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ABSTRACT
Global Navigation Satellite System (GNSS) has been widely used in navigation and positioning applications, where precise
position and time estimation are required. Conventional GNSS positioning methods require a two-step (2SP) process, where
intermediate measurements such as Doppler shift and time delay of received signals are computed and then used to solve for the
receiver position. Alternatively, to acquire superior levels of sensitivity and operation under challenging environments, Direct
Position Estimation (DPE) was proposed to estimate the position directly from the received signal without intermediate variables.
However, the positioning resilience of DPE method is still under the influence of common error and bias terms, like the satellite
clock bias, ionospheric error and tropospheric error. In conventional 2SP method, Differential Global navigation satellite
system (DGNSS) technique is commonly used to improve GNSS positioning accuracy, among which the Single Difference
(SD) between two receivers can help remove satellite clock bias, ionosphere and troposphere errors. With current DPE research
focusing on a single receiver, this paper introduces SD approach to the DPE scheme, using SD code observations to reduce
influence from satellite clock bias, ionospheric error and tropospheric error. Simulations and experiments have been carried
out to demonstrate and validate the efficiency of the proposed method compared to the standard DPE approach, in terms of a
smaller RMSE of positioning solutions.

I. INTRODUCTION
Global navigation satellite system (GNSS) provides positioning, navigation and timing solutions by utilizing transmitted signals
from satellites. The traditional method of GNSS positioning is usually recognized as a two-step (2SP) method since the GNSS
observables, such as pseudorange, pseudorange rate and carrier phase, are first estimated by the receiver during acquisition
and tracking stage. Then those observables will be employed by weighted least squares (WLS) or Kalman Filter (KF) to solve
the unknown position, velocity and time (PVT). Many techniques have been developed based on these two stages in the past
decades. For example, the discriminator design for delay locked loop (DLL) and phase locked loop (PLL) improve the tracking
performance. The real-time kinematic (RTK) and precise point positioning (PPP) introduces phase observation and ambiguity
integer resolution to improve the positioning precision. The robust filtering techniques detect and reduce the performance
degrade brought by outlier measurement. Those techniques are described in many famous GNSS textbooks [Kaplan and
Hegarty, 2017,Hofmann-Wellenhof et al., 2007,Borre et al., 2007,Groves, 2013,Tsui, 2005], which make 2SP the most mature
and classical GNSS positioning approach.

Among many advanced techniques, differential GPS (DGPS) is one of the most popular methods due to the wide distribution



of the base station and cheap access of data from the commercial receiver. The DGPS refers to the method which leverages
the GPS observables or other correct information from one or more reference stations at known locations to improve the
positioning or timing performance [Kaplan and Hegarty, 2017]. The information provided by the base stations includes raw
GNSS measurements (e.g. pseudorange and carrier phase), corrections to raw GNSS measurement or ephemeris information,
integrity data and the other auxiliary data (e.g. the accurate location of the base station). The common differential techniques
operate in measurement domain, e.g. difference between two pseudorange measurements (code-based positioning) or two carrier
phase measurements (phase-based positioning). The core idea of the differential techniques is that the difference between two
measurements may remove the common error terms and thus improve the accuracy of the observables. For example, the single
difference (SD) between two pseudorange measurements, collected from two short-baseline receivers but with respect to the
same satellite at the same moment, eliminates the common ionosphere and troposphere errors and the clock bias of the satellites.
The double difference (DD), achieved by differencing two SD measurements for different satellites, will further remove the
clock bias of receivers. The DD is a basis of RTK method [Langley, 1998], which is one of the most popular precise navigation
methods. It can achieve centimeter-level precision in real time, making it essential for applications that require high-accuracy
positioning. Besides, the between-satellite SD has been using in PPP to overcome drawbacks of conventional PPP models
[Elsobeiey and El-Rabbany, 2014]. The between-receiver SD is used for spoofing detection [Xiao et al., 2016], and precise
positioning [Liu et al., 2004]. Furthermore, a modified version of between-receiver SD is designed in [Gao et al., 2022] for
RTK to detect and exclude fault. In this paper, we focus on the between-receiver SD as a beginning of the combination of DGPS
techniqes with direct position estimation (DPE) scheme.

Recently, DPE arises more and more interest since its high-sensitivity (HS) enables better positioning performance in the harsh
environment. Unlike the traditional 2SP method, DPE solves for the PVT from the raw satellite signal without estimating
intermediate quantities, such as pseudorange and carrier phase. A DPE receiver fuses the information from visible satellites
at the early stage of processing and thus increases its sensitivity to utilize weak signals. In the GNSS context, DPE was first
proposed in [Closas et al., 2007], and recently revisited in [Closas and Gusi-Amigo, 2017] and [Morton et al., 2021, Ch. 21].
From both theoretical analysis [Closas et al., 2009,Gusi-Amigó et al., 2014,Gusi-Amigó et al., 2018] and practical experiments
[Dampf et al., 2019, Tang et al., 2023], it has been shown that the DPE approach has a better performance than the tradition
method in terms of precision and robustness under unfavorable environment.

The DPE approach has never been combined with the DGPS methodologies before, but thanks to the development of the portable
GNSS devices and the software-defined radio (SDR) paradigm, it is possible to access multiple raw received signals and treat
one of them as the reference station with a known location. Our contribution in this work is to develop a differential approach
(e.g. code-based SD) for DPE by utilizing the raw satellite signal from the receivers to correct the common iono/troposhpere
error. Based on the core idea of DPE to operate the receiver signal in the navigation domain, we are also going to propose
a signal reconstruction method for the reference signal to degrade the noise floor brought by the cross correlation between
different satellites. The proposed Single Difference Direct Position Estimation (SD-DPE) approach is expected to keep the
high-sensitive property of the standard PDE approach and improve positioning performance compared to standard DPE by
removing the common error terms, e.g. the iono/troposphere error, from satellite signal given the observables from the other
short-baseline receiver.

The remaining paper is organized as following:

• Section II starts with the SD technique and the DPE approach. After that, we are going to introduce our main idea of
removing the common error, such as iono/troposphere error in signal level. Then we will propose our SD-DPE approach
by reconstructing the signal from reference receiver and defining the cost function for searching the baseline vector.

• Section III implements the proposed SD-DPE approach under different conditions, such as the quality of the rover received
signal and the uncertainty of the reference measurements. We also provide a practical experiment, with the over-the-air
I&Q signal records and the zero-baseline reference receiver, to validate the approach.

• Section IV concludes the positioning performance of the proposed approach with a given reference receiver. The SD-DPE
can effectively correct the common error between the rover and reference according to the simulation and experiment
results.

II. METHODOLOGY
1. Single difference observations
The pseudorange from i-th satellite to r-th receiver is modeled as:

ρir = ||pr − pi||+ c(dtr − dti) + δIir + δT i
r + ϵir (1)



where the subscript r ∈ {1, 2} denotes two receivers and the superscript i ∈ {1, 2, · · · ,M} denotes each common satellite for
the receivers, pr and dtr denote the position and clock offset of the r-th receiver, pi and dti denote the position and clock offset
of the ith satellite, δIir and δT i

r denote the ionosphere and troposphere error, c denotes the speed of light and ϵ denotes the
other unmodeled error term (e.g. relativistic effects). With an assumption that δIi1 = δIi2 and δT i

1 = δT i
2, between-receiver SD

observation is defined as:

△ρir = ρi1 − ρj2 = ||p1 − pi|| − ||p2 − pi||+ c(dt1 − dt2) + ϵi1 − ϵi2 (2)

By using the SD measurements as observation for positioning, we can reduce the influence of common error terms: ionospheric
error, tropospheric error, and satellite clock bias.

2. Direct position estimation
In conventional two-step positioning method, the received signal of r-th receiver after sampling can be modeled as:

xr[k] =
M∑
i=1

airs
i(kTs − τ ir) exp

(
j2πf i

d,rkTs + ϕi
r

)
+ nr(t). (3)

where Ts =
1
fs

is the sampling period, fs is the sampling frequency, a denotes the complex amplitude of the signal, s(t) is the
navigation signal spread through PRN code, τ is the time-delay from the satellite to the receiver, fd is the Doppler-shift, ϕi

r
represents the phase information, and nr(t) ∼ N (0, σ2

n,r) denotes a complex additive white Gaussian noise (AWGN) process
which includes unmodeled terms besides line-of-sight (LOS) signals. Given that we focused on code measurements only by
maximizing standard CAF, the phase information ϕi

r can be ignored, leading to Eq.(3) updated as:

xr[k] =
M∑
i=1

airs
i(kTs − τ ir) exp

(
j2πf i

d,rkTs

)
+ nr(t). (4)

For positioning purpose, we need to estimate two intermediate variables τ ir and f i
d,r:

{τ ir.f i
d,r} = argmax

{τ i
r.f

i
d,r}

Yi(τ
i
r.f

i
d,r)

= argmax
{τ i

r.f
i
d,r}

∣∣∣∣ K∑
k=0

xr[kTs]s
i(kTs − τ ir) exp

(
−j2πf i

d,rkTs

) ∣∣∣∣2 (5)

where Yi(τ
i
r.f

i
d,r) =

∣∣∣∣ K∑
k=0

xr[kTs]s
i(kTs − τ ir) exp

(
−j2πf i

d,rkTs

) ∣∣∣∣2 is defined as Cross Ambiguity Function (CAF). With

the two intermediate variables estimated, we can achieve observations for positioning purpose.

However, the use of intermediate variables brings additional uncertainty to positioning accuracy. To improve its performance,
DPE approach is proposed [Closas et al., 2007, Closas and Gusi-Amigo, 2017]. A general description is provided in this
subsection. In the standard DPE method, we model the time delay and Doppler shift as a function of position and velocity of
receiver:

τ ir =
1

c
(||pr − pi||+ c(dtr − dti)) (6)

f i
d,r = −(vi − vr)

⊤ui
r

fc
c
, (7)

where c represents the speed of light, vi is the velocity of the ith satellite and vr is the velocity of the receiver. ui
r denotes the

unit vector pointing from the receiver to the satellite i

ui
r =

pi − pr

||pi − pr||
. (8)



Thus, we can reparameterize Eq.(4) as:

xr[k] =
M∑
i=1

airs
i(kTs − τ ir(pr)) exp

(
j2πf i

d,r(pr,vr)kTs

)
+ nr(t), (9)

and the positioning solution can be achieve by maximizing a summation of CAF:

{pr,vr} = argmax
{pr,vr}

M∑
i=1

Yi(τ
i
r(pr), f

i
d,r(pr,vr))

= argmax
{pr,vr}

M∑
i=1

∣∣∣∣ K∑
k=0

xr[kTs]s
i(kTs − τ ir(pr)) exp

(
−j2πf i

d,r(pr,vr)kTs

) ∣∣∣∣2 (10)

However, the standard DPE does not consider the ionospheric and tropospheric errors, and therefore influenced by those two
errors. To reduce the influence, an SD-DPE method is proposed in this paper and presented in subsection II.3.

3. Proposed method
Unlike the standard DPE approach, in the SD-DPE method, we have two receivers for the SD scheme. Considering two static
short-baseline receivers, the dynamics of the receiver which we are interested in is the position p, clock offset dt.

Note that we assume ui
1 ≈ ui

2 due to the short-baseline setting. It is noted that the Doppler-shift and velocity of the receiver is
temporarily ignored since 1) the velocity is out of the interest of the this work and the estimation of the velocity can be decoupled
from the estimation of the position [Chu et al., 2019]; 2) in DGPS method, one of the receiver is likely to be a static reference
receiver, which means the Doppler-shift f i

d,1 and f i
d,2 should be close; and 3) in the correlation we are going to perform later,

the slight difference of the Doppler-shift will only influence the noise floor and the correlation value, but not the position of the
peak.

Assuming the avaliable satellites to both receivers are the same, we can have the CAF Y (τ) as shown below

Y (τ) =

∣∣∣∣ K∑
k=0

x1[kTs]x
∗
2[kTs − τ ]

∣∣∣∣2 (11)

where ∗ means the conjugate operator and the received signals of two receivers are written in a discrete form with the sampling
rate fs = 1/Ts and K denotes the number of the samples in a coherent integration time. One can notice that the peaks of Y (τ)
will appear at τ = {τ112, . . . , τM12 }, where τ i12 = τ i2 − τ i1 is the difference of the delay/pseudorange of the two receivers with
respect to the ith satellite and M is the number of the common satellites shared by two receivers.

Note that τ i12 can be expressed as a function of the baseline vector b⃗ between receiver 1 and 2,

τ i12(⃗b) =
b⃗ui

1

c
, (12)

where the receiver 1 is considered to be a reference receiver with a given position, which means the unit vector ui
1 is known to

us. It is noted that those delays/pseudoranges are the function of the baseline vector b⃗ and they have got rid of the ionospheric
and tropospheric errors due to the differential operation. To this end, we can find the baseline vector b⃗ by solving the following
optimization problem in DPE context

b⃗ = argmax
b⃗

M∑
i=1

Y (τ i12(⃗b)). (13)

Thus the position of the receiver 2 can also be estimated as p2 = p1 + b⃗ without ionosphere and troposphere error.

However, the correlation operation brings noise to the CAF Y (τ) [Borio, 2008],and the cross-correlation of the C/A codes from
two satellites is also regarded as noise. This noise source increases when the number of satellites increases [Arribas et al.,
2010], which will raise the noise floor and make it difficult to distinguish the peaks on the CAF.



A solution to this challenge is to consider one of the receivers as a base station and reconstruct the received signal from its GNSS
observables. Doing this will not degrade the HS property of the DPE approach since the DPE optimization still happens in the
navigation domain of the other receiver. Also, the GNSS measurements from a base station are usually collected under benign
environment with high carrier-to-noise ratio and no multipath effect. Besides, reconstruction of the signal has more advantages
over using raw received signal: a) the received signal can be reconstructed for each satellite and separately perform correlation
with the signal from the other receiver before the summation, which circumvents the noise caused by cross correlation between
different satellites; b) the common error, such as ionosphere and troposphere error, is still included in the observables, which still
enables the DGPS technique after signal reconstruction; c) the base stations are widely distributed and its GNSS measurements
are easy to access, which could help realize and popularize DGPS DPE algorithm.

Therefore, Eq.(13) can be updated as:

b⃗ = argmax
b⃗

M∑
i=1

Ỹ (τ i12(⃗b))

= argmax
b⃗

M∑
i=1

∣∣∣∣ K∑
k=0

x̃i
1[kTs]x

∗
2[kTs − τ i12(⃗b)]

∣∣∣∣2 (14)

where x̃i
1 = si(kTs−τ̃ i1) exp

(
−j2πf̃ i

d,1kTs

)
represents the reconstruction of signal from receiver 1 using its GNSS observables

τ̃ i1 and f̃ i
d,1, and Ỹ means the correlation between the reconstructed signal from receiver 1 and the received signal from receiver

2. As stated in [Closas and Gusi-Amigo, 2017, Tang et al., 2023, Vicenzo et al., 2023], the grid-based search or stochastic
optimization method can be employed to search the solution of the above cost function. In this paper, we use the so-called
Acceleration Random Search (ARS) [Appel et al., 2004] in the following simulations and experiments.

III. SIMULATIONS AND EXPERIMENTS
1. Raw Signal Vs Reconstructed Signal

(a) Correlation using the raw signal under
C/N0 = 50dB-Hz.

(b) Correlation using the reconstructed signal
under C/N0 = 50dB-Hz.

(c) CAF in the navigation domain under C/N0 =
50dB-Hz.

(d) Correlation using the raw signal under
C/N0 = 40dB-Hz.

(e) Correlation using the reconstructed signal
under C/N0 = 40dB-Hz.

(f) CAF in the navigation domain under C/N0 =
40dB-Hz.

Figure 1: The correlation results with the raw signal and reconstructed with C/N0 = 50dB-Hz (upper row) and C/N0 = 40dB-Hz (lower
row). The left and middle column represents the CAF in delay domain. The middle one is plotted for each satellite since the CAF with the
reconstructed signal is computed separately for each satellite. The right column plots the CAF in navigation domain.



As proposed, instead of performing correlation between the raw signals sampled by the reference station and rover receiver, we
use the observables from the reference station to reconstruct the received signal. By doing this, we can perform the correlation
of each satellite individually and avoid the extra noise floor brought by the cross correlation between two different satellites.
The reconstruction signal ensures the occurrence of a sharp peak in CAFs, and hence the precision of the position estimation,
especially under relative low carrier-to-noise ratio (C/N0) conditions. For example, Fig 1 shows the correlation results with the
raw signal or reconstructed signal from the reference station under C/N0 = 50dB-Hz and C/N0 = 40dB-Hz , given 8 common
visible satellites for two receivers. The left column represents the CAF from Eq.(11) of two raw signals and the red lines denote
the difference of delays τ i12, where the peaks should appear. The middle column represents the CAFs using reconstructed
signals. The right column represents the CAF (using reconstructed signals) in navigation domain centered at the true position
in the context of DPE. Remember that the DPE approach will search the position solution directly on this CAF, rather than
estimating the delays in the middle column and then deriving the solution.

When C/N0 = 50dB-Hz, the peaks of the correlations with both raw signal and reconstructed signal are obvious. When
C/N0 = 40dB-Hz, the peaks vanish in the CAF with the raw signal, while there still exist sharp peaks in the CAFs with the
reconstructed signals, which helps maintain a good shape of the CAF in navigation domain.

2. The performance of SD-DPE in Different Conditions
The proposed SD-DPE approach needs the raw signal from the user and the observables from the reference receiver to correct
the common ionospheric and tropospheric error. One can imagine that the positioning performance may depends on the value
of iono/tropospheric errors, the uncertainty of the measurements from the reference and the quality of the raw signal from
the rover, which can be parameterized by ionosphere error in meter δIir, troposphere error in meter δT i

r , estimation standard
deviation σρ of the reference measurement and C/N0 of the rover received signal. Fig. 2 compares the positioning error between
DPE and SD-DPE with the existence of ionosphere and troposphere errors. Total 8 satellites were set to be commonly visible by
the reference and rover receiver. The rover received the GPS L1 band signal at 40.96MHz sampling rate. The distance between
the two receivers were set be be around 1.6km. The ionosphere and troposphere error were set to be Gaussian distributed
and assumed to have slight difference between two receivers, e.g. δIir ∼ N (µI , σ

2
I ). All positioning errors are computed as

the root mean square error (RMSE) over 400 Monte Carlo simulations. The basis parameters are µI = 10m, σρ = 1m and
C/N0 = 45dB-Hz, which means when one of the parameters is changing, the other two will stay at the fixed value.

(a) Varying ionospheric error.
(b) Varying pseudorange uncertainty of the ref-
erence station measurement. (c) varying C/N0 of the rover received signal.

Figure 2: Comparison of the positioning performance between DPE and SD-DPE under varying environments.

Fig. 2a shows the positioning errors with respect to the ionosphere error. Since the troposphere error influences the pseudorange
in the same way as the ionosphere error does, only the varying ionosphere error is demonstrated here. When the ionosphere error
increases, the positioning error of the standard DPE increases, while the one of SD-DPE keeps at the same level. This means
our propose approach effectively corrects the ionosphere error with the information from the reference station. Fig. 2b shows
that the DPE positioning performance never changes with the pseudorange uncertainty of the reference measurement, since it
contains no information from the reference receiver. The positioning error of SD-DPE increases with the uncertainty of the
pseudorange, but it only reaches the same error level with the DPE when σρ = 12m. This is not likely to happen in real-world
if the reference receiver is correctly configured, especially for those base stations set under GNSS-favorable environment. Fig.
2c plots how positioning error of DPE and SD-DPE will increase when C/N0 of the received signal decreases. It is shown that
although the positioning performance degrades when rover signal quality becomes worse, the SD-DPE can always correct the
iono/troposphere error and get a better positioning result than standard DPE does.



Figure 3: Comparison of positioning performance among 2SP, DPE and SD-DPE based on the over-the-air signal and real-world experiment
settings. The origin stands for the true position in local UTM coordinates. The circles on the plot denotes the 75th quantile of the positioning
error, centered at the mean of their estimation, to show the bias caused by iono/troposphere error.

3. Over-the-air Experiment
In this subsection, we implemented the proposed SD-DPE method with the over-the-air GNSS signal samples from the real world.
A static Labsat GNSS signal recorder located on a rooftop (41◦32′23.85′′N, 2◦6′49.41′′E near Barcelona) was considered as
the rover receiver. It sampled the GPS L1 signal at 25.375MHz with an intermediate frequency of 36.89Hz. GPS satellites
{8, 10, 27, 30}were continuously tracked during the 75-second record. Each satellite had a carrier-to-noise density ratio (C/N0)
ranging from 35 to 41 dB-Hz. The observation Rinex data from a zero-baseline reference station was provided by a Septentrio
PolaEx-5e receiver at a rate of 1 Hz. Further experimental details can be found in [Liu et al., 2020].

Fig. 3 compares the positioning results of 2SP, DPE and SD-DPE. The origin is centered at the true position of the rover receiver.
The 2SP method was implemented by GNSS-SDR [Fernandez-Prades et al., 2011, Pany et al., 2024]. It has less positioning
points since the GNSS-SDR needs the first couple of seconds to decode the navigation bit. To enable the precise positioning
and appeal the bias caused by iono/troposphere error, we implemented 20ms coherent integration for all approaches. We plot
the 75th quantile of the positioning errors centered on their means to show the solution range of each approach under local
East-North-Up coordinates. It is shown that the 2SP and DPE have the same positioning performance and bias without SD
scheme, while SD-DPE obtains more accuracy by correcting the iono/troposphere error.

IV. CONCLUSION
This paper proposed the so-called SD-DPE approach as an extension of the DPE approach by including the DGPS technique.
The core idea is that the CAF between two receivers can be modeled as the function of the difference of delay/pseudorange for
each common satellite, and further the function of the baseline vector. We then proposed a signal reconstruction method to
decrease the noise floor of CAF, which gives the SD-DPE cost function in Eq.(14). We provided the simulations of SD-DPE
under different conditions and compared its performance with the standard DPE method. We also implemented the real-world
experiment with the over-the-air signal. Both of the simulation and experiment showed that the proposed SD-DPE can effectively
correct the iono/troposphere error and achieve better accuracy.
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