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A B S T R A C T

In this study, a physics-based model is developed to describe the entire 昀氀ow mediated dilation (FMD) response. A
parameter quantifying the arterial wall’s tendency to recover arises from the model, thereby providing a more
elaborate description of the artery’s physical state, in concert with other parameters characterizing mechano-
transduction and structural aspects of the arterial wall. The arterial diameter’s behavior throughout the full
response is successfully reproduced by the model. Experimental FMD response data were obtained from healthy
volunteers. The model’s parameters are then adjusted to yield the closest match to the observed experimental
response, hence delivering the parameter values pertaining to each subject. This study establishes a foundation
based on which future potential clinical applications can be introduced, where endothelial function and general
cardiovascular health are inexpensively and noninvasively quanti昀椀ed.

1. Introduction

Brachial artery 昀氀ow mediated dilation (FMD) is a widely reported
clinical practice, based on which the integrity of arterial walls, a key
indicator of cardiovascular health, is assessed. After having a pressure
cuff wrapped around a subject’s upper arm while lying supine (Fig. 1a),
the cuff is in昀氀ated to a certain pressure, long enough to cut off the blood
昀氀ow to the lower arm, thereby collapsing the brachial artery. The cuff is
then abruptly de昀氀ated, and the arterial diameter (Fig. 1c) response is
monitored via ultrasound imaging (Fig. 1b), until full recovery. Fig. 1c
shows the phases of a typical FMD response where the diameter initially
rises before it brie昀氀y dwells around a peak value, generally exceeding its
baseline as measured before the test, which is then followed by a re-
covery phase where the arterial diameter eventually returns to said
baseline. Fig. 1d shows a diagram illustrating the interplay between
arterial wall shear stress (WSS), arterial compliance, and arterial
diameter underlying the FMD response, which is enabled by the diffu-
sion of vasodilators, represented here by a dilation stimulation signal, s,
which will be discussed in detail later in the Formulation section. The
blue curves represent the distribution of s in the radial direction, r, at
different instants (hence the t arrow indicating their chronological

order). This concept was introduced in our earlier study on the subject
[1]. A WSS spike is picked up by the arterial wall through mechano-
transduction, which is how 昀氀ow conditions are communicated to the
endothelial cells (ECs) lining the inner walls of blood vessels, initiating
the diffusion of a vasodilation signal that prompts the wall’s outer layers
to change their compliance. Under the blood pressure, pushing outward,
the arterial diameter changes accordingly, altering 昀氀ow conditions,
hence affecting the WSS that started the entire process, completing the
feedback loop.

Comparing the peak diameter to its baseline value throughout the
response provides a commonly used dilation metric, FMD%, that can
serve as a quantitative description for the physical state of the arterial
wall. The appealing aspects of the FMD test are its affordability and
safety. Abnormal FMD% levels have been linked to smoking, renal
dysfunction, and visceral obesity [2–5]. Brachial Artery Flow-Mediated
Dilation’s (BAFMD) utility for assessing cardiovascular health and
diagnosing cardiovascular diseases based on FMD% has been further
established by other studies [6–9]. Moreover, according to a recent
comprehensive review [10] dedicated to how the virus affects the heart
and blood vessels, SARS-CoV-2 has been associated with leaky vessels,
pointing to a compromised glycocalyx layer and endothelial function,
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which therefore suggests that such changes could be picked up by this
test. However, solely relying on the artery’s peak percent dilation (FMD
%) as a descriptor of arterial health overlooks crucial information that
parts of the response, other than the peak, have to offer [11]. This paper
aims to provide a theoretical framework through which any observed
FMD response can be scrutinized in much greater detail for a more
nuanced arterial health assessment.

Mechanotransduction, the sensing and transmission of mechanical
stimuli, is what lies at the heart of FMD. The endothelial glycocalyx layer
(EGL), a porous microstructure of proteoglycans and glycoproteins
extending from the endothelial cells (ECs) lining blood vessels’ inner
surface [12,13], picks up mechanical signals carrying information about
the 昀氀ow environment, and relays them to the ECs surface. The ECs then
initiate biochemical signal pathways through which the outer layers of

the arterial wall are instructed to constrict or dilate accordingly to
accommodate changes in 昀氀ow conditions. This role of the EGL is well
established [12,14–18]. Extensive experimental, analytical, and nu-
merical studies have been conducted to probe mechanotransduction on
the cellular level [19–29]. The most crucial 昀椀ndings of those studies
established the necessity of the EGL and ECs for a functioning mecha-
notransduction [24–26], and the dependence of Nitric Oxide (NO, a
prominent vasodilator) production by the ECs, on WSS level sensed at
the EGL [21,28,29]. The EGL and ECs have been shown to exhibit a bias
towards non-oscillatory, undisturbed WSS patterns. Only an added for-
ward component to a disturbed or oscillatory WSS signal could trigger
the EGL’s structural remodeling in-vitro [30]. In another study, pro-
longed exposure of ECs to a laminar 昀氀ow signi昀椀cantly boosted their
WSS-induced release of vasodilators [31]. NO synthesis has been shown

Fig. 1. (a) A volunteer undergoing the FMD test. (b) Image of the arterial lumen. (c) The typical resulting FMD response post cuff de昀氀ation (at the end of a 5-min-long
in昀氀ation). x-axis: time (seconds) y-axis: Arterial diameter (mm). (d) An illustration of the mechanism underlying the arterial FMD response shown in (c).
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to be dependent on the step-change magnitude of WSS, while a turbulent
昀氀ow failed to prompt NO production [32]. Driven by this cohort of
studies on the connection between WSS and vasodilation stimulation,
our group hypothesized a mechanism (Fig. 1d) by which mechano-
transduction is manifested in the FMD response and formulated a
mathematical model that successfully reproduced its
rising-and-dwelling part [1,33].

Our 昀椀rst study [33] has the limitation of assuming that the arterial
wall is a thin elastic cylindrical shell, which misses the signal diffusion
aspect of the real process. However, the model based on that assumption
still managed to predict the gradual steepening (rather than abrupt
springing) arterial expansion observed in the early part of the FMD
response, as a hallmark of mechanotransduction, as shown in Fig. 1c.
The thin wall assumption was later addressed in our second study [1],
where the vasodilation signal diffusion through the wall’s thickness is
accounted for. The improved model not only reproduced the hallmark of
mechanotransduction in the observed FMD response, but also predicted
the arterial outer-to-inner diameter ratio within a reasonable margin.
Three physically sensible parameters emerged from that model, as
additional measures of arterial health. These are the Arterial Sensitivity
to WSS, the Minimum Arterial Stiffness Ratio, and the Arterial Mecha-
notransduction Strength. The premise shared by the 昀椀rst two studies is
that the arterial wall’s response is primarily elastic. This was con昀椀rmed
in our third study on the subject [34], where the signi昀椀cance of a viscous
contribution to the FMD response is found to be negligible. The missing
piece that all three studies never touched on though, is the response’s
recovery phase, in which the diameter recedes to its baseline value as
shown in Fig. 1c.

This paper seeks to 昀椀ll this gap, as well as addressing a common
limitation of other studies in the literature that did reproduce the FMD
response through mathematical modeling. In particular, a study by
Yamazaki and Kamiyama [35,36] analyzed the biochemical pathways
involved in the process with impressive rigor and successfully replicated
a typical FMD response. However, their approach’s heavy reliance on
biochemical analysis limits its applicability to FMD responses that result
from the lower-arm cuf昀椀ng protocol that they followed. This is because
the role of NO in vasodilation is diminished when upper-arm cuf昀椀ng is
used, where other compounds such as Endothelium-Derived Hyper-
polarizing Factor (EDHF) also play important roles [37], and where the
observed FMD% is generally higher. The authors also seem to treat the
artery as thin walled, where the stress is uniform across the thickness. In
another, more recent study [38], NO diffusion throughout the wall was
incorporated in analyzing the brachial artery’s behavior during the re-
covery phase of a lower-arm-cuf昀椀ng FMD test. Rather than allowing for
variability between individuals though, the model’s parameters char-
acterizing the interaction among WSS, NO production, and arterial
stiffness, were obtained from in-vitro, rather than in-vivo experiments.
Also, an overall wall stiffness was used, and related to a
thickness-averaged vasodilator concentration, while our previous two
studies [1,34] (as well as the current one) account for the local vaso-
dilator effect on the space-and-time-dependent stiffness, albeit through a
conceptual property as a surrogate to the vasodilator concentration (See
Fig. 1d).

In the current study, for the 昀椀rst time, a complete phenomenological
model, rooted in 昀椀rst principles, is developed to describe an entire FMD
response, irrespective of the cuf昀椀ng protocol. The parameters arising
from the model, and which collectively serve as a quantitative descrip-
tion of the arterial state, were adjusted to produce a response that
matched its experimental counterpart extracted from healthy volun-
teers. The new parameter among those is one that characterizes the
arterial wall’s drive for recovery, thereby providing a more complete
description of the artery’s physical state.

The remainder of this paper is structured as follows: (1) A Methods
section where the performed experimental work, along with the math-
ematical development of the proposed model are described; (2) a Results
and Discussion section, where matching the theoretical FMD response to

its experimentally observed counterpart is presented; (3) a section
where further elaboration on the effect of the recovery parameter is
provided; (4) a section where the matching algorithm that we used is
outlined; and (5) a Conclusion section where the study’s 昀椀ndings and
limitations are summarized, and future directions are proposed.

2. Methods

2.1. Experiment

The experimental protocol was approved by the institutional review
committee and informed consent for the study was obtained from all
human subjects in accordance with the World Medical Association
Declaration of Helsinki: Ethical principles for medical research
involving human subjects, 2008. The study’s approval number and date
are IRB-FY2023-127, and 05/05/2023, respectively. Healthy volunteers
underwent FMD tests (Fig. 1a–c) in the Cellular Biomechanics and Sports
Science Lab at Villanova University (Vivid I ultrasound machine, 10
MHz linear array, GE Healthcare, Carmel, ISRAEL). After 5 min of blood
昀氀ow obstruction by means of an in昀氀ated pressure cuff (~50 mmHg
above systolic pressure) wrapped around the subject’s upper arm
(Fig. 1a), the cuff is de昀氀ated, and the artery is monitored with an ul-
trasound scanner for the next 5 min (Fig. 1b). Twelve datasets, from 4
female and 8 males (6 Asian and 6 White. Age range: 20 − 75 years,
Mean age: 35.3 years, SD: 16.31 years) that are minimally noisy over the
entire post-de昀氀ation monitoring period were obtained by postprocessing
the recorded clips in MATLAB (Fig. 1c). As may be gleaned from one of
our previous studies [1], it is easier to achieve low-noise readings when
only the rising-and-dwelling part is considered. However, towards the
recovery phase of the response, the subjects become more likely to
experience some restlessness, and hence involuntary movements can
occur. The sonographer may also feel a little sore trying to maintain a
昀椀xed posture to hold the probe at a particular angle for 5 min straight,
making a few re昀氀exive adjustments inevitable, thereby affecting the
images’ quality. Nevertheless, as this study is about illustrating a model,
relatively clean datasets are far more instructive than a large sample
size.

The methodology adopted in this study, where the cuff is placed on
the upper arm, is not the only one that can be used. There are potentially
several approaches for performing the test. Among various factors
affecting FMD, the pressure cuff’s position relative to the imaging
transducer determines the dilation magnitude and the mediating vaso-
active agents (e.g. NO, endothelium-derived hyperpolarizing factor,
etc.) [37,39]. However, according to other studies, among them three
meta-analyses, the predictive capacity of FMD does not change with the
cuff’s positioning [39–42]. When the cuff is placed in the proximal po-
sition, yielding greater and prolonged dilation [43–45], the discrimi-
native power of FMD is magni昀椀ed. Further elaboration on the cuff
position effect’s important consequences for the theory that will be
presented will follow in the Results and Discussion section.

2.2. Formulation

A surrogate property, s (N /m2) (See Fig. 1d), was introduced in our
previous studies [1,34], to account for the vasodilators’ effect. Since
direct access to an individual’s vasodilator concentration within their
arterial wall after the cuff release is not feasible, the biochemical
component of the mechanism underlying the FMD response could not be
explicitly incorporated in the model. Therefore, to accommodate the
vasodilators’ diffusion effect through the arterial wall, the conceptual
property, s, was introduced as a theoretical representation of their
concentration, and related to their progenitor, namely WSS. Hence, in
those studies, s is assumed to take on the instantaneous value of WSS
only at the wall’s inner radius, from which it starts decreasing as it
diffuses outward. As a proxy to the vasodilators’ concentration, s is
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assumed to obey a 昀椀rst order diffusion law (Eq. (1)).
∂s
∂t= αs

(

∂
2s

∂r2 +
1
r

∂s
∂r
)

(1)

where αs
(m2 /s), t(s), and r (m) are the diffusivity, time, and the radial

distance from the center, respectively. The local value of the wall’s
elasticity modulus, Es

(N /m2), that would be reached after a prolonged
exposure to a certain value of s, is assumed to asymptotically decrease
from a maximum value, E0, when s = 0, to a minimum value, E∞, when
s→∞, following an exponential form as stated by Eq. (2).
Es(s)= (E0 − E∞)e−βs + E∞ (2)

β (m2 /N) is a property that is indicative of the wall’s resistance to a
changing value of s, with a higher value pointing to a lower resistance.
As in many biological processes, the modulus’ instantaneous value, E(t),
is expected to be transient. When the value of s suddenly changes from s1
to s2, E(t) is assumed to transiently change from Es(s1) to Es(s2) as
follows:
E(t) − Es(s2)= (Es(s1) − Es(s2))e−ξ(t−t0) (3)

where ξ
(s−1) characterizes the arterial wall’s responsiveness to WSS,

with a higher value indicating a more responsive artery. Taken together,
Eqs. (2) and (3) yield Eq. (4), governing the local instantaneous modulus
response to any arbitrary signal s(t).
dE
dt + ξE = ξEs(s(t)) (4)

The interested reader is referred to our previous papers [1,33] where
the steps leading up to Eq. (4) are detailed.

While the arterial wall does exhibit viscoelastic behavior under
certain conditions [46], We have already shown that in the context of
FMD, the elastic component of the arterial response is overwhelmingly
dominant [34]. Therefore, the viscous component of the response will be
neglected in this study. The artery’s observed slow expansion and
eventual recovery makes its mechanical equilibrium quasi-static.
Guided by the reported experimental 昀椀ndings [30–32] on the indiffer-
ence of EC’s to purely disturbed and turbulent 昀氀ows, where only the
introduction of a forward WSS component can stimulate the release of
vasodilators, only the steady component of the 昀氀ow rate and the blood
pressure will be accounted for. With that said, it must be acknowledged
that in 2002, an experimental in vitro study on bovine aortic endothelial
cells (BAECs) by Hillsley and Tarbell [47] showed that when a steady
shear stress component of 10 dyne/cm2 was augmented by a sinusoidal
oscillatory component of 15 dyne/cm2 amplitude at 1 Hz, NO production
increased signi昀椀cantly compared to the case of a purely steady shear of
20 dyne/cm2. However, we are still opting for exclusively considering
the dependence on steady shear for two key reasons. First, the sub-
stantial NO production enhancement was only observed after ~1 h of
exposure, with the highest enhancement observed after 3 h. On the order
of ~5mins though, the timescale within which the FMD test takes place,
no signi昀椀cant difference was detected. The other reason is that the
added oscillations were sinusoidal, consisting of a single harmonic
which can still be considered highly regular. This is far from the case in
actual arteries, where the oscillatory shear component consists of many
superposed harmonics and therefore resulting in a signal shape that is
quite different from that of a simple harmonic [48]. Considering this
fact, together with the observations of Noris et al. (1995) on the effect of
turbulence (chaotic WSS) on NO production [32], and the 昀氀ow chamber
experimental observations by Chien (2007) on the unresponsive ECs in
the disturbed 昀氀ow reattachment zone [30], it would be more cautious to
ignore any oscillatory contributions to vasodilation stimulation in our
model, for the time being.

Upon cuff de昀氀ation, the abrupt reestablishment of the blood 昀氀ow
rate, q(m3 /s) through the artery when it is still at its narrowest, leads to

a WSS spike, thereby initiating the diffusion of s, which is followed by
the arterial dilation, due to softening under the steady component of the
blood pressure, p (N /m2). The blood 昀氀ow rate during the test was not
tracked. This is because in addition to expanding, the artery also moves
slightly post cuff de昀氀ation, making it especially dif昀椀cult to keep the
lumen within the Doppler sampling gate. Moving the probe to follow the
artery will inevitably bring it in and out of focus introducing noise that
would undermine our ability to extract the diameter’s temporal pro昀椀le
during image processing. The 昀氀ow rate is therefore assumed to be
constant. Evidently, in the real case, it would be expected to at least
change slightly. A widely cited 2004 article [43] showed that when the
cuff occlusion is proximal, as is the case here, the 昀氀ow rate exhibits an
initial brief, sharp drop and then remains essentially 昀氀at around the
baseline level for the remainder of the duration post cuff de昀氀ation. With
that said, if a 昀氀ow rate signal is reliably acquired in tandem with
minimally noisy images of the artery, it can be easily accommodated by
the model.

Initially, at its undeformed state, the artery’s inner and outer radii
are denoted as rin(m) and rout(m), respectively. As the steady component
of the WSS, τw(t) corresponds to Poiseuille’s parabolic velocity pro昀椀le,
pertinent to the steady component of the 昀氀ow rate, q, τw is then obtained
as:

τw(t)= 4μq
πR(t)3 (5)

where μ(kg /m.s) and R(t) are the blood’s dynamic viscosity and the
inner deformed radius, respectively.

The following step of the formulation, in which the dilation stimu-
lation signal at the inner boundary, s(rin, t), will be discussed, is where
this study differs from its precursor [1]. Previously, when only the
rising-and-dwelling phase was considered, s(rin, t) was assumed to be
τw(t) itself, throughout the entirety of that part of the response. How-
ever, the peak diameter, at which the artery brie昀氀y dwells, is generally
greater than its baseline value to which it eventually returns. A greater
diameter would imply a lower shear stress at the wall than the baseline
value. The fact that the arterial diameter eventually recedes to its
baseline suggests that, in the context of this model, the dilation stimu-
lation at the inner boundary starts waning as soon as the baseline is
exceeded. This indicates that the wall’s cumulative exposure to a shear
de昀椀cit relative to the shear baseline value, denoted as τb, subtracts from
s(rin, t)’s shear component, τw(t), previously assumed [1,34]. Therefore,
the mathematical expression of s at the wall’s inner boundary in this
study is updated as follows:

s(rin, t)= τw(t) − ζ

+

t

0
H(τb − τw(θ))(τb − τw(θ))dθ (6)

The integral in Eq. (6) is the cumulative exposure to the shear de昀椀cit,
τb − τw. The Heaviside function, H, is added to ensure that only the
de昀椀cit is integrated over the shear exposure history. In other words, only
when τw drops below the baseline value τb (when the baseline diameter
is exceeded) the de昀椀cit exposure starts accumulating. ζ(s−1) is a
parameter that quanti昀椀es the artery’s propensity for recovery. Note how
when ζ = 0, no subtraction from the shear stimulation takes place, in
which case the artery never recovers.

Upon closer inspection, Eq. (6) appears to be alluding to some sort of
“memory” for shear de昀椀cit, understandably leading the reader to
wonder why this does not extend to shear gain exposure as well. If,
however, this concept was to be taken to the full extent of its conse-
quences by including the gain exposure going all the way back to the
instant after cuff de昀氀ation, it would stand to reason to also include the
de昀椀cit to which the artery is exposed during the 5 min when the 昀氀ow is
choked off. Doing so would make it possible for the value of s to be
initially negative which is especially problematic for two reasons: 1. s is
intended as a surrogate property to the vasodilators’ concentration. A
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negative value of s would therefore make no more physical sense than a
substance’s negative concentration would; 2. Even if we ignore the
previous reason and allow for a negative value of s, this will imply that
the time it takes the artery’s expansion to pick up pace after the cuff is
de昀氀ated depends on the duration for which the 昀氀ow was choked off. In
principle, this would mean that the artery’s expansion onset after cuff
de昀氀ation can be arbitrarily delayed by prolonging or shortening the
initial ischemia. To our knowledge, no such behavior has been observed
before.

Before proceeding any further, it’s important to elucidate the
reasoning behind the way the shifting equilibrium of the dilating arterial
wall is modeled. When the smooth muscle cells in the artery’s medial
layer relax in response to the dilation stimulus, the actin-myosin cross-
bridging leads to an increase in the reference tissue length, hence
contributing to dilation. On the other hand, intra-arterial nitroglycerin
(NTG, a vasodilator) treatment led to an increase in arterial tissue
compliance [49] while another study showed that it did not affect the
brachial artery’s stiffness in veterans older than 60 [50]. Blood pressure,
among other confounding factors, could also affect the interplay be-
tween endothelial function arterial stiffness [51]. Another aspect of the
arterial wall that is also involved in its equilibrium is its multilayered
structure, with the medial and adventitial layers exhibiting different
stiffnesses [52]. Accounting for these effects separately, with no direct
noninvasive means of measuring them for each study participant to
accommodate natural variability, entails introducing several additional
free parameters, which would strain con昀椀dence in the uniqueness of
their values resulting from the optimization process described later.
Instead, these effects are aggregated in an effective single layer wall
model, through which a vasodilation signal diffuses and locally changes
the tissue compliance (Fig. 1d).

With the problem being axisymmetric, and u(r, t) denoting the radial
displacement 昀椀eld, the artery’s equilibrium equation is obtained from
standard elasticity as:
∂

2u
∂r2 +

(1
E

∂E
∂r +

1
r
)

∂u
∂r +

(

ν

Er
∂E
∂r −

1
r2

)

u= 0 (7)

Substituting Eq. (2) in Eq. (4), leads to the equation governing E(r,t):
∂E
∂t + ξE= ξ

[

(E0 − E∞)e−βs +E∞

] (8)

Nondimensionalizing as follows:

r7 = r
rin, t

7 =
ξt

2 ln(10), u
7 =

u
rin,E

7 =
E
E0
, s7 = s

s0 (9)

Eqs. (1), (7) and (8) yield the system governing the FMD process:
∂

2u7
∂r72 +

( 1
E7

∂E7
∂r7 +

1
r7
)

∂u7
∂r7 +

(

ν

E7r7
∂E7
∂r7 −

1
r72

)

u7 =0 (10a)

∂E7
∂t7 +2 ln(10)E7 =2 ln(10)[(1 − E7min

)e−Bs7 + E7min
] (10b)

∂s7
∂t7 = 2 ln(10)γ

(

∂
2s7

∂r72 +
1
r7

∂s7
∂r7

)

(10c)

The system in Eq. (10) is identical to that of our previous study [1], in
which the arising dimensionless parameters are:

E7min =
E∞

E0
,B = βs0, γ =

αs
r2
inξ

, a =
rout
rin , p

7 =
p
E0

(11)

where s0 = 4μq
πr3in

.
As elaborated in the earlier study, E7min is a measure of the wall’s

sensitivity to WSS. The maximum value of 1 points to an artery that is
indifferent to any sensed level of WSS. B describes the artery’s resistance
to softening due to an increasing WSS. A higher value signi昀椀es a lower
resistance. The parameter quantifying the mechanotransduction

integrity, γ, indicates how fast the dilation stimulation signal, s, diffuses
throughout the arterial wall, as it is directly related to that property’s
diffusivity, αs. Eq. (6) gives the inner boundary condition for s(r, t). At
the outer boundary where s cannot diffuse any further, its gradient
vanishes, ∂s

∂r (rout , t) = 0. In dimensionless form, the boundary conditions
for s7 are:

s7(1, t7)= 1
(1 + δ(t))3 − 2 ln(10)ζ7

+

t7

0
H(δ(z7) − δb)

(

1
(1 + δb)

3

−
1

(1 + δ(z7))3

)

dz7 (12a)

∂s7
∂r7 (a, t)= 0 (12b)

where ζ7 = ζ

ξ
, and δ = u(rin ,t)

rin .
With the outer boundary being load free, and the inner boundary’s

normal stress being determined from the inner pressure, p, the boundary
conditions for u7 are obtained as:
(

∂u7
∂r7 + ν

u7
r7
)

ò

ò

ò

r7=1
=
(ν2 − 1)p7
E7(1, t) (13a)

(

∂u7
∂r7 + ν

u7
r7
)

ò

ò

ò

r7=a
= 0 (13b)

where ν is the Poisson’s ratio. With no time yet for any diffusion or
softening to take place, the initial conditions at t7 = 0 for E7 and s7 are:
E7(r7,0)=1 (14a)

s7(r7, 0)= 0 (14b)
As Eq. (14a) indicates an initially homogenous wall, the initial

gradient of the modulus is zero, ∂E
∂r (r, 0) = 0, reducing Eq. (10a) to an

equidimensional ordinary differential equation that is analytically
solved for the initial condition of u7:

u7(r7, 0)= p7
a2 − 1

[

(1 − ν)r7 +(1+ ν)
a2

r7
]

(15)

Finite difference is implemented to solve the system in Eq. (10)
subject to the constraints imposed by Eqs. (13)–(15). The truncation
error involved in the discretization of the spatial derivatives is ofO(δr73)

where δr7 is the grid size. The timestep, δt7, is bounded by a maximum
value that is determined from the chosen grid size, to avoid instabilities
during the solution of the diffusion equation (Eq. 10c).

δt7max =
1

4γ ln(10)
(

1
δr72 −

1
2δr7(1+δr7)

) (16)

The same optimization algorithm that we developed and detailed
previously [1,33] is used in this study to 昀椀nd the parameter values
corresponding to the experimentally observed response by adjusting
those values to yield a solution for δ(t), that results in the least RMS error
relative to the experimental response.

To help the reader’s intuition in ascribing the model’s main pa-
rameters to relevant aspects of vascular health, a summary is presented
in Table 1. Only the parameters’ theoretical ranges are listed as the study
involves only 4 subjects, making it impossible to draw any statistically
reliable conclusions from the parameter values that were obtained for
each subject.

3. Results and discussion

The optimization algorithm used for matching the theory to the
experimental measurements is an extension of the one used in our earlier
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work on this subject [33]. Informed by the calculated outer-to-inner
diameter ratio, a, the algorithm iterates over the time scale, T =

2 ln(10)/ξ, E7min = E∞E0 ,B = βs0, γ = αs
r2inξ

, p7 = p
E0 , and ζ7 = ζ

ξ
, seeking to

minimize the theoretical response’s Root Mean Square (RMS) error
relative to the measured diameter-vs-time response. In the 昀椀nal, most
re昀椀ned search step, the algorithm sequentially iterates over the free
parameters until going a full loop without the RMS error decreasing any
further. The resulting theoretical response δ(t) is then retained as the
best 昀椀t of the experimental FMD response. Before the paper’s conclu-
sion, we dedicate a section to a more elaborate description of the algo-
rithm. Note that ζ7 is the parameter characterizing the recovery phase of
the arterial response. Fig. 2 shows a representative matching result. In
addition to the curvature shift, a hallmark of mechanotransduction, as it
encodes the delay of the arterial tissue’s softening in response to the
sudden WSS spike in an initially shallow diameter increase that gradu-
ally steepens, the recovery phase is also well captured. The agreement
between the experimental and theoretical curves is quanti昀椀ed by the
Average Instantaneous Error (AIE, where the error relative to the
experimental curve is recorded at every instant and the results are
averaged for each case). Since these errors are calculated relative to the
raw, 昀氀uctuating data, they are expected to have a lower bound that is
greater than 0 when the 昀椀tting curve is devoid of 昀氀uctuations.

Fig. 3 shows the matching results for the other cases considered in
this study. The experimental data for the case shown in Fig. 3c were
acquired in the University of Pennsylvania’s Department of Radiology. It
is the complete version of a dataset that was used in our prior study [1]
where the focus was on the rising-and-dwelling part of the response.

Demographic information for the case in Fig. 3c is not available as the
datasets in that particular study were anonymized such that only the age
range of 23–66 was disclosed. As mentioned earlier, given the current
study’s small sample size and primary objective of showcasing a model
that reproduces a typical FMD response, demographic details would not
alter the study’s main conclusions. The reason behind the lower quality
of some of the matches in Fig. 3 (a-c, g) clearly resides in the somewhat
noisier experimental data compared to Fig. 2. To 昀椀nd the closest match
to an experimental set of data the algorithm looks for the minimum RMS
error between the theoretically obtained response and the one that is
measured. In doing so, the sudden jumps and falls in the experimental
curve, which are inevitably accommodated, lead to instances where the
peak of the experimental response is missed by a signi昀椀cant margin as
shown in Fig. 3b for example. As clari昀椀ed in our previous study, these
jitters are attributed to artefacts that are due to sudden movements in
the subject’s arm, leading to faulty frames in the processed ultrasound
clip. After enduring a tightly wrapped cuff around their arms for about 5
min and then about another minute and a half until recovery begins, the
subjects understandably tend to become a bit restless, which makes
inadvertent movements more frequent. This also explains why the noise
is predominantly present in the recovery stage of the response. Admit-
tedly, this is a limitation that needs to be addressed in the future.
Nevertheless, Figs. 2 and 3 collectively shed light on this novel model’s
potential when a clean set of experimental data can be obtained.

The above results show that aggregating the molecular and cellular
processes underlying FMD into a macroscopically equivalent, single
layered wall model, with locally varying compliance, is an effective
approach. Our model is predicated on the use of phenomenological
parameters that characterize the observed diameter-vs-time response,
with each of these parameters having a physical meaning that is intui-
tively easy to grasp. Any changes in the diameter-vs-time response
(which of course would be the manifestation of changes taking place on
the microscopic level) can be encoded in variations in the model pa-
rameters’ values. This theoretical framework provides a more granular,
quantitative description of the arterial FMD response (and consequently,
vascular health) than that provided by reliance on just FMD%.

Before moving on, further discussion of a signi昀椀cant implication that
the cuff position’s effect has for the theory is imperative. Rather than
being detrimental to the theory’s fundamental validity, the FMD re-
sponse’s sensitivity to the cuf昀椀ng method doubles its diagnostic poten-
tial, which was already a substantial improvement from relying on FMD
% alone. The reason is as follows.

Among the model’s features is the fact that it is not formulated with a
speci昀椀c vasoactive substance in mind. Since the noninvasive nature of
the FMD test prohibits real-time access to the biochemical details of the
process, s, the conceptual property introduced as a surrogate measure of
vasodilators’ concentration (Eq. (6)), is the theoretical workaround
devised to account for the WSS-mediated vasodilation stimulation.
Whether the dominant vasoactive substance is NO, endothelium-derived
hyperpolarizing factor, or any other compound is beside the point. One
review article [53] reports that FMD resulting from placing the cuff
above the probe was reduced from ~12 % to ~7.5 % when NO was
blocked, indicating that the in昀氀uence of different vasoactive substances
is sensitive to the cuff position. This does prove that NO is by no means
the sole driver of dilation when this occlusion technique is used.
Nevertheless, the numbers above also reveal that NO still contributes
about 37.5 % to FMD, which is far from insigni昀椀cant. As the model can
be applied to the artery’s diameter vs. time response regardless of where
the cuff is placed, the response’s sensitivity to the cuff position will be
re昀氀ected in the resulting model parameter values. In other words, two
values, one corresponding to the response resulting from a proximal cuff
and the other corresponding to a distal cuff, of each of the model’s pa-
rameters can now contribute to characterizing vascular health, hence
doubling the theory’s diagnostic potential.

Table 1
A summary of the main model parameters and their meaning.

Parameter Symbol Relevance to Vascular Health Theoretical
Range

Minimum
Stiffness Ratio

E7min A higher value indicates more
indifference to a changing WSS

0 f E7min f 1

Softening
Parameter

B A higher value points to an
arterial wall that is more receptive
to softening

B g 0

Permeability to
Softening
Signal

γ A higher value signi昀椀es a more
active mechanotransduction

γ g 0

Recovery
Parameter

ζ7 A lower value means a weaker
tendency to recover

ζ7 g 0

Fig. 2. A representative result of matching an experimental FMD response with
its theoretical counterpart (solid thick line). AIE: 10.27 %. x-axis: Dimensionless
time. y-axis: Relative deformation (dimensionless).
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3.1. Recovery parameter effect

In this section, the recovery parameter’s effect (ζ), quantifying the
artery’s tendency to recover to its baseline diameter, will be discussed.
In the previous study [1], the response’s sensitivity to E7min, B, and γ, was
illustrated and discussed at length. With E7min being the minimum stiff-
ness ratio, its value indicates how soft the arterial wall can get. A lower
value would allow the artery to eventually get softer, and therefore
leading to a higher peak in the response. B, which quanti昀椀es the artery’s
resistance to softening, affects how quickly the artery can soften in
response to the pervading dilation stimulation signal, s7. A lower value

of B indicates a higher resistance, and therefore a higher shear level that
is needed by the arterial wall to soften by a given amount. γ, which is the
parameter characterizing the strength of mechanotransduction, as it is
directly related to the diffusivity αs (Eq. (11)), describes how fast the
stimulation signal, s7, can reach the outer layers of the arterial wall. A
lower value of γ points to a weak mechanotransduction.

The new parameter that was introduced in this study, and which
describes the artery’s proclivity for recovery after reaching the peak, is
ζ7. From equation (12a), it can be seen that ζ7 is the determinant of the
weight that the de昀椀cit exposure has in weakening the dilation stimula-
tion at the inner boundary, when the diameter exceeds its baseline. In

Fig. 3. Matching results for the other considered cases. The listed percentages are the AIE values. x-axis: Dimensionless time. y-axis: Relative deformation
(dimensionless).
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the extreme case where ζ7 = 0, the shear de昀椀cit would be of no signif-
icance whatsoever, which would therefore hold the arterial diameter at
the reached peak value without ever recovering. Fig. 4 shows the
theoretical response for different values of ζ7. The baseline δ value in this
example is set to δb = 0.09. As ζ7 increases, the onset of recovery moves
closer to the peak. Note, however, the slight drop below the baseline
when the value of ζ7 is pushed too far (ζ7 = 0.35). The stimulation
weakening in that case becomes so severe that the slope of the response
昀氀attens out after dropping below the baseline. It is for that reason that
the change in the value of ζ7 between optimization steps was the most
restricted.

3.2. Optimization algorithm

Here, we outline the main elements of the optimization algorithm
that we employed to tune the model’s parameters to match an observed
response. We 昀椀rst estimate p7 and a (Eq. (11)) using the wall’s measured
inner and outer radii at both baseline (r1(∞) and r2(∞), respectively)
and reactive hyperemia onset (r1(0) and r2(0), respectively) where the
elasticity modulus, in the context of the presented model, can be
assumed uniform. Applying Eq. (15) at both the inner and outer
boundaries reveals that:
u7(a,0)
u7(a,∞)

=
u7(1,0)
u7(1,∞)

=
E(∞)

E(0) (17a)

u7(a,0)
u7(1,0)=

2a
1 − ν + (1 + ν)a2 (17b)

Using the de昀椀nitions of u7 (Eq. (9)) and a (Eq. (11)), Eq. (17) can be
recast as:
r2(0) − rout
r2(∞) − rout =

r1(0) − rin
r1(∞) − rin (18a)

r2(0) − rout
r1(0) − rin =

2rinrout
(1 − ν)r2in + (1 + ν)r2out

(18b)

De昀椀ning the terms:

A1 =
r2(∞) − r2(0)
r1(∞) − r1(0),A2 =

r2(∞)r1(0) − r2(0)r1(∞)

r1(∞) − r1(0) (19a)

C1 =(1 − ν)r2(0),C2 = (1+ ν)r2(0) (19b)
and combining Eqs. (18a) and (18b), it is found that rin is a solution

of:

A1(1+ ν)
(1 − A2

1
)r3

in +
[C1 +C2A2

1 +(1 − ν)A2 +3(1+ ν)A2
1A2

− 2r1(0)A1 − 2A2
]r2in+

[2A2r1(0) − 3(1+ ν)A1A2
2

− 2A1A2C2
]rin +C2A2

2 +(1+ ν)A3
2 =0 (20)

Arterial tissue is generally assumed to be incompressible, implying a
value of ν that is close to 0.5. However, a study [54] on sections of ovine
descending aorta reported compressibility yielding values of ν that are as
low as about 0.4. A more recent study [55] on porcine arterial walls puts
it within 0.3-0.4. In this study, ν is set to 0.4. While clearly desirable, a
precise value of ν is not crucial for judging the model’s general validity,
as may be gathered from the matching results. Indeed, future in-vivo
investigations exploring possible effects of hyperemia on ν could guide
subsequent re昀椀nement of the presented model.

Inspection of the system in Eq. (18) shows that rin = r1(0), and rout =
r2(0) constitute one of its solutions. This solution should be discarded
since those measured values (r1(0) and r2(0)) are the result of the
arterial wall being stretched, owing to blood pressure, which means that
the sought value of rin is one of the 2 remaining solutions to Eq. (20). It
then follows that the other one of the 2 remaining solutions must be real
and nonphysical, i.e. negative. Hence, the smaller of Eq. (20)’s two
positive solutions should be retained as the value of rin, which is then
substituted in Eq. (18a) to obtain rout . The value of a subsequently fol-
lows from its de昀椀nition in Eq. (11). The de昀椀nition of u7 (Eq. (9)) can then
be used to obtain u7(1, 0) which, together with a, yield the value of p7
through Eq. (15). In Fig. 5, a 昀氀owchart delineating the next steps of the
optimization algorithm is provided.

Note that the step where random deviations are made is added to
minimize the chance of getting trapped in a local minimum of the RMS
error. It is by no means claimed that this is the only appropriate algo-
rithm. The details of the model’s mathematical development are pro-
vided earlier to enable researchers who may be interested in the theory
to develop a different algorithm, should they deem it necessary for their
speci昀椀c application.

4. Conclusion

4.1. Summary

This paper is the culmination of a series of studies [1,33,34], where
the aim is to develop a general theoretical framework describing
endothelial mechanotransduction via physics-based modeling of the
arterial response during a brachial artery FMD test. While the previous
studies focused on the rising-and-dwelling part of the response and
managed to reproduce it from more simpli昀椀ed models that were rooted
in 昀椀rst principles, this one is extended to include the recovery phase. The
conceptual quantity devised as a representation of vasodilation
signaling enabled the resulting uni昀椀ed model to successfully reproduce
an entire typical FMD response, while being agnostic to the relative
magnitudes of different vasoactive agents’ effects, depending on the
cuf昀椀ng method. In addition to the parameters previously introduced [1],
a new one quantifying the artery’s ability to recover arose from the
model, hence offering a more detailed description of the arterial physical
state. Using ultrasound imaging, experimental FMD data were extracted
from healthy volunteers and their corresponding characteristic param-
eter values were obtained by 昀椀netuning the model parameters to match
the observed response. A minimally noisy set of data highlights the
model’s ability to reproduce a real FMD response. It is anticipated that
the series of studies [1,33,34] concluded by the current one, will be
foundational for the potential emergence of future clinical noninvasive
tools that can provide a comprehensive picture describing an in-
dividual’s arterial health from a simple ultrasound test.

Fig. 4. Effect of ζ7 on the theoretical FMD response. x-axis: Dimensionless time.
y-axis: Relative deformation (dimensionless).
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4.2. Study limitations and future directions

" Due to the slightly higher noise content in the other datasets, espe-
cially during the recovery phase, the quality of the match is reduced.
This limitation on the experimental side of the study needs to be
carefully addressed in the future.

" While the experiments do show that the model works, the small
sample size does not permit establishing normal ranges for the model
parameters with any degree of con昀椀dence. Such an undertaking will
require large observational studies where participant groups un-
dergo the FMD test and have their model parameter values extracted
and analyzed against the demographic information and biomarker
pro昀椀les that traditionally inform cardiovascular risk assessment.

" Unlike the case where a known parametrized function is 昀椀tted to a
given data set, here, a closed form solution to the system in Eq. (10) is
not readily available, which makes it much more challenging to
ascertain the shape of the cost function (RMS error) being minimized
in pursuit of the parameter values characterizing a given FMD
response. This is the main reason why the random deviation step is
incorporated in the optimization algorithm as a way of mitigating the
possibility of being trapped in local minimum, where a simple
gradient descent algorithm would remain stuck. Future studies
dedicated to charting, or at least approximating the cost function
shape – potentially enabling the development of more ef昀椀cient
optimization algorithms – are warranted.
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