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1. I nt r o d u cti o n

A d y n a mi c al s y st e m d e s cri b e s h o w st at e s of a s y st e m e v ol v e o v er

ti m e. W h e n t h e i niti al p oi nt of t h e s y st e m i s u n c ert ai n, o n e c a n r e pr e-
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a p o w er s y st e m, o n e m u st cl e ar t h at f a ult t o i s ol at e it s eff e ct s b ef or e

t h e o n-f a ult tr aj e ct or y of t h e s y st e m l e a v e s t h e r e gi o n of attr a cti o n of

a st a bl e e q uili bri u m p oi nt of t h e p o st-f a ult d y n a mi c s. S u c h a n al y si s i s

oft e n d o n e offli n e a n d i s u s e d t o s et s etti n g s f or r el a y s / cir c uit- br e a k er s

t o cl e ar t h e f a ult. T h e i niti al p oi nt f or t h e o n-f a ult tr aj e ct or y u s e d

f or t h e st u d y m a y n ot c oi n ci d e wit h t h e p oi nt w h er e t h e f a ult o c c ur s
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M et h o d s f or u n c ert ai nt y pr o p a g ati o n oft e n r e q uir e a n e x pli cit m o d el

of t h e s y st e m d y n a mi c s, oft e n r e pr e s e nt e d a s or di n ar y diff er e nti al
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Transfer operators such as the Koopman and the Perron–Frobenius
operators (see Lasota and Mackey [14]) essentially describe how dis-
tributions and functions of states of a system evolve through time.
These infinite-dimensional yet linear operators have a long history in
the study of dynamical systems (see Mezić and Banaszuk [15], Mezić
[16], Mauroy and Mezić [17]). They have gained in popularity recently
as they naturally lend themselves to approximations from data collected
from trajectories of the system. Such data-driven analysis requires one
to study the action of these operators with suitable function spaces. The
extended dynamic mode decomposition (EDMD) method in Williams
et al. [18], Klus et al. [19] is a data-driven algorithm that seeks
to learn these operators via their actions on parameterized function
spaces. See Korda and Mezić [20] for asymptotic convergence results
for the EDMD method. Other approaches such as (deep) neural net-
works (Li et al. [21], Yeung et al. [22], Takeishi et al. [23], Lusch
et al. [24], Wehmeyer and Noé [25], Otto and Rowley [26]) have also
been utilized to parameterize these function spaces. In Matavalam et al.
[10], the authors pre-select a basis for this function space, use this space
to learn an approximate Koopman operator, and finally leverage the
learned approximation to propagate moments of the distributions that
describe the uncertainties in the system states through time. Given the
challenges of selecting a pre-defined basis for the function spaces, we
take the non-parametric route advocated in Williams et al. [27], Klus
et al. [28], Klus et al. [29], Hou et al. [30], Kostic et al. [31], Meanti
et al. [32] to learn the transfer operators from data in the reproducing
kernel Hilbert space (RKHS). Along a similar line, we propose a non-
arametric data-driven approach to represent and propagate uncertainty
n initial conditions. We rely on the actions of these operators in RKHS.
pecifically, we embed the probability distribution of initial uncertainty
ets into an RKHS. Given sampled snapshot pairs of initial points and
heir next state propagated through the dynamics, we build a model
f the underlying dynamical system as the so-called conditional mean
mbedding (CME) operator that acts on an RKHS. CMEs capture the
ransition dynamics without resorting to explicit mathematical repre-
entation of the system dynamics such as those via ordinary/stochastic
ifferential or differential–algebraic equations. RKHS theory is mature
nd it has found widespread applications in statistical learning the-
ry (see Steinwart and Christmann [33], Berlinet and Thomas-Agnan
34]); the CME framework that builds on properties of the RKHS has
lso found several applications (see Song et al. [35], Muandet et al.
36], Hou et al. [37] that include our own prior works). In a nutshell,
his representation is fully data-oriented and reduces computations of
igh-dimensional integrations required for uncertainty propagation to
imple inner products, calculations of which are independent of the
imension of the state. Moreover, convergence guarantees on data-
riven estimates of the various embeddings are available, see Song
t al. [35], Hou et al. [38]. Representations in the RKHS, however,
ecome prohibitive as the dataset grows without bounds. In order to
mprove the scalability of the kernel method, Engel et al. [39], Kivinen
t al. [40], Wu et al. [41], Rahimi and Recht [42], Koppel et al.
43], Chatalic et al. [44] propose a variety of sparsification procedures
o reduce redundancy in the dataset. In this paper, we control the model
omplexity via the coherence condition introduced by Richard et al.
45] and build a sparse model of the underlying dynamics via sparse
ME based on our prior work in Hou et al. [30].
Our key contributions are as follows: (1) We present a non-parametri

lgorithm to propagate uncertainty in initial conditions through un-
nown nonlinear dynamics. In particular, we control the complexity
f the learned model and use such a sparse model to propagate the
mbedded probability distribution of initial states. (2) We bound the
rror in propagating the embedded uncertainty. Such non-asymptotic
rror analysis indicates that the control of model complexity comes
t the price of accuracy, and cannot be avoided simply with more
amples.
Closest in spirit to our algorithm is the paper by Zhu et al. [46].
2

ne important aspect in which we differ from Zhu et al. [46] is that we
learn a sparse CME operator for uncertainty propagation. The process
of sparsification is essential since computations with kernels become
increasingly burdensome with the number of samples used for learning.
Another aspect that distinguishes our work from Zhu et al. [46] is
that we provide an explicit non-asymptotic error analysis. Specifically,
leveraging the theoretical results in Hou et al. [30], we provide theoret-
ical guarantees on the approximation errors for propagated embedded
probability distributions. Our result illustrates the relationship between
the number of samples and the level of sparsification on the resulting
error performance.

The rest of the paper is organized as follows. Section 2.1, 2.2 and
3.1 serve as prerequisites for learning dynamical systems in RKHS. The
main algorithm is presented in Section 3.2, followed by theoretical
analysis. Our approach proceeds in two stages: given sampled snapshot
pairs, we start by constructing a sparse CME estimator offline. After
receiving initial samples, we compute an embedding of the initial state
distribution and then evolve that through the learned CME operator. By
doing so, uncertainty propagation reduces to computationally efficient
matrix multiplications. Finally, we demonstrate the efficacy of our
algorithm for simple dynamical systems in Section 4 and specifically
for example power systems in Section 5.

2. Preliminaries

2.1. RKHS and conditional mean embedding

We first briefly review some definitions and properties regarding
RKHS and embeddings of probability distributions. Consider a Eu-
clidean space X ⊆ R𝑛. Let 𝜅 ∶ X × X → R be a symmetric positive
semi-definite kernel function with feature map 𝜙(𝑥) ∶= 𝜅(𝑥, ⋅). 𝜅 defines
an RKHS

(

, ‖⋅‖
)

as the closure of span {𝜙(𝑥) ∶= 𝜅(𝑥, ⋅) ∶ 𝑥 ∈ X} with
respect to the inner product ⟨𝜅(𝑥, ⋅), 𝜅(𝑦, ⋅)⟩ = 𝜅(𝑥, 𝑦). In particular, the
⟨⋅, ⋅⟩ has the reproducing property, given by

⟨𝑓, 𝜅(𝑥, ⋅)⟩ = 𝑓 (𝑥), ∀𝑥 ∈ X, 𝑓 ∈ . (1)

Let (𝛺, ,P) be a probability space and consider a X-valued random
variable 𝑋 ∶ (𝛺, ,P) →

(

X, 𝛴,P𝑋
)

, where 𝛴 is the Borel 𝜎-algebra on
X and P𝑋 is a distribution on X. One can then embed the marginal
probability distribution P𝑋 into . To be precise, if 𝜅 is 𝛴 × 𝛴-
measurable, and E𝑋

[

√

𝜅(𝑥, 𝑥)
]

< ∞, then there exists a kernel mean
mbedding (KME) 𝜇 ∶ P𝑋 ↦ 𝜇P𝑋 ∈  such that

P𝑋 ∶= E𝑋 [𝜅(𝑋, ⋅)] . (2)

hroughout this paper, we suppose that 𝜅 is continuous and bounded
s sup𝑥∈X 𝜅(𝑥, 𝑥) ≤ 𝐵𝜅 < ∞ for some 𝐵𝜅 ∈ R+ so that the KME is
ell-defined as an element in , per Muandet et al. [36, Lemma 3.1].
Let 𝑌 ∶

(

𝛺′, ′,P′) →
(

Y, 𝛴𝑌 ,P𝑌
)

be a Y-valued random variable
and 1,2 be two RKHSs on X and Y with kernel functions 𝜅1, 𝜅2,
respectively. One can define a tensor product Hilbert space 1 ⊗ 2
ith kernel function

⊗

(

(𝑥1, 𝑦1), (𝑥2, 𝑦2)
)

= 𝜅1(𝑥1, 𝑥2) 𝜅2(𝑦1, 𝑦2), (3)

or all 𝑥1, 𝑥2 ∈ X, 𝑦1, 𝑦2 ∈ Y and (joint) feature map
(

𝑥𝑖, 𝑦𝑖
)

∶= 𝜙1
(

𝑥𝑖
)

⊗𝜙2
(

𝑦𝑖
)

= 𝜅1
(

𝑥𝑖, ⋅
)

𝜅2
(

𝑦𝑖, ⋅
)

. (4)

joint distribution P𝑋𝑌 can be embedded into 1 ⊗2 as

𝑋𝑌 = E𝑋𝑌 [𝜙1(𝑋)⊗𝜙2(𝑌 )], (5)

here 𝐶𝑋𝑌 is the (uncentered) cross-covariance operator. Alternatively,
𝑋𝑌 can also be viewed as a Hilbert–Schmidt (HS) operator 𝐶𝑋𝑌 ∶
2 → 1 that satisfies

[𝑓 (𝑋)𝑔(𝑌 )] = ⟨𝐶 𝑔, 𝑓⟩ , ∀𝑓 ∈  , 𝑔 ∈  , (6)
𝑋𝑌 𝑋𝑌  1 2



Physica D: Nonlinear Phenomena 463 (2024) 134168B. Hou et al.

m

𝐶

W


d
e
e
S
v
B

𝜇

d
t

𝜇

I
w



F
s



f

𝑓
o
i
[
o
A
w
c
e
I

d
d
[

a
P
d

3

d
a
F
C
w
e

3

a
{

o

𝐶

f )
per Berlinet and Thomas-Agnan [34]. Likewise, one can embed the
arginal distribution P𝑋 into 1 ⊗1 as

𝑋𝑋 ∶= E𝑋 [𝜙1(𝑋)⊗𝜙1(𝑋)]. (7)

ith a slight abuse of notion, we denote the joint feature map of
1 ⊗1 as 𝜑

(

𝑥𝑖, 𝑥𝑖
)

∶= 𝜙1
(

𝑥𝑖
)

⊗𝜙1
(

𝑥𝑖
)

= 𝜅1
(

𝑥𝑖, ⋅
)

𝜅1
(

𝑥𝑖, ⋅
)

.
Yet embeddings of marginal distribution cannot capture the depen-

ency between random variables. To this end, the conditional mean
mbedding embeds conditional probability distributions into RKHS and
ncodes how distribution over one random variable relates to another.
pecifically, let P𝑌 |𝑥 denote the conditional distribution of the random
ariable 𝑌 given 𝑋 = 𝑥 ∈ X. The embedding of P𝑌 |𝑥 into 2 is the
ochner conditional expectation.

P𝑌 |𝑥 ∶= E𝑌 |𝑥[𝜙2(𝑌 )|𝑋 = 𝑥] ∀𝑥 ∈ X. (8)

Under the prevalent definition given by Song et al. [35], the con-
itional mean embedding operator  ∶ 1 → 2, is a linear operator
hat satisfies

P𝑌 |𝑥 = 𝜙1(𝑥). (9)

n addition, if E𝑌 |𝑥[𝑓 (𝑌 )|𝑋 = 𝑥] ∈ 2 for all 𝑓 ∈ 2 and 𝑥 ∈ X, then
e have

= 𝐶𝑌 𝑋𝐶
†
𝑋𝑋 . (10)

or technical reasons concerning inverting a linear operator, we con-
ider the regularized version, defined as

𝜀 = 𝐶𝑌 𝑋
(

𝐶𝑋𝑋 + 𝜀 Id
)−1 , (11)

or 𝜀 > 0, where Id is the identity operator.
We remark that the assumption E𝑌 |𝑥[𝑓 (𝑌 )|𝑋 = 𝑥] ∈ 2 for all
∈ 2 requires the RKHS to be closed with respect to the evolution
f functions through the system dynamics. Such closedness assumption
s not new to applications utilizing the CME operator (see Song et al.
35], Song et al. [47], Klus et al. [28], Hou et al. [38]) and Koopman
perator-based analysis (Yeung et al. [22], Nandanoori et al. [48]).
ccording to Song et al. [35], this assumption holds for finite domains
ith a characteristic kernel; see Muandet et al. [36] for a definition of a
haracteristic kernel. Yet as noted by Park and Muandet [49], Klebanov
t al. [50], this assumption can be restrictive in a more general setting.
n light of recent developments in Li et al. [51], when the assumption
does not hold, 𝜀 defined in (11) can be viewed as an approximation of
the true CME operator  for which the approximation is always off by
a term that encodes how far the operator is from the hypothesis space.

2.2. CMEs for discrete-time dynamical systems

Let N be the set of nonnegative integers and {𝑋𝑡}𝑡∈T be a discrete
time dynamical system described by the recursion

𝑥𝑡+1 = 𝐹 (𝑥𝑡, 𝜔𝑡), 𝑡 ∈ T, (12)

where the mapping 𝐹 ∶ X ×W → X is diffeomorphism and 𝜔𝑡 are i.i.d.
random variable with values in W that are independent of 𝑋0. Such
dynamics can also be specified by the transition kernel density 𝑝 as1

P
(

𝑋𝑡+1 ∈ A|𝑋𝑡 = 𝑥
)

= ∫A
𝑝(𝑦|𝑥)d𝑦, (13)

for measurable A ⊆ X. If 𝑓 is a probability density over X, then the
Perron–Frobenius (PF) operator  propagates 𝑓 as

(𝑓 ) (𝑦) = ∫ 𝑝(𝑦|𝑥)𝑓 (𝑥)d𝑥. (14)

1 For a deterministic dynamical system of the form 𝑥𝑡+1 = 𝐹 (𝑥𝑡), it can be
escribed under the more general framework (13) with P(⋅|𝑥) being the Dirac
elta measure 𝛿𝐹 (𝑥) supported on the point 𝑥+ = 𝐹 (𝑥), per Dellnitz and Junge
52].
3

a

Fig. 1. The CME operator  propagates the embedded distribution of states 𝜇 through
system dynamics.

Recall from Section 2.1 that CME encodes how the probability
distribution over one random variable relates to another. If the random
variables correspond to successive states of a discrete-time dynamical
system, the CME operator naturally captures the state transition dy-
namics. In this regard, one can identify the PF operator as the CME
operator, since  ∶ 𝜇P𝑋 ↦ 𝜇P𝑋+ satisfies

𝜇𝑋+ =  𝜇𝑋 , (15)

per Song et al. [35] and Hou et al. [30], where 𝑥+ is the system state
t the next time-step starting from 𝑥. In other words, the embedded
F operator  is the CME operator that propagates the embedded
istribution of states through the system dynamics as Fig. 1 illustrates.

. Propagating uncertainty in initial conditions

We now present our method to propagate uncertainty in initial con-
itions through system dynamics, where the uncertainty is described by
probability distribution on X. Our approach proceeds in two stages.
irst, we learn a sparse representation of the system dynamics via the
ME operator. Then, after receiving samples of uncertain initial points,
e define an empirical estimate of the distribution using KME and then
volve it through the learned sparse CME operator.

.1. Sparse learning of dynamical system in RKHS

Consider an RKHS  associated with kernel 𝜅 ∶ X × X → R
nd feature map 𝜙 ∶ X → . Given 𝑀 snapshot pairs  ∶=
(

𝑥1, 𝑥+1
)

,… ,
(

𝑥𝑀 , 𝑥+𝑀
)}

sampled from P𝑋𝑋+ , the empirical estimates
f 𝐶𝑋𝑋 and 𝐶𝑋𝑋+ are

𝑋̃𝑋 = 1
𝑀

𝑀
∑

𝑖=1
𝜑
(

𝑥𝑖, 𝑥𝑖
)

, 𝐶𝑋𝑋+ = 1
𝑀

𝑀
∑

𝑖=1
𝜑
(

𝑥𝑖, 𝑥
+
𝑖
)

, (16)

The regularized empirical estimate of the CME operator can be defined
as

̃𝜀 ∶= 𝐶𝑋+𝑋

(

𝐶𝑋𝑋 + 𝜀 Id
)−1

. (17)

The sample complexity of (16) with independently and identically
distributed data is well understood (see Muandet et al. [36]). While
the estimation accuracy improves with more samples, the increase in
computational complexity makes learning in RKHS computationally
burdensome when scales to large data, as mentioned by Engel et al.
[39], Engel et al. [53], Kivinen et al. [40], Hou et al. [30]. To effi-
ciently estimate the CME operator, we leverage the notion of coherency
proposed by Richard et al. [45] to identify a subset of  based on
which a sparse CME operator is constructed. Informally, one throws
away those points in  that are deemed ‘‘look-alike’’ with respect to 𝜅.
To be precise, we prune  to construct a sparse dictionary ̂ such that

|

|

|

𝜅(𝑥⋆𝑖 , 𝑥
⋆
𝑗 )
|

|

|

≤
√

𝛾𝜅(𝑥⋆𝑖 , 𝑥
⋆
𝑖 )𝜅(𝑥

⋆
𝑗 , 𝑥

⋆
𝑗 ), (18)

or each 𝑖, 𝑗 where (𝑥⋆𝑖 , 𝑥
⋆
𝑗 ) is either (𝑥𝑖, 𝑥𝑗 ) or (𝑥

+
𝑖 , 𝑥

+
𝑗 ), and (𝑥𝑖, 𝑥+𝑖 ), (𝑥𝑗 , 𝑥

+
𝑗

re in ̂. The sparse dictionary ̂ can be constructed as follows.
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Consider Gram matrices computed using all elements in  with kernel
function 𝜅. Since (18) consists of two conditions, i.e., one for (𝑥𝑖, 𝑥𝑗 )
and one for (𝑥+𝑖 , 𝑥

+
𝑗 ), the process involves two Gram matrices 𝐾 and

𝐾+ whose elements are given be 𝐾𝑖𝑗 = 𝜅(𝑥𝑖, 𝑥𝑗 ) and 𝐾+
𝑖𝑗 = 𝜅(𝑥+𝑖 , 𝑥

+
𝑗 ).

For two indices 𝑠, 𝑡 with 𝑠 < 𝑡, if (𝑥𝑠, 𝑥+𝑠 ) and (𝑥𝑡, 𝑥+𝑡 ) violate (18), we
keep (𝑥𝑠, 𝑥+𝑠 ) in , but throw away (𝑥𝑡, 𝑥+𝑡 ). At the same time, we delete
the row/column associated with 𝑥𝑡 from both 𝐾 and the row/column
associated with 𝑥+𝑡 from 𝐾+. We then repeat such a process until all
elements in the Gram matrices satisfy (18) to obtain ̂. To compute
the sparse cross-covariance and covariance estimators 𝐶𝑋+𝑋 and 𝐶𝑋𝑋
based on ̂, let  be the indices among 1,… ,𝑀 for which (𝑥𝑖, 𝑥+𝑖 ) are
in ̂. Then, we define the sparse estimators as

𝐶𝑋+𝑋 =
∑

𝑖∈
𝛼𝑖𝜑

(

𝑥+𝑖 , 𝑥𝑖
)

, 𝐶𝑋𝑋 =
∑

𝑖∈
𝛽𝑖𝜑

(

𝑥𝑖, 𝑥𝑖
)

, (19)

where 𝛼 (and similarly, 𝛽) solves

min
𝛼

‖

‖

‖

‖

‖

‖

1
𝑚

𝑀
∑

𝑖=1
𝜑
(

𝑥+𝑖 , 𝑥𝑖
)

−
∑

𝑖∈
𝛼𝑖𝜑

(

𝑥+𝑖 , 𝑥𝑖
)

‖

‖

‖

‖

‖

‖

2

⊗

. (20)

Such weight vector admits an explicit representation 𝛼 = 𝐺−1𝑔 where
∈ R|̂|×|̂| is the Gram matrix associated with elements in ̂, given

by

𝐺𝑖,𝑗 = 𝜅
(

𝑥+𝑖 , 𝑥
+
𝑗

)

𝜅
(

𝑥𝑖, 𝑥𝑗
)

, (21)

for each 𝑖 and 𝑗 in  and 𝑔 ∈ R|̂| is defined as

[𝑔]𝑗 =
1
𝑀

𝑀
∑

𝑖=1
𝐺𝑖𝑗 , 𝑗 ∈ . (22)

Using 𝐶𝑋𝑋 and 𝐶𝑋+𝑋 , we compute the regularized sparse CME estimator
by

̂𝜀 ∶= 𝐶𝑋+𝑋

(

𝐶𝑋𝑋 + 𝜀 Id
)−1

. (23)

3.2. Uncertainty propagation via CME

Having learned a sparse model encoded in ̂𝜀, we next apply it
to propagate uncertainty in initial conditions. Given initial samples
 ∶=

(

𝑧𝑖
)𝑁
𝑖=1 where 𝑧 ∈ X, the embedded distribution of initial state

is computed as

0̂ =
𝑁
∑

𝑖=1
𝑤0 (𝑖) 𝜅

(

𝑧𝑖, ⋅
)

, 𝑤0 (𝑖) =
1
𝑁
, ∀𝑖 = 1,⋯ , 𝑁. (24)

Let 𝑑 = |̂|, 𝐴𝑋+𝑋 ∶= diag(𝜶), 𝐴𝑋𝑋 ∶= diag(𝜷) and define feature
matrices

𝛷𝑋 ∶=
[

𝜙(𝑥1),… , 𝜙(𝑥𝑑 )
]

, 𝛷𝑋+ ∶=
[

𝜙
(

𝑥+1
)

,… , 𝜙(𝑥+𝑑 )
]

.

𝑋̂+𝑋 , 𝐶𝑋𝑋 in (19) can then be rewritten as

𝑋̂+𝑋 = 𝛷𝑋+𝐴𝑋+𝑋𝛷
⊤
𝑋 , 𝐶𝑋𝑋 = 𝛷𝑋𝐴𝑋𝑋𝛷

⊤
𝑋 .

sing the above representations, the one-step propagation of embedded
tate distribution can be computed as

𝜇1 ∶= ̂𝜀 𝜇0

= 𝐶𝑋+𝑋

(

𝐶𝑋𝑋 + 𝜀 Id
)−1

𝜇0

= 𝛷𝑋+𝐴𝑋+𝑋𝛷
⊤
𝑋
(

𝛷𝑋𝐴𝑋𝑋𝛷
⊤
𝑋 + 𝜀 Id

)−1 𝜇0
(𝑎)
= 𝛷𝑋+ 𝐴𝑋+𝑋

(

𝐺𝑋𝑋𝐴𝑋𝑋 + 𝜀 Id
)−1𝛷⊤

𝑋𝜇0
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

∶=𝑤1

,

= 𝛷𝑋+𝑤1,

here 𝐺𝑋𝑋 = 𝛷⊤
𝑋𝛷𝑋 is the Gram matrix, line (a) follows from the

dentity (𝐼 + 𝑃𝑄)−1𝑃 = 𝑃 (𝐼 + 𝑄𝑃 )−1, and the 𝑑-dimensional column
ector 𝑤1 is

( )−1 ⊤
4

1 ∶= 𝐴𝑋+𝑋 𝐺𝑋𝑋𝐴𝑋𝑋 + 𝜀 Id 𝛷𝑋𝜇0. a
Hence, we have

1̂ = 𝛷𝑋+𝑤1 =
∑

𝑖∈
𝑤1 (𝑖) 𝜅

(

𝑥+𝑖 , ⋅
)

.

Likewise, the embedded distribution of states at 𝑡 ≥ 2 can be computed
as

𝑡̂ ∶= ̂𝜀 𝜇𝑡−1

= 𝐶𝑋+𝑋

(

𝐶𝑋𝑋 + 𝜀 Id
)−1

𝜇𝑡−1

= 𝛷𝑋+𝐴𝑋+𝑋𝛷
⊤
𝑋
(

𝛷𝑋𝐴𝑋𝑋𝛷
⊤
𝑋 + 𝜀 Id

)−1 𝜇𝑡−1

= 𝛷𝑋+𝐴𝑋+𝑋
(

𝐺𝑋𝑋𝐴𝑋𝑋 + 𝜀 Id
)−1𝛷⊤

𝑋𝜇𝑡−1
=
∑

𝑖∈
𝑤𝑡 (𝑖) 𝜅

(

𝑥+𝑖 , ⋅
)

,

where the vector 𝑤𝑡 of coefficients is given by

𝑤𝑡 ∶= 𝐴𝑋+𝑋
(

𝐺𝑋𝑋𝐴𝑋𝑋 + 𝜀 Id
)−1𝛷⊤

𝑋𝜇𝑡−1. (25)

To summarize, the empirical estimate of embedded state distribution at
time 𝑡 can be constructed as a linear combination of {𝜅(𝑥+𝑖 , ⋅)}𝑖∈ , given
by

𝜇𝑡 ∶=
(

̂𝜀

)𝑡
𝜇0 =

∑

𝑖∈
𝑤𝑡 (𝑖) 𝜅

(

𝑥+𝑖 , ⋅
)

, 𝑡 ∈ N ⧵ {0} , (26)

where the evolution of the weight vector 𝑤𝑡, 𝑡 ∈ N captures the evolu-
tion of the uncertainty in initial conditions through system dynamics.

3.2.1. Moment propagation
With an estimation of embedded state distribution, one can also

compute the 𝑎th order moment of state distribution by taking an inner
product with 𝜇𝑡. To illustrate, consider a 1-dimensional random variable
𝑋. Suppose 𝑥𝑎 ∈ ,2 then, we have

𝑚𝑎𝑡 ∶= E
[

𝑋𝑎
𝑡
]

= ⟨𝑋𝑎, 𝜇𝑡⟩ . (27)

Utilizing 𝜇𝑡, one can approximate 𝑚𝑎𝑡 as

̂𝑎𝑡 = ⟨𝑋𝑎, 𝜇𝑡⟩ = ⟨𝑋𝑎,
∑

𝑖∈
𝑤𝑡 (𝑖) 𝜅

(

𝑥+𝑖 , ⋅
)

⟩

=
∑

𝑖∈
𝑤𝑡 (𝑖) ⟨𝑋𝑎, 𝜅

(

𝑥+𝑖 , ⋅
)

⟩

=
∑

𝑖∈
𝑤𝑡 (𝑖)

(

𝑥+𝑖
)𝑎.

(28)

We summarize the algorithm in Algorithm 1.
Algorithm 1 Uncertainty propagation in RKHS
Require: Kernel function 𝜅; Snapshot pairs ; Coherence parameter 𝛾;

Realizations of initial uncertainty set .
1: Prune  to get 𝛾-coherent dictionary ̂ that satisfies (18)
2: Solve for coefficients 𝜶, 𝜷 according to (19),(20).
3: At time 𝑡 = 0, assign uniform weight to 𝑤0 as (24).
4: for 𝑡 = 1,⋯ do
5: Find the coefficient vector 𝑤𝑡 using (25)
6: Compute 𝑚̂𝑎𝑡 via (28)
7: end for

3.3. Theoretical analysis

We now present an upper bound on the estimation error of embed-
ded state distribution. We use the notation ‖⋅‖ to denote operator norm,
and

𝛯(𝜈) ∶= 1 +
√

2 log(1∕𝜈), 𝜈 ∈ R.

2 When this is not satisfied, the derivation can be viewed as a formal
pproximation technique.
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Theorem 1. Assume that kernel 𝜅 is continuous and bounded as
sup𝑥∈X 𝜅(𝑥, 𝑥) ≤ 𝐵𝜅 < ∞ for some 𝐵𝜅 ∈ R+. Let 𝜇1 ∶= 𝜀𝜇0 be the
one-step propagation of the embeded distribution. Given datasets  and 
that consist of 𝑀 and 𝑁 i.i.d. samples drawn according to P𝑋𝑋+ and P𝑋0
respectively, 𝜇1 and 𝜇1 satisfies

‖

‖

𝜇1 − 𝜇1‖‖ ≤ 𝐵3∕2
𝜅

[

1
√

𝑁
𝛯
( 𝛿
2

)


(

𝜀−1
)

+ 𝜓
(

𝑀, 𝛾; 𝛿
4

)


(

𝜀−2
)

]

(29)

with probability at least 1 − 𝛿, 𝛿 ∈ [0, 1], if 𝐶𝑋𝑋 is positive semi-definite,3
and

𝜓(𝑀, 𝛾; 𝛿) ∶= 1
√

𝑀
𝛯(𝛿) +

(

1 −
|̂|

𝑀

)

√

1 − 𝛾2. (30)

Our result suggests that the estimation error consists of two parts:
he first term in (29) reflects the initial sampling error being propagated
hrough the iteration which depends on

√

𝑁 , and the second term in
29) captures the error induced by sparse approximation of 𝜀. For the
atter one, we leverage Hou et al. [30, Theorem 1] to obtain the ap-
roximation accuracy which depends on both the number of snapshot
airs 𝑀 and the level of sparsity controlled by 𝛾. In other words, the
erm

√

1 − 𝛾2 encapsulates the price we pay for sparsity. Furthermore,
ur error estimate depends on the regularization parameter 𝜀. A recent
ork by Li et al. [51] shows the potential to improve the dependency on
that we plan to explore in future work. In addition, Theorem 1 implies
hat the estimation error of embedded state distribution is independent
f the dimension of the state space—a hallmark property of kernel
ethods.
Theorem 1 is a ‘‘high probability’’ guarantee on the error in prop-

gating uncertainty, much along the lines of Kostic et al. [31], Meanti
t al. [32] derived for the Koopman operator. This result characterizes
inite-sample performance and essentially has three parts to the error–
ne due to the variance from sampling initial points, second due to
he variance of the point-pairs used to learn the Koopman operator,
nd third the bias from sparsification of the operator. Recall from
ection 2.1 that our results are derived under a closedness condition
hat E𝑋+

|𝑥[𝑓 (𝑋+)|𝑋 = 𝑥] ∈  for all 𝑓 ∈ . A measure-theoretically
ound alternate approach developed in Park and Muandet [49], Li
t al. [51] avoids this requirement. With this definition, bounds on
ow well the operator itself can be learned can be developed as in Li
t al. [51]. These bounds include an additional bias term from the
nability to represent the target operator within the hypothesis space.
xtending that analysis to a refined bound on learning the KME/CME
or uncertainty propagation is left for future endeavors.

. Illustrative examples

We begin our numerical experiments with three simple dynamical
ystems and defer the power system examples to the next section. The
erformance of our method indeed depends upon the choice of the
ernel function. We remark that even that choice can be optimized
long the lines of Gretton et al. [54]. To capture all information of
probability distribution in its embedding, one requires the kernel
o be characteristic, i.e., the mapping P𝑋 ↦ 𝜇P𝑥 is injective so that
P𝑋 uniquely determines P𝑋 . See Muandet et al. [36] for details. In
ur experiments, we adopt Gaussian kernels that are known to be
haracteristic (see Fukumizu et al. [55]).

3 Such an assumption is satisfied when coefficients 𝛽 ≥ 0.
5

a

Fig. 2. Approximations of the mean ( ) and second-order moments ( ) ( )
( ) along three exemplary dimensions of the linear system with Gaussian noise.
Dashed lines are those obtained from analytic solutions.

4.1. A 50-dimensional linear system

Consider a stochastic linear dynamical system,

𝑥(𝑡 + 1) = 𝐴𝑥(𝑡) + 𝜔(𝑡), 𝑥(0) ∼  (0, 𝛴0), ∀𝑡 ∈ N,

here 𝜔(𝑡) are i.i.d. according to  (0, 𝛴𝜔) and are independent of 𝑥(0).
he 𝜔(𝑡)’s have zero means for all 𝑡 ∈ T, and thus the mean of the
ystem is 0 for all 𝑡 ∈ N. The covariances 𝛴(𝑡)’s satisfy the recursion,

(𝑡 + 1) = 𝐴𝛴(𝑡)𝐴⊤ + 𝛴𝜔, ∀𝑡 ∈ N, (31)

hich converges to the steady-state covariance if and only if 𝐴 is stable.
In this experiment, we consider a 50-dimensional system, i.e., 𝑥(𝑡) ∈
R50 for all 𝑡 ∈ N, where the matrix 𝐴 ∈ R50×50 is generated via
random.rand() in Python. The maximum eigenvalue of 𝐴 is 1.25, and
thus the iterates in (31), diverge. We take 𝛴0 = 0.2 Id and 𝛴𝜔 = 0.01 Id.
In order to learn the CME operator, we collected || = 2, 500 samples
niformly distributed on [0, 1]50 and propagated them one step forward
with a sampling interval of 0.01 s. The kernel function is chosen as a
combination of three Gaussian kernels 𝜅(𝑥, 𝑦) = ∑3

𝑖=1 𝜂𝑖 exp
(

−‖𝑥−𝑦‖2

2×𝜎2𝑖

)

where
(

𝜂1, 𝜂2, 𝜂3
)

= (0.1, 0.8, 0.1) and
(

𝜎1, 𝜎2, 𝜎3
)

= (4, 4.8, 11). We then
set 𝛾 = 0.52 to get the sparse dictionary ̂ with |̂| = 2278. We
applied Algorithm 1 by setting the regularization parameter as 𝜀 =
1𝑒−13 × |̂|

−0.2
. We compared estimates of moments with the analytic

solutions. Fig. 2 indicates that our algorithm is able to form accurate
estimates of the true moments that can be calculated analytically.

4.2. A simple 2-D system

Consider a 2-dimensional nonlinear dynamical system

̇ 1 = 𝑥2, 𝑥̇2 = −3
2
𝑥1 − 𝑥2 +

𝑥32
9
, (32)

which admits a stable equilibrium at (0, 0). As shown in Fig. 3(a), tra-
ectories starting from the initial uncertainty set (−1.5,−1.1) × (0.4, 0.8)
onverge to the stable equilibrium point (0, 0). In practice, observations
re often corrupted by noise. To this end, we add Gaussian noise with
ero mean and standard deviation of 1𝑒−3 to sampled data points.
In order to construct ̂𝜀 defined in (23),4 we randomly selected

1000 initial points in a circle around the origin with a radius of 3 and
numerically integrated 9 steps forward in Python with odeint-solver
using 𝛥𝑡 = 0.1 s. The kernel function is a combination of two Gaussian
kernels 𝜅(𝑥, 𝑦) =

∑2
𝑖=1 𝜂𝑖 exp

(

−‖𝑥−𝑦‖2

2×𝜎2𝑖

)

where
(

𝜂1, 𝜂2
)

= (0.5, 0.5) and

4 For the case of a deterministic dynamical system, we consider the em-
edding of the Dirac delta function. Under the assumption that the kernel
unction is bounded, such embedding is well-defined and we use ̂𝜀 as its
pproximation.
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Fig. 3. (a) Trajectories starting from uncertainty set (−1.5,−1.1) × (0.4, 0.8) that converge to the stable equilibrium point (0, 0). (b) Estimated moments up to order 2 using the
proposed algorithm (solid lines) versus the Monte Carlo method (dashed lines). E[𝑥1]( ), E[𝑥2]( ), E[𝑥21]( ), E[𝑥1𝑥2]( ), E[𝑥22]( ).
Fig. 4. Starting from two initial uncertainty sets, the estimated moments up to order 3 are plotted using the proposed algorithm (solid lines) and the Monte Carlo method (dashed
ines). In (a), moments that are dominated by 𝑥2, i.e., E[𝑥2],E[𝑥22],E[𝑥32],E[𝑥1𝑥22] ( ) rise with time while moments dominated by 𝑥1, i.e., E[𝑥1],E[𝑥21],E[𝑥31],E[𝑥21𝑥2]( ) as
ell as E[𝑥1𝑥2]( ), decay with time. The reverse is true in (b).
p

𝜎1, 𝜎2
)

= (0.7, 0.18). We then pruned the dataset comprising 9000
ample pairs to obtain |̂| = 2186 using 𝛾 = 0.99 and use 𝜀 =
𝑒−13 × |̂|

−0.2
. Fig. 3(b) shows the comparison between the estimated

oments obtained from Algorithm 1 and the Monte Carlo method.
he convergence of all moments to zero indicates that all trajectories
onverge to the stable equilibrium point eventually.

.3. Genetic bi-stable toggle

We next consider the kinetics of the concentration of two pro-
eins that inhibit each other, also known as the genetic toggle switch
er Gardner et al. [56], described by

̇ 1 =
1

1 + 𝑥32.55
− 0.5𝑥1, 𝑥̇2 =

1
1 + 𝑥31.53

− 0.5𝑥2. (33)

s shown in Fig. 4(a), the system admits two equilibrium points–
0.16, 2) and (0.161, 0.2)–with complementary regions of attraction. We
onsider two initial uncertainty regions with different shapes: (a) 𝑐–
a circle centered at (0.4, 0.8) with radius 0.2 and (b) 𝑠–a square
(1.2, 1.4) × (0.5, 0.7). Fig. 4(a) demonstrates that samples starting from
those two initial uncertainty sets converge to (0.16, 2) and (0.161, 0.2).
We also consider the case where observations are corrupted by additive
Gaussian noise with zero mean and standard deviation of 1𝑒−4.

To compute ̂𝜀, 1600 initial points were selected over [0, 0.25] ×
[0, 0.25]. We then numerically integrated 9 steps forward with a time
interval of 𝛥𝑡 = 0.1s. The kernel function is a combination of two Gaus-
sian kernels 𝜅(𝑥, 𝑦) = ∑2

𝑖=1 𝜂𝑖 exp
(

−‖𝑥−𝑦‖2

2×𝜎2𝑖

)

where
(

𝜂1, 𝜂2
)

= (0.55, 0.45)

and
(

𝜎1, 𝜎2
)

= (0.475, 1). Next, we pruned the original dataset consisting
f 14,400 samples with 𝛾 = 0.99 to obtain a sparse dictionary with
̂| = 1463 and use 𝜀 = 1𝑒−13 × |̂|

−0.2
. Following Algorithm 1, the

rue and estimated moments are plotted in Fig. 4. Comparing Fig. 4(b)
with 4(c) suggests that different moments dominate the plots as time
advances. In the case of Fig. 4(b), the moments that are expressions of
6

only 𝑥2 rise with time while the moments concerning 𝑥1 decay with
time. Those trends imply that all trajectories starting from 𝑐 converge
to (0.16, 2). The opposite is true in Fig. 4(c).

5. Applications to power systems

In this section, we apply our framework to propagating uncertainty
in example power systems. We illustrate that our proposed data-driven
method is faster than the Monte Carlo method. All experiments were
run on a MacBook Pro with Apple M1 pro chip.

5.1. Single Machine Infinite Bus System (SMIB)

Consider the dynamical system of SMIB, described by

𝛿̇ = 𝜔, 𝜔̇ = −𝐷𝜔 + 𝑃𝑚 − 𝑃𝑒 sin(𝛿), (34)

with 𝐷 = 1.3, 𝑃𝑚 = 5 and 𝑃𝑒 = 10. The stable equilibrium of this system
is at [0.53 𝑟𝑎𝑑, 0]. We are interested in uncertainties in the rotor angles
of the generator with 0.3 rad ≤ 𝛿 ≤ 𝜋∕6 rad.

To build a sparse representation of the underlying dynamics, we
first sampled 900 initial points 𝑥 = [𝛿, 𝜔] that are uniformly distributed
over [𝛿, 𝜔] ∈ [−4, 4] × [−8, 8]. We then collected 10 points along each
trajectory with sampling interval 𝛥𝑡 = 0.1. The kernel function is a
combination of three Gaussian kernels 𝜅(𝑥, 𝑦) = ∑3

𝑖=1 𝜂𝑖 exp
(

−‖𝑥−𝑦‖2

2×𝜎2𝑖

)

where
(

𝜂1, 𝜂2, 𝜂3
)

= (0.1, 0.8, 0.1) and
(

𝜎1, 𝜎2, 𝜎3
)

= (0.12, 0.56, 1). We
runed the dataset utilize 𝛾 = 0.9 to get |

|

|

̂|

|

|

= 2081 and use 𝜀 =

1𝑒−13 × |̂|

−0.2
. 𝜇𝑡 and moments are then computed based on ̂𝜀. The

comparison with results from the Monte Carlo-based moment propaga-
tion in Fig. 5(b) reveals that Algorithm 1 achieves very similar accuracy
as the Monte–Carlo method, and that the system returns to the nominal
operating condition with time as the variance is damped down to zero.
In particular, with learned ̂𝜀, the computation time for a time horizon
of 10s takes only 2.2 s. By contrast, the Monte Carlo simulation takes

20.4 s as it is typically more data intensive.
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Fig. 5. (a) One-line diagram of SMIB. (b) Propagation of mean E[𝛿]( ), E[𝜔]( ) and variance Var[𝛿]( ), Var[𝜔]( ) using the Algorithm 1 (solid lines) and Monte
Carlo method (dashed lines).
Fig. 6. (a) One-line diagram of TMIB. (b)(c) Plots of mean E[𝛿1]( ), E[𝛿2]( ) and variance Var[𝛿1]( ), Var[𝛿2]( ) of two generators using Algorithm 1 (solid lines)
nd Monte Carlo method (dashed lines).
.2. Two Machine Infinite Bus System (TMIB)

Next, consider the TMIB described by

𝛿̇𝑖 =𝜔𝑖,

𝑖𝜔̇1 =𝑃𝑚,𝑖 −𝐷𝑖𝜔𝑖 −
𝐸𝑖
𝑥𝑖

sin(𝛿𝑖) −
𝐸1𝐸2
𝑥12

sin(𝛿𝑖 − 𝛿𝑗 ),

for 𝑖 = 1, 2. The uncertainties in the initial conditions are in rotor
angles of generator one with 0 rad ≤ 𝛿1 ≤ 0.35 rad. We scale 𝜔1, 𝜔2
y a factor of 1∕8 and utilize a combination of three Gaussian kernels
(𝑥, 𝑦) =

∑3
𝑖=1 𝜂𝑖 exp

(

−‖𝑥−𝑦‖2

2×𝜎2𝑖

)

where
(

𝜂1, 𝜂2, 𝜂3
)

= (0.45, 0.35, 0.2)

and
(

𝜎1, 𝜎2, 𝜎3
)

= (0.15, 0.38, 0.75). To compute ̂𝜀, we collected 5000
sample pairs from 500 trajectories with 10 evaluations along each and
constructed a sparse dictionary with |̂| = 2653 and use 𝜀 = 1𝑒−13 ×
̂|

−0.2
. ̂𝜀 is then used to estimates 𝜇𝑡 for 𝑡 ∈ T following line 4–6 in

lgorithm 1. Fig. 6 plots the mean and variance of rotor angles obtained
rom Algorithm 1 and the Monte Carlo method. It can be seen that the
ncertainty of 𝛿1 is propagated to 𝛿2 as its mean and variance increase
rom 0 before decaying. We also observe that eventually, V[𝛿1],V[𝛿2]
tay close to 0 eventually, indicating that the system converges to the
ominal operating point.
For this particular example, constructing ̂𝜀 took around 182.07 s.

omputing propagated moments for a time horizon of 10s with a
earned sparse model took merely 3.65 s since only algebraic operations
re involved. By contrast, the Monte Carlo simulation took around
020.33 s, which is even beyond the time horizon of interest. In
onclusion, the proposed method is more computationally efficient for
he propagation of initial uncertainty.
Our experiments suggest 𝜀 = 1𝑒−13 × |̂|

−0.2
as a good thumb rule

or the choice of the regularization parameter. A more comprehensive
mpirical work is needed to test the efficacy of such a choice. In
ur experiments, we utilized Gaussian kernels with different widths.
ccording to Sriperumbudur et al. [57], the Gaussian kernel is charac-
7

eristic, and thus, the embedding can preserve all information about
the distribution. Automating the process of choosing an appropriate
kernel is an interesting direction for future work. As for the coherence
parameter, upon decreasing the value of 𝛾, we obtain a less coherent
dictionary ̂ with fewer elements. For a kernel function with 𝐵𝜅 = 1,
one typically chooses 𝛾 between 0.5 and 1. We refer interested readers
to Hou et al. [38] for a detailed discussion of the practical benefits of
sparsification and the role of 𝛾.

6. Conclusions

In this paper, we provided an algorithm to propagate uncertainty in
initial conditions through unknown system dynamics in RKHS. A sparse
representation of the dynamical system is learned through the CME
operator. We have provided sample complexity bounds for approxima-
tions of embedded uncertainty. Five exemplary numerical experiments
confirmed the effectiveness of our approach. Scaling the proposed
framework to larger power system examples is an interesting direction
for future work.
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Appendix. Proof of Theorem 1

We start with the following lemma that provides a uniform
bound on the operator norm of 𝜀 and its sparse estimate ̂𝜀.

emma 1. Under assumptions of Theorem 1, 𝜀 defined in (11) and
𝜀̂ defined in (23) satisfies ‖‖𝜀

‖

‖

≤ 𝐵𝜅∕𝜀 and
‖

‖

‖

̂𝜀
‖

‖

‖

≤ 𝐵𝜅∕𝜀.

roof. To prove the first claim, notice that by definition,

𝜀
‖

‖

= ‖

‖

‖

𝐶𝑋+𝑋
(

𝐶𝑋𝑋 + 𝜀 Id
)−1‖

‖

‖

≤ ‖

‖

𝐶𝑋+𝑋
‖

‖

‖

‖

‖

(

𝐶𝑋𝑋 + 𝜀 Id
)−1‖

‖

‖

≤ 1
𝜀
‖

‖

𝐶𝑋+𝑋
‖

‖

,

(A.1)

where the last line follows from the fact that 𝐶𝑋𝑋 is positive
semi-definite and self-adjoint, which implies ‖

‖

‖

(

𝐶𝑋𝑋 + 𝜀 Id
)−1‖

‖

‖

≤ 1∕𝜀.
In order to bound ‖

‖

𝐶𝑋+𝑋
‖

‖

, note that 𝐶𝑋+𝑋 is a Hilbert–Schmidt
operator and that the space of Hilbert–Schmidt operator from 
to  is isometric isomorphism to the tensor product Hilbert space
 ⊗ Aubin [58]. Together with the fact that the operator norm is
ominated by the Hilbert–Schmidt norm, we have

𝐶𝑋+𝑋
‖

‖

2 ≤ ‖

‖

𝐶𝑋+𝑋
‖

‖

2
HS

= ‖

‖

‖

E𝑋+𝑋
[

𝜙(𝑋+)⊗𝜙(𝑋)
]

‖

‖

‖

2

⊗

=
⟨

E𝑋+𝑋
[

𝜙(𝑋+)⊗𝜙(𝑋)
]

,E𝑋′+𝑋′

[

𝜙(𝑋′+)⊗𝜙(𝑋′)
]⟩

⊗

=E𝑋+𝑋,𝑋′+𝑋′

[

⟨

𝜙(𝑋+)⊗𝜙(𝑋), 𝜙(𝑋′+)⊗𝜙(𝑋′)
⟩

⊗

]

=E𝑋+𝑋,𝑋′+𝑋′

[⟨

𝜙(𝑋+), 𝜙(𝑋′+)
⟩



⟨

𝜙(𝑋), 𝜙(𝑋′)
⟩



]

=E𝑋+𝑋,𝑋′+𝑋′

[

𝜅(𝑋+, 𝑋′+)𝜅(𝑋,𝑋′)
]

≤𝐵2
𝜅 ,

(A.2)

where (𝑋′, 𝑋′+) is an independent copy of (𝑋,𝑋+) and the
last line follows from boundedness of 𝜅 and the fact that
sup𝑥,𝑥′∈X |

|

𝜅(𝑥, 𝑥′)|
|

= sup𝑥∈X 𝜅(𝑥, 𝑥) per Steinwart and Christmann [33,
Section 4.3].

Likewise, if 𝐶𝑋𝑋 is positive semi-definite, we have

‖

‖

‖

̂𝜀
‖

‖

‖

=
‖

‖

‖

‖

𝐶𝑋+𝑋

(

𝐶𝑋𝑋 + 𝜀 Id
)−1

‖

‖

‖

‖

≤ ‖

‖

‖

𝐶𝑋+𝑋
‖

‖

‖

‖

‖

‖

‖

(

𝐶𝑋𝑋 + 𝜀 Id
)−1

‖

‖

‖

‖

≤ 1
𝜀
‖

‖

‖

𝐶𝑋+𝑋
‖

‖

‖

.

(A.3)

By definition, 𝐶𝑋+𝑋 defined in (19),(20) is the projection of 𝐶𝑋+𝑋
efined in (16) onto the closed subspace {𝜑(𝑥+𝑖 , 𝑥𝑖) ∶ 𝑖 ∈ } of ⊗.
Let 𝛱̂ be the (linear) projection operator and we have

‖

‖𝐶𝑋+𝑋
‖

‖ ≤ ‖

‖𝐶𝑋+𝑋
‖

‖ =
‖

‖𝛱 ̂

(

𝐶𝑋+𝑋

)

‖

‖ ≤ ‖

‖𝐶𝑋+𝑋
‖

‖ (A.4)
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‖ ‖ ‖ ‖HS ‖

‖

 ‖

‖HS ‖ ‖HS
On the other hand,

‖

‖

‖

𝐶𝑋+𝑋
‖

‖

‖

2

HS
=
‖

‖

‖

‖

‖

‖

1
𝑀

𝑀
∑

𝑖=1
𝜙(𝑥+𝑖 )⊗𝜙(𝑥𝑖)

‖

‖

‖

‖

‖

‖

2

⊗

=

⟨

1
𝑀

𝑀
∑

𝑖=1
𝜙(𝑥+𝑖 )⊗𝜙(𝑥𝑖),

1
𝑀

𝑀
∑

𝑗=1
𝜙(𝑥+𝑗 )⊗𝜙(𝑥𝑗 )

⟩

⊗

= 1
𝑀2

𝑀
∑

𝑖,𝑗=1

⟨

𝜙(𝑥+𝑖 )⊗𝜙(𝑥𝑖), 𝜙(𝑥+𝑗 )⊗𝜙(𝑥𝑗 )
⟩

⊗

= 1
𝑀2

𝑀
∑

𝑖,𝑗=1

[

⟨

𝜙(𝑥+𝑖 ), 𝜙(𝑥𝑗
+)
⟩


⟨

𝜙(𝑥𝑖), 𝜙(𝑥𝑗 )
⟩



]

= 1
𝑀2

𝑀
∑

𝑖,𝑗=1
𝜅(𝑥+𝑖 , 𝑥𝑗

+)𝜅(𝑥𝑖, 𝑥𝑗 )

≤𝐵2
𝜅 ,

(A.5)

Combining Eqs. (A.1)–(A.5) gives

‖

‖

𝜀
‖

‖

≤ 𝐵𝑢,
‖

‖

‖

̂𝜀
‖

‖

‖

≤ 𝐵𝑢, 𝐵𝑢 ∶=
𝐵𝜅
𝜀
. □ (A.6)

We now return to the proof of Theorem 1. At time 𝑡 = 1, we have

‖

‖

𝜇𝑡 − 𝜇𝑡‖‖ = ‖

‖

‖

𝜀𝜇0 − ̂𝜀𝜇0
‖

‖

‖

= ‖

‖

‖

𝜀𝜇0 −𝜀𝜇0 +𝜀𝜇0 − ̂𝜀𝜇0
‖

‖

‖
(𝑎)
≤ ‖

‖

‖

𝜀
(

𝜇0 − 𝜇0
)

‖

‖

‖
+
‖

‖

‖

‖

(

𝜀 − ̂𝜀

)

𝜇0
‖

‖

‖

‖

≤ ‖

‖

𝜀
‖

‖

‖

‖

𝜇0 − 𝜇0‖‖ + ‖

‖

‖

𝜀 − ̂𝜀
‖

‖

‖

‖

‖

𝜇0‖‖
(𝑏)
≤ ‖

‖

𝜀
‖

‖

‖

‖

𝜇0 − 𝜇0‖‖ + ‖

‖

‖

𝜀 − ̂𝜀
‖

‖

‖

√

𝐵𝜅
(𝑐)
≤ 𝐵𝑢 ‖‖𝜇0 − 𝜇0‖‖ + ‖

‖

‖

𝜀 − ̂𝜀
‖

‖

‖

√

𝐵𝜅 ,

(A.7)

where in (a), we break down the error into two terms: the first one
encodes propagation of approximation error in the initial estimate
through iterations and the second one captures the error at time
𝑡 = 1 when starting from the same initial empirical estimator. Line
(b) and (c) follows from Lemma 1

Next, we apply Muandet et al. [36, Theorem 3.4] and Hou et al.
[30, Theorem1] to bound ‖

‖

𝜇0 − 𝜇0‖‖ and ‖

‖

‖

𝜀 − ̂𝜀
‖

‖

‖

, respectively.
We then conclude that at time 𝑡 = 1, with probability at least 1 − 𝛿,
‖

‖

𝜇𝑡 − 𝜇𝑡‖‖

≤𝐵𝑢

√

𝐵𝜅
√

𝑁
𝛯 (𝛿∕2) + 𝐵3∕2

𝜅 𝜓 (𝑀, 𝛾; 𝛿∕4)
(

1
𝜀
+

‖

‖

𝐶𝑋+𝑋
‖

‖

𝜀2

)

=
(

𝐵𝜅
𝜀

)

√

𝐵𝜅
√

𝑁
𝛯 (𝛿∕2) + 𝐵3∕2

𝜅 𝜓 (𝑀, 𝛾; 𝛿∕4)
(

1
𝜀
+

‖

‖

𝐶𝑋+𝑋
‖

‖

𝜀2

)

=𝐵3∕2
𝜅

(

1
√

𝑁
𝛯 (𝛿∕2)

(

𝜀−1
)

+ 𝜓 (𝑀, 𝛾; 𝛿∕4)
(

𝜀−2
)

)

,

(A.8)

where 𝜓 is defined in (30).
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