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Abstract

In networks consisting of agents communicating with a central coordinator and
working together to solve a global optimization problem in a distributed manner, the
agents are often required to solve private proximal minimization subproblems. Such a set-
ting often requires a further decomposition method to solve the global distributed problem,
resulting in extensive communication overhead. In networks where communication is ex-
pensive, it is crucial to reduce the communication overhead of the distributed optimization
scheme. Integrating Gaussian processes (GP) as a learning component to the Alternating
Direction Method of Multipliers (ADMM) has proven effective in learning each agent’s
local proximal operator to reduce the required communication exchange. In this work, we
propose to combine this learning method with adaptive uniform quantization in a hybrid
approach that can achieve further communication reduction when solving a distributed
optimization problem with ADMM. This adaptive quantization first considers setting the
mid-value and window length according to the mean and covariance given by GP. In a
later stage of our study, this adaptation is extended to also consider the variation of the
quantization bit resolution. In addition, a convergence analysis of this setting is derived,
leading to convergence conditions and error bounds in the cases where convergence cannot
be formally proven. Furthermore, we study the impact of the communication decision-
making of the coordinator, leading to the proposition of several query strategies using the
agent’s uncertainty measures given by the regression process. Extensive numerical exper-
iments of a distributed sharing problem with quadratic cost functions for the agents have
been conducted throughout this study. The results have demonstrated that the various
algorithms proposed have successfully achieved their primary goal of minimizing the over-
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all communication overhead while ensuring that the global solutions maintain satisfactory
levels of accuracy. The favorable accuracy observed in the numerical experiments is consis-
tent with the findings of the derived convergence analysis. In instances where convergence
proof is lacking, we have shown that the overall ADMM residual remains bounded by a
diminishing threshold. This implies that we can anticipate our algorithmic solutions to

closely approximate the actual solution, thus validating the reliability of our approaches.



Chapter 1. Introduction

In a distributed optimization framework where a group of agents is linked to a cen-
tral coordinator, the optimization process typically involves agents tackling individual
local sub-problems privately while maintaining frequent data exchanges with the coor-
dinator. Many of these schemes are based on agents who solve proximal minimization
problems [2] as their underlying local subproblems in response to queries from the coor-
dinator. Proximal minimization is well-suited for networks with privacy constraints since
it safeguards each agent’s local objective and constraints from being revealed to the co-
ordinator or other agents. Once the coordinator receives the local proximal minimization
solutions from the agents, it employs them to formulate new queries for the agents, thus
guiding the agents’ solutions towards the global solution. These distributed optimization
schemes find applications in various domains, such as smart building power management
sensor networks, smart buildings, and smart manufacturing, as evidenced by [3].

Numerous algorithms are suitable for addressing distributed convex optimization;
for instance, [2], [4], [5], and [6] offer relevant insights. Among these algorithms, a par-
ticularly notable method is the Alternating Direction Method of Multipliers (ADMM),
initially introduced in [7]. This approach effectively tackles optimization problems by
breaking them down into smaller local sub-problems. Subsequently, each agent tackles its
local sub-problem and transmits its outcomes to a coordinator, which aggregates all the
agents’ solutions to construct the global objective. ADMM offers two key advantages: it is
relatively straightforward to implement, and due to its decomposing nature, it lends itself
well to parallelization. As outlined in [8], ADMM finds extensive applications in statistical

and machine learning problems, including Lasso, sparse logistic regression, basis pursuit,



support vector machines, and various others. Furthermore, ADMM has been widely em-
ployed in machine learning problems, as well as in other distributed optimization scenarios
[9-13].

The inherent query-response mechanism in distributed optimization algorithms,
including ADMM, frequently necessitates numerous iterations before converging to a so-
lution. However, a significant volume of communication between the coordinator and
agents may render the system impractical, particularly in scenarios where communication
is costly, such as underwater communication for robot formation control [14]. Therefore,
minimizing communication costs is highly desirable, even crucial, for ensuring the feasibil-
ity of these distributed optimization schemes in real-world applications.

Efforts to reduce communication in distributed optimization settings have been
previously explored. For example, in [15], the authors introduced a hierarchical distributed
optimization algorithm tailored for predictive control in smart grids. This algorithm mit-
igates communication overhead by circumventing direct communication between agents,
instead requiring agents to communicate solely with the coordinator at each iteration.
Efficient solutions for large-scale machine learning applications leveraging distributed opti-
mization schemes with a focus on communication efficiency have been proposed in [16,17].
The authors of [18] successfully reduced communication complexity by employing ADMM
to solve each subsystem and applying the k-means algorithm to partition a distributed
smart grid. In [19], ADMM-based communication-efficient federated learning algorithms
are proposed, which perform aggregation at a central coordinator of the updates sent by
other agents at predefined intervals. In [20], the authors propose employing a communica-

tion censoring strategy to devise a communication-efficient ADMM algorithm for resolving



a convex consensus optimization problem. In [21], the concept of the Moreau envelope
function is utilized, and it is further elaborated in [22], to predict the proximal operators
of the local agents to facilitate skipping certain communication rounds. Similarly, in [23],
the same concept is employed, where the local proximal operators and their gradients are
predicted using Gaussian Processes (GP). The GP models generate estimations of pre-
diction uncertainty, which are utilized by the coordinator to determine the necessity of
communication with each agent.

Reducing the communication load can be achieved not only by directly limiting
the number of communication rounds but also by addressing the total communication
overhead, which includes the payload size of the information transmitted in each itera-
tion of a distributed optimization algorithm. Payload size reduction can be accomplished
by quantizing the data exchanged between agents and the coordinator. Various studies
have proposed quantization methods aimed at reducing the data exchange size in each
algorithmic iteration, consequently minimizing overall communication overhead. In [24],
a quantized distributed composite optimization problem over relay-assisted networks was
addressed using a simplified augmented Lagrangian method. In [25], a distributed opti-
mization problem affected by quantization was tackled employing the inexact proximal
gradient method. Additionally, in [26], a distributed optimization problem was resolved
utilizing a distributed gradient algorithm with adaptive quantization.

The work in this dissertation aims to extend the work in [23] by adding quanti-
zation to a distributed optimization problem solved with ADMM where each agent’s re-
sponse is predicted by GP. Related to GP regression with quantized data is GP regression
where part of the data was censored, which has been previously studied. The authors of
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[27] described a GP framework in which all data outside of a specific range were fixed to a
value. Furthermore, in [28], a system identification approach with quantized output data
modeled with GP was presented, where Gibbs sampler was utilized for kernel hyperparam-
eters estimation. In addition, in [29], GP was employed to predict the best locations for
sensors in a spatial environment.

In our preliminary published work [1], we proposed a solution to a distributed
optimization problem using ADMM, where GP regression was employed to predict the
proximal operators, and the communications from agents to coordinator were quantized.
However, this approach had two limitations: 1) It did not consider the quantization of
the training data in optimizing the GP hyperparameters and in GP regression; and 2) It
did not address the correlation between quantization noise and inputs, nor did it miti-
gate these correlation issues. Since GP regression assumes a joint Gaussian distribution
among evaluations of the latent function, adapting the regression modeling to account for
non-Gaussian quantization noise and its correlation with the original function values is es-
sential. Failure to address this discrepancy can lead to inaccuracies in the inferred values,
which in turn impacts the accuracy of the ADMM algorithm. This discrepancy may result
in an increased number of iterations required to achieve convergence or even potential fail-
ure to converge altogether. Therefore, adjusting the regression modeling to better align
with the characteristics of the quantization noise is crucial for the overall effectiveness of
the distributed optimization process. In Chapter 2, we address these limitations by inte-
grating two components: an adaptive uniform quantizer with dithering [30-32] and joint
dithering and orthogonal transformation [33], and an improved regression method that
takes into account the quantization error in the learning data. As a result, the regression

4



algorithm has to be revised accordingly by taking into consideration the resulting statistics
of measurements in the presence of quantization noise.

In addition, in Chapter 3, we present a convergence analysis for our hybrid ap-
proach. This analysis first presents a convergence proof that relies on a query decision
using the trace of the GP covariance matrix and an infinitely large quantization resolution
allowed. This proof can not be used directly to prove the convergence of our proposed hy-
brid approach; however, it is used to show the convergence properties of our method and
to demonstrate that the expectation of the ADMM residual is bounded and such bound
decreases at each iteration.

We continue our study by proposing to explore how the coordinator’s decision on
which agents are required to communicate affects the overall performance of our commu-
nication reduction approach. In [23], the coordinator decided whether a communication
with an agent is required when the maximum variance, given by the agent’s corresponding
GP regression, is below a certain threshold. This communication decision will be referred
to as an independent query strategy, since the coordinator makes its decision using the
uncertainty measure of each agent without considering the others. We propose to test dif-
ferent independent query strategies in addition to the one presented in [23]. Furthermore,
we propose studying the inherent coupling of agents in the ADMM algorithm to develop a
joint query strategy that will use a joint uncertainty measurement to decide which agents
are required to communicate.

Finally, we finish this study in Chapter 5 by proposing a refined hybrid approach in
which we not only account for the quantization error in the regression method but allow

for a fully adaptive uniform quantization scheme. This adaptation not only adapts the



quantizer’s mid-value and window length, but also assigns different quantization resolu-
tions to each agent. The rationale of this adaptation is that not every agent contributes
uniformly to the total uncertainty so, depending on the value of each agent’s trace of its
covariance matrix and a decaying threshold, we determine each agent quantization resolu-
tion to control the system’s overall uncertainty while minimizing the overall transmission
load. Finally, since this refined hybrid approach uses the trace of the regression’s covari-
ance matrix to make the communication decision, it is aligned with our derived conver-
gence proof.

Our main contributions are summarized below.

Main Contributions:

o We study the statistics of the quantization error of the adaptive uniform quantizer
proposed in our previous work [1], and characterize its impact on the distributed
optimization algorithm.

e We improve the hybrid communication reduction approach in [23], which combines
proximal operator learning and adaptive quantization, employing a novel Linear
Minimum Mean Square Estimator (LMMSE)-based regression that takes into ac-
count the quantization error statistics. We also develop an additional LMMSE
to approximate more accurately the gradient of the Moreau Envelope used in the

ADMM algorithm.

e The impact of quantization error is mitigated in our learning algorithm by integrat-
ing our adaptive uniform quantizer with orthogonal transformations and dithering.

e A convergence analysis of our hybrid approach is presented. This analysis is based
on a derived convergence proof that is closely tied to the trace of the covariance
matrix given by the regression process and relies on an unrestricted assignment of
quantization bits.

e We propose three different independent query strategies for the communication
reduction approach in [23], where the coordinator solely uses the uncertainty of the

prediction of each agent to decide whether such agent should be queried.

e We study the ADMM expression for the sharing problem and present a rearrange-
ment of such expression showing the inherent coupling between agents when run-
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ning ADMM.

e We propose a joint query strategy that takes into account the inherent coupling
between agents, and using a joint uncertainty measurement decides which agents
should be queried considering the dynamics of all agents as a whole.

e A refined hybrid approach is presented that makes its communication decision
relying on the trace of the predictor’s covariance matrix and considers a uniform
quantizer that not only adapts its mid-value and window length but also adapts the
quantization resolution according to each agent’s needs.

e We validate our approach and algorithms in an extensive empirical study of a shar-
ing problem with quadratic cost function. We present numerical experiments for a
network of 10, 20, and 30 agents for which we ran 100 experiments for each. The
numerical results show significant reductions in total communication expenditure in
all test cases, with negligible compromise in the optimization performances.

The organization of the dissertation is given below. In Chapter 2 the hybrid ap-
proach that combines the proposed modified regression process with uniform quantization.
Chapter 3 presents a convergence analysis of the ADMM algorithm to address the sharing
problem when applied in conjunction with the stochastic STEP-GP algorithm [23] and its
variant named LGP derived in Chapter 2. In Chapter 4 we study the ADMM expression
for the sharing problem and propose different query strategies to improve the communi-
cation decision-making of our query-response approach. This chapter does not consider
quantization. Then, in Chapter 5 the LGP algorithm in Chapter 2 is extended to include

an adaptive quantization scheme that also adapts its quantization resolution. Finally, the

global conclusions and proposed future directions are presented in Chapter 6.



Chapter 2. Hybrid Approach Combining the Modified Gaussian
Process LGP and Adaptive Uniform Quantization

This chapter focuses on our proposed hybrid approach that combines adaptive
uniform quantization and GP regression. The work done did not simply put these two con-
cepts in a distributed optimization setting in a naive way, but considered the quantization
error statistics to be accounted for in the regression process mitigating its impact on the
ADMM algorithm.

Chapter Organization: The problem formulation is given in Section 2.1. An
overview of uniform quantization and GP regression is presented in Section 2.2. Then,
Section 2.3 presents the main mathematical foundation and derivations relevant to our
work. A detailed presentation of our proposed approach is shown in Section 2.4. The
numerical results are presented in Section 2.5. Finally, we conclude the chapter with the
main contributions in Section 2.6.

2.1. Problem Formulation
This chapter deals with a multi-agent optimization problem whose structure takes

the form of the sharing problem as considered in [8,10]:

minimize Z:fZ (xi) +h (Z xl> . (2.1)

Here, n agents, each with local decision variables x; € R?, equipped with a proper and
strongly convex local cost function f;: R? — R, coordinate to minimize the system cost
consisting of all local costs and a proper and convex shared global cost function h: RP
R. Each cost function is only known to its corresponding agent and cannot be shared with
the coordinator or other agents for privacy reasons. The problem presented in (2.1) can
be solved with ADMM. By introducing copies y; of x;, the problem can be formulated

8



equivalently as
minimize Z filx) +h (Z yz>
i=1 i=1

subject to x; —y; =0, Vi=1,...,n.

(2.2)

Because the agents keep their local cost function f; private, each agent ¢ will only provide

the solution to the following local proxzimal minimization problem to the coordinator
prox. ; (=) = argmin { fi(z:) + £l — 2611} (2.3)
2 z;, ERP 2

in response to a value (a query) zF sent to it by the coordinator at iteration k, where p >
0 is a penalty parameter. The ADMM works in a query-response manner as follows. At
iteration k, a query point zF is generated by the coordinator and sent to an agent i. Each
agent solves its proximal minimization problem at its query point z¥ and replies with

the response vector prox 1 fl(zf) to the coordinator. The coordinator then updates the
dual variables and generates the query points at the next iteration. Mathematically, each

ADMM iteration k involves the following updates derived in the analysis in Chapter 7 in

8]:

1. The coordinator updates the average of y;

7" = arg min {h(ngj) + (np/2)||ly — zt — uk||2}
JERP
then sends a query zF = 2F — zF + yF*!

p —

— u¥ to each agent 1.

k+1

2. Each agent 7 updates and sends its response z;"" = proxui, (zf) to the coordina-
P

tor.

3. The coordinator calculates the average z¥*1 = (1/n) >°" | 28! and updates the

scaled dual vector u**! = b 4 k1 — g+l

This process is repeated until convergence is achieved or until a maximum number of
iterations is reached. The most common termination criterion for ADMM is presented in

Section 3.3.1 in [§].



2.1.1. Moreau Envelope

To reduce the communication overhead in this distributed optimization scheme, the
authors of [22] proposed an approach called STEP (STructural Estimation of Proximal
operator) which relies on the concept of the Moreau envelope of a function f. For brevity,
we drop the subscript i and the superscript k in the subsequent equations. For 1/p > 0,

the Moreau envelope f s of f is defined as

1

£7(2) = min { f(2) + Sl — 2} (2.4)

zER™
When f is a proper and convex function, the Moreau envelope f ¢ is conver and differen-
tiable with Lipschitz continuous gradient with constant p [Fact 2.2 in [34]]. Moreover, the

unique solution to the proximal minimization proxi (z) is [35, Proposition 5.1.7]
P
1_ .1
proxi,(z) =z — =V fr(z). (2.5)

Consequently, the gradient V f ’ (z) is all that is required to reconstruct the optimizer
of (2.3) following from (2.5).

The STEP approach estimates the unknown gradient V f %(z) at any query point z
by constructing a set of possible gradients at z based on past queries and then selecting

¢

a gradient that is “most likely” the true gradient. The work presented in [23] improved
STEP by learning the Moreau envelopes corresponding to the local proximal operators
with GP, which are updated online from past query data and used to predict the gradient
Vf%(z) for estimating the proximal operators (2.3) of the agents by (2.5).
2.1.2. Proposed Solution Overview

The communication expenditure can be reduced further if the learning component

is combined with the quantization of the communications between agents and coordinator.
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Figure 2.1. Flow diagram of a query and response between the coordinator and an agent
in the proposed approach. The enhancements contributed by this work, compared with
the original approach in [1], are highlighted in the blue-shaded boxes.

Our work [1] presented some preliminary results on a hybrid approach combining learning
with quantization for further reducing communication overhead. This chapter builds upon
our hybrid approach [1] by further analyzing and mitigating the impact of quantization
errors. Our improved hybrid approach is depicted in the diagram in Figure 2.1, which
describes the communication and computation processes between the coordinator and
an agent ¢ at ADMM iteration k. In the colored boxes are new or modified components
developed in this work compared to the approach in [1]. The blocks colored blue indicate
the processes that were added or improved compared with our work in [1].

In Figure 2.1, if the coordinator determines that a communication with agent ¢ is
necessary at iteration k, it will send the query point 2 to the agent. The Moreau enve-

lope fil/ (k) and its gradient V fil/ P(2¥) are then calculated. A regression is performed
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simultaneously by the agent’s proxLGP (identical to the coordinator’s proxLLGP), to
obtain the predictive mean uf(2¥) and the covariance matrix X#(zF) of the agent’s re-
sponse. These values are used to parameterize the quantization process of the exact re-
sponse { f/7(2¥), V £/?(z%)} to reduce the quantization error. The rationale is that if the
exact values fall with high probability inside a range (determined by the predictive co-
variance matrix) around the predictive mean, then the quantization error is reduced and
diminished as the proxGP becomes increasingly accurate, ensuring the optimization’s con-
vergence [25]. The quantized response { (Q(fil/p(zf)),Q(Vfil/p(zf‘))) } from agent i is
sent back to the coordinator, which uses a similar dequantization process based on the
same predictive mean p¥(zF) and covariance matrix X¥(zF) to obtain the dequantized ap-
proximate response { Ail/ P(zh), v fil/ ?(z¥)}. The dequantized values are used both for the
ADMM calculations and for updating the proxGP.

In the next section, we present a review of the important theoretical results rele-
vant to our work.
2.2. Review of Gaussian Process and Quantization
2.2.1. Gaussian Process with Derivative Observations

Let us assume that we have m observations of a random variable, and X € R™*?
whose rows x; (i € [1,m]) are observed inputs vectors. Considering a mean function
w(x;) and the co-variance function ¢(z;, z5) of a real process f(z;) € R satisfying positive
definite conditions as presented in Chapter 4 of [36], the GP can be written as f(z;) ~
GP (i), d(xs, 7).

Now, consider the case where we have extended function values at z; € R? in-
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cluding both the function value and its gradients at z;, denoted by [f(x;); V f(x;)], where

Vf(z;) = |2 , and z” is the d-th element of z;. Following [37], the covariance
EC)) i
¢ d:17"'7p

matrix is correspondingly expanded, for any pair of points s,l € [1,m], resulting in the

covariances between the observations and its partial derivatives given by

0
fa)| = o),

S

cov [ 212

ox gds )

and between the partial derivatives given by

Cov

) - ¢ (iL‘S, wl) )
axgd“ axl(dl) 8xgds)8xl(dl)

of(x,) 8f(xz)] P

where 1 < d,,d; < p. The GP then will have its predicted mean and covariance as pre-
sented in Chapter 2 of [36].
2.2.2. Uniform Quantization

We consider a uniform quantizer Q, of the mid-tread type [38], where the input-

output relation is given by
_ _ y—u| 1
Qu(y;9,9) =5 +4q QTJ + 5) :

in which ¢ > 0 is the quantization window length, 7 is the mid-value, and |y| denotes the
integer closest to y towards 0. Here, ¢ = %, where [ is the range of the quantization inter-
val and b is the bit resolution of the quantizer. Let y = Q,(y; 7, q), then the quantization
error (or quantization noise) is defined as eg = y — §. The statistics of the quantization error
for this uniform quantizer are characterized in Section V-A in [39].
2.3. GP Regression under Adaptive Quantization

In this section, we present the derivations and principles of our proposed approach.

We present our proposed adaptive quantization scheme and its properties, the new regres-
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sion mechanism, and an approximation method to deal with the quantized data.
2.3.1. Adaptive Uniform Quantization

We propose a quantizer that adapts the standard (non-adaptive) uniform quantizer.
Given an input y which is a sample of a Gaussian distribution N (g, O'Z), we adapt a
uniform quantizer by setting its mid-value § = p, and its range [ = 2co,, for some given
¢ > 0 controlling how many standard deviations apart from the p, we set the range which

influences how confident we are that the quantizer’s input is within the defined range. The

2coy

proposed adaptive quantizer Qu, on y, given by Qua(y; iy, 0y, ¢,0) = Qu(y; iy, 5%) =

2coy

Hy + 5 (LWJ + %), therefore has parameters that are adapted for a quantization
Yy

resolution appropriate for the most likely values of f(x).

The following result characterizes the error statistics of the adaptive uniform quan-
tizer, which will play an important role in the analysis of our proposed adaptive quantiza-
tion methods throughout the rest of the chapter. Its proof is presented in Appendix A.
Proposition 1 Consider a sample y of a Gaussian distribution N (,uy, 05) and an adap-
tive uniform quantizer Qua(y; by, 0y, ¢,b) on y. Define the quantization error eg = y —

Qualy; by, 0y, ¢, b). Then the mean and variance of the quantization error are

Eleg] =0
e
!/
Elcacs] = Lo(r),
where g = 2;? , g—z, and
12 = (=)™
v(r) =1+ = Z ( mZ) exp (—2m°m*r?) . (2.6)



Furthermore, the correlation between the input y and the quantization error is given by,

o0

Elyeg] = 20, Z(—l)m exp (—2m°m*r?) . (2.7)

m=1

While v(r) and Elyeg], given in (2.6) and (2.7), involve complex mathematical se-

2b

5. exceeds 1, v(r) becomes approximately 1 and

ries, we will show that when the ratio r =
the correlation E[yeg] becomes negligible. The following lemmas establish the monotonic-
ity and the negative values of these series. Their proofs can be found in Appendix B.

Lemma 1 The series » . -_, (;i%m exp (—2m2m?r?) is negative and increasing with r.

Lemma 2 The series y _ (—1)™exp (—27*m?r?) is negative. Furthermore, forr >
ﬁ ~ 0.225, it is increasing with r.
It follows from these lemmas that v(r) < 1 and increasing with r for all » > 0, and
E[zeg] < 0 and increasing with r for all r > ﬁ ~ 0.225. In practice, the ratio r = g—z
is at least 1 and often much greater than 1. Indeed, with the typically chosen ¢ = 3, at a
resolution of just b = 3 bits, r = 4/3 > 1 and increases exponentially with b. At r = 1, we
have v(1) = 1 — 3.253 x 107, and E[yeg] = —5.351 x 10~%,. Therefore, for all practical
purposes, we have 1 — 3.253 x 107 < v(r) < 1, thus we can consider v(r) = 1 and hence
Elegeg) = ‘1]—;. In addition, we have —5.351 x 1070, < E[yeg| < 0, thus we can consider
Elyeg] = 0.
2.3.2. Adaptive Uniform Quantization with Vector Input

Consider the case where the input to the quantizer is a Gaussian random vector y
with conditional mean vector i, and conditional co-variance matrix >J,. The previously

presented adaptive quantization scheme must be adjusted to handle the multidimensional

nature of the input. We propose two schemes described below: one ignores the correlations
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among the input values and the other takes these correlations into account.
2.3.2.1. Adaptive Scheme Ignoring Correlation

Quantization is performed element-wise, using each element of the quantizer’s input
with its corresponding element of the conditional mean vector p, and the diagonal of the
co-variance matrix X, for adaptation. Therefore, we have a vector of window lengths ¢

with the i** entry given by

v, (2.8)

q; =
where X, ;) is the i"" entry of the diagonal of 3,. Using Proposition 1, we can characterize
the quantization error under the proposed scheme, as stated in the following proposition.
Proposition 2 Under the Adaptive Scheme Ignoring Correlation, an adaptive uniform
quantizer Qua(Y; fy, Xy, ¢, b) has a quantization error vector eg whose components are un-
correlated. The correlation matriz, defined as Ay, = Elegeg), is a diagonal matriz with its
diagonal given by the vector %q% with the entries of vector q defined as in (2.8) and
v(+) as defined in Proposition 1.
2.3.2.2. Correlated Adaptive Scheme

The use of an orthogonal transformation of the quantizer’s input y allows us to
consider the correlation between its elements, and to perform quantization over the trans-
formed input similarly as in the previously defined Adaptive Scheme Ignoring Correlation.

Using the above notations, the orthogonal transformation to the quantizer’s input

is expressed as
A _
y© = Aly — 1), (2.9)

where A is the transformation matrix. The conditional mean of y is subtracted to have

16



a zero-mean quantizer’s input. Then, the way A is determined will define our orthogonal
pre-filtering of the quantizer’s input.

Pre-filtering: The transformation matriz A used in (2.9) is obtained by applying
an eigenvalue decomposition of matriz 3, in which ¥, = UAU’, with A being a diagonal
matriz with the eigenvalues of ¥, and U being a square matriz whose columns are eigen-
vectors of ¥,. The matriz A can be expressed in two ways; A1 = (5,)"Y2 or Ay = U,
where ($,)Y? is a matriz such that (X,)V/*(2,)Y? = ¥,. The use of Ay will result in a
whitening procedure where the result will be a zero-mean unit variance vector with indepen-
dent components. The use of Ay will result in a decoupling procedure where the result will
be a zero-mean vector whose variances are determined by the eigenvalues in A.

Following this pre-filtering, y* will be element-wise quantized given by:
Qua(yA; 07 Zun c, b) - yA + €Q,

where X, represents the identity matrix (when A = A;) or a diagonal matrix with entries
given by the eigenvalues of ¥, (when A = A,).

Proposition 3 Under the Correlated Quantization Scheme and the proposed Pre-filtering,
an adaptive uniform quantizer Qua(y*;0,3,, ¢, b), where the input vector is transformed
following (2.9), has a quantization error vector ey whose components are correlated with
each other. The correlation matriz, defined as Aco = E[eQef@], 15 independent of the choice
of the transformation matrix A and is given by Aco = %ﬁ{f‘ﬂZy , with v(-) as defined in

Proposition 1.

Proof: The proof is presented in Appendix C. U
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2.3.3. LMMSE Regression with Quantization

In this subsection, we consider a GP regression as presented in Section 2.2.1, but
when the training set D is affected by adaptive quantization. In this scenario, we do
not have access to the exact extended values y; but a quantized version of them ¢; =
[Qu(f(2:)); Qu(V f(z:))T] + €, which are quantized following the proposed adaptive quan-
tization with vector inputs presented in Section 2.3.2. These quantized extended values
are also expressed as §; = [f(z;); V f(x:)"] + €, + €}, where €}, refers to the quantization

error vector for the observation i and €’ is a vector whose entries follow the same Gaussian

2

 variance at observation 7. Such Gaussian noise is not a

distribution with zero mean, o
physical noise but one added to avoid possible matrix singularity.

The added non-Gaussian quantization noise invalidates the Gaussian noise assump-
tion of the regular GP regression. In this case, the regression cannot be a Minimum Mean
Square Estimator (MMSE) anymore, so we must compute the conditional mean which
requires a more involved computation. To overcome this challenge, we adopt a Linear Min-
imum Mean Square Error Estimator (LMMSE). This allows us to balance the accuracy
and complexity of the estimator while preserving the advantages of GP. With this premise
we will derive two estimators under two scenarios regarding the training set D.
2.3.3.1. Linear GP Regression (LGP-R)

This estimator is used to predict the extended values of an input x, given a train-
ing set where the observed extended values are affected by quantization. In this case, we

only have access to quantized values of the extended values. For a new input z, we want

to predict y,, leading to the following theorem, whose proof is presented in Appendix D.

18



This estimation is done at every iteration, and for every agent to assess the quality of
regression.

Theorem 1 The LGP-R Estimator has an input x, € RP and a training set containing m
past observations with quantized extended values D = (X, )7), with X € R™PTUXP peing a
collection of the past input observations z; € ReTV*P and Y € R™PHDX1 peing q collection

of the past quantized extended values §; € RPYD*1 . This estimator has its predicted mean
(@) = (X0, X)(Q(X, X) + 02 Lngpyr) + A+ 2E[Ye]) Y,
and predicted covariance matriz
() = O(Xu, Xi) — (X, X)(P(X, X) + 02 Lnps1) + A+ QE[YE{@])_lé(X, X.),

where X, € RPTVXP contains a copy of x. in each of its rows, the entries of the matrices
D(X,, Xs), ®(X,, X), and ®(X X) are as detailed in Subsection 2.2.1, A = Elegeg] con-
tains the information of the uniform quantization error of all extended values observations
of the training set D, and the entries corresponding to each observation in A are added
block-wise following the expression given by Ay, in Proposition 2 or A, in Proposition
3 (depending on the quantization scheme selected), and E[Y €] is the correlation between
the uniform quantization error of all extended values observations of the training set D
and the extended values observations, whose entries are calculated following the correlation
expression shown in Proposition 1.
2.3.3.2. Linear GP Approximation (LGP-A)

Consider the case where we perform adaptive uniform quantization on the extended

values at z,, resulting in the quantized version of y, given by g,. Such adaptive quanti-
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zation uses the conditional mean and conditional covariance given by LGP-R. It is pos-
sible to approximate the real value y, if 7, and the statistics that adapt the quantizer

are known. To do so, we propose the construction of a LMMSE named LGP-A to be per-
formed after the quantization process. This estimation is only performed when communi-
cation is required and after receiving the reply from the agent.

The estimation could be performed by updating the training set with the new input
and the quantized extended values. Input x, could then be reinserted to the estimator
presented in Theorem 1. To avoid such redundancy we consider an approximator that
deals with a zero-mean input ¢, —pu(x,), and since g, already has the information of the past
training set, we then have the following theorem, whose proof is presented in Appendix E.
Theorem 2 LGP-A has a training set containing past observations and extended quan-
tized values of . leading to the set D = ([X;x.],[V:0.]), with X € R™PHD*2 peing q
collection of the past input observations x; € ReTV*P and Y € R™PHDX1 peing q collection

of the past quantized extended values 7); € RPTVX1 LGP-A estimates the target value 1, by

Y = B(g* - M($*)) + /‘L(x*)7

where B = N(x,)(E(24) + Apy1 + 0nlpi1 + 2E[y.eg,])F, with p(z.) and X(z.,) as presented in
Theorem 1 and Ay is given by Ay, in Proposition 2 or A, in Proposition 3 depending
on the quantization scheme selected, eg. 15 the quantization error of only the quantized

values in the present iteration, and E[y*e{@*] 15 calculated as shown in Proposition 1.
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2.4. Proposed Approach
2.4.1. Proposed Adaptive Uniform Quantization Scheme
This section combines the overview presented in Section 2.1 with the results pre-

sented in Section 2.3 to present our complete proposed approach in more detail.

k

In Figure 2.1, upon receiving the query point zF € R'™P from the coordinator
(left side), agent ¢ (right side) solves the proximal minimization problem (2.3) (the box
prox,s,) and obtains the exact values of fP(zF) € Rand Vf/7(zF) € RP*L. Simul-
taneously, it uses the regression process, depicted in the block 'proxLGP’, to obtain the
conditional mean uf(zF), which stores the predicted values of fi/*(zF) and V f/*(zF), and
the conditional covariance matrix X¥(zF). We can adopt the same adaptive uniform quan-
tization scheme presented in Section 2.3.1, as the exact values follow a Gaussian distribu-
tion (under the LGP model). We will denote the quantized values of the query response
as (£ (1) V£77(25)] = Qual[£77(2); V77 (21)]; b (2F), B5(2F), ¢,b)). The output of the
quantizer is transmitted from the agent (right side) to the coordinator (left side). The de-
quantized values fil/ P(2F) and V fil/ P(2F) are used by the ADMM algorithm and to update
the corresponding 'proxLGP’ of agent .
2.4.2. LGP-R based Regression in our Proposed Approach

The ‘proxLGP’ block on the coordinator side of Figure 2.1 runs at every iteration
and its resulting covariance matrix is used to determine whether to send 2¥ to agent i.
Using the quantization scheme for vector inputs Q,, (defined in Section 2.3.2) and follow-

ing (2.8), the results presented in Propositions 1-3 apply to the adaptive quantizer Qys.

Hence, we can use the previously derived regression scheme LGP-R presented in Theorem
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1 as the regression scheme to be used in this work. Using the results in Section 2.3.1 that
E[yeg] ~ 0 and v(r) = 1, we henceforth remove the correlation E[yeg] present in Theorems
1 and 2, and remove the term v(2°/2¢) used in the characterization of the variance of the
quantization error in Propositions 2 and 3.

Now, defining ¢//”(z%) = [f/?(2%): V f}/?(2F)], we have that, given the new query

2

point z¥, the predicted value of the vector gz/ (2%) using LGP-R will be given by

ui (2F) = ©(Z8, ZE)(R(ZF, ZE) + onLnpin) + D) TG, (2.10)

[E3)

where ZF € RPTD*P contains a copy of 2¥ in each of its rows, ZF is the training input set
containing queries sent to agent i up to time k in the set {2 }ies, J¥ contains the indices
of the iterations where a query was sent to agent ¢ by the coordinator up to the current
algorithmic iteration, m is the number of elements in set JF, Gf is the quantized training
target set containing the local quantized proximal minimization problem results sent from
agent 7 to the coordinator up to time & in the set {Qua(g /p( D (D), 212D, ¢, b) Yiea,
02Ln(p+1), A; are defined in Theorem 1, and the entries of ®(Z%, ZF) and ®(ZF, ZF) are
detailed in Subsection 2.2.1 with a covariance function given by the square exponential

kernel function.

Using the same notation, the covariance matrix given by the LGP-R is

Si(a) = ®(Z, Z3,) — (23, ZE)(ZE, Z5) + ondmipany + D) T (2, Z5). (2.11)

%) 1%

The matrix A; will be updated block-wise by inserting the corresponding quantization
error covariance matrix of the query round, which follows Proposition 2 or Proposition 3

depending on the quantization scheme used. Henceforth, we will use AF to refer to the
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Algorithm 1 LGP: Distributed Optimization with Estimated Proximal Operator based
on Gaussian Processes with Adaptive Uniform Quantization
Require: 20 e R?, 3 e R?, v’ e R?, ce N, b € N

1: for k =0,1,..., kgop do

2: y**1 < arg min {h(ngj) + (np/2)|ly — 2% — uk||2}
yERP

3: for each agent 1 do

4: 2B ab — gk 4 gt — b

5: Calculate pF(zF) and $¥(2F) from (2.10) and (2.11)
6: if max (diag (3¥(2F))) > wf then

7: Send zF to Agent i

8: 9P QUERYAGENT(zf) > Agent i
9: Compute g} from (2.12)

10 Add ( f,gj/”( 2F)) to the GP training set

11: Perform the GP hyperparameter update.

12: P b= (1) V()

13: else

14: o e 2f = (1 )k ()

15: end 1f

16: end for

17 e (1/n) Y it

18: WL b R gk

19: I |2% — %0 < €,(1 4 ||N*/plleo) then Terminate.

20: end for

resulting quantization error covariance matrix obtained after a query process in iteration k,
which will be then added to A,;.
2.4.3. LGP-A Approximation in our Proposed Approach

In Figure 2.1 we can see that the coordinator receives the quantized version
\Y le/ P(2F) of the exact value Vf; /e (2%). To improve the accuracy of the gradient values
used in the ADMM updates at the coordinator, we estimate these values with a LMMSE
estimator rather than using the inexact quantized values directly. The estimator derived in
this subsection is different from that in subsection 2.4.2 because it is applied only when a

query is performed, which only uses the newly added entry in the training set. The result

is further used by the ADMM process.
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After a query undergoes a communication round, the quantized value of 911 /e (2F),
g /°(2F), is added to the regression training set, and A; is updated with the block AF.

Therefore, we can obtain the desired approximation gil /p (2F) following the derivation from

Theorem 2, which gives us

377 (2F) = (BE(g!77(2F) — i (25)))) + uf (=F), (2.12)

where BF = SF(R)(SF(2E) + 0n L0 + AF)TL
2.4.4. Dithering

From Proposition 1, we have that the correlation between the quantization noise
and the input is negligible when the quantization bit resolution (b) becomes larger and
we fix a small value for c. If b is too small, we can introduce dithering to randomize the
quantization error and break the correlation between this error and the quantizer input.

A recent study ([40]) explores the use of quantization with dithering to determine
which distribution the subtractive dithering follows. The work presented in [33] shows
that the use of dithering with quantization could be improved if an orthogonal transfor-
mation was performed on the quantizer input before the quantization process. We thus
adopt dithering as part of quantization after orthogonal transformation is performed at
the quantizer’s input.

When the uniform quantizer is used with a zero-mean Gaussian input, the dither-
ing variable d¥ will be a random number coming from a uniform distribution df[r] ~

k k

U(—2 B where the window length ¢y, is as defined in (2.8). The dithering will be

performed element-wise, so d¥ will have the same dimension as the quantizer input. Fol-

lowing the orthogonal transformation as in Section 2.3.2, the quantizer input with dither-
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Algorithm 2 Query Process at the Agent Side

1: procedure QUERYAGENT(2F)

2 Compute f1 (2F) and Vfl/p(zf) from (2.4)
e M C I )

4: if Using Adaptive Scheme Ignoring Correlation then
5 97" Qualg)”’; i (F), 25 (25), ,1)

6: else

7 Perform decomposition YF(2F) = UFAFUF
8 if Using Whitening Transformation then
0 A & (Th(zh) 12

10: end if

11: if Using Decoupling Transformation then
12: Al U¥

13: end if

g e AMgYP - k()

15: if Using thhemng then

16: Compute g A a5 in (2.13)

17 3" Qualg"™: 0,25 (), e0)) + ph ()
18: else

19: 3" Qualg; 0, (=), ¢.0)) + b (1)
20: end if

21: end if

92:  return ;"

23: end procedure

ing is given by

gk = g (2P + dP, (2.13)

where g(2F) = A( P(2F) — uF(2F)), with A as presented in the Pre-filtering. Then,
gf‘ [d](zf) will be quantized and sent to the coordinator. The coordinator then performs the

dequantization process and subtracts the noise added to the input before adding back its

k
7

mean. The value §; /e (z7) is given by
. 1 Ald
6,17 F) = AT (g (1) + ey — i)+ i (2D),

where €f); is the 7" agent quantization noise at iteration k.
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2.4.5. LGP Pseudo-Code

The complete LGP algorithm considering all its different variations is presented in
Algorithm 1.
2.5. Numerical Experiments

In this section, we evaluate the methods proposed in this work by solving a shar-
ing problem where the agent’s sub-problems are quadratic. The specifics of the sharing
problem considered, the experiment settings, and the results obtained are presented next.
2.5.1. Sharing Problem
2.5.1.1. Problem Definition

Our testing problem is based on the application presented in [10]. In this example,
a dynamic sharing problem where the problem’s variables change at each iteration is pre-
sented and solved via ADMM. In our work, those varying variables are fixed and do not

vary at each algorithmic step. We consider the following sharing problem:

n

minimize Z(.TZ —0) (i — 0;) + | Z?/z”l
i=1

i=1 (2.14)
subject to x; —y; =0
where x;,y; € RP, 6§, € RP, T; € RP*P positive definite, and ( > 0 are given problem
parameters.
As presented in [10], the problem in (2.14) can be applied to data flow in communi-
cation networks or currents in power grids, where there are n subsystems and p quantities

distributed over such subsystems. The vector z; describes the p quantities at subsystem i,

and the goal is to determine the solution vectors x;, i =1,2,...,n.
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2.5.1.2. Generation of Parameters 6, and Y,

In [10] the variables ¢, and Y, are updated at each iteration of the ADMM algo-
rithm. In this work, those variables are fixed by following the variable’s initialization for
the first iteration made in [10]. As such, to calculate each 6; we first create 69 which is a
p-dimensional vector with entries randomly generated and uniformly distributed on [-1,1].
Then, the value of 6; to be used is §; = 6% + nu;, where 7 is some small positive number, u;
is a p-dimensional vector for agent ¢ whose entries are randomly generated and uniformly
distributed on [-1,1].

Next, to calculate each T; we first create T) = A x A’ as a symmetric p X p matrix,
where the entries of A € RP*P are randomly generated and uniformly distributed on [-1,1].
Then, we generate T, = TV + nE;, where E; is a symmetric p X p matrix whose entries are

randomly generated and uniformly distributed on [-1,1]. Subsequently, T; is constructed as

Ti, if )\mzn(Tz) > €
T, + (e — )\mm(Ti))]p, otherwise,

where )\mm(i) denotes the smallest eigenvalue of :fz and € > 0 is some positive constant.
2.5.1.3. Solution with ADMM
The problem presented in (2.14) has the same form as (2.2) in Section 2.1 based on

which the ADMM updates for this case are expressed as

g = argéélgn {fi(z:) + (p/2)||z; — 2F3}

71 = argmin {Clngll + (np/2)17 - 7+ = (1/p)A" |3}
ye
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Table 2.1. Elements associated with each of the proposed methods.

GP Reg

LGP Reg

Uni Quant

Decoup

Whitening

Dithering

Sync:UniQuant

<

STEP-GP:Exact

v’

STEP-LGP:UniAd

STEP-LGP:UniAd-Dec

STEP-LGP:UniAd-DecDit

NN

STEP-LGP:UniAd-Whit

STEP-LGP:UniAd-WhitDit

NASAVANAN

NANASANAN

v’
v’

where fi(z;) = (z; — 0.)Ti(x; — 0;), T

= (1/n) 321 =,

gkz

(1/n) 321 yfs and

Since the functions f; and the [; norm are strongly convex, the ADMM updates for

2h=ah — kg — (1/p)\F.
¥ and ght!

are solutions to unconstrained convex optimization problems. Thus, those

problems can be solved by calculating the derivatives of the objective functions in (2.15),

and setting them equal to zero. Following this, z

solution

i

k+1

can be expressed by the closed form

Iiﬁ_l = (27, + p[p)_l(QTiei + P(xf — gk) o )\k)’

where [, is the p x p identity

matrix.

Similarly, the y update can expressed as

(

—k+1 __
Y =

\

2.5.2.

(TF M p) =& TR M p > S

0,

(FH+ A p) + 5

Experiment Implementation

if 24 4 Nk /p] <6

X

if 2 4 N /p < =5,

(2.16)

(2.17)

We consider two cases where n € {10,30}. The problem described in (2.14) is

solved with four different methods:
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1. Direct: this method uses a convex solver to solve the problem directly. The knowl-
edge of the true solution is used to construct the comparative metric, which is
introduced in the following subsection.

2. Sync: this algorithm uses ADMM with proximal operator as in (2.15), which simpli-
fies to (2.16) and (2.17) with p = 10.

3. STEP-GP: the algorithm proposed in [23] combining ADMM with proximal opera-
tor with GP regression.

4. STEP-LGP: the hybrid algorithm proposed in this chapter, which combines the
regression algorithm developed in Section 2.4.2, the LMMSE approximation pre-
sented in Section 2.4.3, and the adaptive quantization method developed in Sec-
tion 2.4.1.

For each of the above algorithms, different quantization methods, or no quantiza-
tion at all, are considered as follows:

e Fzact: this method does not employ any quantization but uses 64-bit floating point
numbers.

e UniQuant: this uniform quantization adaptation scheme is proposed in [25] to
quantize the communications between agents in a connected network using the
Proximal Gradient Method (PGM). In case the quantizer’s input is a vector the
quantization is performed element-wise. For each element of the quantizer’s input,
an initial quantizer’s range is set which decreases at a linear rate over the algorith-
mic iterations and the quantizer’s mid-value is set to be the previous quantized
value.

e UniAd: this is the adaptive uniform quantization method as presented in Sec-
tion 2.4.1 and performed element-wise following the Uncorrelated Adaptive Scheme
as presented in Section 2.3.2.1.

e UniAd-Dec: this is the adaptive uniform quantization method as presented in Sec-
tion 2.4.1 and following the Correlated Quantization Scheme as presented in Sec-

tion 2.3.2.2 with decoupling.

e UniAd-DecDit: same as UniAd-Dec but adding the dithering procedure as pre-
sented in Section 2.4.4.

e UniAd-Whit: this is the adaptive uniform quantization method as presented in
Section 2.4.1 and following the Correlated Quantization Scheme with whitening.

o UniAd-WhitDit: same as UniAd-Whit but adding the dithering procedure as pre-
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sented in Section 2.4.4.

In our experiments, we consider the following combinations: Sync:Fzxact,
Sync:UniQuant, STEP-GP:Ezxact, STEP-LGP:UniAd, STEP-LGP:UnitAd-Dec, STEP-
LGP:UniAd-DecDit, STEP-LGP:UniAd-Whit, and STEP-LGP:UniAd-WhitDit. Table 2.1
summarizes each proposed combination’s algorithmic components.

The experiments were implemented in MATLAB. The solution of the minimization
problems (2.14) are obtained directly using a convex solver from the YALMIP toolbox [41].
We used the GPstuff toolbox [42] for the regression training and inference. The computa-
tion was conducted with high-performance computational resources provided by Louisiana
State University (http://www.hpc.lsu.edu).

2.5.3. Metrics and Considerations
2.5.3.1. MAC Metric

To consider a more realistic communication process, we include a numerical experi-
ment component to reflect the channel contention. By modifying the simulator in [43], we
get that the total transmission time will be Tz, = Zszl TF .4, Where N is the number of
iterations taken to reach convergence, and TX . is the expected transmission time in one
iteration round. Appendix F presents the specifics of how this metric was obtained.
2.5.3.2.  ADMM Termination Criterion

We propose a termination criterion for ADMM using the concept of primal-residual

as shown in [8], having the form:

175 = 7¥lloe < (1 + 1A/ pllso),
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where z*, y*, and A\* are the variables used in the ADMM (see Section 2.1) and ¢, is an
adjustable tolerance whose value will affect the trade-off between communication reduction
and accuracy.
2.5.3.3. Performance Metric

To compare our results, we propose the Log Optimality over Transmission time

(LOT) performance metric
LOT = — 1Og<|<]gt — J*|/Jgt)/T[Et

where Jy is the true optimal value obtained by the Direct method, J, is the objective
value obtained by a particular approach, and Tz; the total transmission time defined in
Section 2.5.3.1. This metric reflects both communication cost and efficacy of a given ap-
proach. In particular, we want both the absolute error in the numerator and the transmis-
sion time in the denominator to be small, hence a higher LOT value is better.
2.5.3.4. Querying Mechanism

The coordinator decides if a query should be sent to agent ¢ using a heuristic cri-
terion utilizing the maximum component of the diagonal of the covariance matrix of the
gradients of the Moreau Envelope. Specifically, if max (diag (Zf(zf ))) > ¥ then communi-
cation is needed, otherwise it is not. The threshold ¥ is adapted at the coordinator side
based on the setting of an initial threshold which will decrease at each iteration according
to a decay rate «, such that 0 < a < 1. At kg, which is the iteration where the GP regres-
sion is used for the first time, the initial threshold for agent i (1)) is calculated following
YF = max (diag (Zfo(zfo))), where 0 < ¢ < 1. At iteration k > ko, no matter the commu-

)

nication decision made by agent i, the threshold will be updated as ¥ = wf(’ (c)k=ho,
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2.5.4. Numerical Experiments Results with p =5

In this subsection, we present the results for 10 and 30 agents when the dimension
of the variables is set to be p = 5. We also set the variable ¢ for the querying mechanism
described in Section 2.5.3.4 to be 0.6 for all agents. Each algorithm with the different
combinations of quantization methods was run 100 times with different sets of randomly
generated ¢; and T;, and the results are shown in terms of the median statistic among all
experiments. We used such metric to mitigate the effect of outliers. The median is taken
considering only the convergent cases for each method across the considered quantiza-
tion levels. We consider a case to be non-convergent when the ADMM algorithm do not
stop before reaching the maximum number of iterations manually set by us. In our exper-
iments, we considered a maximum iteration count of 250 for a network of 10 agents and
300 when considering 30 agents. This set of results considered values of n = 0.2, e =( =1,
p =10, p = 5, a tolerance value of ¢, = 107% 29 = 2% = \° = 0, and constant ¢ = 3 for
quantization.
2.5.4.1. Results for 10 agents

Fig. 2.2 (left) shows the results of the median of the 100 experiments for ADMM,
STEP-GP and STEP-LGP based methods using the metric presented in Section 2.5.3.3
through the various quantization resolutions tested. The minimum resolution for which
any quantization method achieved convergence was 5 bits.

In terms of the LOT metric, STEP-GP presented a better performance in all cases
compared to the baseline approaches Sync:UniQuant and Sync:Exact. Also, it can be

seen that starting from a resolution of 9 bits the performance of any STEP-LGP based
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Figure 2.2. Performance in the LOT metric of the adaptive quantization methods at dif-
ferent bit resolutions for 10 agents (left) and 30 agents (right) with p = 5. The plots show
the median LOT of 100 numerical experiments for different sets of parameters 6; and 1.

method was better than STEP-GP, Sync:UniQuant, and Sync:Exact, with the peak of
performance occurring at 10 bits for STEP-LGP:UniAd-DecDit. For resolutions below
9 bits, STEP-LGP:UniAd outperformed the STEP-GP case starting from 7 bits while
STEP-LGP:UniAd-Dec and STEP-LGP:UniAd-DecDit did it starting from 8 bits. For
8 and 7 bits, it is STEP-LGP:UniAd which achieved the best overall performance while
STEP-LGP:UniAd-Whit and STEP-LGP:UniAd-WhitDit could not beat the STEP-GP
algorithm. Overall, STEP-LGP:UniAd performed consistently good for all the presented
resolutions with STEP-LGP:UniAd-Dec and STEP-LGP:UniAd-DecDit presenting the
peak of performance starting from a quantization resolution of 9 bits.
2.5.4.2. Results for 30 agents

The performance, in this case, is different than the 10 agents case according to
Fig. 2.2 (right) in terms of the LOT metric. It can be seen that STEP-GP presented a

better performance in all cases compared to the baseline approaches Sync:UniQuant and
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STEP-LGP:UniAd-Dec

Figure 2.3. Performance in the LOT metric of the adaptive quantization methods at differ-
ent bit resolutions for 10 agents (left) and 30 agents (right) with p = 10. The plots show
the median LOT of 100 numerical experiments for different sets of parameters 6; and 1.

Sync:Exact, however the difference in performance is not as notorious as in the previous
case. Similarly to the 10 agents case, STEP-LGP:UniAd-DecDit presented the peak of
performance but this time it does for the 9 bits case. Between the 5-8 bits interval, STEP-
LGP:UniAd-Whit and STEP-LGP:UniAd-WhitDit could not outperformed STEP-GP,
Sync:UniQuant, or Sync:Exact, while the rest of methods using LGP regression always
outperformed Sync:Exact and were all able to outperform STEP-GP and Sync:UniQuant
starting from the 8 bits case. For 9 and 10 bits, all LGP-based methods presented better
performance than STEP-GP with STEP-LGP:UniAd-Dec and STEP-LGP:UniAd-DecDit
presenting the better LOT values by a significant margin. Between 11 and 14 bits, the
best performance was always attained by a method involving quantization. However, it
is noted that the margin between STEP-GP and the methods using LGP regression was

significantly reduced compared to the 10 agents case.
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2.5.5. Numerical Experiments Results with p = 10

In this subsection, we discuss the results for 10 and 30 agents when the dimension
of the variables is set to be p = 10. The initialization parameters and constant variables
considered are the same as in the previous subsection. The corresponding graphs are pre-
sented in Figure 2.3.
2.5.5.1. Results for 10 agents

We generated results of the median of 100 numerical experiments for ADMM,
STEP-GP and STEP-LGP-based methods using the metric presented in Section 2.5.3.3
through the various quantization resolutions tested. The minimum resolution at which any
quantization method achieved convergence was 5 bits.

In terms of the LOT metric, STEP-GP presented a better performance compared
to Sync:Exact but it was outperformed by Sync:UniQuant in the cases where such a
method had a quantization resolution between 5 and 10 bits. Also, it is observed a stable
performance of all the methods using LGP regression through all the quantization reso-
lutions tested as shown in Figure 2.3 (left). In all the cases, those methods consistently
beated STEP-GP. The peak of performance was attained by STEP-LGP:UniAd-Whit at
7 bits beating by a small margin its own result for the 9 bits case. Through all the results
it is either STEP-LGP:UniAd-Whit or STEP-LGP:UniAd-WhitDit the method that pre-
sented the best performance, with the only exception being the 6 bits case. Starting from
10 bits, the methods using whitening presented a significantly better performance com-
pared to all the other methods. Finally, STEP-LGP:UniAd, STEP-LGP:UniAd-Dec, and

STEP-LGP:UniAd-DecDit presented a similar behavior through the different quantization
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resolutions.
2.5.5.2. Results for 30 agents

Also, we generated the results for 30 agents following the same procedure as in the
previous subsection. In Figure 2.3 (right) we can see that the performance, in this case,
was similar to the 10 agents case in terms of the LOT metric. The most notorious differ-
ence was that STEP-GP was outperformed by Sync:UniQuant for all the tested quantiza-
tion resolutions. In all the cases, LGP-based methods consistently outperformed STEP-
GP. Different from the 10 agents case, the methods STEP-LGP:UniAd-Whit and STEP-
LGP:UniAd-WhitDit did not present the same notorious improvement in performance
compared to the rest of the methods, however, they still attained the best performance for
the 7 bits case.
2.5.6. Overall Remarks

The behavior of methods using whitening transformation reflects that a more com-
plex algorithm can achieve the best results under certain conditions but it lacks the ro-
bustness shown (especially at lower quantization bits) by the less complex method STEP-
LGP:UniAd. The LGP-based algorithms were able to further reduce the communication
expenditure compared to the base STEP-GP algorithm. The best behavior in terms of per-
formance and robustness of any of the proposed quantization-based algorithms is achieved
for a resolution greater than 8 bits.

The results showed the potential of our proposed methods to achieve a really good
accuracy while significantly reducing the communication cost in comparison to the base-

line methods Sync:Exact, Sync:UniQuant, and STEP-GP. Even the less complex proposed
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method STEP-LGP:UniAd is good enough for reducing significantly the communication
cost while reaching an acceptable accuracy level with consistent performance. The peak of
performance in any of the testing scenarios was achieved by a quantization-based method
using orthogonal transformation, either Decoupling or whitening.
2.6. Conclusion to Chapter 2

In this chapter, we developed a hybrid approach that combined the Gaussian
Process-based learning approach with an adaptive uniform quantization approach to
achieve further reduction of the communication cost required in distributed optimization.
The resulting quantization error did not follow a Gaussian distribution, so we proposed a
new regression algorithm. This algorithm, inspired by GP, resulted in a Linear Minimum
Mean Square Estimator named LGP-R, which considered the resulting quantization er-
ror statistics. Communication was also reduced by refining the uniform quantizer with an
orthogonalization process of the quantizer input to handle the inherent correlation of the
quantizer’s input components, and with dithering to ensure the uncorrelation between the
quantizer’s introduced noise and the quantizer’s input. Numerical Experiments of a dis-
tributed sharing problem showed that our hybrid approaches significantly decreased total
communication cost when compared to baseline methods, being able to find the global

solution at even low quantization resolutions.
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Chapter 3. Convergence Analysis

This chapter presents a convergence analysis of the ADMM algorithm for address-
ing the sharing problem when applied in conjunction with two algorithms: 1) the stochas-
tic STEP-GP algorithm [23] and 2) its variant named LGP derived in the previous chap-
ter, which includes adaptive uniform quantization. For the case using LGP, the coordina-
tor can assign different quantization resolutions at each iteration, and we assume that the
number of bits that can be assigned is unrestricted and can go to infinity. This chapter
describes and analyzes the two methods for integrating learning and uniform quantization
into the ADMM to reduce its communication overhead and a general formulation of their
communication decision method. The problems are formulated for a multi-agent setting.
3.1. Introduction

This chapter serves as a complementary discussion of the derivations presented in
Chapter 2. In that chapter, the Alternating Direction Method of Multipliers (ADMM) is
used to solve the sharing problem in a multi-agent setting. The main goal is to reduce the
ADMM communication overhead. The derived approach named LGP has its foundation in
the STEP-GP algorithm presented in [23]. Furthermore, the STEP-GP algorithm extends
the work in [22] which proposed an approach called STEP (STructural Estimation of Prox-
imal operator) that relies on the concept of the Moreau Envelope. The STEP approach
estimates the unknown gradient of the Moreau Envelope by constructing a set of possi-
ble gradients based on past information and then selecting a gradient that is “most likely”

the true gradient. The work presented in [23] improved STEP by learning the Moreau en-

velopes corresponding to the local proximal operators with GP, which are updated online
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from previous query data and used to predict the gradient. The resulting algorithm of this
work was named STEP-GP.

On the other hand, the work in [23] was extended in the previous chapter (Chap-
ter 2) to consider a uniform quantization on the agent’s reply to the coordinator. Follow-
ing an analysis of the statistical properties of the uniform quantization noise, we were
able to derive a mechanism to adapt the uniform quantizer relying on the regression’s pre-
dicted mean and covariance. This adaptation allows that the quantization error can be
approximated to follow a uniform distribution and the correlation of such an error with
the quantizer’s input can be considered negligible. However, the inclusion of uniform quan-
tization violates the condition for GP where all components are considered Gaussian. For
that reason, we derived a new regression scheme constructed upon the concept of a Linear
Minimum Mean Square Estimator (LMMSE). To further ensure the conditions for the
uncorrelation between the input and error of the quantizer, orthogonal transformation and
additive dithering were included. The resulting algorithm was named Linear GP (LGP).
These studies present extensive numerical experiments that prove that a significant reduc-
tion in communication overhead can be obtained by both algorithms. However, we did not
prove the convergence of both algorithms analytically. In this chapter, we complement our
previous research by presenting a convergence analysis for STEP-GP and LGP.

Chapter Organization: We initiate this chapter with a summary of key results per-
taining to the standard ADMM and the Stochastic Inexact ADMM (SI-ADMM) algorithm
that are important for our derivations in Section 3.2. Subsequently, in Section 3.3, we
delve into a brief discussion on the learning-integrated ADMM, employing adaptive uni-
form quantization for the sharing problem. Then, we present the derivation of a conver-
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gence proof for the STEP-GP algorithm in Section 3.4, where we prove that the expected
value of the ADMM residual goes to zero as the algorithmic iterations go to infinity and
do so at a geometric rate. A similar conclusion is reached in Section 3.5, where we present
a convergence analysis for the LGP algorithm assuming that the quantization resolution
can be varied and its variation is unbounded. The convergence analysis for the LGP algo-
rithm when the quantization resolution is bounded is presented in Section 3.6, where it is
shown that the expectation of the ADMM residual is bounded. We present in Section 3.7
the connection between the derived convergence analysis and the LGP algorithm as de-
fined in Chapter 2, since the results in that chapter consider fixed quantization. Finally,
the conclusions for this chapter are presented in Section 3.8.
3.2. Preliminary Convergence Results
3.2.1. Generalized ADMM Convergence Analysis

This subsection summarizes useful results from [44]; however, because the notation
used in [44] is different from that used in [23] and Chapter 2, it will be adjusted to match
our notations. The results from [44] are for the generalized ADMM algorithm solving the

general problem:

minimize,,  f(z) + h(y)

subject to  Ax+ By =-c¢

The algorithm is different from the standard ADMM by introducing smoothing terms

based on the norms. Let the augmented Lagrangian be

1
L(z,y,m) = f(z)+h(y) —m"(Az + By — c) + 5!\% + By — |3
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Choose (Q > 0 and a symmetric matrix P (possibly indefinite). Then each algorithm’s

iteration consists of:

‘ 1
Y = argmlnyﬁ(mk,y, mk) + §||y - yk||§;
1
28 = argmin £ (x, y* T, m") + §||I —z*||%
mFtl — ok Q(Ax’“rl + Byt —¢).
)

Note that the standard ADMM is a special case of the generalized ADMM where P =
@ =0and ¢ = 1. Let s = [x,y, m] with corresponding versions s* for the optimal solutions

and s* for the algorithm iterations. In addition, define the following matrices:

~

P=P+(1/p)AT A, G = Q

where p is the dimension of m. For standard ADMM, with P =@ =0 and ( = 1, we have

BATA A

P=BATA,  G= 0 = (1/p)Gy Go, Gy = 0

ply ply

Also define the norm |[|s||¢ = VsTGs. Assumptions 1 and 2 in [44] are standard for
ADMM convergence.

e Assumption 1: There exists a saddle point s* = (z*,y*, m*) to the problem,
namely, z*, y*, and m* satisfying the KK'T conditions:

ATm* € Of(z*)
B™m* € 0h(y*)
Ax* 4+ By* —c=0.

e Assumption 2: Functions f and h are convex. One of them is also strongly con-
Vex.
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Table 1 Four scenarios leading to linear convergence

Scenario Strongly Lipschitz Full row Additional assumptions
convex continuous rank
1 f Vf A If Q > 0, B has full column rank
2 1.8 v A
3 f Vf, Vg - B has full column rank
4 18 V. Ve -

Table 2 Summary of linear convergence results

Case P, P Q Any scenario 1-4

Q-linear convergence R-linear convergence
1 P=0 =0 (Axk, 2Ky XK, (3 or Byk)y*, 3k
2 P>0 =0 CL )
3 P=0 =0 (Axk, yk 2Ky
4 P=0 >0 (k, yk 2k

Column rank of B; otherwise, only B yk has R-linear convergence
*1In cases 1 and 2, scenario 1, R-linear convergence of yk requires full

Under these assumptions and another technical assumption, Theorem 3.4 in [44] provides
a bound on the convergence rate of generalized ADMM. The theorem is reproduced below.
Theorem 3 (Theorem 3.4 in [44]) Assume Assumptions 1 and 2, ( = 1, and that s* of
the Generalized ADMM is bounded (see remark below). For all scenarios in Table 1, there
exists 0 > 0 such that

Is" = s = (1+0)|Is** — 57

Remark 1 In terms of the boundedness of {s*}, Remark 2.2 in [44] provides several con-
ditions. For example, if the objective functions are coercive then the boundedness is guar-
anteed. Also, for the standard ADMDM, the boundedness is guaranteed if A and B have full
column rank.

We now apply the above results to standard ADMM and more specifically the

sharing problem, as defined in [8,10] having the form

minimize Z filxz)+h Z% : (3.1)
i=1 i=1

42



Theorem 2.2 in [44] states the convergence of {s*} to the KKT point. In particular, for

the standard ADMM as a special case of the generalized ADMM, under the same assump-
tions as above, we have mF — m*, Az¥ — Az*, and By* — By*. The sharing problem is a
special case of the standard ADMM problem with A = I and B = —I; therefore, we have
ub — vt 2F — 27, and §F — 7 (or y¥ — y7). Note that here u is just the scaled version of

the dual variables m.
Applying Theorem 3 to the standard ADMM and the sharing problem, we have:

e For standard ADMM: there exists o > 0 such that
Az — z7) 2 gkl — g%)
H{ N ] ) (1+9) k+1 o
e For the sharing problem with standard ADMM: there exists § > 0 such that

s } > o) | a2

u
for all 7 stacked vertically.

2

2

2

Y

2

3.2.2. Stochastic inexact ADMM (SI-ADMM) Convergence Analysis
This subsection summarizes the stochastic inexact ADMM for the general ADMM
problem and its convergence result in [45]. The paper considers the general stochastic

ADMM problem (of which the sharing problem is a special case):

minimize, , E[f(ic, &)+ E[E(Z/a )]

subject to  Ax+ By =c¢

for some random variable £ with known distribution. This problem can be solved by the
standard ADMM if f(z) = E[f(z,€)] and h(y) = E[h(y,£)] can be calculated analyti-
cally and easily. However, this is not true in many cases and f(z) and g(y) can only be
approximated. This means that the ADMM steps where the proximal operators of f
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and g are evaluated cannot be done exactly. For example, argmin, f(z) + 2ip||x — 2|3
cannot be solved exactly easily. To overcome this issue, the paper proposes applying a
sampled gradient descent approach to solve the proximal minimization problems. For in-
stance, given a sequence of N samples {&f,,...,&f Ng} of &, then the above stochastic
proximal minimization can be solved approximately by iterative gradient descent steps:
g =2, -V, (E[f(m, &)l + 5l = vk\@) It can be shown that as N{ increases, the
error between xivfl and the true solution w7, decreases and can be bounded.

Given the above approach, the stochastic ADMM algorithm is modified as follows

(simplified version of Algorithm 2 SI-ADMM in [45]):

Ypr1 18 such that E[||yr1 — y,:+1||2] < Mer1

Tpe1  is such that Ef||wgsr — 7512 < i

M1 =my — Yp(Azgs1 + Bygs1 — ©)

where y; . is the unknown true solution of the generalized proximal minimization (with
an extra smoothing term), #;_; is the unknown true solution of the generalized proximal
minimization that uses y41 instead of y;,, (hence the tilde).

The key theorem of the papers can be stated below (Theorem 2 in [45]).
Theorem 4 Consider the above SI-ADMM algorithm. Under certain technical assump-
tions (see [45]) and Y 7, /M < 00, we have that ||s, — s*||¢ — 0 almost surely as k — oco.
Here, s = [z,y,u] and G is a matrix derived in the work on generalized ADMM [44].

Lemma 3 Let {v;} be a sequence of nonnegative random variables, where E[vy] < oo, and
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let {ux} and {ux} be deterministic scalar sequences such that:

Elvkt1]vo, . o) < (1 —ug)vg + pg a.s. Vk >0,
O0<up <1, =0, VE=0, Y2 ur=00, > poghk <00, limk%m‘g—: = 0.

Then v, — 0 almost surely as k — 0.
3.3. Problem Formulation

In the setting of a multi-agent optimization problem where the structure resembles
the sharing problem as defined in (3.1), each of the n agents has local decision variables
x; € RP and a strongly convex local cost function f;: R? — R. Their objective is to
minimize the overall system cost, which comprises their local costs and a convex shared
global cost function h: R? — R.

The problem presented in (3.1) can be equivalently reformulated by introducing

auxiliary variables y; for each x; as

minimize i fi(x;)+h (i %)
i=1 i—1

subject to x; —y; =0, Vi=1,...,N.

(3.2)

Because the agents must keep their local cost function f; private, each agent ¢ only pro-

vides the solution to the following local prozimal minimization problem to the coordinator

prox;f,i(zf) = arg min {fz(xz) + ngZ - zf||2} , (3.3)
P

z;€RP
in response to a value (a query) zF sent to it by the coordinator at iteration k, where
p > 0 is a penalty parameter. The problem posed in (3.2) can be solved using the ADMM
algorithm following the query response mechanism and ADMM updates explained in Sec-

tion 2.1.
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Our approach named LGP considers adding adaptive uniform quantization as
explained in Chapter 2. We assume in the following results that the adaptation of the
quantizer is done not only over the middle point and the window length but also over
the quantization resolution. This means that the coordinator can adjust the bits used for
quantization as needed. The LGP approach considers first defining the communication

decision variable for agent ¢ in iteration k as

1, if agent 7 is queried
k _
Vi =
0, otherwise.
1
When ~F = 1, the query 2F is sent to agent i to obtain the quantized value of V f/(zF). In

contrast, when v = 0, we use the predicted value 1f(2F¥) given by the LGP regression. We

then define an expression 8F as

B = A Qua(V £7 (25)) + (1 — 49) b (21).

Contrary to the regular STEP-GP algorithm, we always have a source of inexactness ei-

ther from the LGP prediction when there is no query or from the adaptive uniform quan-
tization when a query is made. This is due to the decision mechanism used in Chapter 2,
where we aim to limit the general inexactness by 1*. The value of the threshold ¥* deter-

mines which agents to be queried. This decision mechanism is expressed in the following
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optimization problem:
n

minimize Z [(vF)b!]

L i=1
subject to bf eN,

v €{0,1},

S [t s trace(SHat) + (1 = yrace(steb) | < ok

i=1
The threshold ¢* decreases at each iteration to keep up with the decrease of >i' | trace(XF(zF)).

0
22bf

In addition, it is important to note that ¥ < (1 —~F) and, depending on the value of b¥,
the uncertainty resulting from the prediction could be much greater than the uncertainty
resulting from the quantization of a particular agent. Furthermore, b is assumed to be
unbounded, so its value can be as large as necessary to satisfy the constraint. Thus, the
value of this variable can go to infinity, making the quantization uncertainty vanish if nec-

essary. Finally, the sharing ADMM expression considering the communication reduction

can be expressed as:

71 = agmin {h(ng) + (np/2) | — 2 — |}
yeRP

vt =z = (1/p)B;

uk+1 — uk + i.k+1 o gk+1' (35)

3.4. Convergence Proof of the STEP-GP algorithm
In this section, we present a convergence analysis for the STEP-GP algorithm pre-

sented in [23]. This algorithm has ADMM updates similar to (3.5) when solving the shar-
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ing problem. However, it considers the following problem for querying decision-making
minimize  ||7*]|;
’Yk

subject to ¥ € {0,1}. (3.6)

> [ = F)trace(ZE(=f))] < o*.

=1

Here, we want to minimize the number of communicating agents while keeping the global
prediction uncertainty bounded. The threshold v* decreases at each iteration, ensuring
that the uncertainty given to the system also reduces over time until it eventually van-
ishes. However, at the moment when the threshold 1* decreases too much, we query all
agents at each iteration impacting the communication reduction in the last rounds before
reaching convergence.
3.4.1. Preliminaries

Define s* = [7%; #*; u*] and that ZF collects the query information from each agent
i up to iteration k. The STEP-GP algorithm defines the mapping I'**! : s — s**1 which
gives a mixture of inexact and exact values depending on the value of the decision variable
7¥. On the other hand, the exact ADMM algorithm defines the exact mapping T'**! : s& —

skt where skl = [zF; 7%: u¥] are the exact values. Note that 7,* = %", therefore it is

always known exactly.
The following convergence proof is constructed upon the querying policy in (3.6)

and the mean square error between the inexact and exact values of z¥*! and u**!. Those

expressions are given by:

e We know that (2! — x’:fl) = (1/p)(B¥™ — B¥), and it can be shown that

*,2

Efllo; ™" — 20 [P1yf] = trace(Cov(a ™ — ol 9F)) = (1/p)*((1 — 9f)trace(Sf (=)

7 A *,0
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Thus,

n

E[llz*" = 2t P* = (1/0)° Y (1 = ~f)trace(S(2)))

=1

e We can express uf*t = —(1/p)*, so

Bl -t = (P2) 3 (- faestl) 6)

i=1

e Due to the querying policy defined in problem (3.6), we have that

Eflla" — 2y Py < (/)"0

3.4.2. Upper-bound on the expected value of the ADMM residual for STEP-
GP

In each iteration, we consider the following variables: s* is the state of the algo-
rithm at the beginning; s**! is the output of the STEP-GP algorithm, which is a random
variable; s*1 is implicitly produced by the exact ADMM algorithm. Therefore, the STEP-
GP algorithm produces a sequence of random variable samples {s*}.

Let s* be the KKT solution (to which the exact ADMM converges). Note that
s* is a fixed point of the mapping I'*, that is, s* = I'*(s*). Define 8* = [2*;u"], which
is part of s* (excluding 7). We consider the residual ¥ = [|s¥ — §*|], = ||s* — s*||g
. Henceforth, we will omit the conditioning on ~* for brevity. Let Z* denote the total
information collected, i.e., the total history of the queries, of all agents ¢ up to iteration k;
in other words, Z% =  J, ZF.

Theorem 5 Consider the STEP-GP algorithm for the sharing problem. Suppose that the

3 assumptions in [45] hold and Y .o, \/¥* < co. Then E[e"™|I"] is bounded by
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where g = (1/p)1/ (1 + (55)).

Proof: This proof follows the proof of Theorem 2 in [45]. First, we develop a bound

on E[f|s*** — s*||c].

*,7

n
E[|s""! = 5| Z] =B | | D [l — ab T3 + [Jubtt — o3|
=1

n
< | D Ellleft = 2fHBIZH + Efljuf+t — w327
i=1

= S0k 1 Bl — b BT

where the inequality comes from applying Jensen’s inequality, the concavity of the square
root, and the querying policy condition. For the second term we apply (3.7) and the con-

straint in (3.4), giving that
(1/p)\’
Bl -t Bz < (B2 o
n

Therefore,

B[I5* — o5 lol*] < \/ R e

where g = (1/p)y/(1+ (;2))-

Now, consider the residual €¥. We have that
E[e"T" = E[|[s*" — s*[|6|Z*] = E[||s""! — s 4+ s — 57| |6[Z"]

< E[|s* = s, M6l + BT (sY) — T*(s7)l6|Z"]

1 *
< gV + ol — 5"l 1T
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for some § > 0, where the last inequality comes from Theorem 3 in [44]. It follows that

1
E[e* "] < k4t ——E[| 7).
T < gV BT

3.4.3. Rate of Convergence and Convergence of the Expected Value of the
Residual of STEP-GP

In the following lines, we prove that if ¥ decreases geometrically, then the ex-
pected value of the mean square error of the ADMM residual when using the STEP-GP
algorithm converges to zero as k — oo and does so at a geometric rate. First, we restate
Lemma 4 proven in [45] as:

Lemma 4 Given a function f(z) = zw® where w < 1. Then, for all z > 0, we have that
zw* < DI,

1
where w <1 < 1 andD>W.

This lemma makes the following Theorem to hold:

Theorem 6 Consider the STEP-GP algorithm. Suppose that Theorem 5 holds and

VUF = (a)* for some 0 < a < 1 (note that (a)* refers to a constant raised to the power

k). Then for every k > 0, we have that
E[*[Z"7'] < (9D + ) (D),

where | > r = max(ﬁ,oz) and D 1is chosen such that D > m Furthermore,

E[e*|ZF 1] — 0 as k — oo.

Proof: Let a = \/11?5. Since \/y* = (a)* where a < 1, we have the following
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sequence of inequalities based on the bound E[e*|Z%] < g(a)* + aE[e*|Z%1].
E[e"Z"] < aB[" 757 + g(0)* < (a)’E["HZ*7?) + ag(a)*" + g(a)*

< (@EE"T T+ (a)?9(0)* ™ + ag(a)*" + g(a)*

< (a)fte 4 g Z < (r)Fe® + CZ(T’)k
= (& +gk+ 1))k < (% + ck)(r)*

E"|Z"Y] < (&% +g(k = 1))(r)" .

From Lemma 4, it can be shown that there exist scalars [ and D satisfying [ € (r, 1) and

D > 1/In(({/r)¢) such that
E["|Z" 1 <%0 4 g(k = 1)(r)" ! < %) + gD(r) ! < (€° + gD)()*!

Finally, since [ < 1, it follows that as k — oo then E[g*|ZF1] — 0. O]

3.5. Convergence Proof of the LGP algorithm with Unbounded Quantization
Resolution

In this section, we present a convergence analysis for the LGP algorithm presented
in Chapter 2. However, we consider the case where the coordinator can vary the quantiza-
tion resolution at each iteration and it is not fixed as in our previous study. Moreover, we
assume that we can assign an infinitely large quantization resolution if needed.

3.5.1. Preliminaries
The mapping and definitions of s*, s*, and s* are the same as in Section 3.4.1.

The convergence proof is constructed upon the querying policy in (3.4) and the

k+1 k+1

mean square error between the exact and inexact values of z;7" and w”™". These expres-
sions are given by:
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o We know that (z}*' — 21" = (1/p)(B5"" — BETY), and it can be shown that

Efllai*" — 2517 0E] = trace(Cov(ai™ — 2l v5)) = (1/p)* (v Sirtrace(SF(2)) +

(1 — yF)trace(SF(2F))). Thus,

Bl — ot P = (170 3 (o ppptrace(SHE) + (1 - fmace(=t:1) )

=1

e We can express u* ™! = —(1/p)3*, so
k+1_ k+1((2)k (1/P)2n g 0 k(. k k k(. k
EflJu* —uy ™ |[F|7"] = B Z Vi 20F trace(Xj(z;")) + (1 — ;") trace(X ("))
i=1

(3.8)
e Due to the querying policy defined in the problem (3.4), we have that

Efla" — 2Py < (/)"

3.5.2. Upper-bound on the expected value of the ADMM residual for LGP

In each iteration, we consider the following variables: s* is the state of the algo-
rithm at the beginning; s**! is the output of the LGP algorithm, which is a random vari-
able; s**1 is implicitly produced by the exact ADMM algorithm. Therefore, the LGP
algorithm produces a sequence of random variable samples {s*}.

Let s* be the KKT solution (to which the exact ADMM converges). Note that s*
is a fixed point of the mapping I'*, that is, s* = I'*(s*). Define §¥ = [2*;u*], which is
part of s (excluding ¢*). We will consider the residual ¥ = |[|8F — &*||, = |[s* — s*||¢
. Henceforth, we will omit the conditioning on 7* for the sake of brevity. Let Z* denote
the total information collected, i.e., the total history of the queries, of all agents ¢ up to
iteration k; in other words, Z% = | J, Z*.

Theorem 7 Consider the LGP algorithm for the sharing problem. Suppose that the 3
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assumptions in [45] hold and Y 7o | \/¥* < co. Then E[e*T1Z*] is bounded by

5 k:|Ik 1]

where g = (1/p)1/(1+ ().
Proof: This proof follows the proof of Theorem 2 in [45]. We first develop a bound

on E[||s*T! — s*||g].

n
Ellls**" = i l6IZ =B | | Dl =l + [Juktt — o3|

< A SCE(t — 2 BIZH + B[kt — 31T

= /o0 + Bl T

where the inequality comes from applying Jensen’s inequality, the concavity of the square
root, and the querying policy condition. For the second term we apply (3.8) and the con-

straint in (3.4), giving that
1/0)\" 4
B+t - iz < (W2
n

. Therefore,

B[+ — st} < \/ Wit + (VL) = g/t

where g = (1/p)1/(1+ (:5)).

Now, consider the residual €¥. We have that
E[" I = E[||s""! — s*[|6|Z"] = E[||s"*" — sI*! + si! — 5"[|6|T"]
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< E[|s* = s M6l + BT (sY) = T*(s7)l[|Z"]

<g\/_+

E[l|s" — s"[|cIZ"]

for some § > 0, where the last inequality comes from Theorem 3 in [44]. It follows that

k|z-k 1]

3.5.3. Rate of Convergence and Convergence of the Expected Value of the
Residual for LGP

In the following lines, we prove that if 1)¥ decreases geometrically, then the ex-
pected value of the mean square error of the ADMM residual when using the unbounded
LGP algorithm converges to zero as k — oo and does so at a geometric rate. Taking into
account Lemma 4, we formulate the following theorem:

Theorem 8 Consider the LGP algorithm. Suppose that E[e*1TF] < g\/W +
L_[[c*| %] holds and /% = (a)* for some 0 < a < 1 (note that (a)* refers to

7

a constant raised to the power k). Then for every k > 0, we have that

E["|Z"] < (gD + ") ()",

where |l > r = max(\/llw,a) and D is chosen such that D > m Furthermore,
E[e*ZF 1] — 0 as k — oo.

Proof: Let a = \/11+—5

¥ where a < 1, we have the following

)



sequence of inequalities based on the bound E[e*|Z%] < g(a)* + aE[e*|Z%1].

E[€k+1|zk] < gE[8k|Ik_1] + g(Oz)k < (a)QE[6k_1|Ik_2] + ag(a)k—l + C(Ol)k

< (@B + (a)?9(0) ™ + ag(a)* " + g(a)*

< (@) +yg Z(a)’“*j (@) < ()" +g Z(?‘)’“

= (€ + gk +1)(r)" < (" + gk)(r)"

= E[" 2] < (€ + gk — 1))

From Lemma 4, it can be shown that there exist scalars [ and D satisfying [ € (r,1) and

D > 1/1n((I/r)¢) such that
E"|Z" <) 4 g(k = 1)) < () " 4+ gD < (€° + gD) (D).

Finally, since [ < 1, it follows that as k — oo then E[g*|ZF~1] — 0. O]

3.6. Convergence Analysis of the LGP algorithm with Bounded Quantization
Resolution

The convergence analysis in the previous subsection assumes that the quantization
resolution can be infinitely large, eventually making the uncertainty zero if all agents com-
municate. In real life, having an infinite quantization resolution defies the purpose of using
quantization. However, not allowing the quantization resolution to be infinitely large goes
against the condition to conclude the convergence that the uncertainty eventually reaches
zero as k goes to infinity.

Let us define the maximum possible value of bf as bmax. In the limit case, let us say
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5 Variation of the Bound on the expectation of the residual through the iterations
T T T

0.027 I I I I e S
[
0 50 100 150 200 k' 250 300
Number of Iterations (k)

Figure 3.1. Upper bound of the expected value of the residual through the iterations for
values of a = 0.97, n = 10, p = 10.

that iteration £’ is the last iteration where the constraint is met having the form:

n

> (g traceH () ) < ot

i=1

where we assume the lowest possible uncertainty that is attained when all agents are
queried. This is because for any given agent, the quantization uncertainty is smaller than
the GP prediction uncertainty following the expression in (3.4). Iteration &’ is the last one
in which the constraint is met. Therefore, in iteration & + 1 we are forced to stop the
algorithm because the threshold wf/“ will be smaller than our uncertainty measure that
cannot decrease any further. However, at iteration k' we still satisfy the condition so the

results of Theorem 7 hold leading to

E[Ek/—i-llz'k/] S q 1/}k/ + E[Ek/|zk/_1].

1
V1446
Then, we can do the same analysis as in the proof of Theorem 8 leading to the inequality

E[eX Y ZF] < (€2 + gk ) (r)¥ .
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Figure 3.1 shows the plot of the bound (£° + gk)(r)* where we can see that it increments up
to a certain iteration at first and then starts decreasing indefinitely. The region where the

function d(k) decreases is given by

0
k> s
g

(1—r)

T

(1=r)

The constant — % defines the iteration where d(k) starts to decrease.

Unfortunately, having a bound for k" involves having a bound on trace(X¥ (2£))
that depends on &’. However, the error bound is not infinitely large even in the worst-
case scenario, meaning that the uncertainty is always bounded. Considering that iteration
k' is an extreme case and assuming a well-designed threshold mechanism, we anticipate
that by the time we reach this moment the residual limit is not significantly large, as
shown in Figure 3.1, so the solution we have at that moment is in the vicinity of the true
solution. In the hypothetical case presented in Figure 3.1, considering that k&' happens at
iteration 220 then the bound on the residual is small at 0.027. This is mostly because our

algorithms make sure that the overall uncertainty keeps decreasing at each iteration.

3.7. Discussion on Convergence Behavior of the Specific Approach presented
in Chapter 2

In the previous subsections, we presented a convergence analysis for the STEP-GP
and LGP algorithms when the query mechanism is performed by comparing the trace of
the covariance matrix X¥(2¥) to a decaying threshold instead of the maximum element
of the diagonal of ¥:F(2¥) as presented in Section 2.5.3.4. The following lemma presents
a relationship between the convergence proof presented in Section 3.4 and the STEP-GP
algorithm under the querying mechanism in Section 2.5.3.4.

Lemma 5 Under the querying mechanism presented in Section 2.5.3.4, the STEP-GP
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algorithm converges and does so at a geometric rate.
Proof: The querying mechanism presented in Section 2.5.3.4 determines if commu-

nication is required following

0, if max(diag(XSF(2F))) < oF
o - (3.9)

1, otherwise,

with local threshold ¢F = ¢ (a)F—*o.
Since the trace of XF(zF) is the sum of its diagonal entries, we can establish the

following relationship
trace(SF(2)) < pmax(diag(Zf (2]))) < piy-

Assuming that the assessment to determine v* for each agent was already made, we take

the sum over all agents:

n

> [ =f)trace(SE(=))] < pY [(1—F) max(diag(Ef(=)))] < p Z vy

i=1 i=1
The bound imposed on Y7, [(1 — 7#)trace(X¥(zF))] (the same term used in Section 3.4)
follows the same form of a constant multiplied by a geometrically decaying term. Since
the sum of the maximum variances is bounded by this threshold form, Theorems 5 and 6
also apply to the querying mechanism presented in Section 2.5.3.4. This communication
strategy imposes a tighter bound than that using the trace. 0
On the other hand, the previous subsection presents a convergence analysis for the
LGP algorithm when the quantization resolution is bounded. Theorems 7 and 8 show the
convergence of the LGP algorithm using trace for the communication decision when the

coordinator can vary the quantization resolution at each iteration and there is no bound
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on the value that such resolution can take. The LGP algorithm presented in Chapter 2
has the added complication that its quantization resolution is fixed. For the case when
the quantization resolution is bounded, we present a discussion in Section 3.6 where con-
vergence is not concluded but it is shown that the expectation of the ADMM residual
is bounded by a decaying bound. We are currently working on the convergence analy-
sis when quantization is present, the quantization resolution is fixed, and the querying
method presented in Section 2.5.3.4 is used. Those results will be presented in a future
work. However, the empirical evidence of the extensive experiments performed suggests
that the LGP algorithm as presented in Chapter 2 converges to an acceptable solution
while not dramatically increasing the number of iterations required to reach convergence.
3.8. Conclusion to Chapter 3

In this chapter, we present a convergence analysis for the STEP-GP and LGP al-
gorithms. The proofs were based on the convergence analysis of the generalized ADMM
and SI-ADMM algorithms. For the case of the analysis of the LGP algorithm, we assumed
that the coordinator can vary the quantization resolution at each iteration and that it can
assign infinitely large bits for quantization. We also present convergence properties in the
case where the quantization resolution is upper bounded using the LGP algorithm, leading
to the conclusion that the expectation of the ADMM residual is bounded and such bound
was explicitly stated. Finally, we present a connection between the analysis in this chapter

and the algorithms defined in Chapter 2.
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Chapter 4. Optimal Query Strategies for Communication-efficient
ADMM using Gaussian Process Regression

Chapter 2 presented a hybrid approach combining an LMMSE regression with
quantization to reduce the overall communication overhead when solving a distributed
optimization problem with the ADMM algorithm. As explained in Section 2.5.3.4, the
decision of whether communication is required at every iteration is done using a heuristic
criterion utilizing the predictive covariance matrix of V fil/ (). Although the proposed
hybrid approach resulted in a significant communication reduction, we believe that a re-
finement of the communication criterion could significantly impact the performance of
ADMM using GP regression. Since this decision method directly affects how regression
impacts the ADMM algorithm, we want to focus on ADMM performance when there is no
quantization involved. Therefore, we could observe the impact of different query strategies

on ADMM without being affected by the potential impact of the quantization error.

Chapter Organization: We begin with the problem formulation in Section 4.1. The
systematic querying framework is presented in Section 4.2. We present our proposed joint
query mechanism in Section 4.3, followed by our proposed individual query strategies
in Section 4.4. A probabilistic comparison between the proposed methods, which leads
to an expected querying behavior, is presented in Section 4.5. The numerical results are

presented in Section 4.6, and the conclusions are made in Section 4.7.

This chapter previously appeared as: A. Duarte, T. X. Nghiem, S. Wei, Optimal Querying for
Communication-efficient ADMM using Gaussian Process Regression, Franklin Open 6 (2024) 100080.
This is an open access article distributed under the terms and conditions of the Creative Commons Attri-
bution license, an no permission is required for reprinting, https://doi.org/10.1016/j.fraope.2024.100080.
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4.1. Problem Formulation

This chapter considers a sharing problem with n agents and a central coordinator,
similar to that in [8,10]. In this problem, a global cost, which includes all agents’ strongly
convex local cost functions f;: RP +— R on local decision variables x; € RP and a convex

shared cost function h: R? — R, is minimized, as denoted by the expression

minimize ZfZ (xi) +h (Z xl> . (4.1)

The cost function f; is known only to its corresponding agent. Additionally, the problem
(4.1) is solved with communication allowed only between the coordinator and agents, but
without exchange between agents.

The sharing problem (4.1) is solved using ADMM as shown in [8] with the follow-

ing updates
2 = arg rlgin {fi(xi) + (p/2)||2; — 2F — g~ + 7° + ukuz}
x; ERP

7" = arg g}l}in {h(ng) + (np/2)|y — T — “k||2}
ge

uk+1 — uk _|_ Ek+1 _ gk+1’ (42)

where k is the algorithmic iteration count, p > 0 is a penalty parameter and z*¥ =
(1/n) Y7, «¥. In iteration k, the coordinator sends a query value zF to the i-th agent and

7

receives the following local proximal operator as a response

. p
prox 1 (=) = argmin { fi(w) + £ s — 212} (4.3)

z;ERP

The z-minimization step in (4.2) consists of the local proximal minimization problem, for
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every agent 1,

I§+1 k k)

:proxﬁfi(iff‘f'?]k—f —u
k

%

4.1.1. STructural Estimation of Proximal operator with Gaussian Processes
(STEP-GP) Overview

For brevity, we will drop the subscript ¢ and the superscript k£ in the subsequent

equations. The Moreau envelope of f is defined as

=

£2(2) = min { f(@) + Ll — 2|2} (4.4)

z€R™

When f is a convex function, the Moreau envelope f s is conver and differentiable with
Lipschitz continuous gradient with constant p. Furthermore, given that the unique solution

to the proximal minimization x%(z) = proxi ;(2) is [35, Proposition 5.1.7]
P

’ —Z—1 o (2
xr(z) = pr (2), (4.5)

the optimal solution of (4.3) only requires the gradient V f ’ (z) to be reconstructed. In

[23], we proposed using GP to learn the local proximal operators, based on the training
sets from past data to predict Vf%(z), thus improving the STEP method in [22]. This

approach is named STEP-GP.

In particular, in STEP-GP, the coordinator maintains a GP model, named
proxGP, for each agent. Each GP model predicts the gradient V f;(zf) of each agent’s
Moreau envelope, which has a multivariate Gaussian distribution with conditional mean
E {V f; (zf)} = u¥(2¥) and conditional covariance matrix Cov [V fz’lj(zf)] = Y¥(2F). The

coordinator then uses an uncertainty measurement coming from the conditional covariance
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Figure 4.1. Flow diagram of the query decision and the query process and response be-
tween the coordinator and 4 agents in the proposed approach.

matrix to decide whether to query each agent. More details of the STEP-GP method can
be found in [23].
4.1.2. Query-Response Dynamics

In Figure 4.1, we present one round of the proposed algorithm for a network of 4
agents. The GP regression block named proxGP refers to the GP prediction of f; (2F) and
\Y f; (2F) as presented in [23]. The coordinator has a corresponding proxGP for each agent,
which is trained on its past query data with the agent. The coordinator first calculates the
query variables z¥ for each agent and uses them as input to the agent’s proxGP. Using the
covariance matrices ¥.F(zF) given by the proxGPs, the coordinator decides which agents
are to be queried. In the figure, agents 1 and 2 are set to be queried, so the coordinator

sends z¥ and 2} to the agents, which solve their proximal minimization problems, depicted
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by block Proxi . It then receives the Moreau envelopes fli (2), f;(zé’ ) and their gradi-
ents V fI% (21), V f; (25) as responses from agents 1 and 2. Meanwhile, for agents 3 and 4,
which are not queried, the coordinator uses the corresponding predicted values pf(2%) and
pk(2F) from their proxGPs to perform the ADMM updates.
4.1.3. ADMM Updates with GP

Following the query-response mechanism presented in Figure 4.1, the ADMM ex-
pressions in (4.2) are modified to include the proxGP regression. First, let us define the

communication decision variable for agent ¢ at iteration k as

1, if agent 7 is queried
N = (4.6)
0, otherwise.
1
When vF = 1, the query zF is sent to agent i to obtain the exact value of V£ (2F). On the
contrary, when v = 0, we use the predicted value pf(2¥) given by the GP. We then define
the received value 3F as

BY = AET £ (o) + (1 — 45)(2h). (4.7)

The ADMM expressions in (4.2) can now be reformulated as:

vt =2 = (1/p)B

7" = argmin {h(ng) + (np/2) |7 — 7 ="}
ye

uk:-i-l — uk + :Z,k—i-l . gk—f—l. (48)

This chapter focuses on how the query decision-making, represented by the blue

diamond block “Query Needed?” in Figure 4.1, can be carried out effectively.
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4.2. General Querying Decision Framework

The main objective of including GP regression in the ADMM algorithm when solv-
ing a distributed optimization problem is to reduce communication overhead. However,
we do not want it to significantly affect the algorithm convergence and accuracy of the
optimization solution. A key component in the ADMM updates when GP is used, as pre-
sented in (4.8), is the variable 8¥. This variable becomes the exact gradient V f; (2F) of
the Moreau envelope or its predicted value, depending on 7F. In (4.8), the set of zF+1 ¥
and u**! can be considered as a high dimensional vector trajectory to the global solution.
This trajectory is affected by 8F, which depends on the communication decision variable
7k as defined in (4.6) and (4.7), which in turn affects the GP regression accuracy and the
optimization performance. Therefore, the mechanism to decide ¥ will ultimately impact
the overall communication and optimization performance. If the coordinator does not have
a sound and systematic mechanism to determine when to send queries to the agents, the
ADMM algorithm could require excessive iterations to converge or never achieve conver-
gence. Furthermore, it may reach an inaccurate solution upon reaching convergence. We
propose a systematic querying framework that balances two opposing criteria: communi-

cation overhead reduction and optimization performance. In this framework, the querying

decision solves an optimization of the form

minimize  comm(y"),
subject to 7F € {0,1}, 1 <i<n (4.9)

uncer(y*) < ",
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where comm(7*) is a communication cost function, uncer(y*) is an uncertainty function
caused by the GP regression, and ¥* is a given threshold that fluctuates at each iteration.
The uncertainty is compared with the threshold because we want to limit the prediction
error at each step so that the reduction in communication does not introduce an insur-
mountable amount of error to the ADMM algorithm. Therefore, the decision outcomes
depend on how we measure those criteria. We can define the communication cost in sev-
eral ways, such as the number of agents communicating at each iteration or the number
of bits exchanged at each communication round. The uncertainty is measured by the pre-
diction uncertainty of the agents’ proxGPs. Thus, we define the query strategy in (4.9) as
minimizing the communication cost under a constraint on the uncertainty introduced by
proxGPs.

In general, the optimization problem (4.9) has to be solved using a combinato-
rial approach due to the n binary variables {y*},—;... ,. The computation cost, therefore,
could be prohibitive when the number of agents is large. For that reason, in this chapter,
we will seek approaches for solving (4.9) under certain communication cost and uncer-
tainty functions without resorting to combinatorial techniques.

4.3. Proposed Joint Query Method

In this section, we propose a joint query strategy within the general framework,
where the uncertainty function in (4.9) is the trace of the joint covariance matrix of the
ADMM variables affected by the GP regression. In the following subsection, we justify

why this uncertainty function is a suitable representation of the overall prediction error.
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4.3.1. Justification of Adopting Trace of the Covariance Matrix as the Uncer-
tainty Function

Consider a real Gaussian random vector F' ~ N (p, ) with mean vector p and
covariance matrix g, where the {** element of j is ji;, and the [** element of F is F}, with
[ € {1,...,p}. Our objective is to determine a sufficient condition for the L2 norm of
the discrepancy between F' and its mean to be small with high probability. This can be

expressed by the confidence sphere:
PIF = plla < llpll20] > 1=, (4.10)

where ¢ and ¢ are two small numbers chosen in advance for quality control. The values of
0 and ¢ must be small because we want the discrepancy between the actual value and the
mean of F' to be small with high probability, so these control variables will determine how
tight we allow the discrepancy to be and with how much probability.

The following proposition presents a sufficient condition for (4.10).

Proposition 4 A sufficient condition for (4.10) is given by

(S < 262 — 2 [ M In(1/8) + Vin(1/8) | SN | - (4.11)

Proof: The proof is presented in Appendix G. O

Proposition 4 suggests that the trace of the joint covariance matrix of the ADMM
variables affected by GP regression, as the random vector F', can be constrained to control
the desired prediction errors, which affect the convergence of the algorithm and the accu-
racy of the solution. Therefore, it justifies the use of this trace as the uncertainty function

uncer(y*) in (4.9).
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4.3.2. Proposed Joint Query Method

Following the general querying decision framework presented in Section 4.2, we
propose using the L1 norm of v* as the communication cost function, which indicates how
many agents are queried in the current iteration.

The uncertainty function uncer(-) is selected based on the analysis in the previous
subsection and the work [46]. The authors of [46] present a stochastic approach to inexact
ADMM in which the expectation of the mean square error of the inexact ADMM variables
with respect to their exact counterparts is bounded. It can be shown that the bounded
expectation is equal to the trace of the error covariance matrix. Extending both analyses
to our problem, we propose to use the trace of the joint covariance matrix of the iterative
variables of the ADMM algorithm, given by tr(Cov[z**!; g**1; uF1|4*]), to derive the
uncertainty function. Here, tr(-) is the trace operator.

We thus have the following realization of the general optimization problem (4.9):

minimize  ||*|;
subject to 4 € {0,1},1 <i <n, (4.12)
tr(Cov[z"™; 7" uF VM) < ©F,

where the threshold ¢* varies at each iteration. The rationale for (4.12) is to choose the
smallest set of agents to query while ensuring that the trace of the joint uncertainty
caused by not querying the other agents does not exceed the threshold /¥, thus ensur-
ing that there is a high probability that the uncertainty is within a desired sphere. Fol-
lowing the convergence analysis for the stochastic inexact ADMM in [46], we choose the

sequence of thresholds 1" such that >",2 ¥ < oco. More details on ¢* are presented in
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Section 4.3.4.
Next, we present an efficient solution to the problem in (4.12) without resorting
to a combinatorial approach by exploiting the convexity and linearity of the cost func-
tions and constraints considered. The idea is that the search for a set of agents to query
starts with the scenario where the communication cost is maximum and the uncertainty
is minimum. Then, we calculate the contribution to the joint trace of each agent where
the ones that contribute the least to the joint uncertainty will be the first candidates not
to be queried in the current round. Instead of considering each possible combination, we
analyze the constraint on the joint uncertainty each time the next candidate is set to
skip communication until the constraint is met. The proposed joint query method named
L1Norm-Trace follows the steps listed below at iteration k:
gL

1. For each agent, calculate its uncertainty contribution un; = tr(Cov]| gLkt gk =

0, ’le'c;éi = 1])
2. In the order from the smallest to the largest un;, pick all the agents whose sum

of un; does not exceed the threshold * and set their v* to 0, i.e., they are not

queried. The remaining agents are to be queried, i.e., their 77 are set to 1.

The proposed strategy does not consider all possible combinations of communicat-
ing agents, as it would be necessary to combinatorically solve the problem posed in (4.12).
However, our strategy solves this optimization problem optimally.
Lemma 6 The L1Norm-Trace method solves the optimization problem in (4.12) opti-
mally.
Proof: If our method is not optimal, then our selection of agents to be queried does

not minimize the communication cost while ensuring that the uncertainty constraint

is met. Because we select agents from the smallest to the largest un;, we select the
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largest number of agents to not be queried such that the uncertainty constraint is met.

There is no other selection of agents that can further reduce ||*||; without violating

Z (COV[ k+1’ylk+1 k+1”% ]) < wk n

) 'L

k+1.

The next subsections derive the calculation of the joint trace tr(Cov[z*+1; gF+t; o 1]|y*])

and present the mechanism to vary the threshold *.
4.3.3. Derivation of the Trace of the ADMM Joint Covariance Matrix

In this subsection, we first present an equivalent expression to the ADMM
updates presented in (4.8) that allows us to see the inherent coupling of the agents.
This expression is then used to find the specifics of the proposed uncertainty cost
tr(Cov[a*L; g1 4*+1]|4*]). The following proposition uses the notation presented in the
problem definition in Section 4.1.
Proposition 5 The specific form of the ADMM algorithm presented in (4.8) has an equiv-

alent expression given by

vt =27 — (1/p)B;
uk-i—l — (1/p)th/p (’Uk)

g =gt —1/(pn) > BF —ut, (4.13)
=1

where vF = ny* — (1/p) S0, BF and Vh™?() is the gradient of the Moreau Envelope of the

function h.

Proof: The proof is presented in Appendix H. 0
The expression in (4.13) presents the ADMM updates in terms of the gradient of

the Moreau Envelope of functions {f;} and h, and follows the calculations for the ADMM

algorithm executed on the coordinator side. More importantly, such an expression also
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shows that each agent’s S¥ is present in each of the ADMM updates, especially in the

—k+ k+1

U updates where we have the sum of those variables. The variable 5* (de-

Land u

pending on ~F as defined in (4.7)) comes from the exact value or the predicted value of

=

V1 (2F), so the ADMM updates in (4.13) can be used to quantify the joint uncertainty of
the ADMM variables.

Due to the linearity of the trace, the proposed uncertainty cost is simplified to
tr(Cov[z"H g*tHu k) = tr(Covla™ ! y¥]) + tr(Cov[y**[y*]) + tr(Cov[u[y")).
Following the expression in (4.13), the definition of 5¥ in (4.7), and that only the terms
including ¥ contribute to the uncertainty, the overall trace function becomes

tr(Covl[z" T g M M) =
(14 1m0/ S0 — 1)t (SHE) + 201/p) tr (Cov[TRYo(uh)]) . (4.14)
i=1

which is subject to the function h. Calculating the covariance matrix of VA™?(v¥) given
the probability distribution of v* is generally difficult and may not have a closed-form
equation, because VA™/?(-) is generally a nonlinear function. In this case, we must approxi-
mate this covariance matrix [47]. However, this approximation will introduce uncertainty,
which will propagate into the algorithmic iterations, affecting the communication decision
methods and having an impact on the ADMM algorithm.
4.3.4. Threshold ¢* Mechanism

During the execution of the ADMM algorithm, the uncertainty of the GP regres-
sion tends to reduce when the ADMM algorithm gets closer to convergence. This is be-
cause more training data from responses to queries is available, which allows the predic-

tion to be more accurate. For that reason, the threshold to be considered should decrease
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over the ADMM iterations. We propose a decreasing threshold mechanism that relies on
the iteration count and kg, which is the iteration where the GP regression is used for the

first time.

Yro = Vko, (4.15)

where ¢, chosen in advance, is a number between 0 and 1, and V* is the uncertainty vari-
able used by the query method (in this case tr(Cov[z®*1; g*+1 uk+1]|4#])). Given a prese-

lected decay rate o € (0,1), at a later iteration k > ko, the threshold is updated as:

PF = proak o, (4.16)

4.4. Proposed Individual Query Methods

In this section, we simplify the query framework presented in Section 4.2 by propos-
ing three individual query methods to determine when a communication round between
the coordinator and the agents is necessary. The notation individual query method is
used to describe that the coordinator determines if communication with a specific agent is
required by analyzing its uncertainty individually without considering the uncertainty mea-
sures of the other agents. This strategy reduces considerably the computational complex-
ity of the general method presented in Section 4.2, but ignores the impact of an agent’s
decision on the overall prediction error introduced to the system. However, by limiting the
uncertainty of each agent per iteration, we ensure that the prediction error does not affect
the ADMM’s algorithm performance greatly. Although this approach is not as rigorous as
the joint method, its simplicity makes it suitable for applications where the computational
cost must be as low as possible.

In an individual query method, the decision is made per agent where this decision
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is reflected in the agent’s corresponding binary decision variable 4*. The general principle
of such methods is that for agent i, the coordinator shall decide in favor of not sending a
query to this agent if the probability of an estimation error of both the Moreau Envelope
and its gradients is within an acceptable bound. This estimation error is quantified in
different ways. By doing this, we drop the minimization problem presented in (4.9) and
set each F by comparing the estimated error of each agent to a threshold individually.
The individual query strategies proposed were not arbitrarily derived, but followed the
mathematical intuition given by a confidence interval analysis to be performed per agent.
The specifics of the proposed individual query strategies are presented in the following
subsections.
4.4.1. Maximum Variance Query Method

Similarly to the derivation presented in Section 4.3.1, our goal is to generate a de-
cision rule in which the prediction error is small with a high probability. For that reason,
using the concept of confidence interval, a threshold setting can be derived. When the
prediction error is below a chosen threshold, no query will be sent to an agent. As a con-
sequence, we want the probability that the estimation error is bounded by a small upper
bound to be as large as possible.

For the following derivations, we employ the general notation used in Section 4.3.1,
where the variables F', Fj, u, p;, 0, and & were defined, and we add the definition of the
vector of variances of F as s> = diag(Xr), where the [** element of s? is s?. The desired

confidence interval is given by
p

Pl =6lplh < IF = plh =) |F =l < 8lulh | 21— (4.17)
=1
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A sufficient condition of (4.17) is given below in terms of the requirement imposed on each

dimension Fj of F.

< 5|Ml|
S

F—
PH 1 — M

Sy

,1§l§p}21—§- (4.18)

Following the region probability defined in [48], we get an immediate bound of (4.18):

p
PHFl o gﬂ“l',lgzgp]zHP[Fl H s‘”’“'}, (4.19)
5] 5] 11 5] 5]
and it implies that if the following condition holds true,
F— o
P[ R < "”'} >1-€N¥1<I<p, (4.20)
S S]

where 1 — ¢ = (1 — €)'/, the requirement in (4.17) is immediately satisfied.

However, instead of analyzing this condition for each of the dimensions of F', we
can simplify the analysis by further requiring that the maximum standard deviation (the
maximum element of the vector s) satisfy the condition inside the probability in (4.18)

when the bound is minimum. This is achieved when

p | [Fi— il dminigy ||

s max<;<p(S;)

>1-¢,V1<I<p, (4.21)

The condition in (4.20) is met when requiring

ming << [puld

max (s;) < =), (4.22)

<i<p T Q7N(E/2)
where Q7!() is the inverse of the Q-function Q(z) = [ \/%76*”2/20%. The right-hand
side of the inequality in (4.22) can be used as the threshold (") to compare the maximum
element of the vector of variances s (s;). In case max;<;<,(s;) < ¥, then automatically
all the elements of s satisfy the condition.
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In the context of the problem defined in Section 4.1, at each iteration, the
GP regression gives us for agent i the predicted mean uF(2¥) and the conditional co-
variance matrix $¥(zF). In this scenario, the vector of variances will be defined as
(sF)? = diag(XF(2F)). Furthermore, as mentioned in the previous section, each agent’s
GP prediction uncertainty is reduced over the algorithmic rounds. For that reason, the
threshold 1) should not be static as also implied in (4.22) but should decrease over the
ADMM iterations. This requires the control variables £ and § to be adjusted at each
iteration, which can be problematic considering that the two variables need to be adjusted
at each round. Therefore, we do not use the specific threshold () defined in (4.22), but
instead employ a general threshold 1 per agent that follows the threshold mechanism
described in Section 4.3.4. Finally, under this querying mechanism, the variable v* is

defined as

O, if max1§l§p($fm) < ¢f
= (4.23)

1, otherwise.

4.4.2. Maximum Variance and Mean Ratio Query Method

The subsequent proposed strategy expands from the confidence interval analy-
sis presented in Section 4.4.1 to build its mathematical intuition. Following the confi-
dence interval defined in (4.18), to require that each dimension of an agent has a small
relative estimation error, we are interested in evaluating the bound in (4.19). Defining

a* = maxlggpﬁ, it is then straightforward to show that if
P
o
=1 i
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Fr—
S1

5 p
o | < a—D >1-¢, (4.24)



we always satisfy

< O] pu

1<I<p|>1-¢ (4.25)
S1

F —
p H 1 — M
S1

Note that under the GP model, each F} is Gaussian following N (y, s?), suggesting B = ’”
following N (0, 1). We then obtain a sufficient condition to meet the confidence region
requirement stated in (4.25), namely,

S| 0 (2)
< = . 4.2
B ] S oz 1z Y (4.26)

The upper-bound expressed in (4.26) is not imposed on the maximum element of s but on
the maximum ratio of ‘z—ll‘

In the context of our problem defined in Section 4.1, the threshold ) should
decrease over the ADMM algorithmic rounds to keep up with the reduction of the uncer-
tainty of the GP prediction. Similarly to the query method presented in Section 4.4.1,
we do not use the specific threshold ¥ defined in (4.26), but instead employ a general
threshold ¥ per agent following the mechanism described in Section 4.3.4. Using the

notation of our problem, the variable v¥ under this query strategy is defined as

k

0, if max ——"~ k
’ 1<z<p|/%[z( = S ¥

W= (4.27)

1, otherwise.

4.4.3. Ratio of Maximum Eigenvalue and the Norm of the Mean Query Method
In this subsection, we derive a norm-based decision strategy about when a query
shall be sent to an agent by the coordinator similar to the one derived in Section 4.3.4.

Our objective is to fulfill the decision criterion presented in (4.10) given by:

PIF — pll2 < llpll20] > 1= €.
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Following the same transformation presented in Appendix G expressed in (G.1), we seek
an alternative sufficient condition to satisfy the confidence sphere condition in (G.1). We
find an alternative lower bound on this probability by defining Ay = maxj;<;<, \; (the

maximum eigenvalue of the matrix ¥ z) and resorting to the following inequality

1 & 1
Z > )\—1 > IGI” = A—lHGHQ, (4.28)
=1

Al
where G;/y/)\; are independent and identical distributed (i.i.d standard Gaussian following
N (0, 1), which suggests that Y 7, /\’ follows a chi-square distribution with degree of p, i.e.

(. %2 ~ X2. Based on the desired bound in (4.10) and the inequality in (G.1), we have

a sufficient condition to satisfy (4.10) given by:

PlIIGll2 < ||ull20] [Z i ”252] >1-¢ (4.29)

This expression can be satisfied if \; satisfies the following condition:

A 52

< =), 4.30
R = Faa—g " (4:30)

where ]-"X_Ql(.) is the inverse function of the Cumulative Distribution Function (CDF) of
the chi-square random variable. Thus, if ”)‘|1|2 < 93 we ensure that the confidence sphere
criterion in (G.1) is met; therefore, there is no need to send a query. It should be noted
that, different from the approach following a high-dimensional confidence region whose
sufficient condition is based on the maximum ratio between the standard deviation and
its associated absolute mean, as stated in (4.26), we need to compare the relationship
between the maximum eigenvalue and the square of the L2 norm of the conditional mean
to a threshold subject to the chi-square distribution, under the confidence sphere setting.
Once again, the specific threshold presented in this subsection is replaced by a general
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threshold ¥ per agent following the mechanism described in Section 4.3.4. Finally, we

define a query strategy in which the variable ¥ is defined as

0, if \\u"(A;f‘“)\\ <9y
= IR (1.31)

1, otherwise.

The query strategies presented in this section are simple strategies with low impact
on the overall computational cost, but they ignore the inherent uncertainty dependencies
between the agents which will negatively affect the performance of the ADMM algorithm.
The following section presents a comparative analysis of the mathematical foundation
of each of the proposed methods to have an intuition about what querying behavior to
expect for each method.

4.5. Probability Comparison Between Querying Strategies

In this section, we present a comparative analysis of the probabilities used as a
basis for the various querying strategies proposed. This analysis allows us to have an idea
of the expected querying behavior for each of the methods. For the following derivations,
we use the same notation used to derive each of the methods’ probabilities first defined in
Section 4.3.1.

4.5.1. Relationship between Maximum Variance and Maximum Ratio Meth-
ods

Comparing the conditions presented in (4.20) and (4.24), while acknowledging the
bound presented in (4.19), we can observe that the condition in (4.20) is more likely to

occur. Thus, we find that the relationship between the Maximum Variance and Maximum
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Ratio between variance and mean methods is given by

PE— p JE— 3
(PPFZ 1] Si]) SPPFZ ml (5mm1ggp|m\,1glgp . (4.3)

S a* st T maxig<p(si)

This relationship shows that the condition given by the maximum ratio method is more
stringent than the one for the maximum variance. For that reason, we anticipate the for-
mer to behave more aggressively in terms of the frequency of queries.

4.5.2. Relationship between L2 Norm-based Methods and a L1 Norm condi-
tion

The querying strategies involving the maximum eigenvalue and the trace, presented
in Sections 4.4.3 and 4.3.1, respectively, are derived from the same confidence sphere in-
volving the 1.2 norm of F' — u. This confidence region is defined in Equation (4.10). We
want to find a relationship between this confidence sphere and a condition involving the L1
norm of F' — p given by

PIE = ply < 6flull] =1 =€ (4.33)

We know that for any real vector x, the relationship between L1 and L2 norms is given by

|z][1 > ||«]|2. This implies
PUE = plly < ollplla] < PE = plla < 6f]pll2] (4.34)

which suggests that if the condition in (4.33) holds true then automatically the condition
in (4.10) is also true, thereby the querying condition based on L1 norm is more demanding

than that under the L2 norm, thereby resulting more frequent queries accordingly.
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4.5.3. Relationship between Maximum Variance Method and an L1 Norm
condition

The probability in the condition given in (4.33) can be expressed as

p
D 1F =l < 8l

=1

P >1-¢ (4.35)

Since a sufficient condition of Y7 | [F} — | < s |F — ] < %6H,u||2, for 1 <1 <p, we
have

1
P [\Fz — | < ?Hqu, 1<1< p} < PIF = plly < olfull2] - (4.36)

Now, we want to compare the left-hand side of (4.36) with the probability expression

for the Maximum Variance method in (4.18). Since the variable §, used throughout all
derived probabilities, is a variable that can be tuned, we can define a variable § such that
%5“””2 = d min; <<, |u|. Dividing by s; into both sides of the arguments in the probability

of the left side of (4.36), it is straightforward to see that the following inequalities hold

b | F =] _ o minicicy |

[Er— ] _ 10[|pl2
S ~ maxi<<p(s) - '

Si b S

,1§l§p]§P

1§l§4

<P[IF—plh < dlul] - (437)

This results in the condition based on the L1 norm of F' — p being more likely to occur than

the condition used in the query method based on the maximum variance.
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4.5.4. Complete Relationship Between all Methods
Combining the inequalities obtained in (4.32), (4.34), and (4.37) with the definition
of §, we get the following inequalities

(P {IFI—M < QD”
Sy a*

Bzl omimaig bl 4 g o,

P <
S maxi<;<p (1) (4.38)

IA

< P[IF = ulh < llul]

< P[IF = plla < Slulle]
The relationships in (4.38) demonstrate how the probabilities used in our proposed de-
cision strategies are related to each other. They reveal that the query dynamics will be
more aggressive when using the method based on the maximum ratio of mean and vari-
ance, followed by the method based on the maximum variance, and finally, the two meth-
ods directly based on the L1 and L2 norm-based confidence spheres will end up with a
more relaxed querying dynamics.

The following section presents numerical results to validate and compare all the
proposed query methods. We will present comparisons made in terms of querying dynam-
ics, which will be shown consistent with the analysis presented in this section and their
resulting convergence speed and qualities in solving a distributed ADMM optimization
problem.

4.6. Numerical Results

In this section, we evaluate the proposed query methods through a numerical study

of solving a sharing problem where each agent’s local function is quadratic.

The details of our problem setting are presented next.
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4.6.1. Quadratic Sharing Problem
4.6.1.1. Problem Definition

We evaluate our methods using a sharing problem motivated by the application
in [10]. However, we do not consider the dynamic behavior of the variables as in [10] but

assume that they are stationary. The sharing problem is formulated as

minimize Z[(l/Q):U;‘FMZa:Z +w! z; + ¢

i=1

+ (/2> MY g+ wl Y yitan (4.39)
i=1 j=1 i=1

subject to x; —y; =0,
where for ¢+ = 1,--- ,n, variables z;,y; € RP, with w;, w, € RP, M;, M), € RP*P positive
definite, and ¢;, ¢, € R being given problem parameters.
4.6.1.2. Problem Parameters Generation
The problem’s parameters presented (4.39) are generated following the example
given in [10]. First, the parameters ¢; and ¢, will be two randomly generated numbers

that are uniformly distributed on [-1,1]. For the case of w;, we generate for each agent

[0]

a parameter w,; which is a p-dimensional vector with entries randomly generated and

uniformly distributed on [-1,1]. Then, the value of w; is generated for each agent following

(0]

w; = w;  + ns;, where 7 is some small positive number and s; is a p-dimensional vector
for agent i whose entries are randomly generated and uniformly distributed on [-1,1]. The
parameter wy, is generated following the same procedure as w;, but is calculated only once
and not for each agent.

On the other hand, to generate M; for each agent, we first generate a symmetric

p X p matrix MZ-[O} = AA’, where the entries of A are randomly generated and uniformly
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distributed on [—1,1]. Then we generate M; = Mi[o] + nS;, where S; = BB’ is a symmetric
p X p matrix with the entries of B randomly generated and uniformly distributed on [-1,1].

Subsequently, M; is constructed as

MZ‘, if /\mm(Mz) > €q

M; + (ed — )\mm(]\;ll)> I,, otherwise,

where )\min(Mi) denotes the smallest eigenvalue of Mi and €; > 0 is a positive constant.
The parameter M), is generated following the same procedure as M;, but it is calculated

only once and not for each agent.
4.6.1.3. Solution Using ADMM

Following the specifics of the problem in (4.39) and the expression of ADMM in

k+1

(4.2), we can derive a closed-form solution for updating the ADMM variable ;™. Because

k+1

the function f; is convex, the optimal solution of z; " is attained when the gradient of the

k+1

objective function vanishes. By taking the gradient of the z; " -update and equating it to

zero, we obtain

ot = (M; + pL) " (pzf — wi), (4.41)

where [, is the p x p identity matrix. The expression in (4.41) is the closed-form solution of
the optimization for the x; update to be computed on the agent side.
Similarly, we can derive a closed-form solution for the **! update. Because the

k41

function h is also convex quadratic then once again the optimal solution of "™ is at-

tained when the gradient of the objective function vanishes, leading to the expression

gt = (nMy, + pL,) " (p(uF + ZF) — ). (4.42)
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Finally, combining the ADMM expression in (4.2) with the expressions in (4.41)

and (4.42), the ADMM updates are expressed as

2t = (M, + pL,) " (p2F — w;)

7 = (nMy + pI,) " (/)" — wn)

uP Tt = (1/n)(v* — ngFth), (4.43)

where o* = ng* — (1/p) S, 8.
4.6.2. Equation of the Trace of the Joint Covariance Matrix
As presented in Section 4.3.2, our proposed joint query strategy depends on an un-
certainty measurement given by the trace of the joint uncertainty of the ADMM updates.
The specific expression of tr(Cov[z**!; g1 uk+1]|4*]), following the specific ADMM up-
dates presented in (4.43), is given by
tr(Covfa 571 B ) = (14 1/m2)(1/p 3001 = 2B)tr (BH(:D) +

=1
n n

(2/n%) Y (1 =)t (CTOEE(D)) = 2(1/n%p) Y (1 —F)tr (CTH()), (4.44)

i=1 1=1
where C' = (nMj, + pI,) "
4.6.3. Numerical Implementation
The problem in (4.39) is solved with two different algorithms:

1. Sync: this algorithm uses ADMM with proximal operator as in (4.2), which simpli-
fies to (4.43) with p = 10.

2. STEP-GP: the algorithm proposed in [23].
For the STEP-GP algorithm, different query methods are considered as follows:

e MaxVar: The query strategy presented in Section 4.4.1.
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e MazRat: The query strategy presented in Section 4.4.2.

o MaxFEig: The query strategy presented in Section 4.4.3.

e L1Norm-Trace: The query strategy presented in Section 4.3.2.
In our numerical computations, we consider the following combinations: Sync, STEP-
GP:MazVar, STEP-GP:MaxRat, STEP-GP:MaxFig, and STEP-GP:L1Norm-Trace. Also,
we consider two cases where the number of agents is taken from n € {10,30}.

Our results were generated using MATLAB. For comparison purposes, ground
truth solutions to minimization problems (4.39) were obtained using the YALMIP tool-
box [41]. For the construction of the GP models, we used the GPstuff toolbox [42]. All
calculations were performed on high-performance computers at Louisiana State University
(http://www.hpc.lsu.edu).

4.6.4. Metrics and Considerations
4.6.4.1. Media Access Control (MAC) Metric

Appendix F presents the details of how this metric is obtained.
4.6.4.2. ADMM Termination Criterion

For our numerical computations, we use the ADMM termination criterion pre-
sented in Section 3.3.1 in [8]. This criterion presents two conditions that compare the
primal and dual of ADMM against two different tolerances. Expressing the primal and

dual in terms of the specifics of our problem results in a termination criterion of the form:

74 = 74 < @ and (! = ) < (4.45)

86



where e’ > 0 and ¢ > ( are feasibility tolerances for the primal and dual feasibility

conditions. These tolerances can be chosen using an absolute and relative criteria, such as

6pri _ \/Z—)Eabs + 6rel maX(H:EkHHQ, Hgk—HHQ)a

Edual — \/Z_Qéabs +6rel||ﬂk+1||2,

where €% > 0 is an absolute tolerance, €™

> 0 is a relative tolerance, and the factor
/P account for the fact that the L2 norms are in R?. Both €™ and € are set manually
at the beginning of the algorithm. The choice of €2*® depends on the scale of the typical
variable values of the application, while reasonable values for €* might be 1073 or 107%,
depending on the application.
4.6.4.3. Performance Trade-off

We propose to present the results showing directly the trade-off between the trans-

mission time reduction and the accuracy of the algorithm. Define the negative logarithm

of the relative error (NLRE) expression as
NLRE = —log(|Jy — Ju|/Jy0), (4.46)

where Jy is the true optimal value calculated directly with a convex solver, and J, is the
objective value obtained by a particular approach. Also, let us define the relative transmis-

sion time reduction (RT'z) as

RTz = (Txapmm — Txgr)/Txaprmu, (4.47)

where Txapasar is the transmission time obtained when running the Sync:Ezact algorithm,

and Txgp is the transmission time obtained by any of the methods using the STEP-GP
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algorithm. The metric RTxz assumes that the Sync:Fzact and STEP-GP methods use the
same set of problem parameters.

We present our results in a graph where the vertical axis shows the values of RT'x
and the horizontal axis shows the values of NLRE. Each point in the graph is a tuple of
transmission time reduction and accuracy, and its location shows how well it performs in
terms of the trade-off between these two relative metrics. In particular, the ideal scenario
is when NLRFE and RTx are as large as possible. Hence, we want the points to be as
close to the right upper corner of the graph as possible.

4.6.5. Initial Threshold Tuning

Since the variation of the initial threshold affects the overall performance of the
tested algorithms, we propose fine-tuning the initial threshold for the multiple methods
proposed in this work. We consider testing 11 different initial thresholds per case, so we
can capture the impact of such variation in the proposed methods. The threshold pre-
sented in Section 4.3.4 initializes its initial threshold ¢*° following the expression in (4.15).
Such an initialization requires manually setting the variable ¢, which indicates how pro-
portional regarding V%0 we want ¥ to be. For all the different methods tested in this
chapter, we tune ¥* considering ¢ = [0.5,0.6...,1.4, 1.5].

4.6.6. Numerical Results Setting

In this subsection, we present the results for 10 and 30 agents when using the dif-
ferent query strategies proposed in this work with the threshold mechanism described in
Section 4.3.4. We consider different initial threshold values following the description in

Section 4.6.5. Each algorithm for the different methods was run 100 times with different
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Figure 4.2. Performance trade-off between the Relative Transmission Time Reduction
and the Negative Logarithm of the Relative Error for 10 Agents with variable’s dimension
p = 5 (left) and p = 10 (right). The plots show the 12 best-ranked tuple medians of the
100 results for different sets of parameters M;, My, w;, wy, ¢; and ¢y, and for different
values of a.

sets of M;, My, w;, wy, ¢; and ¢, generated as in Section 4.6.1.2. In the generated graphs,
each point among the same colored cluster represents a tuple of the median values among
the 100 results of the same method for the NLRE and RTx metrics, as presented in Sec-
tion 4.6.4.3.

The decaying threshold described in Section 4.3.4 is greatly affected by the selec-
tion of the decay rate a. For that reason, we also considered running numerical computa-
tions for different values of o on top of tuning the initial threshold. Since we consider a
set of 11 initial thresholds per method, each scenario tested has 11 points per method and
per value of . The best performance of a given method might occur for a value of o that
is not necessarily the same as the rest of the methods. Consequently, we present the re-
sults in Figures 4.2-4.3 as a ranking of all the median points across all different values of «

tested. The ranking is done by setting a tuple as an upper bound with a value of NLRE
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Figure 4.3. Performance trade-off between the Relative Transmission Time Reduction
and the Negative Logarithm of the Relative Error for 30 Agents with variable’s dimension
p = 5 (left) and p = 10 (right). The plots show the 12 best-ranked tuple medians of the
100 numerical results for different sets of parameters M;, My, w;, wy, ¢; and ¢p,, and for
different values of a.

and RT'z that is higher than any of the values obtained in our results. Then we will cal-

culate the Euclidean distance of all the median points obtained across the different values
of a to the upper bound tuple. The 12 median points that attain the lowest distance are
included in the graph.

This set of results considered values of n = 0.2, ¢, = 1, p = 10, p = 5, an absolute
tolerance value of €?® = 1079, a relative tolerance value of €' = 107°, values of o =
(0.95,0.96, ...,0.99], and z¥ = ¢ =« = 0.

4.6.7. Numerical Results for 10 and 30 Agents

Figures 4.2-4.3 (left) present the graph NLRE vs. RTx for 10 and 30 agents of the
median of 100 numerical results for the Sync:Fzxact and the STEP-GP based algorithms
for the different initial thresholds considered, per each of the values considered of a when

the dimension of the variables is p = 5, while Figures 4.2-4.3 (right) show the same infor-
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mation but when the dimension of variables is p = 10. The presented results were selected
as a consequence of a ranking of the best points in terms of the trade-off between all val-
ues tested of a. The results in all cases show three main clusters of the points presented.
In the lower-left corner, the points that show the worst performance in terms of the trade-
off between communication reduction and accuracy appear, which corresponds to the
STEP-GP:MaxRat method. In the upper-left corner, with results similar to each other in
all cases, appear STEP-GP:MazVar and STEP-GP:MazFig. These methods present a sim-
ilar reduction in transmission time; however, STEP-GP:MaxVar presents better relative
error values than STEP-GP:MaxEig which is showcased by the points coming from STEP-
GP:MazVar being closer to the ideal case. In the upper-right corner, separated from the
other methods appears STEP-GP:L1Norm-Trace with all its points close to each other in
all the graphs presented.

On the other hand, the results presented in terms of the reduction in relative trans-
mission time in Figures 4.2-4.3 correlate with the analysis presented in Section 4.5. As the
graphs show, STEP-GP:MazxRat presents the lowest communication reduction in all cases.
The observation of the intermediate results showed that this method asked queries for
each agent in around 80% of the total iterations required to reach convergence. Further-
more, the two methods based on an L2 norm confidence sphere (STEP-GP:MaxFig and
STEP-GP:L1Norm-Trace) present a little more reduction in relative transmission time
than the STEP-GP:MaxVar method. This difference is not significant if we only analyze
the relative transmission time reduction metric. However, through the intermediate results,
we observed that STEP-GP:MaxEig and STEP-GP:L1Norm-Trace present a lower fre-
quency of queries, but require more iterations to converge than STEP-GP:MaxVar. This

91



MaxVar Primal Residual Variation

MaxRat Primal Residual Variation

1074 1074
6 0 \ 0 4 0 \
= =
= =
T 4+ 432 4 =
8 8
- -
= =
E 24 186 21 g
& &
O ‘ O | | IO Y
20 30 40 50 60 70 80 20 25 30 35 40 45 50 55
Iteration Count Iteration Count
Max]i]ig Primal Residual Variation [,1Norm-Trace Primal Residual Variation
10~
6 0 \
= =
= =
T 4+ 12
8 8
- -
= =
E 27 1 E
& &
0

020 40 60 80 100 120 140 160 180
Iteration Count

20 30 40 50 60 7O 80 90
Iteration Count

Figure 4.4. Variation of the primal residual through the iteration count for all the pro-
posed query methods. The graphs present the test scenario for the same set of parameters
M;, My, w;, wy, ¢;, and ¢, of 10 agents with variables’ dimension of p = 10, an initial
threshold given by ¢« = 1, and decay rate o = 0.97 for all cases.

behavior is more pronounced for the STEP-GP:L1Norm-Trace where the frequency of
queries is considerably lower but the increment in the number of iterations is also very
significant. Thus, the results generated are aligned with the anticipated query behavior.
4.6.8. Empirical Convergence

In this subsection, we present results on the convergence behaviors of the proposed

query methods. Figure 4.4 shows the ADMM primal residual as defined in Section 4.6.4.2

through the iteration count until convergence is reached for all methods tested. The four
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graphs present the test scenario for the same set of parameters M;, My, w;, wy, ¢;, and
cp, of 10 agents with the dimension of the variables p = 10, an initial threshold set by
¢ = 1 and the decay rate o = 0.97 for all cases. The figures presented show the decaying
behavior of the residual until a significant drop when convergence is achieved. The main
difference between methods is the speed of convergence, which is defined by the query
frequency. The smaller such a frequency, the larger the convergence speed. The speed of
convergence shown in Figure 4.4 for each method is aligned with the analysis presented
in Sections 4.5 and 4.6.7 because we see that STEP-GP:L1Norm-Trace requires consid-
erably more iterations to reach convergence than the rest of the methods, while STEP-
GP: MazRat requires fewer iterations than all other methods. Although only one case is
presented, this trend is observed in all test scenarios considered in all our experiments
presented in the previous subsections. Thus, all generated results (regardless of the param-
eters of the test scenario) reached convergence and each query strategy presents the same
convergence speed behavior.
4.6.9. Prediction Error

In this subsection, we present statistics about how the prediction error behaves in
our algorithm through all different query methods. Figure 4.5 presents two graphs showing
information on the prediction error of a numerical result corresponding to agent 1 under
the STEP-GP:L1Norm-Trace query strategy for a specific set of parameters M;, My, w;,
wy, ¢; and ¢, in a system of 10 agents with the dimension of the variables p = 10, an
initial threshold set by ¢+ = 1, and decay rate a = 0.97. To generate both graphs we

calculated the real values of the Moreau Envelope and its gradient even in iterations where
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Figure 4.5. Prediction Error statistics corresponding to agent 1 under the STEP-

GP:L1Norm-Trace query strategy for a specific set of parameters M;, M, w;, wy, c;,
and ¢, in a system of 10 agents with variables’ dimension of p = 10, an initial threshold
set by ¢ = 1, and decay rate o = 0.97. Graph (a) presents the histogram of the normalized
prediction error, while graph (b) presents the variation of the L2 norm of the prediction

error at each iteration.
a query was not requested.
In Figure 4.5 (a) we present the histogram of the normalized prediction error vector

(€ npry), where the I™ entry (I € [1,...,p+ 1]) is defined as

k. ].
GpNePE) = |k
Sl

This normalized error results in a vector generated at each iteration for each agent. To

{ff(zfx Vfi‘l’(Zf)] s
[]

construct the presented histogram, we consider each individual component of the vec-

tor € ypp) as a point to be considered in the graph. Following the GP assumptions, we
should expect that the discrepancy between the Moreau Envelope and its gradient with
the predicted mean follows a Gaussian distribution. However, the histogram in Figure 4.5
(a) contradicts the prior expectation. This non-normality of the prediction error is also
observed in other query strategies throughout different system parameters. Some cases pre-
sented histograms showing more discrepancies with respect to the expected Gaussian bell
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shape than the one presented in Figure 4.5 (a). This is interesting because these results
show that even though the assumed Gaussian distribution of ff(zlk) does not hold, the GP
is still capable of making a good prediction with acceptable accuracy. Furthermore, this
discrepancy from the initial assumption did not prevent any of the scenarios tested from
reaching convergence.

On the other hand, Figure 4.5 (b) presents the variation of the L2 norm of the

prediction error at each iteration for agent 1. This is defined as

o I=

= H [fi () wfvf)} b

2
This metric generates a single point per iteration, so the presented graph shows the vari-
ation of the prediction error over the algorithmic iterations. Figure 4.5 (b) also makes a
differentiation between iterations in which a query was made (green points) and iterations
in which no query was made (blue points). The decaying behavior of the prediction error
is clearly seen in the graph with a significant drop closer to convergence. This behavior

is desirable because we want our prediction to become more accurate through the algo-
rithmic iterations, which is a favorable condition to be confident not only that we reach
convergence but that we converge to a good solution. Furthermore, the figure shows a
bursting behavior between intervals, where we see an increment in the prediction error dur-
ing the interval where no query was made and an abrupt drop once a query is requested.
This prediction error behavior is observed for all agents through all the different test sce-

narios and different query strategies.
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Figure 4.6. Distances between generated query points for a specific set of parameters M;,
My, w;, wy, ¢;, and ¢, in a system of 10 agents with variables’ dimension of p = 10, an ini-
tial threshold set by ¢« = 1, and decay rate o = 0.97. Graph (a) presents the measurement
of the minimum distance between a new query vector and all query vectors already in the
training set. Graph (b) presents the minimum query distances between query points that

are already part of the training set only.

4.6.10. Query Dynamics

In this subsection, we present information on the distances between the queries
2F generated at each iteration compared to the previous query points included in the GP
training set. Figure 4.6 (a) presents the measurement of the minimum distance between a
new query vector and all query vectors already in the training set. This distance is defined
as
d(2F, ZF) = min{d(zF, 2) : = € ZF},

where ZF is the set containing the queries within the GP training set for agent i until iter-
ation k and d(-) is the distance function. Since each generated zF is a vector, the distance
function considered is d(zf, Z*) = ||zF — 2|2 where z € Zf. Figure 4.6 (a) presents a dif-

ferentiation between iterations in which a query was made (green points) and iterations
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in which there was no query (blue points). The results show that the distance between
the queries throughout the iterations tends to become smaller as the iteration process
approaches convergence. This is correlated with the patterns observed in Figure 4.5 (b),
where the prediction error is smaller when the algorithm is closer to convergence. The
closer the query points are to the end of the algorithm run, the more points are trained in
GP around a close vicinity, thus considerably reducing the uncertainty of the prediction.
Furthermore, the behavior of the minimum distance between queries presented in Fig-
ure 4.6 (a) presents a similar bursting behavior to that observed for the prediction error in
Figure 4.5 (b).

On the other hand, Figure 4.6 (b) presents the minimum query distances between
the query points already included in the training set. Only when a new point is added to

the training set is this minimum distance recalculated. This distance is defined as
d(z,z) = inf{d(z,2) : 2,2 € ZF, 2 # a},

where d(.) once again is defined as d(z,z) = ||z — x||2. The graph in Figure 4.6 (b) presents
a new point when a query is made, so each point presented represents an interval after a
period of iterations where no query was made. Similarly to the results presented in Fig-
ure 4.6 (b), the distance between the query points also decreases closer to convergence.
However, in the case where we only compare points that are part of the training set, we do
not see increasing variations at any point.
4.6.11. Overall Remarks

The presented results across different initial parameters showed that the joint query

method STEP-GP:L1Norm-Trace is the method that achieved better trade-off perfor-
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mance among all query strategies tested. An observation we made during the numerical
computations is that such a method tends to reduce the required queries considerably;
however, it does not require extensive communication rounds to obtain good values for the
NLRFE metric. Compared to the other methods tested, for similar values of total trans-
mission time, the STEP-GP: L1Norm-Trace method usually produces a global ADMM
solution closer to the true solution. In contrast, the STEP-GP:MazRat method proved to
be the one with the worst trade-off performance among all tested methods. Although the
other individual query strategies showed similar behavior, it was STEP-GP:MazxVar that
showed a better overall trade-off performance compared to STEP-GP:MazFEig. In addi-
tion, the results obtained were consistent across all the different numerical computation
cases presented. The querying behavior observed during numerical computations correlates
with the previous analysis, resulting in an anticipated querying behavior of the proposed
methods.

The results presented showed that the more complex querying strategy can achieve
the best performance. This outcome agrees with the intuitive idea that the method closer
to the general querying framework should achieve better performance. On the other hand,
the individual query methods, despite their simplicity, were able to maintain an acceptable
accuracy while reducing the transmission time considerably. Thus, the individual strate-
gies STEP-GP:MaxVar and STEP-GP:MaxEig are viable options in scenarios where the

computation cost needs to be as low as possible.
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4.7. Conclusion to Chapter 4

Distributed optimization methods, such as ADMM, generally incur an excessive un-
desired communication overhead. In this context, the use of Gaussian processes has proven
to be effective in learning the unknown proximal operators of the agents. Therefore, the
coordinator can predict the solutions to the local proximal minimization sub-problems,
requiring fewer queries to the agents, which leads to a significant reduction in commu-
nication. However, the extent of the achievable reduction in communication depends in
part on the mechanism through which the coordinator decides if communication with the
agents is needed. For that reason, this work proposed several query strategies to decide
whether the coordinator should send queries to the agents in a particular iteration when
running the STEP-GP algorithm based on the notion of a general querying framework.
Such an ideal mechanism solves a constrained optimization problem by balancing two op-
posing criteria, which are to maximize the communication reduction while minimizing the
error of the final solution obtained. Motivated by this constrained optimization problem
and an alternative expression of the regular ADMM updates that showcases the inherent
coupling between agents, we proposed a joint query strategy consisting in minimizing a
convex communication cost restricted by the trace of the joint uncertainty of the ADMM
variables. On the other hand, to reduce the computational burden added to our algo-
rithm, we proposed different individual query strategies for each agent using an individual
uncertainty measure to determine whether the prediction is reliable enough to skip a com-
munication round. The numerical results of solving a sharing problem with quadratic

cost functions showed the different performances of the proposed methods in terms of the
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trade-off between the reduction of communication cost and the loss of accuracy in solving
the optimization problem. In particular, the proposed joint query method achieved better
trade-off performance than the independent query strategies. Our next research steps in-
clude testing our proposed framework in more complex applications, where we have more

challenging objective functions, and convergence analysis of all query methods.
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Chapter 5. LGP with Adaptive Quantization Resolution

In Chapter 2 we solved a distributed centralized optimization problem through
ADMM with a learning component to skip communication rounds, where communications
between the coordinator and agents are quantized. Because we proposed to use a uniform
quantizer that adapts its mid-value and window length with the statistics given by the
predictor, we were able to characterize the quantization error statistics. These statistics
do not follow a Gaussian distribution, making the GP assumptions invalid. Therefore, we
proposed an alternative regression method (based on GP) following the concept of Linear
Minimum Mean Square Error (LMMSE) estimation. Our proposed method resulted in
the integration of ADMM with our new proposed regression method affected by uniform
quantization, where the impact of the quantization error was addressed and mitigated.
The study presented in Chapter 4 dealt with the same framework presented in [23] where
quantization was not considered. In this scenario, GP was used as the learning method
and our work focused on the mechanism used to determine whether the coordinator should
communicate with the agents or not. This study resulted in the proposition of an ideal
query method that served as a framework to derive different individual and joint query
strategies.

This chapter aims to integrate these two previous studies by adding a new com-
ponent: A quantization scheme that allows the bit resolution to be varied at each iter-
ation. This new component is motivated by the fact that not all agents have the same
requirements or deal with the same amount of uncertainty in each round. The quantiza-
tion scheme used in Chapter 2 assigned the same resolution to all agents and did not vary
the given value during the execution of our algorithm. We propose generating a mecha-
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nism that allows the coordinator to increase or decrease the quantization resolution of
each agent according to their behavior. Furthermore, the query decision and quantization
resolution allocation mechanisms are aligned with the conditions considered in Chapter 3,
allowing us to apply the derived convergence analysis directly to the approach proposed in
this chapter.

Chapter Organization: We begin with the formulation of the problem in Section 5.1.
The general query and quantization allocation framework is presented in Section 5.2. We
present our proposed joint query and resolution allocation mechanism in Section 5.3, fol-
lowed by our proposed individual strategy in Section 5.4. The numerical results are pre-
sented in Section 5.5, and the conclusions are presented in Section 5.6.
5.1. Problem Formulation

This chapter addresses a collaborative optimization scenario that involves n agents
and a central coordinator, similar to the setup explored in Chapter 2. In this setup, the
objective is to minimize a global cost function comprising individual strongly convex cost
functions f; : R? — R where each agent has local decision variables z; € RP, alongside a

convex shared cost function h : R? — R, formulated as follows:

minimize ZfZ (x;) +h (Z a:z> : (5.1)

Here, f; is only accessible to the corresponding agent. Furthermore, communication for
solving (5.1) is restricted to exchanges between the coordinator and the agents, with no
direct interactions between the agents themselves.

The optimization problem (5.1) is addressed using the Alternative Direction
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Method of Multipliers (ADMM) with proximal operators following the query response
mechanism presented in Section 2.1.
5.1.1. Quantization Statistics with LGP Overview

In Chapter 2 we further reduced communication overhead compared to [23] by
considering uniform quantization in communications between agents and coordinator. In
that chapter, we consider a quantization scheme that adapts the quantizer by setting the
mid-value to the conditional mean given by GP, and the window length to be proportional
to the diagonal of the covariance matrix given by LGP.

When dealing with the total uncertainty introduced, the source of the uncertainty
is either the prediction error or the quantization error. The LGP gives its uncertainty
measurement per agent through the conditional covariance matrix ¥¥(zF). The diagonal of
such a matrix gives the variance of the prediction uncertainty. Following the derivations

made in Chapter 2 the uniform quantization error variance is:

1
Var(eg) = Eq2, (5.2)

where ¢ is the quantizer’s window length defined as ¢ = ;Tiaf (q is a vector). This leads to

the expression,

Var(eg) = S (5.3)

for some given ¢ > 0 and s = diag(3F(2F)).
5.1.2. Query-Response Dynamics

In Figure 5.1, we present one round of the proposed algorithm for a network of 2
agents. This figure uses the notation defined throughout Chapter 2. The LGP regression
block named proxLGP refers to the prediction of ff (2F) and V f; (2F) as presented in
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Figure 5.1. Flow diagram of a query and response between the coordinator and an agent
in the proposed approach. The enhancements contributed by this chapter, compared with
the approach in Chapter 2, are highlighted in the blue-shaded boxes.

Theorem 1 in Chapter 2. The coordinator has a corresponding proxLGP for each agent,
which is trained on its past query data with the agent. The coordinator first calculates
the query variables zF for each agent and uses them as input to the agent’s proxLGP.
Using the covariance matrices ¥ (2F) given by the proxLLGPs, the coordinator decides
which agents to query. Then, for the agents set to be queried, the coordinator assigns

a quantization resolution to each one. In Figure 5.1, agent 1 is set to be queried, so the
coordinator sends 2 and b¥ to the agent, which solves its proximal minimization problem,
represented by block Proxiy,. Subsequently, agent 1 quantizes ff (2F) and V fli (1),

1
V f4 (25) adapting its mid-value, window length, and bit resolution. The quantized

7

response { (Q(f.l/p(zf)),Q(Vfil/p(zf))) } of agent 1 is sent back to the coordinator,

that uses a similar dequantization process based on the same predictive mean uf(z¥),
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covariance matrix X¥(z¥), and quantization resolution b* to obtain the dequantized
response { fil/ P(zF),V fil/ ?(2%)}. Finally the coordinator uses the approximated values
{FM?(2F), V7 (2%)}, coming from the estimation process according to Theorem 2 in
Chapter 2, for the ADMM updates. Meanwhile, for agent 2, which is not queried, the
coordinator uses the corresponding predicted values p5(z5) from its proxLGP to perform
the ADMM updates.
5.1.3. ADMM Updates with LGP and Adaptive Quantization

Following the query-response mechanism shown in Figure 5.1, the ADMM formula-
tions are adjusted to integrate the LGP regression. Initially, we define the communication

decision variable for agent ¢ in iteration k as

1, if agent 7 is queried
%= (5.4)

0, otherwise.

1
When ¥ = 1, the query 2¥ is sent to agent i to acquire the quantized value of V f (2¥)

given by V fil/ ?(zF). On the contrary, when 7 = 0, we utilize the predicted value pf(2F)

from the LGP regression. Consequently, we introduce the received value 3F as
1
B = VI (=) + (1= 7w (=) (5.5)
Subsequently, the ADMM formulations for the sharing problem in (5.1) as:

with =2 = (1/p)B;

g = argg})in {h(ngj) + (np/2)||ly — 2"+ — ukuz}
g€

ukHl = ok 4 gkl gkt (5.6)
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This chapter concentrates on the effective execution of query decision-making when
dealing with adaptive uniform quantization resolution allocation. The following section
presents the general framework used to derive our proposed solutions for making the com-
munication decision and assigning the quantization resolution optimally.

5.2. General Framework

The primary aim of integrating regression and quantization into the ADMM algo-
rithm to solve distributed optimization problems is to mitigate communication overhead.
However, it is crucial to ensure that this incorporation does not significantly impede algo-
rithm convergence or compromise the accuracy of the optimization solution. The pivotal
elements in ADMM updates when LGP is used, as illustrated in (5.6), are the variable
A% and the quantization resolution b¥. The variable S¥ assumes the role of the quantized
gradient V f; (2F) of the Moreau envelope or its predicted counterpart, dependent on ~F.

In the case where communication is required, a quantization resolution is assigned to each

k+1 k+1

communicating agent. In (5.6), the ensemble of 2**1 #* and u**! can be construed as

a high-dimensional vector trajectory toward the global solution. This trajectory is influ-
enced by ¥ and bF, which are contingent on the communication decision variable v¥, as
defined in (5.4) and (5.5), thus affecting both the accuracy of the LGP regression and

the optimization performance. Consequently, the mechanism to determine v* and bF will
inherently impact the overall performance of communication and optimization. In the
absence of a robust and systematic mechanism for the coordinator to discern when to dis-

patch queries to agents and allocate the quantization bits for the communicating ones, the

ADMM algorithm may either necessitate excessive iterations to converge or fail to achieve
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convergence altogether.

We propose a systematic approach in which the query decision and the bit resolu-
tion allocation are jointly analyzed and performed as one complex task. This means that
the trade-off between uncertainty and communication expenditure does not depend only
on the binary communication decision of each agent 7% but also depends on the quantiza-
tion resolution b¥ assigned to each agent. Intuitively, we can model a minimization of the

form

minimize  Comm/(y", b"),
subject to bF € N™,

7" e {0,13},

Uncert(y*, b%) < ",
where 7* is a vector containing the binary communication variable of each agent, b* is
a vector containing the quantization resolution of each agent at the present iteration,
Uncert(y*, b¥) is the uncertainty function, Comm(~*, *) is a communication function, and
Y* is a given threshold varying at each iteration.

This general framework relies on two opposing criteria: 1) reduce communication
overhead and 2) maintain the convergence and accuracy of the ADMM algorithm. This is
conceptually similar to the general querying framework presented in Section 4.2 but has
larger implications. The idea proposed in (5.7) has critical differences from the general
framework in Section 4.2, such as:

e The contribution of each agent to the uncertainty function without quantization
either came from the prediction error or was zero because the real value was used.

In (5.7) each agent will always contribute to the uncertainty because if we commu-
nicate, the quantization error will contribute to the overall uncertainty.
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e The communication cost in (5.7) is now a more complex cost because the payload

of the information shared now affects the communication overhead. This was not a

variable in Section 4.2 because the payload of the shared information was the same

for all agents. In this new setting, agents respond with different payload sizes.
Typically, solving the optimization problem (5.7) requires a combinatorial approach due
to the n binary variables ¥ i=1,... n- However, computational costs can become prohibitive
as the number of agents increases. Consequently, in this chapter, our goal is to explore
methods for addressing (5.7) while adhering to specific communication and uncertainty
functions, without relying on combinatorial techniques.
5.3. Proposed Joint Approach

In this section, we introduce a collective approach to make the communication
decision and assign the quantization resolution based on the general framework presented
in the previous section. In this approach, the uncertainty measure defined in Equation
(5.7) is the sum of the diagonal elements of the joint covariance matrix of the ADMM
variables influenced by the LGP regression. In the following subsection, we provide the
measure of uncertainty used in our algorithm.
5.3.1. Uncertainty Expression when using the LGP approach

The analysis presented in Section 4.3.1 justifies using the trace of the covariance
matrix given by the LGP regression as the uncertainty function. In case we do not con-
sider quantization, this function is the trace of the LGP conditional covariance matrix
Y¥(2F). However, due to the inclusion of quantization, we have to account for the uncer-
tainty introduced by the quantization process. Following the study made in Section 2.3.1,

1
the gradient of the Moreau Envelope V f/ (2F) is quantized element by element, where

1
each element of V f/ (2F) is quantized by a uniform quantizer having its mid-value set by
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uF(2F) and its corresponding element of the window length vector defined as

2c .
= o/ diag (S () (58)

where ¢ > 0 is a given constant. Therefore, following Proposition 1 in Section 2.3.1 and
the adaptation of the window length in (5.8), we can approximate the quantization error
of a given agent in iteration k£ given by ef@ with its [-th entry ef@[l], lell,...,pl, to follow
a uniform distribution given by e ~U[—q [l] /2, qu /2]. Consequently, the variance vector

of the uniform quantization error for a given agent at iteration k is as follows:
k L ke
Var(e;q) = — (¢)" (5.9)

Thus, the overall quantization uncertainty is given by the summation of each element of
the vector Var(ef,). Then, we can formulate an overall uncertainty function for all agents

depending on the decision variable v and each agent’s quantization resolution b} as:

Uncert (7", b*) = Z% 2bk tr (SF(2F)) + (1 =9 tr (Z5(2))) (5.10)

where 0 = % and tr(-) is the trace operator.
5.3.2. Proposed Joint Query and Resolution Allocation Method

Using the general framework outlined in Section 5.2, we suggest employing the
total number of bits transmitted in the current iteration as the metric for the cost of com-
munication. This metric is denoted as the multiplication of the number of agents queried
in the current iteration and each of their assigned quantization resolutions. On the other
hand, the uncertainty function Uncert(+*,b¥) is constructed using the trace of the condi-
tional covariance matrix presented in (5.10). Therefore, the specific form of the general

optimization problem (5.7) is
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Algorithm 3 Joint Query and Quantization Resolution Allocation

Require: Each agent’s value of ¥¥(zF), the initial value and adaptation of 1*, set all

1:

>

k
v 1.
Sort each tr(XF(2F)) from smallest to greatest, and store the sorting as m* =

[m%,mk .. mk].

: Define idxf, as a flag corresponding to the position in the sorting that corresponds to

the value of mF.
Calculate the cumulative sum vector of m* as CM* = cumsum(mF).
Define ng as the largest value of CMF such that CMﬁS < %, and set 'yj’? + 0, where
j=11,...,n4.
if n, = n then
Terminate
else
Run Algorithm 4
end if

minimize  ||7*|; Z(l — yF)bY

i=1

subject to 7 € {0,1},1 <i <n,
(5.11)

Ve N,

D s 1 (SHGE) + (1= ) or (SHGE) < 0%
=1

where the threshold 1* varies with each iteration. The rationale behind Equation (5.11) is

to select the smallest set of agents to query with the least possible quantization resolution

while ensuring that the joint uncertainty remains below the threshold ¢*. This guarantees

a high probability that the uncertainty remains within a desired bound.

Subsequently, we introduce an efficient solution to the problem stated in (5.11)

without relying on combinatorial methods, leveraging the convexity and linearity inherent

in the communication and uncertainty functions considered. This approach is constructed

by solving the problem in (5.11) in two parts. The first part focuses only on determining

the value of each of the communication decision variables v¥, while the second assigns the
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quantization resolution b} to each communicating agent. The approach revolves around

the following steps:

1.

Define a global threshold ¢* and a quantization threshold ?* both decaying at
each iteration. Also, define a minimum and maximum allowed quantization resolu-
tion.

. Initiate the search for a query set with the scenario where communication cost is at

its peak while uncertainty is at its minimum.

Then, we calculate the contribution to the sum of all traces of each agent, where
the ones that contribute the least to the overall sum are the first candidates not to
be queried in the current round.

Rather than examining every potential combination, we analyze the threshold *
against the sum of the traces each time the next candidate is poised to skip commu-
nication until the constraint is satisfied with the largest possible number of agents
skipping communication. This number is defined as n.

. We calculate the remainder of the total threshold by subtracting the sum of the

uncertainty of the noncommunicating agents to 1*. This remainder is defined as ;.

. We check feasibility by comparing the minimum possible uncertainty (when all

communicating agents use the maximum possible resolution) with €. If feasibility
is not reached, we set another agent to communicate (increasing the value of ng by
1) according to its contribution to the total uncertainty and recalculate €5 until the
problem is feasible.

Assign the quantization resolution of the communicating agents as bf =
[0.5 log, <<9($Q;[Zf)> tr (Zf(zf))ﬂ, where n; is the number of communicating

agents. If b} is beyond the boundaries set by the minimum and maximum resolu-
tions, then we set it to the value of its closest boundary.

The details of the proposed approach are presented in Algorithm 3 and Algo-

rithm 4.

5.3.3.

Threshold ¥* and ?¥ Mechanism

During the execution of the ADMM algorithm, the uncertainty associated with the

LGP regression tends to decrease as the algorithm approaches convergence. This reduc-
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Algorithm 4 Joint Quantization Resolution Allocation

Require: The values of the minimum resolution [ and maximum resolution h, the value of
ns, the vectors m* and +*, and the initial value and adaptation of 1@
1: Calculate the slack: e, < ¢F — > mF

i=1"""%"

2: for j =n,,...,1do > Go through a For Loop of the possible values we can decrease
N
3 if Y07 L smmy < e/0 then > Check feasibility
4: break
5: else > if not feasible decrease ng and check feasibility again
6: ng < ng — 1, set vi]fix,? —1
J
7: €5 < PP =S mF
8: end if
9: end for

10: Define r = [ns + 1,ns +2,...,n).
11: for j =r do

ot o [0t ((2) mb)]

13: if bikdx’? <l or bikdx’? > h then > Saturate if the bfdx,? is beyond boundaries
J J J
. k k
14: Set bidx? <+ lor bidx? —h
15: end if
16: end for

tion in uncertainty is attributable to the availability of more training data obtained from
responses to queries, thereby enhancing the accuracy of predictions. Consequently, it is
advisable for the threshold considered to decrease over successive ADMM iterations. To
address this, we propose a mechanism for decreasing the threshold that is based on both
the iteration count and kg, which denotes the iteration when the LGP regression is used
for the first time.

Initially, we define the threshold at iteration kg as:
Pro = Vko, (5.12)

where V¥ represents the total uncertainty variable utilized by the query method (in this
instance, y ., tr (Ef“(zfo))), and ¢, predetermined, is a scalar ranging between 0 and 1.
Subsequently, given a preselected decay rate o € (0, 1), at a later iteration & > kg, the
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threshold is updated as follows:

Pr = ook, (5.13)

The quantization threshold @ is defined and adapted following the same
mechanism. In this case, @k = wQ[kO}ag*ko, where 1@kl = ;o V/Qlkol /@Rl =
S g tr (Efo(zfo)), [ is the minimum quantization resolution, and ¢y and oy are scalars
that vary between 0 and 1.

5.3.4. Convergence Analysis

The joint method proposed in this section uses the same uncertainty measure and
meets the conditions presented in the convergence analysis in Chapter 3. For that reason,
if there is no bound on the number of bits that can be assigned for quantization, then
the convergence analysis in Section 3.5, which concludes with Theorem 8, applies to the
method presented in this section.

In case the number of bits that can be assigned for quantization is bounded, then
our proposed approach convergence analysis is analogous to the one presented in Sec-
tion 3.6. This analysis concludes that the expectation of the ADMM residual is always
bounded and that this bound decreases with each iteration.

5.4. Proposed Individual Approach

In this section, we simplify the problem posed in (5.11). The idea of this approach
is that each agent makes its communication decision and assigns the quantization resolu-
tion without taking into account the decisions of the other agents. If we consider doing

our communication decision and quantization bits assignment individually, the two sources

of uncertainty are mutually exclusive. This approach significantly decreases the computa-
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tional complexity compared to the overarching method outlined in Section 5.2. However,
it overlooks the influence of an agent’s decision on the overall prediction error introduced
into the system. Nonetheless, by constraining the uncertainty of each agent per iteration,
we guarantee that the prediction error minimally impacts the performance of the ADMM
algorithm. While this strategy may not match the rigor of the joint method, its simplicity
makes it appropriate for scenarios prioritizing minimal computational expense.

In this individual method, each agent makes its own querying and resolution alloca-
tion decisions independently reflected in the agent’s corresponding binary decision variable
¥ and resolution bits bF respectively. The concept behind this approach is that for each
agent i, the coordinator decides whether to refrain from sending a query to that agent if
the probability of an estimation error, both for the Moreau Envelope and its gradients,
falls within an acceptable individual threshold ¢*. In the event that communication is re-
quired, the quantization resolution is determined by the variance of the quantization error
compared with a decaying threshold zﬂiQ [k, By adopting this approach, we circumvent the
minimization problem outlined in (5.11), determining each 7% and b¥ by comparing the es-
timated errors of each agent to individual thresholds. This method considers the following
steps to be performed for each agent:

1. Define the local threshold 1F and a local quantization threshold %Q " both follow-
ing the mechanism presented in Section 5.3.3. Also, define a minimum and maxi-

mum allowed quantization resolution.

2. In case the trace of X¥(2F) is below ¥, then agent i is set to not communicate so

the conditional mean p¥(2F) is used in the ADMM algorithm updates.

3. In case the trace of XF(zF) is greater than ¢F, then agent i is set to communicate
and its resolution is calculated by comparing the variance of the quantization error
to the quantization threshold @bZQ M 16 b¥ is beyond the boundaries set by the mini-
mum and maximum resolutions, then we set it to the value of its closest boundary.
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Algorithm 5 Individual Query and Quantization Resolution Allocation

Require: The value of $¥(zF), the initial value and adaptation of ¢/* and ¥** and the
values of the minimum resolution ! and maximum resolution h.
1 if tr (3F(2F)) < ¢F then

2: ’yf =0
3: else
4 f=1

o= fosts, (<) westin)]

6 if b¥ <1 or b > h then
7 Set bF < L or bf < h
8: end if
9: end if

More details of the individual method are presented in Algorithm 5. The following section
presents numerical results to validate and compare our proposed methods.
5.5. Numerical Experiments

In this section, we assess the methods proposed in this study by addressing a shar-
ing problem in which the agent’s sub-problems are quadratic. We proceed by detailing the
specifics of the considered sharing problem, outlining the numerical experiment settings,
and presenting the results obtained.
5.5.1. Sharing Problem
5.5.1.1. Problem Definition

Our evaluation is based on a sharing problem inspired by the application presented
in [10]. In this scenario, we address a dynamic sharing problem where the problem’s vari-
ables remain fixed and do not change at each algorithmic step, unlike the original formula-

tion. We define the following sharing problem:

115



n

minimize Z(xZ —0:) Yz — 0;) + | Z?/z||1
i=1 i=1 (5.14)

subject to z; —y; =0
Here, z;,y; € RP, 0, € RP, T, € RP*P are positive definite matrices, and ¢ > 0
are given problem parameters. The generation of parameters 6; and T; is as presented in
Section 2.5.1.2 in Chapter 2.
5.5.1.2. Solution of the Sharing Problem with ADMM
The problem described in (5.14) resembles (5.1) from Section 5.1, and the corre-

sponding ADMM updates are summarized as follows:

xf-ﬁ-l = arg min {fZ(ZEl (P/2 |5Ez k” }

z;, ERP
1 = argmin {Clngls + (no/2) 5~ #7 ~ (1/p)NIE)
yeERP
AL Ry (R gLy (5.15)

where fi(z;) = (z; — 0,)" il — 0;), 2 = (1/n) 350, 2f, * = (1/n) 3201, vt and
o =af ="+ g = (1/p)N*
Given that the functions f; and the [; norm are strongly convex, the ADMM up-

—k+1

dates for 2% and g**! provide solutions to unconstrained convex optimization problems.

Consequently, these problems can be solved by equating the derivatives of the objective

functions in (5.15) to zero. Subsequently, the closed-form solution for :Uf“ is given by

o = (20, + pl,) TN (20i0; + p(af — TF + g7) — NF), (5.16)
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where [, is the p x p identity matrix. Similarly, the update for § can be expressed as

5.5.2.

.

Skl _ 0, if (751 4+ Ak /p| < % (5.17)

(ZF N p) + 5, AT R A p < =5

\

Numerical Experiments

We consider the case where n = 10. The problem described in (5.14) is solved with

three different methods:

1.

Sync: this algorithm uses ADMM with proximal operator as in (2.15), which simpli-
fies to (2.16) and (2.17) with p = 10.

STEP-GP: the algorithm proposed in [23] combining ADMM with proximal opera-
tor with GP regression.

STEP-LGP: the hybrid algorithm proposed in Chapter 2, which combines the re-
gression algorithm developed in Section 2.4.2, the LMMSE approximation pre-

sented in Section 2.4.3, and uses an adaptive quantization scheme.

For each of the above algorithms, different quantization methods, or no quantiza-

tion at all, or censoring methods are considered as follows:

e Fzact: this method does not employ any quantization, but uses 64-bit floating

point numbers.

e UniQuant: this is the adaptive uniform quantization method presented in Sec-

tion 2.4.1 and performed element-wise following the Uncorrelated Adaptive Scheme
as presented in Section 2.3.2.1. This scheme adapts the middle point and windows
length of the quantizer to the conditional mean and covariance matrix given by the
regression process, respectively, at each iteration.

UniAd-Joint: The joint adaptive quantization scheme presented in this chapter,
which makes its querying decision and quantization resolution allocation as ex-
plained in Section 5.3.

UniAd-Indiv: The individual adaptive quantization scheme presented in this chap-
ter, which makes its querying decision and quantization resolution allocation as
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Algorithm 6 COCA: Communication-Censored ADMM for the Sharing Problem

Require: 20 e R?, 3 e R?, v’ e R?, ce N, a € [0,1], w > 0
1: for k=0,1,..., ksop do
2: g+« argmin {h(ng) + (np/2)||y — z* — ukHQ}

yERP
3: for each agent ¢ do
4: Vf Fl/e (z *=1) is the previously transmitted Moreau Envelope gradient before

iteration k.
gL gk

5: Coordinator sends 2F < 2¥ — 7% +

6: Compute f}/*(zF) and Vfl/p( k)

T: Calculate £F = Vfl/p( ) — Vfl/p( D)
8: Calculate H;(k,&F) = H£f|| — wak

9: if H;(k,&F) > 0 then

10: Send Vfl/p( ¥) to Coordinator

11 B2k = (1 p)V 1726

12: else

13: ef e = (1/p) VP (2F)

14: end 1f

15: end for

16: TP (l/n) Skt

17: WFT b g g g

18: If |28 — 4[]0 < €,(1 + |N\*/p||oo) then Terminate.
19: end for

explained in Section 5.4.

e COCA: The censoring method presented in [49]. This method checks if there is
a considerable variation between the current agent’s response and the previously
transmitted one. If there is not enough variation, the coordinator uses the previ-
ously transmitted reply in this iteration for the ADMM updates. The specifics of
this censoring method in the context of our problem are presented in Algorithm 6.

e QuantRef: The quantization refinement scheme presented in [50]. This simple
quantization scheme sets the middle point to the previous quantized agent’s re-
sponse and adapts the windows length by making it decay at each iteration. The
specifics of this adaptive quantization in the context of our problem are presented
in Algorithm 7.

In our results, we consider the following combinations: STEP-GP:FExact, STEP-
LGP:UniQuant, STEP-LGP:UniAd-Joint, STEP-LGP:UniAd-Indiv, Sync:COCA,

and Sync:QuantRef.
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Algorithm 7 Quantization Refinement Scheme
Require: 20 e R?, ) e R, v’ e R?, ce N, b e N, a € [0, 1]
1: for £k =0,1,..., ksop do

2: g+« argmin {h(ng) + (np/2)||y — z* — ukHQ}
JeRP

3 for each agent ¢ do

4 zf(—xf—f’“—kgjk“—uk

5: Send zF to Agent i

6: Compute fil/p(zf) and Vfil/p(zf) > Agent i
7 Update I¥ = ca® > Agent 7
8 Calculate V f/7(zF) = Q(V £1/7(25); V f1/7 (2F1), 1%, b) > Agent ¢
9: Send Vf}/?(z%) to coordinator. > Agent i
10 a2t = (1) VIR

11: end for

122 2 (1/n) Y it

130 uFT ok 4 R - g

14: If || 2% — 7%||oo < (1 + [|A*/p|ls) then Terminate.

15: end for

The numerical experiments were implemented in MATLAB. The solutions of
the minimization problems (5.14) are obtained directly using a convex solver from the
YALMIP toolbox [41]. We used the GPstuff toolbox [42] for the regression training and
inference.

5.5.3. Metrics and Considerations
5.5.3.1. Communication Metric

A communication cost metric can be derived following the contention tree algo-
rithm and the derivations presented in [51]. The contention tree algorithm defines ¢ con-
tending transmitters that want to transmit to an m number of slots. The number of
frames is Ly ,,, the number of slots is m Ly ,,, and the number of bits in the payload for
agent i is B¥mL;,,, where BF is the number of bits per slot of agent i. The work in [51]

presents statistical results for the contention tree algorithm and presents the expectation
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of the variable L; in terms of ¢t and m, given by

b logm

In the context of our problem, the agents transmit their Moreau Envelope which
is a scalar, and its gradient with dimension p, so each agent transmits a variable with

dimension p 4+ 1. So, the number of bits per slot is
Bf = (p+ 1)bf

Following the proposed adaptive quantization scheme, the value of b¥ varies from agent to

agent then the metric would be expressed as:

ke
TBits = (p+1 Z {H’W!h > w m Ly,

where k. is the iteration where convergence was reached, L, accounts for the number of
frames.
5.5.3.2.  ADMM Termination Criterion

For our numerical experiments, we use the ADMM termination criterion presented
in Section 4.6.4.2 in Chapter 4.
5.5.3.3. Performance Trade-off

We propose to present the results showing directly the trade-off between the total
transmitted bits and the accuracy of the algorithm. Define the negative logarithm of the

relative error (NLRE) expression as
NLRE = —log(|Jy — J.|/Jy0), (5.18)

where Jy is the true optimal value calculated directly with a convex solver, and J, is the
objective value obtained by a particular approach. Also, let us define the logarithm of the
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total number of bits (LTbits) transmitted as

[}

LTBits = log ((p+ Yy { ! ib{—‘ ij”%) : (5.19)

2 | Tl 2

We present our results in a graph where the vertical axis shows the values of LT-
Bits and the horizontal axis shows the values of NLRE. Each point in the graph is a
tuple of total transmitted bits and accuracy, and its location shows how well it performs
in terms of the trade-off between these two metrics. In particular, the ideal scenario is
when NLRFE is as large as possible and LTbits is as small as possible. Hence, we want the
points to be as close to the right lower corner of the graph as possible.
5.5.4. Initial Parameter Tuning

Since the initial threshold and decay rate variation affect the tested algorithms’
overall performance, we propose fine-tuning these parameters for the multiple methods
proposed in this work. The threshold mechanism presented in Section 5.3.3 initializes
its initial threshold 1% following the expression in (5.12). This initialization requires
manually setting the variables ¢ and tg, which indicate how proportional we want V/*o
and V@l to be with respect to ¥* and @, For the STEP-LGP:UniAd-Joint and
STEP-LGP:UniAd-Indiv methods presented in this chapter, we tune ¥* considering ¢
and ¢¢ in the range [0.7,0.8...,1.2,1.3]. In addition, we consider the decay rate a =
[0.85,0.86...,0.94,0.95] and the quantization decay rate ag = [0.65,0.66...,0.74,0.75].

The algorithms used for comparison also have initial parameters that require tun-
ing. For STEP-GP:Ezxact and STEP-LGP:UniQuant, we consider the same variation of
the initial threshold and decay rate as ¢ and « considered for STEP-LGP:UniAd-Joint and

STEP-LGP:UniAd-Indiv. The STEP-LGP:UniQuant method does not adapt its quantiza-
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tion resolution, so for all tested results for this algorithm we fixed the resolution to 9 bits.
With respect to Sync:COCA, it tunes the constant that multiplies the decay rate (w on
line 8 of Algorithm 6) by assigning the values [1,1.5,2,2.5, 3] and setting the decay rate in
the range [0.81,0.82,...,0.87]. Finally, Sync:QuantRef tunes its quantization resolution
from 8 to 14 bits, the constant that multiplies the decay rate in the range [1.5,2,2.5, 3],
and the decay rate in the range [0.9,0.91,...,0.99].
5.5.5. Numerical Experiment Results

In this subsection, we present the results for 10 agents when the dimension of the
variables is set to p = 5. We consider tuning the initial parameters of all tested methods
following the description in Section 5.5.4. Each graph presented shows results for different
sets of M;, My, w;, wy, ¢; and ¢. In the generated graphs, each point among the same
colored cluster represents a ranked tuple of metrics NLRFE and LTBits, as presented in
Section 5.5.3.3. This ranking is done by setting a tuple as an upper bound with a value of
NLRE and LTBits that is higher than any of the values obtained in our results. Then we
will calculate the Euclidean distance of all the points obtained across the different initial
parameters considered to the upper bound tuple. The 11 points that reach the lowest
distance are included in the graph. This set of results considered values of n = 0.2, ¢ =1,
p = 10, p = 5, an absolute tolerance value of €* = 107°, a relative tolerance value of
el = 107° 29 = 5° = u° = 0, and constant ¢ = 3 for quantization. Also, we consider
a minimum quantization resolution of 8 bits and a maximum resolution of 14 for all the
methods that requires quantization.

In Figure 5.2 we present the tradeoff performance of all algorithms considered
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Figure 5.2. Performance trade-off between the Logarithm of the Total Transmitted Bits
and the Negative Logarithm of the Relative Error for 10 Agents with variable’s dimension
p = 5. The plots show the 11 best-ranked tuples for four different sets of parameters M;,

My, w;, wy, ¢;, and ¢y.

for 10 Agents with variable’s dimension p = 5. The plots show the 11 best-ranked tu-
ples for four different sets of parameters M;, My, w;, wy, ¢;, and ¢,. The different plots
also present the centroid among ranked tuples of the same color. It can be observed that
among all the scenarios tested, STEP-GP:FEzact presents the worst tradeoff between accu-

racy and total transmitted bits. In addition, STEP-LGP:UniQuant is as good in commu-
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Figure 5.3. Top 5 best results in terms of the Logarithm of the Total Transmitted Bits
and Top 5 best results in terms of Negative Logarithm of the Relative Error for 10 Agents
with variable’s dimension p = 5 for STEP-LGP:UniAd-Joint, STEP-LGP:UniAd-Indiv,
and Sync:QuantRef. The plots are generated for four different sets of parameters M;, My,
Wy, Wp, C;, and c¢p,.

nication reduction as Sync:COCA and STEP-LGP:UniAd-Joint, but in all cases it is close
to the worst Negative Logarithm of the Relative Error values. Although some points of

Sync:COCA compete among the best trade-off points as in Figures 5.2 (a) and (b), it also
presents the worst overall accuracy values in all cases. This shows that Sync:COCA is sus-

ceptible to initial parameter tuning, allowing it to achieve remarkable results if tuned cor-

124



rectly, but also presents a very poor accuracy otherwise. In all cases, STEP-LGP:UniAd-
Indiv presents a good Negative Logarithm of the Relative Error values but presents the
most transmitted bits only behind STEP-GP:Ezact. Finally, the best results are obtained
by STEP-LGP:UniAd-Joint and Sync:QuantRefL. In Figures 5.2 (a),(b) and (d), STEP-
LGP:UniAd-Joint presents the best accuracy results, while Sync:QuantRef presents the
most communication reduction. The exception is Figure 5.2 (¢) where Sync:QuantRef
presents the best overall results.

Due to the competing results between STEP-LGP:UniAd-Joint and Sync:QuantRef
we present the results in Figure 5.3. This set of graphs presents the top 5 points in terms
of the Logarithm of the Total Transmitted Bits and the top 5 best results in terms of Neg-
ative Logarithm of the Relative Error for 10 Agents with variable’s dimension p = 5 for
STEP-LGP:UniAd-Joint, STEP-LGP:UniAd-Indiv, and Sync:QuantRef. These figures use
the same sets of problem parameters M;, M, w;, wy, ¢;, and ¢, as in Figure 5.2. The re-
sults in Figure 5.3 show a clear trend that the best 5 points in terms of communication
and the best 5 points in terms of precision for STEP-LGP:UniAd-Joint are significantly
closer together than for STEP-LGP:UniAd-Indiv and Sync:QuantRef. These results show
that STEP-LGP:UniAd-Joint is the most robust method that presents consistent results
regardless of initial parameter tuning. Thus, even though STEP-LGP:UniAd-Joint and
Sync:QuantRef present the best results in terms of accuracy and communication, respec-
tively, it is STEP-LGP:UniAd-Joint that is more reliable without regard to the considered

initial conditions.
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5.6. Conclusion to Chapter 5

In this chapter, we extend the LGP algorithm presented in Chapter 2 to allow
adaptive quantization resolution. We proposed two new quantization schemes: one that
makes the communication decision and the bits for quantization collectively, and another
that does so individually. Numerical solutions to a distributed sharing problem showed
that our proposed collective method becomes significantly more accurate than the quan-
tization scheme presented in Chapter 2 while maintaining a similar reduction in commu-
nication. On the other hand, the proposed individual adaptive quantization scheme also
presented better accuracy compared to the method in Chapter 2 but it presented more
communication overhead. Finally, compared to a proposed censoring method and quan-
tization scheme in other works, our proposed collective method was competitive for the
best tradeoff between communication reduction and accuracy, while presenting the most

robustness against the initial parameters tuning.
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Chapter 6. Conclusions and Future Directions
6.1. Conclusions

In distributed optimization frameworks where a cluster of agents interfaces with
a central coordinator, the optimization process typically entails each agent tackling indi-
vidual local subproblems privately while engaging in frequent data exchanges with the
coordinator to collectively solve the overarching distributed problem. In such scenarios,
the conventional query-response mechanism tends to escalate communication expenses
for the system, thereby prompting the need for communication minimization, particularly
in situations where communication resources are constrained or expensive. Integrating
Gaussian processes (GP) as a learning component to the Alternating Direction Method of
Multipliers (ADMM) has proven effective in learning each agent’s local proximal operator
to reduce the required communication exchange. For this reason, the initial stage of this
work (Chapter 2) proposes a novel hybrid method named LGP that integrates GP-based
learning with an adaptive uniform quantization strategy to further minimize communica-
tion costs in distributed optimization. Quantization is used to reduce the communication
overhead even further by reducing the payload of the shared information. Also, this ini-
tial proposed quantization scheme sets its middle point and windows length to the con-
ditional mean and covariance given by the regression process, respectively. Although the
resulting quantization error deviates from a Gaussian distribution, we introduced a new
regression algorithm. Inspired by GP, this algorithm, termed LGP-R, employed a Linear
Minimum Mean Square Estimator that factored in the statistics of the quantization error.

Furthermore, communication overhead was mitigated by enhancing the uniform quantizer
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through an orthogonalization process of its input, addressing inherent input correlation,
and incorporating dithering to ensure uncorrelated noise introduction. Through numeri-
cal experiments on a distributed sharing problem, our hybrid approaches demonstrated
a significant reduction in total communication costs compared to baseline methods, even
achieving global solution discovery at low quantization resolutions.

Next, we continue our study by presenting a convergence analysis for the STEP-GP
and LGP algorithms. These analyzes were based on the convergence analysis of the gen-
eralized ADMM and SI-ADMM algorithms. Following that, we outline the derivation of a
convergence proof for the STEP-GP algorithm, where we establish that the expected value
of the ADMM residual converges to zero as the algorithmic iterations approach infinity,
achieving this convergence at a geometric rate. For the case of the analysis of the LGP
algorithm, we reached a similar conclusion; however, we assumed that the coordinator can
vary the quantization resolution at each iteration and that it can assign infinitely large
bits for quantization. We also present convergence properties in the case where the quan-
tization resolution is upper bounded using the LGP algorithm, leading to the conclusion
that the expectation of the ADMM residual is bounded, and such bound is explicitly dis-
played. Finally, we present an analysis of the connection between the analysis in this chap-
ter and the algorithms defined in Chapter 2. Since the specific query mechanism used in
the LGP algorithm in Chapter 2 is different from the one used in the convergence analysis,
we established a direct relationship between the two mechanisms, allowing us to determine
that the expectation of the ADMM residual is also bounded for the method presented in
Chapter 2.

One of the most important aspects for the correct performance of our LGP algo-
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rithm is how we determine the agents to be queried in each iteration. Hence, in Chapter 4
we introduced multiple query strategies aimed at determining whether the coordinator
should initiate queries to the agents during a specific iteration when executing the STEP-
GP algorithm, leveraging the concept of a general querying framework. As this decision-
making process significantly influences how regression influences the ADMM algorithm,
our objective was to focus on ADMM performance in the absence of quantization. Con-
sequently, in the study in Chapter 4, we intend to examine the effects of various query
strategies on ADMM without being influenced by potential quantization errors. The pro-
posed general framework addresses a constrained optimization problem by effectively bal-
ancing two conflicting objectives: maximizing communication reduction while minimizing
error in the final solution. Motivated by this optimization challenge and an alternative rep-
resentation of the regular ADMM updates that underscores the inherent interdependence
among agents, we proposed a collective query strategy to minimize a convex communica-
tion cost constrained by the trace of the joint uncertainty of the ADMM variables. In con-
trast, to alleviate the computational overhead imposed on our algorithm, we introduced
individual query strategies for each agent, utilizing individual uncertainty metrics to gauge
whether the prediction is sufficiently reliable to forego a communication round. Numerical
experiments on a sharing problem with quadratic cost functions revealed different perfor-
mances of the proposed methodologies concerning the trade-off between communication
cost reduction and accuracy loss in solving the optimization problem. It is particularly
noteworthy that the proposed collective query method achieves superior trade-off perfor-
mance compared to the independent query strategies.

Finally, in Chapter 5 we expand the LGP algorithm discussed in Chapter 2 to
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incorporate adaptive quantization resolution. We introduce two novel quantization ap-
proaches: one that jointly determines the communication decision and the quantization
bit allocation, and another that handles these aspects independently. Through numerical
experiments involving a distributed sharing problem, we demonstrate that our collective
quantization method achieves significantly higher accuracy than the quantization scheme
outlined in Chapter 2 while maintaining a similar level of communication reduction. In
contrast, the individually adaptive quantization scheme also exhibits improved accuracy
compared to the method in Chapter 2, albeit with increased communication overhead.
Furthermore, in comparison to a censoring method and a quantization scheme proposed
in prior research, our collective approach demonstrates competitiveness in achieving the
optimal balance between communication reduction and accuracy, while displaying greater
robustness against variations in initial parameter settings.

In general, the different algorithms proposed throughout this study achieved their
main objective of reducing the overall communication overhead while maintaining satisfac-
tory accuracy in their global solutions. The good accuracy of the numerical experiments
is aligned with the derived convergence analysis, where, for the cases where convergence
is not guaranteed, we proved that the overall ADMM residual is bounded by a decaying
bound, so we can expect the solutions of our algorithms to be in the vicinity of the real
solution.

6.2. Future Directions
In this brief section, we present future directions that can be taken from our re-

search.
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6.2.1. Alleviate the Computational Burden Coming from the Regression Pro-
cess

During the course of collecting numerical results using our various proposed meth-
ods, we observed that the greatest computational burden comes from the update of the
hyperparameters performed each time the training set of the regression process is updated.
This optimization in our algorithm uses the square-exponential covariance function defined

as

1
¢(935,93j) = szf CeXp (—m(lﬂs - -Tj)2> )

s

where (7]% is the variance of the signal and L is the length scale. These two variables are
the hyperparameters that are updated at each iteration.

Observations of the numerical results among all algorithms proposed in this work
showed that the hyperparameter behavior is similar in most cases. In the first iterations,
the hyperparameters start to increase their values rapidly, while close to convergence, the
increment of those values is each time smaller. This trend induces us to question whether
it is possible to use the increasing trend of the hyperparameters updates to skip such up-
date procedures in some iterations or skip them completely once we reach the iteration
where the hyperparameters values do not vary much. The reduction of the hyperparam-
eter updates would significantly reduce the computation complexity of our proposed al-
gorithms, making them suitable for applications where high computation complexity is
undesirable.

6.2.2. Extend the Derived Convergence Analysis for LGP
The convergence analysis presented in Section 3.6 of Chapter 3, presents an anal-

ysis for the LGP algorithm when the quantization resolution is constrained. In this dis-
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cussion, we defined k" as the last iteration where the global uncertainty constraint is
met before the quantization uncertainty can’t decrease further. This convergence anal-
ysis would become stronger if some property or bound could be imposed on &’. The chal-
lenge is that this involves bounding the sum of the traces of the covariance matrices of the
agents, which depends on the iteration &/, which is unknown. An in-depth analytical study
can be conducted in this matter to achieve a complete and global proof of convergence for
the LGP algorithm.
6.2.3. Enhance the Numerical Examples

In this work, we conducted extensive numerical experiments to test and compare
the different proposed methods. We considered using an optimization problem involving
quadratic functions for its simplicity and properties. It will be beneficial to test our pro-
posed algorithms in more complex problems with clear real-life applicability.
6.2.4. Regression Improvement

When performing the prediction, we could exploit the similarity between local ob-
jective functions, which may be captured and characterized by vector Gaussian processes.
At the center, we may exploit such correlation across agents to further improve the accu-
racy of regression using the corresponding vector GP. However, it should be noted that
there will be an asymmetry between the models used by the center and agents. How we
can resolve such an asymmetry in both regression and optimization problems remains as

one of our future problems to tackle.
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6.2.5. Better Communication Channel Modeling

In our numerical results, we account for channel contention among simultaneous
communications, either through a MAC modeling or using the contention tree algorithm.
However, these techniques are simple and do not account for more complex communica-
tion events. For example, due to contention, packets might get lost and never reach their
destination. Furthermore, these packets could come with a delay of several iterations, ar-
riving later after the coordinator assumed that the information was lost. Mechanisms for

adjusting for such events are an interesting topic to study.
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Appendix A. Proof of Proposition 1 in Chapter 2

Define . = y—py ~ N (0, 05). The output of the adaptive uniform quantizer is given

by the standard uniform quantizer Q,(y; sy, 2;#)7 which is equivalent to p, + Q,(z;0, 2;?)

Using the result presented in [39, Section V-A] on the quantization error of a uniform
quantizer on a zero-mean Gaussian random variable, we can derive the equations of E[eg]
and Elegeg).

The correlation between y and €g is

Elyeq] = El(x + py)eq] = Elreg] + pyEleq] = Elzeg).

Using the result presented in [39, Section V-B] on the correlation between a zero-mean

Gaussian random variable and its uniform quantization error, we have that
oo
E[zeg] = 20, Z(—l)m exp (—2m°m’r?),

m=1

which results in the same equation for E[yeg).
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Appendix B. Proof of Lemmas 1 and 2 in Chapter 2
We first need the following result.
oy 1

Proposition 6 For r > N

Z M exp 27r2m2r2) < 0.

m=1

Proof: Define S(m) = m? exp (—2*m?r?). Then the series is Y - (—1)™S(m). We have

ds
dLm) = 2mexp (—27T2m27"2) — 47 r*m3 exp (—27r2m2r2)
m

= 2mexp (—27r2m27"2) (1 — 27r27"2m2) .

For r > f and m > 1, we have 1 — 272r?m? < 0, thus (m) < 0, which implies that S(m)

is strictly decreasing with m, i.e., S(1) > S(2) > S(3) > S(4) > .... Therefore, the series

is 3% (=1)™S(m) = (=S(1) + S(2)) + (=S(3) + S(4)) +--- < 0. O

oo (=D™
m=1 2

We will now prove Lemmas 1 and 2. Consider the series s(r) = > exp (—2m2m?r?)

as a function of 7. Define s,,(r) = -5 exp (—27*m?r?). Then s(r) = Y >°_ (=1)™s,,,(r). For

m=1

an integer m > 1, we have

Sma1(r) = ( exp (=27 (m + 1)*r?)

(m+1)2
< —exp (2 (m + 1))

= % exp (—2mm?r?) exp (—27%(2m + 1)r?)
< L exp (2rtmin)

= sm(7),

where the last inequality holds due to exp (—272(2m + 1)r?) < 1. Therefore

s(r) = (=s1(r) + 52(r)) + (=s3(r) + s4(r)) +--- <0
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Using the same approach, we can show that Y - (—1)™exp (—27?m?r?) < 0.

To show that s(r) is increasing with r, we differentiate it with respect to r:
d5 2.2 2
——47rrz exp 27rmr)

which is positive because we have just shown that > >°_ (—=1)"exp (—27*m?*r?) < 0.
Therefore, s(r) is increasing with 7.

Similarly, for the series in Lemma 2, we have

d & m
e Z(—l) exp (—2m°m°r?)
m=1
= —47?r z:(—l)mm2 exp (—2m°m*r?) > 0
m=1
for all r > —, due to Proposition 6. Therefore, the series >3, (—1)™ exp (—2m?*m?r?) is

increasing with r for all r > #
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Appendix C. Proof of Proposition 3 in Chapter 2
The dequantized value § will be § = A7'Qu.(y*; 0,04, ¢,b) + 1, but can be also
expressed as

= A_I[A(y — ly) + €q) + py = y+A‘16@ =Y+ €.

Analyzing the auto correlation of €y we have:

Elégég] = (A)'Eleqeq]((4) ™)

= (A) A ((4)71)

where E[egeg] is the auto correlation of the quantization error and A, is a diagonal ma-
trix with its diagonal given by the Vector%dz, with v(2°/2¢) as defined in Proposi-
tion 1.

If A; is used then ¢ will be ¢ = %Ipﬂ = I'(b, ¢)I, 41, where I'(b, ¢) = % On the

other hand, if A, is used then ¢ = g—g\/K =TI'(b, c)\/K Therefore we will have that

E[égég] = A_lAeQ(A_l)

B FQ(b, C)’U(Qb/QC) _1% —1y/
- - (A7 A, (AT)),

with AEQ being I, or A depending on the selection of A. Finally, we have that since

A7'A (A7Y) =%, then no matter the selection of A the result will be

I'2(b, c)v(2°/2¢

Elégé,] =
[EQEQ] 12
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Appendix D. Proof of Theorem 1 in Chapter 2
The proposed LMMSE will be given by the linear combination

~

pu(x,) = HY. (D.1)

Then, if (D.1) is a LMMSE then it must follow the orthogonal principle which will

be given by E[(z(x,) — ,)(Y)'] = 0. From this point we can obtain an expression for H
E[(HY = §.)(Y)]=0

HE[Y + ¢, + €g)(Y + €, + €g)'] = (x4, X). (D.2)

Since ¢, is independent from the rest, all cross products involving ¢, will be turn to

zero by the expectation. Therefore we can simplify the expression to
H[®(X, X) + Elegeg] + onlmpsr) + 2E[Y eg] = P(z,, X). (D.3)
Defining Elegeg] = A, we have the expression
H = ®(z,, X)[®(X, X) + A+ 0, Lpr1y + 2E[Y eg]] 7" (D.4)

The term E[Y ey expresses the correlation between the input of the quantizer and the
quantization error. In Proposition 1 a way to calculate this correlation is presented. Be-
cause we subtract the mean of the input of the quantizer before performing the quan-
tization, we have E[ep] = 0, following Proposition 1. Thus, the following holds true,
EYeg] = E[(Y — u(Y))eg] + u(Y)Eleg] = E[(Y — u(Y))eg]. This means that the results of
Proposition 1 can be extended to calculate the elements conforming matrix E[Y e]. This
is done directly for the diagonal terms that come from the same dimension, for example,
E[Y{1)€q)y)] where Yj1) and €, refer to the first element of vectors Y and €g, respectively.
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In case we want to calculate E[Y[;eq ], i # j, we define Yy = Yiy — p(Y}) and do the

following;:
E[Yieqy) = EVigeqy)] = El(Viy — £5Y1 + &Y i)eqy)
= E[( —&ij []])EQ[]]] + &;E [ [J]EQ[ ]]

where é’ijffm is the MMSE of 17[1-] with &;; being the operator to estimate f/ﬂ from 17[]-].
Since the error of the MMSE is given by ¢;; = Y — &J , then ¢;; is independent of

}7[]-]. Therefore,
E[(Y) — &;Y()eqy] = EYj) — &;Y(]Elegy;] = 0.
Thus,

E[Yjgeqp] = &ENYeqy)-

Consequently, we can calculate any correlation E[Y; d@[ﬂ] following the correlation expres-
sion presented in Proposition 1.

Finally, the error covariance of the estimator will be given by

Expanding this expression and operating the expectations we get
Y(z,) = (X, X,) - H'®(X, X,) — ®(X,,X)H — H'®(X, X)H. (D.5)
Finally, introducing the expression of H in (D.4) we get

B(a.) = O(X., X,) — O(Xa, X)[O(X, X) + 02 Lnpin) + A + 2E[YV )] ' B(X, X.).
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Appendix E. Proof of Theorem 2 in Chapter 2

The expression for our estimator will be defined as

where B is the matrix determined by resorting to the orthogonal principle. Using the

orthogonal principle for this LMMSE like in the LGP case the expression for B will be

B E[(§x — () (s — p(@.))'] = El(9e — pul)) (s — pl2))']- (E.1)

So, inserting the definition of u(x,) and 3 (z,) from Theorem 2 into (E.1) will lead to the

simplified version

B = Z(x*)[2<x*) + Un]p+1 + Ap-‘rl + 2E[y*€b*]]_1
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Appendix F. Details of MAC Metric

Assuming that the coordinator communicates with the agents wirelessly follow-
ing the IEEE 802.11 specification, a MAC layer simulator was implemented. The 802.11
CSMA /CA simulator presented in [43] was chosen because of its simplicity, which was
modified to our purposes. The simulator implemented in MATLAB will return the num-
ber of total transmissions, successful transmissions, and an efficiency value defined by
¢ = st/tt, where st is the successful transmissions observed and tt the total amount of
transmissions performed. The simulation was run offline 1000 times to obtain an average
efficiency €. Once the average values are obtained for different payloads and number of
agents, those values will be used with the results given by the distributed optimization
simulation to calculate the communication time for each round. In particular, at the k-th
iteration, the coordinator will receive a certain amount of simultaneous responses which

are expressed in the variable T* The expected transmission time in one iteration round

simul*

will be TF 4 = Tk /&%, where £* is the average efficiency in the MAC simulation for
the given scenario. The total transmission time will be Tz, = Zszl Tk .4 Where N is

the number of iterations taken to reach convergence. This metric is not only affected by
the total number of communications that were performed but also the number of agents

communicating at each iteration and the payload size, thereby making it a more robust

metric to compare the performance of the proposed methods.
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Appendix G. Proof of Proposition 4 in Chapter 4

Consider the condition in (4.10). We introduce a unitary transformation U, whose
columns are normalized eigenvectors of Xy, i.e., ¥p = UAU', where A is the diagonal
matrix whose diagonal entries are the eigenvalues of ¥ sorted in descending order A\; >
Ag > - >\, > 0. Given F ~ N(u,Xr), define G = U'(F — p), which follows N (0, A).

Moreover, ||G|l2 = |[|[F' — pl|2. Consequently,
PUIE — pll2 < [lull2d] = PG> < [[ull2d] > 1~ €. (G.1)

Let us define Z; = \%T for 1 <1< p, with Z, ~ N(0,1). Then, (G.1) can be expressed in

terms of Z as

P [Z NZE > \|u|\§52] 3 (G2)

=1

requiring the probability of being outside of an error sphere to be small.
Let R = Y1, N Z7, which follows a weighted chi-square distribution, and X =

R =371\, we transform (G.2) as

P

X+ A> ||m|§52] <¢ (G3)

I=1
We will follow the proof of Lemma 1 in [52] to get a bound for the inequality in

(G.3). For a random vector Z with individual components Z; ~ N(0,1), the logarithm of

the Laplace transform of Z? — 1 is given by
2 1
¥(u) = log[Elexp(u(Z = 1)]] = —u — 7 log(1 — 2u),

which for 0 < u < 1/2 we get the bound




Therefore, extending the previous expressions for a variable Y = Y7 a;(Z} —

a; > 0, we get

log[E[exp(uY)] Zlog [exp(ua;(Z} — 1)) Z . 2au
— 2q

which leads to the inequality

s Elexp(uy)] < ARt
1 —2||alleu’
On the other hand, in [53] it was proven that if

UU2

log[Elexp(uY)]] < 21— 2cu)’

then, for any positive x,

P(Y > ca + V2vz) < exp(—x).

1), with

(G.4)

(G.5)

(G.6)

(G.7)

Thus, given (G.5) and (G.6) we get v/2 = ||a||3 and ¢ = 2||a||o, Which allow us to rewrite

(G.7) as

P(Y > 2|ja]|z + 2[|allav/z) < exp(—z).

(G.8)

We can define @ = 2||al|o and 8 = 2||al|2, and by equalling 2||a||z + 2||a||2y/Z to a

positive number w we get
ar + vz =w
az + Bvr —w = 0.

Solving the quadratic equation we get that

JE= -5+ \/fj 4—404w7

where we can obtain a value for x that depends on w and will be named x(,) defined as

(G.9)



Introducing the definition of o and 8 into (G.9) we get

a 2 a 2
ry = JolB

|+ 2wl|a|so w
2llallz,  2lall, all3 2lalloe’

(G.10)

which after some algebraic manipulations can be expressed as

2
w_ a3 ol
o _ , Q.11
e (\/2||a||oo+4||a||zo 2l (G40

Inserting (G.11) and ax + fy/x = w into (G.8), we get the expression for the desired

probability as

PY > w| < exp(—xw)), Yw > 0. (G.12)

Going back to the context of the inequality in (G.3) given by

p
X4+ N> |ul30?

=1

P <&,

and since Y )| A = tr(Xp) this inequality is expressed as
P X > 36 — tr(Sr)] <& (G.13)

This probability can be also bounded following (G.12) as
P [X > HMH§52 - tf(ZFﬂ < eXp(_xawgaz—tr(Zp))) <¢, (G.14)

where 27 () 18 the specific form for our problem of (G.11) which is defined as

2
lulf0? —tx(Sr) | SN/ fM?)) (G.15)

L(lnli302—tr(zp)) ( N 0 N

lll[362—tr

with \; representing the eigenvalues of the covariance matrix > and \; representing the
biggest of those eigenvalues. Combining (G.14) and (G.15) we find a bound on the trace of

Yp given by

2
_( \/||u||%522;tr<zF>+ LY %’:M%> < In(e)
1

AN? 2\
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262 —tr(2 T A 11 AL
\/HMHQ - (Br) | XA VY]

N

2
2) D2 = 2\

tr(Sr) < [lpl26° -2 (Al In(1/€) + vIn(1/€),| Y A?)
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Appendix H. Proof of Proposition 5 in Chapter 4

k k+1

Combining the definition of z¥ = 2% + §* — ¥ — «* and the expression for

defined in (4.5), we can express the update of g in (4.8) as

g = (1/marg min {h(5) + (p/20)]lg = n(a" + ")},

where § = njg. Then, we can express **! in terms of its proximal operator y**! =
1/n) prox n(z**' 4 u¥)], which can be expressed in terms of the gradient of the
(n/p)h

Moreau Envelope of h, as in (4.5), leading to
gt = (@ k) — (1/p) VR (n(ZH + ub)) (H.1)
Now, expressing the u-update presented in (4.2) in terms of (H.1) gives
uttt = (1/p)VR™/? (n(z"" +u")) . (H.2)

Next, we can express (H.1) in terms of zF as

n

P = (1/n) D[ = (1) VL) 4 = (1) I (n(a + b))

=1

and by inserting the definition of 2¥ we get

P =7 = 1) Y VD = (o) VI (3 b)), (H3)

Taking the average of the definition of zF we get z¥ = ¥ — u*, and by inserting it into the

average of the z;-updates given by 2" = z" — 1/(pn) > |V £77(2F) we get the equality
= 1/(om) 30 VPR = 2 4 o (14)
i—1
Thus, combining (H.3) and (H.4), we obtain
P = 5~ 1/(pm) 32 V() — (L) TR <ny /Y st/%zf)) )
i—1 =1
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and the u-update combining (H.2) with (H.4) is expressed as

dH = (1/p) VR <ny ~W/ny vﬁ/ﬂ(zb) . (HL6)

As presented in Section 4.1, each agent’s V fl-l/ P(2F) is predicted by the GP and this
prediction is used by the ADMM algorithm when the coordinator skips a communication
round with an agent. This dynamic is expressed in (4.7) with the variable 8F, where de-
pending on the communication decision, 3F takes the value of V fl-l/ P(2F) or its predicted

value. In the context of our problem, we replace V fil/ ?(zF) from the expressions in (H.5)

and (H.6) with the dynamics defined in (4.7), giving the ADMM expression

vt =2 = (1/p)B

uttt = (1/p) V" (ny’“ —(1/p) Zﬂf)
ngrl — ﬂk . 1/(pn) iﬁzk . Uk+1.

=1

Defining the variable v* = ng* — (1/p) Y., BF, we get that the u-update is given by

bt = (1/p)Vh"P (v%).
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ARTICLE INFO ABSTRACT

Keywords: In distributed optimization schemes consisting of a group of agents connected to a central coordinator, the
Gaussian process optimization algorithm often involves the agents solving private local sub-problems and exchanging data
ADMM

frequently with the coordinator to solve the global distributed problem. In those cases, the query-response
mechanism usually causes excessive communication costs to the system, necessitating communication reduction
in scenarios where communication is costly. Integrating Gaussian processes (GP) as a learning component to
the Alternating Direction Method of Multipliers (ADMM) has proven effective in learning each agent’s local
proximal operator to reduce the required communication exchange. A key element for integrating GP into the
ADMM algorithm is the querying mechanism upon which the coordinator decides when communication with
an agent is required. In this paper, we formulate a general querying decision framework as an optimization
problem that balances reducing the communication cost and decreasing the prediction error. Under this
framework, we propose a joint query strategy that takes into account the joint statistics of the query and
ADMM variables and the total communication cost of all agents in the presence of uncertainty caused by the GP
regression. In addition, we derive three different decision mechanisms that simplify the general framework by
making the communication decision for each agent individually. We integrate multiple measures to quantify the
trade-off between the communication cost reduction and the optimization solution’s accuracy/optimality. The
proposed methods can achieve significant communication reduction and good optimization solution accuracy
for distributed optimization, as demonstrated by extensive simulations of a distributed sharing problem.

Distributed optimization
Proximal operator
Communication reduction

1. Introduction

In a distributed optimization scheme that consists of a group of
agents connected to a central coordinator, the optimization algorithm
often involves the agents solving private local sub-problems and ex-
changing data frequently with the coordinator. In many of those
schemes, the underlying local sub-problems in the form of proximal
minimization problems [1] are solved by the agents in response to queries
sent by the coordinator. Proximal minimization is suitable for networks
with privacy constraints because it prevents each agent’s local objec-
tive and constraints from being disclosed to the coordinator or other
agents. Once the coordinator receives the local proximal minimization
solutions from the agents, it uses them to calculate new queries for
the agents that keep on driving the agents’ solutions to the global
solution. Such distributed optimization schemes have been applied to
power management for smart buildings and distribution power systems,
among other applications, as shown in [2].

The Alternating Direction Method of Multipliers (ADMM) [3] is
an algorithm well suited for distributed optimization settings. It has
found great success in distributed optimization due to its simplicity
of implementation and its suitability for parallelization. As a result,
ADMM has found many applications in machine learning problems [4]
and other distributed optimization problems [5-8].

The query-response mechanism inherent to distributed optimization
algorithms (ADMM included) often requires many iterations before
the algorithm converges to a solution. An extensive amount of com-
munication between the coordinator and the agents could make the
system unviable in cases where communication is expensive, such as
underwater communication for robot formation control [9]. For that
reason, reducing communication expenditure is highly desirable, even
critical, for the viability of these distributed optimization schemes in
real-life applications.

Communication reduction in distributed optimization settings has
previously been studied. The authors of [10] presented a hierarchi-
cal distributed optimization algorithm for the predictive control of a
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* Corresponding author.

E-mail addresses: aduart3@lsu.edu (A. Duarte), Truong.Nghiem@nau.edu (T.X. Nghiem), swei@lsu.edu (S. Wei).

https://doi.org/10.1016/j.fraope.2024.100080

Received 28 August 2023; Received in revised form 2 February 2024; Accepted 25 February 2024

Available online 1 March 2024

2773-1863/© 2024 The Authors. Published by Elsevier Inc. on behalf of The Franklin Institute. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

148



Bibliography

1]

2]

3]

[4]

[5]

T. X. Nghiem, A. Duarte, and S. Wei, “Learning-based Adaptive Quantization for
Communication-efficient Distributed Optimization with ADMM.,” in Annual Asilomar
Conference on Signals, Systems, and Computers, California, USA, Nov. 2020.

N. Parikh and S. Boyd, “Proximal algorithms,” Foundations and Trends® in Opti-
mization, vol. 1, no. 3, pp. 127-239, 2014.

T. Yang, X. Yi, J. Wu, Y. Yuan, D. Wu, Z. Meng, Y. Hong, H. Wang, Z. Lin, and
K. H. Johansson, “A survey of distributed optimization,” Annual Reviews in Control,
vol. 47, pp. 278-305, 2019.

D. Varagnolo and et al, “Newton-raphson consensus for distributed convex optimiza-
tion,” IEFE Transactions on Automatic Control, vol. 61, no. 4, 2016.

A. Gourtani, T.-D. Nguyen, and H. Xu, “A distributionally robust optimization ap-
proach for two-stage facility location problems,” FURO Journal on Computational
Optimization, vol. 8, no. 2, 2020.

P. Dvurechensky and et al, “Hyperfast second-order local solvers for efficient statis-
tically preconditioned distributed optimization,” FURO Journal on Computational
Optimization, vol. 10, 2022.

D. Gabay and B. Mercier, “A dual algorithm for the solution of nonlinear variational
problems via finite element approximation,” Computers & Mathematics with Applica-
tions, vol. 2, no. 1, pp. 17-40, 1976.

S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein, “Distributed optimization
and statistical learning via the alternating direction method of multipliers,” Found.
Trends Mach. Learn., 2011.

S. Kumar, R. Jain, and K. Rajawat, “Asynchronous optimization over heterogeneous
networks via consensus admm,” IEEE Transactions on Signal and Information Pro-
cessing over Networks, vol. 3, no. 1, pp. 114-129, 2017.

X. Cao and K. J. R. Liu, “Dynamic sharing through the admm,” IEFE Transactions
on Automatic Control, vol. 65, no. 5, pp. 2215-2222, 2020.

Z. Liu, P. Dai, H. Xing, Z. Yu, and W. Zhang, “A distributed algorithm for task of-
floading in vehicular networks with hybrid fog/cloud computing,” IEEE Transactions
on Systems, Man, and Cybernetics: Systems, pp. 1-14, 2021.

T. Song, D. Li, Q. Jin, and K. Hirasawa, “Sparse proximal reinforcement learning
via nested optimization,” IEFEE Transactions on Systems, Man, and Cybernetics:

149



[13]

[14]

[22]

[23]

Systems, vol. 50, no. 11, pp. 40204032, 2020.

V. Yfantis and et al., “Hierarchical distributed optimization of constraint-coupled con-
vex and mixed-integer programs using approximations of the dual function,” FURO
Journal on Computational Optimization, vol. 11, 2023.

R. Zhao, M. Miao, J. Lu, Y. Wang, and D. Li, “Formation control of multiple under-
water robots based on ADMM distributed model predictive control,” Ocean Engineer-
ing, vol. 257, p. 111585, 8 2022.

P. Braun, L. Griine, C. M. Kellett, S. R. Weller, and K. Worthmann, “A distributed
optimization algorithm for the predictive control of smart grids,” IEFEE Transactions
on Automatic Control, vol. 61, no. 12, pp. 3898-3911, 2016.

V. Smith, S. Forte, C. Ma, M. Takac, M. I. Jordan, and M. Jaggi, “Cocoa: A gen-
eral framework for communication-efficient distributed optimization,” arXiv preprint
arXiw:1611.02189, 2016.

C. Ma, J. Konecny, M. Jaggi, V. Smith, M. . Jordan, P. Richtéarik, and M. Takéc,
“Distributed optimization with arbitrary local solvers,” Optimization Methods Soft-
ware, vol. 32, no. 4, pp. 813-848, July 2017.

D. Du, X. Li, W. Li, R. Chen, M. Fei, and L. Wu, “Admm-based distributed state
estimation of smart grid under data deception and denial of service attacks,” IFEE
Transactions on Systems, Man, and Cybernetics: Systems, vol. 49, no. 8, 2019.

S. Zhou and G. Y. Li, “Communication-Efficient ADMM-based Federated Learning,”
arXw e-prints, p. arXiv:2110.15318, Oct. 2021.

W. Li, Y. Liu, Z. Tian, and Q. Ling, “Communication-censored linearized admm for
decentralized consensus optimization,” IEEE Transactions on Signal and Information
Processing over Networks, vol. 6, pp. 18-34, 2020.

G. Stathopoulos and C. N. Jones, “A coordinator-driven communication reduction
scheme for distributed optimization using the projected gradient method,” in Proceed-
ings of the 17th IEEE European Control Conference, ECC 2018, Limassol, Cyprus,
2018.

G. Stathopoulos and C. Jones, “Communication reduction in distributed optimization
via estimation of the proximal operator,” arXiv preprint arXiw:1805.07143, 03 2018.

T. X. Nghiem, G. Stathopoulos, and C. Jones, “Learning Proximal Operators with

Gaussian Processes,” in Annual Allerton Conference on Communication, Control, and
Computing, llinois, USA, Oct. 2018.

150



[24] C.-X. Shi and G.-H. Yang, “Distributed composite optimization over relay-assisted
networks,” IEFEE Transactions on Systems, Man, and Cybernetics: Systems, vol. 51,
no. 10, pp. 6587-6598, 2021.

[25] Y. Pu, M. N. Zeilinger, and C. N. Jones, “Quantization Design for Distributed Opti-
mization,” IFEE Transactions on Automatic Control, vol. 62, no. 5, pp. 21072120,
May 2017.

[26] T. T. Doan, S. T. Maguluri, and J. Romberg, “Fast Convergence Rates of Distributed
Subgradient Methods with Adaptive Quantization,” arXiv:1810.13245 [math], Oct.
2018.

[27] P. Groot and P. J. Lucas, “Gaussian process regression with censored data using
expectation propagation,” 01 2012, pp. 115-122.

[28] G. Bottegal, H. Hjalmarsson, and G. Pillonetto, “A new kernel-based approach
to system identification with quantized output data,” Automatica, vol. 85, pp.
145-152, 2017. [Online]. Available: https://www.sciencedirect.com/science/article/pii/
S0005109817303989

[29] L. V. Nguyen, G. Hu, and C. J. Spanos, “Efficient sensor deployments for spatio-temporal
environmental monitoring,” IEEE Transactions on Systems, Man, and Cybernetics:
Systems, vol. 50, no. 12, 2020.

[30] Y. Koyano, Y. Ikeda, Y. Oikawa, and Y. Yamasaki, “Recording and playback system
of high speed single-bit direct quantized signal with dither,” Research Publishing,
Singapore, 2016.

[31] A. Ghosh and S. Pamarti, “Dithered quantizers with negligible in-band dither power,”
ArXiv, vol. abs/1202.0936, 2012.

[32] H. Zhu and H. Fujimoto, “Overcoming current quantization effects for precise current
control by combining dithering techniques and kalman filter,” in IECON 2012 - 38th
Annual Conference on IEEE Industrial Electronics Society, 2012, pp. 3826-3831.

[33] R. Hadad and U. Erez, “Dithered quantization via orthogonal transformations,” IEEE
Transactions on Signal Processing, vol. 64, no. 22, pp. 5887-5900, 2016.

[34] X. Wang, “On Chebyshev functions and Klee functions,” Journal of Mathematical
Analysis and Applications, vol. 368, no. 1, pp. 293-310, 2010.

[35] D. P. Bertsekas, Convex Optimization Algorithms. Athena Scientific, 2015.

[36] C. E. Rasmussen and C. K. Williams, Gaussian processes for machine learning. MIT
press Cambridge, 2006, vol. 1.

151



[37]

[38]

[41]

[42]

E. Solak, R. Murray-Smith, W. E. Leithead, D. J. Leith, and C. E. Rasmussen,
“Derivative observations in gaussian process models of dynamic systems,” in Advances in
neural information processing systems, 2003, pp. 1057-1064.

A. Grami, “Chapter 5 - analog-to-digital conversion,” in Introduction to Digital
Communications, A. Grami, Ed. Boston: Academic Press, 2016, pp. 217 — 264. [Online].
Available: http://www.sciencedirect.com/science/article/pii/B9780124076822000053

A. Sripad and D. Snyder, “A necessary and sufficient condition for quantization errors to
be uniform and white,” IEEE Transactions on Acoustics, Speech, and Signal Processing,
vol. 25, no. 5, pp. 442-448, October 1977.

J. Rapp, R. M. A. Dawson, and V. K. Goyal, “Estimation from quantized gaussian
measurements: When and how to use dither,” IEFE Transactions on Signal Processing,
vol. 67, no. 13, pp. 3424-3438, 2019.

J. Lofberg, “YALMIP: A toolbox for modeling and optimization in MATLAB,” in Proc.
of the CACSD Conference, Taipei, Taiwan, 2004.

J. Vanhatalo, J. Riihimaki, J. Hartikainen, P. Jylanki, V. Tolvanen, and A. Vehtari,
“GPstuff: Bayesian modeling with gaussian processes,” Journal of Machine Learning
Research, vol. 14, pp. 11751179, 2013.

N. A. NAGENDRA. (2013) Ieee 802.11 mac protocol. [Online|]. Available: https:
//www.mathworks.com/matlabcentral /fileexchange/44110-ieee-802-11-mac-protocol

W. Deng and W. Yin, “On the global and linear convergence of the generalized
alternating direction method of multipliers,” J. Sci. Comput., vol. 66, no. 3, p. 889-916,
mar 2016.

Y. Xie and U. V. Shanbhag, “Si-admm: A stochastic inexact admm framework for
resolving structured stochastic convex programs,” in 2016 Winter Simulation Conference

(WSC), 2016, pp. 714-725.

——, “Si-admm: A stochastic inexact admm framework for resolving structured
stochastic convex programs,” in 2016 Winter Simulation Conference (WSC), 2016, pp.
714-725.

C. Grigo and P.-S. Koutsourelakis, “Bayesian model and dimension reduction for
uncertainty propagation: Applications in random media,” SIAM/ASA Journal on
Uncertainty Quantification, vol. 7, no. 1, pp. 292-323, jan 2019.

H. Nagao and M. Srivastava, “Fixed width confidence region for the mean of a
multivariate normal distribution,” Journal of Multivariate Analysis, vol. 81, pp. 259-273,
05 2002.

152



[49] Y. Liu, W. Xu, G. Wu, Z. Tian, and Q. Ling, “Coca: Communication-censored admm for
decentralized consensus optimization,” in 2018 52nd Asilomar Conference on Signals,
Systems, and Computers, 2018, pp. 33-37.

[50] Y. Pu, M. N. Zeilinger, and C. N. Jones, “Quantization design for unconstrained
distributed optimization,” in 2015 American Control Conference (ACC), 2015, pp.
1229-1234.

[51] A. Janssen and M. de Jong, “Analysis of contention tree algorithms,” IEEE Transactions
on Information Theory, vol. 46, no. 6, pp. 2163-2172, 2000.

[52] B. Laurent and P. Massart, “Adaptive estimation of a quadratic functional by model
selection,” The Annals of Statistics, vol. 28, no. 5, pp. 1302-1338, 2000. [Online].
Available: http://www.jstor.org/stable/2674095

[53] L. Birgé and P. Massart, “Minimum contrast estimators on sieves: Exponential bounds
and rates of convergence,” Bernoulli, vol. 4, no. 3, pp. 329-375, 1998. [Online].
Available: http://www.jstor.org/stable/3318720

153



Vita

Aldo Duarte was born and raised in the city of Lima in Peru. He received his bach-
elor’s degree majoring in Telecommunication Engineering from Pontificia Universidad
Catolica, Lima, Peru in 2012. Afterwards, he worked for four years in the industry design-
ing indoor RF solutions for the major mobile carriers in Peru. He then joined Lousiana
State University (LSU) in the fall of 2016 to pursue a Master’s degree in Electrical En-
gineering in the School of Electrical Engineering and Computer Science of the College
of Engineering at LSU in Baton Rouge, LA. A few years later, he started his Ph.D. in
Electrical Engineering in the same division at LSU, in the summer of 2018.

Currently, he is a doctoral candidate in the School of Electrical Engineering and
Computer Science of the College of Engineering at LSU, and his dissertation research with
Dr. Shuangqging Wei was to develop a communication-efficient distributed optimization
problem solved using the Alternating Direction Method of Multipliers (ADMM) where
communications between agents and coordinator are skipped using Gaussian Processes
(GP) regression and those communications are affected by uniform quantization. This
study was completed at the end of the Summer Semester of 2024.

Aldo has already completed the requirements for the Doctor of Philosophy degree
and plans to graduate in the summer of 2024. Mr. Aldo Duarte plans to stay in the USA
for a few more years to gain more work experience during his Optional Practical Training

(OPT) period.

154



	Learning Proximal Operators with Gaussian Process and Adaptive Quantization in Distributed Optimization
	Recommended Citation

	tmp.1716502466.pdf.PzIjD

