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So-called fragile topological states of matter challenge our conventional notion of topology by
lacking the robustness typically associated with topological protection, thereby displaying elusive
manifestations that are difficult to harness for wave control. In this Letter, we leverage the recent
discovery of fragile topological states in special classes of structural kagome lattices to document
the availability of domain wall elastic wave modes that are directly traceable to fragile topology
and, yet, exhibit remarkably strong signatures that support omni-directionality. We design twisted
kagome bi-domains comprising two topologically distinct sublattices - one trivial and the other
fragile topological - sharing a common bandgap and meeting at a domain wall. The two phases
are achieved via carefully engineered surface cut patterns that modify the band landscape of the
underlying lattices in complementary fashions, leading to dichotomous irreps landscapes. Under
these circumstances, a domain wall-bound mode emerges within the shared bandgap and displays
remarkable stability against domain wall orientation and introduced defects. We corroborate these
findings via k ·p Hamiltonian and Jackiw-Rabbi analysis and validate them experimentally through
laser vibrometry tests on a prototype endowed with water jet-induced perforation patterns.

Maxwell lattices [1, 2] have received substantial at-
tention in recent years due to an array of unique me-
chanical properties, including the ability to localize de-
formation at floppy edges [3–7] and focus stress at do-
main walls (DWs), thus eliciting protection against frac-
ture and buckling [8, 9], and tunable multistability [10].
A popular subclass of Maxwell systems, kagome lattices
have been extensively studied, especially in the realm of
ideal configurations characterized by perfect hinges, for
the peculiar properties rooted in their topology and sym-
metries [11–17]. Many topological properties of Maxwell
lattices have been shown to be preserved, albeit diluted,
in transitioning from ideal to structural lattices that can
be physically fabricated, where the bonds can carry flex-
ural deformation and the hinges are replaced by internal
clamps or by ligaments featuring finite stiffness against
rotations [18–23].

Recent studies have put forth the notion of fragile
topology [24–35]. Fragile bands qualify as topological in
that they do not admit a symmetric, exponentially local-
ized Wannier representation that preserves all the sym-
metries of the system. However, unlike stable topology,
their obstruction to the atomic limit can be eliminated
by coupling with fully topologically trivial bands. Addi-
tionally, these states generally lack a well defined conven-
tional bulk-edge correspondence [36–40]. A recent inves-
tigation by Azizi et al. explored fragile topology in the
context of twisted kagome lattices in the so-called self-
dual configuration [18]. The term self-dual, introduced
by Fruchart et al. within their treatment of mechanical
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duality of twisted kagome lattices [41] refers to the crit-
ical point in configuration space that separates families
of dual pairs, which feature identical phononic proper-
ties [12, 41, 42]. The authors of [18] proved theoretically
and demonstrated experimentally the existence of frag-
ile topological states in self-dual kagome lattices in the
structural configuration featuring ligament-like hinges at
the lattice sites. However, while they identified a num-
ber of localized modes, for none of them a direct connec-
tion to fragile topology or claims of topological protection
could be made.

This Letter aims at filling this conceptual gap by de-
liberately searching for localized modes that are unequiv-
ocally linked to, and protected by, the fragile topol-
ogy. We seek such modes along the DWs of bi-domain
lattices obtained by adjoining two structural self-dual
twisted kagome (SSTK) sublattices with different topo-
logical character - one trivial and the other fragile topo-
logical - making sure that the two phases are designed
to be spectrally compatible. The proposed approach
draws partial inspiration from the behavior of mechanical
analogs of the quantum valley-Hall effect (QVHE) [43–
47], where domain-bound modes can be generated at the
DW of two subdomains characterized by opposite val-
ley topologies bounding a shared bandgap (BG) [48]. A
by-product objective of our study is to address a limita-
tion of QVHE analogs, which support DW modes along
various orientations [49, 50] except for specific forbidden
directions. In contrast, here we put forth a strategy to
achieve truly omni-directional DW mode localization ca-
pability along any arbitrary direction.

We begin our analysis resuming the SSTK configura-
tion presented in [18], which features fragile topological
bands. Recall that the configuration consists of a self-
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FIG. 1: (a) Unit cell of SSTK baseline configuration. (b)
Bi-domain lattice with DW obtained stitching a trivial and
a fragile topological SSTK phases. Zoomed-in detail of the
bean-shaped hole at the hinge of the trivial phase is pre-
sented in the inset. Both configurations feature large holes to
modulate inertia and control frequency spectra. (c-d) Band
diagrams of the trivial and fragile topological states, respec-
tively. The thick maroon branch denotes the band undergoing
inversion, leading to the closing and reopening of the shared
BG (shaded in pink) marking the topological phase transi-
tion. The irreps at HSPs of the BZ confirm the topological
nature of the third and fourth bands in (d).

dual kagome in which the triangles are solid patches,
taken to be thin to realize plane-stress conditions, con-
nected by finite-thickness ligaments. Our objective is to
extract from this baseline geometry two topologically dis-
tinct derivative configurations - one trivial and the other
topological - that are simultaneously geometrically and
spectrally compatible. Geometric compatibility requires
that the lattices can be seamlessly stitched to form a
DW, which implies that they shall share the same unit
cell primitive lattice vectors and C3v point group symme-
try. Moreover, in anticipation of the construction of an
experimental prototype, we seek configurations that are
practically feasible under the constraints of the available
fabrication methods. Specifically, we want the lattices to
be mono-material, as to be agilely obtainable via subtrac-
tive manufacturing (e.g., machining or water-jet cutting)
from a slab of homogeneous, low-damping material with
uniform and predictable properties, e.g., a metal. We
also require that the two lattices deviate from each other
only in terms of different patterns of cuts introduced a
posteriori as a perturbation of the shared baseline SSTK
geometry. This ensures that the thickness of the hinges,
which is a critical parameter, is preserved across the DW.
Finally, we want the two configurations to be spectrally
compatible, i.e., to feature a shared full BG in the mid-
frequency region of the spectrum.

The first step of the design process consists of

FIG. 2: (a-b) Band diagrams for two differently oriented 16-
cell SSTK supercells (with unit cells highlighted) forming (a)
60◦−DW and (b) 90◦−ZGDW, with branches for the DW
mode and edge modes highlighted in blue and maroon, re-
spectively. (c-d) Wave functions (mode shapes) of localized
DW and edge states for the 60◦−DW and 90◦−ZGDW, sam-
pled at ξ = 0 and ξ = π. The left and right sides consist of
trivial and topological states, respectively.

modifying the topological SSTK baseline configuration
(Fig. 1(a)) to induce a transition to a trivial configura-
tion, marked by the closing and reopening of the mid-
frequency BG. An avenue towards this phase transition
is by softening the hinge ligament of the unit cell as ex-
plored in [18]. In light of the above-stated mono-material
constraint, here we seek an analogous softening effect
purely by virtue of geometry. To this end, we introduce
isolated cuts or clusters of cuts in the neighborhood of the
hinges. After a few design iterations (supplemental ma-
terial (SM), S-1), we eventually land on the bean-shaped
hole shown in the inset of Fig. 1(b). Notably, this ad-
dition results in the desired topological band inversion
along with a substantial increase in BG width (SM.S-1).
To ensure spectral compatibility between the new trivial
(with hole) and the original topological (hole-less) con-
figurations, we modulate their effective mass densities by
endowing the unit cells of both configurations with ad-
ditional holes and we fine tune their relative diameters
until the two BGs have comparable width and align in
the desired interval of the spectrum. The resulting ge-
ometries are shown in Fig. 1(b) in their stitched config-
uration, with the trivial phase featuring hinge holes and
small density-correcting holes on the left of the DW, and
the topological phase featuring intact hinges and large
density-correcting holes on the right. The primitive lat-
tice vectors are denoted as e1 and e2, with e2 aligned
parallel to the DW, forming a 60◦ angle with the hori-
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FIG. 3: (a-f) Dynamical response for six scenarios: (a) 60◦−DW, (b) 90◦−ZGDW, (c) 20◦−ZGDW, (d) 40◦−ZGDW, (e)
60◦−DW with randomly located defects, and (f) internal loop. For each case, the left panel contains eigenfrequencies in the
frequency interval of the shared BG, color-coded to distinguish bulk modes and different types of localized modes, including
DW (with the corresponding frequency indicated), corner, and edge states, with three sample eigenfields shown in the insets.
The right panel depicts snapshots of propagating wavefields (from full-scale transient simulations) induced by a narrow-band
burst force excitation, polarized perpendicularly to the DW. In all cases, the wave is unequivocally localized along the DW.

zontal. The corresponding band diagrams are shown in
Figs. 1(c-d), where we can observe the above-mentioned
band inversion at the Γ point, whereby the fourth band
(highlighted in maroon) appears above and below the
shared BG, respectively. Additionally, we report irre-
ducible representations (irreps) calculated at the high
symmetry points (HSPs) of the Brillouin zone (BZ) fol-
lowing the procedure and notation given in the Bilbao
crystallography server [51–55] based on the recently de-
veloped method of topological quantum chemistry, which
classifies all topological states that are protected by spa-
tial symmetries [56, 57]. The irreps, which encapsulate
the symmetry properties of the eigenmodes at the HSPs,
provide a recipe to qualify the topology of isolated bands.
The two-dimensional (2D) irrep Γ3 and 1D irrep Γ2 un-
dergo band inversion from the case of Figs. 1(c) and 1(d),
resulting in bands 3 and 4 for having now HSP irreps
Γ3 − M1 ⊕ M2 − K1 ⊕ K2 in Fig. 1(d), which implies
these two bands are indeed fragile topological, protected
by C3 symmetry [18, 29].

Having established a DW across which a topological

phase transition occurs, we proceed to ask whether such
DW can be the site of strongly localized modes and
whether such modes enjoy any protection that is at-
tributable to the fragile topology. Here, we consider two
distinct versions of the bi-domain lattice that can be real-
ized by stitching trivial and fragile phases, one featuring
a 60◦−DW and the other 90◦−zigzag DW (ZGDW). For
each, we perform supercell analysis using a dedicated su-
percell. Specifically, the first supercell (Fig. 2(c)) is ob-
tained from the tessellation of a single SSTK unit cell
and intercepts the 60◦−DW already discussed in Fig. 1.
The other (Fig. 2(d)) consists of the tessellation of a mir-
ror symmetric macrocell encompassing two unit cells, and
results in a 90◦−ZGDW globally perpendicular to the su-
percell itself and parallel to the direction of tessellation.
The corresponding supercell band diagrams are shown
in Figs. 2(a-b), respectively. In both configurations, we
identify two relatively flat modes in the BG, which we rec-
ognize, from the mode shapes depicted in Figs. 2(c-d), as
a DW mode and an edge mode, color-coded in blue and
maroon, respectively. The DW mode presents a few pe-
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FIG. 4: (a) Laser vibrometry-acquired experimental transmissibility curve with highlighted attenuation regions reasonably
matching the BG frequencies of the fragile phase spectrum plotted on the left. Insets provide details of the trivial (T) and
fragile (F) unit cells of the water jet-cut specimen. White dashed box denotes a region where response is sampled. Blue
and maroon arrows mark the excitation frequencies for the DW and edge modes activation, respectively. (b-c) Snapshots of
the measured wavefields induced by 30-cycle burst with carrier frequencies corresponding to the DW and edge modes. Force
polarization is indicated by the arrows. Color bar indicates velocity amplitude normalized by the highest value in each frame.

culiarities. First, the availability of DW modes for both
60◦−DW and 90◦−ZGDW (as well as potentially along
any other arbitrary direction, as demonstrated later in
the Letter) represents an increase in versatility compared
to QVHE, where DW modes are not achievable for an-
gles of 90◦ (and equivalently 30◦ and 150◦) (SM.S-2).
Here, the emergence of DW modes for any angle can be
understood from the isotropic nature of the Γ point in
a C3 symmetric system. Moreover, most conventional
topologically protected DW branches span the BG with
quasi-constant finite slopes, denoting modes that propa-
gate at finite velocities for any carrier frequency in the
BG [44, 45]. Here, in contrast, the relatively flat band
results in the ability of the lattice to localize the signal
in space with pronounced persistence over a frequency
subinterval of the BG, while maintaining the response
overall gapped. As for the edge modes, it is worth noting
that they appear only in the fragile phase, where they
display a high decay rate.

The emergence of the DW modes resulting from the
topological phase transition marked by the band inver-
sion between the Γ2 and Γ3 irreps, can be analytically
confirmed using Jackiw-Rebbi (JR) analysis [58]. In
SM.S-2, starting from a k · p Hamiltonian [59] near the
Γ point of the BZ and considering only the bands with
Γ2 and Γ3 irreps, we theoretically prove that DW modes
must emerge between the trivial and fragile phases for
any DW direction. Furthermore, we prove that the DW
mode shapes obtained from the supercell analysis, shown
in Figs. 2(c-d), are indeed caused by the topological phase
transition between the trivial and fragile states by com-
paring them against those obtained from the JR analysis.
It is worthwhile mentioning that, since the 90◦−ZGDW
is mirror symmetric, a DW mode at this interface would

have to be even or odd under the mirror reflection. It
can be seen from Fig. 2(d) that the DW mode has in-
deed odd parity under the mirror- a feature captured by
JR analysis. On the other hand, the 60◦−DW breaks the
mirror symmetry, hence the DW mode does not have a
definite parity, also predicted by the JR analysis.

Next, we evaluate eigenfrequencies and mode shapes
for six finite bi-domain configurations depicted in Fig. 3,
including 60◦−DW (Fig. 3(a)), 90◦−ZGDW (Fig. 3(b)),
20◦−ZGDW (Fig. 3(c)), 40◦−ZGDW (Fig. 3(d)),
60◦−DW with defects (Fig. 3(e)), and loop (Fig. 3(f)). In
the configuration of Fig. 3(e), we randomly select seven
unit cells close to the DW and we fill their central holes
with inclusions, choosing a density ratio ρinc = 0.8ρbulk
to perturb the lattice order. In each of the cases in
Figs. 3(a-e), we report localized states in the BG fre-
quency range: we recognize DW, corner, and edge modes,
and we highlight a few randomly selected ones for each
type by showing the corresponding eigenfunctions. No-
tably, in Figs. 3(a-e), edge and corner modes localize ex-
clusively along the edges of the fragile phase, consistent
with the findings from supercell analysis. Finally, in the
case of Fig. 3(f), we construct a closed DW loop to confine
a parallelogram of fragile phase within a larger domain
of the trivial phase and we perform a similar inference of
the localized modes.

Subsequently, we provide additional evidence of DW
emergence in the considered scenarios via full-scale tran-
sient simulations. Snapshots of computed propagating
wavefields are displayed in the right part of each panel
of Figs. 3(a-f) under a point-force excitation, polarized
perpendicular to the DW, prescribed at the bottom tip
of the DW in the form of a 17-cycle narrow-band tone
burst, with carrier frequency set at ∼12.2 kHz. Notably,
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in all cases, the wavefields exhibit pronounced localiza-
tion along the DW, regardless of the DW orientation and
the presence of defects.

We proceed to validate our theoretical findings through
laser vibrometry experiments performed on a physical
prototype (for detailed information regarding the fabri-
cation, vibrometer specifications, and experimental setup
refer to SM.S-3). The specimen, along with zoomed-in
details of the fragile and trivial unit cells, are displayed in
the insets of Fig. 4(a). Our initial objective is to exper-
imentally determine the BG frequencies. To accomplish
this, we prescribe a broadband pseudorandom vertical
excitation at a bottom edge point of the fragile phase
(marked by a red arrow), we measure the in-plane ver-
tical velocity at scan points inside a sampling region lo-
cated away from the DW and the edges (dashed box in
the inset of Fig. 4(a)), and we normalize the average ve-
locity values with those recorded at the excitation point
to construct a transmissibility curve versus frequency, as
presented in Fig. 4(a) ( See SM.S-4 for analogous curves
obtained via full-scale steady-state simulation). Notably,
the transmissibility reveals three distinct regions of at-
tenuation, highlighted in lighter shades, which align well,
within the expected deviations between model and exper-
iments, with the BGs derived from Bloch analysis. The
region shaded in pink marks the mid-frequency BG of in-
terest, within which we carry out two separate transient
tests to empirically document the emergence of DW and
edge modes. To this end, we excite the bottom tip of
the DW with bursts with carrier frequencies marked by
the blue and maroon arrows in Fig. 4(a). We note that

the frequency discrepancies between model and experi-
ments prevent us from being able to know precisely the
frequency of the localized modes a priori. Similarly, the
transmissibility plot does not carry a sufficient spectral
signature of them that can be leveraged. As a result, the
identification of the carriers requires a heuristic approach
in which we probe the frequency interval expected to be
of interest based on analogy with simulations by con-
ducting a series of tests with varying carriers until we
detect the emergence of the desired modes. Eventually,
we identify 12 kHz and 12.5 kHz as the two frequencies of
interest for the DW and edge modes, respectively. Specif-
ically, if we apply a 30-cycle burst with a frequency of
∼12 kHz, polarized perpendicular to the DW direction,
we generate a wave that propagates along the DW, three
snapshots of which are depicted in Fig.4(b). Similarly,
Fig. 4(c) presents three snapshots of a wave induced by
an excitation with a carrier frequency of ∼12.5 kHz, po-
larized parallel to the DW, which features localization
along the edge (of the fragile phase only, consistent with
the eigenmode prediction). In summary, in all cases we
record strong localization that persists even deep into the
propagation process, before reflections from the opposite
boundary begin to interfere with the incident wave to
form a standing pattern.
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[37] F. N. Ünal, A. Bouhon, and R.-J. Slager, Phys. Rev.
Lett. 125, 053601 (2020).

[38] B. Peng, A. Bouhon, B. Monserrat, and R.-J. Slager,
Nature Communications 13 (2022), 10.1038/s41467-022-
28046-9.

[39] S. Kooi, G. van Miert, and C. Ortix, npj Quantum Ma-
terials 6 (2021), 10.1038/s41535-020-00300-7.

[40] A. Alexandradinata, J. Höller, C. Wang, H. Cheng, and
L. Lu, Phys. Rev. B 102, 115117 (2020).

[41] M. Fruchart, Y. Zhou, and V. Vitelli, Nature 577, 636
(2020).

[42] H. Danawe, H. Li, K. Sun, and S. Tol, Phys. Rev. Lett.
129, 204302 (2022).

[43] E. C. Marino, L. O. Nascimento, V. S. Alves, and C. M.
Smith, Phys. Rev. X 5, 011040 (2015).

[44] R. K. Pal and M. Ruzzene, New Journal of Physics 19,
025001 (2017).

[45] J. Ma, K. Sun, and S. Gonella, Phys. Rev. Appl. 12,
044015 (2019).

[46] T.-W. Liu and F. Semperlotti, Phys. Rev. Appl. 11,
014040 (2019).

[47] K. Qian, D. J. Apigo, C. Prodan, Y. Barlas, and E. Pro-
dan, Phys. Rev. B 98, 155138 (2018).

[48] H. Pan, X. Li, F. Zhang, and S. A. Yang, Phys. Rev. B
92, 041404 (2015).

[49] Y. Chen, X. Liu, and G. Hu, Journal of the Mechanics
and Physics of Solids 122, 54 (2019).

[50] X. Wu, Y. Meng, J. Tian, Y. Huang, H. Xiang,
D. Han, and W. Wen, Nature Communications 8 (2017),
10.1038/s41467-017-01515-2.

[51] M. I. Aroyo, J. M. Perez-Mato, D. Orobengoa, E. Tasci,
G. de la Flor, and A. Kirov, Bulg. Chem. Commun 43,
183 (2011).

[52] M. I. Aroyo, J. M. Perez-Mato, C. Capillas,
E. Kroumova, S. Ivantchev, G. Madariaga, A. Kirov,
and H. Wondratschek, Zeitschrift für Kristallographie-
Crystalline Materials 221, 15 (2006).

[53] M. I. Aroyo, A. Kirov, C. Capillas, J. Perez-Mato, and
H. Wondratschek, Acta Crystallographica Section A:
Foundations of Crystallography 62, 115 (2006).

[54] M. G. Vergniory, L. Elcoro, Z. Wang, J. Cano, C. Felser,
M. I. Aroyo, B. A. Bernevig, and B. Bradlyn, Phys. Rev.
E 96, 023310 (2017).

[55] L. Elcoro, B. Bradlyn, Z. Wang, M. G. Vergniory,
J. Cano, C. Felser, B. A. Bernevig, D. Orobengoa,
G. de la Flor, and M. I. Aroyo, Journal of Applied Crys-
tallography 50, 1457 (2017).

[56] B. Bradlyn, L. Elcoro, J. Cano, M. G. Vergniory,
Z. Wang, C. Felser, M. I. Aroyo, and B. A. Bernevig,
Nature 547, 298 (2017).

[57] J. Cano, B. Bradlyn, Z. Wang, L. Elcoro, M. G.
Vergniory, C. Felser, M. I. Aroyo, and B. A. Bernevig,
Phys. Rev. B 97, 035139 (2018).

[58] R. Jackiw and C. Rebbi, Phys. Rev. D 13, 3398 (1976).
[59] M. Dresselhaus, G. Dresselhaus, and A. Jorio, Group

Theory: Application to the Physics of Condensed Matter
(Springer Berlin Heidelberg, 2007)

Supplemental Material

S-1. DESIGN PROCESS FOR DERIVING TRIVIAL AND FRAGILE PHASES FROM THE
STRUCTURAL SELF-DUAL TWISTED KAGOME (SSTK) BASELINE AND TOPOLOGICAL PHONON

BAND INVERSION

In this section, we report the design thought process involved in deriving two spectrally compatible unit cells
featuring distinct topological character. The starting point for this derivation is the SSTK baseline configuration
presented in [18], which is characterized by fragile bands. Sequential steps of the design process are depicted in
Fig. S5. The upper row of the figure illustrates several iterations that lead to the finalization of the desired trivial unit
cell, featuring a bean-shaped hole at the hinge and inertia-correcting holes at the center of the unit cell. The inset in
each step magnifies the details of the cut patterns at the hinge. The lower row displays the modified SSTK baseline
configuration endowed with central inertia-correcting holes leading calibrated to yield a mid-frequency bandgap (BG)
in the same frequency range of the trivial unit cell.

Additionally, we illustrate the evolution of the band diagram near the Γ point for each design step, organized from
the trivial phase to the fragile configuration in Fig. S6. The dispersion curves reveal phonon band inversion of the
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SSTK Baseline

Fragile Configuration

Trivial Configuration

In both cases, we also play with the triangle size, hinge thickness, and central holes diameters

Hinge Softening Circular Hole Elliptical Hole Elliptical and Circular Holes

(Not Practical, 
Trivial but Small BG)   

(Still Fragile) (Phase Transition Point-
No BG)

(Not Practical, 
Trivial but Small BG)

Bean-shaped Hole at Hinge
+ Central Hole

(Practical, 
Trivial with Desired Interval of BG)

(Practical, 
Fragile with Desired Interval of BG)

Central Hole

Bean-shaped Hole

(Practical, 
Trivial but Different BG Interval)

FIG. S5: Unit cell of SSTK baseline configuration, along with the details of several design iterations considered to derive two
spectrally compatible unit cells featuring trivial (top row) and fragile (bottom row) states. In each step, any cut patterns at
the hinge, if applicable, are magnified in the inset. Practical and not practical refer to configurations that can and cannot be
realized via conventional fabrication methods available to us, respectively.

fourth mode (highlighted in maroon) during the transition from trivial to fragile states. Notably, the BG closes at
the configuration where an elliptical hole is introduced at the hinge.
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14

16

ΓΓΓΓΓΓ

10
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14

16

𝚪

Trivial FragilePhase Transition

Shift Up the BG

Circular Hole at HingeElliptical Hole at HingeElliptical and Circular Holes at HingeBean-shaped Hole at Hinge Central HoleBean-shaped Hole at Hinge
+ Central Hole

SSTK Baseline

Starting Point
Shift Down the BG

FIG. S6: Topological phase transition diagram of SSTK unit cells with various cut patterns. The corresponding band diagrams
near Γ are shown for each step, with magnified insets depicting any cut patterns at the hinge if applicable. The fourth band
(highlighted in maroon) undergoes band inversion during the transition.

S-2. k · p HAMILTONIAN AND JACKIW-REBBI (JR) ANALYSIS OF THE DOMAIN WALL (DW)
MODE

In the main text, we mention that the band inversion between the 2-fold degenerate Γ3 (2D irreducible representa-
tion, bands 4-5 in Fig. 1(c)) and the singly degenerate Γ2 (1D irreducible representation, band 3 in Fig. 1(c)) bands
from the trivial phase give rise to the fragile set of bands (bands 3-4 in Fig. 1(d)) in the fragile phase (see also [18]
for more details). Here, using JR analysis [58], we show the existence of exponentially localized DW modes for any
arbitrary oriented DW, including 60◦−DW and 90◦−zigzag DW (ZGDW) between the trivial and the fragile phases
due to the band inversion.



8

A. The k · p Hamiltonian

To begin, recall that the eigenmodes we consider are the eigenmodes of the Navier-Cauchy equation (∇(λ+ µ)∇ ·
+∇·µ∇)u(r) = −ρω2u(r), where λ and µ are the Lamé coefficients of the elastic material, ρ is density, ∇ = x̂∂x+ŷ∂y
is the spatial gradient operator, and (·) stands for the dot product of vectors. For a periodic system (system with
discrete translation symmetry), due to Bloch’s theorem the eigenmodes u(r) are of the form uk(r) = ũk(r)e

ik·r, where
ũk(r) is a periodic funciton and k is the wave-vector. Plugging this ansatz into the Navier-Cauchy equation, we get

the effective equation H(k)ũk(r) ≡ −((∇+ ik)λ+µ
ρ (∇+ ik) ·+(∇+ ik) · µ

ρ (∇+ ik))ũk(r) = ω2
kũk(r), where H(k)

is the Hamiltonian operator (H(k) is a Hermitian operator). The band structure is the plot of eigenvalues ωk as a
function of k.

Trivial

Fragile

Γ2 Γ3 Γ3

Band 3

Band 7

Bands 4 and 5

Bands 3 and 4

Mirror OddMirror Even

Mirror OddMirror Even
Unit cell

Unit cell

FIG. S7: Wigner-Seitz unit cells of the trivial and fragile states along with the mode shapes correspond to Γ2 and Γ3 represen-
tations. The modes in the first Γ3 column are even (px-type) under horizontal mirror M̂y, whereas the modes in the second Γ3

column are odd (py type) under M̂y.

Next, we note that the point group symmetry of the system, C3v, consists of three fold (120◦) rotation operation Ĉ3

(the 240◦ rotation is Ĉ2
3 ) and mirror M̂y which flips the y-coordinate y → −y (the other two mirrors are Ĉ3M̂yĈ

−1
3 ,

Ĉ2
3M̂yĈ

−2
3 ). The Γ3 modes ũ

(3)
1 (r) and ũ

(3)
2 (r) transform like components of a 2D vector (or px-py orbitals) under Ĉ3

and M̂y (see Fig. S7)

(Ĉ3ũ
(3)
1 )(r) ≡ R(2π/3)ũ

(3)
1 (R−1(2π/3)r) = +cos(2π/3)ũ

(3)
1 (r) + sin(2π/3)ũ

(3)
2 (r) = −1

2
ũ
(3)
1 (r) +

√
3

2
ũ
(3)
2 (r),

(Ĉ3ũ
(3)
2 )(r) ≡ R(2π/3)ũ

(3)
2 (R−1(2π/3)r) = − sin(2π/3)ũ

(3)
1 (r) + cos(2π/3)ũ

(3)
2 (r) = −

√
3

2
ũ
(3)
1 (r)− 1

2
ũ
(3)
2 (r),

(M̂yũ
(3)
1 )(r) ≡ σzũ

(3)
1 (σ−1

z r) = ũ
(3)
1 (r),

(M̂yũ
(3)
2 )(r) ≡ σzũ

(3)
2 (σ−1

z r) = −ũ
(3)
2 (r), (S1)

where R(2π/3) is the rotation matrix that rotates a vector by angle 2π/3, σz = Diag{1,−1} is the Pauli matrix which
flips the sign of y component of a vector. On the other hand, the mode ũ(2)(r) corresponds to Γ2 representation is

odd under all mirrors, but remains invariant under Ĉ3 (see Fig. S7)

(Ĉ3ũ
(2))(r) ≡ R(2π/3)ũ(2)(R−1(2π/3)r) = ũ(2)(r),

(M̂yũ
(2))(r) ≡ σzũ

(2)(σ−1
z r) = −ũ(2)(r).

(S2)

These equations can be succinctly written as

{(Ĉ3ũ
(3)
1 ), (Ĉ3ũ

(3)
2 ), (Ĉ3ũ

(2))}(r) = {ũ(3)
1 , ũ

(3)
2 , ũ(2)}(r)ρ(Ĉ3), where ρ(Ĉ3) =

− 1
2 −

√
3
2 0√

3
2 − 1

2 0
0 0 1

 ,

{(M̂yũ
(3)
1 ), (M̂yũ

(3)
2 ), (M̂yũ

(2))}(r) = {ũ(3)
1 , ũ

(3)
2 , ũ(2)}(r)ρ(M̂y), where ρ(M̂y) =

1 0 0
0 −1 0
0 0 −1

 .

(S3)
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The matrices ρ(Ĉ3) and ρ(M̂y) are called the representation matrices of the corresponding symmetries. Furthermore,
the complex conjugate of the Hamiltonian H(k) at k is the Hamiltonian at −k: H∗(k) = H(−k). Hence, ω2

kũ
∗
k(r) =

(ω2
k)

∗ũ∗
k(r) = H∗(k)ũ∗

k(r) = H(−k)ũ∗
k(r) (we use the fact that the eigenfrequencies are real: ωk = ω∗

k), which implies
ũ−k(r) ∝ ũ∗

k(r). From this, it is easy to see that at Γ point (k = 0), the eigenfunctions can be chosen as real. Hence,
we take

{(ũ(3)
1 )∗, (ũ

(3)
2 )∗, (ũ(2))∗}(r) = {ũ(3)

1 , ũ
(3)
2 , ũ(2)}(r). (S4)

To do an effective analysis near the Γ point (k = 0) including just the three bands, we do a projection of the full
Hamiltonian H(k) onto the three bands of importance. The projected Hamiltonian h(k) has the form

hαβ(k) = ⟨ũα|H(k)|ũβ⟩, where ũα(r) ∈ {ũ(3)
1 (r), ũ

(3)
2 (r), ũ(2)(r)}

=

∫
unit cell

d2r ũ∗
α(r) ·H(k)ũβ(r)

=

∫
unit cell

d2r ũ∗
α(r) · (−(∇+ ik)

λ

ρ
(∇+ ik) · −(∇+ ik) · µ

ρ
(∇+ ik))ũβ(r)

=

∫
unit cell

d2r
λ+ µ

ρ
((∇+ ik) · ũα(r))

∗(∇+ ik) · ũβ(r) +
µ

ρ
((∇+ ik)ũα(r))

∗ : (∇+ ik)ũβ(r)

where ((∇+ ik)ũα(r))
∗ : (∇+ ik)ũβ(r) =

∑
i,j∈{x,y}

((∂i + iki)ũα,j(r))
∗(∂i + iki)ũβ,j(r),

(S5)

where from third to fourth line, we use integration by parts; since the functions uα(k) are periodic, the boundary
terms in by parts integration are zero. Note that at k = 0, the projected Hamiltonian h(k = 0) is a diagonal matrix
with diagonal entries being the squares of the eigenfrequencies of the three modes: h(k = 0) = Diag{ω2

Γ3
, ω2

Γ3
, ω2

Γ2
}.

Due to Ĉ3, the projected Hamiltonian satisfies the following identity

hαβ(R(2π/3)k)

=

∫
unit cell

d2r
λ+ µ

ρ
((∇+ iR(2π/3)k) · ũα(r))

∗(∇+ iR(2π/3)k) · ũβ(r)

+
µ

ρ
((∇+ iR(2π/3)k)ũα(r))

∗ : (∇+ iR(2π/3)k)ũβ(r)

=

∫
unit cell

d2r
λ+ µ

ρ
((R(2π/3)(R−1(2π/3)∇+ ik)) · ũα(r))

∗(R(2π/3)(R−1(2π/3)∇+ ik)) · ũβ(r)

+
µ

ρ
((R(2π/3)(R−1(2π/3)∇+ ik))ũα(r))

∗ : (R(2π/3)(R−1(2π/3)∇+ ik))ũβ(r)

=

∫
unit cell

d2r
λ+ µ

ρ
((R−1(2π/3)∇+ ik) ·R−1(2π/3)ũα(r))

∗(R−1(2π/3)∇+ ik) ·R−1(2π/3)ũβ(r)

+
µ

ρ
((R−1(2π/3)∇+ ik)R−1(2π/3)ũα(r))

∗ : (R−1(2π/3)∇+ ik)R−1(2π/3)ũβ(r)

=

∫
unit cell

d2r′
λ+ µ

ρ
((∇′ + ik) ·R−1(2π/3)ũα(R(2π/3)r′))∗(∇′ + ik) ·R−1(2π/3)ũβ(R(2π/3)r′)

+
µ

ρ
((∇+ ik)R−1(2π/3)ũα(R(2π/3)r′))∗ : (∇+ ik)R−1(2π/3)ũβ(R(2π/3)r′) with r′ = R−1(2π/3)r

=

∫
unit cell

d2r′
λ+ µ

ρ
((∇′ + ik) ·

∑
γ

ũγ(r
′)(ρ−1(Ĉ3))γα)

∗(∇′ + ik) ·
∑
δ

ũδ(r
′)(ρ−1(Ĉ3))δβ

+
µ

ρ
((∇′ + ik)

∑
γ

ũγ(r
′)(ρ−1(Ĉ3))γα)

∗ : (∇′ + ik)
∑
δ

ũδ(r
′)(ρ−1(Ĉ3))δβ using Eq. (S3)

=

∫
unit cell

d2r′
λ+ µ

ρ
((∇′ + ik) ·

∑
γ

ũγ(r
′)(ρT (Ĉ3))γα)

∗(∇′ + ik) ·
∑
δ

ũδ(r
′)(ρT (Ĉ3))δβ

+
µ

ρ
((∇′ + ik)

∑
γ

ũγ(r
′)(ρT (Ĉ3))γα)

∗ : (∇′ + ik)
∑
δ

ũδ(r
′)(ρT (Ĉ3))δβ since ρ−1(Ĉ3) = ρT (Ĉ3)

=

∫
unit cell

d2r′
λ+ µ

ρ
((∇′ + ik) ·

∑
γ

ũγ(r
′)ρ(Ĉ3)αγ)

∗(∇′ + ik) ·
∑
δ

ũδ(r
′)(ρT (Ĉ3))δβ
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+
µ

ρ
((∇′ + ik)

∑
γ

ũγ(r
′)ρ(Ĉ3)αγ)

∗ : (∇′ + ik)
∑
δ

ũδ(r
′)(ρT (Ĉ3))δβ

=
∑
γ,δ

ρ(Ĉ3)αγ

[ ∫
unit cell

d2r′
λ+ µ

ρ
((∇′ + ik) · ũγ(r

′))∗(∇′ + ik) · ũδ(r
′)

+
µ

ρ
((∇′ + ik)ũγ(r

′))∗ : (∇′ + ik)ũδ(r
′)
]
(ρT (Ĉ3))δβ ,

=
∑
γ,δ

ρ(Ĉ3)αγhγδ(k)(ρ
T (Ĉ3))δβ

⇒h(R(2π/3)k) = ρ(Ĉ3)h(k)ρ
T (Ĉ3). (S6)

A similar calculation using M̂y shows

h(σzk) = ρ(M̂y)h(k)ρ
T (M̂y). (S7)

Furthermore, using the fact that H∗(k) = H(−k), it can be seen that

h∗(k) = h(−k). (S8)

Together, the projected Hamiltonian satisfies the following properties

h(R(2π/3)k) = ρ(Ĉ3)h(k)ρ
T (Ĉ3),

h(σzk) = ρ(M̂y)h(k)ρ
T (M̂y),

h∗(k) = h(−k).

(S9)
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f 
(k

H
z)

DW modes

FIG. S8: (a) Bands of the k · p Hamiltonian in Eq. (S10) for m > 0 (trivial phase), m = 0 (phase transition point), m < 0
(fragile phase). (b) DWs are described by changing the sign of “mass” m; the upper panel describes the 0◦−DW, the middle
panel describes the 90◦−ZGDW, and the lower panel shows the arbitrary oriented DW. (c) Precise DW mode frequencies of
the scenarios considered in Fig. 3 of the main text. (d) Difference with the DW from QVHE.

Since we are only interested in the behavior near Γ point (k = 0), we can expand the matrix h(k) in Taylor series
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in k. We can write down the most general form of h(k) that satisfies Eq. (S9) up to a linear order in k

h(k) =

ω2
Γ3

0 0
0 ω2

Γ3
0

0 0 ω2
Γ2

+

 0 0 −iaky
0 0 iakx

iaky −iakx 0

+O(k2)

=
2ω2

Γ3
+ ω2

Γ2

3

1 0 0
0 1 0
0 0 1

+

 m 0 −iaky
0 m iakx

iaky −iakx −2m

+O(k2), with m =
ω2
Γ3

− ω2
Γ2

3
,

(S10)

without going through the actual computation outlined in Eq. (S5). (In the above equation, a is a real constant.)
This small k expansion of the projected Hamiltonian h(k) is known as k ·p Hamiltonian [59]. In the above expression
for the k · p Hamiltonian, the term proportional to the identity matrix 1 shifts the eigenvalues just by a constant
amount, but does not affect the structure of the bands or the topology, so we drop it from now on; this shifts the
BG between the Γ3 and Γ2 bands to around ω2 = 0. The eigenvalues of h(k) are 2m, ±

√
9m2 + a2k2 −m (where

we define k2 = k2x + k2y). Note that the eigenvalues are isotropic in k due to Ĉ3 symmetry. These eigenvalues are
plotted in Fig. S8(a) for small k for m > 0, m = 0, and m < 0. Clearly, for m > 0, the bands look like bands 3-5
in Fig. 1(c) of the main text (trivial phase), whereas for m < 0, they resemble bands 3, 4, 7 in Fig. 1(d) of the main
text (fragile phase). The band inversion between Γ3 and Γ2 from trivial to fragile phase is simply captured by the
“mass” m going from m > 0 to m < 0, with m = 0 marking the phase transition point. This also justifies why we
only keep up to a linear order in k in the k · p; the order k2 terms only change the curvature of the bands, but do
not change the essential physics of the band inversion. Another important point to note here is that in principle, one
would still have to go through the calculation in Eq. (S5) explicitly to obtain the value of a; however, below we show
that the existence of DW mode does not depend on the value of a, only its form and decay length depends on the
specific value of a. Hence, to prove the existence of the DW mode, the value of a is not important.

B. JR analysis of the DW mode

Using the k · p Hamiltonian derived in the previous section, we show the existence of the DW mode, 60◦−DW,
90◦−ZGDW as well as any generic angle θ below.

1. 60◦( or equivalent 0◦ and 120◦) DW

The 60◦−DW we consider in the main text is equivalent to a DW that is horizontal (parallel to x-axis), due to Ĉ3

symmetry. In the analysis below, we first use a horizontal DW for simplicity of the calculation, then rotate it by 60◦

to show the plots we obtain using JR analysis.

Within effective theory, a DW along y = 0 between the two phases can be created by changing the sign of the
“mass” m at y = 0, as shown in Fig. S8(b) upper panel; this would describe a DW with fragile (trivial) phase below
(above) y = 0. Creating a DW (making m dependent on y) breaks translation symmetry in y-direction; hence we
replace ky → −i∂y in the Hamiltonian

h(kx, y) =

m(y) 0 −a∂y
0 m(y) iakx
a∂y −iakx −2m(y)

 = −iaλ3∂y − akxλ7 +
√
3m(y)λ8, (S11)

where λi are the well-known Gell-Mann matrices with

λ3 =

0 0 −i
0 0 0
i 0 0

 , λ7 =

0 0 0
0 0 −i
0 i 0

 , λ8 =
1√
3

1 0 0
0 1 0
0 0 −2

 . (S12)

We want an eigenstate of h(kx, y) in the bulk gap. We start by setting kx = 0, and find the effect of kx later. Then,
we want a three component vector Ψ(y) = {ψ1(y), ψ2(y), ψ3(y)}, which satisfies h(kx = 0, y)Ψ(y) = 0. Notice the
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(e)

(c)

TopologicalTrivial

JR Theory(b)

TopologicalTrivial

TopologicalTrivial

Supercell Analysis [9𝟎° − ZGDW]

(d)

Supercell Analysis [𝟔𝟎° −DW]

≡

(a)

≡

Trivial Topological

(f) JR Theory

≡≡

Mirror odd

FIG. S9: Comparison between DW modes obtained from finite element analysis and JR analysis for (a-c) 60◦−DW and (d-f)
90◦−ZGDW. Panels (a) and (d) are the DW modes from finite elements (same as the ones in Figs. 2(c-d) of the main text).
Panels (b) and (e) are respectively the zoomed in representations of (a) and (d) at the DW. Panels (c) and (f) are obtained
from JR analysis showing a close agreement with (b) and (e).

following

h(kx = 0, y)Ψ(y) = 0

⇒(−iaλ3∂y +
√
3m(y)λ8)Ψ(y) = 0

⇒λ−1
8 (−iaλ3∂y +

√
3m(y)λ8)Ψ(y) = 0

⇒

m(y) 0 −a∂y
0 m(y) 0

−a
2∂y 0 m(y)

Ψ(y) = 0.

(S13)

For a = ±|a|, choosing Ψ(y) = f(y){1, 0,∓ 1√
2
} simplifies the vector equation above into a scalar equation

(− a√
2
∂y ∓m(y))f(y) = 0 ⇒ f(y) = c0e

∓
√

2
a

∫ y
0

dy′m(y′) = c0e
−

√
2

|a|
∫ y
0

dy′m(y′) ⇒ Ψ(y) = c0e
−

√
2

|a|
∫ y
0

dy′m(y′)

 1
0

∓ 1√
2

 .

(S14)
Hence, we find a solution to h(kx = 0, y)Ψ(y) = 0 that is exponentially localized at the DW (regardless of the value of

a). Then recalling the fact that h(k) is written in the basis {ũ(3)
1 (r), ũ

(3)
2 (r), ũ(2)(r)}, the DW mode in real space has

the form uDW(kx = 0, r) = c0e
−

√
2

|a|
∫ y
0

dy′m(y′)(ũ
(3)
1 (r) ∓ 1√

2
ũ(2)(r)) for a = ±|a|. Now we can use the eigenfunctions

correspond to Γ3 and Γ2 representations obtained from finite element analysis of a single unit cell (shown in Fig. S7)
to construct uDW(kx = 0, r). In Figs. S9(b-c), we compare the DW mode (kx = 0) obtained from finite element
simulation with the mode obtained from JR analysis above. Note that since we do not know the value of a, we are

plotting ũ
(3)
1 (r)∓ 1√

2
ũ(2)(r) in Fig. S9(c). Furthermore, since the expression ũ

(3)
1 (r)∓ 1√

2
ũ(2)(r) is dependent on the

sign of a (which is unknown a priori), we check both the functions, and in Fig. S9(c) we plot the one (that corresponds
to + sign of a) that is similar to the DW mode obtained from finite elements. Clearly, the mode shape in Fig. S9(c) is
very close to Fig. S9(b) which confirms that the DW modes from the simulation are indeed the same as the JR mode,
in other words the existence of the DW mode is due to the band inversion between the trivial and fragile phases.
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Next, we comment on nonzero kx DW mode. Due to the continuity of eigenvalues as a function of kx, for a small
nonzero kx there would still be a DW mode since the eigenvalue cannot change abruptly for a small kx. We can try
to understand the dependence of the eigenvalue as a function of kx perturbatively for small |kx|. To the linear order
in kx, the change in the eigenvalue from kx = 0 eigenvalue is

EDW(kx) = ⟨Ψ(y)| − akxλ7 +O(k2x)|Ψ(y)⟩ = 0 +O(k2x). (S15)

Therefore, the dispersion of the DW mode near kx = 0 is at least of quadratic order. This has to be true since if
there was a linear dispersion at kx = 0 for a single DW mode, that would make the DW mode, chiral (like Chern
insulators), which would break the time reversal symmetry.

2. 90◦( or equivalent 30◦ and 150◦) ZGDW

The 90◦−ZGDW is along the y direction, we can take it to be at x = 0. Within effective theory, a DW along x = 0
between the two phases can be created by changing the sign of the “mass” m at x = 0, as shown in Fig. S8(b) middle
panel; this would describe a DW with fragile (trivial) phase at x > 0 (x < 0). The rest of the analysis is the same as
that for the 60◦−DW. Creating a DW (making m dependent on x) breaks translation symmetry in x-direction; hence
we replace kx → −i∂x in the Hamiltonian

h(x, ky) =

m(x) 0 −iaky
0 m(x) a∂x

iaky −a∂x −2m(x)

 = aλ3ky + iaλ7∂x +
√
3m(x)λ8. (S16)

We want an eigenstate of h(x, ky) in the bulk gap. We start by setting ky = 0, and find the effect of ky later. Then,
we want a three component vector Ψ(x) = {ψ1(x), ψ2(x), ψ3(x)}, which satisfies h(x, ky = 0)Ψ(x) = 0. Notice the
following

h(x, ky = 0)Ψ(x) = 0

⇒(iaλ7∂x +
√
3m(x)λ8)Ψ(x) = 0

⇒λ−1
8 (iaλ7∂x +

√
3m(x)λ8)Ψ(x) = 0

⇒

m(x) 0 0
0 m(x) a∂x
0 a

2∂x m(x)

Ψ(x) = 0.

(S17)

For a = ±|a|, choosing Ψ(x) = f(x){0, 1,∓ 1√
2
} simplifies the vector equation above into a scalar equation

(
a√
2
∂x∓m(x))f(x) = 0 ⇒ f(x) = c0e

±
√

2
a

∫ x
0

dx′m(x′) = c0e
√

2
|a|

∫ x
0

dx′m(x′) ⇒ Ψ(x) = c0e
√

2
|a|

∫ x
0

dx′m(x′)

 0
1

∓ 1√
2

 . (S18)

Hence, we find a solution to h(x, ky = 0)Ψ(x) = 0 that is exponentially localized at the DW (regardless of the value of

a). Then recalling the fact that h(k) is written in the basis {ũ(3)
1 (r), ũ

(3)
2 (r), ũ(2)(r)}, the DW mode in real space has

the form uDW(ky = 0, r) = c0e
√

2
|a|

∫ x
0

dx′m(x′)(ũ
(3)
2 (r) ∓ 1√

2
ũ(2)(r)) for a = ±|a|. Now, we can use the eigenfunctions

correspond to Γ3 and Γ2 representations obtained from finite element analysis of a single unit cell (shown in Fig. S7)
to construct uDW(kx = 0, r). In Figs. S9(e-f), we compare the DW mode (ky = 0) obtained from finite element
simulation with the mode obtained from JR analysis above. Note that since we do not know the value of a, we plot

ũ
(3)
2 (r) ∓ 1√

2
ũ(2)(r) in Fig. S9(f). Furthermore, since the expression ũ

(3)
2 (r) ∓ 1√

2
ũ(2)(r) depends on the sign of a

(which is unknown a priori), we check both the functions, and in Fig. S9(f) we plot the one (that corresponds to +
sign of a) that is similar to the DW mode obtained from finite elements. Clearly, the mode shape in Fig. S9(f) is very
close to Fig. S9(e) which confirms that the DW modes from the simulation are indeed the same as the JR mode. In
other words, the existence of the DW mode is due to the band inversion between the trivial and fragile phases. It is

worthwhile to mention that since both ũ
(3)
2 and ũ(2) are odd under the mirror M̂y, the DW mode from JR analysis

is odd under the mirror M̂y (note that the 90◦−ZGDW is mirror M̂y symmetric as shown in Figs. S9(e-f), unlike the
60◦−DW which breaks the mirror symmetry); this prediction from JR analysis also matches with the finite element
analysis result.
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Next we comment on nonzero ky DW mode. Due to the continuity of eigenvalues as a function of ky, for a small
nonzero ky there would still be a DW mode since the eigenvalue cannot change abruptly for small ky. We can try to
understand the dependence of the eigenvalue as a function of ky perturbatively for small |ky|. To the linear order in
ky, the change in the eigenvalue from ky = 0 eigenvalue is

EDW(ky) = ⟨Ψ(x)|akyλ3 +O(k2y)|Ψ(x)⟩ = 0 +O(k2y). (S19)

Therefore, the dispersion of the DW mode near ky = 0 is at least of quadratic order. This has to be true since if
there was a linear dispersion at ky = 0 for a single DW mode, that would make the DW mode, chiral (like Chern
insulators), which would break the time reversal symmetry.

3. Generalization to an arbitrary oriented DW

Notice that the derivations for above two angles are very similar. Here we show that a similar analysis can be
done for a DW at any angle θ along the line y = x tan θ. To do this, we rotate the coordinate system to new
coordinates (x′, y′) such that x′ is along the line y = x tan θ. In other words, we choose x = x′ cos θ − y′ sin θ and
y = x′ sin θ + y′ cos θ. In this new coordinate system the DW is along the line y′ = 0. Accordingly h(k) becomes

h(k) =
2ω2

Γ3
+ ω2

Γ2

3

1 0 0
0 1 0
0 0 1

+

 m 0 −ia(kx′ sin θ + ky′ cos θ)
0 m ia(kx′ cos θ − ky′ sin θ)

ia(kx′ sin θ + ky′ cos θ) −ia(kx′ cos θ − ky′ sin θ) −2m

+O(k2)

(S20)
The rest of the analysis follows the same arguments as that for the 60◦-DW. Within effective theory, a DW along
y′ = 0 between the two phases can be created by changing the sign of the “mass” m at y′ = 0, as shown in Fig. S8(b)
lower panel; this would describe a DW with fragile (trivial) phase below (above) y′ = 0. Creating a DW (making m
dependent on y′) breaks translation symmetry in y′-direction; hence we replace ky′ → −i∂y′ in the Hamiltonian (and
omitting the trivial term proportional to identity)

h(kx′ , y′) =

 m(y′) 0 −iakx′ sin θ − a cos θ∂y′

0 m(y′) iakx′ cos θ − a sin θ∂y′

iakx′ sin θ + a cos θ∂y′ −iakx′ cos θ + a sin θ∂y′ −2m(y′)

 . (S21)

We want an eigenstate of h(kx′ , y′) in the bulk gap. We start by setting kx′ = 0, and find the effect of kx′ later. Then,
we want a three component vector Ψ(y′) = {ψ1(y

′), ψ2(y
′), ψ3(y

′)}, which satisfies h(kx′ = 0, y′)Ψ(y′) = 0. Notice
the following

h(kx′ = 0, y′)Ψ(y′) = 0

⇒λ−1
8 h(kx′ = 0, y′)Ψ(y′) = 0

⇒

 m(y′) 0 −a cos θ∂y′

0 m(y′) −a sin θ∂y′

−a
2 cos θ∂y′ −a

2 sin θ∂y′ m(y′)

Ψ(y′) = 0.

(S22)

For a = ±|a|, choosing Ψ(y′) = f(y′){cos θ, sin θ,∓ 1√
2
} simplifies the vector equation above into a scalar equation

(− a√
2
∂y′∓m(y′))f(y′) = 0 ⇒ f(y′) = c0e

∓
√

2
a

∫ y′
0

dy′′m(y′′) = c0e
−

√
2

|a|
∫ y′
0

dy′′m(y′′) ⇒ Ψ(y′) = c0e
−

√
2

|a|
∫ y′
0

dy′′m(y′′)

cos θ
sin θ
∓ 1√

2

 .

(S23)
Hence, we find a solution to h(kx′ = 0, y′)Ψ(y′) = 0 that is exponentially localized at the DW (regardless of the value
of a). For nonzero kx′ , a similar analysis as the two previous subsections can be done. We also list the precise DW
mode frequencies of the scenarios considered in Fig. 3 of the main text in Fig. S8(c), emphasizing that despite the
slight variability between the exact frequencies, they display substantial stability within the identified range for the
considered scenarios, even though the sizes of the finite bi-domain configurations differ between cases.

4. Difference with Quantum Valley Hall Effect (QVHE)

Our system is reminiscent of QVHE, where DW modes also arise. However there is an important difference. In
QVHE, DW modes cannot appear when the DW is along either of the angles 30◦, 90◦ and 150◦ from one of the lattice
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vectors. This can be understood as follows. In systems with 3-fold rotation symmetry and broken 2-fold rotation
symmetry, the Dirac cones at K and K ′ points gap out. However, these gapped bands have concentration of Berry
curvature at K and K ′ points since they originate from the Dirac cone which has a topological winding. Furthermore,
the Berry curvatures at K and K ′ are equal in magnitude and opposite in sign due to time reversal symmetry of the
system. Now, when we create a DW, the Berry curvature concentrations at K and K ′ points result in the DW modes.
However, when the DW is at the particular angles 30◦, 90◦ and 150◦ from the lattice vectors, K and K ′ points project
onto the same point in the 1D DW Brillouin zone (BZ) as shown in Fig. S8(d). Since K and K ′ points have opposite
Berry curvatures, the total Berry curvature is zero at the projected point, hence there is no DW mode at these angles.

The argument above also elucidates why the DW mode in our system is present for any angle. The DW mode in
our system originates from a band inversion at the Γ point. Unlike K and K ′ points which are time reversal partners
with opposite Berry curvature, there is only one Γ point in the BZ. Hence, we do not need to worry about points with
opposite Berry curvature projecting to the same point in the 1D DW BZ. This is why the DW mode in our system
is present for any angle of DW.

Another way of seeing that the DW originating from Γ point band inversion must be omni-directional is the fact
that the Γ point is isotropic due to the 3-fold rotation symmetry.

S-3. MATERIAL PROPERTIES, GEOMETRICAL DETAILS OF THE SPECIMEN AND
EXPERIMENTAL SETUP

After finding a compatible pair of SSTK unit cells with distinct topological nature, one trivial and the other fragile,
we design a finite element model of the stitched domain forming a 60◦−DW. The finite bi-domain configuration
consists of two parallelograms of trivial and fragile states stitched together, discretized with a mesh of plane-stress
quadrilateral isoparametric elements, with appropriate mesh refinement surrounding the holes. The model is designed
using SOLIDWORKS and is exported as a “.SLDPRT” file for the manufacturing process. Fig. S10(a) shows the
geometry of the manufactured specimen obtained via water-jet cutting from a 2-mm thick sheet of Aluminum, along
with the trivial and fragile unit cells. The inset provides further details of the lengths of the sides of the triangles, the
hinge thicknesses, central holes radii, and other geometric specifications for the bean-shaped hole at the hinge of the
trivial state. The material properties of Aluminum are: Young’s modulus E = 71 GPa, Poisson’s ratio ν = 0.33 and
density ρ = 2700 kg/m3. The experimental setup is depicted in Fig. S10(b), which shows the specimen constrained
via boundary supports and the heads of the 3D Scanning Laser Doppler Vibrometer (SLDV) employed to measure
in-plane velocity. We apply excitation by an electromechanical shaker (Brüel & Kjær Type 4810) with an amplifier
(Brüel & Kjær Type 2718). In-plane velocity is measured at three scan points per triangle. Retro-reflective tape is
applied at the scan points to increase the reflectivity and reduce noise in the data.

Trivial State Fragile State

(a)

(b)

FIG. S10: (a) Manufactured specimen featuring trivial and fragile states on the left and right side of the DW, respectively,
with details of the unit cells geometry in the insets. All unit lengths are in mm. (b) Experimental setup for 3D SLDV testing
of the prototype.
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S-4. FULL-SCALE STEADY-STATE SIMULATION TRANSMISSIBILITY CURVE
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FIG. S11: Transmissibility curve obtained from simulations, highlighting the mid-frequency BG region in pink for three cases:
60◦−DW, 60◦−DW with defects, and 30◦−ZGDW. The inset zooms in on transmissibility within the BG frequency interval,
with selected eigenfields marked by diamond symbols corresponding to DW modes in each configuration.

We conduct full-scale steady-state simulations under sustained harmonic excitation for three cases: 60◦−DW,
60◦−DW with defects, and 30◦−ZGDW. To ensure a fair comparison, we modify the configuration of the 90◦−ZGDW
presented in the main text, adjusting it to have the same number of unit cells in both the fragile and trivial parts as the
other two configurations. Additionally, we consider a DW inclination of 30◦, which is equivalent to the 90◦−ZGDW
presented in the main text as justified in earlier sections, for a more similar finite domain configuration. In each
configuration, harmonic excitation is applied at the bottom edge of the model, at the end of the DW, using a force
polarized perpendicular to the DW. To create a transmissibility curve, we normalize the displacement magnitude
sampled at a point midway along the DW by the magnitude of displacement at the loaded point. The resulting curve,
depicted in Fig. S11, exhibits an attenuation region (highlighted in pink) within a frequency interval corresponding
to the shared BG from the band diagram. We also provide illustrations of three eigenstates, each corresponding to
one of the DW modes in each configuration. In the plots, we mark the input and output points with a star and a dot,
respectively. The curves reveal slight differences in the transmission spectrum between the cases, particularly in the
BG region. However, in each case, there are frequencies where a high transmission rate is observed along the DW,
evident in the curve and mode shapes provided.
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