
U : R !
[0,+1) C1

L (�) =

Z 1

�1

Z 1

�1

⇣1
2
(@t�)

2 � 1

2
(@x�)

2 � U(�)
⌘
dx dt,

� = �(t, x) L

@2t �(t, x)� @2x�(t, x) + U 0(�(t, x)) = 0, (t, x) 2 R⇥ R, �(t, x) 2 R,

U Umin = 0
�+ > 0 �� = ��+

U(��) = U(�+) = Umin = 0,

U(�) > 0 � 2 (��,�+),

U 00(��) = U 00(�+) > 0.

@2t �(t, x)� @2x�(t, x)� sin�(t, x) = 0,

U(�) = 1 + cos� �+ = ⇡ �4

@2t �(t, x)� @2x�(t, x)� �(t, x) + �(t, x)3 = 0

U(�) = 1
4(1� �2)2 �+ = 1



Ep Ek E

Ep(�) =

Z +1

�1

⇣1
2
(@x�)

2 + U(�)
⌘
dx,

Ek(�) =

Z +1

�1

1

2
(@t�)

2 dx,

E(�) =

Z +1

�1

⇣1
2
(@t�)

2 +
1

2
(@x�)

2 + U(�)
⌘
dx.

E(�)
E(�(t, ·)) = constant �(t, x)

U U lim�!±1 U(�) = 1

�(t, x) = �± Ep

�(t, x)

lim
x!�1

�(t, x) = �� lim
x!1
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a(t) ! 1, |a0(t)| ! 0 k(✏, @t✏)(t)kH1⇥L2 ! 0 t ! 1
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E(�) = 2Ep(H),

�(t, x)
limx!�1 �(t, x) = limx!1 �(t, x) = �+ E(�) = 2Ep(H) limt!1 �(t, x0(t)) = ��

x0(t)

U

 := exp

✓Z
�+

0

✓p
U 00(�+)p
2U(y)

� 1

�+ � y

◆
dy

◆
,



A := �+
4
p

U 00(�+)
⇣Z �+

0

p
2U(y) dy

⌘� 1
2
.

C1 x(t) �(2)(t, x) ✏ > 0 t � T0 = T0(✏)
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L := D2Ep(H) = �@2x + U 00(H) = �@2x + 1 + (U 00(H)� 1).
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@xH(·� a) = 0,

a = 0 L(@xH) = 0 a a = 0
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L H2(R) spec(L) ⇢ {0}[ [�,+1)
� > 0 kerL = span(@xH)

@xH(x) > 0
x 2 R ⇤

c > 0 v 2 H1(R)
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1� U 00(H) c ⇤
X = (x1, x2) x1 < x2

Hj(x) := H(x� xj), LX := D2Ep(1�H1 +H2) = �@2x + U 00(1�H1 +H2).
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�
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�� o(1)kvk2

H1 ,

c > 0 o(1) ! 0 z0 ! 1
j = 1 j = 2

x1 = 0 x2 � z0
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|1 � H1| . e�(x�x1)+ |1 + H2| . e�(x2�x)+

x1 < x2 ↵,� > 0 ↵ 6= �
Z
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e�↵(x�x1)+e��(x2�x)+ dx .↵,� e�min(↵,�)(x2�x1), 8x1, x2 2 R.

↵ > 0
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e�↵(x�x1)+e�↵(x2�x)+ dx .↵ (x2 � x1)e
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⇤
x1, x2 2 R

� 2 C1(R3)

�(x1, x2, x) := �U 0(1�H1(x) +H2(x))� U 0(H1(x)) + U 0(H2(x)).

DEp(1�H1 +H2) = �@2x(1�H1 +H2) + U 0(1�H1 +H2) = ��(x1, x2, ·).
C > 0 U x1, x2, x 2 R

x2 � x1 � 1 j 2 {1, 2}
|�(x1, x2, x)|+ |@xj�(x1, x2, x)|  Ce�(x�x1)+e�(x2�x)+ ,
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�
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��  Ce�(x�x1)+e�(x2�x)+ ,
��@xH1(x)@xH2(x)|  Ce�(x�x1)+e�(x2�x)+ .
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z = x2 � x1

z

F (z) := k@xHk�2
L2 h@xH,�(0, z, ·)i.
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�
U 0(1�H(x) +H(x� z))� U 0(H(x� z))

�
@xH(x) dx,

d

dz
Ep(1�H +H(·� z)) = �

Z

R

�
U 0(1�H +H(·� z))� U 0(H(·� z))

�
@xH dx

= �
Z

R

�
U 0(1�H +H(·� z)) + U 0(H)� U 0(H(·� z))

�
@xH dx

= +k@xHk2
L2F (z),

F (z)

lim
z!1

Ep(1�H +H(·� z)) = 2Ep(H),

z
�1  w1, w2  1 |U 0(1 � w + w2) + U 0(w)| . |1 + w2|

w1  w  1 |U(1� w1 + w2)� U(w1)� U(w2)| . |(1� w1)(1 + w2)|
��U(1�H(x) +H(x� z))� U(H(x))� U(H(x� z))

�� . e�x+e�(z�x)+ .

���@x(1�H(x) +H(x� z))
�2 � (@xH(x))2 � (@xH(x� z))2

��

. |@xH(x)@xH(z � x)| . e�x+e�(z�x)+ ,

x ⇤



C > 0 �1  w,w]  1 |g|+ |g]| ⌧ 1

��U(w + g)� U(w)� U 0(w)g
��  Cg2,

��U(w + g)� U(w)� U 0(w)g � U 00(w)g2/2
��  Cg3,

��U 0(w + g)� U 0(w)� U 00(w)g
��  Cg2,

��U 00(w + g)� U 00(w)� U 000(w)g
��  Cg2,

���U 0(w] + g])� U 0(w])� U 00(w])g]
�
�
�
U 0(w + g)� U 0(w)� U 00(w)g

���

 C
�
|g]|+ |g|

����g] � g
��+ |w] � w|

�
|g]|+ |g|)

�
.

U 0(w + g)� U 0(w)� U 00(w)g =

Z
g

0
sU 000(w + g � s) ds,

U 0(w] + g])� U 0(w])� U 00(w])g] =

Z
g
]

0
sU 000(w] + g] � s) ds.

U 000

����
Z

g
]

0
sU 000(w] + g] � s) ds�

Z
g
]

0
sU 000(w + g � s) ds

���� .
����
Z

g
]

0
s|w] + g] � w � g| ds

����

. (g])2(|w] � w|+ |g] � g|).

����
Z

g
]

0
sU 000(w + g � s) ds�

Z
g

0
sU 000(w + g � s) ds

���� =
����
Z

g
]

g

sU 000(w + g � s) ds

���� .
����
Z

g
]

g

|s| ds
����.

g g] 1
2 |(g

])2 � g2| = 1
2(|g

]|+ |g|)|g] � g|
g g] 1

2((g
])2 + g2)  1

2(|g
]| + |g|)2 = 1

2(|g
]| + |g|)|g] � g|

⇤

�

�(t, x) = 1�H(x� x1(t)) +H(x� x2(t)) + g(t, x),

lim
t!1

k(g(t), @t�(t))kE = 0,

lim
t!1

(x2(t)� x1(t)) = 1.

(x1, x2)

(ex1, ex2) : [T0,1) ! R eg : [T0,1) ! H1(R)
�(t, x) = 1�H(x� ex1(t)) +H(x� ex2(t)) + eg(t, x)

(x1, x2, g) (ex1, ex2, eg) eg(t)

h@xH(·� ex1(t)), eg(t)i = 0, h@xH(·� ex2(t)), eg(t)i = 0.



t (x1, x2, g,�)
(x1(t), x2(t), g(t),�(t)) C0, ⌘0 > 0
�(x) = 1 � H(x � x1) + H(x � x2) + g(x) x2 � x1 � ⌘�1 kgkH1  ⌘ ⌘  ⌘0

(ex1, ex2) eg(x) := �(x) � (1 �H(x � ex1) +H(x � ex2))
ex2 � ex1 � (C⌘)�1 kegkH1  C⌘

h@xH(·� ex1), egi = 0, h@xH(·� ex2), egi = 0.

� : R2 ⇥H1(R) ! R2

�(x1, x2,�) := (h@xH(·� x1),�� (1�H(·� x1) +H(·� x2))i,
h@xH(·� x2),�� (1�H(·� x1) +H(·� x2))i).

Dx1,x2�
T0

ex1(T0) ex2(T0) t = T0 (ex1, ex2)
t = T0

ex01(t)
�
�k@xHk2

L2 � h@2x eH1(t), eg(t)i
�
+ ex02(t)h@x eH1(t), @x eH2(t)i+ h@x eH1(t), @t�(t)i = 0,

ex02(t)
�
k@xHk2

L2 � h@2x eH2(t), eg(t)i
�
� ex01(t)h@x eH1(t), @x eH2(t)i+ h@x eH2(t), @t�(t)i = 0,

eHj(t, x) := H(x � exj(t)) eg(t) := �(t) � (1 � eH1(t) + eH2(t))
t � T0

(ex1, ex2)
ex2(t)� ex1(t) ! 1 keg(t)kH1 ! 0 ex1
ex2 ⇤

(x1, x2, g) (ex1, ex2, eg)
x1, x2

h@xH(·� x1(t)), g(t)i = 0, h@xH(·� x2(t)), g(t)i = 0.

� (x1, x2, g)
R2 ⇥ H1(R)

(x1, x2, g) g(t, x)
(x1(t), x2(t))

X = (x1, x2) X] = (x]1, x
]

2)

Hj(t, x) := H(x� xj(t))

@t�(t) = x01(t)@xH1(t)� x02(t)@xH2(t) + @tg(t),

@2t �(t) = x001(t)@xH1(t)� (x01(t))
2@2xH1(t)� x002(t)@xH2(t) + (x02(t))

2@2xH2(t) + @2t g(t),

@x�(t) = �@xH1(t) + @xH2(t) + @xg(t),

@2x�(t) = �@2xH1(t) + @2xH2(t) + @2xg(t),

@2t g + x001@xH1 � (x01)
2@2xH1 � x002@xH2 + (x02)

2@2xH2

+ @2xH1 � @2xH2 � @2xg + U 0(1�H1 +H2 + g) = 0,



@2xHj = U 0(Hj)

@2t g + x001@xH1 � (x01)
2@2xH1 � x002@xH2 + (x02)

2@2xH2

� @2xg + U 0(1�H1 +H2 + g) + U 0(H1)� U 0(H2) = 0.

� C0 T0

t � T0

kg(t)k2
H1 + k@t�(t)k2L2  C0e

�(x2(t)�x1(t)),

|x01(t)|+ |x02(t)|  C0e
� 1

2 (x2(t)�x1(t)),

|x001(t)|+ |x002(t)|  C0e
�(x2(t)�x1(t)).

t

0 =
d

dt
h@xH1(t), g(t)i = �x01(t)h@2xH1(t), g(t)i+ h@xH1(t), @tg(t)i

= �x01(t)h@2xH1(t), g(t)i+ h@xH1(t),�x01(t)@xH1(t) + x02(t)@xH2(t) + @t�(t)i
= x01(t)

�
�k@xHk2

L2 � h@2xH1(t), g(t)i
�
+ x02(t)h@xH1(t), @xH2(t)i+ h@xH1(t), @t�(t)i.

t

0 = x02(t)
�
k@xHk2

L2 � h@2xH2(t), g(t)i
�
� x01(t)h@xH1(t), @xH2(t)i+ h@xH2(t), @t�(t)i.

x01(t) x02(t) limt!1 |h@xH1(t), @xH2(t)i| = 0

|x01(t)|+ |x02(t)| . k@t�kL2 .

k@tg(t)kL2 . k@t�(t)kL2 .

E(�(t), @t�(t)) = 2Ep(H).

����
Z

R

�
@x(1�H1(t) +H2(t) + g(t))

�2
dx�

Z

R

�
@x(1�H1(t) +H2(t))

�2
dx

����

. k@xg(t)kL2k@x(1�H1(t) +H2(t))kL2 + k@xg(t)k2L2 ! 0 t ! 1.

w = 1�H1 +H2 x
����
Z

R
U(1�H1(t) +H2(t) + g(t)) dx�

Z

R
U(1�H1(t) +H2(t)) dx

����

. kgkL2kU 0(1�H1(t) +H2(t))kL2 + kg(t)k2
L2 ! 0 t ! 1,

kU 0(1�H1(t) +H2(t))kL2

k@t�(t)k2L2 ! 0 t ! 1
E(�(t), @t�(t)) = lim

t!1
E(1�H1(t)+H2(t)+g(t), @t�(t)) = lim

t!1
Ep(1�H1(t)+H2(t)) = 2Ep(H).

w = 1�H1(t) +H2(t)

Ep(�(t)) = Ep(1�H1(t) +H2(t)) + hDEp(1�H1(t) +H2(t)), gi

+
1

2
hg(t),D2Ep(1�H1(t) +H2(t))g(t)i+O(kgk3

L2).



kgk2
H1 + k@t�k2L2 . E(�(t), @t�(t))� Ep(1�H1(t) +H2(t))

+ kDEp(1�H1(t) +H2(t))kL2kgkL2 .

e�(x2�x1) + kDEp(1�H1(t) +H2(t))kL2kgkL2 .

kDEp(1�H1(t)+H2(t))kL2 . p
x2 � x1e�(x2�x1)

0 = x001(t)
�
�k@xHk2

L2 � h@2xH1(t), g(t)i
�
+ (x01(t))

2
⌦
@3xH1(t), g(t)

↵
� x01(t)

⌦
@2xH1(t), @tg(t)

↵

+ x002(t) h@xH1(t), @xH2(t)i � x01(t)x
0
2(t)

⌦
@2xH1(t), @xH2(t)

↵
� (x02(t))

2
⌦
@xH1(t), @

2
xH2(t)

↵

� x01(t) h@xH1(t), @t�(t)i+
⌦
@xH1(t), @

2
t �(t)

↵

x001(t)
�
�k@xHk2

L2 � h@2xH1(t), g(t)i
�
+ x002(t) h@xH1(t), @xH2(t)i

= (x01(t))
2
⌦
@3xH1(t), g(t)

↵
� x01(t)

⌦
@2xH1(t), @t�(t)

↵
+ (x01(t))

2
⌦
@2xH1(t), @xH1(t)

↵

� 2x01(t)x
0
2(t)

⌦
@2xH1(t), @xH2(t)

↵
� (x02(t))

2
⌦
@xH1(t), @

2
xH2(t)

↵
� x01(t) h@xH1(t), @t�(t)i

+
⌦
@xH1(t), @

2
t �(t)

↵

x001(t) x002(t)
. e�(x2(t)�x1(t)) (g, @t�, x01, x

0
2)

h@xH1(t), @
2
t �(t)i = h@xH1(t), @

2
x�(t)� U 0(�(t))i.

. e�(x2(t)�x1(t)) @xH 2 ker(�@2x + U 00(H))

@2x�(t)�U 0(�(t)) = @2xg�U 00(H1)g+�(x1, x2, ·)�
�
U 0(1�H1+H2+g)�U 0(1�H1+H2)�U 00(H1)g

�
,

h@xH1, @
2
xg � U 00(H1)gi = 0,

Z

R
|@xH1(x)�(x1, x2, x)| dx .

Z

R
e�|x�x1|e�(x�x1)+e�(x2�x)+ dx . e�(x2�x1),

kU 0(1�H1 +H2 + g)� U 0(1�H1 +H2)� U 00(1�H1 +H2)gkL2 . kgk2
L2 . e�(x2�x1).

Z

R
|@xH1||U 00(1�H1 +H2)� U 00(H1)||g| dx . kgkL2k(@xH1)(U

00(1�H1 +H2)� U 00(H1))kL2

. kgkL2

p
x2 � x1e

�(x2�x1) ⌧ e�(x2�x1).

⇤



M > 0 C > 0 e� w g
kwkH1  M ke�kW 1,1 < 1 kgkH1  1

����
Z

R
e�@xg

�
U 0(w + g)� U 0(w)

�
dx+

Z

R
e�@xw

�
U 0(w + g)� U 0(w)� U 00(w)g

�
dx

����

 Ck@xe�kL1kgk2
H1 .

w, g 2 C1
0 (R)

Z

R
e�
⇣
@xg

�
U 0(w + g)� U 0(w)

�
+ @xw

�
U 0(w + g)� U 0(w)� U 00(w)g

�⌘
dx

=

Z

R
e�
⇣
@x(w + g)U 0(w + g)� @xwU 0(w)�

�
@xg U

0(w) + g @xwU 00(w)
�⌘

dx

=

Z

R
e�@x

�
U(w + g)� U(w)� U 0(w)g

�
dx,

⇤
� 2 C1 �(x) = 1 x  1

3 �(x) = 0
x � 2

3

�1(t, x) := �
⇣ x� x1(t)

x2(t)� x1(t)

⌘
, �2 := 1� �1.

p1(t) := k@xHk�2
L2 h@x(H1(t)� �1(t)g(t)), @t�(t)i,

p2(t) := k@xHk�2
L2 h�@x(H2(t) + �2(t)g(t)), @t�(t)i.

� C, T0 > 0
pj 2 C1([T0,1)) t � T0

��x0j(t)� pj(t)
��  Ce�(x2(t)�x1(t)),

��p0j(t) + (�1)jF (x2(t)� x1(t))
��  C(x2(t)� x1(t))

�1e�(x2(t)�x1(t)),

F

� pj C1

j = 1 j = 2

��x01(t)� k@xHk�2
L2 h@xH1(t), @t�(t)i

�� . e�(x2(t)�x1(t)).

|h@x(�1(t)g(t)), @t�(t)i| . (kg(t)kL2 + k@xg(t)kL2)k@t�(t)kL2 . e�(x2(t)�x1(t)),

k@xHk2
L2p01(t) = h@t(@xH1(t)), @t�(t)i � h@x(g(t)@t�1(t)), @t�(t)i � h@x(�1(t)@tg(t)), @t�(t)i

+ h@xH1(t), @
2
t �(t)i � h@x�1(t)g(t), @

2
t �(t)i � h�1(t)@xg(t), @

2
t �(t)i

= I + II + III + IV + V + V I,



. (x2 � x1)�1e�(x2�x1) '

@t�1(t, x) =
�x01(t)(x2(t)� x1(t))� (x� x1(t))(x02(t)� x01(t))

(x2(t)� x1(t))2
@x�

⇣ x� x1(t)

x2(t)� x1(t)

⌘
,

k@t�1(t)kL1 . (x2(t)�x1(t))�1e�
1
2 (x2(t)�x1(t)) II ' 0

k@x�1(t)kL1 . (x2(t)� x1(t))
�1

III ' �h�1(t)@x@tg(t), @t�(t)i
= �h�1(t)@x@t�(t), @t�(t)i+ x01(t)h�1(t)@

2
xH1(t), @t�(t)i � x02(t)h�1(t)@

2
xH2(t), @t�(t)i

@2xH2(t) �1(t)
�1(t)

III ' x01(t)h@2xH1(t), @t�(t)i = �I,

I + II + III ' 0

@2t � = @2x�(t)� U 0(�(t)) = �(x1, x2, ·) + @2xg �
�
U 0(1�H1 +H2 + g)� U 0(1�H1 +H2)

�
.

U 0 V
V I h�1@xg, @2xgi
h�1@xg,�(x1, x2, ·)i e� = �1 w = 1�H1 +H2

@xH1(t) �1(t)

V I '
Z

R
�1(@xH1 � @xH2)

�
U 0(1�H1 +H2 + g)� U 0(1�H1 +H2)� U 00(1�H1 +H2)g

�
dx

'
Z

R
@xH1

�
U 0(1�H1 +H2 + g)� U 0(1�H1 +H2)� U 00(1�H1 +H2)g

�
dx

'
Z

R
@xH1

�
U 0(1�H1 +H2 + g)� U 0(1�H1 +H2)� U 00(H1)g

�
dx.

IV

IV = h@xH1,�(x1, x2, ·)i �
⌦
@xH1,

�
U 0(1�H1 +H2 + g)� U 0(1�H1 +H2)� U 00(H1)g

�↵
.

V I F ⇤
A �

C, T0 > 0 � t � T0

2t�1 � C(t log t)�1  x02(t)� x01(t)  2t�1 + C(t log t)�1,

2 log(At)� C(log t)�1  x2(t)� x1(t)  2 log(At) + C(log t)�1,

kg(t)kH1 + k@tg(t)kL2  Ct�1(log t)�1/2.

(log t)�1

0 t ! 1



z(t) := x2(t) � x1(t) p(t) := p2(t) � p1(t)

|z0(t)� p(t)| . e�z(t),
��p0(t) + 2A2e�z(t)

�� . z(t)�1e�z(t).

limt!1 z(t) = 1 t z(t)
t1 � T0 T0

t > t1 z(t) > z(t1)

t2 := sup
�
t : z(t) = inf

⌧�t1

z(⌧)
 
.

t2 > t1 z(t2) = inft1⌧t2 z(⌧) z0(t2) = 0
z0 := z(t2) t3 := inf{t � t2 : z(t) = z0 + 1} limt!1 z(t) = 1 t3

z(t3)  z0 +
1

2
,

z0  z(t)  z0 + 1 t 2 [t2, t3] e�z(t) ' e�z0

D+p(t)  �A2e�z(t)  �A2e�z0�1 = �A2

e
e�z0 , t 2 [t2, t3].

p(t2) = p(t2)� z0(t2)  C e�z(t2) = C e�z0

p(t)  C e�z0 � A2

e
(t� t2)e

�z0 , t 2 [t2, t3].

z0(t)  C e�z0 � A2

e
(t� t2)e

�z0 , t 2 [t2, t3].

t t2 t3

z(t3)� z(t2) 
Z

t3

t2

⇣
�A2

e
(t� t2)e

�z0 + C e�z0

⌘
dt

= �1

2

A2

e
e�z0(t3 � t2)

2 + C e�z0(t3 � t2)

 e�z0 sup
s>0

(�1

2

A2

e
s2 + Cs)

 eC2

2A2
e�z0 ,

T0 z0
r(t) := p(t)� 2Ae�

1
2 z(t)

r0(t) = p0(t) +Az0(t)e�
1
2 z(t) = �2A2e�z(t) +Ap(t)e�

1
2 z(t) +O(z(t)�1e�z(t))

= +Ae�
1
2 z(t)

�
r(t) +O(z(t)�1e�

1
2 z(t))

�
.

C > 0

|r(t)|  Cz(t)�1e�
1
2 z(t),

t t1 r(t1) > Cz(t1)�1e�
1
2 z(t1)

r(t1) < �Cz(t1)�1e�
1
2 z(t1) t2 := sup{t : r(t) = Cz(t1)�1e�

1
2 z(t1)}

limt!1 r(t) = 0 t2 2 (t1,1) r0(t2)  0 z(t)



r(t2) = Cz(t1)�1e�
z(t1)

2 � Cz(t2)�1e�
z(t2)

2 C
r0(t2) > 0

r(t) t0 > 0 t � t0

��z0(t)� 2Ae�
1
2 z(t)

��  2Cz(t)�1 e�
1
2 z(t) ,

���e
1
2 z(t)

�0 �A
��  Cz(t)�1,

(A� o(1))t  e
z(t)
2  (A+ o(1))t ,

2 log t+ 2 log(A� o(1))  z(t)  2 log t+ 2 log(A+ o(1)),

t z(t) ' log t
(log t)�1 o(1)

k@t�(t)k2L2 =
�
(x01(t))

2 + (x02(t))
2
�
k@xHk2

L2 + k@tg(t)k2L2 +O(t�3).

|h@xH1(t), @tg(t)i| . t�2

(x01(t))
2 + (x02(t))

2 � 1

2
(x02(t)� x01(t))

2 � 2t�2 � Ct�2(log t)�1,

22e�(x2(t)�x1(t)) = 22A�2t�2 +O(t�2(log t)�1) = t�2k@xHk2
L2 +O(t�2(log t)�1).

c > 0 t

ckg(t)k2
H1 +

1

2
k@t�(t)k2L2  t�2k@xHk2

L2 +O(t�2(log t)�1),

⇤

�t�1�Ct�1(log t)�1/2 
x01(t)  �t�1+Ct�1(log t)�1/2 t�1�Ct�1(log t)�1/2  x02(t)  t�1+Ct�1(log t)�1/2

x1(t) + log t x2(t)� log t t ! 1

�(t, x)
� = 1 �H1 +H2 + g

@xHj j = 1, 2

@2t �(t, x) = @2x�(t, x)�U 0(�(t, x)) + �1(t)@xH1(t, x) + �2(t)@xH2(t, x)

�1(t) = 0, �2(t) = 0.

g

@2t g + x001@xH1 � (x01)
2@2xH1 � x002@xH2 + (x02)

2@2xH2

� @2xg + U 0(1�H1 +H2 + g) + U 0(H1)� U 0(H2) = �1@xH1 + �2@xH2.



(g,�1,�2) (x1, x2)

2 log t� C0  x2(t)� x1(t)  2 log t+ C0,

|x01(t)|+ |x02(t)|  C0t
�1,

|x001(t)|+ |x002(t)|  C0t
�2

T0 > 0 t � T0

(x1, x2) (g,�1,�2)
[T1, T2] (g, @tg) 2 C([T1, T2], E) T1  t  T2

�j 2 C([T1, T2]) @2t g � @2xg = r

r :=� x001@xH1 + (x01)
2@2xH1 + x002@xH2 � (x02)

2@2xH2

� U 0(1�H1 +H2 + g)� U 0(H1) + U 0(H2) + �1@xH1 + �2@xH2.

(g,�1,�2) [T0,1) [T0, T ] T > T0

(x1, x2) (g,�1,�2)
(g, @tg) N1(E)

(x1, x2)

x1(t), x2(t)
N� , S� ,W↵,�

� > 0 ↵ 2 (�1, �) N� \W↵,� := {z 2 N� : kzkW↵,� < 1}
k·kN�\W↵,� := max(k·kN� , k·kW↵,� ) N�+1

� > 0 ↵ 2 (�1, �) C = C(�,↵) z 2 C1

kz0kW↵,�  CkzkN� .

µ � 0 � > 1
2(
p
1 + 4µ � 1) v 2 N�+1 \ Wµ�,�+1 \ Wµ+,�+1

µ± := 1
2(1±

p
1 + 4µ)

z00 = µt�2z + v

z 2 S� v 7! z N�+1 \Wµ�,�+1 \
Wµ+,�+1 ! S�

Wµ±,�+1 � + 1 > µ±

lim
t!1

sup
⌧�t

����
Z
⌧

t

sµ
±
v(s) ds

���� = 0,

t � T0
R1
t

sµ
±
v(s) ds

sup
t�T0

t�+1�µ
±
����
Z 1

t

sµ
±
v(s) ds

����  kvkWµ±,�+1
.

z(t) :=
1p

1 + 4µ

✓
tµ

�
Z 1

t

sµ
+
v(s) ds� tµ

+
Z 1

t

sµ
�
v(s) ds

◆
.



sup
t�T0

t� |z(t)|  1p
1 + 4µ

�
kvkWµ+,�+1

+ kvkWµ�,�+1

�
. kvkWµ+,�+1\Wµ�,�+1

.

z0(t) :=
1p

1 + 4µ

✓
µ�tµ

��1
Z 1

t

sµ
+
v(s) ds� µ+t

µ
+�1

Z 1

t

sµ
�
v(s) ds

◆
,

sup
t�T0

t�+1|z0(t)| . kvkWµ+,�+1\Wµ�,�+1
.

kz00kN�+1 . kvkN�+1\Wµ+,�+1\Wµ�,�+1

kzkS� . kvkN�+1\Wµ+,�+1\Wµ�,�+1
.

zg(t) = z(t) + c+tµ
+
+ c�tµ

�
.

� > �µ� > �µ+ c+tµ
+
+ c�tµ

�
/2 N� c+ = c� = 0

⇤
� > 2

W� :=
\

↵2{�1,0,1,2}

W↵,� .

↵

(x1, x2)

(x1, x2) (x]1, x
]

2)

� > 1 � 2 (2, � +1) C = C(�, �) > 0 T0 = T0(�, �)
(x1, x2) f 2 N�+1(L2)

@2t h� @2xh+ U 00(1�H1 +H2)h = f + �1@xH1 + �2@xH2,

h@xH1, hi = h@xH2, hi = 0

(h,�1,�2) (h, @th) 2 N�(E)

k(h, @th)kN�(E) +
2X

j=1

���j + k@xHk�2
L2 h@xHj , fi

��
W�\N�+1

 CkfkN�+1(L2).

� = 1 W�

(h,�1,�2)
[T1, T2] (h, @th) 2 C([T1, T2], E) �j 2 C([T1, T2]) @2t h � @2xh = r

r := �U 00(1�H1 +H2)h+ f + �1@xH1 + �2@xH2,

[T0,1)



(h,�1,�2)

0 =
d

dt
h@xHj , hi = h@xHj , @thi � x0jh@2xHj , hi.

h@xHj , @
2
t hi = 2x0jh@2xHj , @thi+ x00j h@2xHj , hi � (x0j)

2h@3xHj , hi.

@xH1 x

2x01h@2xH1, @thi+ x001h@2xH1, hi � (x01)
2h@3xH1, hi+ h(U 00(1�H1 +H2)� U 00(H1))@xH1, hi

= h@xH1, fi+ �1k@xHk2
L2 + �2h@xH1, @xH2i.

@xH2 x

2x02h@2xH2, @thi+ x002h@2xH2, hi � (x02)
2h@3xH2, hi+ h(U 00(1�H1 +H2)� U 00(H2))@xH2, hi

= h@xH2, fi+ �2k@xHk2
L2 + �1h@xH1, @xH2i.

�1 �2

��h(U 00(1�H1 +H2)� U 00(H1))@xH1, hi
�� ⌧ t�1khkL2 ,

|�1(t)|+ |�2(t)| . kf(t)kL2 + t�1k(h(t), @th(t))kE .

[T1, T2] 3 t0 2 R f 2 C([T1, T2], L2) (h0, h1) 2 E

h@xHj(t0), h0i = 0, h@xHj(t0), h1i = x0j(t0)h@2xHj(t0), h0i.

(h(t0), @th(t0)) =
(h0, h1) (h, @th) 2 C([T1, T2], E) �j

eh @2t eh � @2xeh = r r
(h, @th) 7! (eh, @teh) C([T1, T2], E) T2 � T1

(h0, h1) f
f = 0

t (h0, h1) 7! (h(t), @th(t)) E

(h,�1,�2) [T0,1)
(h, @th) 2 N�(E)

k(h, @th)kN�(E)  CkfkN�+1(L2).

�1(t, x) := �
⇣ x� x1(t)

x2(t)� x1(t)

⌘
, �2 := 1� �1.



I(t) :=

Z

R

⇣1
2
(@th(t))

2 +
1

2
(@xh(t))

2 +
1

2
U 00(1�H1(t) +H2(t))h(t)

2

�
2X

j=1

x0j(t)�j(t)@th(t) @xh(t)
⌘
dx.

Jj(t) :=
R
R �j(t) @th(t) @xh(t) dx

I(t) & k(h(t), @th(t))k2E .

I 0(t) =
⌦
@th(t), f(t) + �1(t)@xH1(t) + �2(t)@xH2(t)

↵

+
1

2

Z

R
U 000(1�H1(t) +H2(t))(x

0
1(t)@xH1(t)� x02(t)@xH2(t))h(t)

2 dx

� x001(t)J1(t)� x01(t)J
0
1(t)� x002(t)J2(t)� x02(t)J

0
2(t).

h@xHj , @thi = x0
j
h@2xHj , hi

|h@th,�1@xH1 + �2@xH2i| . t�1
�
kfkL2 + t�1k(h, @th)kE

�
k(h, @th)kE

. t�1kfkL2k(h, @th)kE + t�2k(h, @th)k2E .

J 0
1(t) '  ck(h, @th)k2E

c > 0

J 0
1 = �x01

Z

R
@x�1 @th @xh dx+

Z

R
�1 @

2
t h @xh dx+

Z

R
�1 @th @t@xh dx.

|x01| . t�1 |@x�1| ⌧ 1R
R �1@x(@th)2 dx = �

R
R(@x�1)(@th)2 dx

Z

R
�1@

2
t h@xh dx =

Z

R
�1
�
@2xh� U 00(1�H1 +H2)h+ f + �1@xH1 + �2@xH2

�
@xh dx.

R
R �1@2xh@xh dx = �1

2

R
R @x�1(@xh)2 dx

����
Z

R
�1
�
f + �1@xH1 + �2@xH2

�
@xh dx

����  CkfkL2khkH1 + ckhk2
H1 .

�
Z

R
�1U

00(1�H1 +H2)h @xh dx =
1

2

Z

R
�1(�@xH1 + @xH2)U

000(1�H1 +H2)h
2 dx

+
1

2

Z

R
@x�1U

00(1�H1 +H2)h
2 dx.

@xH2 �1
����J

0
1 +

1

2

Z

R
�1@xH1U

000(1�H1 +H2)h
2 dx

����  CkfkL2khkH1 + ckhk2
H1 .



����J
0
2 �

1

2

Z

R
�2@xH2U

000(1�H1 +H2)h
2 dx

����  CkfkL2khkH1 + ckhk2
H1 .

��I 0 �
⌦
@th, f + �1@xH1 + �2@xH2

↵��  Ct�1kfkL2k(h, @th)kE + ct�1k(h, @th)k2E .

��I 0
��  CkfkL2k(h, @th)kE + ct�1k(h, @th)k2E .

k(h(t), @th(t))k2E  C

Z 1

t

k(h, @th)kEkfkL2 ds+ c

Z 1

t

s�1k(h, @th)k2E ds,

c T0

N�

k(h(t), @th(t))k2E  Ck(h, @th)kN�(E)kfkN�+1(L2)

Z 1

t

s��s�1�� ds+ck(h, @th)k2N�(E)

Z 1

t

s�1s�2� ds,

k(h, @th)kN�(E) . kfkN�+1(L2)

k(h, @th)kN�(E)

k�jkN�+1 . kfkN�+1(L2) )
���j + k@xHk�2

L2 h@xHj , fi
��
N�+1

. kfkN�+1(L2).

W↵,� ↵ 2 {�1, 0, 1, 2} t↵

|h@xH1, @xH2i| . t�1

sup
t�T0

t�+2|�2(t)h@xH1, @xH2i|  CkfkN�+1(L2) ) k�2(t)h@xH1, @xH2ikW↵,�+1  CkfkN�+1(L2)

sup
t�T0

t�+1|h(U 00(1�H1 +H2)� U 00(H1))@xH1, hi|  CkfkN�+1(L2),

W↵,�+1

Z
⌧

t

hs↵x01(s)@2xH1(s), @th(s)i ds = ⌧↵x01(⌧)h@2xH1(⌧), h(⌧)i � t↵x01(t)h@2xH1(t), h(t)i

�
Z
⌧

t

h↵s↵�1x01(s)@
2
xH1(s) + s↵x001(s)@

2
xH1(s)� s↵(x01(s))

2@3xH1(s), h(s)i ds,

(h,�1,�2) (h, @th) 2
N�(E) tn ! 1 (hn, @thn)

[T0, tn] (h, @th)(tn) = (0, 0) h(t) = 0 t � tn

k(hn, @thn)kN�(E)  CkfkN�+1(L2).

(h0, h1) (hn(T0), @thn(T0)) E
(h, @th) (h(T0), @th(T0)) = (h0, h1)

t � T0 (h(t), @th(t)) (hn(t), @thn(t)) E
(h, @th) [T0,1) N�(E) ⇤



� > 1 � 2 (2, � + 1) C = C(�, �) > 0 T0 = T0(�, �)
(x1, x2) f 2 N�(L2) @tf 2

N�+1(L2) (h,�1,�2)

k(h, @th)kN�(E) +
2X

j=1

���j + k@xHk�2
L2 h@xHj , fi

��
W�\N�+1

 C
�
kfkN�(L2) + k@tfkN�+1(L2)

�
.

� = 1 W�

(h, @th)

eI(t) := I(t)�hh(t), f(t)i.

k(h, @th)k2E . eI + khkL2kfkL2

���
d

dt
hh, fi � h@th, fi

���  khkL2k@tfkL2 .

��eI 0 � h@th,�1@xH1 + �2@xH2i
��  khkL2k@tfkL2 + Ct�1kfkL2k(h, @th)kE + ct�1k(h, @th)k2E ,

��eI 0
��  khkL2k@tfkL2 + Ct�1kfkL2k(h, @th)kE + ct�1k(h, @th)k2E ,

⇤
(h,�1,�2)

(x1, x2) f
(x1(t), x2(t)) y(t) = (y1(t), y2(t))

y1(t) := x1(t) + log(At), y2(t) := x2(t)� log(At)

A =
p
2k@xHk�1

L2 

⌫, � > 1 � 2 (2, ⌫ + �) C = C(�, ⌫,�) T0 = T0(�, ⌫,�)

(x1, x2) (x]1, x
]

2)
ky] � ykS⌫  1 y, y] (h,�1,�2)

(h],�]1,�
]

2) (x]1, x
]

2) (x1, x2) f ] f
����]

j
+ k@xHk�2

L2 h@xH]

j
, f ]i

�
�
�
�j + k@xHk�2

L2 h@xHj , fi
���

N�+⌫\W�

+ k(h] � h, @t(h
] � h))kN�+⌫�1(E)

 C
�
ky] � ykS⌫

�
kfkN�+1(L2) + kf ]kN�+1(L2)

�
+ kf ] � fkN�+⌫(L2)

�
.

(h])? = h] + a1@xH1 + a2@xH2

h] @xH1 @xH2

(h])? � h



j 2 {1, 2}
��k@xHk2

L2aj + (y]
j
� yj)h@2xHj , h

]i
��
N�+⌫+1

+
��k@xHk2

L2a0j + (y]
j
� yj)h@2xHj , @th

]i
��
N�+⌫+1

+
��k@xHk2

L2a00j + (y]
j
� yj)h@2xHj , @

2
t h

]i
��
N�+⌫+1

. k(h], @th])kN�(E)ky
] � ykS⌫ . kf ]kN�+1(L2)ky] � ykS⌫ .

kajkN�+⌫ + ka0jkN�+⌫ + ka00j kN�+⌫ . k(h], @th])kN�(E)ky
] � ykS⌫ . kf ]kN�+1(L2)ky] � ykS⌫ .

@xHj

a1k@xHk2
L2 + a2h@xH1, @xH2i+ h@xH1, h

]i = 0,

a1h@xH1, @xH2i+ a2k@xHk2
L2 + h@xH2, h

]i = 0.

h@xHj , h]i = h@xHj � @xH
]

j
, h]i

a1k@xHk2
L2 + a2h@xH1, @xH2i = h@xH]

1 � @xH1, h
]i,

a1h@xH1, @xH2i+ a2k@xHk2
L2 = h@xH]

2 � @xH2, h
]i.

a1 a2

|h@xHj � @xH
]

j
, h]i|  k@xHj � @xH

]

j
kL2kh]kL2 . |y] � y|kh]kL2 ,

|aj | . |y] � y|kh]kL2

|h@xH]

1 � @xH1, h
]i+ (y]1 � y1)h@2xH1, h

]i| . |y]1 � y1|2kh]kL2 .

��k@xHk2
L2a1 + (y]1 � y1)h@2xH1, h

]i
�� . |y]1 � y1|kh]kL2

�
|y]1 � y1|+ |h@xH1, @xH2i|

�
,

a1 a2
|a0

j
|

a01k@xHk2
L2 + a02h@xH1, @xH2i =

d

dt
h@xH]

1 � @xH1, h
]i � a2

d

dt
h@xH1, @xH2i,

a01h@xH1, @xH2i+ a02k@xHk2
L2 =

d

dt
h@xH]

2 � @xH2, h
]i � a1

d

dt
h@xH1, @xH2i.

|h@t(@xH]

1�@xH1), h]i| . t�1|y]1�y1|kh]kL2

a01 a02

a001k@xHk2
L2 + a002h@xH1, @xH2i =

d2

dt2
h@xH]

1 � @xH1, h
]i � a2

d2

dt2
h@xH1, @xH2i � 2a02

d

dt
h@xH1, @xH2i,

a001h@xH1, @xH2i+ a002k@xHk2
L2 =

d2

dt2
h@xH]

2 � @xH2, h
]i � a1

d2

dt2
h@xH1, @xH2i � 2a01

d

dt
h@xH1, @xH2i.

h@xH]

j
� @xHj , @2t h

]i
��h@xH]

j
� @xHj , @

2
t h

]i+ (y]
j
� yj)h@2xHj , @

2
t h

]i
�� . |y]

j
� yj |2k@2t h]kH�1 .



h] �]1,�
]

2
��h@xH]

j
� @xHj , @

2
t h

]i+ (y]
j
� yj)h@2xHj , @

2
t h

]i
��
N�+⌫+1

. kf ]kN�+1(L2)ky] � ykS⌫ .

(h])? � h

@2t ((h
])? � h)� @2x((h

])? � h) +U 00(1�H1 +H2)((h
])? � h) = (f ])? + (�])?1 @xH1 + (�])?2 @xH2,

(f ])? := (@2t h
] � @2xh

] + U 00(1�H]

1 +H]

2)h
] � �]1@xH1 � �]2@xH2)

� (@2t h� @2xh+ U 00(1�H1 +H2)h� �1@xH1 � �2@xH2)

+ (@2t (h
])? � @2t h

] � a001@xH1 � a002@xH2)� (@2x(h
])? � @2xh

]) + U 00(1�H]

1 +H]

2)((h
])? � h])

+ (U 00(1�H1 +H2)� U 00(1�H]

1 +H]

2))(h
])? + a001@xH1 + a002@xH2,

(�])?j := �]
j
� �j .

(f ])? N�+⌫(L2)
h@xHj , (f ])?i W�

N�+⌫+1(L2)

f ] + �]1(@xH
]

1 � @xH1) + �]2(@xH
]

2 � @xH2).

k�]
j
(@xH

]

j
� @xHj)kN⌫+�+1(L2) . k�]

j
kN�+1ky

]

j
� yjkS⌫ . ky]

j
� yjkS⌫kf ]kN�+1(L2).

�f

@t(h
])? = @th

] +
2X

j=1

�
a0j@xHj � ajx

0
j@

2
xHj

�
,

@2t (h
])? = @2t h

] +
2X

j=1

�
a00j@xHj � 2a0jx

0
j@

2
xHj � ajx

00
j@

2
xHj + aj(x

0
j)

2@3xHj

�
.

@2t (h
])? � @2t h

] � a001@xH1 � a002@xH2

2X

j=1

aj
�
�@2x + U 00(1�H]

1 +H]

2)
�
@xHj =

2X

j=1

aj
�
U 00(1�H]

1 +H]

2)� U 00(Hj)
�
@xHj

=
2X

j=1

aj
�
U 00(1�H]

1 +H]
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. ky] � ykS⌫kf ]kN�+1(L2).

@xHj '
N�+⌫+1(L2)

kU 00(1�H1 +H2)� U 00(1�H]

1 +H]

2)� ((H]
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]
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]
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]
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L2 h@xHj , fi
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�
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�
.

⇤
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(x1, x2)

k⇤1(x1, x2, 0)� x001 + F (x2 � x1)kW�\N�+1 + k⇤2(x1, x2, 0) + x002 + F (x2 � x1)kW�\N�+1
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])� ⇤2(x1, x2, g)kN�1+�2

+ k( (x1, x2, g])� (x1, x2, g), @t( (x1, x2, g])� (x1, x2, g)))kN�1+�2�1(E)
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