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Physics-based, atom-centered machine learning (ML) representations have been instrumental to the effective integration
of ML within the atomistic simulation community. Many of these representations build off the idea of atoms as having
spherical, or isotropic, interactions. In many communities, there is often a need to represent groups of atoms, either
to increase the computational efficiency of simulation via coarse-graining or to understand molecular influences on
system behavior. In such cases, atom-centered representations will have limited utility, as groups of atoms may not
be well-approximated as spheres. In this work, we extend the popular Smooth Overlap of Atomic Positions (SOAP)
ML representation for systems consisting of non-spherical anisotropic particles or clusters of atoms. We show the
power of this anisotropic extension of SOAP, which we deem AniSOAP , in accurately characterizing liquid crystal
systems and predicting the energetics of Gay-Berne ellipsoids and coarse-grained benzene crystals. With our study of
these prototypical anisotropic systems, we derive fundamental insights on how molecular shape influences mesoscale
behavior and explain how to reincorporate important atom-atom interactions typically not captured by coarse-grained
models. Moving forward, we propose AniSOAP as a flexible, unified framework for coarse-graining in complex,
multiscale simulation.

I. INTRODUCTION

In understanding molecular interactions and modeling their
resultant behavior, it is very often a worthwhile endeavor to
group (i.e. coarse-grain) one or more atoms as a theoretical
“unit” or particle. This choice can be practical; often, the
time- and length-scales necessary to simulate molecular pro-
cesses limit our ability to simulate with all-atom resolution.
Conversely, choosing particle-based, rather than atom-based
computational approaches can also be a scientific choice;
when we selectively limit the degrees of freedom within our
systems, we can identify factors that are causal to molecu-
lar behavior or phenomena. Thus, these simplified coarse-
grained simulation approaches serve as both a tool and a lens
with which to study chemical systems.

Similarly, machine learning (ML) methods have emerged
as a powerful tool for scientific inquiry, with the ability to
elucidate new patterns within or relationships between chem-
ical spaces and observed properties, often in order to predict
the properties of unseen systems. So, how do we incorporate
the idea of atom grouping in the context of machine learn-
ing? Many approaches consider our configurational space as
a manifold and use a variety of machine learning architec-
tures (variational1,2 and hierarchical3 auto-encoders, different
forms of neural networks4–8, ensemble learning9) to deter-
mine a latent space in which this grouping is implicitly em-
bedded that minimizes a chosen fitness function. Despite high
performance and generalizability, these end-to-end models are
often limited by data requirements or in fundamental analyses
by their lack of intrinsic interpretability.

Another approach within the machine-learning community

is so-called feature-forward modeling, wherein one explic-
itly transforms the raw chemical data into numerical “fea-
tures” that reflect the underlying physics or chemistry of in-
terest prior to applying ML methods. While both end-to-end
and feature-forward approaches have merits and overlaps, the
latter method is often noted for its interpretability and com-
parable performance using shallower ML architectures10–12.
Within this umbrella of approaches, there are many ways to
encode the raw chemical data into features, and the suitable
choice depends entirely on the scientific context. For chemin-
formatics, wherein we are often looking to compare different
chemistries or identify the role of specific functional groups,
string-based featurizations such as SMILES13 or SELFIES14

are popular, as they encode important parameters such as
present functional groups and connectivity and can be parsed
using natural language processing (NLP) models and other
text-based technologies. However, in thermodynamic con-
texts where the chemistry and connectivity remain largely un-
changed, such as in molecular simulation, it is more typical to
use configuration-dependent features12,15, including Behler-
Parinello symmetry functions16, smooth overlap of atomic po-
sitions (SOAP)17, and molecular graphs18.

So, for coarse-grained systems, how do we apply a feature-
forward approach? A large challenge is that groups of atoms,
hereon referred to as “particles”, are non-isotropic, and so
methods based on atomistic ML will fail to capture the
anisotropy of interparticle interactions. Frameworks based on
density expansions (e.g., SOAP17, NICE19) present a com-
pelling avenue for expansion, given that they can putatively
be made flexible to any density expansion, even anisotropic
density fields or hard particle volumes. Furthermore, by ex-
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tending these frameworks to isolate molecule-level interac-
tions within atom-atom site potentials, we gain the ability to
combine or compare representations across multiple scales.

Here, we propose and demonstrate the first such anisotropic
expansion of symmetrized density-based frameworks for ML
representations by taking the popular SOAP (Smooth Overlap
of Atomic Positions) formalism and demonstrating its expan-
sion to simple anisotropic bodies, in a representation we deem
AniSOAP , which can be read as either “The Smooth Overlap
of Anisotropic Particles” or “Anisotropic-SOAP”. While here
we demonstrate the expansion for multivariate Gaussian den-
sities, similar expansions can be made for arbitrary anisotropic
density fields.

In Section II, we provide the underlying mathematical the-
ory behind this expansion, including how deliberate selection
of basis sets enables analytical evaluation of the expansion co-
efficients. In Section III, we demonstrate three performance-
defining case studies for its usage across multiple simula-
tion length scales and materials systems. We start by ana-
lyzing two classic cases of explicitly ellipsoidal particles: liq-
uid crystalline configurations and those governed by the Gay-
Berne interaction potential. In doing so, we show the con-
ceptual overlap and divergence of AniSOAP from traditional
mesoscale order parameters, as well as its ability to gener-
alize to supervised tasks. Then, we analyze a set of sys-
tems that is only implicitly ellipsoidal – benzene molecules
arranged in stable and unstable crystalline configurations, and
show that AniSOAP can be used to provide molecule-level
approximations to first-principles energetics. We then cou-
ple AniSOAP with the traditional SOAP formalism to demon-
strate how to combine representations across multiple scales.
The corresponding open-source code, AniSOAP , is available
at github.com/cersonsky-lab/anisoap.

II. THEORY

In the traditional formalism for SOAP and related repre-
sentations, we treat each atom as a localized isotropic field
in three dimensions and construct an “atom-density" by sum-
ming over all neighboring atoms within a spherical shell. The
atom-density is usually written on a basis of radial and angu-
lar functions, the latter of which are chosen to be spherical
harmonics to make the atom-density more easily amenable to
rotational symmetrization.. To represent the many-body na-
ture of these atoms, we can then compute n-body correlations
of these density expansions or introduce message-passing into
the featurization formalism20,21.

A. The Effect of Symmetry Breaking in Density Frameworks

Using the braket notation prescribed in Ref. 22, the contri-
bution of an atom j to center atom i’s expansion coefficients
are given by

⟨nlm|ρi j⟩=
∫
R3

g(rrr− rrri j)Rnl(r)Y m
l (r̂)d3rrr. (1)

General Variables
rrr a vector in Cartesian space
r magnitude of vector rrr
r̂ direction of vector rrr
rrri j the vector between point i and point j
R a 3x3 rotation matrix
xxx a feature vector for one configuration
XXX a matrix containing, as rows, feature vectors for multiple

configurations
Density Expansions

g(rrr) a potentially anisotropic density function centered at rrr
ρi j the contribution of the density located at the position of

point j to the density expansion of point i
n, l,m indices for radial bases and spherical harmonics
Rnl a basis function indexed by n and l
σGTO the width of a Gaussian-type orbital (GTO) basis
Y m

l the mth component spherical harmonic of order l
D l

mm′ the Wigner matrix used to rotate spherical harmonics
Multivariate Gaussians (MVG)

σ1, σ2, σ3 the three principal components of an MVG
DDD the principal axis decomposition of an MVG, where DDD ≡

diag
(

1
σ 2

1
, 1

σ 2
2
, 1

σ 2
3

)
A the rotated principal axis decomposition of an MVG,

where A ≡ RDDDRT

SSS the Gay-Berne analog to DDD, where SSS ≡ DDD−2

TABLE I. Notation Guide. Throughout the text, we adopt the no-
tation typical of the atom-centered symmetrized representation com-
munity as detailed in the table above.

where g(rrr) is a localized function (usually a Gaussian), Rnl(r)
is a radial basis function, and Y m

l (r̂) are spherical harmonics.
For a general g(rrr) and Rnl(r), there is no hope to evaluate
this analytically. There is not even a general way to evaluate a
general one-dimensional integral

∫
f (x)dx, which is why, after

all, there are so many books on integral tables.
If we use any arbitrary density g(rrr), e.g. to model more

closely the shape of rigid molecules, nanoparticles, or arbi-
trary bodies, we are forced to use numerical integration, which
could be done using Lebedev grids. A fully numerical im-
plementation would also provide us with complete freedom
regarding the choice of the radial basis function Rnl , which
would allow us to choose the basis based on nice mathemati-
cal properties like the Laplacian eigenstate (LE) basis23. The
main downside of the numerical approach, at least for suffi-
ciently general densities g(rrr), is the inevitable and potentially
severe numerical cost-accuracy trade-off. The necessary inac-
curacies introduced by numerical integration may negate the
fidelity of the anisotropic density field, thus, we would there-
fore like to examine the possibility of a fully analytical ap-
proach for the evaluation of these coefficients.

For isotropic representations, it is traditional to do an im-
plicit transformation to align rrri j onto the z−axis of our coor-
dinate system, eliminating any dependence of g(rrr−rrri j) on the
angular integrands. This simplifies (1), even for complicated
bases, to

⟨nlm|ρi j⟩= F(ri j)Y m
l (r̂i j), (2)
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where F(ri j) is some function that contains the complete de-
pendence on the distance between the two atoms. The angular
dependence is fully captured in the spherical harmonic factor,
allowing us to precompute F(rrri j) on the full relevant interval
for efficient spline evaluations22.

For non-isotropic densities, however, this is no longer the
case. Even taking the relatively simple case of a multivariate
Gaussian, we cannot decouple our radial (e.g., distance) and
angular components, as the Gaussian requires a transforma-
tion into the three principal components σ1,σ2,σ3 and corre-
sponding axes. In order to maintain consistency with (1), we
replace all instances of rrr with RRT rrr, where R is our rotation
matrix into this component axis. We then simplify by chang-
ing our axes of integration from rrr to rrr′ ≡RT rrr and noting that
r = RRT r to obtain

⟨nlm|ρi j⟩=
∫
R3

d3(rrr′) g(Rrrr′−Rrrr′i j)Rnl(r)Y m
l (R r̂′). (3)

To perform the rotation of our spherical harmonics, one
commonly sums over Wigner-D matrices24 to obtain

⟨nlm|ρi j⟩= (4)
l

∑
m′=−l

D l
mm′(R)

∫
R3

d3(rrr′) g(R
(
rrr′− rrr′i j

)
)Rnl(r′)Y m′

l (r̂′)

With this step, we can reduce our calculation in the special
case in which the matrix D l

mm′(R) is diagonal, which proves
useful for analytical evaluation techniques. We thus focus on
the factor ∫

R3
d3rrr′ g(R

(
rrr′− rrr′i j

)
)Rnl(r′)Y m′

l (r̂′). (5)

which will be the focus of our discussion from hereon.

B. Multivariate Gaussian Densities

The simplest anisotropic function that can be put in place of
g(r) in (5) is the multivariate Gaussian density (hereon MVG).
The goal of this subsection is to show that by choosing g(rrr) to
be an MVG and Rnl(r) to be of the monomial, GTO, or STO
form, we can reduce the evaluation of the expansion coeffi-
cient to the evaluation of integrals of the form

⟨nlm|ρi j⟩=
∫
R3

e−
1
2 (rrr−rrri j)

T DDD(rrr−rrri j)p(rrr), (6)

where p(rrr) is some polynomial expression in rrr ≡ (x,y,z) and
DDD is some 3×3 diagonal matrix.

Consider the three-dimensional Gaussian defined by

g : R3 → R (7)

rrr → g(rrr) = exp
(
−1

2
rrrT Arrr

)
, (8)

where A is a symmetric and (strictly) positive definite 3× 3
matrix. Any matrix satisfying these two conditions can be

orthogonally diagonalized, also called the principal axis de-
composition, allowing us to write

A = RDDDRT , (9)

where R ∈ SO(3) is a rotation matrix that specifies the three
principal axes and

DDD ≡ diag
(

1
σ2

1
,

1
σ2

2
,

1
σ2

3

)
=


1

σ2
1

1
σ2

2
1

σ2
3

 (10)

is a diagonal matrix containing the widths σ j of the Gaussian
along the three principal directions. With this decomposition,
we can write

g(Rrrr′) = exp
(
−1

2
rrr′T RT RDRT Rrrr′

)
(11)

=: exp
(
−1

2
rrr′T DDDrrr′

)
, (12)

where rrr′ = RT rrr are the coordinates with respect to the prin-
cipal axes.

Putting the equation for our MVG into (5), we get∫
R3

d3rrr′ exp
(
−1

2
(rrr′− rrr′i j)

T DDD(rrr′− rrr′i j)

)
Rnl(r′)Y m′

l (r̂′).

(13)

We have now set the stage for the evaluation of the general
coefficient. Our goal is to choose a suitable radial basis that
would allow us to evaluate the coefficients analytically. One
possibility is to use certain polynomial bases, which is moti-
vated by the fact that for any n = 0,1,2, . . . , we have

∫
R

dxxne−
x2

2σ2 =

{(
2σ2

) n+1
2 Γ

( n+1
2

)
n even

0 n odd
(14)

where Γ is the gamma function. If we could reduce the eval-
uation of the integral (6) to such (multivariate) polynomials,
this might provide us with analytical expressions for the ex-
pansion coefficients. Thus, following (13), we require that
Rnl(r)Y m

l (r̂) is a polynomial.
Integrability of Monomial Basis We will first show that

when Rnl(r) = rl+2n, the expansion coefficients can be eval-
uated analytically. First, we separate Rnl(r) into two factors,
where

rl+2n = (r2)n · rl (15)

Given that rlY m
l (r̂) is a polynomial in (x,y,z), as is r2 =

x2 + y2 + z2 and thus, so is (r2)n, the monomial basis can be
analytically integrated.

Integrability of GTO Basis With one extra step, we can
also show that a suitable modification of the GTO basis,

Rnl(r) = rl+2ne−
r2

2σ2 , provides an equally well-suited basis. .
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By separating out all the exponential and polynomial factors,
we can write the integrand as

e−
1
2 (rrr

′−rrr′i j)
T D(rrr′−rrr′i j)Rnl(r′)Y m

l (r̂′)

=e−
1
2 (rrr

′−rrr′i j)
T D(rrr′−rrr′i j)rl+2ne−

r2

2σ2 Y m
l (r̂)

=e−
1
2 (rrr

′−rrr′i j)
T D(rrr′−rrr′i j)−

r2

2σ2 rl+2nY m
l (r̂)

=e−
1
2 (rrr

′−rrr′i j)
T D(rrr′−rrr′i j)−

r2

2σ2 p(x,y,z)

=e−quadratic(rrr)p(x,y,z)

(16)

We can see that this is again an exponential of a (now dif-
ferent) quadratic form multiplied by a polynomial in (x,y,z),
which can be integrated analytically.

Concluding this section, we can see that for both choices
of the basis, the final expression we need to evaluate is of the
form ∫

R3
d3rrre−

1
2 (rrr−rrri j)

T DDD(rrr−rrri j)r2nRm
l (rrr), (17)

with Rm
l (rrr) = rlY m

l (r̂) and where the diagonal matrix DDD is ei-
ther the one directly obtained from the principal components
of the Gaussian density (monomial basis), or the modified ver-
sion (GTO basis). Similar arguments can be made for Slater-
type orbitals (STO), which follow a similar form to the GTO
basis. From this expansion, we can then calculate n-body cor-
relations for a given particle, which for the 3-body term is

⟨nl;n′l′|ρν=2
i ⟩= ∑

m
⟨nlm|ρi⟩⟨n′l′m|ρi⟩ (18)

where ⟨nlm|ρi⟩ = ∑ j ⟨nlm|ρi j⟩ . We go through the details on
analytically computing eq. 17 in Appendix A 2-A 7. We first
detail how to convert r2nRm

l into a cartesian polynomial (A 2,
A 5), then detail how to evaluate the integrals (i.e. moments of
the MVG) in A 3 and A 6. A 4 gives an overview of how these
steps are combined together to result in evaluating a weighted
sum of high-order moments of the MVG. Finally, we discuss
imposing orthonormality within the basis set in Appendix A 7
via Löwdin symmetric orthogonalization25.

III. RESULTS AND DISCUSSION

Even for general point clouds, determining the optimal
anisotropic analog is non-trivial, and the focus of ongoing
work26. Thus, we choose to demonstrate the efficacy of
AniSOAP on systems where the choice of an ellipsoidal proxy
is trivial, being both historically founded and well-defined.
We ground our expansion in the rich history of identifying
causal mechanisms through anisotropic proxy particles27, as
many complex behaviors within molecular systems can be ex-
plained by analyzing the steric interactions of their molec-
ular volumes28–32. Future studies will focus on optimizing
AniSOAP for less trivial cases and further varieties of molec-
ular anisotropy.

A. Ellipsoids in Liquid Crystals

In Sections III A-III B, we start by analyzing two archety-
pal ellipsoidal systems: particles in different liquid crystalline
(LC) phases, and particles governed by the classical Gay-
Berne potential. These case studies demonstrate the similari-
ties and differences between AniSOAP and traditional LC or-
der parameters, namely the orientational (or nematic) order
parameter and pair-wise Steinhardt order parameters, and ex-
amine the ability of AniSOAP to perform continuous super-
vised tasks. In Section III C, we then move to the opposite
end of the molecular spectrum and analyze benzene crystals
– molecules that are ellipsoidal in shape but whose atomic
interactions are complex and fundamental to their interaction
landscape. Of the systems that ellipsoidal AniSOAP is al-
ready well-suited to describe, these cases provide a relative
upper- and lower-bound to model performance from a system
where interactions are, by definition, entirely defined by the
ellipsoidal correlations to those where the energetics are min-
imally determined by the shape of the molecule alone.

Unless otherwise specified, when discussing XAniSOAP , we
are referring to the power spectrum (the 3-body term) given
in Eq. 18, but note the simplicity of continuing onto higher
body-order terms for greater accuracy and transferability19.

Liquid crystals (LC) are mesoscopic phases that form from
rigid ellipsoid-like particles or molecules and can be con-
trolled to direct the flow of light for a variety of applications.33

Typically, LCs are characterized as phases with orientational
order but limited positional or translational order. Molecules
with orientational order but no translational order are gener-
ally considered “nematic”, whereas those exhibiting one di-
rection of translational order (e.g. the particles appear as
stacking planes, where within the planes, there is little trans-
lational order) are deemed smectic.

In this analysis, we aim to show how our new AniSOAP
representation is similar to previously established descriptors
and how it enables functionality and analyses beyond the cur-
rent capabilities. In characterizing LC phases, scientists have
relied on a library of different order parameters, including
different orientational order parameters34 to classify the ori-
entational alignment of particles, Steinhardt order parameters
(SOPs35) to characterize the neighborhood of different parti-
cles. We note the similarity of SOPs to Eq. (2), wherein an
SOP for a given particle involves the integration of spherical
harmonics over that particle’s neighbors:

⟨lm|qi⟩=
1

N j
∑

j
wi jY m

l (ri j) (19)

where j is a neighbor of i, and weights wi j can be intro-
duced based on neighbor distances or Voronoi tesselations36.
The lth SOP is computed by combining these terms such that

XSOP = ⟨l|qi⟩=

√√√√ 4π

2l +1

l

∑
m=−l

| ⟨lm|qi⟩ |2. (20)
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PCA of XSOP

(a)

(b)

(c)

(d)

(e)

(f)

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 1. The feature space of AniSOAP in the context of LC phases. The middle plot shows the first two components of the structure-
average AniSOAP vectors for 2000 generated liquid crystal configurations showing either no translational order (nematic phases, blue), planar
stacking (smectic phases, red), and varying degrees of orientation order (color saturation, with white being little to no order). The inset shows
the first two principal components of the popular Steinhardt Order parameters, which clearly delineate the smectic (red) phases, but in these
and all following components, do not separate the different nematic (blue) phases. Representative snapshots are shown to the left and right
corresponding to labeled points on the plots.

Thus, for comparison, for all configurations, we also compute
the orientational order parameter XXXOOP (traditionally called
the nematic order parameter) and distance-weighted Stein-
hardt order parameters XXXSOP with freud34, using similar lmax
and cutoff radius to ensure comparability. All representations
are properly scaled and centered – that is, each matrix of fea-
ture vectors is centered to have zero mean with unit variance,
where XXXSOP and XXXAniSOAP are scaled non-column-wise in or-
der to retain important relative variance information.

We generate 1000 liquid crystal configurations, 500 ex-
hibiting nematic order, and 500 exhibiting smectic order.
Phases were generated to correspond with a range of orien-
tational order parameters, from 0 (particles are randomly ori-
ented) to 1 (particles are all ordered along the same director).
We populate each of these configurations with prolate ellip-
soids with a length-to-diameter ratio (L/D) equal to 3. For
each of these configurations, we compute the AniSOAP ra-
dial and power spectrum σGTO = 3.0, nmax = 6, lmax = 6 (for
the power spectrum), and a cutoff sufficient to include the sur-
rounding neighbors of each ellipsoid, including in neighbor-
ing smectic planes.

We first look at the principal components (PCs) of the
AniSOAP vectors for these phases (Fig. 1). The PCA re-
flects that the AniSOAP features can be used to delineate

translational order (blue versus red coloring), and orienta-
tional order (saturated versus unsaturated color). These map-
pings highlight qualitatively the information contained in the
AniSOAP representation and show that it simultaneously and
smoothly represents the translational and orientational order
of the configurations. In Fig. 1 of the supplementary material,
we demonstrate that the AniSOAP features also smoothly de-
lineate different particle shapes, with a similar plot provided
with data for both L/D=2 and 3 ellipsoids. By combining this
information into one smooth feature space, we are able to bet-
ter recreate the “nearsightedness” of molecular interactions37,
as these aspects (shape, mutual orientation, and translational
order) are often interrelated and correlated in the ways in
which they influence molecular behavior.

Quantitatively, we can compare the information density of
AniSOAP with other order parameters for our configurations
using the global feature reconstruction error (GFRE38, com-
puted using scikit-matter39). For two representations XXX1
and XXX2 of the same dataset, GFRE(X1,X2), determines how
much information XXX1 contains relative to XXX2, where 0.0 in-
fers XXX1 can perfectly reconstruct XXX2, and 1.0 corresponds
to poor reconstruction. As shown in Fig. 2, we see that
AniSOAP representations (both the 2-body radial spectrum
X (ν=1)

AniSOAP and 3-body power spectrum X (ν=2)
AniSOAP ) are able to re-
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FIG. 2. Comparison of Different Featurizations for Liquid
Crystal Configurations. The Global Feature Reconstruction Error
(GFRE) encodes the error using one feature representation XXX input to
reconstruct another XXX target, and can be used to infer the information
density of one featurization compared to another. Higher values indi-
cate poor reconstruction, whereas lower indicates better reconstruc-
tion. Here we see that AniSOAP features better reconstruct tradi-
tional Steinhardt order parameters (q0−6) and orientational order pa-
rameters than vice versa. While Steinhardt OPs carry large mutual
information with the AniSOAP vectors, they are unable to recon-
struct the Orientational Order Parameter.

construct the analogous XXXSOP with lower error than vice versa
(6-8% versus 12-14% reconstruction error). Furthermore, the
AniSOAP representations are able to reconstruct the orien-
tational order parameter with low error (6% for the 3-body,
and 24% for the 2-body, compared to 39% for XSOP). The
improvement in information density can be attributed to the
smooth radial bases that underlie the AniSOAP construction.
It is worth noting that the Steinhardt order parameter is not
well-suited for heterogenous datasets, as shown in Fig. 2 of
the supplementary material, and its ability to reconstruct the
AniSOAP representation will decrease when a dataset con-
tains multiple particle types.

B. Gay-Berne Ellipsoids

The Gay-Berne (GB) potential is a Lennard Jones-type po-
tential that contains additional terms to account for ellipsoidal
anisotropies. We use the generalized formulation of the Gay-
Berne potential outlined by Everaers and Ejtehadi 40 and first
introduced by Berardi, Fava, and Zannoni 41 . This formu-
lation calculates the pairwise potential between (potentially
dissimilar) ellipsoids, i.e., ellipsoids with three unequal semi-
axes: ai,bi,ci. These three semi-axes define a diagonal struc-

ture matrix for particle i:

SSSi =

ai 0 0
0 bi 0
0 0 ci

 (21)

where SSS is analogous to DDD−2 of Eq. (12), although (a,b,c) are
discrete semiaxes, rather than Gaussian widths, like σ . In our
case-study, we generate 25,000 dimers of ai = 1,bi = 1.5,ci =
2 ellipsoids at random offsets and orientations.

The center position and orientation of ellipsoid i is given by
position vector rrri and a 3×3 rotation matrix Ri, respectively.
The relative position is rrr12 = rrr2 − rrr1. The Gay-Berne poten-
tial takes into account interparticle distance dependence and
orientation dependence of the ellipsoid pairs. The potential is
given as a product of three terms:

U(R1,SSS1,R2,SSS2, r⃗12) =Ur(R1,SSS1,R2,SSS2, r⃗12)︸ ︷︷ ︸
LJ-like term

(22)

·η12(R1,SSS1,R2,SSS2) ·χ12(R1,R2, ˆr12)︸ ︷︷ ︸
anisotropy corrections

(23)

The first term Ur is given as follows:

Ur = 4εGB

[(
σGB

h12 + γσGB

)12

−
(

σGB

h12 + γσGB

)6
]

(24)

where the distance h12 between two ellipsoids is estimated as
the Perram distance of closest approach42

h12(R1,R2,SSS1,SSS2,rrr12) = r12 − s12(R1,R2,SSS1,SSS2, r̂12) (25)

where

s12(R1,R2,SSS1,SSS2, r̂12) =

[
1
2

r̂T
12ΞΞΞ

−1
12 (R1,R2,SSS1,SSS2)r̂12

]−1/2

(26)
and

ΞΞΞ12(R1,R2,SSS1,SSS2) = RT
1 SSS2

1R1 +RT
2 SSS2

2R2 (27)

The terms εGB and σGB are the potential well depth and
location analogous to LJ. γ is a parameter that shifts the po-
tential well and is typically set to 1. Since the interparticle
distance is defined to be the “distance of closest approach”,
h12, rather than center-center distance, so Ur must also contain
dependence on the geometry and orientation of each ellipsoid
to calculate h12. The remaining pieces of Eq. (23) account for
the ellipsoidal geometry (η12) and misorientation (χ12); fur-
ther explanation of these terms are given in Sec. B 1.

One of the less trivial aspects of the Gay-Berne implemen-
tation is calculating the “distance of closest approach” h12.
The approximation given by Perram and Wertheim 42 is com-
putationally efficient, but open to failure in some cases, like in
the case of two bodies with very unequal radii40. It is worth
noting that it is the nature of density expansions to implic-
itly contain the distance of closest approach, provided that the
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FIG. 3. Predictions of ellipsoid interactions based on the Gay-
Berne Potential. The ellipsoid dimer dataset consists of two ellip-
soids with varying inter-center distance d and orientations based on
rotations along the x (φx), y (φy), and z (φz) axes. These varying ori-
entations and distances lead to different characteristic energy wells,
shown in the top right. Parity plots detail the performance in predict-
ing the distance of closest approach h12 (bottom-left, units of charac-
teristic length scale σ ) and energies (bottom-right, units of potential
well depth ε). For clarity, only the test points are shown; the train
points show very similar trends.

chosen cutoff distance and radial resolution are sufficiently
large to include any necessary neighbors, which is evidenced
by the perfect agreement in the computed and predicted h12
distances given in Fig. 343. And thus, in AniSOAP , we alle-
viate the requirement to explicitly compute h12 or rely on its
approximations.

From here, learning the Gay-Berne potential is straightfor-
ward, similar to how traditional SOAP vectors can learn the
LJ potential. With the AniSOAP power spectrum vectors, it
is possible to interpolate, using solely regularized linear re-
gression, the interaction potential of ellipsoids of arbitrary dis-
tances from one another, as shown in Fig. 3. Performance de-
creases for repulsive, heavily overlapped configurations (right
end of the parity plot in the lower right of Fig. 3), likely due
to the fact that, in the repulsive regime, small feature dif-
ferences correspond to disproportionately large energy differ-
ences. Our learning exercise converges with as few as 1,000
training points, as evidenced by the learning curve given in
Fig. 3 of the supplementary material.

C. Benzene Molecules

For the following analysis, we intentionally construct a set
of benzene configurations to demonstrate the possibilities and,
simultaneously, the limitations for AniSOAP .

Representing the T-shaped benzene dimer

Molecular
Representation

Smooth Overlap of
Atomic Positions AniSOAP

similarly 
expanded for 

every atom
“center”

FIG. 4. Representations of the T-Shaped Benzene Dimer. From left
to right. A molecular image of the dimer at approximately 5.5Å sep-
aration, generated using Ovito44. The underlying representation to
the SOAP formalism, wherein each atom is represented by a Gaus-
sian field, and we expand n-body terms of each atomic neighborhood.
The underlying representation for the AniSOAP formalism, wherein
each molecule is represented by an anisotropic Gaussian field, and
we expand n-body terms of each molecular neighborhood.

We start with a set of symmetry-constrained crystals
comprised of planar benzene molecules with the software
PyXtal45 across all 230 space groups. We then augmented
this dataset by randomly rotating or translating the molecules,
where many configurations correspond to the same posi-
tions or orientations of the molecules. The resultant dataset
contains roughly 7,000 benzene crystals. We then com-
pute energetic quantities using QuantumEspresso v7.046 using
Perdew–Burke-Ernzerhof (PBE) pseudopotentials and cutoff
parameters reported by Prandini et al. 47 , a Grimme D3-
dispersion correction48, and a 3x3 Monkhorst-Pack k-point
grid49. Computations were managed with the signac and
signac-flow packages50,51, and computed using the ASE
computational front-end52.

Hyperparameter Tuning

With any new featurization, there is always valid concern
about hyperparameter optimization and the sensitivity of the
featurization to changes in these values53. In many ways, this
is the appeal of the SOAP formalism – the hyperparameters,
namely the widths of the Gaussian densities, basis sets, and
cutoff parameters, all have roots in chemical physics and can
be chosen from a large range of “reasonable” values with min-
imal impact on model interpretability and performance.

As the primary axes of planar benzenes are well-defined,
the only new hyperparameters to consider are the semiaxes
lengths of the MVG. For simplicity, we will only consider
σ1 = σ2, and prove that, in line with conventional knowledge
on benzene geometry, best results are obtained with σ1 > σ3
(an oblate ellipsoid).

To tune these parameters, we again use the GFRE of a
given AniSOAP representation and an analogous SOAP rep-
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FIG. 5. Results of tuning σ1 and σ3 for benzene crys-
tals. The color of the scatter points and contour levels denote
GFRE(XAniSOAP,XSOAP), where lower values indicate a greater fi-
delity of the AniSOAP representation to the SOAP analog, and
higher values indicate a greater information loss. Our MVG is oblate
where σ1 > σ3, prolate where σ1 < σ3, and spherical where σ1 = σ3.
As expected, oblate representations carry more mutual information
to the atomistic representation than prolate or spherical ones. The
spherical representation σ1 = σ2 = σ3 is consistent with construct-
ing a traditional SOAP representation from the molecule centers.

resentation of our benzene crystal configurations. By taking
GFRE(XAniSOAP,XSOAP), we determine how much informa-
tion is lost by moving from the atomistic to coarse-grained
AniSOAP representation, again where 0.0 infers perfect re-
construction of the atomic correlations, and higher numbers
correspond to poor reconstruction. Note that this hyperparam-
eter tuning occurs independently of any traditional supervised
learning task.

For our SOAP representation, we compute the structure-
averaged representation using rascaline54, with a cutoff ra-
dius of 7.0Å, Gaussian density width of 0.5Å, lmax = 10, and
nmax = 4. This results in a length 1,188 vector for each config-
uration. We compare against AniSOAP vectors using a similar
cutoff radius, number of angular and radial channels, varying
σ1 =σ2, σ3, and σGTO. Each AniSOAP vector has length 146.

From the results in Fig. 5, we see how the oblate MVG
with σ1 = σ2 =4.0 and σ3 =0.5 minimizes the information
loss compared to the atomistic SOAP representation with a
σGTO = 1.5. Prolate (σ1 < σ3) and spherical (σ1 = σ3) Gaus-
sian densities perform notably worse. It is interesting, how-
ever, that there is a wide range of σ1,σ3 values that obtain
similar results, signifying that the AniSOAP hyperparame-
ters are robust with respect to small changes, provided the
MVG remain oblate, and the semiaxis lengths are within rea-
sonable proportion. This indicates that fitting on AniSOAP
vectors is robust to small changes in hyperparameters; with-
out this robustness, models are prone to overfit. We include in

the SI similar analyses for σGTO = {0.5,1.0,1.5,2.0,2.5,3.0},
demonstrating that σGTO ∈ [1.0Å,3.0Å] obtains similar results
to σGTO = 1.5Å.

Learning of Benzene Energetics

Taking the optimized hyperparameters from the previ-
ous section, we now show how the AniSOAP represen-
tation performs in simple supervised tasks, demonstrating
where AniSOAP performs best and where it is incomplete
for atomistic systems. It is worth noting that the intention of
AniSOAP is to provide a molecule-level analog to SOAP, and
is, by design, incomplete55 with respect to many atom-atom
correlations.

To highlight the importance of molecular representation,
we will use regularized ridge models, employing a 90/10
training/test split and five-fold cross-validation. We first per-
form three regression tasks – learning the baselined, per-atom
energy (equivalent to learning the per-molecule energy) us-
ing the all-atom SOAP representation, a SOAP representa-
tion built solely from the molecule centers (coinciding with
the ridge line at σ1 = σ2 = σ3 in Fig. 5), and our optimized
AniSOAP representation. We have enforced that all three rep-
resentations have similar ranks, as higher-rank features will
outperform lower-rank ones based on size alone. To do so, we
perform dimensionality reduction via principal components
analysis56.

The results, as shown in Fig. 6, demonstrate how incor-
porating the anisotropy of intermolecular correlations can
greatly improve our ability to learn energetic quantities,
even in contexts where atom-atom interactions are impor-
tant. A SOAP representation on the molecule centers (center
panels)57, has heavily limited regression performance, with
a typical RMSE on the order of 45 − 50meV/atom, and an
R2 ≤ 0.4. By introducing intermolecular anisotropy, our per-
formance jumps R2 ≈ 0.9,RMSE ≈ 15−20meV/atom, much
closer to the all-atom regression in the left panel of Fig. 6.

While AniSOAP can achieve reasonable performance, the
performance of AniSOAP cannot match that of all-atom
SOAP due to the nature of the underlying dataset. In this
dataset, we specifically include configurations that will always
be challenging to represent via molecular58 coarse-graining,
such as those with unstable hydrogen-hydrogen repulsion, or
stabilizing hydrogen-hole interactions. As shown in the dy-
namic chemiscope59 visualization in the corresponding Mate-
rials Cloud entry60,61, these configurations are those with the
largest error when regressed using the AniSOAP representa-
tion. This shows that the limits of AniSOAP correspond to the
limits of coarse-graining itself.

IV. CONCLUSIONS

The tools developed under the umbrella of “machine-
learning” are powerful, and revolutionizing society and the
scientific community at an aggressive pace. One important
advancement for chemical sciences is the concept of treating
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FIG. 6. Parity plots comparing the performance of SOAP (built from the atom centers), optimized SOAP (built on the molecule
centers), and AniSOAP for the dataset of benzene crystalline configurations. All regressions were conducted using 5-fold cross-validated
regularized linear regression, and errors are reported for the same 90/10 training/test split. The SOAP representations was first reduced via
PCA to be of similar rank to AniSOAP . In the parity plots, color denotes the error in meV/atom, with the corresponding distribution of errors
shown in the lower panel.

chemistry as data – choosing specifically the numerical repre-
sentations with which to cast chemical questions into statisti-
cal and analytical models. These representations are strongest
when grounded in the established physical principles that we
are trying to emulate or predict.

Here, we have demonstrated one such physically-driven ap-
proach to machine-learning representations, aimed at lever-
aging machine learning for coarse-grained and mesoscale
entities, demonstrating such an approach for particles and
molecules that are well-represented by ellipsoidal bodies. Our
results show that, for both classical and quantum mechani-
cal datasets, AniSOAP provides a suitable representation for
ellipsoidal bodies, as these representations are able to accu-
rately and linearly map onto complex energetics without the
need for deeper ML infrastructures. We have constructed
AniSOAP in such a way as to retain compatibility with the
popular atomistic SOAP formalism – in practice, we hope that
these two technologies are used hand-in-hand to simplify en-
ergetic landscapes and explicitly incorporate many-body ef-
fects. Furthermore, this consistency between formalisms can
enable multiscale machine learning approaches, wherein one
can use coarse-grained representations for long-scale molecu-
lar motion and atom-atom representations for nearsighted in-
teractions.

By feeding AniSOAP descriptors into various functional
forms to learn molecular energy, we envision these anisotropic
descriptors to be foundational for building general coarse-
grained potentials of anisotropic molecules, similar to how

many machine-learned interatomic potentials are built off
atomistic descriptors16,17,21 . Future work will focus on the
efficient implementation of these anisotropic potentials to ex-
plore complex, multiscale molecular systems and compare the
performance of AniSOAP-based potentials with traditional
methods focused on reproducing the potential of mean force.
For full integration into molecular dynamics, further deriva-
tions will also be necessary to calculate spatial derivatives of
these descriptors for use in predicting the forces and torques
on each particle.

V. SUPPLEMENTARY MATERIAL

The supplementary material contains additional analysis
on our case studies. For the liquid crystals, we show how
AniSOAP represents differently-shaped spheroids, and that it
can delineate differently-shaped particles (unlike existing or-
der parameters). For the Gay-Berne and Benzene case stud-
ies, we show learning curves and further results of our GFRE-
based hyperparameter optimization.

VI. DATA AVAILABILITY

Data for this paper will be made available via
MaterialsCloud60 upon acceptance, including all raw
input files and analysis scripts.
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Appendix A: Evaluating the Coefficients

We have shown that, by choosing a MVG density and suitable basis functions, we can analytically compute the coefficients

⟨nlm|ρi⟩, (A1)
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by evaluating of integrals of the form

Inlm =
∫
R3

d3re−
1
2 (rrr−aaa)T A(rrr−aaa)r2nRm

l (rrr). (A2)

where Rm
l = rlY m

l (r̂), a polynomial of degree l, and r2nRm
l (rrr) is a polynomial of degree l +2n.

In this section, we will present an explicit algorithm to obtain all Inlm. The algorithm will require two key ingredients, namely
converting the spherical formulation of r2nRm

l (rrr) into Cartesian coordinates (Sec. A 2), then computing the corresponding
moments across the subject to our MVG (Sec. A 3). Section A 4 gives an overview of how to combine these two components to
recapitulate Inlm. Details on these transformations are given in Sec. A 5, and A 6.

1. Computing the effective quadratic form in the exponential

If we use the monomial basis, the integrand in

Inlm =
∫
R3

d3re−
1
2 (rrr−rrri j)

T A(rrr−rrri j)r2nRm
l (rrr) (A3)

is already in a convenient form, since the Gaussian part is completely specified by the center rrri j and the precision matrix A. If,
on the other hand, we use the GTO basis, we get an extra exponential factor

Inlm =
∫
R3

d3re−
1
2 (rrr−rrri j)

T A(rrr−rrri j)r2nRm
l (rrr)e

− rrr2

2σ2 (A4)

=
∫
R3

d3re−
1
2 (rrr−rrri j)

T A(rrr−rrri j)− rrr2

2σ2 r2nRm
l (rrr) (A5)

meaning that the Gaussian part

e−
1
2 (rrr−rrri j)

T A(rrr−rrri j)− rrr2

2σ2 (A6)

as a whole no longer has the convenient form. By completing the square, ignoring the global factor of − 1
2 in the exponent, we

can rewrite

(rrr− rrri j)
T A(rrr− rrri j)+

1
σ2 rrr2 = (rrr− rrr0)

T Ã(rrr− rrr0)+ c, (A7)

with

Ã = A+
1

σ2 (A8)

rrr0 = Ã−1Arrri j = rrri j −
1

σ2 Ã−1rrri j (A9)

c =
1

σ2 rrrT
i jÃ

−1Arrri j (A10)

The second form of rrr0 is more convenient to obtain a qualitative picture: the second term represents the deviation of the center
due to the addition of the second Gaussian. Depending on how sharp this Gaussian is, the relative importance of this term will
change.

Firstly, note that using the first representation of rrr0 and the fact that both A and Ã are symmetric, we get

rrrT
0 Ãrrr0 = rrrT

i jAÃ−1ÃÃ−1Arrri j (A11)

= rrrT
i jAÃ−1Arrri j (A12)

= rrrT
i jAÃ−1

(
Ã− 1

σ2

)
rrri j (A13)

= rrrT
i jArrri j −

1
σ2 rrrT

i jÃ
−1Arrri j (A14)
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Expanding the quadratic terms, we get

(rrr− rrr0)
T A(rrr− rrr0) = rrrT Ãrrr−2rrrT Ãrrr0 + rrrT

0 Ãrrr0 (A15)

= rrrT Arrr+
1

σ2 rrr2 −2rrrT Ã
(

rrri j −
1

σ2 Ã−1rrri j

)
+ rrrT

0 Ãrrr0 (A16)

= rrrT Arrr+
1

σ2 rrr2 −2rrrT Ãrrri j +2
1

σ2 rrrT rrri j + rrrT
0 Ãrrr0 (A17)

= rrrT Arrr+
1

σ2 rrr2 −2rrrT Arrri j + rrrT
0 Ãrrr0 (A18)

= rrrT Arrr+
1

σ2 rrr2 −2rrrT Arrri j + rrrT
i jArrri j −

1
σ2 rrrT

i jÃ
−1Arrri j (A19)

= (rrr− rrri j)
T A(rrr− rrri j)+

1
σ2 rrr2 − 1

σ2 rrrT
i jÃ

−1Arrri j (A20)

Thus, we do see that indeed,

(rrr− rrri j)
T A(rrr− rrri j)+

1
σ2 rrr2 = (rrr− rrr0)

T Ã(rrr− rrr0)+
1

σ2 rrrT
i jÃ

−1Arrri j. (A21)

2. Spherical to Cartesian Transformation

Recall that for both the monomial and GTO bases, our integrand is a product of a Gaussian and an expression of the form

r2nRm
l (rrr) = poly(x,y,z), (A22)

where we emphasize that r2nRm
l (rrr) is simply a polynomial in the variables (x,y,z).

For practical evaluations, however, it does not suffice to know that it is equal to “some” polynomial. We will need to explicitly
express the solid harmonics Rm

l (rrr) in monomial terms. In general, there will exist a decomposition

Rm
l (rrr) = ∑

n0+n1+n2=l
T lm

n0,n1,n2
xn0yn1zn2 , (A23)

where T lm
n0,n1,n2

are some coefficients. These coefficients depend only on l,m and can thus be cached. For the full basis function,
there will then exist coefficients T n,lm

n0,n1n2 such that

r2nRm
l (rrr) = ∑

n0+n1+n2=2n+l
T n,lm

n0,n1,n2
xn0yn1zn2 . (A24)

As soon as we are provided with a complete list of the (l,n) pair we need, we can precompute these coefficients.

3. Evaluation of Moments

Once we have decomposed r2nRm
l (rrr) into a sum of monomial terms, we have reduced the evaluation problem to integrals of

the form

⟨xn0yn1zn2⟩=
∫
R3

d3re−
1
2 (rrr−aaa)T A(rrr−aaa)xn0yn1zn2 . (A25)

We shall call this expression the (n0,n1,n2)-th moment of the Gaussian, or just moment for short.
To provide some context for the terminology, “moment” is a term used in probability theory. If we are given some probability

density (in three variables) p(rrr) = p(x,y,z), its (n0,n1,n2)-th moment is defined as∫
R3

d3rp(rrr)xn0yn1zn2 . (A26)

The most common notation for this in the mathematical literature is to write it as E[xn0yn1zn2 ]. In the quantum field theory /
statistical mechanics literature, on the other hand, the notation ⟨xn0yn1zn2⟩ is used more commonly instead.

Connecting this back to our integrals, we can see that the Gaussian part is almost a probability density, apart from the normal-
ization factor, motivating the use of an analogous notation.

The normalization factor is a global factor, meaning that techniques that have been developed to evaluate moments in proba-
bility theory can be applied to our problem as well. This will allow us to compute all the moments for a given Gaussian function
specified by the precision matrix A and the center aaa.
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4. Putting Everything Together

Combining the two ingredients, we can now formulate the complete algorithm for the evaluation of the above-mentioned
integrals, namely:

Inlm =
∫
R3

d3re−
1
2 (rrr−aaa)T A(rrr−aaa)r2nRm

l (rrr) (A27)

=
∫
R3

d3re−
1
2 (rrr−aaa)T A(rrr−aaa)

∑
n0,n1,n2

T n,lm
n0,n1,n2

xn0yn1zn2 (A28)

= ∑
n0,n1,n2

T n,lm
n0,n1,n2

∫
R3

d3re−
1
2 (rrr−aaa)T A(rrr−aaa)xn0yn1zn2 (A29)

= ∑
n0,n1,n2

T n,lm
n0,n1,n2

⟨xn0yn1zn2⟩ (A30)

We can therefore see that the computation of our features is completely determined by the two ingredients mentioned before,
namely:

1. the transformation coefficients T n,lm
n0,n1n2 that express r2nRm

l using monomials

2. the moments ⟨xn0yn1zn2⟩ of the Gaussian

In the following two subsections, we will explain how to perform these two steps, respectively.

5. Evaluation of Transformation Coefficients

To compute the transformation coefficients T nlm
n0,n1,n2 for high orders of n, we utilize the recursive structure of the radial term

of r2nRm
l :

r2(n+1)Rm
l = r2r2nRm

l = (x2 + y2 + z2)r2nRm
l (A31)

Thus, if all transformation coefficients T nlm
n0,n1,n2

at some n are known, we obtain those for higher n by running the iteration:

∀(l,m,n0,n1,n2) with n0 +n1 +n2 = l +2n (A32)

T n+1,lm
(n0+2),n1,n2

+= T n,lm
n0,n1,n2

T n+1,lm
n0,(n1+2),n2

+= T n,lm
n0,n1,n2

T n+1,lm
n0,n1,(n2+2)+= T n,lm

n0,n1,n2

After the iteration, all coefficients at the radial channel n+1 will have the correct values. To initialize this recurrence relation,
we set the transformation coefficients T n,lm

n0,n1,n2 = 0 for n > 0. For n = 0, T n,lm
n0,n1,n2 corresponds with the coefficients of Rm

l , as
determined by a different set of recurrence relationships63.

6. Computing the Moments

In this subsection, we explain how we can compute the moments

⟨xn0 yn1zn2⟩=
∫
R3

d3re−
1
2 (rrr−aaa)T A(rrr−aaa)xn0yn1zn2 . (A33)

for a given precision matrix A and center aaa.
As we will show, this step will be significantly easier if the matrix A is diagonal, i.e. if we work in the basis of the principal
axes. In our current implementation, we still use the original coordinate frame in which the matrix A keeps its general form.
Despite the slightly more complicated computation of the moments, this will reduce some computational cost associated with
the rotation of the coordinate frame (summing over the Wigner matrix) later on. Nevertheless, there might still be some benefits
to have an implementation that uses the diagonalization step. We will, therefore, start by discussing the simpler diagonal case,
as well as extensions that would become possible for this special case. We then move on to the algorithm for general A, which
is what we are using in the current implementation.
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Diagonal Case In the diagonal case, the integral separates into an x-, y- and z-dependent part. The total integral can thus
easily be evaluated by using the explicit formula for the one-dimensional Gaussian integral, namely:

⟨xn0yn1zn2⟩=
∫
R3

d3rxn1 yn2zn3e
− 1

2

(
x2

σ2
1
+ y2

σ2
2
+ z2

σ2
3

)
(A34)

=
(
2σ

2
1
)n′1

Γ(n′1)
(
2σ

2
2
)n′2

Γ(n′2)
(
2σ

2
3
)n′3

Γ(n′3). (A35)

An advantage of the diagonal formalism is that it can easily be adapted to non-Gaussian densities. We could, for instance,
consider densities of the form

g0(rrr) = exp
[
−
(
|x|
σx

+
|y|
σy

+
|z|
σz

)]
(A36)

This could be used to have densities that have the symmetry of a cube (if all σ j are equal) or other rectangular shapes. While
integrating these in spherical coordinates would be a nightmare due to the absolute values, in Cartesian coordinates, the compu-
tation is relatively simple once the problem is brought into this diagonal form. There could, therefore, be some value in having
an implementation that works for the diagonalized case. It should be noted, however, that we are not directly working with the
density. Instead, we are approximating the density with our basis functions. If the resolution of our basis functions is low, it
might not be possible to properly distinguish Gaussians from rectangular densities. This should be kept in mind before spending
too much time developing complicated schemes with minimal additional improvements.

General Case Here, we use an iterative updating scheme. For later convenience, we define the covariance matrix C = A−1

and work with it instead. To keep the notation closer to the implementation, we will index its components as 0,1,2 rather than
1,2,3, corresponding to the coordinate axes x,y,z.
We can initialize the first few moments, up to a global factor, by

⟨1⟩= ⟨x0y0z0⟩= 1 (A37)
⟨x⟩= ax (A38)
⟨y⟩= ay (A39)
⟨z⟩= az (A40)

We can compute all higher-order moments by using three recurrence relations19, one in the x-, y-, and z-directions, respectively.
These are given by:
x-iteration:

⟨xn0+1yn1zn2⟩= a0⟨xn0yn1zn2⟩+C00n0⟨xn0−1yn1zn2⟩ (A41)

+C01n1⟨xn0yn1−1zn2⟩+C02n2⟨xn0 yn1zn2−1⟩ (A42)

y-iteration:

⟨xn0yn1+1zn2⟩= a1⟨xn0yn1zn2⟩+C10n0⟨xn0−1yn1zn2⟩ (A43)

+C11n1⟨xn0yn1−1zn2⟩+C12n2⟨xn0 yn1zn2−1⟩ (A44)

z-iteration:

⟨xn0yn1zn2+1⟩= a2⟨xn0yn1zn2⟩+C20n0⟨xn0−1yn1zn2⟩ (A45)

+C21n1⟨xn0yn1−1zn2⟩+C22n2⟨xn0yn1zn2−1⟩. (A46)

Warning: Please note that for any of the above iterations, it is possible that some exponents will become negative. A concrete
example, in which we naively use the above formulae, would be the evaluation of ⟨x2⟩ from the x-iteration, which would give

⟨x2⟩= a0⟨x1⟩+C00 ·1 · ⟨1⟩+C01 ·0 · ⟨xy−1⟩+C02 ·0 · ⟨xz−1⟩ (A47)

In such cases, the terms containing negative exponents, strictly speaking, do not exist. As the multiplication by zero suggests,
however, these terms do not contribute to the final result. The correct iteration in this case therefore is

⟨x2⟩= a0⟨x1⟩+C00n0⟨1⟩. (A48)

In practice, depending on the specific implementation, it might not even be necessary to make special cases for this if all
array elements are initialized to zero. Please also note that the initializations only apply to normalized Gaussians that have a
proper interpretation as a probability density. For other normalizations, the coefficients will all be multiplied by the same global
factor. Thus, in practice, it makes sense to include this global factor in the initialization, since the iterative scheme will then
automatically ensure that all higher order moments have the correct prefactor as well.
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7. Orthonormalization

The coefficients ⟨nlm|ρi⟩ from the above procedures result from using non-orthonormal bases. While not strictly necessary,
working in orthonormal bases ensures minimal overlap in mutual information between features64. This discussion only applies
to basis functions that are square integrable (e.g. GTO); non-square-integrable basis functions (e.g. monomial basis) cannot be
orthonormalized. Below, we discuss how to scale our coefficients, taking the GTO basis as a representative example for any
square-integrable basis.

We first choose the coefficients of our density expansion ⟨nlm|ρi⟩ to use the unnormalized GTO basis Rnl(r) = rl+2ne
−r2

2σ2 for

our radial expansion. The general unnormalized GTO φd = rde
−r2

2σ2
d has a finite square-integral over R3:

Id =
∫

∞

0
|φd(r)|2 ∗ r2dr = 2−1

σ
2d+3
d ∗Γ(

2d +3
2

)

and can hence be normalized with the constant Nd = 1/
√

Id . In other words, our normalized GTO is Φd = Nd ∗ φd ,
and

∫
∞

0 |Φd(r)|2 ∗ r2dr = 1. After normalizing all the bases, we can take orthogonalize them using Löwdin Symmetric
Orthonormalization25. We first find the overlap matrix between two normalized GTOs:

Gi j =
∫

∞

0
ΦiΦ jr2dr.

The orthonormalization matrix is the inverse square root of the overlap matrix G−1/2, which is guaranteed to exist because the
overlap matrix is a gram matrix and is hence symmetric positive definite. Specifically, G−1/2 is calculated by diagonalizing G,
then taking the recipricol of the square root of the diagonal matrix: G = MDMT , G−1/2 = MD−1/2MT . Then, we can apply this
matrix to obtain a set of orthonormal GTO basis vectors Φ̂i: Φ̂i = G−1/2

i j Φ j. We note that in our previous procedure, we could
in theory construct an overlap matrix from unnormalized GTOs, but practically, calculating the overlap between unnormalized
GTOs of high order, then inverting them to find the orthonormalization matrix, is not numerically stable.

8. Tricks for Efficient Implementation

The current implementation of AniSOAP is performance limited, both by inefficient recalculations of the Clebsch-Gordan
Matrices, and by the large number of computations and nested iterations performed in Python when calculating high-order
moments. Below we outline two strategies under active development to address these inefficiencies. The computational costs of
the current implementation and the proposed future implementations are shown in Fig. 7.

a. Caching the Clebsch-Gordan (CG) Matrix

The construction of Clebsch-Gordan matrices depends on only the hyperparameter lmax. Originally, the matrices were stored
within a Python dictionary indexed by (l1, l2,L). Since 0 ≤ l1, l2 ≤ lmax and |l1 − l2| ≤ L ≤ min(lmax,(l1 + l2)), the number of
matrices required to compute grows as O(l3

max), which is expensive even for modest values of lmax.
However, since the construction of CG matrices only depends on lmax, we can cache the matrices and re-use them internally.

For caching, we use a simple cyclic list that stores (key, value) pair with key storing lmax and value storing corresponding
matrices, as shown below, where M corresponds to the appropriate CG matrices.

key1
M1

key2
M2

· · · keyn−1
Mn−1

keyn
Mn

The cache has a finite and fixed number of (key, value) pairs it can store to prevent memory overflow, and whenever the
cache is full, it decides the entry for replacement using an algorithm that mimics the CLOCK algorithm for page replacement65.
In accordance with the algorithm, the key for the CG list also contains a replacement bit to store the time-indexed usage of
the entry. The format of the CLOCK algorithm does place implicit limits on lmax, such that lmax ≤ 231 − 1, although this value
is beyond practical usage. The utility of caching these CG matrices is apparent when performing repeated higher-body order
expansions with the same lmax, such as in a molecular dynamics simulation.
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FIG. 7. Time measurement of major bottlenecks with and without caching. The same computation was performed for all N by N by M
crystal structures with N and M both ranging from 1 to 16, and with fixed lmax = 6,σ = 5.0,rcut = 1.0. With caching, after the first computation,
all subsequent computations of Clebsch-Gordan matrices are near instantaneous (∼ 10µs, the time required to access a list). The gray dashed
line show the expected ∼80x speedup when we port the moments calculation to a lower-level language like Rust. The red and gray lines
approach a slope of 1 on the log-log plot, indicating linear scaling with system size.

b. Moments Array

Given the simplicity of the moments calculations and the frequency of invoking this section of code, we are currently porting
this functionality to Rust66, which gives the benefits of a compiled language while retaining easy interfacing with Python.

While the Rust code is almost a one-to-one translation, there were two minor changes. Firstly, the computation of the inverse
of dilation matrix DDD (10) is changed. By definition, DDD is a 3 by 3 symmetric matrix. Therefore, in Rust we compute the analytical
formula for inverting this matrix to avoid unnecessary operations while minimizing package dependency. Secondly, the code
was re-organized in Rust to maintain clarity in the new syntax.

c. Results of Optimization

With the CG-matrix caching and proposed porting of the moments above, we have performed benchmark timings (Fig. 7)
to compare the speed of execution. These benchmarks were computed on the High-Performance Computers (HPC) within the
Wisconsin Center for High-Throughput Computation. Each HPC had a 3GHz AMD EPYC 7763 64-Core Processor and 514
GB Total RAM. Note that none of this code is currently parallelized and therefore only a single core was used, yielding timings
that are similar to what is obtained on a local machine.

Appendix B: Gay-Berne Case-Study

1. Gay-Berne Interactions

Continuing our discussion of Eq. (23), the second term, η12, is a function of each ellipsoids’ geometry and orientation but not
a function of distance, and is given as follows:
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η12(R1,SSS1,R2,SSS2) =

[
2s1s2

detΞΞΞ12(R1,R2)]

]ν/2

(B1)

si = [aibi + cici][aibi]
1/2 (B2)

This correction term describes the interaction strength between two ellipsoids at 0 separation, whose influence is tuned by
parameter ν .

The last term, χ12, is only a function of each ellipsoid’s individual orientations (R1,R2) and relative orientation ( ˆr12), but not
of their geometries (SSS1,SSS2). It is given as follows:

χ12(R1,R2, r̂12) =
[
r̂T

12BBB−1
12 (R1,R2)r̂12

]µ
(B3)

BBB12(R1,R2) = RT
1 EEE1R1 +RT

2 EEE2R2 (B4)

EEE i =

 e−1/µ

ai 0 0
0 e−1/µ

bi 0
0 0 e−1/µ

ci

 (B5)

Note that for Gay-Berne, the rotations Ri transform from lab frame to the body frame, while AniSOAP defines rotations to
transform from the body frame to the lab frame. Hence, Ri,AniSOAP ≡ R−1

i,GB. The above definitions use Ri ≡ Ri,GB.
χ12 corrects for the well-depth by interpolating the relative well depth between the side-to-side, face-to-face, and end-to-end

interactions, given by eai, ebi, eci. Generally, these pole-pole relative well depths are arbitrarily fitted, but can be assumed to be
equal to the Gaussian curvature of the ellipsoids at each pole, provided that µ = 1:

EEE i = σ


ai

bici
0 0

0 bi
aici

0
0 0 ci

aibi

 (B6)

In our case-study with ai = 1,bi = 1.5,ci = 2 ellipsoids, we set µ = 1, enabling the use of B6 to calculate EEE i. We furthermore
set ν = 1, completely specifying the Gay-Berne hyperparameters.
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