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ABSTRACT

The detection of orbital eccentricity for a binary black hole system via gravitational waves is a key
signature to distinguish between the possible binary origins. The identification of eccentricity has been
difficult so far due to the limited availability of eccentric gravitational waveforms over the full range
of black hole masses and eccentricities. Here we evaluate the eccentricity of five black hole mergers

detected by the LIGO and Virgo observatories for the first time using the TEOBResumSGeneral model.
This model accounts for the full eccentricity range possible and incorporates higher-order gravitational
wave modes critical to model emission from highly eccentric orbits. The binaries have been selected

due to previous hints of eccentricity or due to their unusual mass and spin. While other studies found
marginal evidence for eccentricity for some of these events, our analyses do not favor the incorporation
of eccentricity compared to the quasi-circular case. While lacking the eccentric evidence of other

analyses, we find our analyses marginally shifts the posterior in multiple parameters for several events
when allowing eccentricity to be non-zero.

Keywords: eccentric black hole mergers

1. INTRODUCTION

The LIGO (Aasi et al. 2015) and Virgo (Acernese
et al. 2015) observatories have discovered about 90 bi-
nary mergers via gravitational waves (GWs) signals over

three observing periods (Abbott et al. 2019, 2021; Ab-
bott et al. 2021). The properties of these mergers have
been estimated using gravitational wave templates that
assume quasi-circular binary orbits prior to merger (Os-
sokine et al. 2020; Khan et al. 2019; Pratten et al.
2021). This approach has been the baseline due to both
prior expectations and technical challenges. Gravita-
tional wave emission is expected to circularize binaries
over time, making eccentricity unexpected for the ma-
jority of binaries. At the same time the construction

of accurate eccentric gravitational waveforms is difficult
due to the required large dynamic range, while account-
ing for eccentricity also requires probing an expended
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parameter space. Nonetheless, searches carried out by

LIGO and Virgo are sensitive to eccentric binaries (Ab-
bott et al. 2019), leaving the possibility that some of the
recovered mergers are secretly eccentric.

While long-lived, isolated binaries lose their eccen-
tricity before entering the LIGO/Virgo frequency band,
measurable eccentricity is expected through several as-
trophysical mechanisms. First, binary black hole sys-

tems that form with small initial separations may not
have sufficient time prior to merger to lose their ec-
centricity. This scenario can occur, e.g. in chance en-
counters in galactic nuclei or globular clusters (Portegies
Zwart & McMillan 2000; Banerjee et al. 2010; Ziosi et al.
2014; Morscher et al. 2015; Mapelli 2016; Rodriguez
et al. 2016; Askar et al. 2017). Eccentricity can also
be enhanced for long-lived binaries by a nearby third
object via the Kozai-Lidov mechanism (Naoz 2016; An-
tonini et al. 2017; Randall & Xianyu 2018). In active

galactic nuclei (AGN), binaries formed via gas capture
in AGN disks can have enhanced eccentricity due to reg-
ular encounters with stars and black holes in the galactic
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nucleus (Samsing et al. 2022; Tagawa et al. 2021; Bartos
et al. 2017).
Recently, several techniques have been developed and

applied to probe orbital eccentricity in binary black
hole mergers detected by LIGO and Virgo. Gayathri
et al. (2022) used a bank of about 600 numerical rela-
tivity simulations throughout the full eccentricity range
and estimated their match with the observed data for
the binary merger GW190521 (Abbott et al. 2020) us-
ing the RIFT parameter estimation suite (Lange et al.
2018, 2017; Lange 2020). They found that the ob-
served data best matches a highly eccentric waveform,
and reconstructed the eccentricity of GW190521 to be
e = 0.69+0.17

−0.22. While applicable to GW190521, their
technique was limited to binaries with high masses due
to the duration of the simulated waveforms, while the re-
construction’s precision was limited by the limited num-
ber of discrete eccentricity, spin and mass ratio values
covered in the study.

Romero-Shaw et al. (2020) used gravitational wave
template banks that covered the full mass parameter
space, while limited to eccentricities e < 0.2 and black
hole spins aligned with the binary orbit. They per-

formed their inference by a novel postprocessing tech-
nique: they first analyze with the quasi-circular model
IMRPhenomD (Ajith et al. 2011) and, based on those

results, reweight their conclusions with the aligned-spin
eccentric model SEOBNRE (Payne et al. 2019; Romero-
Shaw et al. 2019). A further possible limitation of this

approach was the iterative reweighting which may have
been limited by systematic errors between the two mod-
els used in the reweighted analysis (Romero-Shaw et al.
2021; Jan et al. 2020).

O’Shea & Kumar (2021) and Gamba et al. (2021) per-
formed parameter inference including the continuously-
explored effects of eccentricity and assuming black

hole spins aligned with the orbital axis (non-precessing
spins). O’Shea & Kumar (2021) analyzed the low-mass
events GW151226 and GW170608 including eccentricity
and non-precessing spins; Gamba et al. (2021) analyzed
GW190521 with non-spinning systems and sampled in
initial energy and angular momentum instead of ec-
centricity which could impact the prior volume and
therefore the evidence. These analytic models assumed
spin-orbit alignment, limiting attempts to disentangle
the effects of orbital eccentricity and precession (Bustillo

et al. 2021).
Currently, there are two easily-accessible waveform

models which predict the strong-field merger signal for
merging binary black holes which incorporate both bi-
nary spin and orbital eccentricity: SEOBNRE and
TEOBResumSGeneral. The SEOBNRE model is an

effective-one-body (EOB) (Buonanno & Damour 1999,
2000; Damour et al. 2000; Damour 2001; Damour et al.
2015) model that is based on the early quasi-circular
nonprecessing model SEOBNRv1. While this model
can describe eccentric binary black hole mergers, it is
limited to eccentricities e < 0.2 and spin magnitudes
a < 0.6 due to being based on the older v1 SEOB model
(Cao & Han (2017)). The TEOBResumSGeneral model
is an EOB approximant which can generate waveforms
from non-precessing binaries coalescing along generic or-
bits (Chiaramello & Nagar 2020; Nagar et al. 2021b;
Nagar et al. 2021), or generic-spins binaries coalescing
along quasi-circular orbits (Damour & Nagar 2014; Na-
gar et al. 2016, 2018, 2020a,b; Riemenschneider et al.
2021; Akcay et al. 2021; Gamba et al. 2021). In both
scenarios, the model includes tidal interactions (Damour
& Nagar 2010; Bernuzzi et al. 2015; Akcay et al. 2019)

as well as subdominant modes up to ℓ = |m| = 5 but
not m = 0 modes. While the model can generate stable
waveforms up to an eccentricity of e = 0.9 with max-

imal spin magnitudes, comparisons to numerical rela-
tivity (NR) waveforms have only been carried out up
to eccentricities of e = 0.2 and spin magnitudes up to
a = 0.7 (Nagar et al. 2021). Another EOB model in

the literature that incorporates orbital eccentricity is
SEOBNRv4EHM, which also describes non-precessing
spins and includes higher order modes (Khalil et al.

2021; Ramos-Buades et al. 2022).
In this study, we analyzed a group of GW events

to produce full posteriors using the eccentric model

TEOBResumSGeneral in tandem with parameter esti-
mation carried out using RIFT. Events were selected
based on signs of possible eccentricity in previous stud-
ies, or due to their unusual mass/spin properties. For

each event, we run three different analyses (two show
in the figures): a non-precessing, non-eccentric anal-
ysis (from now on called TEOBResumS-GIOTTO); a

precessing, non-eccentric analysis (from now on called
TEOBResumSP-GIOTTO); and a non-precessing, ec-
centric analysis (from now on called TEOBResumS-
DALI). To quantify any evidence in these analyses, we
calculate Bayes’ factors for eccentricity as well as pre-
cession. We include the latter to make sure any evidence
of eccentricity does not also yield evidence of precession.
This could potentially happen if an event is in a region of
parameter space where precession and eccentricity can
mimic each other in the analysis (Romero-Shaw et al.
2023).
This paper is organized as follows. In Section 2, we

introduce the TEOBResumSGeneral model and review
the use of RIFT in this study. In Section 3, we present

the results of parameter inference as well as Bayes’ fac-
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tors for our five events. In Section 4, we summarize our
results and conclude with some brief remarks about our
future work.

2. METHODS

A coalescing binary black hole system in a quasi-
circular orbit can be completely characterized by its in-
trinsic (λ) and extrinsic (θ) parameters. By intrinsic pa-
rameters we refer to the binary’s masses mi and spins.
By extrinsic parameters we refer to the seven numbers
needed to characterize its space-time location and orien-
tation. We will express masses in solar mass units and
dimensionless spins in terms of cartesian components
χi,x, χi,y, χi,z, expressed relative to a frame with ẑ = L̂
and (for simplicity) at the orbital frequency correspond-
ing to the earliest time of computational interest (e.g.,
an orbital frequency of ≃ 10Hz). We will use λ, θ to
refer to intrinsic and extrinsic parameters, respectively.

2.1. Waveform model

In order to extract the eccentricity feature from de-

tected GW events, we are using the TEOBResumS-
General waveform model (Nagar et al. 2021a, 2018; Al-
banesi et al. 2022), which includes eccentricity features,

aligned spin, and higher order modes. This waveform
family is based on the EOB formalism and it can be
used to simulate quasi-circular, eccentric or hyperbolic

compact binaries systems. This model includes higher
multipoles up to 5 throughout binary phases (inspiral,
plunge, merger and ringdown) and eccentricity parame-
ter space (i.e., up to e ≃ 1; see figure 19 in Nagar et al.

(2021a)).
TEOBResumSGeneral waveforms have been validated

with Numerical Relativity waveforms from the Simu-

lating eXtreme Spacetime collaboration with e ≤ 0.2,
and mass ratio q ≤ 3. For our study we used TEO-
BResumSGeneral waveforms with three different config-
urations, corresponding to e = 0 with non-precessing
spins (TEOBResumS-GIOTTO), e = 0 with precessing
spins (TEOBResumSP-GIOTTO), and e > 0 with non-
precessing spins (TEOBResumS-DALI).

To generate orbital dynamics from eccentric initial
conditions – an initial eccentricity e0 at initial orbital
frequency f0 – the TEOBResumS-DALI code evolves an
orbit starting at apastron, with r0 = p0/(1−e0), p

0
ϕ = j0

the adiabatic angular momentum implied by angular
momentum conservation, and pr∗ = 0. In these expres-
sions, p0 is evaluated numerically from the Hamiltonian
such that ∂pϕ

H(r0(p0), j0(p0), pr∗ = 0) = f0. The or-
bital dynamics produce an associated asymptotic grav-
itational wave strain h(t, n̂) =

∑
lm

−2Ylm(n̂)hlm(t),
where the hlm(t) depend on the intrinsic parameters.

In practice, we characterize the emission direction rela-
tive to the orbital angular momentum direction with two
polar angles (ι, ϕc), so the binary’s radiation relative to
its fiducial inertial frame is fully specified with an initial
frequency (to define conventions), the initial eccentricity
at that frequency, two masses, both spins, and these two
polar angles. While this current parameterization fixes
the angle of periapsis (one degree of freedom available
for eccentric orbits associated with the direction of the
Runge-Lenz vector in the orbital plane), this angle is
expected to be observationally inaccessible in the near
future (see, e.g., Clarke et al. 2022).

2.2. RIFT

RIFT consists of a two-stage iterative process to esti-
mate the source parameters θ, λ responsible for gravita-
tional wave observations dk via comparison to predicted
gravitational wave signals hk(λ, θ) where k = 1 . . . N

indexes the observing instruments.
Assuming a Gaussian, stationary noise model, the log-

likelihood can be expressed as

lnL(λ, θ) =

− 1

2

∑
k

⟨hk(λ, θ)− dk|hk(λ, θ)− dk⟩k − ⟨dk|dk⟩k

(1)

where we have omitted normalization constants. (RIFT
assumes the input detector noise power spectrum is
known, and does not currently marginalize over the

accuracy of that estimate, nor over calibration uncer-
tainty.)
In these expressions, the inner products represent the

noise-weighted inner product derived from the kth de-

tector’s noise power spectrum

⟨a|b⟩k ≡
∫ ∞

−∞
2df

ã(f)∗b̃(f)

Sn,k(|f |)
,

is a Sn,k(f), where ã(f) is the Fourier transform of a(t),
ã(f)∗ denotes complex conjugation of ã(f), and f is fre-
quency; see, e.g., Pankow et al. (2015) for more details.
We adopt a low-frequency cutoff flow such that all inner
products are modified to

⟨a|b⟩k ≡ 2

∫
|f |>flow

df
ã(f)∗b̃(f)

Sn,k(|f |)
. (2)

The two iterative stages of RIFT construct the nec-
essary ingredients for an iterative evaluation of Bayes’
theorem for this likelihood. In one stage of RIFT,
many worker codes evaluate the marginal likelihood

lnLα ≡ lnLmarg(λα) for λα in some grid of evaluation
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points, via

Lmarg(λ) ≡
∫

dθp(θ)L(λ, θ) (3)

In the other iterative stage of RIFT, an interpolation
algorithm provides a current-best-estimate L̂(λ) based
on current training data {(λα,Lα}, and employs this
estimate in Bayes’ theorem to construct an approximate
posterior distribution over the intrinsic parameters λ:

p̂post(λ) ≃
L̂(λ)p(λ)∫
dλL̂(λ)p(λ)

(4)

Again using Monte Carlo integration, RIFT produces in-
dependent fair draws from this estimated posterior dis-
tribution, thus providing a new grid for the evaluation
stage. After several iterations, ln L̂ will converge to the
the true log-likelihood in the neighborhood where the
posterior has its support, and the intrinsic samples will
be the true posterior distribution.

3. RESULTS

In this section, we present the results from our ec-
centric reanalysis of the following events: GW150914,
GW190521, GW190620, GW190706, GW190929. GW190521

and GW190620 were analyzed due to past evidence or
hints of eccentricity (Gayathri et al. (2022); Romero-
Shaw et al. (2021)); GW150914, GW190706, and

GW190929 were also picked due to specific characteris-
tics (HOMs, unequal masses, high mass, positive spins,
etc.). All the data and power spectral density (PSDs)
are the same files used in the LVK’s GWTC-2.1 paper

(The LIGO Scientific Collaboration et al. (2021)) and
are available on GWOSC (Abbott et al. 2021a). Due to
this, we chose 4 seconds of data around each event ex-

cept for GW190521 where we chose 8 seconds of data1.
GW190521, GW190706, GW190929 uses data from all
three HLV detectors with the HL data using the C01

calibration with noise subtracted out around 60 Hz (The
LIGO Scientific Collaboration et al. (2021); Littenberg
& Cornish (2015); Chatziioannou et al. (2019)). For
these events, the V data uses the online calibration data
except for GW190929 that uses 1A calibration. Finally
GW150914 uses HL data using the C02 calibration, and
GW190620 uses LV data using the C01 calibration with
noise subtracted out around 60 Hz for L and using the
online calibration for V. The PSDs were generated using
BayesWave (Littenberg & Cornish (2015); Chatziioan-
nou et al. (2019)) on the same segment of data used in
each analysis.

1 We chose to use 8 seconds of data instead of following GWTC-
2.1 settings since the original analysis of this event was done with
8 seconds including Gayathri et al. (2022).

For all events except GW190521, we used a low-
frequency cutoff of 20 Hz, motivated by the lack of
observationally-accessible information at lower frequen-
cies for typical sources. For GW190521, we use a low-
frequency cutoff of 11 Hz. The high-frequency cutoff
was 896, 224, 448, 896, and 896 Hz for GW150914,
GW190521, GW190620, GW190706, and GW190929
respectively. We analyzed each event with the non-
precessing, eccentric TEOBResumS-DALI include all
the ℓmax ≤ 4 except the m = 0 modes. For comparison,
we also analyzed each event with the non-precessing,
non-eccentic TEOBResumS-GIOTTO including the
same amount of modes as the eccentric analysis. An
additional analysis with the precessing, non-eccentric
TEOBResumSP-GIOTTO was conducted to ascertain
evidence of precession in these events.
We adopted conventional masses and distance priors

(uniform in detector-frame mass and in the cube of
the luminosity distance; see, e.g., Veitch et al. 2015).
For the precessing spins, we assume the spin vectors to

be isotropic on the sphere and uniform in spin magni-
tude χi,{x,y,z} ∈ [−0.99, 0.99]. For the non-precessing
spins, we employ an aligned-spin prior called “zprior,”

described in Appendix A of Lange et al. (2018); we use
this alternative prior to enable comparison to precessing
spins as it is equivalent to the uniform spin magnitude
prior after marginalizing out non-aligned spins. For ec-

centricity, we adopted a uniform prior over the range e ∈
[0.0, 0.6] for each event. Although the TEOBResumS-
DALI model can generate stable waveforms with eccen-

tricities up to e ∼ 0.9, issues with the validity of these
highly eccentric waveforms led to our choice to constrain
the prior range; this is further explained in Appendix A.

3.1. Masses

Since we carried out analyses with both TEOBReumS-
GIOTTO and TEOBResumS-DALI, we were able to
make a direct comparison of the effect of the inclu-
sion of eccentricity on each binary’s component masses.
For mosts events, the inferred mass parameters do not
differ significantly depending on whether an analysis
allowed for or excluded eccentricity. The only two ex-

amples of the mass parameters changing is GW150914
and GW190521. The right panels of Figures 1 and
2 shows the inferred 90% credible intervals for the
joint Msource − q distribution, derived from inference
with both TEOBResumS-GIOTTO and TEOBResumS-
DALI. In the GW150914 case, the Msource distribu-
tions are noticeably different with TEOBResumS-DALI
slightly shifted toward larger masses while the q distri-
butions remain largely consistent. In GW190521 case,
the Msource distributions are quite consistent in shape
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and support, while the q distributions show modest
differences in their shape and credible interval with
TEOBResumS-GIOTTO shifted towards more unequal
masses.
To quantify the relative change in parameter x

between the two analyses, we define ϵx = |µ1 −
µ2|/

√
σ2
1 + σ2

2 , where µk, σk are the posterior mean and
standard deviation of x for models 1 (here, eccentric)
and 2 (here, non-eccentric) respectively. Between the
events included in this study, we found the the largest
relative shift for the total mass and mass ratio to be
ϵM = 0.472 from GW150914 (See the right panel of
Figure 1) and ϵq = 0.432 from GW190521 (See the right
panel of Figure 2) respectively.

3.2. Spins

Similar to Section 3.1, we can also directly compare
the analyses to examine how the inclusion of eccentric-
ity affects the recovery of the spin parameters. For our

Figures, we use the spin parameter Shu (Healy & Lousto
(2018)) and is defined as:

M2Shu =

(
(1 +

1

2q
)S⃗1 + (1 +

1

2
q)S⃗2

)
· L̂. (5)

The Shu parameter is similar to the widely used χeff ;
however, Shu describes the leading order effect of hangup
on the full NR waveforms.

The inferred spin and mass-spin distributions are fre-
quently quite consistent in shape and support when us-
ing a model including eccentricity with only GW150914
being the outlier having a ϵShu

= 0.834. Interest-

ingly, the inclusion of eccentricity shifts the spin pa-
rameter posterior to more positive values in the case of
GW150914. Unsurprisingly few finely-tuned accidents

occur, so binaries with notable shifts in inferred masses
usually also have notable shifts in inferred spin, and vice-
versa.

3.3. Eccentricity

Despite the impact of eccentricity on other param-
eters, our inferred eccentricity distributions are fre-
quently quite modest. For example, the inferred distri-
bution of eccentricity for GW150914 strongly supports a
non-eccentric origin. Even for GW190521, where the in-
ferred posterior eccentricity peaks near e ≃ 0.2, the pos-
terior distribution contains significant support for e ≃ 0.
A Bayes factor analysis performed both by direct inte-
gration and by the Savage-Dickey ratio suggests these

two events are most likely non-eccentric, with Bayes’ fac-
tors of 0.153 and 0.174, respectively. In fact, as Table
1 shows, none of the events strongly prefer the eccen-
tric hypothesis over the non-eccentric hypothesis. Our

conclusions about these events are reasonably consistent
with prior studies using non-precessing binaries, which
generally find at best modest evidence for eccentricity
when precession is not allowed. While on the surface
our numerical Bayes factors for these events are in no-
table tension with the results of Romero-Shaw et al, we
highlight the substantial systematic and methodologi-
cal differences associated with our approach using a dif-
ferent eccentric model with a wider prior range and a
different starting frequency. While a direct apples-to-
apples comparison between these results would need a
conversion between the two models’ definition of eccen-
tricity, a closer comparison would require similar run set-
tings. Such a conversion has been investigated in Knee
et al. (2022), who developed a framework to translate
between the different definitions of eccentricity in the
eccentric waveform models SEOBNRE and TEOBRe-
sumSGeneral.
While not fully understood, it is expected that ec-

centricity could mimic precession. To ensure the ev-

idences presented here are not mistaken for evidences
of misaligned spins, we conduct analyses of GW150914,
GW190521, GW190620, GW190706, and GW190929 us-

ing the precessing waveform model TEOBResumSP-
GIOTTO; this allows us to perform a comparison be-
tween the eccentric and precession hypotheses. The pos-
terior distributions obtained with all three models, along

with a discussion of the results from the precession anal-
yses, can be found in Appendix B.
In addition to the eccentric vs. non-eccentric Bayes’

factors BFE , Table 1 contains the Bayes’ factors BFP

of the quasi-circular, spin-precessing hypothesis, cal-
culated with the waveform model TEOBResumSP-

GIOTTO, against the spin-aligned hypothesis, cal-
culated with the waveform model TEOBResumS-
GIOTTO, for GW150914; GW190521; GW190620;
GW190706; and GW190929. We have also included the

relative Bayes’ factors BFE/P of the eccentric hypothe-
sis, calculated with the waveform model TEOBResumS-
DALI, against the precessing hypothesis. Our results
for BFP indicate a marginal preference for the spin-
precession hypothesis for GW150914, GW190706, and
GW190929; furthermore, our results for BFE/P indicate

a marginal preference for the spin-precession hypothe-
sis for all of the events. However, none of the events
exhibit a strong preference for either hypothesis, so we
cannot conclusively state whether any of these events
are eccentric, precessing, or manifest both eccentricity
and spin-precession.
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Figure 1: GW150914: Corner plots of 2D and 1D marginal posteriors of Msource, q, e, Shu using TEOBResumS-

GIOTTO in black and TEOBResumS-DALI in blue. The left panel shows only the analysis using TEOBResumS-DALI
and includes eccentricity in the corner plot along with masses and spin parameters. The right panel includes both
the TEOBResumS-DALI and TEOBResumS-GIOTTO analyses including only the masses and spin parameters. The

contours represent the 90% confidence intervals for each joint distribution. When eccentricity is included, it shifts the
posterior of the masses and spins.

Table 1: Bayes’ factors for each event comparing evi-

dences of eccentric vs. non-eccentric (BFE), precessing
vs. non-eccentric (BFP ), and eccentric vs. precessing
(BFE/P ).

Event BFE BFP BFE/P

GW150914 0.153 1.626 0.094

GW190521 0.174 0.492 0.357

GW190620 0.134 0.539 0.248

GW190706 0.326 1.088 0.299

GW190929 0.616 1.235 0.498

4. CONCLUSIONS

In this work, we presented a state-of-the-art model-

based assessment of the presence and impact of eccen-
tricity in several promising BBH events, based on the
TEOBResumSGeneral model, including higher-order
modes. We compare two analyses with the same model
that include and exclude eccentricity. While we do see
some shifts in the posterior when including eccentricity,
we do not find evidence in favor of eccentric dynam-
ics for any of the events presented, instead favoring a
quasi-circular result. Our results are in tension numer-

ically with previously-presented results for several of

these events. Specifically we do not find evidence of
eccentricity for either GW190521 or GW190620; how-
ever, numerical differences are most likely due to the

differences in prior range and starting frequencies, and
it could also reflect systematics, as we adopted different
waveforms and algorithms.
For example, Gayathri et al. (2022) found higher like-

lihoods for eccentric, precessing systems compared to
quasi-circular, precessing systems for GW190521, using
direct comparison to precessing numerical relativity sim-
ulations; by contrast, our analysis assumes spin-orbit
alignment and finds the full parameter posterior. Like-
wise, Gamba et al. (2021) argued that GW190521 is
highly eccentric based on an analysis with TEOBRe-

sumSGeneral, excluding higher-order modes, starting
from an initially unbound configuration at extremely
low initial frequencies; by contrast, our analysis exclu-
sively uses only the bound, later-time evolution (and
thus higher starting frequency and corresponding lower
eccentricity) and the higher-order-mode form of that
model. Similarly, Romero-Shaw et al. (2021) found ev-
idence of eccentricity for GW190620 and GW190521
based off analyses that used a re-weighting technique
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Figure 2: GW190521: Corner plots of 2D and 1D marginal posteriors of Msource, q, e, Shu using TEOBResumS-

GIOTTO in black and TEOBResumS-DALI in blue. The left panel shows only the analysis using TEOBResumS-DALI
and includes eccentricity in the corner plot along with masses and spin parameters. The right panel includes both
the TEOBResumS-DALI and TEOBResumS-GIOTTO analyses including only the masses and spin parameters. The

contours represent the 90% confidence intervals for each joint distribution. When eccentricity is included, it shifts the
posterior of the mass ratio.

with the eccentric model SEOBNRE, a model that ex-

cludes higher-order modes, using a different configura-
tion with different priors and initial frequencies; by con-
trast, our analysis again uses a starting frequency of 5 Hz

and higher-order-mode form of a different model as well
as a larger uniform-in-e range. To do a fair comparison,
one would need to use the same settings of one of the
above analyses.

In future work, we plan to analyze the rest of the pub-
lic events available from the LVK (Abbott et al. 2023,
2021b). We plan to include the same three configura-
tions as in this paper: the non-eccentric, non-precessing
case; the eccentric, non-precessing case; and the non-
eccentric, precessing case to make sure any evidence of
eccentricity is not mixing up evidence of precession.
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Figure 3: GW190620: Corner plots of 2D and 1D marginal posteriors of Msource, q, e, Shu using TEOBResumS-

GIOTTO in black and TEOBResumS-DALI in blue. The left panel shows only the analysis using TEOBResumS-DALI
and includes eccentricity in the corner plot along with masses and spin parameters. The right panel includes both
the TEOBResumS-DALI and TEOBResumS-GIOTTO analyses including only the masses and spin parameters. The

contours represent the 90% confidence intervals for each joint distribution. When eccentricity is included, it slightly
shifts the posterior of the masses and spins.
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Figure 7: GW190706 waveform and dynamics: Waveforms (left) and EOB dynamics (right) corresponding to
the two eccentricity peaks of the GW190706 analysis (e0 = 0.1, e0 = 0.4). Because of the low radial separation at
which the evolution of the system is started, the waveforms emitted by the two systems look remarkably similar, in

spite of the rather different values of input eccentricity.

APPENDIX

A. WAVEFORM MODEL

The TEOBResumS-DALI model employed in the main text can generate waveforms over a large portion of the
parameter space, including systems with large eccentricities (e ∼ 0.9). However, extreme care should be applied when
such regions are explored for systems with large total detector frame mass. Indeed, if M is large and the initial

(reference) frequency is high, the initial separation r0 at which the EOB model will begin to evolve the dynamics of
the system may be close to the last stable orbit (LSO) of the binary. In this scenario, bodies evolving along eccentric
orbits may plunge almost immediately, completing very few orbital cycles and – as a consequence – emitting very

similar waveforms irrespectively of the starting input eccentricity. A clear example of this can be seen in Fig. 7, where
we display the waveforms and EOB dynamics obtained with the parameters corresponding to the two posterior peaks
of the GW190706 analysis. To avoid a multi-modal eccentricity estimation that is a direct consequence of evolving the
system with separation close to its LSO, we lowered the initial reference frequency in our analysis from 18 Hz to 5 Hz.

B. PRECESSION ANALYSIS

We perform quasi-circular, spin-precessing analyses of the events GW150914, GW190521, GW190620, GW190706,
and GW190929, using the precessing waveform model TEOBResumSP-GIOTTO. For the precessing spins, we assume
the spin vectors to be isotropic on the sphere and uniform in spin magnitude χi,{x,y,z} ∈ [−0.99, 0.99]. Figures 8, 9,
10, 11, and 12 show posterior distributions for mass and spin parameters calculated from all three analyses for our five
selected events. Across all five events, the posteriors for the mass and spin parameters using the spin-precessing model
are fairly consistent in shape and support when compared to the posterior distributions generated using the aligned
spin model.
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Figure 8: GW150914 (all analyses): A corner plot of 2D and 1D marginal posteriors of Msource, q, Shu using
TEOBResumS-GIOTTO in black, TEOBResumSP-GIOTTO in red, and TEOBResumS-DALI in blue. The contours
represent the 90% confidence intervals for each joint distribution. When eccentricity is included, it shifts the posterior

of the masses and spins.
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Figure 9: GW190521 (all analyses): A corner plot of 2D and 1D marginal posteriors of Msource, q, Shu using
TEOBResumS-GIOTTO in black, TEOBResumSP-GIOTTO in red, and TEOBResumS-DALI in blue. The contours
represent the 90% confidence intervals for each joint distribution. When eccentricity is included, it shifts the posterior
of the mass ratio.
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Figure 10: GW190620 (all analyses): A corner plot of 2D and 1D marginal posteriors of Msource, q, Shu using
TEOBResumS-GIOTTO in black, TEOBResumSP-GIOTTO in red, and TEOBResumS-DALI in blue. The contours
represent the 90% confidence intervals for each joint distribution. When eccentricity is included, it slightly shifts the

posterior of the masses and spins.

0.2
0.4
0.6
0.8
1.0

q

75 10
0

12
5

15
0

17
5

Msource

0.2
5

0.0
0

0.2
5

0.5
0

sh
u

0.2 0.4 0.6 0.8 1.0

q

0.2
5

0.0
0

0.2
5

0.5
0

shu

TEOBResumS-DALI
TEOBResumSP-GIOTTO
TEOBResumS-GIOTTO

Figure 11: GW190706 (all analyses): A corner plot of 2D and 1D marginal posteriors of Msource, q, Shu using
TEOBResumS-GIOTTO in black, TEOBResumSP-GIOTTO in red, and TEOBResumS-DALI in blue. The contours
represent the 90% confidence intervals for each joint distribution. When eccentricity is included, it slightly shifts the
posterior of the masses and spins.
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Figure 12: GW190929 (all analyses): A corner plot of 2D and 1D marginal posteriors of Msource, q, Shu using
TEOBResumS-GIOTTO in black, TEOBResumSP-GIOTTO in red, and TEOBResumS-DALI in blue. The contours
represent the 90% confidence intervals for each joint distribution. When eccentricity is included, it shifts the posterior

of the mass ratio.


