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DERIVATION OF A BOLTZMANN EQUATION WITH
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MODEL*

ESTEBAN CARDENAST, NATASA PAVLOVIC!, AND WILLIAM WARNER?

Abstract. In this work, we generalize Kac’s original many-particle binary stochastic model to
derive a space homogeneous Boltzmann equation that includes a linear combination of higher-order
collisional terms. First, we prove an abstract theorem about convergence from a finite hierarchy to
an infinite hierarchy of coupled equations. We apply this convergence theorem on hierarchies for
marginals corresponding to the generalized Kac model mentioned above. As a corollary, we prove
propagation of chaos for the marginals associated to the generalized Kac model. In particular, the
first marginal converges towards the solution of a Boltzmann equation including interactions up to
a finite order and whose collision kernel is of Maxwell type with cut-off.

Key words. Boltzmann equation, Kac model, higher-order collisions
MSC codes. 82C40, 82C22

DOI. 10.1137/23M1606150

1. Introduction. The aim of this paper is to derive a Boltzmann equation for
Maxwell molecules that incorporates higher-order collisions; we achieve that by gen-
eralizing Kac’s original stochastic binary model [28] via allowing multiparticle inter-
actions. With this purpose in mind, let us consider a space homogeneous gas of
indistinguishable particles, moving in d-dimensional Euclidean space. The system is
to be described by the probability density f = f(¢,v) of finding a single particle with
velocity v € R? at time ¢t > 0. The resulting Boltzmann-type equation will be of the
form

where (Bx)}_, is a normalized set of coefficients: Y Bx = 1. Here, M € N is the
highest-order collision that will be relevant in our system, and (Qx)}_, are the Kth
collisional operators, modeling the interactions between K particles.

Since the Boltzmann equation was introduced by Boltzmann [5] and Maxwell [30],
it has been the target of many mathematical studies. In particular, the problem of rig-
orously deriving a Boltzmann equation with binary interactions (of Maxwell type) was
first addressed by Kac in his foundational work [28]. By setting up an appropriate N-
particle stochastic process, Kac was able to show that an equation of the form (1.1)—
with the right-hand side containing only the Q)5 term—emerges from the many-particle
dynamics in the N — oo limit. The framework introduced in [28] is now known as the
Kac model, and there is an active field of research around it; its simplicity is a fertile
playground for studying subtle questions that are otherwise very difficult to approach
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in more complex models arising from kinetic theory. Propagation of chaos, entropy
production, relazation towards equilibrium, and well-posedness are among the most
studied questions for the Kac model and its generalizations. For a partial survey of ar-
ticles, see, e.g., [28, 33, 34, 7, 16, 17, 18, 13, 14, 26, 39, 20, 6, 19, 27, 10, 11, 31, 9, 12, 25]
and references therein.

Derivation of the Boltzmann equation in the deterministic, space-inhomogeneous
setting with hard spheres has been a major breakthrough in kinetic theory. The
first proof in this direction was given by Lanford [29]. More recently, this derivation
program has been revisited in a modern perspective by Gallagher, Saint-Raymond,
and Texier [23]. On the other hand, derivations of Boltzmann-type equations that
include higher-order collisions between the particles has just recently started to receive
more attention. In [1], I. Ampatzoglou and the second author of this paper derived the
nonhomogeneous Boltzmann equation for hard spheres, with the relevant interactions
being ternary. In [2], the same authors were able to simultaneously include both binary
and ternary interactions in their analysis. The problem of including arbitrarily higher-
order interactions remains open. We would also like to point out the recent work [3],
which implies that an equation of the type (1.1) including a linear combination of
collision operators can give better properties of solutions compared to the binary
Boltzmann equation. Specifically, in [3], Ampatzoglou, Gamba, Taskovié¢, and the
second author of this paper have shown that the simultaneous existence of binary and
ternary collisions in a homogeneous Boltzmann-type equation yields better generation
in time properties of moments and time decay, compared to when only binary or
ternary collisions are considered. This gives additional motivation to study both
derivation as well as analysis of Boltzmann equations with higher-order collisions
such as (1.1), which is what we do in this paper in the context of Kac’s stochastic
framework.

More precisely, we introduce an adaptation of Kac’s original stochastic N-particle
model that simultaneously includes interactions up to order M € N and prove that
(1.1) emerges in the N — oo limit. The model we propose is motivated by the work
of Bobylev, Cercignani, and Gamba [4] on well-posedness and self-similar solutions
of an equation that incorporates higher-order collisions between Maxwell molecules.
Inspired by [23, 2] we use hierarchy methods to obtain convergence from a certain
finite hierarchy of equations to the infinite hierarchy associated to the generalized
Kac model. Propagation of chaos then follows as a corollary.

1.1. Higher-order collisions. Let us now introduce higher-order collisions. We
shall not specify a concrete transformation map between pre- and postcollisional ve-
locities, but rather work in a general setting that satisfies three conditions, given in
the Hypothesis below. We present some examples in section 3.

The transformation law. For every K = 1,..., M, we assume that we are given a
measurable space Si with a probability measure by, together with a measurable map

Tr : Sk x R 5 RIK

We call K the order of the collision, Sk the space of scattering angles, bx a collision
kernel, and Tk the transformation law.

Throughout this work, we assume the following Hypothesis to be satisfied. Let
us denote by Sk the group of permutations of K elements. We will abuse notation
and use the same symbol to denote a permutation o € Sk and its action over the
space R4, Namely, o stands for the function defined by (V) = (Voays -+ Vorry)
for V.= (Vi,...,Vk) € RIE,
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HyPOTHESIS. For all w € Sk, the map T¥ = Tk (w,-) : R — RIE js linear.
Additionally, the following hold:
(H1) T¥ is an isometry.
(H2) For all ¢ € C(R) it holds that

(1.2) /Sgo[(T;;)_lV]de(w):/S P[TEV]dbg(w)  VV eRI¥E .

(H3) For all o € S and ¢ € C(R), it holds that

(1.3)
/cp[(aoT;ogfl)v]de(w):/ o[TEV]dbg(w)  VV eR .
Sk Sk

The conditions introduced above arise when considering elastic collisions between
particles whose pre- and postcollisional velocities are related by the formula

(1.4) (v1,...,vg) — (U], ..., vE) =TE(v1,. .., UK),

where w € Sk is a parameter that labels the directions in which the particles inter-
change momentum. With this interpretation in mind, we can give physical relevance
to the above hypotheses. (H1) states that there is conservation of kinetic energy.
(H2) states that, up to an average over the set of scattering angles, the transfor-
mation law Tk is an involution. (H3) states that, up to an average over the set of
scattering angles, the transformation law Tk does not depend on the labeling of the
particles, e.g., there is no preferred order in which the particles can enter a collision.

Remarks 1.1. A few comments are in order regarding (H1), (H2), and (H3).

(i) Even though our methods can be adapted to include transformation laws that
do not satisfy (H3), we include it to make the exposition simpler. Similar
assumptions have previously been made in the literature; see, for instance,
Definition 2.1(iv) in [8] for an example in the context of the quantum Kac
model.

(ii) From a mathematical point of view, we include K = 1 since it presents no
additional difficulties. Physically, it does not correspond to collisions between
the particles but can be understood as an interaction between a single particle
and its medium; a famous example is the thermostat model [7].

(iii) In order to accommodate certain models, we do not require conservation of
momentum to hold:

K K
(1.5) dvr=> i
i=1 =1

For instance, the above-mentioned thermostat model is such an example. We
refer the reader to section 3 for details.

The collisional operators. In this setting, the transformation law Tk defines the
collisional operators Qg : ]_[ZK:lLl(Rd) — LY(RY) present in the Boltzmann-type
equation (1.1) that we derive. More precisely, for K > 2 these operators are of the
form

(16)  Qi(frveees fic)(v1)
=K (@ELFNTEV) = (R f) (V) )bk (w)ds .. dvg

SKXRd(K—l)
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and analogously for K =1, with Sg x R¥® =1 being replaced by S;. Notice above
that the kernel of Qx is independent of the relative velocities and is integrable with
respect to the scattering angles. In the context of kinetic theory, such a model can
be interpreted as a gas of Maxwell molecules with an angular cut-off.

Eztension of the transformation law to N particles. Let K € {1,..., M} be a fixed
order of collision. We would like to define collisions of order K that happen in a
system of IV particles; their velocities will be recorded by the so-called master vector

V = (v,...,vn) € R, In order to select the particles that undergo a collision, let
us denote by

(1.7) I(K) == {(i1,...,ix) €{1,... ., N} wij#i, for j#L}

the set of all pairwise different indices contained in {1,..., N}¥. Note that we do not
require the indices to be ordered; i.e., i; < --- <ix may not hold.

Next, let us fix a collection of indices (i1, ...,ix) € Z(K) and consider a permuta-
tion o € Sy satisfying (1) =iy,...,0(K) =ix. Then we will work extensively with
the new linear map
(1.8) T i, =00 (T X idgarv—1)) 00 : R — RN w € Sk.

In words, the map T}’ ;  selects the particles labeled by indices (i1,...,ix) and
updates their velocities according to the transformation law (1.4), i.e., (v, ..., i, ) —
(vi,...,v;, ), while leaving the rest invariant.

Remark 1.1. For the special case in which the indices are ordered, meaning that
i1 <---<ig, one can write for V.= (vy,...,ux) € RN the following:

(19) Tz‘*l’“(V = (’Ul, e 7vi1_171);<1,vi1+1, e 7viK—17vz<va’iK+1a e ,’l}n) y
where (v} ... v} ) =TE (viy, ..., vi ) € R

1.2. Generalized Kac model. As in Kac’s original approach for deriving a
binary Boltzmann equation, we shall construct a Markov process describing the N-
particle system and study the relevant master equation governing its dynamics. De-
tails of this construction can be found in section 4.

Our master equation is then given by

O fn =Qf N,
SN (0) = fno € Ly (RY),

where L, stands for the space of L' functions, invariant under permutation of their

variables. The generator Q : L*(R) — L'(R) is the bounded linear operator
determined by the formula

(1.11)

M
QF=NY e 3 ;/ (FoT¥ . —[)dbx(w),  feL'RN);

K=1 (i1,...,ix)€L(K) Kl (%) Sk

(1.10)

we recall that the normalized coefficients (8 )¥_, were first introduced in (1.1). We
note that, since () is a bounded linear operator, the solution of the master equation
has regularity fy € Cf°(L1).

Remark 1.2. We would like to point out that the equation for f above includes
an average over the K particles that interact. Consequently, this operation produces
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a symmetrization of the distribution function f. This should not be confused with
the symmetry properties that the transformation law 7% may or may not have. For
more details, we refer the reader to the discussion contained in subsection 3.2.2.

1.3. Our results in a nutshell. Let us briefly explain the three main results
presented in this paper.

(1) Abstract convergence of hierarchies. Let (X)) ey be a collection of Banach
spaces. For each N € N, we consider the following system of equations:

(1.12) ofy = o N e %sj,\;+M—1f](\78+M71)7 seN,

which we call the N-hierarchy. Here, each unknown fj(\f) 2[0,T] — X is a time-
dependent, vector-valued quantity, and each operator (53]7\; i X (s+k) — X (%) is linear
and bounded, and its operator norm grows at most linearly with s € N, uniformly
in N € N. We show that if-——in an appropriate sense and under additional mild
assumptions—the following limits hold,

Jim €N, =¢%; and  lim F0)=F0)  VseN, Vo<k<M -1,
—00

s
N—o00

then it also holds for later times ¢ € [0, 7] that
. (s) _ £(s)
where the limiting objects satisfy the associated infinite system of equations
3tf(5) — <g;<;f(3) +..._|_<g;>;+M_1f(s+M*1)’ sEN,

which we call the infinite hierarchy. See Definition 3, Definition 4 and Theorem 2.1
for details.

(2) BBGKY to Boltzmann hierarchy. Starting from the solution fy of the mas-
ter equation (1.10), we show that its sequence of marginals f 1(\}9) (defined through a
partial trace procedure; see (2.19)) satisfies a finite system of equations of the form
(1.12), which we shall refer to as the BBGKY hierarchy. Under our assumptions on
the transformation law T4 and the kernel dbg(w), every condition of the abstract
convergence result is satisfied. Consequently, we can prove that there is convergence
to an infinite hierarchy, which we shall refer to as the Boltzmann hierarchy. A precise
statement can be found in Theorem 2.2.

(3) Propagation of chaos. This result concerns the derivation of the Boltzmann
equation (1.1). Namely, we assume that the initial data of the master equation fy o €
Ll (R™) is such that its sequence of marginals ( fj(\}q’)o)seN converges weakly to a
tensor product (f$*)sen for some fo € L'(R?). We then prove that for all ¢ > 0, it
holds in the weak sense that

(1.13) lim [ (t) = f(t,)%°,

where f(t,v) is the solution of the Boltzmann equation (2.28), with initial data fo.
This is the content of Theorem 2.3.
Now we provide some context for our results with respect to applications and
previous works.
1. Why is our transformation law abstract? We decided to require that the trans-
formation law Tk satisfies the general hypotheses (H1), (H2), and (H3).
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This allows us to give several examples of transformation laws satisfying the
hypotheses (see section 3). Consequently, Theorems 2.2 and 2.3 apply in each
of those cases. This is in contrast with respect to most of previous works in
the field (see, e.g., [2, 23, 7]) that typically address specific examples.

2. Why do we have Theorem 2.17 We also remark that our derivation of the
generalized Boltzmann equation (1.1), as formulated in Theorem 2.2, is a
consequence of the abstract convergence result stated in Theorem 2.1. The
motivation for such a level of generality is two-fold: it allows us to identify
the estimates that are sufficient for the convergence process, and it provides
efficient and robust notation that can be welcome when treating convergence
of hierarchies.

3. Why do we have Theorem 2.2, rather than just Theorem 2.37 In contrast to
Kac’s original approach [28], we prove propagation of chaos as a consequence
of convergence of hierarchies (Theorem 2.1). We are therefore able to handle
more general initial data. We do not require tensorized initial data.

4. What are the functional framework novelties of our approach? Studying con-
vergence of systems with finitely many particles to systems with infinitely
many particles has been successfully implemented in the context of deriva-
tion of nonlinear PDEs in many cases. These include works on derivation of
the nonlinear Schrodinger equations [21] as well as results on derivation of
inhomogeneous Boltzmann equations for hard spheres [23]. In this paper, we
study space homogeneous systems of Maxwell molecules with angular cut-off.
Consequently, the relevant collision operators are bounded in L., which dic-
tates our main functional framework; see, e.g., Lemma 7.1 for a well-posedness
result. This is in contrast to the spaces that have been used in the deriva-
tion of the space inhomogeneous Boltzmann equation for hard spheres, which
are Lg%, -based with exponential weights [23]. However, at the level of the
many-particle hierarchies, we employ similarly to [23] time-dependent expo-
nential weights (see the spaces X, in subsection 2.1). To the authors’ best
knowledge, this is the first application of Ll-based spaces in the context of
the derivation of Boltzmann equations.

By completion of this work, the authors became aware of the works by Ueno [38]
and Tanaka [35, 36] in the late 1960’s. These works, as is the case with works on
Kac’s model, proved propagation of chaos for Markov processes driven by bounded
generators, which include some of our models. Their proofs are based on expansion
methods, pioneered by Kac [28] and then further developed by McKean [32]. As
mentioned above, our result is more general in the sense that we prove convergence
of hierarchies (Theorem 2.2) for more general initial data and obtain propagation of
chaos as a corollary. Hence the approaches can be understood as complementing each
other in terms of methods as well as the results.

Finally, let us mention that, in the last few decades, the problem of deriving an
explicit convergence rate for the limits (1.13) has received special attention and many
models have been investigated; see, e.g., [33, 34, 24, 16, 17, 18, 14]. Such a rate—
besides naturally depending on time t € R, the number of particles N € N, and the
order of the marginals s € N—comes at the cost of requiring stronger assumptions on
both the initial data of the system and the test functions. Even though our methods
do not provide a convergence rate, we ask for minimal assumptions on these objects.

Open problems. Let us give a short list of future directions of investigation we
believe are interesting.

1. For the model at hand, we expect that a convergence rate in the limit N — co
for the marginals (1.13) can be derived, possibly depending nontrivially on
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the total number of interactions M. One approach towards finding such a
convergence rate would be to employ the framework developed by Mischler
and Mouhot [33]. In this context, it would be interesting to understand the
stability properties of the PDE (1.1) with respect to Wasserstein metrics, as
pioneered by Tanaka [36]; see also the work of Cortez and Fontbona [18] and
the references therein for more recent developments.

2. It is well known that the inclusion of interactions in a gas of free particles
forces the system to reach statistical equilibrium. For the binary Kac model,
convergence to equilibrium can be understood in terms of the L2-spectral gap
of the (binary) linear operator 2 = Q(N) that depends on particle number;
see, e.g., the work of Carlen, Carvalho, and Loss [11]. Hence, it is reasonable
to conjecture that the inclusion of additional collisions in the system would
enhance the convergence to equilibrium. Estimating the spectral gap and
its dependence on the order of collisions M would give insight into such a
phenomenon.

3. Recently in [3] it has been shown that the addition of ternary interactions
among particles that are already allowed to interact binary can in some in-
stances improve moment properties of the corresponding nonlinear equation.
The model (1.1) derived in the paper at hand could provide a relatively simple
framework for further investigating the question of propagation and genera-
tion of moments in nonlinear kinetic equations with higher-order interactions.

Organization of the paper. In section 2, we give precise statements of our three main
results. In section 3, a collection of examples that fit our framework are given, and a
few adaptations are mentioned. In section 4, we give the details of the construction
of the Markov process that gives rise to the master equation (1.10). Theorem 2.1 is
proven in section 5, whereas Theorems 2.2 and 2.3 are proven in section 6. Required
well-posedness results are proven in section 7, and we include Appendix A for a review
of the theory of Markov processes.

2. Main results. In this section, we state in detail our three main theorems.
The first one is an abstract convergence result; in order to state it, we dedicate
the next subsection to the necessary functional analytic spaces. This point of view
has the advantage of using only minimal estimates satisfied by collision operators.
Convergence then happens naturally under the right assumptions.

2.1. The functional framework. Let {X(*)} .y be a collection of Banach
spaces, and consider their direct sum

(2.1) X:=Px.

seN

For any given p € R, we consider the subspace of exponentially weighted sequences
22) K= {F=(ene X [Fl = supe 1 < oo}

We introduce time dependence as follows. Fix T' > 0, and consider the weight function
(2.3) p:[0,7T] =R, p(t):=—t/T.

We define the Banach space of uniformly bounded, time-dependent sequences as

(2.4) X (P 011 X+ [Flhi= s [F (Ol <oc)-

tel0,T
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2.1.1. The N-hierarchy. In this subsection, we introduce an abstract version of
the BBGKY hierarchy usually found in models that arise from kinetic theory. Before
we describe this in detail, let us introduce the following convenient notation: given

K=1,...,M, we work interchangeably with the lower case quantities m and k defined
through
(2.5) M=m+1 and K=Fk+1.

We assume that for N > M and s € N we are given a collection of bounded linear
transformations

N X 5 x)

%N :X(s+m) _)X'(s)7

s,8+m

which we refer to as the N-hierarchy operators. Intuitively, one may think of these
operators as the components of an infinite matrix, whose entries are nonzero only
within a distance m above the diagonal. Let us note that, in this framework, the
collection of operators {Cé\fs X k}zi”f?kzo may be infinite. In applications, however, they
are usually a finite collection; see, for example, Remark 6.2.

To the collection of operators mentioned above, we associate the following system
of equations, from now on referred to as the N-hierarchy:

atfl(\}g) = Cgs],vs ](\}g)++cgsj,vs+m I(\}9+m)a
¥ (0) = fip e X,

As will become clear during the proof of Theorem 2.1, it will be convenient to write the
N-hierarchy in mild form. To this end, we consider the linear operator N XX
defined for F' = (f*)),cy as

(2.7) (ngF)(S) = %Sf’\’sf(s) T %SJ’\g+mf(s+m) _

(2.6) seN.

DEFINITION 1. We say that Fn = (fl(\?))seN € X, is a mild solution to the
N-hierarchy (2.6) with initial condition Fyn o= (fz(\?,)o)sEN e X if

(2.8) FN(t):FN}U-l—/Ot%NFN(T)dT vt e[0,T].

We will work under the following assumption. We remind the reader that m =
M —1 is a fixed natural number.

CONDITION 1. There exist constants { R} 7", independent of s and N, such that
for all k=0,...,m there holds that

(2.9) 1E0N eSS Ixo < RisllFOP I, fOTH e X0,

Under Condition 1, the following well-posedness result holds. A proof can be
found in section 7.

PRrROPOSITION 2.1. Assume that the N-hierarchy operators satisfy Condition 1.
Then, for all T < (> Rxe*)™! and Fn,o € Xo, there is a unique mild solution F €
X, to the N-hierarchy (2.6). In addition, it holds that

(2.10) IFnlp<(@—0) " Fyollo,  with  61=T> Rpe"€(0,1).
k=0

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/19/25 to 128.62.216.52 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

BOLTZMANN WITH HIGHER-ORDER COLLISIONS 5417

2.1.2. The infinite hierarchy. If the N-hierarchy operators admit a formal
limit when N — oo, we would like to understand the solutions of the infinite hierarchy
they generate. To this end, for each s € N we will consider a collection of bounded
linear transformations

¢ X 5 x)

g, Xty x (),

s s+m

which we call the infinite hierarchy operators.
To these operators we associate the infinite hierarchy, defined as the infinite
system of equations given by

(2.11) seN.

8tf(8) = cgsowc;f(s) +o %soos+mf s+m)’
FO0) = e x®),

The mild form of the infinite hierarchy is defined analogously. Namely, we consider
the linear operator € : X — X defined for F = (f(*)),cy as
(2.12) (CFF)) = Gf) + o+ €, fET.

DEFINITION 2. We say that F = (f(*))en € X, is a mild solution to the infinite
hierarchy (2.11) with initial condition Fy = ( és))seN € Xy if

(2.13) F(t)=Fy+ /t ¢ F(r)dr, tel0,T].
0

We shall assume that the infinite hierarchy operators satisfy an estimate analogous
to the one introduced in Condition 1. Namely, we have the following.

CONDITION 2. There exist constants {pr}i', such that for all k=0,...,m and
for all seN
(2.14) 1556 /S xo < pesfS ™ lxern, O e XEHR,

The following well-posedness result is then available. A proof can be found in
section 7.

PROPOSITION 2.2. Assume that the infinite hierarchy operator €°° given in
(2.12) satisfies Condition 2. Then, for all T < (3 pre*)™1 and Fy € Xy, there is
a unique mild solution F € X, to the infinite hierarchy (2.11). In addition, it holds
that

(2.15) [Flln<(1=02) " "[Follo, — with  6,=TY pre* €(0,1).
k=0

Remark 2.1. For the rest of the article, we ask the time interval [0,7] to satisfy
the following condition:

m -1 m -1
(2.16) T<m T, with T, :=min (ZRM) ,(Zpkek>
k=0 k=0
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Here, T, stands for the maximal time for which we can prove simultaneous well-
posedness of the two hierarchies; see Propositions 2.1 and 2.2. In particular, T, is
independent of the initial conditions. Consequently, an iteration procedure for proving
convergence for all ¢t € R is possible, provided global a priori bounds are satisfied by
the solutions of the finite and infinite hierarchies, respectively. For the Kac model,
these bounds follow from the fact that the solution of the master equation is the
density of a probability measure. The extra factor 1/m will be used to ensure that
certain integral remainder terms converge to zero. See section 5 for details.

2.2. Convergence of hierarchies. The notion of convergence that we are going
to study is known in the literature as convergence of observables. Before we describe
it, we introduce some notation. The bracket (-,-) stands for the pairing between X (*)
and its dual X ()* = (X (5))*,

DEFINITION 3. We introduce the two following notions of convergence:
1. The sequence (Fn)%_, € X converges pointwise weakly to F' € X, abbreviated
Fy 25 F if

(2.17) Jim (FF,0) = (9 ,0)  VsEN, Vpex O,
—00

where Fy = (fj(vs))seN and F = (f)sen .

2. The sequence F : [0,T] — X converges in observables to F :[0,T] — X if
for any s €N and any p € X"
(2.18) tim (3 @),0) = (FO0),0).

N —o00
uniformly in t € [0,T], where F = (fg\s,))seN and F = (f)sen .

Let us now make precise the notion in which we understand convergence from the
N-hierarchy operators ¢V to the infinite hierarchy operators €>°.

DEFINITION 4. Let X be the space introduced in (2.1). We say that a sequence of
operators TN : X — X converges to T : X — X if for any sequence Fx € X such that
Fy 2% F it holds true that TNFy o TF.

The following result is our first main theorem; it gives conditions under which
convergence in observables occurs, from the finite to the infinite hierarchy.

THEOREM 2.1 (convergence of hierarchies). Assume that the N-hierarchy op-
erators €N satisfy Condition 1 and that the infinite hierarchy operators € satisfy
Condition 2. Let F'y € X, be a mild solution, corresponding to initial data Fn o € Xo,
of the N-hierarchy (2.8), and let F € X, be a mild solution, corresponding to initial
data Fy € Xy, of the infinite hierarchy (2.13). In addition, assume that

(A1) Fyo 25 Fo,
(A2) supy>q [l EN ollo < o0, and
(A3) €N converges to € in the sense of Definition 4.

Then F n converges in observables to F'.

2.3. BBGKY and Boltzmann hierarchies. The next result of this paper
concerns the application of Theorem 2.1 to our generalization of the Kac model. In
order to state it, let us first introduce the marginals of the solution of the master
equation (1.10). Indeed, we consider the following trace map:

(2.19) Tropq, v Lo R¥Y) — L1 (RP), seN,

Sym Sym
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where we recall that L} stands for L' functions invariant under permutation of their

sym
variables. The trace map is then defined for f € L} (RY) as

(2.20)  Trey1,. N[FI(Vs)
fRd(N—s) f(‘/savs-‘rlw'wUN)dUS"rl.”d’UN’ S<N’
=3 5v), =N, VeR%.
0, s> N,

sym

In particular, note that the trace map preserves permutational symmetry.
Let fy be the solution of the master equation (1.10). We now introduce its
marginals as the sequence of functions

(2.21) ¥ =Trar nlN], sEN

One may show that the dynamics of the sequence of sth marginals fits the abstract
functional framework introduced above. Namely, by letting X (*) = L;ym (R9*) we will

show in section 6 that fj(\‘; ) satisfies
(2.22) Of =CN IS N ST VseN,

L (R?) are operators that can be computed explic-
itly. We shall refer to (2.22) as the BBGKY hierarchy.
In order to display the structure of the operators {C¥. s+k}s 1,k—0> let us first
introduce some notation that will be used for the rest of the article.

Notation. Let s € N and k € {0,...,m}. Given Vi = (v1,...,vs) € R¥ v,,q,...,
Vsir € R an index i € {1,...,s}, and a scattering angle w € Sk, we record the pre-
and postcollisional velocities by the following vectors in R4 (s+5).

(2.23) Verk = (Va1 Vsq1,-0) Vst ),
(2.24) ok = (VL U Vs U U )

where (v},v5, 1, Vi) = THE (0 Vg1, .., 05 ) € RIE
The operators that drive the BBGKY hierarchy then take the form (recall that
K=k+1)

(2.25)

(CN e fETRN (V)

where C, |, : LY (Rd(SJrk))%Ll

_ BN (N-s\¢ / (s+k) (y/%i (s+k)
=0 Ko1)o o P00 = Vi) Jdbrc) s i
+Rs s+k-

The operator Rév s+ is a reminder term defined in (6.49) and whose explicit form we
do not display here. Importantly, we will also show in section 6 that the operators
Cﬁ%k satisfy Condition 1.

In section 6, we will show that the operators Cs s4x given by (2.25) converge as

N — 00 to the operators C%,, ;. : Ll (RUHR) — L1 (R9%) given by

(226) ( s 5+kf(s+k )(Vs)

S

= BKKY (FEMVE) = FHP (Vo) ) dbic () dvs - dvgr,

s,s+k *
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where V1 and V+k are as in (2.23) and (2.24), respectively. We verify that these
operators satisfy Condition 2 (see Lemma 6.4) and therefore fit the abstract functional
framework.

We are now ready to introduce the Boltzmann hierarchy as the infinite hierarchy
(2.11) with the operators €% ;. given by (2.26):

(2.27) Def S =Cof ) 4+ O FOT.

Our main result concerns the limit from the BBGKY to the Boltzmann hierarchy.

THEOREM 2.2 (from BBGKY to Boltzmann). Let X(*) = LL (R%). Let Fy
and F be mild solutions to the BBGKY hierarchy (2.22) and Boltzmann hierarchy
(2.27), with initial data Fno € Xo and Fy € X, respectively. Additionally, assume

to F'.

We prove Theorem 2.2 as a corollary of Theorem 2.1; its proof can be found in
section 6.

2.4. The Boltzmann equation. We start this subsection by noting that the
ansatz (f©*),en is a solution of the Boltzmann hierarchy (2.27) if f € C([0,T]; L*(R%))
solves the following nonlinear equation:

{&f:&Qﬂﬂ*””+5MQMﬁw~j%

(2.28) F(0,) = fo e L'(RY),

where the collision operators Qg : L' (R%)X — L'(RY) were defined in the introduc-
tion; see (1.6). We use the following notion of mild solution.

DEFINITION 5. We say that f € C([0,T); LY(R?)) is a mild solution of (2.28)
corresponding to the initial condition fo € L'(R?) if

(2.29) = fo+ ZﬂKQK f(s))ds vt e [0,T).

0 k=1

Global well-posedness for (2.28) was studied in [4] in a slightly different setting.
In section 7, we adapt their proof to our situation and obtain the following result.

PROPOSITION 2.3 (global well-posedness). For all fo € L*(R?) with [5, fo(v)dv =
1 and || follzr <1, there is a unique mild solution f € C(R,L'(R%)) to the Boltzmann
equation (2.28). In addition, [o, f(t,v)dv=1 and ||f(t)|1 <1 for all t € R.

Remark 2.2. Note that the operators Qx are continuous in L! (see, for instance,
Lemma 7.1). Therefore the map ¢t — Qg (f(t),...,f(t)) € L' is continuous and the
fundamental theorem of calculus shows that the global mild solution f of Proposi-
tion 2.3 given by (2.29) is of class C*.

Now we are ready to state our result concerning propagation of chaos for the
master equation (1.10). Namely, we prove the following result.

THEOREM 2.3 (propagation of chaos). Let fn € LL .. (R¥) be nonnegative and

normalized to unity:

sym

[ fnollze Z/d frno(V)dV =1.
R N
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Further, assume that its sequence of marginals (f](\}q,)o)seN converges pointwise weakly
to the tensor product (f3*)sen for some fo € LY(RY). Let fn(t) be the solution of
the master equation (1.10), with initial data fno. Then, for allt >0, s € N, and
s € L®(R) it holds that

(2.30) lim (5 (8 ) 0s) = (F(8,)%,04),

N—oc0

where f(t,v) is the solution of the Boltzmann equation (2.28), with initial data fo.

Remark 2.3. Since the solution of the master equation fy(t) is the probability
density function of a probability measure (see section 4), it holds that

(2.31) ore / CN@V)av=1  vieR

and similarly for its sequence of marginals f](\f ) (1).

3. Applications. In this section, we describe a set of examples that fit the
framework introduced in section 1 and further developed in section 2. Namely, they
satisfy (H1), (H2), and (H3), and Theorems 2.2 and 2.3 can be applied to each of
those models. Some of the examples we consider have already been studied in the
literature, and we recover existing results (see examples (1) and (2) below). Example
(3), on the other hand, is new.

The following formula is helpful when trying to verify the symmetric condition
(H3). Let us regard a linear map T : R — RIX a5 a collection of blocks T' =
[T3;]5,—1, where each T;; : R* — R? is linear. Then it holds that

(3.1) (0oToo™), =Tyt o),  Gj=L....K 0€Sk.

3.1. Examples. (1) Binary collisions. Let K = 2, and take S = Sf_l, the
(d—1)-dimensional unit sphere. The transformation law Tz is then defined according
to the formulae

(3.2) v] = v + {w, v — V1) w,
(3.3) vy =2 — (w,v2 — V1) w

for w e S‘f_l. It is straightforward to verify that T is an involution that conserves
both energy and momentum. Hence, (H1) and (H2) are verified. Furthermore, we
may write in block form

o0 e (MG 10T et

where 14 is the d-dimensional identity. In particular, it follows that (T%)11 = (T%)22
and (T%)12 = (T%)21. This observation, combined with (3.1), implies that coT%oo ™! =
Ty for any o € Sy, which in turn implies (H3).

(2) Kac’s toy model. In dimension d =1, Kac [28] originally considers Sy = (—m, )
and the transformation law (vy,vs) — T} (v1,v2) determined by the matrix

toy
cosf  sinf
(3.5) Tteoy = (_ sinf  cos 9> for 6 € (—m, ).
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Since this is an isometry, it satisfies (H1). We now proceed to verify (H2) and (H3).
To this end, we calculate that for o = (1 2) € Sy and 6 € (—7,7) it holds that

0 1 0 =1 _ [ cosf —sin@\ g
(3.6) ooy = [Tt"y] o (+sin€ cos@) = Tioy-

Consequently, we find that o o Tt‘%y ool = (ﬂeoy)_l * Tt‘%y for general §. However,
a change of variables 6 — —0 shows that (H2) and (H3) are verified, provided we
consider an interaction kernel of the form dbs(0) = f(6)d6, where f > 0 is integrable
and even f(0) = f(—0). These are exactly the conditions considered originally by Kac
[28].

(3) Symmetric collisions of order K. Consider the set of scattering angles

(3.7) Sk ={w=(w1,...,wr) ER¥™ | W+ ... +w% =1}

endowed with a probability measure of the form b(w)dw, where (bo o)(w) = b(w) for
all 0 € Sig. We consider the transformation law Tk given by

K
(3.8) vi=0;—2Y (wpv)wi,  i€{l,...,K}.
(=1

A straightforward calculation shows that Tk is an involution that conserves energy.
In addition, the block form representation [T3]; ; = 0; ;14 —2 (wj, ) w; and (3.1) imply
that for all o € Sk it holds that

(3.9) o'oTI“éoa_lzT;(w), wE Sk

Since the underlying probability measure is invariant under the change of variables
w + o 1w, one verifies that hypothesis (H3) is satisfied. Note that Tk does not
conserve momentum. However, if the space Sk is replaced by

(3.10) Sk ={weSk |wi + -+ +wk =0},

one may easily verify that conservation of momentum holds.

3.2. Other models. In our results, we always assume that (H1), (H2), and
(H3) are satisfied. We note that there exist models in the literature that fail to
satisfy at least one of these conditions and we give two such examples. However, our
methods can be adapted to cover theses cases.

3.2.1. Bobylev—Cercignani—-Gamba model. For K < M, suppose that one
is given scalar velocities (vq,...,vx) € RX. In [4], the authors propose a model for
economic games in which the particles (or players) undergo a transformation law T, ;
of the form

(3.11) vi=avi+bY v, i€{l,...,K},
J#i

where the real-valued coefficients a and b are random variables on a probability space
(Q, F,P). Note that even when K = 2, this transformation fails to conserve energy
unless the coefficients are heavily constrained; conservation of energy would force
la®—b?| = 1. Note, however, that the relation [coT, yoo i ; = [Tablo(i),0(j) = [Tabli;
implies that condition (H3) is verified, independently of the underlying probability
space or the specific structure of the coefficients a and b.
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One may still consider the situation in which d(w) := [det Ty, | > 0, that is, the
case for which T, ; is invertible. By keeping track of the d( ) factor we expect that
results analogous to Theorems 2.2 and 2.3 can be proven, leading to a Boltzmann
equation (2.28), with a collisional operator given by

Qi (fi,.- fx)(v1)
K/KXR<K 1)( w)(@)(, o) ([Tap)™ 1V)(®f_1fg)(V)> dbg (w)dvy . .. dvg.

3.2.2. Nonsymmetric ternary collisions. Let us focus on the ternary case
K =3 and consider the (2d—1)-unit sphere S3 := S??~! with the usual surface measure
dw. As noted in [1], the relevant transformation law T}, is defined as

(3.12)

v] = v — ¢(v1,v2,v3;w) (w1 + wa),

(3.13)
. (w1,v2 —v1) + (wa,v3 — v1)
vh = vy + ¢(v1, 2, v3; W) Wi, c(v1,v2,v3; W) = ,
5 =2 + ¢c(v1,v2,V3;w) Wi (v1,v2,v3;w) T (wr,w2)
(3.14)

* .
vy =3 + c(v1,V2,V3; W) wa,

where w = (wy,wsz) € S?¥~1. Despite conserving energy and momentum, hypothesis

(H3) is not satisfied for this model. Let us further explain. We note that symmetries
can be understood at two levels.

1. At the level of the collisional laws of the particles. This is a condition on a
map T : R — R4K of K variables. In this level, the interaction in [1] is not
symmetric since there is one preferred particle. One can check by hand that
the ternary interaction from [1] does not satisfy (H3).

2. At the level of the evolution of the distribution function. In this level, sym-
metry of the function is recovered by the “average” over the K variables.
However, symmetry at the particle level is not: at each interaction, particles
still interact asymmetrically.

We expect, however, that our methods can be adapted to show that similar results
hold true, leading to a Boltzmann equation with a collisional operator of the form

Q=03 +205”
where, for f € L*(R), we have

(315) Q4" f(w) = /S | (JEDFRIE) = F@)f(02)F(05) ) db(w)dvades,

3.16) QUM = [ (FODS3)F05) = Fon) (w2)Fws) )bl

Namely, the strategy of the proof will follow along the same lines but would require
keeping track of more complex combinatorics.

4. The master equation. In order to accommodate higher-order interactions
among particles, in this section we construct a new Markov process. We are inspired
by the pioneering work of Kac [28], where the author outlined the procedure for
constructing the Markov process corresponding to binary interactions. Our Markov
process then leads to the master equation (1.10).
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For simplicity of exposition, we work with Euclidean space R instead of re-
stricting ourselves to the energy spheres

(4.1) Ev:={V=(v1,...,o5) eR¥™ : |V|=VN}.

Our methods can be easily adapted to incorporate restrictions to £y (since conser-
vation of kinetic energy satisfied by the transformation law leaves the energy spheres
invariant).

First, we describe the heuristics behind constructing our Markov process. As
noted above, we incorporate higher-order collisions given by the transformation law
(1.4). Then we give a sketch of the mathematical details of its construction as a jump
process. We refer the reader to Appendix A for a brief review of the theory of Markov
processes, including the notation that will be extensively used in this section.

In order to construct the continuous time Markov process V y, we will first con-
struct the simpler discrete time process Y, where Y (n) represents the state of
our N-particle system after the nth collision. Recall that we fix (Si,Tk,bx) with

K =1,...,M as introduced in section 1. Fix positive parameters {8k }}/_, that
satisfy the normalization condition
(4.2) Bi+--+Bu=1.

Here the parameters Sx represent the probability that a given collision will be of
order K. Given the distribution of Y (n), we obtain the distribution of Yy (n + 1),
the system after one collision, by following the steps:
1. Select K € {1,..., M} with probability Sx. This determines the order of the
system’s next collision.
2. Select which K of the N particles will undergo this collision by choosing an
ordered index (i1,...,7x) uniformly from Zx. This choice has probability
(K)~ (%)
3. Select the impact parameter w € Sk according to the law dbg (w).
4. Update the velocities as follows:

Yn(n+1) :Tiul),..,,ix (v1,...,UN),

where Tf ; is given by (1.8).
If we start with a given initial distribution Y5 (0) of our N-particle system, we can
formally construct our process Yy completely by repeating the above steps.
To construct Y v rigorously, we introduce a Markov transition function acting on
V € R and a Borel set B € Z(R)

(4.3)
un(V,B)
- 1
= ZﬂK Z K N / 1B(Tz,_,_71‘KV)de(w), VGRdN, BG%(R[IN)’
K=l (i15e-00 k) (K) Sk

whose (bounded) generator Py : Cy(R¥V) — Cy(RV) satisfies

(@) PV [ el (Vi)

M
1
=Y Bk > N/ e(T¢ . V)dbg(w) VeRW.

W KD e T
- (11,»--111() K

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/19/25 to 128.62.216.52 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

BOLTZMANN WITH HIGHER-ORDER COLLISIONS 5425
Given fn, € Prob(RV), the space of probability measures on R?" by Proposi-
tion A.2 we can find a probability space (X,.#,P) and a Markov chain {Yn(n)}52,:
¥ x Ng — R4 whose transition function is gy and whose initial law is determined
by fn.0- In other words, it holds that for all n € Ny and B € Z(R)

(4.5) P[Yy(n+1)€ B[YN(0),...,Yn(n)] = un(Yn(n), B),
P[Yn(0) € Bl = fno(B).

By computing the one step transition probability for Yy, it can be checked that py
given in (4.3) is the correct transition function for our process Y y.

In order to introduce continuous time into our process, consider an independent
Poisson process {M (t)}22, with rate N (see Definition 14 in Appendix A) and define
the Markov process V x(t) as the jump process

(4.6) Vi (t) = Yn(M(1)).

In particular, it can be shown that this jump process corresponds to the transition
semigroup {7'(t)};>0 whose (bounded) generator is

(4.7) Ly = N(Py —id) : C,(R™) — Cy(RWY),

where Py is defined in (4.4). The reader is referred to section 2.2 of [22] for details.

Our starting point for the derivation of the Boltzmann equation (1.1) will be the
dynamics associated to the law of the process Vi (t). More precisely, let us denote its
law by Fy(t,-). This is a probability measure on R?" invariant under permutations,
with the symmetric property being equivalent to the particles being indistinguishable.
We make the additional assumption that the initial data has a symmetric density
fno € Liym(]RdN ). Consequently, Fiy has a density fx that evolves according to the
master equation

O fn=Qfn,
(4.8) {fN(O) = fn0 € L (RWY),

where the generator Q : Ll (R) — Ll (R4) is the bounded linear operator

sym sym
determined by the formula

(4.9)

M
0N 0 3 s [ (oM = )k e L)

K=1  i1-ig '(K

Remark 4.1 (relationship to the deterministic setting). The Liouville equation
is the deterministic analogue of the master equation (4.8). Furthermore, N is chosen
for the rate of the Poisson process M(t) in (4.6) to ensure a constant number of
collisions per unit time per particle in the limit N — oo and is analogous to the
Boltzmann—Grad scaling in the deterministic setting.

5. Proof of Theorem 2.1. Throughout this section, we assume that the es-
timates contained in Conditions 1 and 2 are satisfied, together with assuming that
T > 0 satisfies (2.16). First, we introduce some notation and prove some preliminary
inequalities.
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In what follows, we will be using the same notation introduced in subsection 2.1.
For s € N, let us introduce the canonical projections

(51) s X:@X(T) _>X(3)
reN

defined for F = (f®)),eny € X as 7,(F) := f(*). In particular, in terms of the objects
F:[0,7] - X and Fy :[0,T7] — X, convergence of observables (see Definition 3) is
equivalent to the following statement: for all s € N and for all ¢, € X(®)*_ there holds
that

(5.2) lim (7, Fn(t),s) = (7 F(t),0s)
N—o00
uniformly in ¢ € [0, 7.

Let €, %4> : X — X be the linear transformations introduced in (2.7) and (2.12),
respectively. The introduction of the projections (7s)sen will be particularly useful
for proving norm estimates for the sth components of the iterated powers of € (%N ,
resp.), namely for the operators

(5.3) (€F)"=€ 0 0€7, neN.
—_—

n times

More precisely, the following lemma holds true.

LEMMA 5.1. (a) If &N satisfies Condition 1, then for every £ € N, s € N, and
F € X there holds that

(5.4) ||7rs[(<€N)ZF] | xo < Z Z S(s4ky)--(s4ky+-+ k1)
ki=0  k¢=0

X Rk1 cee ng ||7T5+k1...+k[F||X(s+k1---+k2) .

(b) If € satisfies Condition 2, then for every £ €N, s € N, and F € X there holds
that

(5.5) st[((gm)éF]Hx(S) < Z Z s(s+k1)--(s+ki+-+ke_1)
k1=0  ke=0

X Py Prog 1Tty Fl x Cotren -

Proof. We shall only present a proof for (b); that of (a) is identical. In what
follows, we omit the subscript X(*) from the norms || - ||x«). The proof goes by
induction on £ € N. Indeed, for £ =11let s € N, let F' = (f®)),ey € X, and estimate
using Condition 2 that

A

Ims [E=F] = 1658+ 4 G5 f ™ < s(poll £+ 4 pll )
(56) s> pelimesn Pl

Assume now that the result holds up to £ € N. Then, for s € N and F' € X, we have
that
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I [(E)YHF) < 3 oY (s k) (s koo ko)
=0  k¢=0

1

k1=0
X Py "'pke||7r8+k1“'+kzcgooF”

g Z Z S(S+k1)"'(8+k1+"‘+kf71)
k1=0  k¢=0
m
(5.7) X Pky e phe Y, (k4 k) prpps [Tt tdon FIl -
kep1=0
This finishes the proof of the lemma. ]

The following lemma will be useful throughout the proof of convergence. We
recall that the well-posedness time T, was defined in (2.16).

LEMMA 5.2. Let seN, let p > —1, and let n > 10.
a) If €N satisfies Condition 1, then for all F € X,, there holds that

(
(5-8) s [(€™) Flllxor < se™nl (mT7)" (en)™ ™| ||, -
(b) If € satisfies Condition 2, then for all F' € X,, there holds that

(59) 7 () Fllxer < s nl (mZo )" en)/ ™|l

Proof. Similarly as before, we shall only present a proof of (b). Let s,n,u be as
in the statement of the lemma, and for the sake of the proof let us denote o = s/m.
Then, for any 0 <ky,...,k, <m, we have the following upper bound:

s(s+ki)-(s+ki+-+kp1)<s(s+m)---(s+(n—1)m)
=sm™" Hsm ™ 1) (sm™t 4+ (n—1))
=sm" Ha+1)---(a+(n—1))
n—1 -
- Dl a1) - (7 1)
sm™  (n—1)(a+1) — +
(5.10) gsm"n!(a—l—l)n-(g—l—l).
n
For notational convenience, we have replaced n — 1 by n; since we are only interested

in the asymptotic behavior when n — 0o, such a replacement is harmless. Next, using
the fact that log(1 + x) <z for all > 0, one finds that

<a+1>...(3+1)exp10g<<a+1>...(g+1)>

= exp <log(a+1) +---+log (% +1))
(5.11) §exp(a(1+1/2—|—---—|—1/n)).

For n > 10, one has the standard bound Z;;l 1/j <log(n)+1. Consequently, we find
that

(5.12) (a+1)--- (% + 1) <exp (alog(n) + a) = (en)*/™.
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Next, we use the definition of the norm || - ||, (see (2.2)) to find that
(5:13) [ Toriosomsin Fllxssrs sm < exp (= pls+ ki + -+ k) [Fle
Hence, by Lemma 5.1 and (5.10), (5.12), (5.13), we find that

lms(€°) F x» < sm'n! (en)s/m

(5.14) x Z exp (— (s +ky+ -+ kn1))pry - iy [1F s

k1.

from which the desired estimate follows after elementary manipulations, taking into
account the definition of the well-posedness time T; see (2.16). a

We are now ready to give a proof of Theorem 2.1.

Proof of Theorem 2.1. Let Fy = (f](\f))seN € X, and F = (f®),en € X, be
as in the statement of Theorem 2.1, with initial data Fn o = (.f](\?)())SEN € Xp and

= ( fés))seN € Xy, respectively. Recall that existence and uniqueness of mild
solutions of both hierarchies is guaranteed by Propositions 2.1 and 2.2. The idea of
the proof is as follows: for fixed s € N, starting from both the finite and the infinite
hierarchies in mild formulation, we iterate the integral formulas n € N times. Next, we
show that the initial conditions match in the limit N — oo and the integral remainder
term vanishes as n — oo, uniformly in V.

Let us be more precise. First, we write the mild formulation of the solutions of
both hierarchies:

t
(5.15) Fn(t)=Fny +/ N Fy(7)dr,
0

t
(5.16) F(t)=Fy+ / ¢ F(r)dr

0
Next, let us fix s € N and iterate n times the above equations to get
(5.17) Fn(t Z—' (€™ Fno + / / (ENY I N (1) Al - - - dty,

Z:% p
(5.18) Z i (6°)'Fy + / / (E)" T F (ty 1) dty gy ---dty.
(=

Once we project with 7, and consider the pairing with ¢, € X*)*  we note that the
contribution to this difference arises due to two terms:

(5.19) |<7TSFN(t)vSDS> - <7TSF(t),g05>| < Sna(t) + Ina(t),

where Sy ,(t) is the sum given by

n

£
(5.20) Snm(t) == Z% (ms(EN) Fro,05) — (ms(6%) Fo, 05) |
=0

and where Zy ,,(t) is an integral remainder term defined as

(5.21)

t tn
- / / (||ws<%’N>““FN<tn+1>|X<s> e (E=)HF (f01) |X<s>)dtn+1 .,
0 0
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and we assume without loss of generality that ||ps| x>+ < 1. We study these two
terms separately.
INTEGRAL REMAINDER TERMS Zy . It suffices to estimate the time integrals, with
respect to n, uniformly in V. We actually show that each integral separately converges
to zero in X®) norm, once we project via the map m,. Since the estimates are identical
for Fy(t) and F(t), we only present a proof for the latter.

First, we introduce the following notation, convenient for estimating the nested
integrals:

d£n+1 Edtn+1 "'dtl, n € N.
Further, we recall that in section 2 we have introduced the function
w(t) =—t/T, t€[0,T7,

where T < m™1T,; see (2.16). In view of Lemma 5.2, we find that, for all n € N and
tn+1 <t <T, the following estimate holds:

(5.22) 175 (%) L F (tng1) o
< se” P (0 DN T fe(n + DI | F (1) ateao)-

Consequently, we find that
(5.23)
t tn B
/ B / s (€°)" F (t41) || x 0 A < s(n+ DY mT )™ e(n + 1))
0

/ / O )
0

s(n+ DI(mT )" [e(n + 1))/
t7l
< |1 / / et
<s(n+ D (mT; " [e(n + 1)]%/™
Tn+1

F S
X H ||“6 (n+ 1)!
= s(mTT')" He(n+ 1)/ ||F ||

We recall that T' was chosen small enough in (2.16) so that mT7T, ! < 1 holds true.
Therefore, as n — oo, the integral remainder term vanishes.
CONTROLLING THE SUM Sy ,,. First, we show that the following result holds.

LEMMA 5.3. Let Fiy € X converge pointwise weakly to F € X, and let N con-
verge to €°° in the sense of Definition 4. Then, for all £ €N, it holds that (%N)ZFN
converges pointwise weakly to (€°°)'F. In other words, for all s € N, £ € N, and
s € X it holds that

lim (s [(€N) Fn], 05) = (ns[(€)°F], 0s) .

N—oc0

Proof. The proof goes by induction on £ € N. The case ¢ = 1 follows from the
definition of convergence from € to ¥>°. Assume now that the result holds for
(eN, ie., Gy = (€V) Fy converges weakly to G = (¢°°)‘F. It follows that € Gy
converges pointwise weakly to € °°G. This finishes the proof. ]
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CONCLUSION. First, we take the limit N — co. Namely we put our two estimates
together to find that for all n > 1 there holds that

(5,24) h]f/nsup’ s F N (t ) (ps> - <7TsF(t)7<Ps> ’
— 00
< limsup Sy (t) + limsupZy ,(t)
N—o00 N—oo

< s(mTTY) ™ e(n + 1))/ e (HFHM + s ||FM)

Thanks to Proposition 2.1, one has that ||F x|, < (1 —62)7||Fnllo for all N > 1.
Thus, sup yen || F v < 0o due to our assumptions on the initial data. The conclusion
of the theorem now follows after we take the n — oo limit. |

6. Proofs of Theorems 2.2 and 2.3. Throughout this section, fxn denotes the
solution of the master equation (1.10), and ( f N )seN denotes its sequence of marginals,
defined in (2.21). We recall that these quantities are symmetric with respect to the
permutation of their variables.

6.1. Calculation of BBGKY. In what follows, we fix the number of parti-
cles N > M and some order s < N of the marginals. We start with the following
calculation:

(6~1) atf](\}g) = 8tTrs+1,u.,N (fN) = TTs+1,...,N (ath) = Trerl,‘..,N (QfN)u

where we recall that € is the linear operator introduced in (1.10). Hence, due to (6.1),
linearity of the trace map, and the definition of €, it follows that

(6.2) Z ﬂK K' Z TT5+1 11 ..inN)a

where for each K =1,...,M and (i1,...,ix) € Z(K), defined in (1.7) we have intro-
duced the operator

(6.3) Qpoire f= [ (foTf i — f)dbk(w), feL'RW).
Sk

Thus, it remains to calculate the quantity Trei1,. v (§,...ix f) for arbitrary (iq,...,
ixg) €Z(K) and f € Lsym(RdN).

The first step in this direction is exploiting the symmetric condition given in (1.3)
in (H3). This is the content of the following lemma. Recall that Sk stands for the
group of permutations of K elements.

LEMMA 6.1. For all K=1,...,M, (i1,...,ix) € Z(K), and 7y € Sk, it holds that

(6.4) Q =i

by (1) iy ()
Proof. We divide the proof into two steps. In the first one, we assume that the
collection of indices is a permutation of the first K indices: {1,...,K}. In the second
step, we show how the general case follows from the particular one.
Step one. Let v € Sk be any permutation of the elements {1,..., K}, and denote
by ' = v x idy_x its natural extension to Sy. Let f € LY (R™) N C(R™), and
denote by QF = Q+id the gain term of (6.3). Then we calculate that for all V € RV
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(65)  [9F SI(V)= / FITE. V] dbge ()
S

K

(6.6) :/SKf[T}?(vl,...,vK);vKH,...wN] db ()

(6.7) Z/SKf{('y_lOTI‘?O’y)(’uh...,UK);UKJrl,...,vN] dby (w)
(6.8) :/SKf{(r—l o (T% X idgan—r) o T) V} dbx (w)

(6.9) :/SKf[T%%v( V] dbg (w)

(6.10) =120 F1V),

where we have used (H3) to obtain (6.7). Since L}, NC is a dense subspace of L]
this finishes the proof of the first step.

Step two. Now let (i1,...,ix) € Z(K) be arbitrary and consider v € Sk and
I' € Sy as in step one. First, we make a general observation: for all o € Sy, f €
L (R¥) and V € R4, the following identity holds for the associated gain term:

sym

sym?

(6.11) [Q:(l)---a(l{)f](v) :/S f[(o‘ o (TIL‘(} X ide(fo)) o 0'—1> V} de(OJ)

=[x (foo)le™'V).

Consequently, the same identity holds for the full operator as well. Now we choose

o such that o(1) =41, ...,0(K) = ix. Then, step one and the general observation
imply that

(6.12) [y ine [1(V) = Qe (f o 0)](071V)

(6.13) =[Qy 1)) (fo0)l(0™ )

(6.14) =[Q..k(foooD)]((I” V)

(6.15) = [90(7(1))---a(»y(1())f](V)~

Since o(y(£)) =iy for all £€{1,..., K}, the proof is complete. d

We apply Lemma 6.1 in order to get a simplified expression of 2. More precisely,
we obtain that for all K =1,..., M it holds that

(616) E Qil"'ik = E E Qiu(l)"'iu(K) = K! E Qi1~~-iK‘
11K i1<--<ig pESK i1 < <iK

Consequently, we may plug this back in (6.2) to conclude that

(6.17) Z 5K > Treprn (Qsin fn).
(%)

i1 < <ig

Thus, it suffices to calculate Tr§+1 N (Qiy iy f) only for ordered indices 4 < -+ <ig
and symmetric functions f € L! (RdN ). The following family of operators is defined
with that purpose.

DEFINITION 6. Let K=1,...,M, letn=1,..., K, and denote r = K —n. For all
indices 1 <11 <--- <1, <s, we define the operator

s, Kn | 11 d(s+r) 1 d:
Ciril Loy (REFT) — Lo (RYF)

11 Z

sym
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as follows:
s, K,n
1. For r=0, we set O;l---i: =i -
2. Forr>1and s+r <N, we set

CLll et (V) = / (fEIWrh )

in
Sk xRdr

— I (Viyr) ) dbg (w)dvg g - dugr,
where Vs €RY | Vo = (Vi Vsqt, .-, Vsyr) € RIEHTT and

(6.18) VI = (v, ... v

* * Lk * d(s+r)
e Up s e Vs Uagg, - Vs y) ER

. * * * * _ Tw dK
with (v} ..., Vi1, Vi) = TR Vi, Vi, Vgt e V) € ROE.

3. Forr>1 and s+r> N, we set CflKZZ =0.

Remarks 6.1. A few comments are in order.

(i) Let us briefly try to motivate the involved notation. As we shall see, one of
the main results of this section is Lemma 6.5, and its proof relies on a careful
classification of small and large terms. In particular, the index n introduced
in Definition 6 helps with this classification. Namely, the operators with
n =1 give rise to the leading-order contributions. The n > 2 terms give rise
to remainder terms. See also Remark 6.3.

(ii) It can be helpful to keep in mind that s is the order of the marginal and r
is the number of interacting particles that get traced over by the operator
o,

(iii) C’ZKZ: is bounded with operator norm ||CflKZZ | <2.

The following lemma is the main result concerning the operators just introduced.

LEMMA 6.2. Let K=1,...,M, letn=1,...,K, and let r= K —n. Assume that
s+r <N, and consider K ordered indices such that

(6.19) 1<) < <ip <8<y <+ <lpgr =i < N.
Then, for all f € L}, (RN, the following identity holds:

sym

(620) TTerl,‘..,N (QilmiK f) = CZK;Z [TrerrJrl,‘..,Nf] .

Remark 6.1. The main consequence of the previous result is that the left-hand
side of (6.20) is independent of the last r indices (ip41,- .-, intr)-

Proof. Since s+ 1 < N, there are two cases.
(i) Let r =0. Then iy <--- <igx <s. In particular, all of the particles that are being
traced out are not interacting. Consequently, it is easy to show that

(6.21) Tropt, N (Qiyoine f) = Qigevige [Trsgr, N f] = C;KZZ [Troqa,.. nf] -

(ii) Let » > 1. Let f € Lgym(RdN), and fix Vi, € R%. Let p be any permutation
of the elements {s+ 1,...,N}. Then we may implement the change of variables
(Vsg1y- -+, ON) = (Uy=1(s41), - - +»Vp-1(v)) in the following expression:

/d(N )f[ﬂf...iK(‘/s;vs+l7~"7UN):|dUs+1a~"adUN
R —Ss
:/Rd(N_ )f[nvf...iK(‘/;;Uu—l(s+l)v"-avu—l(N))}d/Us+17'“uva

(622) :/d(N )f[(jﬂz‘sz ° (idsxﬂ_1>)(VS;’Us+l7'"aUN):IdU8+1a"'7dUN7
RA(N—s
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1

where we recall that we identify id, x p~! with its group action over R¥, i.e., we

write

(ids XM_I)(V;;US+17.. ) (V87vu‘1(s+1)""’”u‘l(N))’

Next, since f € Lsym, there holds that f = f o i, where we denote i = ids x p €
Sn. Therefore, denoting V' = (Vi,vs41,...,05), we obtain, thanks to (6.22) and
permutational symmetry, that

/ fI:Tiu:_“,L'KV]dUS_i_l,...,d'UN:/ f[(ﬁoTi“l’miK oﬂ’l)V]dvsﬂ,...,dfuN
RA(N—s) RA(N—s)

6.23 - T o V]dogss,...,dox,
629 Ja etV
where the last line follows from the definition of T} ,; (see (1.8)) upon conjugation

with . Since 1 < i; < -+ < i, < s, we must have fi(ig) = ip for 1 < £ < n.
Further, since s + 1 <41 < -+ < ipyr < N, we may choose p such that p(i,+1) =
s+1,...,pu(intr) = plix) = s +r. Consequently, we find that

(6.24)
T¢ . V]dvgis,...,doy = T . it V]dvgia, ..., doy.
Lo AT VIdvdoy = [ T2 e V]do, e do

Next, using the notation introduced in Definition 6, we are able to write
(6.25) T i sitostrV = (Voo ™ Usirit, o UN)

Hence, we may use Fubini’s theorem over the space R¥N=5) = R x RUN=s—7) {4
find that

(6.26)

w
/d(N )f[ﬂl,,,iKV]dvs+1,...,va
R —8
YRR Y}
:/( )f[Vs# " Vsgrtts- .o, UN]dUst, ..., doy
RA(N—s

K71 kg
2/ (/ FIVER " vghrit, o ON] AUggrgr - 'dUN> dveqr - dvsy,
Rdr \ JRA(N—r—s)
_ s+ H*Tp kg
=/ f(g ") [Vs+lr |dvsyr - dvsyr,
Rér

where, in order to obtain the last line, we have used the definition of the marginals
introduced in section 2. Similarly, one can prove that fRd(N,S) f[V]dvsyr...doy =
Jgar [ (41 [V 4, ]dvgst - - - dvggr.. We subtract these two identities and integrate against
dbk (w) to prove our claim. d

DEFINITION 7. For N > M, 1 <s <N, and 0 < k < m, we define the linear
operator

Cs s+k m(Rd(s+k)) - L;ym(Rds)

according to the formula

N — s,k+n,n
(627) s 9+k Z /Bk-i-n( ) < k S) Z Oilv,k,.—,.—,ié .
k+n

1<i1 <+ <in<s
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Remark 6.2. Tt is straightforward to verify that, for each NV € N, there is only
finitely many operators that are nonzero. In particular, C;\fs 4 = 0 for any s € N
satisfying s + k> N.

We are now ready to record the BBGKY hierarchy.

LEMMA 6.3. For all N > M and 1 <s <N, let fy denote the solution of the
master equation (1.10) and let (fN )seN be its sequence of marginals, defined in (2.21).
Then it holds that

(6.28) N = ch N

Proof. First, following the same argument of the proof of Lemma 6.2, we may
verify that for s <i; <--- <ig it holds that

(629) Trs+1,...,N(Q7l1~~in) =0

Next, we use the following decomposition of the set of ordered indices:

K
(6.30) Z Tropt,. N (Qiyein [) = Z Z oot N (Qiyein f),
1< <ig n=1 1<--<ig

i <5<ip41
where for notational convenience we denote ix 1 = N 4+ 1. In other words, n counts
the number of the indices {i;} that are less than or equal to s. In addition, we note
that

(6.31) §<ipt1 <+ <ig<N = N2>s+(K—n).

We implement (6.31) by means of a characteristic function 1x , =1(N > s+ K —n).
Thus, we may write, thanks to (6.17) and Lemma 6.2,

afy = ZﬁK( ZlKn > Tren v (i )

K n=1 i1 <--<iK
i <S<ini1
M
s, K,n p(s+K— n)
(6.32) =) 8 E L Y, Gt
K=1 i< <iK
ln§5<7;n+1

Note that CflKlz ](\,HK*n) does not depend on the indices 4,41 < ‘- < iy, 50 these
can be summed out. We find that

M K
; N S, S n
ath(V):ZIBKTZlK,n Z Z 1 C Kn ](V+K )
K=1 (K) n=1 1<i1 < <ip<s \s+1<in41<-ig <N
- N & N —s
(6.33) = BKTZ lkn Z <K_n) Czsl,K,ZZ 1(\}S+K n)
K=1 (K) n=1 1<i1 < <in<s
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Further, note that 1K7nCZ’,}_{_’" (O K ", Finally, we make the substitution r = K —n
to obtain

“ M—1M—r N—s (o47)
Btf Z Z ﬂ'f—&-n T+n)< r ) Z Ofl’?d_—_z:’n 1\/§ r

r=0 n=1 1<i1 <<, <s
(6.34) —ch s
where on the last line we recall that M — 1 =m. This finishes the proof. 0

The next result shows that the operators that drive the BBGKY hierarchy fit the
abstract framework introduced in section 2.

LEMMA 6.4. Assume M/N < e € (0,1). Then the operators (C§s+k)?:o satisfy
Condition 1 with constants (Ry)}’_, given by

(6.35) 22 175 ()

= k+1

In the upcoming proof, we will make use of the following two inequalities:

k k
P n n
(6.36) (1—Ek/n) HS (k) Sﬁ vneN, Vk<n,
which can be easily derived by noting that
(6.37) (1—k/n)*n*=mn-k)*<nn-1)---(n—(k-1)) <n*

Proof. We assume without loss of generality that s < N, for otherwise Cﬁv sk =0
for any k > 0. First, recalling that HCZKZ: || <2 we find that

N—s s,k+n,n
(638) ||CS s+k Z BkJrn k+n) ( k ) Z Czl,.tzn

1<i1 < <ip<s

(639 = Z BHn k-‘rn) (Nk_ S) (Z>’

where we have used the fact that Zl<i1<---<in<s = (Z) Next, we use (6.36) to
estimate B -

640 ()00

Similarly, for the denominator we find that
N n+k Nn+lc Nn-i—k
A1 1-(n+k)/N) ——=>(1—g)*
(6-41) <n+k> (1= +r)/N) EET T A e L

where, for the second inequality, we used the fact that (n+ k)/N < M/N <e. We
put together (6.39), (6.40), and (6.41) to find that

< Rks,

M—k n+k 5"
Nn—l —

60 1CNl < 23 freat-2 0 ("]
n=1

where, in the second inequality, we have used the upper bound s"N~—("~—1 < s, fol-
lowed by a change of variables ¢ =n 4+ k. This finishes the proof. ]
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6.2. Convergence of operators. For s € N and 0 < k < M, we introduce the
operator

Cs s+k sym(Rd(S+k)) — Ll (Rds)
given by
(C i f ST (V)

—/BKKZ/

for k > 1 and with the obvious modification for kK =0. Here Vi i is as in Definition 6.

Our following result establishes convergence of operators, which in turn allow us
to apply Theorem 2.1. In order to state it, we introduce on X = @genL R?) the
linear operators

S+k)(V:Jfk) - f(s+k)(Vs+k))de (W)dvgy1 - Vst

Kdek

sym(

(6.43) CVF) =3 el g fCR L P = () e,

k=0
where C;VS 4 was defined in Definition 7, and

m

(6.44) (CF) ) :=>"C R, F=(f")).en.

k=0

LEMMA 6.5. Let CV be as in (6.43) and C™® be as in (6.44), respectively. Then,
CN converges to C* in the sense of Definition 4.

Remark 6.3 (heuristics). Let us briefly informally explain the motivation for
the proof of Lemma 6.5. To this end, we consider the following simplified system of
equations as a prototypical example:

S 1 S,8 S
(6.45) iy =5 > BNV

i1,02
1<i; <ia<N

for some linear operators ESJS'Irl Here N >1 is large, and 1 < s < N is the “order”
of the marginals, and 1 <1i1,i5 < N label the indices of the interacting particles. One
can then split the sums as follows:

1 s,s+1 1 s,s+1 1 s,8+1
(6.46) v > E =% > E + 5 > B

1<ip<io <N 1<i1 <s<i2<N 1<i1<i2<s

if we also assume that Efls;rl =0 for i1,i2 > s. A counting argument shows that the

first term is O(1) and contributes to leading order. The second term is O(1/N) and
vanishes in the limit. The upcoming proof separates the indices i; < --- < ik in the
same spirit, according to the index n > 1, which labels the number of indices below s.

Proof. Let us fix k€{0,...,M — 1}. First, we decompose the BBGKY operator
into a leading-order term and a remainder term:

(647) Cs ,s+k — Cs s+k + Rs ,s+k*
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This decomposition follows from (6.27). The leading-order term corresponds to the
n = 1 contribution, whereas the remainder term corresponds to the n > 2 contribution.
Explicitly, we have

~ N (N -s s
(648) Ci\fs—&-k = Bk—&-lT < & ) Z Ci k+1,1
(k+1) 1<i<s
and
M—k
N (N-—s "
(649) RS stk - Z 6k+nN< k > Z CZ,k—i_,?;LL
n=2 (k-i—n) 1<i1 <<, <s

The following is enough to prove our claim. Let Fy = ( f](\,'5 ))SeN € X converge
weakly to F' = (f®)),eny € X. Then, for all s € N and ¢, € L>°(R%), we have the
following:

1. There holds that

lim < s ‘s-i-lcf(s+lc )y P > = <C§fs+kf(s+k)7 Sps> .

N— 00
2. There holds that

ngn < s s+kf(s+r)a¢s> =0.

We shall assume for simplicity that £ > 1, the case k =0 being analogous.

Proof of item 1. Let us denote by Dy s = (C35, ;)" : L°(R%) — L (R +R))
the Banach space adjoints of the limiting collisional operators. In particular, they
admit the representation

Petio) Verr) = Briab+ DY [ (00 @ LIV = (00 © 1) Vi) b ),

where 1j is the dk-dimensional identity. A straightforward calculation based on a
change of variables shows that

(s-+k) 1 N srn)
(6.50) CN N ) = Pl (kfl) (T Dosrsips) -

Since Dy, sps € L™ (Rd(s+k)), we use weak convergence of the marginals to calculate
that

lim < f(9+k) ©) = lim 1 N(NI;S) <f( s+k) .D )

Nooo' S5tk s N—ooo \ k+1 (k]il) N—)oo N stk,sPs
= <f(s+k) Ds+k €¢s>

(6'51> _< s s+kf (s+k) <Ps>-

This finishes the proof of item 1.

Proof of item 2. First, we establish a norm estimate for the remainder term. The
same analysis done in Lemma 6.4 can be carried out for the remainder term to find
that for N> 1M

M—k
ﬂn+k n+k\ s
(6.52) Rsril <2 Z Ao\ K JWnT-
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For s < N and n > 2, we can now use the alternative upper bound s" = 52572 <

s2N"~2 to find that the following estimate holds:

2
S
(6.53) IRY, il <O

where Cp = S0, (1 — &) 7B¢(L). Next, fix s € N and note that, thanks to
weak convergence and the uniform boundedness principle, the quantity K, = supycy
||f](vS) ||L%ym(]Rds) is finite. Thus, we find that the following estimate holds:

K Ck52
654 (RN, fNonpe) | < KRN, ill lallm < =5 llpuo,

from which our claim follows after taking the N — oo limit. a

Proof of Theorem 2.2. Lemma 6.4 implies that the operator CV satisfies Condi-
tion 1. Similar arguments show that C* satisfies Condition 2. Further, Lemma 6.5
shows that C"V converges to C* in the sense of Definition 4. In order to prove The-
orem 2.2, it suffices to apply Theorem 2.1 to any mild solutions of the BBGKY and
Boltzmann hierarchies, respectively. ]

Proof of Theorem 2.3. Let fy be the solution of the master equation (1.10),
(f](\}g))seN its sequence of marginals (2.21), and fo € L*(R?) the initial datum for
which fl(\f)(O) converges pointwise weakly to f5*. We apply Theorem 2.2 to con-

clude that (f](\,s))seN converges in observables to F = (f(*)),cny—the solution of the
Boltzmann hierarchy (2.27) with initial data Fy = (f$*)sen—over [0,77.

Finally, let f(¢,v) be the solution of the generalized Boltzmann equation (2.28)
with initial data fo. A straightforward calculation shows that (f®%)sen is a mild
solution of the Boltzmann hierarchy (2.27). Because of Proposition 2.2, the Boltz-
mann hierarchy is well-posed. Uniqueness then implies that f(*) = f®s for all s € N.
Consequently, for all ¢, € L (R%*) it holds that

(1), 05) — (F(1)%%,05) as N oo

uniformly in ¢ € [0,T]. Since T is independent of the initial conditions and thanks to
the global a priori bounds

(6.55) sup sup || £ (6, ) =1 V>0,
NeNs<N

one may repeat the above argument to prove convergence for arbitrarily large ¢ > 0.
This finishes the proof. ]

7. Well-posedness.

7.1. The hierarchies. In this subsection, we address the question of well-
posedness of the finite and infinite hierarchies, respectively. We only give a proof
of Proposition 2.2, the other one being completely analogous.

Proof of Proposition 2.2. For simplicity, let us denote 4 = ¥°°. Let F =
(F)sen € X ,,. Then we obtain thanks to Condition 2 the following estimate:
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([etmonsn)”] < [atemmen) s
S/tf}gpkllf Hk (")l x o dr

/ Zspke #(T)(9+k)eu(7)(e+k)||f S+k)( Mxeo dr
0

/ Zspke n()(s+k) dTHF”
0 5

_° —n(t)(s+k)
_TquLkpke ® ||F||u

X ()

(71) < (szkek> e—ﬂ(t)SHFHH — ge—ﬂ(t)s”F”I“
k=0

where we have defined 0:=T Y} pre” € (0, 1)

On X,, we introduce the map F — Fy + f CF(7)dr =: M[F). Linearity of €
and the estlmate contained in (7.1) imply that |[M[F] — M[G]||, < 0| F — G|, for
all F,G € X ,,. Therefore, M is a contraction. Let r = (1—60)7160 € (0,00), and define
R:=r||Fy||x,- Then estimate (7.1) and the triangle inequality show that

IMIF] = Follp <Ol F|n < O[lF = Follp + 0| Foll . < B

whenever | F — Fyl|, < R. Therefore, M maps the ball Br(Fy) C X, or radius R
around Fj into itself. The conclusion of the theorem now follows from Banach’s fixed
point theorem. The continuity estimate also follows easily from our considerations. O

7.2. The Boltzmann equation. The main goal of this subsection is to prove

Proposition 2.3. First, we prove the following two lemmas.

LeEMMA 7.1 (local well-posedness). For all fo € L*(R%), there exists 0 < T, =
To(|lfollzr) such that there is a unique mild solution

f € C([O’T*LLl(Rd)) N Cl((O7T*)7L1 (Rd)>

to the Boltzmann equation (2.28) with initial data fy.

Proof. The operators Q i satisfy the following estimates: for f,g € L', there holds
that

(7.2) 1Qx (Fller < 2K Ts,
(7.3) 1Qx () = Qx (9l <2K>(IAIET + gl ) If = gllze-

Thanks to these estimates, a proof based on a fixed-point argument on C([0, 7],
L'(R9)) shows that there is a unique solution to the integral equation f(t) = fo +
fot Z%Zl BrQK[f(s),..., f(s)]ds. We leave the details to the reader.

Finally, note that thanks to the estimate (7.3), it is easy to show that the map
t = Qr[f®),...,f(t)] € LY(R?) is continuous. It then follows from the funda-
mental theorem of calculus that f € C'((0,7%),L') and (2.28) holds in the strong
sense. |
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LEMMA 7.2 (conservation of mass). Let f € C([0,Ty], L*(R%))NC*((0,T%), L' (R?))
be the continuous solution of the Boltzmann equation in mild form (2.28). Then

(7.4) f(t,v)dv :/ fo(v)dv vt e [0,T,].

Proof. Since (2.28) holds in the strong sense, we may calculate thanks to a change
of variables that

(7.5) O f(t,v)dv:/ O f(t,v)dv
Rd Rd

M
zz/ BrQlf(®), ... (D)) dv=0 Vi€ (0,T.).
K=1/R?

This finishes the proof. 0

Proof of Proposition 2.3. Let f be the solution to the Boltzmann equation (2.28),
with initial data fy satisfying [o. fo(v)dv = 1 and ||fo|,1 < 1, whose existence is
guaranteed by Lemma 7.1. Our goal will be to show that || f(¢)||: <1 forallt e (0,T,),
after possibly reducing 7. by a constant depending only on M and {Bx}3_,. One
may then patch the solutions obtained by Lemma 7.1 to obtain global well-posedness.

First, we note that thanks to conservation of mass, the collisional operators given
n (1.6), when acting on f, may be written as

(7.6) Qr[f(M) . D)= Q@)oo FO) = Kf(1),  K=1,...,M,

where Q') : L1 (R®)K — L1(R?) corresponds to the gain term

(7.7) Dlfr, fK)(0) =K (@I, F)(TEVi) dbgc(w)dvs -+ dvgg.

SK xRIK

Consequently, f satisfies the equation

M
(7.8) of +af=> BQPf..... .

K=1

where o= Z%:l Brx K > 0. Thus, Duhamel’s formula implies that

(7.9)  F(t)=e " fo+ / —alt- @@M F(),o o fs)ds,  tE(0.T2).

Next, we adapt the main ideas of the authors in [4]! and give only a sketch of the

proofs. Indeed, we consider the sequence of Picard iterates {f,}n>0 defined as

(7.10) fo(t) == fo,
(TA1) faa(t) = O‘tf0+/ a<HZBQ FaS)see fa(s)ds,  m>1.

1We note that the authors consider Picard iterates for an equation similar to ours but in Fourier
space and in different functional spaces.
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We will use the iterates to show that || f(¢)||: < 1. Indeed, if || fo||z: <1, an induction
argument shows that |gfn(t)\|L1 <1 for alln >0 and ¢t € (0,7y). Next, note that
the gain operators ng satisfy the estimate (7.3) with a possibly different constant.

Consequently, for a possibly smaller T, the following contraction estimate is satisfied
thanks to (7.3):

(7.12) sup || fup1(t) = fu(®)llzr A sup [1fu(t) = faa @), n21,

te[0,T] te(0,T%]
for some fixed A € (0,1). Thus, the sequence f,, converges to the (unique) solution
of (7.9). We conclude that || f(¢)||r: = limy,—eo || frn()]|zr <1 for all ¢ € (0,7%). This
finishes the proof. ]
Appendix A. Markov processes.

A.1. Review of the general theory. We give a brief review of the basic notions
and results from the theory of Markov processes that we use to construct our model;
we follow closely the discussion in [22, Chapter 4]. In what follows, we let (X,.%,P) be
a probability space and E a locally compact metric space, with its Borel sets #(E).
Continuous time. Let us define what we understand for a (continuous-time) Markov
process.

DEFINITION 8. A stochastic process X = (X (t))52, : 2 % [0,00) — E is called a
Markov process if
(A1)

IP’(X(H—S) € B ﬁtX) :IP’(X(t—i—s) eBya(X(t))) Vt,s >0, VB € B(E),

where FX =0 (X(s) : 0<s<t).

Some Markov processes are characterized by more tractable objects. Indeed, let
(T'(t))i>0 be a semigroup on Cy(E), the bounded real-valued continuous functions on
E.

DEFINITION 9. We say that the Markov process X corresponds to (T'(t))i>o if
(A.2) E[@(X(t +5)) |ﬁﬂ = (T(s)¢) (X(t))  Vt,5>0, Yo Cy(E).
If a Markov process corresponds to a semigroup, it is completely determined by it in
the following sense.

PROPOSITION A.1 (see [22, Chapter 4, Proposition 1.6]). Let X be a Markov
process that corresponds to (T'(t))i>0. Then the finite dimensional distributions of X
are completely determined by (T(t))i>0 and the law of X (0).

Discrete time. Let us define what we understand as a (discrete-time) Markov chain.

DEFINITION 10. A discrete-time stochastic process ¥ = (Y (k))ken, : ExNg = E
1s called a Markov chain if

(A.3)
}P’(Y(n+k) eB|y{) :P<Y(n+k) €A|0(Y(n))) Vn,k €Ny, VB € B(E),
where .Y =o(Y(k):ke{0,...,n}).

Similarly as before, we can specify Markov chains in terms of more concrete
objects. To this end, we define transition functions.
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DEFINITION 11. A function p: Ex Z(E) — [0,00) is called a transition function if

(A.4) { pu(x,-) € Prob(E)  Vax€E,

wu(-,B) € L>®(E) VB e B(E).
DEFINITION 12. We say that the Markov chain 'Y has i as a transition function if
(A.5) P(Y(n+k)eB|ga§) —u(Y(n),B), neNy, BeB(E).

Heuristically, transition functions correspond to the probabilities for the Markov
chain to go from one state to the next one. That one may always construct Markov
chains with prescribed transition functions and initial laws is the content of the fol-
lowing result.

PROPOSITION A.2 (see [22, Chapter 4, Theorem 1.1]). For every transition func-
tion (1 and probability measure v € Prob(E), there exists a Markov chain Y that has
W as a transition function and v as the law of Y (0).

Jump processes. If one is given a transition function p, one may construct Markov
processes with explicit transition semigroups; these are called jump processes, which
we describe below.

DEFINITION 13. Let Y be a Markov chain with transition function . We define
its generator to be the linear map P:C(E)— C(E) given by

(A.6) (Py)(x) = /E o)u(z.dy),  zE€E, peCy(E).

Let (M(t))s2, denote a Poisson process with parameter A independent of Y.
We let the jump process associated to Y with parameter A be the stochastic process
V= (V(t):2, defined by

(A.7) V(t):=Y (M(t)), t>0.

PROPOSITION A.3 (see [22, Chapter 4, section 2|). The stochastic process V
defined by (A.7) is a Markov process that corresponds to the semigroup {exp (t)\(P —

1d)) }e>0-

Here we will give a sketch of the proof of the above proposition.

Proof. Let ¢ € C(FE). The transition semigroup 7'(¢) for the Markov process V()
is defined through T'(s)¢(V (t)) =E[¢(V (t + s))|.#]. Using the memoryless property
of the Poisson process M (t) along with the law of total probability, we can calculate

T()6(V (1) =Elo(V(t +5))| 7] =Elo (Y (M(t + 5)) ) |7
—Elp(Y (M(t+5)— M(t) + M(1)) ) |7

= S B(M(t+5) ~ M(t) = K)Elp(Y (k + M) ) |.7]

k>0
s (AR
=) e %P%(V(t))
k>0 ’
(A.8) =exp (t)\(P — Id))(;S(V(t)).
This finishes the sketch of the proof. ]
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DEFINITION 14. A Poisson process M(t) with rate X > 0 is a stochastic process

taking values on N with the following conditions:

1. M(0) = 0.

2. For all s; <1t;, the increments M (t;) — M(s;) are independent random vari-

ables.

3. E[M(t)] = At.
Furthermore, the Poisson process is a Markov process and thus has the “memoryless”
property, implying that its increments satisfy,

(Ag) M(ti) —M(SZ‘)ZM(Q _Si) Vs; < t;.
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