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Abstract

The current standard of care for skeletal reconstruction surgery is to join skeletal disunions with fixation plates and these plates are most commonly
fit to bones through manual bending. The bending procedure is often performed in the surgical operating theatre with specialized pliers or, if
available, lengthy pre-operative bending to fit a 3D printed skeletal model prepared on computer as part of a virtual surgical plan. Manual bending
of fixation plates by eye or to a model can take considerable time. Repetitive bending at a single location can result in work hardening that
increases the subsequent risk of fatigue failure. However, incremental forming systems may provide a solution to automatically bend fixation
plates accurately, rapidly, and as little at any one location as possible. This paper is an investigation of the kinematics and manipulability of
two versions of an incremental fixture plate bending system for Point of Care Manufacturing (POCM) of craniomaxillofacial (CMF) skeletal
fixation hardware. The Automatic Plate Bender (APB) v1 is a minimal POCM system that is designed for simple straight plates with a constant
incremental pitch. The APB v2 is a more complex POCM that is designed to accommodate a larger variety of standard plates. Kinematic and
manipulability analysis demonstrate the engagement and bend classes that each system can accomplish, and identifies a critical singularity in
the APB v2 mechanism. The paper concludes with two case studies in which a path planning algorithm uses a manipulability analysis to avoid
singularities during incremental bending.
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1. Introduction

Skeletal defects in the craniomaxillofacial (CMF) region,
caused by either trauma or purposeful resection for disease
treatment, such as bone resection for late stage cancer, may in-
volve highly curving regions of the CMF skeleton that will, sub-
sequently, undergo the cyclic loading during mastication. The
current standard-of-care method to hold bone fracture or saw
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E-mail address: hoelzle.1@osu.edu (Robert X. Gao).

lines or bone grafts during healing is metallic fixation, which is
typically composed of surgical grade 5, Ti-6Al-4V alloy. These
are usually flat plates with a series of predrilled holes for sur-
geon selected fixation to the CMF skeleton with surgical screws
(Fig. 1a). Simpler cases of non-load-bearing areas of the CMF
will require 1 – 3 thin plates to span and fixate fracture lines or
bone grafts. Often the requirements of occlusion meant that the
reconstructed skeletal geometry can have less that 250 um error
[2]. Complex cases resulting from significant trauma affecting
large areas of the CMF skeleton may require placement of up
to 30 plates in a single, perhaps lengthy, surgery. The current
clinical practice is for the surgeon to manually bend plates to
fit the patient anatomy using specialty plate bending pliers. In
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Figure 1. Fixation plate workpieces and desired workflow for a POCM system to bend skeletal fixation plates for CMF reconstruction. (a) Representative plate
geometries in the as-received state, demonstrating both the straight, contant-pitch geometry and curved, variable-pitch geometries, and the screws used to fix to
the patient CMF. Figures copied from KLS Martin literature (https://www.klsmartin.com/en-na/). (b-c) Computed tomography (CT) scan and automated
segmentation to create a 3D surface representation of the patient CMF anatomy, and then 3D model volume representation (d) for VSP plate design (e) and finite
element model (f) validation [5]. Either in the surgical theatre or in the same medical facility, incremental forming system, such as those described as Automatic
Plate Bender v1 or v2 would take the bending angles α, β, and γ from the plate design (g) and automatically bend and validate plate accuracy and work hardening
accumulation (h). The finished plate would then be fixed to the patient. Figure modified from [8] with Permission.

cases that permit extended preoperative planning, the plates are
bent prior to the surgery against a 3D printed reference model
generated during a virtual (i.e., 3D CT computer-based) surgi-
cal planning session. In emergency trauma cases, the plates are
iteratively bent and placed on the patient to compare profile ac-
curacy, significantly increasing surgical time. In both cases the
plates experience work hardening, which is heuristically known
to lead to plate failure and thus revision surgeries.

In both the preoperative and emergency scenarios, this
lengthy, ad hoc, and surgeon experience and judgement-
dependent plate bending process could be significantly aided
with a re-envisioned work- flow (Fig. 1) [8]: 1) Given a nor-
mative model to compare with the patient’s CMF anatomy, a
virtual surgical planning (VSP) software could assist the sur-
geon in the choice of stock fixation plate hardware dimensions,
placement of the plate(s) and screw locations; 2) from plate
placement, a geometric model of the plate conformally fixated
to the CMF structure would provide screw hole normal vec-

tors, which can then be expressed as a sequence of hole-to-hole
incremental bends with three degrees of rotational freedom, de-
noted as αk, βk, and γk for the kth hole, representing the yaw,
pitch, roll of each hole-to-hole increment; 3) at the point of care,
an incremental plate forming system would incrementally form
each plate, whilst validating that each plate meets geometric ac-
curacy specifications while not exceeding engineering metrics
of work hardening limits.

Critical to realizing this vision of POCM for CMF fixation
hardware is developments in virtual surgical planning [8], in-
cremental fixture plate forming machine design [9], and process
validation. This paper investigates two different incremental fix-
ture plate forming POCM systems: The automatic plate bender
(APB) v1 is designed for simple straight plates with constant-
pitch hole spacings and APB v2 is designed to accommodate
more complex plates with in-plane curvature and variable-pitch
hole spacings. In each system, the CMF fixture plate is indexed
through the machine in a hole-to-hole fashion. Each hole is la-

https://www.klsmartin.com/en-na/


D.J. Hoelzle / Manufacturing Letters 00 (2023) 000–000 3

beled 1 through K. At a given hole location k, the machine en-
gages with the kth and k + 1th hole with two grippers that each
have a cone that passes through the hole and then a platten that
distributes the clamping force across the boss surrounding the
hole, such that bending strains are localized to the webbing be-
tween hole bosses; this feature is critical because strain must
be minimzed at the hole to ensure surgical screws will thread
through the holes. Each plate is then sequentially bent, start-
ing with a bend between holes 1 and 2 and ending with holes
K−1 and K. APBs v1 and v2 are similar in design to other plate
bending systems for POCM [9]. The contributions of this paper
are:

• A formal kinematic description of the two POCM sys-
tems. As opposed to general six degree of freedom ma-
nipulators to achieve the bending tasks, the two systems
are novel and designed to be minimal, purpose driven
tools for a specific class of workpieces such that a com-
pact machine could be integrated at the point of care
(POC). Thus, the kinematics of the systems have not been
described and require kinematic analysis to understand
the classes of plates that can be formed, and the classes
of bends that are achievable.
• Manipulabilty analysis to understand ill-posed configura-

tions in the configuration space.
• Case studies that demonstrate simple path planning algo-

rithms to avoid ill-posed configurations.

Section 2 describes a rigid body formalism to describe plate
geometry and a bend a given hole k. Section 3 provides the
methods of analysis for inverse kinematics and manipulability
analysis, to assess which classes of plates and bends are achiev-
able with each APB. Section 4 provides two case studies to
show the implications of manipulabilty on APB v2 function,
and a simple path planning algorithm to accommodate singu-
larities in APB v2 mechanism configuration space. Section 5
provides a summary of major findings and future research di-
rections.

2. Systems Descriptions

The rigid-body transformations used herein use the conven-
tion defined in [4] where the homogeneous transformation of
frame {b} in {a}, Tab, is in the special Euclidean group S E(3)

Tab =

[
R p
0 1

]
∈ S E(3) (1)

where the rotation matrix R is in the special orthogonal group
S O(3) and the position vector p ∈ R3. Forward kinematics and
the Jacobian will be defined in the space frame {s} and using the
methods of defining screw axes S = [ω, v]T and the matrix ex-
ponential T = e[S]θ, where ω = [ωx, ωy, ωz]T is the screw axis

angular velocity, v = [vx, vy, vz]T is the screw axis linear veloc-
ity, and θ ∈ R is the joint rotation. [S] denotes the structure

[S] =
[

[ω] v
0 0

]
, (2)

where [ω] is the skew-symmetric form of the vectorω. Trigono-
metric functions cos and sin will be given by the standard
short-hand: cos θ1 = c1; cos(θ1 + θ2) = c12; sin θ1 = s1;
sin(θ1 + θ2) = s12. The following will define the frames for
the workpiece, define the kinematics of a plate bend, and then
define the screw axes, forward kinematics, analytic Jacobian,
and inverse kinematics for each testbed.

2.1. Kinematic description of the workpiece.

(a)

{1} {2} {K}

{1} {2}

{K}

(b)

{k}

{k+1}

X̂k
Ẑk

X̂k+1

Ẑk+1
λk

d  /2k

d  /2k

(b) inset

O

proximal distal

proximal 

distal

Figure 2. Fixation hardware workpiece description. (a) Representative geome-
tries of a straight, constant-pitch fixation plate and a curved, variable-pitch fix-
ation plate; (b) General representation of frames {k} and {k+1} for two adjacent
holes in a fixation plate.

As described in Section 1, the workpiece is a standard cran-
iofacial fixation plate, which, as received, is flat, such that all
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features of interest are in the same plane (Fig. 2a). Each plate
is composed of a series of holes arrayed along the length of the
plate and these holes will be used as through holes for screws
that fix the plate to the craniofacial structure. Each system is
designed such that the gripper end effectors engage with two
adjacent holes. Accordingly, we attach a sequence of frames to
the geometric center of each hole, frames {1} − {K}. Prior to
bending, the X-axis of the kth frame, X̂k, is aligned parallel to
the local tangent of the fixation plate (Fig. 2b). This creates a
geometry where λk is the angle between the X̂k and X̂k+1 axes
and the Z-axes of each frame are aligned parallel to the Ẑ0 of
the Systems (Section 2.3. The pitch dk is twice the distance be-
tween origin of {k} and the intersection of X̂k and X̂k+1, point O.
For adjacent holes that have X̂k parallel to X̂k+1 – locally straight
sections – the point O is half the distance between the frames.
Given these frame definitions, the homogeneous transform be-
tween adjacent frames, and therefore fixation plate holes, is

Tk,k+1(λk, dk) = Trans
(
X̂,

dk

2

)
Rot

(
Ẑ, λk

)
Trans

(
X̂,

dk

2

)

=


cλk −sλk 0 dk

2
(
cλk + 1

)
sλk cλk 0 dk

2 sλk

0 0 1 0
0 0 0 1

 .
(3)

where Trans and Rot are the standard translation and rotation
operators for rigid body transforms. Accordingly, the homoge-
nous transform for any two non-adjacent frames {k+m} in frame
{k} is,

Tk,k+m =

↷
m−1∏

i=0
Tk+i,k+i+1, (4)

where
↷∏

indicates the right-multiply product.

2.2. Definition of the kinematics of a plate bend

As stated in Section 1, the fundamental purpose of both
APBs is to incrementally bend a fixation plate workpiece. In
the language of rigid body transforms, at a given set of frames,
{k} and {k+1}, the general task is to impart a three-axis bend, de-
fined by angles αk, βk, γk, (yaw, pitch, roll, respectively) such
that the {k + 1} frame is transformed to a bent frame {k + 1}′

frame:

Tk,k+1′ = Tk,k+1∆T (αk, βk, γk), (5)

where ∆T (αk, βk, γk) is the homogenous transform of the im-
posed bend. The derivation of ∆T (αk, βk, γk) assumes that bend-
ing is localized to the intersection of axes X̂k and X̂k+1 of frames
{k} and {k + 1}, respectively, and that bending is a pure rotation
that does not stretch the plate, such that the distance between
the origins between {k} and {k + 1} and intersection O are in-
variant to bending. Given these assumptions,

Tk,k+1′ = Trans
(
X̂,

dk

2

)
Rot

(
Ẑ, λk

)
Rot

(
Ẑ, αk

)
Rot

(
Ŷ , βk

)
Rot

(
X̂, γk

)
Trans

(
X̂,

dk

2

)

=


cλkαk cβk cλkαk sβk sγk − sλkαk cγk cλkαk sβk cγk + sλkαk sγk

dk
2

(
cλkαk cβk + 1

)
sλkαk cβk sλkαk sβk sγk + cλkαk cγk sλkα2 sβk cγk − cλkαk sγk

dk
2 sλkαk cβk

−sβk cβk sγk cβk cγk −
dk
2 sβk

0 0 0 1

 .
(6)

and therefore

∆Tk = Trans−1
(
X̂,

dk

2

)
Rot

(
Ẑ, λk

)
Rot

(
Ẑ, αk

)
Rot

(
Ŷ , βk

)
Rot

(
X̂, γk

)
Trans

(
X̂,

dk

2

)

=


cαk cβk cαk sβk sγk − sαk cγk cαk sβk cγk + sαk sγk

dk
2

(
cαk cβk − 1

)
sαk cβk sαk sβk sγk + cαk cγk sα2 sβk cγk − cαk sγk

dk
2 sαk cβk

−sβk cβk sγk cβk cγk −
dk
2 sβk

0 0 0 1

 .
(7)
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Analogous to Eq. (4), the homogenous transform for any two
non-adjacent frames {k + m′} in frame {k} after bending is,

Tk,k+m′ =

↷
m−1∏

i=0
Tk+i,k+i+1∆T (αk+i, βk+i, γk+i). (8)

{k}

{k+1}

{k+1’}

O

αk

βk
γ k

Ẑk+1 X̂k+1

Ẑk

X̂k

Ẑk+1’ X̂k+1’

Tk,k+1’

Tk,k+1

ΔTk

Figure 3. Kinematic description of a bend.

2.3. Kinematic description of the systems

APBs v1 and v2 are multi-joint, thus multi-degree-of-
freedom robotic systems. APB v1 is a Revolute-Prismatic-
Revolute (RPR) mechanism with n = 3 joints: two R joints
and one P joint. APB v2 is a RPRPR mechanism with n = 5
joints: three R joints and two P joints.

Both APBs v1 and v2 operate in the following sequence. At
each incremental bend:

1. The gripping end-effector labeled by frame {0} engages
with the {k} frame of the workpiece.

2. The gripping end-effector labelled by frame {n} engages
with the {k + 1} frame of the workpiece.

3. A path is executed to impose a bend in the plate, by
actuating joints θ = [θ1 − θn]T, to impose an additional
transformation Tk,k+m′ = Tk,k+1∆T (αk, βk, γk), where Tk,k+1
is the as-received rigid-body transform in the plate, and
∆T (αk, βk, γk) is the imposed plate deformation, as de-
scribed in Section 2.2.

4. The gripping end-effector labelled by frame {n} disengages
with the {k+1} frame of the workpiece to release the work-
piece on the distal end.

5. The gripping end-effector labelled by frame {n} engages
with the {k + 2} frame of the workpiece to index along the
plate.

6. The gripping end-effector labelled by frame {0} disengages
with the {k} frame of the workpiece to release workpiece
on the proximal end.

7. The incremental cycle starts anew: k = k + 1.

The kinematics analysis presented here describes all bend
motions relative to the {0}-frame labeled in Fig. 4, imposing the
{0}-frame as a virtual base. Note that the physical base indicated
in the figure is not a convenient base frame for describing bends,
and is assumed to be moving with reference to the {0}-frame.

Given the screw axes labels and angle definitions in Fig. 4,
the space screw axes in Tables 1 and 2 provide the kinematic
parameters of each system.

Table 1. Space frame screw axes and joint position limits for APB v1.

Si ωi vi θ θ̄

S1 {0, 1, 0} {0, 0, d} -15 [deg] 30 [deg]
S2 {0, 0, 0} {1, 0, 0} 0 [mm] 10 [mm]
S3 {1, 0, 0} {0, 0, 0} -30 [deg] 30 [deg]

Table 2. Space frame screw axes and joint position limits for APB v2.

Si ωi vi θ θ̄

S1 {1, 0, 0} {0, 0, 0} -180 [deg] 180 [deg]
S2 {0, 0, 0} {1, 0, 0} 0 [mm] 20 [mm]
S3 {0, 0, 1} {0,−d, 0} -22.5 [deg] 22.5 [deg]
S4 {0, 0, 0} {1, 0, 0} 0 [mm] 20 [mm]
S5 {1, 0, 0} {0, 0, 0} -180 [deg] 180 [deg]

The null configurations for both system are given by:

M =


2d

I 0
0

0 1

 . (9)

2.4. Forward kinematics

The forward kinematics of a mechanism is given by

T0n(θ) = e[S1]θ1 . . . e[Sn]θn M. (10)

Accordingly, the forward kinematics for APB v1 is given by
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{0}{0}

{0}
1
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{n}
X̂0 Ẑ0

d d

X̂n Ẑn {0}{n}
X̂0 Ẑ0X̂n

Ẑn
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5

d d

Key: revolute
joint

prismatic
joint

plate 
gripper

(a)

(c)

(b)
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Figure 4. Kinematic diagram of APBs v1 and v2. (a) APB v1 physical hardware; (b) CAD model of APB v2; (c) Detail of the engagement between the gripper end
effectors, frame {0} and {n}, and two adjacent hole frames on the plate, frames {k} and {k + 1}; (d) Kinematics schematic for APB v1; (e) Kinematics schematic for
APB v2.

T03(θ) =


c1 s1s3 s1c3 c1 (θ2 + d) + d
0 c3 −s3 0
−s1 c1s3 c1c3 −s1 (θ2 + d)
0 0 0 1

 . (11)

Note, that only θ1 and θ3 are present in the rotation of matrix
of T03(θ) and the Y component of the position vector is zero,
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which will have implications on the types of plates APB v1 can
bend and the achievable bends.

The forward kinematics for APB v2 is given by

T05(θ) =
c3 −s3c5 s3s5 c3 (θ4 + d) + θ2 + d

c1s3 c1c3c5 − s1s5 −c1c3s5 − s1c5 c1s3 (θ4 + d)
s1s3 s1c3c5 + c1s5 −s1c3s5 + c1c5 s1s3 (θ4 + d)

0 0 0 1

 .
(12)

Note the additionally complexity and lack of zero entries in
both the rotation matrix and position vector of (12) in compar-
ison to (11), which expands the set of plates that APB v2 can
bend, and the achievable bend complexity.

3. Analysis Methodology and Results

APBs v1 and v2 are analyzed using the inverse kinematics
analysis to understand the reachable workspace, both in terms
of the classes of standard plates that a system can engage with
and the classes of bends each system can make, and manipu-
lability analysis to understand configuration space singularities
and condition number analysis to understand ill-posed configu-
rations.

3.1. Inverse Kinematics

The inverse kinematics for each system is the solution for
the joint angles θ1 − θn for each system, to achieve the required
end-effector homogeneous solution Tk,k+1, Eqn. (3), to engage
with the plate before a bend, and Tk,k+1′ , Eqn. (6), to bend the
plate to the desired bend angles.

3.1.1. APB v1 for plate engagement
θ1−θ3 are solved by equating Eqn. (3) to Eqn. (11). As can be

seen by comparing matrix entries, APB v1 can only engage with
straight fixation plate workpieces and the hole pitch for each
hole must be dk = d. For workpieces in which these constraints
are satisfied, the inverse kinematic solution is,

θ1 = 0
θ2 = 0
θ3 = 0

(13)

3.1.2. APB v1 to complete a bend
θ1 − θ3 are solved by equating Eqn. (6) to Eqn. (11). As can

be seen by comparing matrix entries, APB v1 can cannot per-
form non-zero α bends – yaw bends. For bend requirements
constrained such that α = 0,

θ1 = β

θ2 = 0
θ3 = γ

(14)

3.2. APB v2 for plate engagement

θ1 − θ5 are solved by equating Eqn. (3) to Eqn. (12). In con-
trast to APB v1, there does exist an inverse kinematics solution
for λk , 0 and dk

2 , d, and thus APB v2 can engage with curved
and variable pitch fixation plate workpieces.

θ1 = 0

θ2 =
dk

2
− d

θ3 = λk

θ4 =
dk

2
− d

θ5 = 0

(15)

3.2.1. APB v2 to complete a bend
θ1 − θ5 are solved by equating Eqn. (6) to Eqn. (12). Note

that the solution set below is in the required order of solution,
not in numerical order.

θ3 = atan2
(
±

√
1 − (cβk cλkαk )2, cβk cλkαk

)
θ1 = atan2

(
−

sβk

s3
,

cβk sλkαk

s3

)
for θ3 , 0,±180◦,±360◦, . . .

θ2 =
dk

2
− d

θ4 =
dk

2
− d

θ5 = atan2
(

1
s3

(
sβk cγk cλkαk + sγk sλkαk

)
,−

1
s3

(
sβk sγk cλkαk − cγk sλkαk

))
for θ3 , 0,±180◦,±360◦, . . .

(16)
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An inverse kinematics solution exists, provided that βk , 0 or
αk , −λk; this means that given that there is a pitch bend βk , 0
or that the yaw bend αk is not specified to straighten out the as-
received bend in the plate (λk , 0) or, the more likely scenario,
there is no yaw bend on a straight plate (αk = 0 and λk = 0),
APB v2 can apply the bend. Additionally, note that there are
two solutions for θ3, which is typical in mechanisms with rev-
olute joints. Additionally, note the invariance of θ2 and θ4 to
the bend angles αk, βk, and γk, prescribing that the prismatic
joints θ2 and θ4 will be fixed after plate engagement and during
a bend.

3.3. Singularity and Manipulability Analysis

The space-frame Jacobian is given by,

Js =
[
(S1) Ade[S1]θ1 (S2) · · · Ade[S1]θ1 ...e[Sn−1]θn−1 (Sn)

]
, (17)

where the adjoint operator AdT is

AdT =

[
R 0[

p
]
R R

]
. (18)

A robotic mechanism is at a singularity if Rank (Js) < n.
The application of Eqn. (17) to the kinematics of APB v2

yields the space Jacobian

Js =



0 0 c1
0 0 0
1 0 −s1

0 c1 0
0 0 ds1
d −s1 0


. (19)

Js is not a function of θ2 nor θ3, and thus no values of θ2 or
θ3 will yield a singular configuration. Rank analysis of Js also
indicates that Js is not rank deficient for any value of θ1.

The application of Eqn. (17) to the kinematics of APB v2
yields the space Jacobian

Js =



1 0 0 0 c3
0 0 −s1 0 c1s3
0 0 c1 0 s1s3

0 1 0 c3 0
0 0 −c1 (θ2 + d) c1s3 −s1s3 (θ2 + d)
0 0 −s1 (θ2 + d) s1s3 c1s3 (θ2 + d)


. (20)

Js is not a function of θ4 or θ5, and thus no values of θ4 or θ5 will
yield a singular configuration. Rank analysis Js also indicates
that Js is rank deficient when θ3 = 0,±180◦, . . .; however, given
the joint limits in Tb. 2, the only relevant singularity is θ3 = 0◦.

Additionally, the Jacobian can be partitioned into an angular
velocity and a linear velocity component Js =

[
Jωs , Jvs

]T to in-
vestigate a metric of closeness to a singularity, termed the con-
dition number for the angular velocity or linear velocity compo-
nents. Given the manipulability of a bend is tied to the angular
velocity component of the Jacobian, the condition number used
here is

µω =
max eig

(
Jωs JT

ωs

)
min eig

(
Jωs JT

ωs

) , (21)

where eig (·) is eigenvalue operator and µ(·) ≥ 1, and a µ(·) that
is close to 1 indicates a well-posed Js that is not close to a sin-
gularity and a large µ(·) indicates an ill-posed configuration. Not
suprisingly, µω = ∞ for every configuration for APB v1, indi-
cating a lack of ability to move in the yaw direction. For APB
v2, Jωs is a function of θ1 and θ3, as seen in Eqn. 20; the con-
tour plot of condition number µω over the range of θ1 and θ3
is shown in Fig. 5. µω has a strong peak at the known singu-
larity of θ3 = 0. µω is not a function of θ1. Accordingly, path
planning algorithms for a bend should be designed to avoid ill-
posed configurations near θ3 = 0.

4. Case Studies

Two case studies are devised that test the ability of a sim-
ple path planning algorithm to navigate the singularity in the
configuration space for APB v2. Two sets of plate designs and
final bend angles are chosen such that the starting configuration
is near the singularity of θ3 = 0, Tb. 3, to stress the ability of
the algorithm to find a solution path while in the vicinity of the
singularity. A simple lowest cost path search algorithm [3] is
used with a cost function, L(θ), that is composed of the summa-
tion of the condition number as a cost penalty and the distance
to a final bend configuration as a goal potential well to attact
solution,

L(θ) = µω(θ) + ρmin
(
∥θend,1 − θ∥, ∥θend,2 − θ∥

)
. (22)

θ1,end and θ2,end are the two solutions to Eqn. (16), and thus the
two options for the configuration that completes the bend: θ1,end

is the + solution and θ2,end is the − solution . ρ ∈ R weights the
relative penalty of each term, and ρ = 1

10 [1/deg] is heuristically
chosen here. A contour plot of the cost function for each case
is shown in Fig. 6. The lowest cost path is then filtered with a
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Figure 5. Manipulability analysis of APB v2. (a) Contour plot of the log10 of
condition number µω over the configuration space of θ1 and θ3. (b) Level set of
µω to demonstrate the dependence of the condition number of θ3. µω = ∞ at
θ3 = 0.

zero-phase moving average filter to smooth the path [4]. The
paths for the two cases demonstrate that the path planning algo-
rithm both finds the solution, θ1,end vs. θ2,end, that completes the
bend without crossing the singularity and also steeply follows
the gradient in L(θ) to incur the least amount of loss in the path.
In terms of the joints of APB v2, if θ3 is near the singularity at
θ3 = 0, the algorithm will choose the correct direction to rotate
θ3, and rotate θ3 first to get away from the singularity, and then,
once sufficiently far from the singularity, the other joints will
rotate to converge to the solution.

Table 3. Plate geometry and bend angles for two different Case scenarios.

Case No. λk αk βk γk

1 1◦ −5◦ 15◦ 10◦

2 −1◦ −7◦ 15◦ 20◦

(a)

(b)

șstart

șstart

șend,1

șend,1

șend,2

șend,2

Figure 6. Motion paths for Cases 1 (a) and 2 (b), superimposed on a contour plot
of cost function L(θ). The starting configuration θstart and the two solutions to
Eqn. (16) for the ending configuration, θend,1 and θend,2, are shown. The path
planning algorithm finds a path the incurs the lowest cost to get to one of the
two solutions.

5. Summary and Conclusions

A complete reachable workspace analysis via inverse kine-
matics and manipulability analysis demonstrate the key kine-
matic features of each system. The critical findings are summa-
rized in Tb. 4. APB v1 is a simple, minimal mechanism for ap-
plications in which straight, constant pitch CMF fixation plates
are to be used and the plates are only to be bent in pitch and roll
(β , 0, γ , 0, and α = 0) directions. APB v2 has two more
active joints, which expands the classes of plates and bends that
can be engaged with and achieved, respectively; APB v2 can
engage with curved, variable pitch CMF fixation plates and can
achieve bends in all three directions (α , 0, β , 0, and γ , 0).
APB v2 does have a singularity in the configuration space, as is
typical with gimbal mechanisms in which three revolute joints
intersect at a single point (point O on the fixation plate) [4];
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however, this singularity can be managed with simple path plan-
ning algorithms, as demonstrated in the case studies in Section
4.

Table 4. Summary of Results. An x indicates that a system is capable of speci-
fied engagement or bend.

Property APB v1 APB v2

Engagement
Straight Plates (λk = 0) x x
Curved Plates (λk , 0) x
Constant Pitch ( dk

2 = d) x x
Curved Plates ( dk

2 , d) x
Bend
Yaw Bend (αk , 0) x
Pitch Bend (βk , 0) x x
Roll Bend (γk , 0) x x

This fundamental study of mechanism kinematics for the
APBs is just the first of a few on the study of the mecha-
nism of increment forming in the POCM workflow. It is well-
known that incremental forming of Ti-6Al-4V plates will ex-
hibit springback, where the actual bend after gripper disengag-
ment will not match the imposed bend from the actuated joints
[6, 7]. Future research will investigate closed-loop control sys-
tems for the APB in which the actual bend angles will be mea-
sured with on board sensors and multiple incremental bends
will be applied to ensure that the actual bend matches the de-
sired bend to a clinically relevant threshold [1]. As is clinically
known from a heurisitic point of view, excessive incrememental
forming will cause work hardening, which embrittles the CMF
plates and increases the probability of cyclic fatigue failure.
Work hardening estimator need to be integrated to place con-
straints on the feedback control system to improve the fatigue
life of CMF plates, and hence improve patient outcomes. Lastly,
there are classes of plates that are pre-bent in the pitch and roll
axes, and thus do not satifisfy the plate definitions from Section
2.1; engagement and bending manipulability must be studied
for this more expansive set of clinically relevant plates.
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