only reaches the maximum packing fraction at a single point s = 1.
To address this problem, we follow the method proposed in [19] and include a regularization term γ̇0 in the shear rate, such that

γ̇ =

√

|uz|2 + γ̇
2
0. This term accounts for non-local effects relevant at a distance O(d) from the surface [9] and ensures the effective

shear rate is not zero at the free surface. The corresponding modified equilibrium equations are then given by:

∂s(R(ϕ̃)σ̂) + Bsϕ̃ = 0, σ̂ =
√

σ̃2 + δ2
0µ

(s)(ϕ̃)2, σ̃(1) = 0, (11)

where δ0 ≪ 1 denotes a dimensionless γ̇0. With this modification, the equilibrium avoids reaching the maximum packing fraction
within the domain. Fig. 2(b) shows an example for a fixed angle α = 50◦.

Next, we want to find the film height as well as the locations of the particle and fluid fronts as the suspension moves down
the incline. Substituting the approximation of the velocity field and particle volume fraction, and averaging in the z-direction, we
obtain a conservation law system for h(x, t) and depth-averaged particle concentration n(x, t) = h(x, t)

∫ 1

0
ϕ̃(x, s, t)ds,

∂th + ∂x(h
3 f (ϕ0)) = 0, ∂tn + ∂x(h

3g(ϕ0)) = 0, (12)

where the suspension and particle fluxes, f and g, and the vertically averaged particle volume fraction ϕ0 are given by

f (ϕ0) =
∫ 1

0
ũds, g(ϕ0) =

∫ 1

0
ϕ̃ũds, ϕ0 =

∫ 1

0
ϕ̃ds =

n(t, x)
h(t, x)

. (13)

The 2 × 2 system of conservation laws (12) is valid for both models. Hence, the equilibrium and conservation law equations for
the diffusive flux model are given by (8) and (12), while those for the suspension balance model are given by (11) and (12). In
the next section, we compute numerical solutions to both models by solving the equilibrium equations (8) and (11) and then using
these solutions to compute the fluxes in the system (12). As a reminder, the two models differ only in their formulation of the
equilibrium model ((8) and (11)).

3. Numerical Simulations

Table 1 records the numerical values of the characteristic scales and parameters we use in this section. The height scale is
computed by H = Vi/wiL, where Vi denotes the initial volume of the suspension, which varies by experiment.

Parameter ρp ρℓ µℓ g L δ0 wi di

Value 2475 kg/m3 971 kg/m3 0.971 kg/(m·s) 9.8 m/s2 1 m 10−4 0.14 m 0.10 m

Table 1: Parameters used for numerical computations in Section 3. wi and di are the initial width and depth of the suspension, respectively.

3.1. Equilibrium Profile in z-direction

Figure 2 shows a comparison of the diffusive flux and suspension balance models in terms of ϕ̃ (2a and 2b) and ũ (2c and 2d)
generated from solutions to the equilibrium equations (8) and (11). For all subfigures, we plot a family of solutions parametrized
by ϕ0 at a fixed angle α = 50◦. For each solution, we plot ϕ̃ as a function of s and plot ũ as a function of s. As reminder, s = z/h

is the non-dimensionalized fluid height, where s = 0 is the bottom and s = 1 is the fluid height.
For small ϕ0, ϕ̃ has a larger value for small s and is zero for large s, indicating that particles concentrate near the bottom,

leaving clear fluid near the free surface. This is referred to as the settled regime can be seen in the blue curves of Fig. 2. As ϕ0

increases, the system transitions from the settled regime to the well-mixed regime (red curve), where the particles are uniformly
distributed along the z-direction. We define such value of ϕ0 as the critical volume fraction, denoted as ϕcrit, since it is a bifurcation
point of the system where the solutions with ϕ0 above and below ϕcrit behave differently. With a further increase in ϕ0, the system
reaches the ridged regime (black curves), where particles are more concentrated near the free surface. Notice that, in the ridged
regime, the two models have different behavior. As shown in Fig. 2a, the ϕ̃ solutions of the diffusive flux model monotonically
increase as s increases. In contrast, on Fig. 2b, the ϕ̃ profiles for the suspension balance model initially increase monotonically but
then stabilize or even decrease slightly near s = 1. This property results from the regularization term introduced in the modified
shear rate. As discussed in Section 2.3, without the regularization term, ϕ̃ would monotonically increase, reaching and remaining
at ϕm for some point s1 < 1 (see Figure 5 in [19]).
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Data Availability

A Github repository will be made available once the paper is accepted for publication.
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