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A B S T R A C T

Inverter-based resources (IBRs) have become indispensable in power systems due to their numerous en-
vironmental and operational advantages, which can contribute to enhancing overall grid reliability and
resilience. However, due to their stability limitations, IBRs commonly disconnect from the grid when a grid-
side disturbance happens. Therefore, inverters’ extensive integration introduces complexities and challenges
to power system stability, necessitating the adoption of sophisticated stability assessment tools. One practical
approach for assessing large-signal stability involves delineating the system’s stability region. Traditionally, two
primary methods have been employed for this purpose: time-domain simulation and direct methods. To tackle
the stability assessment of IBRs and sensitivity analysis of stability region, this paper introduces a theoretical
direct method based on the sum of squares (SOS) method. It provides a Hardware-in-the-Loop (HIL) simulation
to verify the results. The SOS method offers a more precise and less conservative representation of the stability
region. Through applying the SOS method, this paper endeavors to establish and investigate the stability
region for grid-tied IBR while conducting sensitivity analysis of the inverter responses to grid-side disturbances.
This sensitivity analysis specifically delves into the impacts of different load levels and different voltage-loop
control parameters on the stability region of the IBR and inverter transit response. In other words, the study
develops a theoretical approach using the nonlinear dynamic model and Lyapunov-based stability assessment
to understand how a modification in the system can affect the stability region of the IBR and the dynamic
response of the inverter for a grid-side fault. The SOS method is applied to construct an accurate Lyapunov
function for the system, and the Lyapunov-based stability assessment is used to study system stability under
a large disturbance. Besides the numerical sensitivity analysis of inverter dynamic response, the accuracy of
the sensitivity analysis is validated through complementary techniques, including time-domain simulations of a
grid-tied IBR and high-fidelity HIL simulations using a real-time digital simulation (RTDS) platform. The result
proves the outcomes of numerical stability analysis and sensitivity assessment of the IBR using an SOS-based
stability analysis.
1. Introduction

1.1. Motivation and background

The primary driving force behind the development and implemen-
tation of inverter-based resources (IBRs) is the pursuit of reinforcing
power supply resilience, dependability, and flexibility [1–3]. The uti-
lization of IBR offers the potential for reducing operational costs and
facilitating the effective integration of renewable energy sources [4,5].
Nevertheless, the application of IBRs, characterized by their low inertia,
poses stability challenges and complexity, resulting in disconnecting
IBRs due to grid disturbances. To effectively harness IBRs as reliable
and flexible energy systems that enhance power supply resilience, sta-
bility assessment becomes a critical aspect, particularly for low-inertia
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IBRs. A comprehensive stability assessment can yield additional insights
into the sensitivity of IBRs during transient faults and determine the
maximum allowable duration for which an IBR can operate within a
system without causing operational instability.

In the realm of system stability analysis, it is generally recognized
that the classification can be based on the magnitude of the disturbance
encountered, whether it is small or large [6]. For assessing small-signal
stability, the use of linearization techniques and eigenvalue analysis
proves useful in simplifying the system and stability analysis, respec-
tively [7–9]. This approach yields results and analysis that specifically
pertain to small transient disruptions [9,10], making it reliable for
minor disturbances and contingencies such as load changes. However,
its results are not authentic when addressing substantial disruptions
ttps://doi.org/10.1016/j.epsr.2024.111020
eceived 22 December 2023; Received in revised form 20 August 2024; Accepted 2
vailable online 7 September 2024 
378-7796/© 2024 Elsevier B.V. All rights are reserved, including those for text and
4 August 2024

 data mining, AI training, and similar technologies. 

https://www.elsevier.com/locate/epsr
https://www.elsevier.com/locate/epsr
mailto:hossei13@msu.edu
mailto:benidris@msu.edu
https://doi.org/10.1016/j.epsr.2024.111020
https://doi.org/10.1016/j.epsr.2024.111020
http://crossmark.crossref.org/dialog/?doi=10.1016/j.epsr.2024.111020&domain=pdf


H. Hosseinpour and M. Ben-Idris

r
C

2

t
m
f
p
a
t
d
c
a
t
f

r
i
c
i
R
n
c
c
l
b
m

2

Electric Power Systems Research 237 (2024) 111020 
such as faults or line disconnections. Consequently, a large-signal sta-
bility assessment becomes necessary in order to obtain comprehensive
information about the system’s stability under both small and large
disturbances.

1.2. Literature review and research gaps

The assessment of large-signal stability for IBRs has shown promise
with the utilization of the Lyapunov-based technique [11–14], such
that, in [13], a controller is proposed that can provide improved
large-signal stability by enlarging the stability region, and in [15],
large-stability analysis of a multi microgrid systems considering the
communication delay time has been studied. This approach proves
effective in accurately determining the stability boundary for nonlinear
systems [16,17]. However, when it comes to inverter-based resources,
which consist of a substantial number of nonlinear components, precise
analysis of large-signal stability requires detailed models [18–20]. Ap-
plying methods based on Lyapunov theory, particularly those involving
detailed models of components, has been notably difficult in evaluating
the stability of power systems [12].

In analyzing and studying the stability and control of singular
components such as converters, direct methods have been prominently
utilized [16,21–24]. Different fault locations and types of systems
integrated with IBRs are studied in [25,26], respectively. In [23],
the large-signal stability analysis for a DC microgrid cluster has been
studied using the Takagi–Sugeno method. A system-level large-signal
stability for a droop-controlled DC inverter-based microgrid has been
studied in [27] for constant load and for different types of load in [28].
Comprehensive large-signal stability analysis of a DC power system,
including a singular inverter-based motor drive, is detailed in [29]. [30]
offers an in-depth exploration of the stability sensitivity of an inverter-
based microgrid with three inverter-based resources during various
events by applying Krasovskii’s methodological approach. Further, the
large-signal stability of an inverter-based generator is examined in [31]
using a Popov-driven Lyapunov function. Yet, it is important to note
that the domain of attraction (DOA) delineated by the Popov-inspired
direct method [32,33] tends to be conservative. Similarly, other tech-
niques, like those built on Krasovskii’s method [34], can also exhibit
this conservative attribute [16].

In distribution systems and inverter-based resources, the
constrained DOA, stemming from the adoption of conservative method-
ologies, predisposes the protection system to become overly protective
in response to potential faults and contingencies. This often culminates
in premature activation of the protection mechanisms [35,36]. The
consequent unwarranted outages can lead to disruptions in supply,
causing inconvenience for consumers. To address this conservativeness,
the sum of squares method, as outlined in [37], presents a promising
alternative for the stability assessment of any system. It offers a larger,
verifiable DOA relative to traditional approaches like Popov [32,33]
and Krasovskii’s methods [34].

Generally, the stability region and critical stability boundary of a
system after a modification or permanent change in the system, de-
pending on the system configuration, current load and generation level,
as well as current controlling setups, can improve or impair the DOA
and system stability capability. In other words, examining the system
stability region plays a pivotal role in comprehending the DOA behavior
and assessing the system’s stability capacity in response to various
modifications. Such analysis yields valuable insights for enhancing the
system’s performance in the face of significant disturbances, such as
faults.

In the context of a grid-connected IBR, it is frequently observed
that these resources disconnect in response to grid-side disturbances
as a proactive measure to safeguard system stability [25], such as in
California in 2022 as NERC reported. However, this disconnection may
not align with the original intent of the IBR application, which aimed

to enhance both system reliability and stability. a
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1.3. Technical contributions

In this paper, the behavior of AC inverter-based resources during
large disturbances is studied to analyze the sensitivity of the inverter
during grid-side disturbances. Moreover, a sensitivity analysis for the
stability region of inverter-based resources is developed by applying
different permanent changes and modifications in the system. Also, the
possibility of stability region improvement to keep IBRs connected to
the grid during the grid-side large disturbance is scrutinized. The DOA
in each case study is constructed for a nonlinear dynamic model of IBRs
based on the SOS model, and the numerical analysis is verified using a
real-time digital simulator (RTDS) for the sensitivity analysis of large-
signal stability during large disturbances. The changes in the stability
region under different modifications in the network are predicted based
on the mathematical analysis and grid dynamic model, and the numer-
ical analysis results are proved through RTDS and hardware-in-loop
(HIL) testing. In this study:

• Formulated a detailed dynamic representation for an inverter-
based resource, applying the sum of squares approach for the
creation of the Lyapunov function.

• The sensitivity analysis of the stability region, as formulated
through the sum of squares methods, is examined comparatively
under two scenarios: the transient response of the system under
a three-phase-to-ground fault for different load levels and under
different control settings of the inverter.

• The accuracy of the result is validated through time-domain
simulations and high-fidelity Hardware-in-the-loop (HIL) testing
using real-time digital simulation (RTDS) systems.

The remainder of this paper is organized in the following manner.
In Section 2, the nonlinear dynamic model and stability method are de-
veloped. Sections Section 4 studies numerical analysis results. Section 5
epresents the HIL result and proof of the numerical analysis. Section 6
oncludes remarks.

. Dynamic model of a grid-tied inverter-based resource

The meticulous dynamic modeling of Inverter-Based Resources and
heir controlling system are of paramount importance for the assess-
ent of large-signal stability. This practice is instrumental in accurately
orecasting system behavior under a spectrum of operational scenarios,
articularly in the face of substantial disturbances. It underpins the
ssurance of system stability, a critical factor during pronounced per-
urbations. Furthermore, such modeling is integral to the sophisticated
esign and control of IBRs, facilitating the development of refined
ontrol strategies that ensure optimal functionality and stability. This
spect is especially vital for the harmonious integration of IBRs into
he existing electrical grid infrastructure, mitigating the risk of system
ailures and enhancing overall grid resilience.
In Fig. 1, the network and control architecture of the inverter-based

esource covered in this study are presented. This setup includes an
nverter-based resource integrated with the main power grid and a
onnected load. The dynamic behavior of the inverter-based resource
s encapsulated in a 13-order model, aligning with models described in
efs. [11,16,38]. Further sections will detail the theoretical underpin-
ings of this resource. The paper also models and demonstrates various
omponents of the control system, such as power, voltage, and current
ontrol mechanisms, along with the RLC filter, line connections, and
oad interactions. Finally, a dynamic model for the IBR is developed
y synthesizing all these components through an advanced network
apping strategy.

.1. Power controller

The power controller assembly incorporates various elements such

s the low-pass filter (𝜔𝑓 ), Q/V, and P/f configurations. A mathemat-
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Fig. 1. A grid-tied inverter-based resource with the droop control system.
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ically comprehensive description of the power controller’s nonlinear
dynamic model is provided in the subsequent section:

𝑃 =
𝜔𝑓

𝑠 + 𝜔𝑓
𝑃𝑜 , 𝑄 =

𝜔𝑓

𝑠 + 𝜔𝑓
𝑄𝑜 , (1a)

𝑃𝑜 = 𝑖𝑜𝑑 𝑣𝑜𝑑 + 𝑖𝑜𝑞 𝑣𝑜𝑞 , 𝑄𝑜 = − 𝑖𝑜𝑞 𝑣𝑜𝑑 + 𝑖𝑜𝑑 𝑣𝑜𝑞 , (1b)

where 𝑖𝑜𝑑𝑞 and 𝑣𝑜𝑑𝑞 are the current and voltage at inverter output
shown in Fig. 1. 𝜔𝑓 is equal to 2𝜋𝑓𝑓 , such that 𝑓𝑓 shows the low-pass
filter frequency

𝑃 =(𝜔𝑛 − 𝜔)∕𝑚𝑝 , 𝑄 = (𝑉𝑛 − 𝑣∗𝑜𝑑 )∕𝑛𝑞 , 𝑣∗𝑜𝑞 = 0, (2a)

𝛿𝑛 =∫ (𝜔 − 𝜔𝐦), ▵ 𝜔𝑛 = 𝜔𝑛 − 𝜔𝐦, (2b)

where 𝑉𝑛 and 𝜔𝑛 are the nominal voltage and frequency sets for
the inverter control system. According to (1) and (2), the nonlinear
dynamic model of the power controller is as follows:

𝑋̇𝑃𝑑,𝑐𝑛𝑡𝑟𝑙 =𝐀𝐏 𝑋𝑃𝑑,𝑐𝑛𝑡𝑟𝑙 + 𝐁𝐏𝟏 ▵ 𝜔𝑛 + 𝐁𝐏𝟐 𝑈𝑖𝑛𝑣𝑟,

𝑌𝑃𝑑,𝑐𝑛𝑡𝑟𝑙 =𝐂𝐏 𝑋𝑃𝑑,𝑐𝑛𝑡𝑟𝑙 + 𝐄𝐏,
(3)

where

𝑋𝑇
𝑃𝑑,𝑐𝑛𝑡𝑟𝑙

=
[

𝛿𝑛 𝑃 𝑄
]

, (4a)

𝑌 𝑇
𝑃𝑑,𝑐𝑛𝑡𝑟𝑙

=
[

𝜔 𝑣∗𝑜𝑑 𝑣∗𝑜𝑞
]

, (4b)

𝑈𝑇
𝑖𝑛𝑣𝑟 =

[

𝑖𝑙𝑑 𝑖𝑙𝑞 𝑣𝑜𝑑 𝑣𝑜𝑞 𝑖𝑜𝑑 𝑖𝑜𝑞
]

, (4c)

𝐀𝐏 =
⎡

⎢

⎢

⎣

−𝑚𝑝 0
03×1 −𝜔𝑓 0

0 −𝜔𝑓

⎤

⎥

⎥

⎦

, 𝐁𝐏𝟏 =
⎡

⎢

⎢

⎣

1
0
0

⎤

⎥

⎥

⎦

, (4d)

𝐁𝐏𝟐 =
⎡

⎢

⎢

0 0
03×4 𝜔𝑓 𝑣𝑜𝑑 𝜔𝑓 𝑣𝑜𝑞

⎤

⎥

⎥

, (4e)

⎣ −𝜔𝑓 𝑣𝑜𝑞 𝜔𝑓 𝑣𝑜𝑑⎦

3 
Fig. 2. Global 𝐷 −𝑄 and local 𝑑-𝑞 reference frames.

𝐂𝐏 =
⎡

⎢

⎢

⎣

−𝑚𝑝 0
03×1 0 −𝑛𝑞

0 0

⎤

⎥

⎥

⎦

,𝐄𝐏 =
⎡

⎢

⎢

⎣

𝜔𝑛
𝑉𝑛
0

⎤

⎥

⎥

⎦

, (4f)

where 𝜔𝐦, and 𝜔 are the angular frequencies for global and local
rotating reference frames, respectively. The angle between the global
reference and the inverter’s local frames is 𝛿 (illustrated in Fig. 2).

2.2. Voltage controller

In the droop control of an inverter, the voltage control loop is
essential for maintaining the stability and quality of the power supply.
The voltage control loop in droop control regulates the output voltage
of the inverter to ensure it is at the desired level despite load changes
or other disturbances. The dynamic of the voltage control loop in the
context of droop control can be described as follows:
d𝑑
d𝑡

= 𝑣∗𝑜𝑑 − 𝑣𝑜𝑑 ,
d𝑞

d𝑡
= 𝑣∗𝑜𝑞 − 𝑣𝑜𝑞 , (5)

here the voltage deviation from the reference voltage value is defined
y  . The dynamic of the voltage control loop can be modified to a
atrix-based dynamic model as follows:
̇ 𝑑,𝑐𝑛𝑡𝑟𝑙 = 𝐀𝐯 𝑋𝑑,𝑐𝑛𝑡𝑟𝑙 + 𝐁𝐯𝟏 𝑈𝑣 + 𝐁𝐯𝟐 𝑈𝑖𝑛𝑣𝑟,

𝑑,𝑐𝑛𝑡𝑟𝑙 = 𝐂𝐯 𝑋𝑑,𝑐𝑛𝑡𝑟𝑙 + 𝐃𝐯𝟏 𝑈𝑣 + 𝐃𝐯𝟐 𝑈𝑖𝑛𝑣𝑟,
(6)

here

𝑑,𝑐𝑛𝑡𝑟𝑙 =
[

𝑑
]

, 𝑌𝑑,𝑐𝑛𝑡𝑟𝑙 =
[

𝑖∗𝑙𝑑
𝑖∗

]

, (7a)
𝑞 𝑙𝑞
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𝑈𝑣 =

[

𝑣∗𝑜𝑑
𝑣∗𝑜𝑞

]

, 𝐀𝐯 =
[

0 0
0 0

]

, (7b)

𝐁𝐯𝟏 =
[

1 0
0 1

]

, 𝐁𝐯𝟐 =
[

0 0 −1 0 0 0
0 0 0 −1 0 0

]

, (7c)

𝐂𝐯 =
[

𝑖𝑣 0
0 𝑖𝑣

]

, 𝐃𝐯𝟏 =
[

𝑝𝑣 0
0 𝑝𝑣

]

, (7d)

𝐃𝐯𝟐 =
[

0 0 −𝑝𝑣 −𝜔𝑛 𝐶𝑓 𝑓𝑐 0
0 0 𝜔𝑛 𝐶𝑓 −𝑝𝑣 0 𝑓𝑐

]

, (7e)

where 𝑓𝑐 , (.)𝑖𝑣, and (.)𝑝𝑣 denote the feed-forward coefficient, the inte-
gral (I) coefficient, and the proportional (P) coefficient of the inverter’s
voltage controller, respectively.

2.3. Current controller

In the droop control of inverters, alongside the voltage control loop,
the current control loop plays a pivotal role in maintaining the stability
and quality of the power output. It helps to regulate the output current
to ensure it remains at the desired level, catering for changes in load
and other disturbances effectively. The matrix-based dynamic model of
the current controller is formulated as follows:
d𝑑
d𝑡

= 𝑖∗𝑙𝑑 − 𝑖𝑙𝑑 ,
d𝑞
d𝑡

= 𝑖∗𝑙𝑞 − 𝑖𝑙𝑞 , (8)

here  is defined as the deviation of current observed in the local 𝑑-
reference frame from nominal values. Subsequent to this definition,
he construction of the matrix-based dynamic model associated with
he current controller loop is methodically delineated:
̇ 𝑑,𝑐𝑛𝑡𝑟𝑙 = 𝐀𝐜 𝑋𝑑,𝑐𝑛𝑡𝑟𝑙 + 𝐁𝐜𝟏 𝑈𝑐 + 𝐁𝐜𝟐 𝑈𝑖𝑛𝑣𝑟,

𝑑,𝑐𝑛𝑡𝑟𝑙 = 𝐂𝐜 𝑋𝑑,𝑐𝑛𝑡𝑟𝑙 + 𝐃𝐜𝟏 𝑈𝑐 + 𝐃𝐜𝟐 𝑈𝑖𝑛𝑣𝑟,
(9)

here

𝑑,𝑐𝑛𝑡𝑟𝑙 =
[

𝑑
𝑞

]

, 𝑈𝑐 =

[

𝑖∗𝑙𝑑
𝑖∗𝑙𝑞

]

, 𝑌𝑑,𝑐𝑛𝑡𝑟𝑙 =

[

𝑣∗𝑖𝑑
𝑣∗𝑖𝑞

]

, (10a)

𝐜 =
[

0 0
0 0

]

,𝐁𝐜𝟏 =
[

1 0
0 1

]

, (10b)

𝐜𝟐 =
[

−1 0 01×4
0 −1 01×4

]

,𝐂𝐜 =
[

𝑖𝑐 0
0 𝑖𝑐

]

, (10c)

𝐜𝟏 =
[

𝑝𝑐 0
0 𝑝𝑐

]

, 𝐃𝐜𝟐 =
[

−𝑝𝑐 −𝜔𝑛 𝐿𝑓 01×4
𝜔𝑛 𝐿𝑓 −𝑝𝑐 01×4

]

. (10d)

where the proportional–integral (PI) coefficients assigned to the cur-
ent controller are denoted as 𝑖𝑐 for the integral component and 𝑝𝑐
for the proportional component.

2.4. RLC filter

The RLC filter in droop control of an inverter is crucial for attenu-
ating switching harmonics and improving the quality of the inverter’s
output voltage and current. RLC filters consist of three resistors (R),
inductors (L), and a capacitor (C), and they are helpful in suppressing
the higher frequency harmonics generated by the inverter’s switching
actions. the dynamic of the RLC filter circuit is formulated as follows:
d𝑖𝑙𝑑
d𝑡

= 1
𝐿𝑓

(𝑣𝑖𝑑 − 𝑣𝑜𝑑 ) + 𝜔 𝑖𝑙𝑞 −
𝑟𝑓
𝐿𝑓

𝑖𝑙𝑑 , (11a)

d𝑖𝑙𝑞
d𝑡

= 1
𝐿𝑓

(𝑣𝑖𝑞 − 𝑣𝑜𝑞) − 𝜔 𝑖𝑙𝑑 −
𝑟𝑓
𝐿𝑓

𝑖𝑙𝑞 , (11b)

d𝑖𝑜𝑑
d𝑡

= 1
𝐿𝑐

(𝑣𝑜𝑑 − 𝑣𝑏𝑑 ) + 𝜔 𝑖𝑜𝑞 −
𝑟𝑐
𝐿𝑐

𝑖𝑜𝑑 , (11c)

d𝑖𝑜𝑞 = 1 (𝑣𝑜𝑞 − 𝑣𝑏𝑞) − 𝜔 𝑖𝑜𝑑 −
𝑟𝑐 𝑖𝑜𝑞 , (11d)
d𝑡 𝐿𝑐 𝐿𝑐

4 
d𝑣𝑜𝑑
d𝑡

= 1
𝐶𝑓

(𝑖𝑙𝑑 − 𝑖𝑜𝑑 ) + 𝜔𝑣𝑜𝑞 , (11e)

d𝑣𝑜𝑞
d𝑡

= 1
𝐶𝑓

(𝑖𝑙𝑞 − 𝑖𝑜𝑞) − 𝜔𝑣𝑜𝑑 . (11f)

The RLC filter’s dynamic model can be articulated in the following
anner:

̇ 𝐿𝐶𝑓𝑙𝑡𝑟
= 𝐀𝐋𝐂 𝑋𝐿𝐶𝑓𝑙𝑡𝑟

+ 𝐁𝐋𝐂𝟏 𝑈𝐿𝐶1 + 𝐁𝐋𝐂𝟐 𝑈𝐿𝐶2, (12)

where

𝑋𝐿𝐶𝑓𝑙𝑡𝑟
= 𝑈𝑖𝑛𝑣𝑟, (13a)

𝑈𝐿𝐶1 =
[

𝑣𝑖𝑑
𝑣𝑖𝑞

]

,𝑈𝐿𝐶2 =
[

𝑣𝑏𝑑
𝑣𝑏𝑞

]

. (13b)

𝐋𝐂 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−𝑟𝑓
𝐿𝑓

𝜔𝐦
−1
𝐿𝑓

0 0 0

−𝜔𝐦
−𝑟𝑓
𝐿𝑓

0 −1
𝐿𝑓

0 0
1
𝐶𝑓

0 0 𝜔𝐦
−1
𝐶𝑓

0

0 1
𝐶𝑓

−𝜔𝐦 0 0 −1
𝐶𝑓

0 0 1
𝐿𝑐

0 −𝑟𝑐
𝐿𝑐

𝜔𝐦

0 0 0 1
𝐿𝑐

−𝜔𝐦
−𝑟𝑐
𝐿𝑐

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (13c)

𝐋𝐂𝟏 =

⎡

⎢

⎢

⎢

⎣

1
𝐿𝑓

0

0 1
𝐿𝑓

04×2

⎤

⎥

⎥

⎥

⎦

,𝐁𝐋𝐂𝟐 =

⎡

⎢

⎢

⎢

⎣

04×2
−1
𝐿𝑐

0

0 −1
𝐿𝑐

⎤

⎥

⎥

⎥

⎦

, (13d)

where 𝑣𝑏𝑑 and 𝑣𝑏𝑞 are the output voltages shown in Fig. 1.

2.5. Dynamic model of the inverter-based resource

The system is considered balanced and is free from harmonic dis-
tortions. Consequently, the integrated matrix-based dynamic model for
an inverter-based resource is articulated as follows:

𝑋̇𝐼𝐵𝑅 = 𝐀𝐈𝐁𝐑 𝑋𝐼𝐵𝑅 + 𝐁𝐈𝐁𝐑𝟏 𝑈𝐼𝐵𝑅 + 𝐁𝐈𝐁𝐑𝟐 + 𝐁𝐈𝐁𝐑𝟑 𝜔𝐦,
𝑌𝐼𝐵𝑅 = 𝐂𝐈𝐁𝐑 𝑋𝐼𝐵𝑅 + 𝐃𝐈𝐁𝐑𝟏 𝜔𝑛,

(14)

where (see the Eq. (16) in Box I)

𝑋𝑇
𝐼𝐵𝑅 = [𝛿 𝑃 𝑄 𝑑 𝑞 𝑑 𝑞 𝑖𝑙𝑑 𝑖𝑙𝑞 𝑣𝑜𝑑 𝑣𝑜𝑞 𝑖𝑜𝑑 𝑖𝑜𝑞],

(15a)

𝑇
𝐼𝐵𝑅 =

[

𝑣𝑏𝐷 𝑣𝑏𝑄
]

, 𝑌 𝑇
𝐼𝐵𝑅 = [ 𝜔𝑛 𝑖𝑜𝐷 𝑖𝑜𝑄], (15b)

𝐓
𝐈𝐁𝐑𝟏 =

−1
𝐿𝑐

[

01×11 cos(𝛿) − sin(𝛿)
01×11 sin(𝛿) cos(𝛿)

]

, (15c)

𝐓
𝐈𝐁𝐑𝟐 =

[

𝜔𝑛 01×2 𝑉𝑛 0 (𝑝𝑣𝑉𝑛) 01×7
]

, (15d)

𝐁𝐓
𝐈𝐁𝐑𝟑 =

[

−1 01×12
]

, 𝐃𝐓
𝐈𝐁𝐑 =

[

1 01×2
]

, (15e)

𝐂𝐓
𝐈𝐁𝐑 =

⎡

⎢

⎢

⎣

0 0
03×11 cos(𝛿) − sin(𝛿)

sin(𝛿) cos(𝛿)

⎤

⎥

⎥

⎦

, 𝐂′
𝐏
𝐓 =

[

02×1
−𝑛𝑞

]

. (15f)
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𝐀𝐈𝐁𝐑 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐀𝐏 03×4 𝐁𝐏
𝐁𝐯𝟏 𝐂′

𝐏 02×4 𝐁𝐯𝟐
𝐁𝐜𝟏 𝐃𝐯𝟏 𝐂′

𝐏 𝐁𝐜𝟏 𝐂𝐯 02×2 𝐁𝐜𝟏 𝐃𝐯𝟐 + 𝐁𝐜𝟐
𝜁 𝐁𝐋𝐂𝟏 𝐃𝐜𝟏 𝐃𝐯𝟏 𝐂′

𝐏 𝜁 𝐁𝐋𝐂𝟏 𝐃𝐜𝟏 𝐂𝐯 𝜁 𝐁𝐋𝐂𝟏 𝐂𝐜 𝛾

⎤

⎥

⎥

⎥

⎥

⎦13×13

,

𝜁 = 𝐼𝐵𝑅 𝑉𝑑𝑐 , 𝛾 = 𝐀𝐋𝐂 + 𝜁 𝐁𝐋𝐂𝟏 (𝐃𝐜𝟏 𝐃𝐯𝟐 + 𝐃𝐜𝟐) , 𝐂′
𝐏
𝐓 =

[

02×1
−𝑛𝑞

]

.

(16)

Box I.
.6. Network

By considering the network and lines, the nonlinear dynamic model
f the system can be modified and reformulated as follows:
d𝑖𝑙𝑖𝑛𝑒,𝐷

d𝑡
= −

(𝑣𝑘𝐷 − 𝑣𝑏𝐷 + 𝑟𝑙𝑖𝑛𝑒 𝑖𝑙𝑖𝑛𝑒,𝐷)
𝐿𝑙𝑖𝑛𝑒

+ 𝜔 𝑖𝑙𝑖𝑛𝑒,𝑄, (17a)

d𝑖𝑙𝑖𝑛𝑒,𝑄
d𝑡

= −
(𝑣𝑘𝑄 − 𝑣𝑏𝑄 + 𝑟𝑙𝑖𝑛𝑒 𝑖𝑙𝑖𝑛𝑒,𝑄)

𝐿𝑙𝑖𝑛𝑒
− 𝜔 𝑖𝑙𝑖𝑛𝑒,𝐷, (17b)

here

̇ 𝑖𝑔𝑟𝑖𝑑 = 𝐀𝐠𝐫𝐢𝐝 𝑋𝑖𝑔𝑟𝑖𝑑 + 𝐁𝐠𝐫𝐢𝐝 𝑈𝑔𝑟𝑖𝑑 , (18)

𝑖𝑔𝑟𝑖𝑑 =
[

𝑋𝑖𝑙𝑖𝑛𝑒

]

, 𝑈𝑔𝑟𝑖𝑑 =
[

𝑣𝑏𝐷𝑄1
𝑣𝑏𝐷𝑄2

]

, (19a)

𝑋𝑖𝑙𝑖𝑛𝑒 =
[

𝑖𝑙𝑖𝑛𝑒,𝐷
𝑖𝑙𝑖𝑛𝑒,𝑄

]

, 𝑣𝑏𝐷𝑄 =
[

𝑣𝑏𝐷
𝑣𝑏𝑄

]

, (19b)

𝐠𝐫𝐢𝐝 =
[

𝐀𝐥𝐢𝐧𝐞
]

, 𝐁𝐠𝐫𝐢𝐝 =
[

𝐁𝐥𝐢𝐧𝐞
]

, (19c)

𝐥𝐢𝐧𝐞 =
[

−𝑟𝑙𝑖𝑛𝑒∕𝐿𝑙𝑖𝑛𝑒 𝜔𝐦
−𝜔𝐦 −𝑟𝑙𝑖𝑛𝑒∕𝐿𝑙𝑖𝑛𝑒

]

, (19d)

𝐥𝐢𝐧𝐞 =

[ 1
𝐿𝑙𝑖𝑛𝑒

0 −1
𝐿𝑙𝑖𝑛𝑒

0

0 1
𝐿𝑙𝑖𝑛𝑒

0 −1
𝐿𝑙𝑖𝑛𝑒

]

.

↼ 𝑛𝑜𝑑𝑒 𝑏 ⇀ ↼ 𝑛𝑜𝑑𝑒 𝑘 ⇀

(19e)

In this context, (.)𝐥𝐢𝐧𝐞 is a symbol representing the lines’ connectivity
to the nodes. Additionally, as illustrated in Fig. 1, 𝑣𝑘 and 𝑣𝑏 correspond
to 𝑣𝑏2 (or 𝑣2 as shown in Fig. 1) and 𝑣𝑏1, in that order. The line current
in the 𝐁𝐠𝐫𝐢𝐝 matrix flows outward from node 𝑏 (indicated as +1∕𝐿𝑙𝑖𝑛𝑒)
and inward towards node 𝑘 (notated as −1∕𝐿𝑙𝑖𝑛𝑒). All remaining entries
in the 𝐁𝐠𝐫𝐢𝐝 matrix are assigned a value of zero.

2.7. Load model

The load model characterizes the dynamic response of loads in
the system, accounting for variations in voltage and frequency. It
encompasses a range of parameters, such as resistive, inductive, and
capacitive components, to accurately represent load behavior under
various conditions. In this study, a common sort of constant resistive-
inductive (RL) load is considered as the load model that its circuit is
formulated as follows:

d𝑖𝑙𝑜𝑎𝑑,𝐷
d𝑡

=
−𝑅𝑙𝑜𝑎𝑑 𝑖𝑙𝑜𝑎𝑑,𝐷

𝐿𝑙𝑜𝑎𝑑
+

𝑣𝑏𝐷
𝐿𝑙𝑜𝑎𝑑

+ 𝜔 𝑖𝑙𝑜𝑎𝑑,𝑄, (20a)

d𝑖𝑙𝑜𝑎𝑑,𝑄
d𝑡

=
−𝑅𝑙𝑜𝑎𝑑 𝑖𝑙𝑜𝑎𝑑,𝑄

𝐿𝑙𝑜𝑎𝑑
+

𝑣𝑏𝑄
𝐿𝑙𝑜𝑎𝑑

− 𝜔 𝑖𝑙𝑜𝑎𝑑,𝐷. (20b)

For the dynamic model of the load, the following model is devel-
ped:

̇ = 𝐀 𝑋 + 𝐁 𝑈 , (21)
𝑖𝑙𝑜𝑎𝑑 𝐥𝐨𝐚𝐝 𝑖𝑙𝑜𝑎𝑑 𝐥𝐨𝐚𝐝 𝑙𝑜𝑎𝑑

5 
where

𝑋𝑖𝑙𝑜𝑎𝑑 =
[

𝑖𝑙𝑜𝑎𝑑,𝐷
𝑖𝑙𝑜𝑎𝑑,𝑄

]

, 𝑈𝑙𝑜𝑎𝑑 = 𝑈𝐿𝐶2 [𝑇𝐷𝑄] =
[

𝑣𝑏𝐷
𝑣𝑏𝑄

]

, (22a)

𝐀𝐥𝐨𝐚𝐝 =
[

−𝑅𝑙𝑜𝑎𝑑∕𝐿𝑙𝑜𝑎𝑑 𝜔𝐦
−𝜔𝐦 −𝑅𝑙𝑜𝑎𝑑∕𝐿𝑙𝑜𝑎𝑑

]

, (22b)

𝐁𝐥𝐨𝐚𝐝 =
[

1∕𝐿𝑙𝑜𝑎𝑑 0
0 1∕𝐿𝑙𝑜𝑎𝑑

]

. (22c)

The local 𝑑 − 𝑞 parameter can be transferred to the global reference
using 𝑇𝐷𝑄.

2.8. Grid mapping

In the quest to ascertain the voltage at individual nodes within
the microgrid, a strategic approach involves the insertion of a vir-
tual resistor, denoted as 𝑟𝑣, between each node and the ground as
depicted in Fig. 1. The critical consideration here is the selection of
a substantially high value for 𝑟𝑣 in order to effectively mitigate any
possible detrimental influences on the precision of the dynamic model.
Consequently, the node voltage can be precisely determined through
the utilization of the ensuing equation:

𝑣𝑏𝐷𝑄 = 𝐑𝐯(𝐌𝐈𝐁𝐑𝑖𝑜𝐷𝑄 +𝐌𝐋𝑖𝑙𝑜𝑎𝑑𝐷𝑄 +𝐌𝐠𝐫𝐢𝐝𝑖𝑙𝑖𝑛𝑒𝐷𝑄), (23)

where 𝐋, 𝐠𝐫𝐢𝐝, and 𝐈𝐁𝐑 denote subscripts for load, line, and inverter
models, respectively. Within the 𝐑𝐯 matrix, the diagonal elements
are set to 𝑟𝑣. The 𝐌𝐈𝐁𝐑 matrix encompasses the connections between
inverters and nodes, with a value of 1 at row 𝑖 and column 𝑗 if inverter
𝑗 is connected to node 𝑖, and 0 otherwise. 𝐌𝐋 maps the relationships
between loads and nodes, with an element at row 𝑖 and column 𝑗
being 1 when there is a connection between node 𝑖 and load 𝑗 and
0 otherwise. Meanwhile, the 𝐌𝐠𝐫𝐢𝐝 matrix describes the direction of
current flow in each line, with a value of 1 at row 𝑖 and column 𝑗 if
the current of line 𝑗 is injected into node 𝑖 and −1 otherwise [11,38].
Consequently, the grid-tied IBR depicted in Fig. 1 can be presented
using a matrix-based dynamic model as follows:

𝑋̇𝐆−𝐈𝐁𝐑 = 𝐀𝐆−𝐈𝐁𝐑 𝑋𝐆−𝐈𝐁𝐑 + 𝐁𝐆−𝐈𝐁𝐑, (24)

where

𝐁𝐈𝐁𝐑 = 𝐁𝐈𝐁𝐑𝟐 + 𝐁𝐈𝐁𝐑𝟑 𝜔𝐦, (25a)

𝑋𝐆−𝐈𝐁𝐑 =
⎡

⎢

⎢

⎣

𝑋𝐈𝐁𝐑
𝑖𝑙𝑖𝑛𝑒,𝐷𝑄
𝑖𝑙𝑜𝑎𝑑,𝐷𝑄

⎤

⎥

⎥

⎦

, 𝐁𝐆−𝐈𝐁𝐑 =
⎡

⎢

⎢

⎣

𝐁𝐈𝐁𝐑
02×1
02×1

⎤

⎥

⎥

⎦

. (25b)

𝐀𝐆−𝐈𝐁𝐑 =

⎡

⎢

⎢

⎢

⎣

𝐀𝐈𝐁𝐑 + 𝐁𝐈𝐁𝐑𝐑𝐯𝐌𝐈𝐁𝐑𝐂𝐈𝐁𝐑𝐜
𝐁𝐈𝐁𝐑𝐑𝐯𝐌𝐠𝐫𝐢𝐝 𝐁𝐈𝐁𝐑𝐑𝐯𝐌𝐋

𝐁𝐠𝐫𝐢𝐝𝐑𝐯𝐌𝐈𝐁𝐑𝐂𝐈𝐁𝐑𝐜
𝐀𝐠𝐫𝐢𝐝 + 𝐁𝐠𝐫𝐢𝐝𝐑𝐯𝐌𝐠𝐫𝐢𝐝 𝐁𝐠𝐫𝐢𝐝𝐑𝐯𝐌𝐋

𝐁𝐥𝐨𝐚𝐝𝐑𝐯𝐌𝐈𝐁𝐑𝐂𝐈𝐁𝐑𝐜
𝐁𝐥𝐨𝐚𝐝𝐑𝐯𝐌𝐠𝐫𝐢𝐝 𝐀𝐥𝐨𝐚𝐝 + 𝐁𝐥𝐨𝐚𝐝𝐑𝐯𝐌𝐋

⎤

⎥

⎥

⎥

⎦

.

(26)



H. Hosseinpour and M. Ben-Idris

t
f
p
s

Electric Power Systems Research 237 (2024) 111020 
Fig. 3. Stability region for Krasovskii’s (green surf) and SOS-based (contour) methods.
3. Constructing the Lyapunov function

The Lyapunov function that has been formulated must satisfy the
following conditions to establish the stability region in accordance with
Lyapunov-based stability analysis:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

For 𝐗𝐧
𝐆−𝐈𝐁𝐑 = 0, the 𝐿 value is equal to zero. ⇒ 𝐿(0) = 0

The defined 𝐿 is positive inside the stability region.
⇒ 𝐿(𝐗𝐧

𝐆−𝐈𝐁𝐑) > 0
The defined ̇𝐿 indicate a downward slope in stability region.

⇒ ̇𝐿(𝐗𝐧
𝐆−𝐈𝐁𝐑) ≤ 0

(27)

For the initial condition, the network’s dynamic model is transi-
tioned to its steady-state operating or equilibrium point. In this context,
the steady-state operating point is defined as an operating point that
has the minimum energy level or 𝐿 value; in other words, 𝐗𝐜𝐨𝐧

𝐆−𝐈𝐁𝐑 =
𝐗𝐆−𝐈𝐁𝐑−𝐗

𝐞𝐪
𝐆−𝐈𝐁𝐑, such that 𝐗̇

𝐜𝐨𝐧
𝐆−𝐈𝐁𝐑 = 𝐀𝐆−𝐈𝐁𝐑(𝐗𝐜𝐨𝐧

𝐆−𝐈𝐁𝐑)𝐗
𝐜𝐨𝐧
𝐆−𝐈𝐁𝐑. 𝐗

𝐞𝐪
𝐆−𝐈𝐁𝐑 is

the equilibrium point of the system. Thus, 𝐿(𝐗𝐜𝐨𝐧
𝐆−𝐈𝐁𝐑) is 0 for 𝐗

𝐜𝐨𝐧
𝐆−𝐈𝐁𝐑 =

0.
Parrilo’s seminal work introduced the sum of squares (SOS) method,

a groundbreaking approach that has since been instrumental in ad-
dressing a myriad of complex problems in system analysis [39]. This
innovative technique has particularly been influential in overcom-
ing previously insurmountable challenges associated with the system-
atic, mathematical stability analysis of a system, employing advanced
Lyapunov methodologies.

In the realm of nonlinear dynamics and control, the SOS-based sta-
bility method has garnered recognition for its precision and robustness
in analyzing the stability of complex systems [40,41]. Mathematically,
his approach is rooted in the optimization of polynomial Lyapunov
unctions and the delineation of regions of attraction, facilitating a com-
rehensive stability assessment. The general step for Lyapunov-based
tability analysis is described as follows [42]:

• Consider a nonlinear dynamical system represented as

𝐗̇ = 𝑓 (𝐗), 𝐗 ∈ , (28)

where 𝐗 is the state vector and 𝑓 ∶ R𝑛 → R𝑛 is a continuously dif-
ferentiable vector field. The objective is to ascertain the stability
of the equilibrium point 𝐗 = 0.
6 
A polynomial Lyapunov function 𝐿(𝐗) is employed, where 𝐿 ∶
R𝑛 → R𝑛, satisfying the following conditions:

⎧

⎪

⎨

⎪

⎩

𝐿(0) = 0,
𝐿(𝐗) > 0 , ∀𝐗 ≠ 0,
̇𝐿(𝐗) = ∇𝐿(𝐗)𝑇 𝑓 (𝐗) < 0 , ∀𝐗 ≠ 0.

(29)

The SOS-based stability method exploits sum of squares program-
ming to verify these conditions. Specifically, 𝐿(𝐗) and −̇𝐿(𝐗)
are expressed as SOS polynomials, ensuring their positivity and
hence validating the stability criteria.

• A polynomial 𝑝(𝐗) of degree 2𝑑 is a sum of squares if there exist
polynomials 𝑞𝑖(𝐗) such as follows:

𝑝(𝐗) =
𝑚
∑

𝑖=1
𝑞2𝑖 (𝐗), (30)

where (𝐗) is a vector of variables 𝐗 = [𝐗1,𝐗2,… ,𝐗𝑛]𝑇 , 𝑚 is
the number of terms in the sum, and 𝑞𝑖(𝐗) are polynomials in
(𝐗). Each 𝑞𝑖(𝐗) can be of varying degrees, and they are not
necessarily unique or distinct from each other. 𝑞2𝑖 (𝐗) represents
individual polynomial expressions. If 𝑑 is considered the degree
of the polynomials, in the context of an SOS, the polynomial 𝑝(𝑥)
is represented as a sum of squares and typically has a degree
of 2𝑑. This means that the highest power of any variable in the
polynomial is 2𝑑. The key characteristic of a sum of squares
polynomial is that each 𝑞2𝑖 (𝐗) term is always non-negative for any
value of (𝐗), ensuring that 𝑝(𝐗) as a whole is non-negative.

• The stability of the equilibrium point is ascertained by con-
structing a Lyapunov function 𝐿(𝐗) as an SOS polynomial and
ensuring that −̇𝐿(𝐗) is also an SOS, thus affirming the negative
definiteness of ̇𝐿(𝐗). Using SOSTOOLS [43] or similar compu-
tational tools, 𝐿(𝐗) and validate the conditions are as follows:

{

𝐿(𝐗) − 𝜖 ∥ 𝐗 ∥2 is SOS,
−̇𝐿(𝐗) − 𝜖 ∥ 𝐗 ∥2 is SOS,

for some 𝜖 > 0, (31)

where ∥ 𝐗 ∥2 is a norm square of the state vector 𝐗.
• The region of attraction is delineated by the sub-level set
 = {𝐗 ∈ R𝑛 ∶ 𝐿(𝐗) ≤ 𝜅} (32)

for some 𝜅 > 0. The boundary of , represented by the level set
𝐿(𝐗) = 𝜅, is computed as an SOS to ensure that the region of
attraction is estimated with minimal conservativeness.
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Fig. 4. Constructing Lyapunov function, 𝐿, based on SOS model: (a) Lyapunov function and (b) derivative of Lyapunov function.
i
t
c
s
t
t
K
u
S

i
s
s
f
a

4

s
i
l
e
d
a
t
p
e

f
i
l
n
g
c
l
o
l

4

g
n
b
o
t

able 1
he variables associated with the control of the inverter and the load.
Parameter Value Parameter Value

𝑉𝑛 381 V 𝑤𝑓 12𝜋 rad/s
𝑤𝑛 120𝜋 rad/s 𝜔𝐦 120𝜋 rad/s
𝑚𝑝 9.35e−6 𝑛𝑞 3.4e−5
𝑖𝑣 405 𝑝𝑣 0.51
𝑝𝑐 10.5 𝑖𝑐 12e4
𝑓𝑐 0.73 𝑟𝑁 8600 Ω
𝐿𝑔𝑟𝑖𝑑 5 mH 𝑟𝑔𝑟𝑖𝑑 34 Ω
𝐿𝑙𝑜𝑎𝑑 0.5 mH 𝑟𝑙𝑜𝑎𝑑 25 Ω
𝐿𝑐 3.4 mH 𝑟𝑐 0.052 Ω
𝐿𝑓 13.6 mH 𝑟𝑓 0.03 Ω
𝐶𝑓 66 μF

The SOS-based stability method, underpinned by rigorous mathe-
atical formulations and computational techniques, provides a system-
tic and robust means to assess the stability of nonlinear dynamical
ystems. Its ability to optimize Lyapunov functions and delineate pre-
ise regions of attraction ensures comprehensive insights into system
ynamics, fostering enhanced predictability and control.

. Numerical analysis

The developed nonlinear dynamic model and the mentioned direct
ethod for stability analysis, the SOS-based method, are applied to
onstruct the stability region of an IBR with a load to analyze its
tability against grid-side disturbances. The case study involves an
nverter-based resource connected to the main grid and a load. The grid
arameters are listed in Table 1. The transient response of the system
nder a transient three-phase-to-ground fault is scrutinized under two
ystem conditions: different load levels and different control settings of
he inverter.

.1. Results and discussion

.1.1. Comparison
Fig. 3 virtually represents that the technique in the SOS method

ossesses the capability to expand the operating stability region into
confirmable state space, reinforcing the precision assertions previ-
usly stated for the Lyapunov function constructed by the SOS-based
odel. A comparative analysis between the DOA formed utilizing two
istinct approaches — Krasovskii’s method [30,34,44] and the SOS-
ased technique is offered in Fig. 3 for the system tabulated in Table 1.
his comparison underscores the enhanced efficacy and accuracy of
he constructed stability region based on the SOS model, showcasing
 s

7 
ts potential to broaden the DOA effectively. The domain of attrac-
ion secured through Krasovskii’s method is notably constrained when
ompared with the SOS-based approach. In the context of inverter
tability, responses to contingencies under Krasovskii’s protocol tend
o be overly cautious, a consequence stemming from the confined DOA
hat this method delineates. The limited scope of attraction defined by
rasovskii’s approach often results in a conservative response pattern,
nderscoring the comparative expansiveness and adaptability of the
OS-based technique.
Fig. 4 illustrates the Lyapunov function based on SOS model and

ts corresponding derivative. Fig. 4-(a) and (b) illustrate that the con-
tructed Lyapunov unction by the SOS-based method can satisfy the
econd and third conditions of Lyapunov-based stability conditions. The
ollowing section delves into an analysis of the effects of load variations
nd control system adjustments on the stability region of the system.

.1.2. Transient response to a fault for different load levels
Load reconfiguration serves as a pivotal strategy for enhancing

ystem reliability during unforeseen events, instigating a modification
n the stability region and system response during faults and other
arge disturbances. A well-executed load adjustment or diminution can
xpand this region, avoiding disconnecting the inverter from the grid
ue to grid-side disturbance and strengthening the network’s resilience
gainst transient faults. This strategic modulation of load optimizes
he system’s robustness against large disturbances, minimizing the
ossibility of disruptions or failures and elevating overall operational
fficiency.
The transient response of the system to a three-phase-to-ground

ault under two different load levels is represented in Fig. 5-(a). Increas-
ng the load amount at node 1 results in the compression of contour
ines for identical 𝐿-slices towards a diminished stability region, sig-
aling a decline in the system’s stability threshold; in other words, to
uarantee a stable transient response, the fault must be cleared sooner
ompared to the system with lower load level. In essence, augmented
oad constraints the system’s stability region, escalating the probability
f instability and potential operational failure under large disturbances
ike faults.

.1.3. Voltage control coefficient, 𝑝𝑣
Inverter switching systems utilize a diverse array of control strate-

ies to guarantee both stability and reliability in their operation. Engi-
eered for adaptability, smart control systems are equipped to recali-
rate control parameters during regular and emergency scenarios. The
perational intelligence of these systems is anchored in a set of con-
rol objects that underpin decision-making processes for the switching

ystems.
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Fig. 5. Lyapunov function constructed using SOS-based model: (a) effect of change in load on DOA, and (b) effect of change in the voltage control system, 𝑝𝑣, on DOA.
Fig. 6. The framework of the real-time digital simulator.
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The region of attraction emerges as a supplementary benchmark
n this context, offering an additional layer of criteria that influence
he adjustment of control parameters. Consequently, the smart control
ystem is attuned to respond adeptly to the dynamic shifts in system be-
avior. This responsiveness ensures that the inverter switching systems
aintain stability and reliability even during fluctuating operational
onditions.
As depicted in Fig. 5-(b), by increasing the voltage control loop

parameter of the system, 𝑝𝑣, the contour lines representing equal
alues of the Lyapunov function in both case study are diminished in
ize. It means the operating point of the system will reach its critical
tability energy boundary faster for the system with a large 𝑝𝑣 during
the same fault. The numerical analysis can help to understand how
any modification in the control system parameters affects the system
stability region. Therefore, precision in tuning the control parameters
is instrumental in elevating the robustness of the system, ensuring it
is fortified against fluctuations and uncertainties as well as primed for
optimal performance.

5. Assessment using real-time digital simulators

Real-time digital simulators (RTDS) provide an environment to sim-
ulate IBRs in real-time and enable HIL testing. RTDS can help simulate
 a

8 
disturbance scenarios for a specific system and illustrate the possible
challenges of the system under the disturbance. Theoretical analysis
of system stability plays a crucial role in examining stability across
multiple scenarios. Fig. 6 represents the real-time simulator setup and
nalog output of voltage and frequency.

.1. Results and discussion

In this study, the accuracy of sensitivity analysis of system sta-
ility is theoretically investigated and verified by RTDS. In this case
tudy, an inverter-based resource and a load are connected to the
ain grid. The inverter is controlled by a droop control system. The
cenarios are defined based on the sensitivity analysis. Two scenarios
re studied, which are changing control system parameters and load
hanges. In each scenario, the system performance during a transient
hree-phase-to-ground fault at the PCC point is investigated.

.1.1. Transient response to a fault for different load levels
As obtained from numerical analysis, the amount of system load

s an important factor in determining the stable transient response of
he system during disturbances. By increasing the system load, the
ystem’s capability to return to its original steady-state operating point
fter a transient contingency reduces and can even be a challenging
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Fig. 7. Transient response of the inverter to a fault. The system with small load: power (a) without and (b) with fluctuations of transient response. The system with large load:
power (c) unstable transient response.
Fig. 8. Transient response of the inverter to a fault. RMS Voltage at PCC in (kV) for (a) small load and (b) large load. Frequency for (c) small load and (d) large load.
Fig. 9. Transient response of the inverter to a fault for the system with a large load: Phase-A voltage signal from GTAO to Oscilloscope (a) pre-fault (b) during the transient (c)
post-fault.
s
process. This implies that for a larger load, the stability region of the
system, known as the domain of attraction, becomes reduced, thereby
increasing the likelihood of the disturbance trajectory crossing the
system’s critical boundary.

Fig. 7-(a) represents the system transient response to a transient
three-phase-to-ground fault. The fault will be cleared after 123.7 cycles.
This 123.7-cycle fault duration is a critical clearing time for the current
system states and conditions, which is defined as the maximum fault
duration to guarantee that the system can have a stable transition to
the original operating point. If the fault continues over 123.7 cycles,
the system becomes unstable. As highlighted in Fig. 7-(a), pre-fault (red
point) and post-fault (green point) operating points are the same, and
the system returns to its original operating point. The fluctuations of the
transient response of the system are excluded from Fig. 7-(a). Fig. 7-(b)
ighlights the fluctuations of transient response.
By increasing the load in the system with the same parameters,

ccording to numerical analysis, it is expected that the stability region
f the system becomes smaller, and for the same fault (three-phase-to-
round with 123.7-cycle duration), the system is incapable of reverting
o its initial operational state after clearing the fault. Fig. 7-(c) rep-
esents the transient response of the system under the condition of
ncreasing the load at the PCC point. As shown in Fig. 7-(c), the
ystem is unable to revert to its initial steady-state operational position
marked by the red point), resulting in a post-fault steady-state operat-
ng point (indicated by the green point) that differs from the pre-fault
9 
tate. Fig. 8-(a) and (b) represent root-mean-square (RMS) voltages for
the case studies with small and large loads, respectively. Comparing
the RMS voltages indicates that the voltage at the PCC point increases
by 14% in the large load scenarios, and the system loses its voltage
stability and it may disconnect from the grid. Moreover, after a three-
phase-to-ground fault in the large-load system, the frequency of the
system after the transition fluctuates and in the steady-state operation
increases to 2.27%, shown in Fig. 8-(d). On the other hand, Fig. 8-(c)
represents the frequency of the small-load system after the same fault.
The transient response of the system presents a stable transition to the
original equilibrium (operating) point. Fig. 9 represents the Hardware-
in-the-loop outputs for system transient response to a three-phase fault
when the system supplies the large load.

5.1.2. Transient response to a fault for different voltage control coefficient,
𝑝𝑣

In a droop control system, voltage and current loop control coef-
ficients need to be selected in an appropriate method. In this study,
the effect of choosing a large and small 𝑝𝑣 of voltage loop in droop
control on the inverter transient response to a grid-side disturbance is
scrutinized. A large 𝑝𝑣 can help the system have a shorter rising time
and improve the transient stability of the system after a disturbance.
However, it depends on the other part of the system. By increasing the
𝑝𝑣, the system will experience more fluctuation during the transient

response. Hence, according to the system condition and the current 𝑝𝑣
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Fig. 10. Transient response of the inverter to a fault. The control system with small 𝑝𝑣: reactive power (a) without and (b) with fluctuations of transient response. The control
system with large 𝑝𝑣: reactive power (c) unstable transient response.
Fig. 11. Transient response of the inverter to a fault: RMS Voltage at PCC in (kV) for (a) small 𝑝𝑣 and (b) large 𝑝𝑣. Frequency for (c) small 𝑝𝑣 and (d) large 𝑝𝑣.
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value, increasing or decreasing 𝑝𝑣 can affect the system’s transient
response and stability during contingencies.

Fig. 10 illustrates the transient response for the system after a three-
phase-to-ground fault with a 124-cycle duration for two different 𝑝𝑣
values. As obtained in Section 4.1.3, by increasing 𝑝𝑣, the domain of
ttraction shrinks, reducing the required time to clear a fault before
he system fails. In other words, in this system, decreasing 𝑝𝑣 can
educe the delay in controlling system reaction to applied inputs,
mproving the system’s transient response and system stability during
isturbances.
Moreover, the RMS voltages are compared in Fig. 11-(a) and (b),

epresenting a 12.54% increase in the steady-state voltage of the large-
𝑝𝑣 system at post-fault. Fig. 11-(c) and (d) illustrate the system
requency after the fault for the small-𝑝𝑣 and large-𝑝𝑣 systems,
espectively. The frequency of the large-𝑝𝑣 system after fault reaches
1.262 Hz, resulting in system frequency instability. On the other hand,
hoosing a small and appropriate 𝑝𝑣 can help the system to improve
he transient stability during the disturbances, shown in Fig. 11-(a) and
c).

. Conclusion

This paper has developed an HIL-based examination of the stability
egion in a grid-tied inverter-based resource to scrutinize the sensitivity
f inverter dynamic response to a grid-side fault. The RTDS setup
nd HIL are utilized to authenticate the findings derived from our
omprehensive numerical analysis. A stability methodology, the Sum
f Squares (SOS)-based technique, and a nonlinear dynamic model are
mployed to provide a rich, multidimensional perspective on system
tability.
The findings are not just theoretical conjectures but are empirically

alidated, underscoring the potency of numerical analysis as a tool for
treamlining and optimizing the scenario assessment process for system
tability when paired with a well-suited stability method. We delved
nto a comparative analysis, pitting the SOS-based Lyapunov method
gainst Krasovskii’s method, unearthing discernible distinctions in their
fficacy.
In essence, the synergy of HIL-based analysis, the robust RTDS

etup, and the intricate numerical analysis rooted in the SOS-based
ethod and nonlinear dynamic model provides actionable insights, and
10 
efined tools, and enhances precision in mapping out and understand-
ng the stability perspective of inverter-based resources.
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