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Abstract

The NANOGrav 15 yr data provide compelling evidence for a stochastic gravitational-wave (GW) background at
nanohertz frequencies. The simplest model-independent approach to characterizing the frequency spectrum of this
signal consists of a simple power-law fit involving two parameters: an amplitude A and a spectral index γ. In this
Letter, we consider the next logical step beyond this minimal spectral model, allowing for a running (i.e.,
logarithmic frequency dependence) of the spectral index, /( ) ( )g g b= +f f flnrun ref . We fit this running-power-
law (RPL) model to the NANOGrav 15 yr data and perform a Bayesian model comparison with the minimal
constant-power-law (CPL) model, which results in a 95% credible interval for the parameter β consistent with no
running, [ ]b Î -0.80, 2.96 , and an inconclusive Bayes factor, ( ) =  RPL versus CPL 0.69 0.01. We thus
conclude that, at present, the minimal CPL model still suffices to adequately describe the NANOGrav signal;
however, future data sets may well lead to a measurement of nonzero β. Finally, we interpret the RPL model as a
description of primordial GWs generated during cosmic inflation, which allows us to combine our results with
upper limits from Big Bang nucleosynthesis, the cosmic microwave background, and LIGO–Virgo–KAGRA.

Unified Astronomy Thesaurus concepts: Pulsar timing method (1305); Gravitational waves (678); Bayesian
statistics (1900); Cosmic inflation (319); Cosmology (343); Cosmic microwave background radiation (322); High
energy astrophysics (739)

1. Introduction

Pulsar timing arrays (PTAs) are gravitational-wave (GW)
detectors of galactic dimensions that aim to measure the
imprint of a nanohertz GW background (GWB) in the timing
data of millisecond pulsars (S. R. Taylor 2021). Recently, the
field of PTA searches for GWs reached an important milestone
when the CPTA (H. Xu et al. 2023), EPTA and InPTA
(J. Antoniadis et al. 2023), NANOGrav (G. Agazie et al.
2023a), and PPTA (D. J. Reardon et al. 2023) Collaborations
announced the first observational evidence for the Hellings–
Downs (HD) curve (R. W. Hellings & G. S. Downs 1983), i.e.,

the characteristic cross-correlation pattern that general relativity
predicts a GWB to induce in the timing-residual cross-power
spectrum for pairs of pulsars in the sky. The NANOGrav 15 yr
(NG15) data (G. Agazie et al. 2023b) in particular provide
compelling evidence for the presence of an HD-correlated
common-spectrum process (i.e., a GWB) at nanohertz
frequencies at a level of statistical significance of
3.5σ L 4.0σ (G. Agazie et al. 2023a).
Assuming the signal in the NG15 data to correspond to a

genuine GWB, one is faced with the question of its origin. The
most common expectation is that the signal is caused by a
cosmic population of inspiraling supermassive black-hole
binaries (SMBHBs) at the centers of galaxies (G. Agazie
et al. 2023c). Alternatively, it may represent a GW echo of the
Big Bang, i.e., a primordial GWB signal produced by new
particle physics in the very early Universe (C. Caprini &
D. G. Figueroa 2018; A. Afzal et al. 2023; J. Antoniadis et al.
2024). In order to resolve this dichotomy and pin down the
origin of the signal, more work is needed. In the coming years,
searches for continuous-wave signals (G. Agazie et al. 2023d)
and GWB anisotropies (G. Agazie et al. 2023e) promise to shed
more light on the origin of the signal. However, for the time
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being, model selection mostly relies on the spectral character-
ization of the signal (W. G. Lamb et al. 2023; A. Mitridate et al.
2023; K. A. Gersbach et al. 2024), which is what we will be
concerned with in this Letter.

Explicit astrophysical and cosmological models often yield
specific predictions for the spectral shape of the GWB. For
instance, the simplest SMBHB models, in which binary
evolution is purely driven by GW emission, predict a power-
law shape with a characteristic spectral index, γ ; 13/3 (see
below for the definition of γ), in the limit of a large number of
sources (E. S. Phinney 2001). The GW signal from a first-order
phase transition in the early Universe, on the other hand, is
expected to have the shape of a broken power law or even a
doubly broken power law (C. Caprini et al. 2024). These
predictions are representative of the top-down approach to the
spectral characterization of the signal, i.e., the idea to first start
from a concrete physical model (possibly involving physics at
very high energies) and then work out the observational
consequences in the PTA frequency band. In parallel, it is
imperative to develop model-independent spectral templates
that enable a bottom-up approach to the spectral characteriza-
tion of the signal, i.e., an approach that starts with an agnostic
description of features in the data and then asks which GWB
models might be able to account for these features. At present,
two model-independent templates are commonly used in the
PTA literature: (i) a simple power law, parameterized in terms
of an amplitude A (at some reference frequency fref) and a
spectral index γ, and (ii) a free spectrum, which treats the GWB
amplitude in each frequency bin as a free parameter. The
purpose of the present Letter is to extend this list of templates
by a third one.

The power-law template clearly represents the simplest
model-independent ansatz for the spectral shape of the GWB.
The spectral index γ in this model is assumed to be constant,
which is why we will refer to this model as the constant-power-
law (CPL) model in the following. If plotted on doubly
logarithmic axes, the function graph of a power law is nothing
but a straight line. Therefore, if we seek to construct next-to-
minimal GWB templates, the next logical step beyond a CPL is
what we will refer to as a running power law (RPL), a model in
which the spectral index is allowed to exhibit a logarithmic
frequency dependence,

( ) ( )g g b= +f
f

f
ln . 1run

ref
⎜ ⎟⎛⎝ ⎞⎠

As we will see shortly, the RPL model describes parabola-
shaped GWB spectra, if plotted on doubly logarithmic axes,
rendering it a natural generalization of the CPL model. While
the RPL model has received only a little attention in the PTA
literature thus far (see I. Ben-Dayan et al. 2023 for a notable
exception), similar constructions are well established in the
literature on the cosmic microwave background (CMB). In
their analysis of the primordial curvature power spectrum, the
PLANCK Collaboration, e.g., uses their CMB data to constrain
the “running of the scalar spectral index” and even the “running
of the running of the scalar spectral index” (N. Aghanim 2020;
Y. Akrami et al. 2020). The goal of the present Letter is to
introduce some of these ideas to the PTA community and
initiate a systematic investigation of observational limits on the
running of the spectral index in the PTA band, i.e., the

parameter

( ) ( )b
g

=
d f

d fln
. 2run

The RPL model promises to serve as a better proxy for many
GWB candidate models that have been proposed as a possible
explanation for the signal in the PTA frequency band than the
CPL model. On the astrophysical side, this is true because
SMBHB models often predict a spectral turnover at low
frequencies due to interactions with the circumbinary environ-
ment (B. Kocsis & A. Sesana 2011; G. Agazie et al. 2023c),
alongside a spectral break at high frequencies caused by the
discrete nature of the SMBHB population (A. Sesana et al.
2008; G. Agazie et al. 2025). While other templates may be
able to describe such features even better, the RPL model can at
least roughly account for the presence of a spectral turnover or
break, while the CPL model has no chance of doing so
whatsoever. The real strength of the RPL model, however, lies
in the fact that it can serve as a good or even very good
approximation of many cosmological models. The spectral
index of cosmological signals often varies slowly across
several orders of magnitude in frequency space, which results
in a mild running of the spectral index in the PTA frequency
band and hence gives rise to an RPL-like spectral shape. We
therefore argue that bounds on the three parameters of the RPL
model—the amplitude A at f = fref, the spectral index γ at
f = fref, and the running of the spectral index β—provide
valuable information that can be used to constrain a large class
of cosmological models. In this Letter, we will fit the RPL
model to the NG15 data to derive Bayesian limits on A, γ, and
β of exactly this type.
The rest of this Letter is organized as follows. In the next

section, we will properly define the RPL model and discuss
some of its properties. In Section 3, we will then perform a
Bayesian fit of the RPL model to the NG15 data. This analysis
will provide us with marginalized posterior distributions for the
parameters A, γ, and β, which we will use to construct
Bayesian 95% credible intervals for all three parameters.
Furthermore, we will carry out a Bayesian model comparison
with the CPL model and determine the RPL-versus-CPL Bayes
factor. In Section 4, we will subsequently broaden the scope of
our analysis and interpret the RPL model as a description of
primordial GWs from cosmic inflation. This means we will
extrapolate our results to frequencies above and below the PTA
frequency band, which will allow us to combine our constraints
on the RPL model with limits from Big Bang nucleosynthesis
(BBN), the CMB, and LIGO–Virgo–KAGRA (LVK).
Section 5, finally, contains our conclusion and a brief outlook
on possible future applications of the RPL model.

2. Running Power Law

2.1. Spectral Model

The central observables in the context of PTA searches for
GWs are the timing residuals Ra for a set of galactic
millisecond pulsars. The imprint of a stochastic GWB on these
timing residuals manifests itself in an extra contribution to the
timing-residual cross-power spectrum for pairs of pulsars a and
b (A. D. Johnson et al. 2024),

( ) ( ) ( )
p

= GS f
S f

f6
. 3ab ab

hGW
2 2

3
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Here, Γab denotes the HD cross-correlation coefficients,

( ) ( ) ( )x dG = + - +x x
x

1
3
2

ln
4

1
2

, 4ab ab ab ab ab
ab⎡⎣ ⎤⎦

with / ( )x= -x 1 2 1 cosab ab and ξab being the angular
separation between pulsar a and pulsar b in the sky. Sh is the
GW strain power spectrum, which is closely related to the
characteristic GW strain amplitude,

( ) ( ) ( )=h f f S f2 , 5c h

as well as to the GW energy density spectrum in units of the
critical energy density of the present Universe,

( ) ( ) ( ) ( )
r

r p
W = =f

d f

d f H
f S f

1
ln

4
3

, 6hGW
crit

GW
2

0
2

3

where H0 = 100 h km s−1 Mpc−1 is the Hubble constant and
h ~ 0.7 (M. Kamionkowski & A. G. Riess 2023). Below, we
will always work with h2ΩGW, which, unlike ΩGW, is
independent of the precise value of the Hubble constant.

The CPL model starts from a power-law ansatz for hc,

( ) ( )=
a

h f A
f

f
, 7c

CPL

ref
⎜ ⎟⎛⎝ ⎞⎠

which immediately translates to a power law for Sab
GW,

( ) ( )
p

= G
g-

S f
A

f

f
f12

, 8ab ab
GW CPL 2

2
ref
3

ref
⎜ ⎟⎛⎝ ⎞⎠

with spectral index γ = 3 − 2α, and similarly for ΩGW,

( ) ( )p
W =f

H
A f

f
f

2
3

, 9
n

GW
CPL 2

0
2

2
ref
2

ref
⎜ ⎟⎛⎝ ⎞⎠

with spectral index n = 5 − γ = 2α + 2. The relation in
Equation (8) introduces the spectral index γ that we already
referred to in Section 1. From this relation, −γ can be identified
with the coefficient of /( )=x f fln ref after taking the logarithm
of both sides of the equation,

( ) ( )
p

g= G -S x
A

f
xln ln

12
, 10ab ab

GW CPL 2

2
ref
3

⎛⎝⎜ ⎞⎠⎟
which can also be written as

( ) ( ) ( )g = -
- =S x S x

x
ln ln 0

. 11ab abCPL
GW GW

Alternatively, −γ can be recovered from the derivative of the
log of the timing-residual cross-power spectrum,

( )g = -
d S

dx
ln

. 12abCPL
GW

Both approaches yield, of course, the same result: the
coefficient γ in front of the term linear in x in Equation (10)
coincides with γ in Equation (12). To see this, simply
differentiate both sides of Equation (10) with respect to x.

We shall now generalize the CPL model and allow for a
running of the spectral index γ. To this end, we shall replace γ
on the left-hand side of Equation (12) by our ansatz for the
running spectral index γrun in Equation (1), which yields a first-

order differential equation for Sab
GW,

( ) ( )g g b= + = -x x
d S

dx
ln

. 13ab
run

RPL
GW

Then, imposing the same boundary condition as before,

( ) ( )
p

= = GS x
A

f
0

12
, 14ab ab

GW RPL 2

2
ref
3

we can immediately write down the solution of Equation (13),

( ) ( )
˜ ( )

p
= G

g-

S f
A

f

f
f12

, 15ab ab

f
GW RPL 2

2
ref
3

ref

run

⎜ ⎟⎛⎝ ⎞⎠
with the index g̃run in the exponent being given as

˜ ( ) ( )g g b= +f
f

f
1
2

ln . 16run
ref

⎜ ⎟⎛⎝ ⎞⎠
Clearly, the two possible definitions of the spectral index that

we encountered in Equations (11) and (12) now no longer
agree, ˜g g¹run run. In this Letter, we will refer to γrun as the
running spectral index and g̃run as the naive running spectral
index, because of the former's more useful geometric
interpretation: in a plot with log–log axes, −γrun directly
measures the instantaneous slope of ( )S xab

GW at x, while g̃- run
measures the slope of the straight line connecting ( )S xab

GW to
( )=S x 0ab

GW , which is of less interest in the RPL model. Both
versions of the spectral index are related to each other via

( ) ( ˜ ( ) ) ( )g g=x
d
dx

x x . 17run run

This relation is true in the RPL model, but it also holds in more
general models for analogously defined indices γrun and g̃run
with arbitrary frequency dependence.
The relation in Equation (15) defines the RPL model at the

level of the timing-residual cross-power spectrum. Similarly to
the CPL model, we can express the information on the GWB
also in terms of the characteristic GW strain amplitude

( ) ( )
˜ ( )

=
a

h f A
f

f
, 18c

f
RPL

ref

run

⎜ ⎟⎛⎝ ⎞⎠
with a naive running spectral index

˜ ( ) ( )a g b= - +f
f

f
3
2

1
2

1
2

ln , 19run
ref

⎜ ⎟⎡⎣⎢ ⎛⎝ ⎞⎠⎤⎦⎥
as well as in terms of the GW energy density spectrum,

( ) ( )
˜ ( )

p
W =f

H
A f

f
f

2
3

, 20
n f

GW
RPL 2

0
2

2
ref
2

ref

run

⎜ ⎟⎛⎝ ⎞⎠
with a naive running spectral index

˜ ( ) ( )g b= - +n f
f

f
5

1
2

ln . 21run
ref

⎜ ⎟⎡⎣⎢ ⎛⎝ ⎞⎠⎤⎦⎥
These results illustrate that the RPL model does indeed give

rise to parabola-shaped GWB spectra; i.e., Whln 2
GW is a

second-order polynomial in fln ,

( ) ( )W = + +h x c c x c xln
1
2

, 222
GW 0 1 2

2
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where /( )=x f fln ref as before and with coefficients

| ( )p
= W ==c h
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h A fln ln
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, 23x0
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5 , 24
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2
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= -
=

c
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dx
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. 25
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2

2 2
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2
0

The relation in Equation (24) illustrates that, up to a negative
sign, the new parameter β can be interpreted as the curvature of
the GWB spectrum on log–log axes, which agrees with the
convention in I. Ben-Dayan et al. (2023). In the RPL model,
this curvature is, in fact, constant, such that we do not have to
restrict ourselves to x= 0:

( )b = -
W

=
d h

dx
ln

const. 26
2 2

GW
2

Here, the relative sign simply follows from the sign convention
in Equation (15), according to which ˜µ g-S fab

GW run.

2.2. Reference Frequency

Both the CPL model and the RPL model require one to
specify a reference frequency fref. This frequency, however,
only serves as an auxiliary quantity and does not represent an
independent physical parameter. In the CPL model, fref
determines the physical meaning of the amplitude A: the value
of the characteristic GW strain amplitude hc at f = fref.
Meanwhile, γ is a constant and hence independent of the choice
of fref in the CPL model. It is thus straightforward to translate
any pair of values (A, γ) from one choice of fref to another,

( ) ( )
g g

¢
¢

= - +A Aln 1

0 1
ln

0
, 27

R R
CPL

2
3
2⎜ ⎟ ⎜ ⎟⎛⎝ ⎞⎠ ⎛⎝ ⎞⎠ ⎛⎝ ⎞⎠

where /( )= ¢R f fln ref . The affine relation in Equation (27)
expresses the simple idea that g g¢ = and

( )¢ =
¢

a

A A
f
f

28
CPL

ref
⎜ ⎟⎛⎝ ⎞⎠

for any two choices of the reference frequency, fref and ¢f , in
the CPL model.

The situation in the RPL model is analogous. The choice of
fref determines the physical meaning of A and γ: A is again the
value of hc at f = fref, and −γ is the spectral index of Sab

GW at
f = fref. Meanwhile, the new parameter β is a constant and
independent of fref. Requiring the actual values of Sab

GW to be
invariant under a change of the reference frequency,  ¢f fref ,
we now obtain the following affine transformation,

( )g
b

g
b

¢
¢
¢
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where the behavior of A reflects the idea that

( )
˜ ( )

¢ =
¢

a ¢

A A
f
f

, 30
f

RPL

ref
⎜ ⎟⎛⎝ ⎞⎠

while the transformation behavior of γ amounts to

( ) ( )g g¢ = ¢f , 31
RPL

run

in direct analogy to γ = γrun( fref). Meanwhile, the running of
the spectral index remains constant, b b¢ = .
Below, we will set fref = 1/10 yr ; 3.17 nHz, which falls

into the range of frequencies where NANOGrav's sensitivity to
a GWB signal is maximal (see the NANOGrav sensitivity
curve in G. Agazie et al. 2023f). This choice of reference
frequency has the advantage that it helps to minimize the
covariance among the parameters A, γ, and β in our Bayesian
fit analysis. On the other hand, our choice of fref is still
arbitrary, and it is an easy exercise to convert our result for the
3D posterior density of A, γ, and β that we will discuss in the
next section to the posterior density at a different reference
frequency.
Indeed, this conversion is straightforward at the level of the

Markov Chain Monte Carlo (MCMC) that we obtain from our
Bayesian fit analysis: to convert from fref to ¢f , one simply has
to apply Equation (29) to the MCMC on a sample-by-sample
basis. In this way, one automatically accounts for the
transformation behavior of the volume element in the 3D
parameter space, which is crucial in order to correctly describe
the transformation behavior of the posterior density. At the
same time, we caution that Equation (29) cannot be used to
convert marginalized 2D or 1D posterior densities from one
choice of reference frequency to another, because margin-
alization and the transformation in Equation (29) do not
commute. If one is interested in marginalized 2D or 1D
posterior densities at a different reference frequency, one must
first transform the full 3D posterior density according to
Equation (29) and then marginalize, not vice versa.

3. Bayesian Fit to the NG15 Data

3.1. Tools and Methods

We now turn to our Bayesian fit of the RPL model to the
NG15 data. Our analysis closely follows A. Afzal et al. (2023),
where more details on the underlying formalism and conven-
tions can be found. Similarly to A. Afzal et al. (2023), we use
our software package PTArcade (A. Mitridate et al. 2023), a
wrapper for ENTERPRISE (J. A. Ellis et al. 2019) and
ENTERPRISE_EXTENSIONS (S. R. Taylor et al. 2021), to
implement the RPL model and fit it to the NG15 data.
PTArcade can be run in two different modes: “enterprise” and
“ceffyl” (W. G. Lamb et al. 2023). We run it in “enterprise”
mode, which means that we carry out a full Bayesian MCMC
analysis in the time domain.
The different contributions to the NG15 timing residuals are

treated in the same way as in A. Afzal et al. (2023): (i) all white-
noise parameters are kept fixed at the maximum a posteriori
(MAP) values recovered from single-pulsar analyses (G. Agazie
et al. 2023f), (ii) linear offsets in the timing-ephemerides
parameters are marginalized over, and (iii) pulsar-intrinsic red
noise as well as the GWB signal are modeled using a discrete
frequency basis fi = i/T (where T ; 16.03 yr is the total extent of
the data set) in Fourier space. In addition to the linear offsets in the
timing model, we also marginalize over the coefficients of this
Fourier series, which results in the standard marginalized PTA
likelihood (L. Lentati et al. 2013; R. van Haasteren &
Y. Levin 2013). Meanwhile, we model pulse dispersion, again
following A. Afzal et al. (2023), as a piecewise constant with the
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inclusion of DMX parameters (Z. Arzoumanian et al. 2015; M. L.
Jones et al. 2017).

The only remaining free parameters in the marginalized
likelihood are the parameters entering the covariance matrix of
the time-correlated stochastic processes, i.e., pulsar-intrinsic
red noise and the GWB signal. For each individual pulsar, we
model red noise in terms of a power law with amplitude Ared
and spectral index γred, spanning from f1 = 1/T to f30 = 30/T.
Meanwhile, the GWB signal is modeled in terms of the RPL
expression for the timing-residual cross-power spectrum in
Equation (15). As the GWB signal in the NG15 data mostly
appears at lower frequencies, f  f14 = 14/T, we include the
GWB contribution to the timing residuals only in the first 14
frequency bins. In total, this leaves us with 137 free parameters:
Ared and γred for 67 pulsars plus the three free parameters of the
RPL model, A, γ, and β. Each point in the space spanned by
these 137 parameters defines a statistical ensemble of possible
realizations of pulsar-intrinsic red noise and the GWB that all
derive from the same covariance matrix but differ in terms of
their explicit coefficients in Fourier space. The marginalized
PTA likelihood no longer depends on these coefficients but
serves as a likelihood on the 137-dimensional space of
parameters (sometimes also called “hyperparameters”) that
control the power spectra of pulsar-intrinsic red noise and the
GWB. In our Bayesian analysis, we sample from the posterior
density of our 137 model parameters using MCMC techniques
(J. Ellis & R. van Haasteren 2017) applied to the marginalized
PTA likelihood and the prior densities summarized in Table 1.
Our priors are agnostic about the source of the GWB signal and
large enough so that they can accommodate the entire 3D 95%
posterior volume of the RPL model. Our final MCMC chain
encompasses nearly 3 million samples and is composed of 20
independent subchains.

The CPL model can be fitted to the NG15 data in the same
way as the RPL model, the only difference being that β needs
to be set to β = 0 at all times. We make use of this fact and
employ product-space methods (B. P. Carlin & S. Chib 1995;
S. J. Godsill 2001; S. Hee et al. 2015) to fit both models
simultaneously and thus determine the Bayes factor  for the
RPL-versus-CPL model comparison. In fact, we use statistical
bootstrapping methods to determine a mean value and a
standard deviation for the Bayes factor (B. Efron & R.
Tibshirani 1986; see the discussion in A. Afzal et al. 2023 for
more details).

Before we turn to the discussion of our results, let us also
briefly compare our analysis to one in I. Ben-Dayan et al.
(2023). While we work with the marginalized PTA likelihood
for the NG15 timing residuals, I. Ben-Dayan et al. (2023) start
from the 2D posterior density for A and γ in the CPL model.
They extract this posterior density from G. Agazie et al.

(2023a), reinterpret it as a likelihood, and then use this
likelihood to fit various GWB models, including a modification
of the RPL model that also accounts for the dynamics of
reheating after inflation. That is, they refit an RPL-like model to
the 2D posterior density of the CPL model, which provides
them with tight bounds on c2 = −β in Equation (24),
∣ ∣ c 0.122 . As we will now discuss, our analysis results in less
tight bounds on β, as we do not start from the 2D posterior
density of the CPL model but rather allow our MCMC sampler
to explore the whole 3D parameter space of the RPL model
subject to the priors in Table 1.

3.2. Results

The main result of our Bayesian fit analysis is the 3D
posterior density for the RPL parameters A, γ, and β. The
marginalized 2D and 1D posterior densities that can be derived
from this 3D density are shown in the corner plot in Figure 1.
In one, two, and three dimensions, we rely on kernel density
estimation (KDE; specifically, the GetDist package;
A. Lewis 2019) in order to construct smooth densities from
discrete sets of MCMC samples.
The KDE approximation of the 3D posterior density allows

us to determine the MAP point in parameter space, i.e., the
point of highest 3D posterior density. We list the coordinates of
this point in the second column of Table 2 and mark its position
in Figure 1 with an orange colored plus sign. Similarly, we can
derive point and interval estimates from the three marginalized
1D posterior densities shown in Figure 1. Specifically, we
determine the MAP values of A, γ, and β according to their
respective 1D densities (see the third column in Table 2) and
the corresponding 68% and 95% credible intervals (see the
fourth and fifth columns in Table 2). Here, the credible
intervals are defined as highest-posterior-density intervals
(HPDIs); i.e., we integrate the 1D densities over regions of
highest posterior density until the integral returns an integrated
probability of 68% or 95%.
Based on the values listed in Table 2, we are unable to claim

evidence for nonzero running of the spectral index in the PTA
frequency band; our Bayesian interval estimates for β are
perfectly consistent with the assumption of no running, β = 0.
Conversely, there is nothing wrong with assuming nonzero
running. In fact, our results indicate that β can easily be of

( ) 1 . The 68% credible interval for β even barely includes
β = 0, and the 3D and 1D MAP values of β are clearly
nonzero. We therefore conclude that, while the NG15 data do
not yet suffice to claim the discovery of nonzero β, future PTA
data sets may well enable such a measurement.
Besides parameter inference, we are also interested in

exploring the implications of our analysis for the GWB
spectrum. We do this in two different ways.

Table 1
Prior Probability Density Distributions for the Free Parameters in Our Fit of the RPL Model to the NG15 Data

Parameter Description Prior Comments

Pulsar-intrinsic red noise
Ared Amplitude Log-uniform [−18, −12] One parameter per pulsar
γred Spectral index Uniform [0, 10] One parameter per pulsar

GWB in the RPL Model
/( )A 1 10 yr Amplitude Log-uniform [−18, −12] One parameter per PTA
/( )g 1 10 yr Spectral index Uniform [0, 10] One parameter per PTA

β Running of the spectral index Uniform [−2, 4] One parameter per PTA
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(1) Bayesian credible bands. In Figure 2, we show what we
shall refer to as 68% and 95% credible bands for the GWB
spectrum predicted by the RPL model. These bands are based
on the 68% and 95% highest-posterior-density volumes
(HPDVs) in the 3D parameter space. In fact, they can be
regarded as the projection of these HPDVs onto the space of
possible GWB spectra. In order to construct the HPDVs in the
3D parameter space, we proceed in the same way as for the
HPDIs in the marginalized 1D posterior densities: we integrate
the KDE approximation of the 3D density over regions of
highest posterior density until the integral returns an integrated
probability of 68% or 95%. In the next step, we then take all
points inside these HPDVs, compute the GWB spectra that they
predict, and draw all these spectra in a plot of h2ΩGW as a
function of f. This procedure results in two families of GWB
spectra (spectra belonging to points in the 68% HPDV and

spectra belonging to points in the 95% HPDVs). The envelopes
of these two families of GWB spectra define the 68% and 95%
credible bands shown in Figure 2. In order to illustrate the
algorithm behind this construction, we show a handful of
sample points in the 68% or 95% HPDVs in Figure 1 and their
associated GWB spectra in identical colors in Figure 2. In the
limit of a large number of samples in Figure 1, the sample
spectra in Figure 2 begin to shape out the 68% and 95%
credible bands. On top, we show the position of the 3D MAP
point in Figure 1 and the GWB spectrum that it predicts in
Figure 2.
(2) Bayesian periodogram. In Figure 3, we present the

Bayesian periodogram for the RPL model and compare it to the
Bayesian periodogram for the free spectral model. Both
periodograms display the posterior densities for the 14 values
of the GW energy density spectrum, {h2ΩGW( fi)}, at fi = i/T
with i = 1 L 14. Given a large number of MCMC samples,
these posterior densities can be simply constructed from
histograms of h2ΩGW( fi) values (i.e., one histogram at each
frequency fi), in combination with a KDE approximation.
Specifically, in order to create the periodograms in Figure 3, we
used tools included in NANOGrav's holodeck software
package (G. Agazie et al. 2023c). The periodogram of the free
spectral model corresponds to what is better known as the
NG15 “violins”; these “violins” (in their complete, two-sided
form) are also shown in gray in Figure 2. Similarly, the
periodogram of the RPL model may be referred to as the “RPL
violins.” Based on the periodogram of the RPL model, one
could in principle construct what we referred to as the “median
GWB spectrum” in A. Afzal et al. (2023): a curve that connects
the median of the first RPL violin with the median of the
second RPL violin, and so on. However, a potentially
misleading issue related to the concept of median GWB
spectra is that they almost never coincide with an individual
GWB spectrum at a certain point in the model parameter space.

Figure 1. Corner plot of the 3D parameter space of the RPL model. The blue
shaded regions in the off-diagonal plots and the solid blue curves in the
diagonal plots show the marginalized 2D and 1D posterior densities for the
RPL model parameters, respectively. The dark blue regions mark 68% credible
regions, the light blue regions mark 95% credible regions, and the dashed
vertical lines mark 68% and 95% credible intervals. The cyan and green
colored points represent random samples from the 68% and 95% HPDVs in the
3D parameter space, respectively. The orange plus sign marks the point where
the 3D posterior density reaches its maximum (see the second column in
Table 2). The GWB spectra corresponding to the colored points are shown in
identical colors in Figure 2.

Table 2
Point and Interval Estimates for the Parameters of the RPL Model

Parameter
3D MAP
Value

1D MAP
Value

68% Cred-
ible Interval

95% Credible
Interval

/( )Alog 1 10 yr10 −14.09 −14.09 [−14.17,
−14.00]

[−14.25,
−13.91]

/( )g 1 10 yr 2.68 2.60 [1.81, 3.35] [0.98, 4.05]
β 0.74 0.92 [0.01, 1.90] [−0.80, 2.96]

Note. The second column states the MAP value for each parameter based on
the full 3D posterior density. The third through fifth columns state the MAP
values and HPDIs at the 68% and 95% credible level based on the three
marginalized 1D posterior densities in Figure 1.

Figure 2. GWB spectra predicted by the RPL model. The blue shaded bands
encompass all spectra that are associated with points inside the 68% and 95%
HPDVs in the 3D parameter space. The cyan, green, and orange colored spectra
belong to the parameter points shown in Figure 1. The gray “violins” in the
background represent the posterior densities for the 30 values of the GW
energy density spectrum, {h2ΩGW( fi)} with fi = i/T and i = 1L 30, in the free
spectral model.
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In the case of the RPL model, this means that its median GWB
spectrum would not exactly correspond to a parabola, even
though every single individual GWB spectrum predicted by the
RPL model is parabola-shaped. We therefore refrain from
showing the median GWB spectrum of the RPL model and
only present its periodogram, which in any case contains more
information than just the median GWB spectrum by itself.
Meanwhile, explicit GWB spectra that are predicted by the
RPL model are shown in Figure 2.

The plots in Figures 2 and 3 contain complementary
information. To see this, first note that the Bayesian period-
ogram in Figure 3 results in 68% and 95% credible intervals for
the values of h2ΩGW( fi) in each frequency bin fi. These
intervals, however, do not exactly coincide with the extent of
the 68% and 95% credible bands in Figure 2. The 95% band in
Figure 2, e.g., is constructed from the 95% of all MCMC
samples that lie closest together in the parameter region of
highest 3D posterior density. The 95% intervals in Figure 3, on
the other hand, belong to the 95% of all MCMC samples whose
values of h2ΩGW( fi) lie closest together (but whose parameter
points may not necessarily lie close together). This means that,
in both cases, 95% of all MCMC samples are used—but not
exactly the same selection.

As a consequence, the plots in Figures 2 and 3 provide
answers to two slightly different questions. The Bayesian
credible bands in Figure 2 better reflect the perspective of a
model-building theorist who works under the assumption that
the GWB signal is caused by a physical mechanism that indeed
results in an RPL spectrum and that determines the true,
physical values of A, γ, and β. If these physical values should
correspond to the 3D MAP point in Figure 1, the MAP
spectrum in Figure 2 will be realized; if the physical values
should slightly deviate from the 3D MAP point, the spectrum
will slightly deviate from the MAP spectrum, and so on. In this
sense, the credible bands in Figure 2 tell us in which range we
should expect the true spectrum to fall if we believe that the
underlying mechanism singles out a specific region of

parameter space. The Bayesian periodogram in Figure 3, on
the other hand, remains ignorant toward the physical meaning
of A, γ, and β. It better reflects the perspective of a theory-
agnostic experimentalist who is primarily interested in the
spectral shape of the GWB signal. From the periodogram, the
experimentalist can read off in what proportion certain values
of h2ΩGW( fi) are realized across all MCMC samples,
independent of the precise values of A, γ, and β that are
needed to obtain these values of h2ΩGW( fi). In short, the
credible bands in Figure 2 group together our MCMC samples
according to their A, γ, and β values; the periodogram in
Figure 3 groups together our MCMC samples according to the
shape of the GWB spectrum.
The main message from both Figures 2 and 3 is that the RPL

model provides a good fit of the NG15 data that is consistent
with the free spectral reconstruction. Moreover, both figures
yield an impression of how the “violins” of the free spectral
reconstruction are probably going to evolve with more data in
the future, if the GWB spectrum should indeed have an RPL-
like shape.
We conclude our discussion by quoting the Bayes factor for

the RPL-versus-CPL model comparison that we obtain from
the hypermodel run described in Section 3.1,

( ) ( )=  RPL versus CPL 0.69 0.01. 32

This value is inconclusive and indicates neither a preference
for nor a rejection of the RPL model in comparison to the CPL
model. The fact that  is slightly less than unity can in
particular be attributed to the larger dimensionality of the RPL
parameter space: compared to the CPL model, the RPL model
does not significantly improve the quality of the fit of the NG15
data. At the same time, the RPL model features one parameter
more than the CPL model, which results in a larger prior
volume and hence a slight suppression of the Bayes factor. In
view of these results, we conclude that, at present, the CPL
model still suffices to adequately describe the NANOGrav
signal. Given the results in Table 2, it is, however, conceivable
that future PTA data sets may well lead to a measurement of
nonzero running. With a bit of luck, β may even turn out to be
of ( ) 1 , which would be instrumental in the context of model
selection.

4. Inflationary Gravitational Waves

Thus far, we only used the RPL model to describe the GWB
signal in the PTA frequency band. It is, however, interesting to
ask whether the RPL model is also capable of describing a
GWB signal extending over a larger frequency range. In the
extreme case, one could imagine an RPL-like signal reaching
from ultralow frequencies, f ~ 10−(17L16)Hz, which are probed
in CMB observations, to high frequencies, f ~ 102L3 Hz, which
are probed in terrestrial GW interferometer experiments. The
physical origin of such a broadband GWB signal would
necessarily be primordial. In fact, an RPL-like signal stretching
over 20 orders of magnitude in frequency space could originate
from cosmic inflation (M. C. Guzzetti et al. 2016), the stage of
accelerated expansion prior to the Hot Big Bang (i.e., the
radiation-dominated era in the early Universe). Cosmic
inflation stretches primordial scalar and tensor perturbations
to superhorizon scales, where they freeze out, before they
eventually become dynamical again upon horizon reentry
during radiation domination. Primordial scalar perturbations
reenter the horizon in the form of density perturbations of the

Figure 3. Bayesian periodograms for the free spectral model (green “violins”)
and the RPL model (purple “violins”). Each “half-violin” corresponds to a
Bayesian posterior probability density for the respective value of h2ΩGW( fi).
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primordial plasma, while primordial tensor perturbations turn
into propagating GWs upon horizon reentry. We shall refer to
the GWB signal thus produced by inflation as inflationary GWs
(IGWs; L. P. Grishchuk 1974; A. A. Starobinsky 1979;
V. A. Rubakov et al. 1982; R. Fabbri & M. d. Pollock 1983;
L. F. Abbott & M. B. Wise 1984).

4.1. Upper Limits

In this section, we will interpret the RPL model as an
approximate phenomenological description of IGWs, which
will allow us to supplement the results from our Bayesian fit
analysis in the previous section with several observational
bounds at lower and higher frequencies. For related earlier
work that also interprets the PTA signal in terms of IGWs, see
S. Kuroyanagi et al. (2021), S. Vagnozzi (2021, 2023), and
M. Benetti et al. (2022). However, all of these analyses model
the IGW spectrum either in terms of a CPL, a broken power
law, or a piecewise power law (in order to account for the
possibility of late-time entropy production). The present Letter
is the first one to consider an RPL-type signal as a simplified
model for an IGW spectrum that is also capable of explaining
the NANOGrav signal. In total, we are interested in three upper
limits on IGWs.

(1) Tensor-to-scalar ratio. Assuming the RPL-like signal
extends from PTA frequencies all the way to CMB frequencies,
we must ensure that we do not violate the upper limit on the
tensor-to-scalar ratio, i.e., the ratio of the primordial tensor and
scalar amplitudes, r = At/As. In order to translate this bound to
a constraint on the RPL parameters, we must first map the IGW
spectrum onto the RPL model. The GWB spectrum predicted
by inflation reads (C. Caprini & D. G. Figueroa 2018)

( ) ( ) ( ) ( ) ( )W =
W

  h f
h

f f f
24

. 33t
2

IGW

2
rad
0

Here, W ´ -h 4.2 102
rad
0 5 is the present-day value of the

radiation energy density (assuming three relativistic neutrino
species) in units of the critical energy density times the
dimensionless Hubble constant h squared.

The function  accounts for the varying number of degrees
of freedom during the cosmic expansion history,

/

( ) ( )
( )

( )= *
*

*
*

f
g f

g

g

g f
, 34s

s
0

,
0

,

4 3⎛⎝⎜ ⎞⎠⎟⎛⎝⎜ ⎞⎠⎟
where g* and g*,s are the effective numbers of relativistic
degrees of freedom entering the radiation energy density ρrad
and radiation entropy density srad, respectively,

( )r
p p

= =* *g T s g T
30

,
2
45

. 35srad

2
4

rad

2

,
3

In order to evaluate these two relations precisely, several
effects have to be taken account (K. Saikawa &
S. Shirai 2018, 2020), including different quantum statistics
for fermions and bosons as well as various perturbative and
nonperturbative corrections, which explains why g* and g*,s
typically assume noninteger values. In Equation (34),

*

g 3.380 and 
*

g 3.93s,
0 denote the present-day values of

these two quantities (assuming three relativistic neutrino
species), while g*( f ) and g*,s( f ) represent the values of these
two quantities in the early Universe when the IGW mode with

present-day frequency f and comoving wavenumber k reentered
the Hubble radius, k = aH (with scale factor a and Hubble
rate H).
The function  is a transfer function that accounts for the

transition from radiation to matter domination,

( ) ( )= + f
f

f
1

9
16 2

, 36eq
2

⎜ ⎟⎛⎝ ⎞⎠
where feq ; 2.1 × 10−17 Hz is the present-day frequency of the
IGW mode that reentered the horizon at the time of matter–
radiation equality. Finally, the last factor in Equation (33) is the
primordial tensor power spectrum, which describes the strength
of GW production during inflation as a function of f. We shall
assume that inflation gives rise to an RPL-like spectrum of
IGWs, such that

/ /

( ) ( )
( )

=
b+

 f r A
f

f
, 37t s

n f f

CMB

1 2 lnt t CMB

⎜ ⎟⎛⎝ ⎞⎠
with a tensor-to-scalar ratio r, primordial scalar amplitude
As ; 2.1 × 10−9, primordial tensor index nt, running of the
primordial tensor index βt, and CMB pivot frequency
fCMB = 0.05Mpc−1/(2π) ; 7.7 × 10−17 Hz.
At the lowest order in the slow-roll parameters, standard

single-field slow-roll inflation predicts a consistency relation
between the tensor-to-scalar ratio and the primordial tensor
index, nt = −r/8 (A. R. Liddle & D. H. Lyth 2000), which
implies that nt must be negative. A red-tilted IGW spectrum
(i.e., h2ΩIGW with nt < 0), however, has no chance of
explaining the signal in the PTA band. An important
assumption underlying our analysis therefore is that the
dynamics of inflation are nonminimal (possibly involving
several scalar fields or other particle degrees of freedom), such
that the consistency relation nt = −r/8 can be circumvented
and a blue-tilted IGW spectrum (i.e., h2ΩIGW with nt > 0) is
realized. Of course, such a blue-tilted signal will still appear as
correlated common red noise (i.e., γ > 0) in PTA data, unless
nt is unrealistically large (see Equation (40) below).
In addition to the factors shown in Equation (33), we could

in principle add another factor, i.e., an additional transfer
function  rh accounting for the transition from reheating to
radiation domination. In fact, in A. Afzal et al. (2023), we
included precisely such a transfer function. However, in the
present Letter, we will ignore the dynamics of reheating and
simply work with the GWB spectrum in Equation (33) for two
reasons. First, the dynamics of reheating are model-dependent
and introduce at least three more parameters: the reheating
temperature, Trh; the equation-of-state parameter during
reheating, wrh; and the duration of reheating measured in e-
folds, Nrh. Second,  rh only becomes relevant at very high
frequencies or for low values of the reheating temperature. Our
decision to neglect  rh thus amounts to the assumption of a
high reheating temperature such that  rh remains irrelevant all
the way up to LVK frequencies.
With Equation (33) at our disposal, we are now ready to

match the IGW spectrum to the RPL model in the PTA band.
All frequencies in the PTA band are clearly much larger than
feq in Equation (36), which allows us to set = 1 in our
matching procedure. Furthermore, we note that the frequency
dependence encoded in  cannot be captured by the RPL
model. This is, however, not a big issue, as  only varies
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between = 1 at low frequencies and  0.39 at high
frequencies in any case. For the purposes of a rough matching
between the IGW and RPL models, it is therefore justified to
set = 1 as well. This leaves us with the simple matching
condition

( ) ( )
˜ ( )

pW
» f

H
A f

f
f24

2
3

38t

n f
rad
0 2

0
2

2
ref
2

ref

run

⎜ ⎟⎛⎝ ⎞⎠
for frequencies f in the PTA band. Both sides of this condition
describe parabola-shaped GWB spectra (if plotted on log–log
axes), which allows us to derive a unique solution for the IGW
parameters,

( ) ( )
˜ ( )
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W
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n f
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2
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2

srad
0

2
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2

CMB

ref
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( ) ( )g b b b= - - = -n 5 ln , . 40t
f

f t
CMB

ref

We can also think of the matching of the IGW and RPL models
as a change of reference frequency, fCMB → fref, keeping in
mind that  1 as we move up in frequency space. From this
perspective, the relations in Equations (39) and (40) can be
understood as a direct consequence of the transformation law in
Equation (29).

At present, no reliable bounds on nt, let alone βt, exist. We
therefore only work with the current upper limit on the tensor-
to-scalar ratio based on the latest PLANCK and BICEP/Keck
data, r  0.03 at 95% confidence level (M. Tristram et al. 2022;
G.-Galloni et al. 2024), which implies

( ) ( )W ´ -h f
r

1.1 10
0.03

. 412
GW CMB

16⎛⎝ ⎞⎠
This inequality represents the most compact way of writing

the constraint on the RPL parameters that follows from the
upper limit on r. At the same time, it is important to note that,
in scenarios where the signal in the PTA band indeed
corresponds to an RPL-like spectrum of inflationary origin,
the actual, physical amplitude of the GWB spectrum at fCMB is
given by ( )Wh f2

IGW CMB (see Equation (33)), including the
transfer function  , and not by ( )Wh f2

GW CMB in the RPL
model (see Equation (20)). The numerical difference between
both values is small, but the conceptual difference is worth
paying attention to.

(2) Dark radiation. A primordial GWB from inflation
contributes to the energy density of dark radiation (i.e.,
additional relativistic degrees of freedom beyond the photon
and the three Standard Model neutrino species) at the time of
BBN. Requiring dark radiation not to spoil the successful BBN
prediction of the primordial abundances of the light elements
thus puts an upper limit on the integrated energy density of
IGWs. This limit can be expressed in terms of Neff, the effective
number of relativistic neutrino species in the early Universe, or,
more precisely, ΔNeff, the deviation of Neff from its Standard
Model value (M. Drewes et al. 2024),

 ( )D = -N N N N, 3.0440. 42eff eff eff
SM

eff
SM

With this notation, the dark-radiation bound on the IGW
energy density reads (C. Caprini & D. G. Figueroa 2018)

( ) ( )ò W ´ D-df
f

h f N5.6 10 . 43
f

f

2
GW

6
eff

BBN

end

Here, fBBN is the present-day frequency of the IGW mode
that reentered the horizon at the onset of BBN at temperatures
T ~ 0.1 MeV. For definiteness, we will set fBBN = 10−12 Hz in
what follows. Similarly, fend denotes the present-day frequency
of the IGW mode that was just as large as the horizon at the end
of inflation. The precise value of fend depends on the dynamics
of reheating, in particular, Trh, wrh, and Nrh. For large values of
the reheating temperature and in the relevant part of the RPL
parameter space, the integral over the GW energy density
spectrum, however, becomes insensitive to the exact choice of
the upper integration boundary. In our analysis, we especially
assume that the RPL-like shape of the spectrum persists at least
up to the LVK frequency band, which translates to
Trh  1010 GeV (K. Nakayama et al. 2008). For such large
values of Trh, we find that the integral over h2ΩGW is
independent of the exact value of fend to very good
approximation. The reason for this is that, for large fend and
RPL parameter values satisfying the bound in Equation (43),
the bulk contribution from the integrand to the total integral is
simply located at frequencies f = fend, such that variations in
fend have no numerical impact.
Pictorially speaking, we can say that the RPL spectrum

bends away toward smaller values of h2ΩGW long before it
reaches fend. In our numerical analysis, we set fend = 104 Hz, for
definiteness, and neglect any possible effect of reheating on the
shape of the spectrum (see our above comment on the transfer
function for the transition from reheating to radiation domina-
tion). Moreover, because of the strong suppression of the RPL
spectrum as it approaches its endpoint at fend (for parameter
values satisfying the bound in Equation (43)), we conclude that
our analysis is less sensitive to possible corrections to the slow-
roll dynamics of the inflaton field toward the end of inflation
(W. H. Kinney 2021). In fact, assuming a large Trh, all relevant
frequency scales in our analysis, fCMB, fBBN, fref, and fLVK,
correspond to IGW modes that exit the horizon long before the
end of inflation.
The upper limit on ΔNeff depends on the choice of

cosmological model and combination of data sets. The amount
of dark radiation in the early Universe can notably also be
constrained by CMB observations, next to the primordial
abundances of the light elements. PLANCK data alone yield an
upper limit at 95% confidence level of around ΔNeff  0.3
(N. Aghanim 2020), with the exact value depending on the
choice of model fitted to the PLANCK data. However,
combining BBN and CMB data, one has to deal with a larger
range of uncertainties, which slightly weakens the upper limit
(O. Pisanti et al. 2021; T.-H. Yeh et al. 2021). In our analysis,
we will hence work with a more conservative bound,
ΔNeff  0.5.
Before we move on to our third and final parameter

constraint, we mention in passing that the integral in
Equation (43) can be solved analytically in the RPL model,

( )
( )p p

b
W =

g
b

- +
h

H
h A f e E

2
3 2

, 44x
x2
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2

0
2

2 2
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2
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2
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where we introduced the shorthand notation

( )g b
b

=
- + +

E
x

erf
5

2
. 45x

x

x

x

BBN
end

BBN

end
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Here, erf denotes the Gauss error function and

/( )=x f flnBBN BBN ref and /( )=x f flnend end ref . This analytical
expression comes in handy, e.g., when one is interested in
varying the integration boundaries fBBN and fend without redoing
the whole integral. Note that, despite the factors of b , the
formula for Wh2

GW
tot in Equation (44) is actually also valid for

β < 0. In this case, all imaginary contributions cancel out, and
the overall result ends up being real and positive, as it should be.
Moreover, the expression in Equation (44) also reproduces the
correct limit for the case of no running, i.e., the CPL model,
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as well as the correct limit for a flat GWB spectrum,
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(3) GWB amplitude at LVK frequencies. Finally, we require
the RPL-like signal from inflation not to violate the upper limit
on the amplitude of the stochastic GWB at LVK frequencies
(R. Abbott et al. 2021):

( ) ( )W ´ =-f f1.7 10 , 25 Hz. 48GW LV K
8

LV K

In the derivation of this limit, the LVK Collaboration set the
dimensionless Hubble constant to h = 0.679, which implies the
following constraint on h2ΩGW:

( ) ( )W ´ -h f 7.8 10 . 492
GW LV K

9

4.2. Discussion

In total, we have now derived three constraints on the RPL
parameter space (see Equations (41), (43), and (49)). In
Figure 4, we show the three bounds on β in dependence of γ
and for fixed A that result from these constraints. Alog10 is fixed
at its MAP value, = -Alog 14.0910 (see Table 2), in Figure 4,
which is justified by the fact that our fit of the RPL model to the
NG15 data returns a very narrow credible interval for Alog10 .
That is, Alog10 is well constrained by the data, which allows us
to reduce our discussion of parameter bounds from a 3D
problem to a 2D problem. On top, we observe that the CMB
and LVK bounds in Figure 4 exhibit only a very weak,
logarithmic dependence on A. Even if we vary A by several
orders of magnitude around the value chosen in Figure 4, we
obtain nearly identical results for the bounds in the γ–β plane in
Figure 4, which illustrates the weak sensitivity of our results to
uncertainties in the IGW model. The weak, logarithmic
dependence of the CMB and LVK bounds on A is a
consequence of the large distances on the frequency axis
involved in the problem: if we intend to preserve a certain
value of h2ΩGW at f = fCMB or f = fLVK, even a large variation
of A at f = fref can be easily compensated for by a small shift in
β. In short, because of the large hierarchy fCMB = fref = fLVK,
small changes in β have a large leverage effect.

This argument does not apply to the ΔNeff bound, which is
not a constraint on a local value of the GWB spectrum but a
global constraint on the integral of the GWB spectrum.
Correspondingly, the ΔNeff is more sensitive to variations of
A. On the other hand, because of the narrow credible interval
for Alog10 , we are less interested in the behavior of the ΔNeff
bound at  -Alog 1410 or  -Alog 1410 . In any case, it
would be straightforward to study the A dependence of the
ΔNeff bound using the expressions in Equations (44) and (45).
As evident from Figure 4, large regions of the RPL

parameter space that can account for the NANOGrav signal
are consistent with all three bounds discussed in Section 4.1.
We therefore conclude that a parabola-shaped GWB spectrum
of inflationary origin and extending over 20 orders of
magnitude in frequency space is indeed a viable option. The
fact that only positive values of β are in accord with all three
bounds in Figure 4 tells us in particular that this GWB
spectrum needs to be negatively curved. That is, while h2ΩGW
must be an increasing function of frequency in the PTA band
(i.e., γ < 5), the spectrum must eventually bend away toward
smaller values again when moving up along the frequency axis,
in order to satisfy the ΔNeff and LVK bounds. Interestingly
enough, the CMB bound derived from the upper limit on the
tensor-to-scalar ratio actually also allows for positively curved
parabolas (i.e., β < 0, which means βt > 0; see Equation (40)).
For instance, an RPL spectrum with γ = 2.5 and β = −0.1
could explain the NANOGrav signal and would be consistent
with the CMB bound. However, all positively curved parabolas
are in conflict with the ΔNeff and LVK bounds—as long as we
assume that the RPL spectrum does indeed extend all the way
up to LVK frequencies and beyond.
For a sufficiently low reheating temperature and hence

sufficiently low cutoff frequency in the GWB spectrum, the
ΔNeff and LVK bounds can always be avoided (see our
analysis in A. Afzal et al. 2023, in which we also consider the

Figure 4. Bounds on the RPL parameters β and γ in scenarios where the
NANOGrav signal is identified with an RPL-like signal of inflationary origin.
The bounds labeled CMB, ΔNeff, and LVK are derived from the upper limits
on the (i) tensor-to-scalar ratio, (ii) amount of dark radiation, and (iii) GWB
amplitude at LVK frequencies, respectively. Parameter values below any of the
three solid lines are excluded.
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possibility of a very low reheating temperature). Furthermore, it
goes without saying that the bounds in Figure 4 represent the
specific CMB, LVK, and ΔNeff bounds on the specific model
that we are interested in in this Letter, the RPL model, if we
interpret this model as a simple description of IGWs. From our
analysis, we are not able to draw any model-independent
conclusions about the dynamics of inflation in general.

Finally, we emphasize that the ΔNeff and LVK bounds
require β to be strictly positive. Even the case β = 0, i.e., the
CPL model, is ruled out. This represents an important result of
our analysis and a crucial distinction between the minimal CPL
model and the next-to-minimal RPL model. If the GWB signal
seen in the PTA band should be of inflationary origin, the CPL
model would not provide a viable description of this signal that
could be extrapolated to very low and high frequencies; the
RPL model, on the other hand, does.

5. Conclusions

In this Letter, we introduced a new model-agnostic template
for the spectrum of the GWB signal in the PTA band: the RPL
model, which generalizes the simplest spectral template, i.e.,
the CPL model, by allowing for a logarithmic frequency
dependence of the spectral index. In the first part of the Letter,
we fitted the RPL model to the NG15 data, which provided us
with point and interval estimates for the three RPL parameters
A, γ, and β. We find that, at present, the NG15 data are
consistent with the assumption of no running of the spectral
index, β = 0, which is reflected in a broad 95% credible
interval, [ ]b Î -0.80, 2.96 , and an inconclusive Bayes factor,

=  0.69 0.01. At the same time, β = 0 is not contained in
its 68% credible interval, [ ]b Î 0.01, 1.90 , which nourishes the
hope that future PTA data sets may have a chance to find
evidence for nonzero β and hence deviations from a pure CPL
signal. Such a measurement would be instrumental for model
selection. In particular, we propose to use the predicted value of
β in astrophysical and cosmological GWB models as an
additional discriminator among different theoretical models.

In the second part of the Letter, we subsequently interpreted
the RPL model as a description of an IGW signal, which
allowed us to combine the results of our Bayesian fit analysis
with upper limits on IGWs at low and high frequencies.
Remarkably enough, we found that parabola-shaped GWB
spectra of inflationary origin with β > 0 (i.e., negatively curved
spectra) can explain the NANOGrav signal while at the same
time remaining consistent with bounds from BBN, the CMB,
and LVK. This is a major success of the RPL model,
distinguishing it from the CPL model, for which the same
conclusion cannot be drawn. Our results thus motivate
theoretical efforts toward the construction of explicit micro-
scopic models of inflation that can achieve the required A, γ,
and β values identified in this work.
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