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We present a family of local quantum channels whose steady-states exhibit stable mixed-state
symmetry-protected topological (SPT) order. Motivated by recent experimental progress on “erasure
conversion” techniques that allow one to identify (herald ) decoherence processes, we consider open
systems with biased erasure noise, which leads to strongly symmetric heralded errors. We utilize this
heralding to construct a local correction protocol that effectively confines errors into short-ranged
pairs in the steady-state. Using a combination of numerical simulations and mean-field analysis,
we show that our protocol stabilizes SPT order against a sufficiently low rate of decoherence. As
the rate of heralded noise increases, SPT order is eventually lost through a directed percolation
transition. We further find that while introducing unheralded errors destroys SPT order in the limit
of long length- and time-scales, the correction protocol is sufficient for ensuring that local SPT order
persists, with a correlation length that diverges as ξ ∼ (1 − f e)−1/2 , where f e is the fraction of errors
that are heralded.

Introduction.— Quantum states with structured en-
tanglement can serve as resources for quantum informa-
tion processing tasks, such as quantum teleportation or
quantum computation. In the case of ground states of
local Hamiltonians, it is understood that this utility is a
property of phases: perturbing a resource state’s parent
Hamiltonian or applying a finite-time unitary evolution
to it simply generates a different resource state, provided
the perturbations respect the relevant symmetries [1–3].
Whether resource states can be stabilized against noise,
decoherence,or continuous projective measurements is
much less clear [4–7]. In sufficiently high dimensions,
phenomena such as topologicalorder persist at nonzero
temperature, as properties of the mixed thermal density
matrix [8–12]. Even in the absence of thermal stability,
ordered states can be stabilized by active quantum er-
ror correction. However, active error correction requires
inherently nonlocal classicalprocessing—identifying the
recovery operation requires global knowledge of the mea-
surement outcomes on error syndromes [13]. Requiring
such nonlocal operations limits the scalability of the
process in principle; moreover, breaking spatial locality
(even classically) leads to violations of the Lieb-Robinson
bound and leads to effects like phase transitions in finite-
depth circuits, which are absent in fully local models. In
light of these considerations, it is desirable to explore how
far error correction can be done locally.

A particularly important goal is obtaining a steady-
state phase within which each mixed state can be lever-
aged for quantum information tasks (see Refs. [14–17]
for notions of phases in open quantum systems) or from
which the original pure state can be recovered via a
quasi-local finite depth quantum channel [14]. This task
has received considerable attention in the search for
self-correcting quantum memories [18–20] in the context
of low-dimensional topological order, where steady-state
phases can be stabilized by effectively engineering long-
ranged interactions between defect pairs created by noise

[21–28]; however, while more local than conventional er-
ror correction, these models are neither strictly local nor
stable to generic perturbations [29]. Requiring stability
also rules out strategies that target desired pure states as
dark states of local Lindblad evolution, which are generi-
cally unstable (unless the targeted state is stable to finite
temperature e.g., the 4D toric code) [30–36].

In this work, we show that for a particular class
of experimentally relevant error models, strictly local
error correction can stabilize one-dimensional symme-
try protected topological (SPT) order in steady-state
phases.These steady-state phases have a non-vanishing
string-order parameter, ensuring that the mixed state
remains a resource for quantum teleportation [37] and
measurement-based quantum computation (MBQC) [38,
39]. In closed quantum systems, SPT order is stable
against symmetric local perturbations, for which sym-
metry defects are locally created in pairs. In open quan-
tum systems, only “strong” symmetries correspond to
the conservation of symmetry charges within the sys-
tem [40] and are hence required for defining mixed-state
SPT order 1 [15, 41–43, 49–53]. While pure SPT states
are stable to strongly symmetric finite-depth local chan-
nels [49, 50, 54], here we demonstrate that mixed SPT
phases can arise as stable steady-states under local Lind-
bladian evolution.

Our approach is motivated by the recent experimental
technique of erasure conversion,which can be exploited
to greatly increase error correction thresholds [55–61].
Erasure conversion involves designing qubits such that
the dominant error processesare “heralded erasures,”
which take a qubit out of the computational manifold
into a specially marked state, with the location of a po-
tential error detected experimentally before the system

1 Mixed-state order can be defined for G × H symmetric systems,
where G is a “weak” symmetry and H is strong [15, 41–48].
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FIG. 1: (a) Top: schematic showing stabilizers X j−1 Z j X j+1
(triangles) and locations of erasure errors (flags) relative to
the qubits (circles). Bottom: the correction protocol for
different configurations (the remainder of the system is
unchanged). The left displays processes that move a
stabilizer defect (filled triangle) past an adjacent erasure
(filled flag); the right shows processes that shorten erasure
strings which do not end on a stabilizer defect. (b) The
steady-state expectation values of the string-order (Ω),
density of stabilizer defects (n d ), and the density of erasures
(n e) are shown as a function of the erasure noise rate η/γ
and clearly display a sharp transition. The data is shown for
L = 128, 256, 512 sites per sublattice (increasing system sizes
from lighter to darker shades). The steady-state values are
obtained by averaging over 5 − 10 × 103 independent Monte
Carlo trajectories initialized in the cluster state and
simulated upto 2 × L 1.5 MC sweeps.

is re-initialized in the computational Hilbert space. We
focus specifically on biased erasure noise, which natu-
rally preserves the strong symmetry and thus ensures
that the noise pair-creates defects. The erasure positions
contain local information about which defects were pair-
created by error strings; we exploit this information to
construct our fully local error correction procedure. Strik-
ingly, this protocol succeeds in stabilizing steady-state
string-order (i.e., it error corrects into the SPT phase) up
to a finite noise threshold, beyond which erasures prolif-
erate in an absorbing state transition to the trivial phase
(where string-order vanishes). While imperfect heralding
destroys steady-state order at long distances, we show
that when most errors are heralded, our protocol strongly

enhances finite-distance and finite-time string-order.
Background on SPTs.—We will focus on stabilizing

the 1D cluster state |ψ⟩C =
Q 2L

j=1 CX j,j+1 |↑⟩⊗2L (where
CX i,j = 1

2 (1 + X j + X j+1 − X j X j+1 ) is a two-qubit
conditional unitary), which is an SPT state protected
by internal G = Z 2 × Z 2 symmetry. |ψ⟩C is a repre-
sentative stabilizer state within this SPT phase, satis-
fying S j |ψ⟩C = |ψ⟩ C for all j, with stabilizers S j =
X j−1 Z j X j+1 . While |ψ⟩ C is short-range entangled, it
cannot be connected to a G-symmetric paramagnetic
ground state (i.e. a symmetric product state) through
a G-symmetric finite-depth local unitary [62–64]. The
resulting SPT order is encoded in the nonlocal “string-
order parameters,” Ω a

i 0 ,j 0
= X 2i 0 −1

Q j 0
i=i 0

Z2i X 2j 0 +1 ,

Ωb
i 0 ,j 0

= X 2i 0

Q j 0
i=i 0

Z2i+1 X 2j 0 +2 , with global symme-

try generators Z (a)
2 =

Q L
i=1 Z2i , Z(b)

2 =
Q L

i=1 Z2i−1 for
a system with L unit cells. At generic points within the
phase, when the interval (i0, j0) spans the entire system,
and thus has a definite symmetry charge, the string op-
erators reduce to long-range two-point correlation func-
tions of operators localized at the boundaries, resulting
in edge states with fractionalized symmetry (see Supple-
mental Material (SM) [65] for details). This leads to en-
tanglement features that are a resource for teleportation
or MBQC throughout the SPT phase [37, 66–72].

Noise Model.— Heralded noise occurs in systems where
errors leave a signature that can be detected without dis-
turbing wave-functions in the logical space. Here, we con-
sider a particular model of heralded noise, namely biased
erasure noise, which naturally exhibits strong Z 2 × Z 2
symmetry. This model is specifically motivated by the
Rydberg atom setup considered in Ref. [57, 61], where
qubits are formed using metastable states of neutral
171Yb atoms. In these atomic qubits single qubit, mea-
surement, and idling errors are extremely unlikely [57,
73]; we hence neglect these for now. Instead, the domi-
nant source of errors are two-qubit gate errors that arise
during state preparation or in manipulations required
to utilize the state as a resource. These errors primar-
ily stem from a decay process that takes the system out
of the computational Hilbert space and constitute experi-
mentally detectable erasure errors. These erasures can be
detected without affecting the logical state of the qubit,
yielding a model with heralded noise. Since these decays
only occur from one of the two computational states, re-
initializing the system in this state can produce at most
Z-errors.

After Pauli twirling, these biased erasure errors are
described by the jump operators (see SM [65] for details):

L η,1,j =
p

η/2 Z j e−
j , L η,2,j =

p
η/2 Z j ne

j

L η,3,j =
p

η/2 e−
j , L η,4,j =

p
η/2 ne

j .
(1)

Here e− = |1⟩⟨0| and e+ = |0⟩⟨1| are raising and lowering
operators for the number ne

j of erasures on site j (which
lie outside the logical space), Zj is the Pauli-Z operator in
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the logical space, and η parametrizes the background era-
sure noise rate, with ηdt the error probability in a single
application of the corresponding noise channel (dropping
terms of order (ηdt) 2). This channel has two crucial fea-
tures: first, in this idealized limit, all errors are heralded;
second, it has strong Z2 × Z 2 symmetry.

Local error correction.—As noted above, strong sym-
metry is insufficient for preserving SPT order in the
steady-state. Rather, it guarantees that stabilizer viola-
tions (or ‘defects’) are pair-created at end-points of con-
tiguous error strings; subsequent errors cause them to
undergo diffusive dynamics, leading to a uniform density
of defecets in the steady-state. Specifically, the string-
order for a subregion R is 1 (−1) in any pure state where
the number of defects within R is even (odd). For a single
application of the noise channel, the probability of gener-
ating an odd number of defects in R is the probability of
creating a pair of defects across the subregion’s boundary,
which depends on the error rate η but not the system size:
strong-symmetry thus guarantees a finite lifetime for the
string-order parameter [49]. However, in the steady-state
of the noise channel even and odd numbers of defects oc-
cur with equal probability: nontrivial steady-state string-
order hence requires a correction channel to bind the de-
fect pairs that occur at end-points of error strings. In
the SM [65], we discuss a potential strategy that enforces
biased motion of defects and leads to a robust mixed-
state SPT phase with nontrivial string-order; however,
this protocol is sensitive to boundary conditions.

Here, we instead exploit the additional information
provided by heralded noise to confine defect pairs,
thereby stabilizing steady-state SPT order. Consider a
1D chain with 2L qubits and periodic boundary condi-
tions (PBC). Each phase flip Zj error in the cluster state
|ψ⟩C creates a pair of defects Sj−1 = S j+1 = −1. Our cor-
rection protocol is a two-step process: we first measure
a syndrome to detect a defect and subsequently apply
an operator that moves the defect in accordance with
the configuration of proximate erasures. The direction is
chosen such that pairs of defects created by the same
string of contiguous errors move towards each other and
ultimately annihilate.

The rules governing this motion are illustrated in
Fig. 1a: if the syndrome for the stabilizer S j is detected,
the defect is moved towards whichever neighbouring site
has an erasure; the erasure flag from that site is subse-
quently removed. The corresponding jump operators are:

L γ,1,j =
p

γ/4 e +
j−1 Z j−1 (1 − Sj )(1 − n e

j+1 ),
L γ,2,j =

p
γ/4 e +

j+1 Z j+1 (1 − Sj )(1 − n e
j−1 ).

(2)

Also, isolated erasure flags without stabilizer syndromes
next to their endpoints are removed via

L γ,3,j =
p

γ/4 e +
j−1 (1 + Sj )(1 − n e

j+1 ),
L γ,4,j =

p
γ/4 e +

j+1 (1 + Sj )(1 − n e
j−1 ).

(3)

Here γ is the correction rate, with a correction probabil-
ity γdt in a single application of the correction channel
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FIG. 2: Estimation of critical exponents (L = 512). (a)
Stabilizer defects: The running estimate of the exponent
δ(t) := log 10

(0.5−n d (t))
(0.5−n d (10t)) is plotted as a function of 1/t. The

order parameter at the critical point vanishes as t −δ d so
lim t→∞ δd (t, η = η c) = δ d . In the absorbing (active) phase
δd (t) → ∞(0). The critical value of η is estimated by
identifying the curve that saturates to a constant value as
1
t → 0 and the corresponding constant value is the exponent
δd . The inset shows the scaling collapse for (0.5 − n d )t δ as a
function of t|η − η c |ν t after initial transient when ν t is tuned
to 1.73. (b) The string order exponents δ Ω and νt are
estimated similarly. The data is obtained by averaging over
4 × 104 Monte Carlo trajectories initialized in the cluster
state and simulated upto L 1.5 MC sweeps (see SM [65] for
details).

ϵC (ρ). A circuit implementing these correction operators
is given in [65].

Results.—We study the steady-state dynamics of a sys-
tem subject to both biased erasure noise and local error
correction. In the continuous time limit, the full time
evolution of the density matrix is given by the Lindblad
master equation [74, 75]:

dρ/dt =
X

α=γ,η

4X

s=1

2LX

j=1

L α,s,j ρL†
α,s,j − 1

2
{L †

α,s,j L α,s,j , ρ}

(4)
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FIG. 3: Finite non-erasure errors: (a) The f e − η phase
diagram of the system. η is the total error rate and f e is the
fraction of errors that generate erasures. The color-plot
shows the string-order of length l = L/2 evaluated at a finite
time t = 2/η c , which is chosen to maximize the contrast
between the active phase (where string order remains strong
at this time) and the absorbing phase (where it has all but
vanished at time 2/η c). This half-chain string-order decays
to zero exponentially with time for any f e < 1 and vanishes
in the steady-state. The data is obtained by averaging over
5 × 103 Monte Carlo runs. (b) The corresponding time
constant τ Ω at η = 0.3 < η c , obtained by a best fit to the
numerical data (see [65] for details), is plotted as a function
of the non-erasure fraction 1 − f e. The corresponding
steady-state string-order is analyzed along the cut η = 0.3 in
(c). The characteristic length scale ξ Ω is obtained by fitting
the steady-state string-order of length l to f (l)  e∼ −l/ξ Ω .
The length scale ξΩ is plotted as a function of 1 − f e for
various system sizes L.

(see SM [65] for a derivation starting from the underlying
quantum channels). Here, we take the cluster state |ψ⟩C
as our initial state but in fact generic mixed initial states
evolve to the same steady-state (see SM [65]).

The resulting dynamics can be intuitively understood
from a mean-field analysis, where we ignore inter-site cor-
relations between erasures and defects. In this limit (see
SM[65] for details):

dne/dt = (η − 2γn e)(1 − n e),
dnd/dt = η(1 − 2n d) − 2γn e(1 − n e).

(5)

where nd (ne) represents the mean-field density of defects

(erasures). The steady-state solution is:

(ne, nd) =
(η/2γ, η/4γ) if η < 2γ,

(1, 1/2) if η ≥ 2γ,
(6)

which suggests a transition between a phase where both
erasures and defects are controlled by the correction pro-
tocol (η < 2γ), and a phase where erasures proliferate
(η > 2γ), at which point the correction protocol fails and
defects return to their un-corrected equilibrium density of
1/2. The existence of a phase in which our correction pro-
tocol successfully controls nd suggests that in this regime,
stabilizer defect pairs are effectively confined, and string-
order is stabilized in the steady-state.

We corroborate this mean-field analysis via Monte
Carlo simulations on the coupled dynamics of erasures
and defects (see SM [65] for details). The resulting
steady-state values for the string-order, nd, and ne as a
function of η/γ are shown in Fig. 1b. All three quan-
tities simultaneously fall to their respective infinite-
temperature values at ηC = 0.6065γ, indicating a contin-
uous phase transition between a mixed-state SPT phase
with non-trivial string-order for η < η C , and a thermal
steady-state with no SPT order for η > η C .

Finally, we investigate the nature of this phase tran-
sition: the proliferation of erasures is an absorbing state
transition of the type discussed in Refs. [5, 7, 76, 77]
and can be mapped to directed percolation, for which
the critical exponents are known [78]. Our numerical re-
sults recover these values (see SM [65]). Using the scaling
approach of Ref. [79], we can determine the critical expo-
nents for nd and the string-order. Near the phase transi-
tion, these are expected to satisfy the scaling relations

(0.5 − nd(t, L))  t∼ −δ d f d (η − ηC )ν t t, L−z t ,

Ω(t, L)  t∼ −δ Ω f Ω (η − ηC )ν t t, L−z t .
(7)

Finite-size scaling indicates that z = 1.58 (see SM [65]).
The scaling collapse for the remaining exponents δd, δΩ ,
and ν t is shown in Fig. 2. All critical exponents for nd

match those of the erasures, indicating that defects pro-
liferate in the same directed percolation transition as
the erasures. The exponents ν t and z associated with
the onset of string-order also have values as for di-
rected percolation, while we find δ Ω = 2δ d. This fol-
lows by observing that string-order is destroyed by pro-
cesses that create domain wall pairs across only one of
the string’s two end-points: thus, with perfect herald-
ing Ωi,i+l ∼ (1 − n e

2i )(1 − n e
2i+2l ) is essentially a 2-point

correlator of the erasures, which for large l approaches
(1 − n e)2 (see SM [65] for technical details).

Stability.—We now consider stability of the SPT-
ordered steady-state against local perturbations to its
dynamics. Since string-order vanishes in the absence
of strong symmetry even for a finite-depth local chan-
nel [49, 50], our SPT steady-state is unstable against
symmetry-breaking X errors. This is analogous to closed
quantum systems, where there are no non-trivial bosonic
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phases in 1D in the absence of symmetry [63]. To study
stability against strongly symmetric noise, we consider
unheralded Z errors which can arise experimentally from
imperfect heralding or from unitary dynamics separat-
ing defects from the underlying erasures. We set the
rate of heralded errors in Eq. (1) to ηf e, with unher-
alded errors described by the Lindblad operators Lf,1,j =p

η(1 − f e)Z j . The total Pauli error rate is thus η, with
f e the fraction of heralded errors. Fig. 3a shows the
string-order at time t = 2/η c as a function of the herald-
ing fraction f e and the noise to correction ratio η/γ.
At low noise rates and f e ∼ 1, the string-order at this
time-scale is greatly enhanced relative to the unheralded
model (f e = 0). Fig. 3b shows that the string-order de-
cays exponentially in time to its steady-state value with
a characteristic time-scale τΩ ∼ 1/(1 − f e). However, for
f e < 1 our model does not realize a true steady-state SPT
since the steady-state string-order decays exponentially
with the string’s length (Fig. 3c), with a characteristic
length scale ξΩ ∼ 1/

√
1 − f e. In the SM [65], we show

that despite the lack of steady-state string-order, the ab-
sorbing state transition persists for f e < 1, and that in
the phase where erasures have not proliferated, our cor-
rection protocol substantially reduces both n d and the
maximum length of error strings in the steady-state. We
also show that signatures of this critical point are de-
tectable from the finite-time behavior of the string-order
parameter, which exhibits a crossover from characteris-
tic power-law decay to an exponential decay given by
Ω(t)  t∼ −δ Ω e−4η(1−f e )t (see SM [65]).

Discussion.—In this work, we have demonstrated that
biased erasure noise permits the stabilization of nontriv-
ial zero-temperature phases as steady-states under local
Lindblad dynamics. Crucially, our experimentally moti-
vated noise model can be exploited to effectively confine
the errors which otherwise proliferate at any finite tem-
perature or error rate (resulting in a trivial steady-state),
thereby enabling local error correction into an SPT phase
starting from generic initial mixed states. We have also
shown that our protocol significantly enhances the life-
time of string-order in the presence of unheralded errors.
Although we have focused on 1D SPT order here, our
results extend more broadly to nontrivial ordered states
in higher dimensions which lack thermal stability; in par-
ticular, heralding enables local error-correction into 2D
topologically ordered steady-state phases, which we dis-
cuss in Ref. [80].
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I. REVIEW OF THE 1D Z 2 × Z 2 CLUSTER STATE SPT

Here, we briefly review the physics of the one-dimensional (1D) Z2 ×Z 2 cluster state SPT [81, 82]. Consider a chain
of length 2L with an on-site Hilbert spanned by a qubit (or spin-1/2) i.e., H = ⊗ 2L

i H i with H i = C 2. The cluster
state Hamiltonian is given by

H = −
2LX

j=1

X j−1 Z j X j+1 , (S1)

where X, Z are standard Pauli operators (with XZ = −ZX). Each term of H commutes with all other terms i.e.,
they are mutually commuting stabilizers and we can straightforwardly analyse its properties. First, note that  H has
a Z2 × Z 2 global symmetry, generated by

Za
2 =

LY

j=1

Z2j , Zb
2 =

LY

j=1

Z2j−1 . (S2)

The ground state of H is simply given by the state |ψ⟩ that is stabilized by the individual terms of the Hamiltonian.
On periodic boundary conditions, there is a unique ground state which can be conveniently expressed in terms of a



2

unitary acting on a product state as

|ψ⟩C =
2LY

j=1

CX j,j+1 |↑⟩⊗2L , (S3)

where Z |↑⟩ = |↑⟩, and CX j,j+1 = 1
2 (1+X j +X j+1 −X j X j+1 ) is the entangling gate. To see that the cluster state is the

ground state of H in Eq. (S1), note that conjugating the Hamiltonian with the cluster entangler  U =
Q 2L

j=1 CX j,j+1

returns a paramagnetic Hamiltonian (on periodic boundary conditions):  U HU † = −
P 2L

j=1 Z j [81]. Since |↑⟩⊗2L is the
ground-state for the paramagnet, |ψ⟩C is the ground-state for the cluster Hamiltonian. The structured entanglement
of this state is encoded in the following non-local string-order operator, which is given by product of stabilizers over
a finite-region of length l = |i − j|:

Ωij = X 2i

 jY

k=i

Z2k+1

!
X 2j+2

where

lim
|i−j|→∞

ψ⟨ C |Ωij |ψC ⟩ = 1 (S4)

More generally, we can consider adding arbitrary local Z2 × Z 2 symmetric perturbations to the Hamiltonian, and as
long as the bulk gap does not close, ψ⟨ C |Ωij |ψC ⟩ = c, where the constant 0 < c ≤ 1 as |i − j| → ∞ [83].

Let us now study the system on open boundary conditions. In this case, the cluster entangler is given by U =Q 2L−1
j=1 CX j,j+1 , such that

UHU † = −
2L−1X

j=2

Z j , (S5)

i.e., this unitary transformation yields a trivial paramagnetic Hamiltonian but the terms at j = 1 and j = 2L are
missed. This encodes the fact that the cluster Hamiltonian has a four-fold degenerate ground-state manifold on open
boundaries, where this degeneracy corresponds to the anomalous boundary states of the Z 2 × Z 2 SPT state. The
missing edge operators (or “dangling operators”) X 1, Z1, X2L , Z2L in the paramagnet can then be translated back to
the original basis by applying the cluster entangler,

Z̄1 = Z 1X 2 , X̄ 1 = X 1 , Z̄2 = X 2L−1 Z2L , X̄ 2L = X 2L , (S6)

where Z̄1, X̄ 1, Z̄2, X̄ 2 commute with the Hamiltonian H and satisfy the Z 2 algebra Z̄1,2 X̄ 1,2 = − X̄ 1,2 Z̄1,2 . Hence, these
are the logical operators for the two logical qubits encoded in the codespace spanned by the degenerate ground-state
manifold. It follows from the above discussion that the symmetry is realised projectively on the two edges of the chain,
diagnosing the non-trivial SPT order.

A. Stability of SPT order under finite-depth local quantum channels

We now consider preparing the system in the cluster state ρC = |ψ⟩ C ψ|⟨ C , subject it to local noise, and ask whether
the resulting state is in the same mixed state phase of matter. Here, we consider two states ρ1, ρ2 as being in the
same mixed state phase if they are “two-way” connected i.e., if there exist two symmetric finite-depth local channels
E1 and E2 such that ρ2 = E1(ρ1) and ρ1 = E2(ρ2) [14, 49].

Consider first a symmetry breaking dephasing channel i.e., where the dephasing is given at each site by a Pauli-
X operator. This is described by the local error channel Ej : ρ →

P
α j =0,1 pα j

K †
α j

ρK α j , where K α j = X
α j
j and

pα j = 1 − p, p for α j = 0, 1. Here, p = 1/2 corresponds to maximal dephasing.Thus, the total noise channelon the
entire chain is encoded in E = E1 ◦ · · · ◦ E2L . We can express this as

E(ρ) =
X

⃗α

P (α⃗)K †⃗α ρK ⃗α , (S7)

where

P (α⃗) =
2LY

j=1

pα j
, K ⃗α =

2LY

j=1

X α j
j . (S8)
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Starting in the pure cluster state, the decohered state is given by  ρE = E(ρ C ), such that the expectation value of any
operator O is given by

O⟨ ⟩ρE
=

X

⃗α

P (α⃗) ψ|⟨ C K ⃗α OK †⃗α |ψ⟩C . (S9)

One can then show that the expectation value of the string-order parameter in the decohered state is

⟨Ωij ⟩
ρE

∼ (1 − 2p) |i−j| ψ⟨ C |Ωij |ψC  ,⟩ (S10)

since each Z operator in the bulk of the string-order parameter can anti-commute with the noise operator  X. In this
case, no symmetric quasi-local channel can recover the pure cluster state for any  p ̸= 0 [4] and the decohered state is
in the trivial mixed phase. On the other hand, if we consider a symmetric noise channel i.e., K α j = Z

α j
j , then one

instead obtains

⟨Ωij ⟩
ρE

∼ (1 − 2p) 2 ψ⟨ C |Ωij |ψC  ,⟩ (S11)

since only the end operators X in the string-order parameter now anti-commute with the noise operator  Z. Thus,
under a single application of a noise channel that respects the strong Z2 × Z 2 symmetry, the string-order parameter
remains finite as long as p < 1/2 and the original cluster state is recoverable via a finite-depth local quantum
channel [4]. However, it should be clear that the string-order parameter will decay exponentially with time under
repeated applications of the noise channel even for strongly symmetric noise i.e.,  En (ρC ) ∼ (1 − 2p) 2n ψ⟨ C |Ωij |ψC ⟩. As
we discuss in the main text however, one can harness heralded erasures to stabilize a non-zero value of the string-order
parameter in the steady state.

II. BIASED ERASURE NOISE IN RYDBERG ATOM ARRAYS

In this Section, we review the details of the biased-erasure noise model presented in Ref. [ 57, 61], and describe how
this leads to the noise channel presented in the main text. Biased erasure noise has recently been discussed in the
context of Yb atom qubits, where the 6s6p 3P0 F = 1/2 atomic levels of neutral 171Yb atom are used to encode
the computational states {|0 , |⟩ 1 }⟩  of the qubit. These atoms can be arranged in the desired lattice structure using
optical tweezers. A recent experimental work [73] has demonstrated high-fidelity gates in this platform. The two-qubit
gate error is measured to be 2.0(1) × 10 −2 , where the dominant error process is spontaneous decay from a highly
excited Rydberg level (as discussed below).Using fast imaging techniques ( ∼ 20µs), these errors can be detected
and converted into erasures. The single qubit gate operates on a timescale of 2 ms and can be performed with a total
error of 1.0(1) × 10−3 . The idling error rate is much smaller due to the long lifetime of the qubit states, which is of
the order ∼ 2.96(12)s.

In this platform, a two-qubit gate is implemented by selectively coupling the computational state  |1⟩ to a highly-
excited Rydberg state |r⟩. The enhanced van der Waals interaction between the Rydberg atoms creates a blockade
effect that prohibits the simultaneous excitation of nearby atoms to the level |r⟩, and can thus be used to enact
two qubit control- gates. The resulting native 2-qubit gates are control-Z gates, whereas our preparation protocol
requires control-X gates, suggesting that Hadamard gates, which convert Z errors to X errors and thus remove the
strong symmetry constraint, are necessary for state preparation. We note, however, that proposals for bias-preserving
CNOT gates in Rydberg atoms do exist [84]. The gate fidelity is fundamentally limited by the processes where the
state |r⟩ decays with probability 2p e to atomic levels that are orthogonal to the computational subspace, creating an
erasure error. The location of this error can now be detected by observing fluorescence on the relevant closed cycling
transitions; since these transitions happen between levels that are outside the qubit sub-space, errors can be detected
without altering the logical state of the qubit.

When an erasure is detected at a site labeled by j, the corresponding qubit is re-initialized to the state |1⟩ since the
state |0⟩ does not couple to |r⟩. The quantum channel acting on the the state of system conditioned on the detection
of an erasure is given by ρ → 2pe|1⟩⟨1|ρ|1⟩⟨1|. This noise channel can be further simplified by applying an additional
single-qubit Pauli twirl channel

E(ρ) → E twirl (ρ) =
1
4

[ E(ρ) + XE(XρX)X + Y E(Y ρY )Y + ZE(ZρZ)Z ] . (S12)

This transforms the original noise channel into a biased stochastic Pauli channel given by

ρ →
pe

2
(ρ + Z j ρZj ) , (S13)
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where j is the location of the qubit that experiences the error, and  p e is the probability of an erasure error occurring
under a single application of the channel. We introduce a classical variable  ne

j to record the presence (ne
j = 1) or the

absence (ne
j = 0) of an erasure at site j. The erasure locations thus provide an additional bit of information along

with the error syndromes that we will utilize later in our correction protocol. The combined resetting and updates of
the erasure record is encoded in the following channel:

ρ → Ee
j (ρ) =

pe

2
(Z j e−

j ρe+
j Z j + e−

j ρe+
j + Z j ne

j ρne
j Z j + n e

j ρne
j ), (S14)

where e−
j = |n e

j = 1 n⟩⟨ e
j = 0| generates an erasure at an empty site and e+

j = |n e
j = 0 n⟩⟨ e

j = 1| removes the erasure
from an occupied site. Here, the first two terms in Eq. (S14) describe the action of the Pauli channel on qubits that
do not have any erasures before the channel is applied. The latter two terms correspond to qubits that had an erasure
before the channel is applied, for which the erasure records are not updated.

To obtain the error channel in the main text, we must also account for the fact that the continuous monitoring of
the erasures leads to non-hermitian evolution on the system even when the erasure is not observed (corresponding to
no-jump events). Under the Pauli-twirl approximation, this can be modeled as

ρ → E0
j (ρ) = 1 − pe −

p2
e

4
ρ +

p2
e

4
Z j ρZj . (S15)

Combining the channels (S14) and (S15), and assuming a constant rate of decay from the level |r⟩ such that pe = η dt,
we obtain

ρ(t+dt) = ρ(t)−
ηdt

2
Z j e−

j ρ(t)e+
j Z j + e−

j ρ(t)e+
j + Z j ne

j ρ(t)n e
j Z j + n e

j ρ(t)n e
j − 2ρ(t) +

(ηdt) 2

4
(ρ(t)+Z j ρ(t)Z j ). (S16)

If the time-step dt is sufficiently short, we can neglect terms  O dt∼ 2 and arrive at a continuous time master
equation in the Lindblad form, given by

dρ
dt =

η

2
Z j e−

j ρ(t)e+
j Z j + e−

j ρ(t)e+
j + Z j ne

j ρ(t)n e
j Z j + n e

j ρ(t)n e
j − 2ρ(t) . (S17)

The Lindblad jump operators L η,k,j in Eq. (1) from the main text can be read from this expression. The dynamics
of the entire system under the noise channel is hence governed by the uncorrelated action of this Lindbladian at each
site, encoded by Eq. (4) in the main text (α = η terms):

dρ
dt = L noise (ρ) =

4X

s=1

2LX

j=1

L η,s,j ρL†
η,s,j − 1

2
{L †

η,s,j L η,s,j , ρ} . (S18)

In summary, the noise process at a particular site j corresponds to a dephasing channel that generates stabilizer
defects at adjacent sites j ± 1. Concurrently, the location of this event is recorded via the creation of an erasure flag
at site j.

III. DETAILS OF THE CORRECTION PROTOCOL

Here, we provide the motivation and details behind the choice of correction terms in the Lindbladian presented in
the main text. The correction protocol is designed under the assumption that the stabilizer syndromes are generated
by the perfectly heralded error model (f e = 1) (discussed in the previous section). The strong symmetry constraint
of Z- errors ensures that the stabilizer syndrome S j = −1 centered at site j is generated by an error on either the
left neighbor (Z j−1 ) or the right neighbor (Z j+1 ). The error terms in the Lindbladian generate a mixture of defects
that are connected via sites hosting erasures. Our goal is to remove these stabilizer defects using a  localLindbladian
that is strongly symmetric under the Z 2 × Z 2 symmetry of the cluster state. These two constraints imply that the
defects can only be removed in pairs when they are within some local neighborhood of each other. To do this, we will
utilize the record of erasures ne on sites in the neighborhood of the defects to give the defects a biased motion that
can potentially stabilize the string-order in the steady-state by effectively confining the stabilizer defects.

The local moves are determined based on the measurement outcome of  Mj = {n e
j−1 , Sj , ne

j+1 }. The measurement
outcomes are recorded in terms of local configurations mj = {0/1, ±1, 0/1}. The desired target state is the cluster
state (no stabilizer defects) with no flags, represented by mj = {0, 1, 0} for all j. The correction protocol proceeds by
applying the measurement channel M at each site with probability p c, followed by a recovery operation R

ρ → (1 − pc)ρ + pcR ◦ M(ρ). (S19)
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|0⟩ancilla H H

m

j − 1 H Z H Z m e+

j Z

j + 1 H Z H

FIG. S1: The quantum circuit that implements the correction protocol using the native gate-set (Hadamard (H) and
controlled-Z) of the Rydberg atom platform. The ancilla qubit, initialized in the |0⟩ ancilla state, is sequentially entangled with
system qubits located at j − 1, j, and j + 1. A measurement of the ancilla in the computational basis performs a measurement
of the stabilizer S j = X j−1 Z j X j+1 on the system qubits. The feedback Z j−1 is applied conditioned on the measurement
outcome m  {∈ 0, 1}. Subsequently, the flag at site j − 1 is lowered from 1 to 0 at the end of the process. This particular
circuit shows the application of the jump operator 1

2
e+

j−1 Z m
j−1 (1 + (−1) m Sj )(1 − n e

j+1 ) when the defect is corrected in the
direction of j − 1. The rest of the correction operators can be designed analogously. Note that while the total
measurement+feedback operator obeys the strong symmetry, the component gate H is not strongly symmetric and can hence
potentially convert Z errors into X errors. It would be desirable to find ways to develop native gates that obey the symmetry
condition and preserve the noise bias. The circuit diagram is drawn using the Quantikz pacakge [85].

Since stabilizer defects are created at the ends of erasure strings, a local measurement outcome mj = {1, −1, 0}
suggests that a nearby partner defect is likely to be on the left side of j; hence we shift the defect to the left
using Z j−1 and remove the erasure record by applying the transition operator  e +

j−1 . Similarly, the configuration
mj = {0, −1, 1} that hosts an erasure on the right-side is updated using Zj+1 e+

j+1 . The Kraus operators that implement
these operations are given by

K 1,−1,0 = e+
j−1 Z j−1 ne

j−1
1 − Sj

2
(1 − n e

j+1 ) , K 0,−1,1 = e+
j+1 Z j+1 ne

j+1
1 − Sj

2
(1 − n e

j−1 ). (S20)

The quantum circuit that implements this measurement and feedback operation is shown in Fig. (S1). The error
model also generates configurations of the form {1, 1, 0} and {0, 1, 1} where the intermediate site between an erasure
and a non-erasure does not have a stabilizer defect. Such configurations result from the part of the erasure error
channel that acts as I on the system. We can safely remove such isolated erasure records by applying transition
operators e+

j+1 or e+
j−1 . The corresponding Kraus operators are

K 1,1,0 = e+
j−1 ne

j−1
1 + Sj

2
(1 − n e

j+1 ) , K 0,1,1 = e+
j+1 ne

j+1
1 + Sj

2
(1 − n e

j−1 ). (S21)

The remaining four measurement outcomes are left invariant without additional feedback. Let us briefly comment on
how this choice is consistent with the goal of correcting into the cluster state. If  mj = {0, 1, 0}, then this is already in
the correct configuration and should be left as is. A configuration where a defect is present without erasures on either
side ({0, −1, 0}) is forbidden by the perfectly heralded (f e = 1) noise model and hence this measurement result will
not appear unless unheralded defects were present in the initial state. A configuration with  mj = {1, 1, 1} represents
a portion of a longer string of erasures that connects defects separated by a distance larger than 3 sites and so they
are not updated by our local protocol: removing any of these erasures will destroy the continuous string of flags that
enables our correction protocol to confine the pair of defects.

Finally, we can have configurations of the form m j = {1, −1, 1} where erasures are present on both sides of the
defect. We choose to not apply any feedback upon detection of such a configuration. We justify this by making two
observations: first, note that the erasures of this configuration do not provide any information about the direction
of the nearest defect. If we move the defect in either direction with equal probability and remove the erasure along
the corresponding direction, it may result in the defect moving in the wrong direction, taking it farther away from
its partner. Moreover, if the defect moves in the wrong direction, the removal of the flag in this process breaks the
erasure string that links it to its partner defect, hindering our ability to stabilize the string order by confining the
defects.Secondly,unless ne = 1 for all sites, sequences of such configurations will end somewhere with  {0, ±1, 1} or
{1, ±1, 0} type configurations that terminate at an active site n e = 0. These configurations will get corrected by the
operations in Eq. (S20) or Eq. (S21). Hence, we expect that if the correction is applied frequently enough (such that
a finite number of sites have ne = 0), then configurations of the form {1, −1, 1} will eventually be eliminated by our
correction model.



6

The overall correction channel acting at each site is given by

ρ → (1 − pc)ρ + pc

X

m j

K m j
ρ K †

m j
, (S22)

where the sum runs over the eight possible measurement outcomes represented by  mj . We assume that the correction
operation is applied at some fixed rate γ = p c/dt per unit time. Then using the completeness property of the Kraus
operators, the above expression can be equally written as

ρ(t + dt) − ρ(t)
dt = γ

X

m j

K m j ρ(t) K †
m j

− 1
2

{ K †
m j

K m j , ρ(t)}. (S23)

In the main text, we study the dynamics of a system initialized in the cluster state, which only generates a classical
mixture of stabilizer eigenstates (refer to Sec. IV for further details). Note that if the measurement is not followed by
a feedback operation, the eigenstates of the measurement operator remain unchanged. Anticipating this, we can drop
the terms corresponding to K 0,1,0 , K0,−1,0 , K1,1,1 and K 1,−1,1 since they have no effect on the time evolution of the
cluster state. Then, after taking the short time limit dt → 0, we obtain the Lindblad master equation that represents
the correction dynamics. The jump operators of the master equation encoded in Eqs. (2) and (3) of the main text
can be read off from the Kraus operators, which we reproduce here for the sake of completeness:

L γ,1,j =
p

γ/4 e +
j−1 Z j−1 (1 − Sj )(1 − n e

j+1 ) , L γ,2,j =
p

γ/4 e +
j+1 Z j+1 (1 − Sj )(1 − n e

j−1 ) (S24)

and,

L γ,3,j =
p

γ/4 e +
j−1 (1 + Sj )(1 − n e

j+1 ) , L γ,4,j =
p

γ/4 e +
j+1 (1 + Sj )(1 − n e

j−1 ). (S25)

In Sec. IV, we provide further details on how this quantum master equation effectively reduces to the  classical
population dynamics of the underlying quantum eigenstates for the present model. The inclusion of no-feedback
Kraus operators keeps the results of such population dynamics unchanged. However, they provide a mechanism for
removing quantum superpositions among the stabilizer eigenstates present in the initial state. In Sec.  VII, we discuss
how this leads to a steady state distribution that is independent of the initial configuration of the system qubits.

IV. DETAILS OF MONTE CARLO SIMULATIONS

In this Section, we provide the details of the numerical simulations used to generate the figures in the main text.
We work in a basis where the Liouvillian space is spanned by  |s, ne⟩⟨s′ , ne ′ |, where

|s, ne⟩ := |s 1, s2, . . . , s2L   |n⟩ ⊗ e
1, ne

2, . . . , ne2L
.⟩ (S26)

The states |s⟩ are stabilizer eigenstates, where sj  {∈ 1, −1} labels the value of stabilizer at site j. The states |n e⟩ are
erasure occupation number-states at each site, where nej  {∈ 0, 1}. In this basis, the Lindblad dynamics has the form:

(|s ′ , ne ′ ⟩⟨s′′ , ne ′′ | L
X

s,n e

ρ(s,n e ),(s,n e ) |s, ne⟩⟨s, ne | )  δ∝ s′ ,s ′′ δn e ′ ,n e ′′ , (S27)

where the constant of proportionality can be read off from the explicit expression of  L. In other words, in the |s, n e⟩
basis, the diagonal (population) and off-diagonal (coherences) entries of the density matrix are decoupled and evolve
independently of each other. In particular, the dynamics does not generate quantum superpositions of stabilizer
eigenstates if these are not initially present. Thus, if the initial state of the system is a classical mixture of  |s, ne⟩, the
dynamics is described by the classical rate equation of the populations  ρ(s,n e ),(s,n e ) . We use this insight to model the
time evolution using a classical Monte Carlo method to simulate the trajectories of these basis states. We introduce
a double-ket notation to denote the relevant basis states as  |s, ne⟩⟨s, ne | := |s, n e⟩⟩.

Additionally, the Lindbladian obeys the strong Z a
2 × Z b

2 symmetry. This leads to a further block-diagonal structure
wherein the states with different symmetry charges are decoupled from each other. Without loss of generality, we will
work in a fixed charge sector defined by Z a

2 |s⟩ = Z b
2|s⟩ = +|s .⟩ Note that the cluster state (Eq. S3) belongs to this

subspace.
To further simplify the dynamics, we note that stabilizer defects on odd and even sites are dynamically decoupled.

The Z-error at an odd (even) site generates stabilizer syndromes on the neighboring even (odd) sites. Similarly, the
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correction protocol from Eq. (S24) and Eq. (S25) couples erasures on the adjacent odd (even) sites with the stabilizer
syndromes on the even (odd) sites. Thus, the state of the system can always be written in a separable form

ρ = ρodd  ρ⊗ even =
X

{s 1 ,s3 ,...;n e
2

,n e
4

,...}

pn e
2 ,n e

4 ,...
s1 ,s3 ,... |s1, s3, . . . ; ne2, ne

4, . . .⟩⟩
O

X

{s 2 ,s4 ,...;n e
1

,n e
3

,...}

pn e
1 ,n e

3 ,...
s2 ,s4 ,... |s2, s4, . . . ; ne1, ne

3, . . . .⟩⟩
(S28)

It should be noted that the stabilizer eigenstates |s1, s2, . . .⟩ themselves can not be written as separable states on any
spatially disjoint region. This underlying quantum nature of the Monte Carlo trajectories allows us to realize the
non-trivial entanglement structure of a string-ordered state.

The time evolution is computed using a standard random-sequential update procedure (eg. [78]) as follows:
Initialize the state in a configuration of the stabilizers and erasure population  |seven; ne

odd ⟩⟩ := |s 2, s4, . . . , ne1, ne
3, . . .⟩⟩.

while t ≤ t f do
for i = 1, 2, . . . L do

sample a number 1 ≤ j ≤ L from the uniform distribution to choose the site where L acts
sample another random number to choose the update rule for the state where  c0 := 1/(η + 4γ):
with probability c 0ηf e/2: Apply Z 2j−1 e−

2j−1 (syndrome with erasure)
with probability c 0ηf e/2: Apply e −

2j−1 (erasure without syndrome)
with probability c 0γ: Apply e +

2j−1 Z2j−1 nd
2j (1 − n e

2j+1 ) (ref. Eq. (S24))
with probability c 0γ: Apply (1 − n e

2j−1 )nd
2j

Z2j+1 e+
2j+1 (ref. Eq. (S24))

with probability c 0γ: Apply e +
2j−1 (1 − n d

2j )(1 − n e
2j+1 ) (ref. Eq. (S25))

with probability c 0γ: Apply (1 − n e
2j−1 )(1 − n d

2j )e+
2j+1 (ref. Eq. (S25))

with probability c 0η(1 − f e): Apply Z 2j−1 (syndrome without erasure)
end for
t → t + ∆t := t + 1

η+4γ
Record the values of the observables in the state at the end of the Monte Carlo sweep

end while

V. MEAN FIELD ANALYSIS

In this Section, we derive the mean field equations presented in the main text. As discussed in Eq. (S27), the diagonal
matrix elements of the density matrix in the stabilizer+erasure basis (|s, n e⟩) are decoupled from the off-diagonal
elements. The equation for the time evolution of an observable Ô can be obtained as

d
dt O⟨ (t)⟩ :=

d
dt Tr( Ô ρ(t)) = Tr Ô L[ρ(t)] . (S29)

Since the observables considered in this work are diagonalin the |s, n e⟩ basis, it is therefore sufficient to study the
dynamics of the diagonal terms of the density matrix.

a. Erasures: The observable n̂e
k measures the erasure occupation number at the site labelled by  k. The exact

time evolution equation can be computed using the full Lindbladian, and is given by:

d
dt

n⟨ e
k ⟩ = ηf e(1 − n⟨ e

k ⟩) − γ n⟨ e
k (1 − n e

k+2 )  − γ n⟩ ⟨ e
k (1 − n e

k−2 )  ,⟩ (S30)

where we take the erasure noise error rate to be ηfe, with f e being the heralding fraction. The mean field approximation
ignores correlations in the fluctuations at each site. This leads to  n⟨ e

k   n⟩ ∼ e and n⟨ e
k ne

k ′  ⟩ ∼ (n e)2, with the mean-field
dynamics given by:

dne

dt
= (ηf e − 2γn e)(1 − n e). (S31)

The stable solution in the steady state ( dn e

dt = 0) is

ne =

(
ηf e

2γ if ηf e < 2γ,

1 if ηf e ≥ 2γ
(S32)



8

(a) (b)

FIG. S2: Mean field phase diagram: The contour plots of the mean field solution are shown in the f e − η parameter space
where η is the total noise rate and f e the fraction of errors that are heralded by erasures. (a) The phase diagram for the
density of erasures (ne) shows a continuous transition (see Eq. (S32)) along the curve ηf e = 2γ from an active phase n e < 1
to the absorbing phase ne = 1. (b) The density of stabilizer defects n d simultaneously undergoes the transition, with n d = 1/2
in the absorbing state (see Eq. (S36)).

Setting f e = 1, we recover the mean-field erasure dynamics in the main text. The mean field phase diagram is shown in
Fig. S2a and captures the qualitative features of the results obtained using the Monte Carlo simulation (see Fig.  S7a).
The mean field value of the critical noise rate ηc = 2 is larger than the actual value ηc = 0.6065; the mean field
approximation thus overestimates the ability of correction processes to remove the erasures. In particular, the rate
of correction in the mean field approximation is proportional to γn e(1 − n e), but the actual dynamics removes the
erasure only if the adjacent site is unoccupied. Close to the transition point, the system hosts long strings of sites
that have erasures and hence the correction protocol is effective only at the end-points of such strings, leading to a
far lesser effective removal of erasures. This explains why the mean field over-estimates the threshold noise rate  ηc at
which system enters into the absorbing state with n e = 1.

b. Stabilizer defects: The occupation number of stabilizer defects, defined by nd
k ≡ 1

2 (1 − Sk ), evolves according
to

d n⟨ d
k ⟩

dt
= η(2 − f e)(1 − 2 n⟨ d

k ⟩) − γ n⟨ d
k ne

k−1 (1 − n e
k+1 ) + n e

k+1 (1 − n e
k−1 ) ⟩

+γ⟨(1 − 2n d
k ) ne

k+1 nd
k+2 (1 − n e

k+3 ) + n e
k−1 nd

k−2 (1 − n e
k−3 ) ⟩

(S33)

We can further simplify this using translational invariance as

d n⟨ d
k ⟩

dt
= η(2 − f e)(1 − 2 n⟨ d

k ⟩) − 2γ n⟨ d
k ne

k+1 nd
k+2 (1 − n e

k+3 )  −⟩  2γ⟨(1 − n e
k−3 )nd

k−2 ne
k−1 nd

k .⟩ (S34)

In order to arrive at an approximate mean-field picture, we need to estimate the four-site correlation term resulting
from the correction protocol. The correction of defects is most effective in the presence of active erasure sites. In this
regime, the density of erasures is low and the probability of consecutive sites with erasures is small. This suggests that
if a site has an erasure and no erasure adjacent to it, then such erasure will be accompanied with stabilizer defect pair
with 1/2 probability. In this case, we can approximate the first term proportional to  γ as n⟨ d

k ne
k+1 nd

k+2 (1 − ne
k+3 )  ⟩ ∼

1
2

n⟨ e
k+1 (1 − n e

k+3 )  ⟩ ∼ 1
2
ne(1 − n e). Similarly, the reflection symmetry implies that the second term is also equal to

ne(1 − n e)/2. The resulting mean-field equation is given by

dnd

dt
= η(2 − f e)(1 − 2n d) − 2γn e(1 − n e). (S35)

Using the steady state value of the erasure density from Eq. (S32), we obtain the density of stabilizer defects in the
steady state as
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nd =






1 − f e

2 − f e
+

ηf 2
e

4γ(2 − f e)
if ηf e < 2γ,

1/2 if ηf e ≥ 2γ

(S36)

Setting f e = 1, we again recover the stabilizer defect dynamics discussed in the main text. Figure S2b shows the
resulting mean-field phase diagram as a function of the overall noise rate and erasure fraction, which qualitatively
reproduces the phase diagram obtained from our Monte Carlo results shown in Fig.  S7.

VI. ESTIMATION OF CRITICAL EXPONENTS

In this Section, we provide a detailed procedure for estimating the critical exponents and scaling forms near criti-
cality. We assume that when the noise rate is close to its critical value  ηc, the spatial and temporal correlation lengths
diverge, leading to scaling behavior of the order parameter [86]. We postulate that under the scaling transformation of
the noise parameter (ηc − η) → λ(η c − η) for λ > 0 (where the correction-rate γ is set to 1), the observable expectation
value O and corresponding length and time-scales transform as

O → λβ O, x → λ −ν x x, t → λ −ν t t. (S37)

This scaling hypothesis can be used to write the observable  O as a generalized homogeneous function in the scaling
regime. Following Eq. (S37), we get

O(t, ηc − η, L) = λ −β O′ (λ −ν t t, λ(ηc − η), λ −ν x L). (S38)

Since this form is valid for all positive values of λ, we set λ = t 1/ν t to obtain

O(t, ηc − η, L) = t −β/ν t O′ (1, t1/ν t (ηc − η), t −ν x /ν t L). (S39)

It is useful to re-write this expression to allow for different functional forms  O + (O− ) in the active (absorbing) phase.
We then have:

O± (t, ηc − η, L) = t −δ O± (|η − ηc|ν t t, L −z t). (S40)

which are of the general scaling form given in the main text. Here, we have introduced the decay exponent  δ = β/ν t

and the dynamical exponent z = ν t /ν x .
We will follow the procedure provided in [78] to estimate the exponents δ, νt , and z from the Monte Carlo data.

The exponent for the order parameter (β) and spatial correlation length (ν x ) can then be obtained using the scaling
relations mentioned here. Specifically, we proceed as follows:

1. First, we estimate the instantaneous power-law decay exponent by plotting  δ(t) := 1
log(b) log O(t)

O(bt) as a function
of time for a range of values of η. The order parameter at the critical point (η = η c) goes to zero as t −δ so
lim t→∞ δ(t, η = η c) = δ. In the absorbing phase (η > η c) we get δ(t) → ∞ and in the active phase (η < η c)
δ(t) → 0. This provides the estimate of critical point ηc and the exponent δ. Fig. S3b illustrates how this method
is used to identify ηc = 0.6065 using the scaling of the density of erasure flags.

2. Having found δ, we next plot O(t)t δ as a function of t|η − η c|ν t . The value of νt is obtained by tuning this
parameter to obtain data collapse along the scaling functions  O± . An example is shown in the inset of Fig. S3b.

3. The remaining exponent z can be estimated using finite size scaling of the critical curve (η = η c). To do this,
we plot O(t, η = η c, L)t δ as a function of t/L z and tune z to obtain the scaling collapse. An example is shown
in Fig. S3c.

A. Number of erasures

When the noise rate is above the critical value, the system enters an absorbing state where all sites have erasures
ne

j = 1. When η < η c, the steady state supports finite number of sites that don’t have erasure flags. We track this
transition using the density of non-erasure sites as

1 − ne(t) := Tr(ρ(t)
1
L

LX

j=1

(1 − n e
2j−1 ) =

1
L

LX

j=1

(1 − Tr(ρ(t)n e
2j−1 )). (S41)
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FIG. S3: Critical exponents for the erasure density n e: (a) the density of non erasure sites as a function of time. The data is
shown for varying values of the noise rate η (with the correction rate γ set to 1). The observable at the critical η c decays as a
power law  t∼ −δ . (b) The instantaneous decay exponent δ(t) = log 10

1−n e (t)
1−n e (10t) as a function of 1/t. The η = 0.6065 curve

approaches a constant value indicating criticality. The saturation value as 1/t → 0 gives the critical exponent δ = 0.1607(4).
The inset shows data collapse along the scaling function O ± when νt is tuned to 1.73(8). The system is L = 512 for the data
shown in panels (a) and (b). (c) The finite-size scaling collapse for system sizes L = 64, 128, 256, 512 when the the dynamical
exponent is tuned to z = 1.58(3). The results are obtained by averaging over 2 × 10 4 independent Monte Carlo realizations
initialized in the S j = 1, n e

j = 0, j∀  state.

The time evolution of the reduced density matrix of the erasures (ρ e = Tr stabilizer ρ) maps on to the classical contact
process [78, 87]. The Lindbladian for this process can be written as

L contact (ρe) = η
X

j

e−
j ρee+

j + n e
j ρene

j − ρe + γ
X

j

e+
j−1 (1 − n e

j+1 )ρe(1 − n e
j+1 )e−

j−1 − 1
2

{n e
j−1 (1 − n e

j+1 ), ρe}

+ γ
X

j

e+
j+1 (1 − n e

j−1 )ρe(1 − n e
j−1 )e−

j+1 − 1
2

{n e
j+1 (1 − n e

j−1 ), ρe} .

(S42)

In Fig. (S3), we show our numerical estimates of the critical exponents, which match well with the values reported
previously in the literature [86].

B. Density of stabilizer defects

If S j = −1, then we term that as a stabilizer defect at site j. The density of these defects on the even sublattice is
tracked using

nd(t) := Tr



 ρ(t)
1
L

LX

j=1

nd
2j



 =
1
L

LX

j=1

Tr ρ(t)
1 − S2j

2
. (S43)

When the system is in the absorbing phase, the correction part of the Lindbladian leaves this state invariant and
becomes inactive. In this regime, noise stabilizes a maximally mixed state on the system qubits which leads to
nd = 1/2. In the active phase (η < η c), the number of stabilizer defects is limited by the number of erasures. The
mean field calculation in Sec. V shows that 1

2
− n d ∝ (1 − n e). We expect that this functional relation between these

local observables is valid beyond mean field.This suggests that 1
2

− n d will approach zero with the same exponents
as the erasures. We numerically confirm this intuitive picture in Fig. (S4) and Fig. 2 in the main text.
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FIG. S4: Critical exponents for the stabilizers defects: (a) The deviation of the density of stabilizer defects n d from its value
in the absorbing state as a function of time. The data is presented for L = 512 and varying noise rates close to the critical
point. The critical curve shows a power law decay  t∼ −δ d . The estimation of exponents δ d and νt is shown in Fig. 2 in the
main text. (b) The dynamical exponent z = 1.58(4) is estimated by observing the data collapse of the critical curve η = η c for
varying system sizes. The data is obtained by averaging over 2 × 104 independent Monte Carlo runs initialized in the perfectly
ordered state Sj = 1, n e

j = 0 for all sites j.

C. String-order

The SPT order can be diagnosed using the string-order parameter (Eq. S4) which can be equivalently written as a
product of the stabilizers

Ωi,i+l−1 (t) = Tr

 

ρ(t)
i+l−1Y

k=i

S2k

!
. (S44)

Thus the string-order over length l is equivalent to the parity of the number of stabilizer defects in the region spanned
by this string. Now, let us use this definition to estimate the string-order in terms of the density of erasures  n e. In
a translationally invariant system, Ωi,i+l should depend only on the separation l between the string’s endpoints. In
order to reduce the fluctuations of the string-order while averaging over independent Monte Carlo runs, we therefore
use a spatially averaged observable:

Ωl (t) =
1
L

LX

i=1

Ωi,i+l−1 (t). (S45)

We now explain the relationship between this order parameter and the density of erasure defects, which leads to
the relationship δΩ ∼ 0.32 = 2δn e = 2δd noted in the main text. The perfect heralding of the stabilizer defects ensures
that each defect has an erasure on at least one of its adjacent sites. So the defects are present only within the region
that has erasure flags. Additionally, the strong symmetry of the Lindbladian ensures that the defects are created in
pairs. Hence the number of defects within these erasure regions is always even. We can now use these two key ideas
to estimate the string order in terms of the density of erasures.

Let us consider the string order of a region D which has endpoints at i L and i R . If the value of erasures at both
endpoints is zero, then we are guaranteed to have an even number of defects inside the region  D. All such configurations
will result in perfect string order, equal to 1. On the other hand, if there is an erasure at one or both endpoints, then
there are two further possibilities. First, the boundary erasure can have stabilizer defects on either side, which results
in only one member of the defect-pair being inside the region  D. Such configurations will have string order equal to
−1. Alternatively, such an erasure could have been the result of the I operation in the noise channel, which creates
erasures without creating the syndrome. In this case, the number of defects inside the region  D remains even, resulting
in the +1 string order. Given the presence of an erasure at the endpoint, both of these outcomes are equally likely
such that their effect averages out to zero and they hence do not contribute to the overall string order expectation
value.
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FIG. S5: String order critical exponents: (a) the average value of the string order for length L/2 (see Eq. (S45)) is plotted as a
function of time for noise rates close to critical point. The string order at the critical noise rate decays with a power law
t−0.32 , consistent with the exponent δ Ω obtained in the main text. The data is plotted for L = 512 sites per sublattice and
4 × 104 independent Monte Carlo runs. (b) The finite size collapse at the critical noise-rate η c is observed when the dynamical
exponent is tuned to z = 1.58(9). The data is obtained by averaging 2 × 10 4 Monte Carlo realizations. (c) The steady state
value of the string order Ω l is plotted as a function of the length of the string l for an L = 512 sized system. The data for a
wide range of noise rates matches with the steady state value of the two point correlation function of erasures defined by
⟨(1 − n e

1)(1 − n e
l )⟩ (shown using dashed lines of the same colors). The steady state values are obtained by simulating 5 × 10 3

realizations upto 2L 1.5 MC sweeps.

The string order of the region D can now be estimated as the probability of the absence of erasures at both of its
endpoints, which leads to

Ωi,i+l−1  ∼ ⟨(1 − n e
2i−1 )(1 − n e

2i+2l−1 ) .⟩ (S46)

The string order is thus equivalent to the two-point correlation function of the order parameter that tracks the erasure
transition. In Fig. S5c, we numerically verify this relation. When the endpoints of the string are far enough (such that
l >> ξ x ), we obtain Ω ∼ (1 − n e)2, leading to the observed relationship

δΩ = 2δn e . (S47)

VII. INITIAL STATE DEPENDENCE

In this Section, we further illustrate the stable nature of the string order irrespective of the initial state of the
system. In particular, we show that all initial states with zero flags at each site and an arbitrary mixture of stabilizer
defects evolve to the same steady state distribution.

The numerical results presented in the main text are obtained using the Monte Carlo simulation of a system
initialized in the perfectly ordered state

ρ(t = 0) =
2LO

j=1

|sj = 1 s⟩⟨ j = 1|
2LO

k=1

|ne
k = 0 n⟩⟨ e

k = 0|. (S48)

We now wish to argue that the late-time results remain unchanged even if the system is not initialized in the perfect
cluster state, which requires performing entangling gates on a product state (see Sec. I). These two-qubit gates can
themselves lead to errors that create stabilizer defects in the initial state. Hence, it is desirable to ensure that the
late time string-order (or absence thereof) is stable against these initial perturbations. Following the arguments in
Sec. IV, we work in a fixed symmetry-charge sector Za

2 |s⟩ = Z b
2|s⟩ = +|s .⟩

The formal solution of the dynamics generated by the Lindbladian  L is given by

ρ(t) = e Lt ρ0 =
dim(L)−1X

α=0

eλ α t r̂ α Tr l̂†
α ρ0

1

Tr l̂†
α r̂ α

, (S49)
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FIG. S6: Initial state dependence: (a)-(b)The numerical results are obtained by averaging over independent Monte Carlo
trajectories initialized in random configuration of stabilizer defects (with even parity) and no erasure flags. The average over
these independent samples simulates the dynamics of system initialized in a mixed state given by
ρ = 1

2 (I + Z a
2 ) ⊗L

k=1 |ne
2k−1 = 0 n⟩⟨ e

2k−1 = 0| at time t = 0. The data points are obtained by averaging over 2 × 10 3 − 4 × 10 3

samples. (a) The density of stabilizer defects and (b) the half-chain string order are plotted as a function of rescaled time
t/L 2 for varying values of the noise rate η and sites per sublattice L. The observables saturate to a value identical to the one
obtained by initializing the system in the perfectly ordered cluster state (shown using dashed lines). (c) The eigenvalue
spectrum of the Lindbladian obtained using the exact diagonalization of an L = 6 sized system. Here, we include the jump
operators that don’t have associated feedback operations to obtain the full Lindbladian (see Eq. (S22)). The gap between the
eigenmodes with the largest (i.e. smallest in absolute value) real part closes at the critical point. The inset shows the
finite-size scaling collapse of this gap. The exponents used for tuning are obtained using the Monte Carlo simulation.

where ρ0 is the initial state at t = 0. The operators r̂ α ( l̂α ) are the right (left) eigen-operators of the Lindbladian
with eigenvalues λα (see Ref. [88] for a brief review). The real parts of all eigenvalues are strictly non-positive. The
steady state of the system corresponds to the right eigen-operators with zero eigenvalue. On the other hand, the left
eigen-operators with zero eigenvalue capture the information about the initial state that is retained in the steady
state. A system going through an absorbing phase transition can have multiple steady states (i.e. eigenmodes with
λ = 0) in the active phase (η/γ < η c). This degeneracy implies that the steady state distribution can in-principle
depend on the initial conditions in terms of c α := Tr l̂†

α ρ0 . We now analyze the dependence of coefficients cα on the
initial state for the Lindblad model discussed in the main text.

A careful look at the correction terms given in Eq. (S20) and (S21) shows that the movement of erasures is identical,
regardless of the presence or absence of a stabilizer defect on the intermediate site. Similarly, the noise channel creates
an erasure with a rate that is independent of the state of stabilizers on neighboring sites. This suggests that the
reduced density matrix of the erasures evolves according to

d
dt Trsρ = Tr s(L(ρ)) = L e(Tr sρ), (S50)

where Trs represents the trace over the system qubits. The Lindbladian  Le is nothing but the classical contact process
described in Eq. (S42), that acts only on the erasure sites. We now use the well-known steady-state structure of the
contact process [78] along with stabilizer dynamics to infer the steady state distribution of the full model.

The absorbing state, where all erasures are occupied (nej = 1, j∀ ), is a steady state of the contact process. In this
case,the noise channel acts as dephasing in the Z basis of the qubits. In contrast, the correction channel performs
measurements in the stabilizer basis without any feedback. With these non-commuting projection operations on the
qubit, we expect that the corresponding steady state of the qubits will be the maximally mixed state within the given
symmetry sector. Consequently, the only information about the initial state retained at late times is its global  Za

2 ×Z b
2

charge. The corresponding right and left eigen-operators are given by

r̂ 0 =
1
4

(1 + Z a
2 )(1 + Z b

2)
2LO

k=1

|ne
k = 1 n⟩⟨ e

k = 1|, l̂0 =
1
4

(1 + Z a
2 )(1 + Z b

2)
O

I. (S51)

When η/γ > η c, this is the unique steady state and all initial conditions evolve to it as  t → ∞. For η/γ < η c, however,
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there exists a second pair of eigen-operators with zero eigenvalue. This takes the form

r̂ 1 = ρ̃R , l̂1 =
1
4

(1 + Z a
2 )(1 + Z b

2)
O

τ̂ e
L , (S52)

and describes the active phase of the contact process. The operator τ̂ e
L acting on the erasure sites is the left eigen-

operator of the contact process L e. We numerically confirm that these two are the only steady states of this model
using exact diagonalization of the full Lindbladian. The slowest decay modes close to zero-eigenvalue are shown in
Fig. (S6c)). The η/γ < η c parameter regime has two eigenvalues (λ0, λ1) that take value equal to zero. At the critical
point, λ 1 becomes finite and the system supports a unique steady state for larger values of  η. The scaling collapse in
the inset suggests that the gap at η/γ = η c closes as L−z with increasing system size.

Combining Eqs. (S51) and (S52) with the time evolution of the initial state ρ0 (see Eq. (S49)), the state at late
times depends on

c0 = Tr l̂†
0ρ0 = 1, c1 = Tr l̂†

1ρ0 ∝ Tr(τ e
L ρ0) . (S53)

Since τe
L only acts on the erasure flags, the late time state has no information about the stabilizer defects present

in the initial state (apart from the global symmetry charge of Za
2 × Z b

2). We numerically confirm this in Fig. S6 by
showing that the system initialized in a maximally mixed configuration of even parity stabilizer defects and zero
erasure occupations on all sites i.e.

ρ0 =
1
4

(1 + Z a
2 )(1 + Z b

2)
2LO

k=1

|ne
k = 0 n⟩⟨ e

k = 0| (S54)

evolves to a stationary distribution identical to the one obtained using the perfectly ordered initial state in Eq. ( S48).

VIII. NON-ERASURE ERRORS

Here, we provide further details regarding the effect of non-erasure errors which are generically expected to be
present in neutral atom experiments, albeit at a rate that is significantly lower than that of the heralded errors.

Due to the strong symmetry constraint, we consider biased non-erasure noise that acts as  Z errors on the system.
This can arise, for example, when all errors are biased erasure errors but the locations of these errors are not detected;
hence, there are no erasure flags corresponding to these defects. These non-erasure errors contribute to the time
evolution of the density matrix via:

δ
d
dt

ρ = η(1 − f e)
X

j

( Z j ρZj − ρ ), (S55)

where fe is the fraction of non-erasure errors.
The addition of unheralded error processes does not change the dynamics of the erasure sites  ne since these processes

only act on the system qubits. Therefore, the absorbing state transition of the erasure sites persists for  f e < 1. The
location of the transition is controlled by the competition between the rate of heralded noise  ηf e and the correction
rate γ. This means that erasure sites enter the absorbing phase exactly at  ηfe/γ = η c = 0.6065. We numerically verify
this in Fig. S7a using Monte Carlo simulations.

On the other hand, unheralded error processes do generate stabilizer defects in the system. When this is the only
noise process (i.e. f e = 0), the erasures remain unoccupied, rendering the correction ineffective. Hence, the steady
state is given by the maximally mixed state, with an uncorrelated defect density equal to 1 /2 on each site. Increasing
the fraction of erasure noise to fe > 0 activates the correction protocol, since heralded errors generate defects flagged
by the erasures, which in the active phase can be eliminated by our correction protocol. Thus, increasing the fraction
f e of heralded errors (while keeping the overall noise rate  η fixed) reduces the steady state density of the defects (see
the white dashed line in Fig. S7b), provided that the erasures remain in the active phase.

If the total noise rate, η is less than ηc, it follows that increasing f e always decreases the density of stabilizer defects.
However, if η > η c, increasing fe beyond ηc/η takes the heralded noise rate beyond its critical value (see the green
dashed line in Fig. S7b). In this regime, the erasures proliferate in the steady state (n e

j = 1 j∀ ) and the correction
protocol becomes inert. Consequently,the stabilizer defects do not get confined and the steady state is again given
by the maximal mixture with n d = 1/2.

We find that whether or not heralding decreases the density of stabilizer errors, the steady state string order vanishes
for any finite rate of unheralded noise. In Fig. S7c, we show that this occurs because while the correction protocol
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FIG. S7: L = 128 phase diagram: the color plot in the parameter space defined by the erasure fraction (f e) and the total
noise-rate (η/γ) is generated using Monte Carlo simulations. The steady state values are obtained by averaging the data after
2L1.5 MC sweeps over 5 × 103 independent trajectories. (a) The density of erasures only depends on the rate of the erasure
noise ηfe. The black line shows the corresponding transition curve f e = η c /η = 0.6065/η. (b) The density of stabilizer defects
nd . The black curve shows the location of the erasure transition. The white and green dashed lines denote the cuts discussed
in the text. (c) The average value of the largest distance between the defects ζ (see Eq. (S56)).

suppresses the density of stabilizer defects, in the presence of unheralded noise it cannot control the maximum distance
between pairs of stabilizer defects in the steady state. Letting  ζs be the largest distance between defects in a particular
stabilizer state |s⟩, the average of this maximal length in a mixed state ρ can be defined as

ζ =
X

s

ρsζs. (S56)

This length scale can be interpreted as follows: suppose we want to error correct a state  ρ into the cluster state using
a single application of a symmetric recovery channel. Then ζ would correspond to the weight of the largest-weight
Pauli-Z operator averaged over syndrome measurement outcomes. A large value of ζ implies that there are some
defect pairs that must be annihilated to achieve this correction, but are far apart from each other. In the presence
of a small rate of non-heralded error f e ∼ 1 in the active phase (η < η c), we observe that ζ can take on relatively
large values (see Fig. S7c) even in regions where the overall density of defects is low. This suggests that the string
order is destroyed in the steady state due to a small number of defects that are far away from each other. This large
separation makes it equally likely to have even or odd numbers of defects in a given extended spatial region, thereby
destroying the string order.

A notable feature of Fig. S7c is that ζ actually decreases with f e throughout the active phase. This occurs because
as the density of defects increases, ζ becomes limited by the defect density (since defects that collide annihilate). Thus
at large defect densities, we should view the the string order as being destroyed due to the high density of uncorrelated
defects, which again makes it equally likely that an even or odd number of defects are contained in any given spatial
region that is large compared to the inter-defect spacing.

A. Dynamics of Unheralded Defects

To understand these numerical results, we will obtain an effective mean-field like theory from the dynamics of our
unheralded defects. Let us defineĥk = (1 − n e

k−1 )nd
k (1 − n e

k+1 ) to be an unheralded defect, meaning that it does not
have a flags on either side. The density of these defects evolves as

d
dt

h⟨ k ⟩ =
dhk

dt
heralded noise

+
dhk

dt
unheralded noise

+
dhk

dt
correction

(S57)

where .⟨ ⟩ represents the expectation value of the observable in the time evolved mixed state. We now discuss the rate
of change of the density of unheralded defects hk that results from each of these components of our channel.
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The part of the noise channel that creates the defects with flags removes  hk at a constant rate, resulting in

dhk

dt
heralded noise

= −2ηf e h⟨ k .⟩ (S58)

This corresponds to processes that remove hk by adding flags to either side of the defect at a rate ηf e (see Fig. S8b).
The unheralded part of the noise channel leads to

dhk

dt
unheralded noise

= 2η(1 − f e)[ ⟨(1 − n e
k−1 )(1 − n d

k )(1 − n e
k+1 )  − h⟩ ⟨ k ⟩]. (S59)

These processes are schematically shown in the Fig. S8c. We simplify this exact equation by assuming an uncorrelated
background density of erasure flags, such that n⟨ek−1 ne

k+1  ⟩ ∼ (n e)2. Using this mean-field approximation in combination
with Eqs. (S58) and (S59), we obtain the approximate dynamics:

d
dt

h
noise

= 2η(1 − f e)(1 − n e)2 − 2η(2 − f e)h. (S60)

Additionally, the correction process itself generates unheralded defects by shortening those erasure strings that have
a defect at only one endpoint. The exact dynamics of unheralded defects under the correction channel can be obtained
as

dhk

dt
correction

= 2γ⟨ (1 − n e
k−1 )(1 − n d

k )ne
k+1 nd

k+2 (1 − n e
k+3 ) ⟩ + 2γ⟨(1 − n e

k−1 )nd
k ne

k+1 (1 − n d
k+2 )(1 − n e

k+3 )⟩

:= 2γ b⟨ R ⟩ + 2γ b⟨ L ,⟩
(S61)

where we have used invariance under translation symmetry to simplify the expression. The reflection symmetry of the
dynamics implies that configurations hosting a defect on the left or the right side of the erasure will have the same
value in the steady state. Hence, we define the relevant five-site correlation as b̂R = b̂L = b̂. The configurations that
create the unheralded defects as a result of the correction step are shown in Fig. S8d. The time-evolution depends
on the correlation between fives sites, defined by the operator b̂k , illustrated in the first configuration in Fig. S8d.
We now simplify this exact equation by only considering the dominant processes that contribute to  bk , while working
within the mean-field approximation discussed above.

In particular, let us focus on the parameter regime η  γ≪  and f e ∼ 1. The erasure noise channel generates the
configuration b by adding a flag next to an isolated unheralded defect. This channel can also reduce the density of  b
by adding flags and converting unheralded defects into heralded defects. The resulting dynamics are approximated as

db
dt

1
= ηf e(h(1 − h) − 2b). (S62)

The non-erasure part of the noise channel can generate configurations  b by adding defects to an existing isolated flag.
Additionally, it can decrease the density of b by displacing the defect from the erasure flag. The corresponding rate
equation is given by

db
dt

2
= η(1 − f e)(n e(1 − n e)2 − 2b). (S63)

Finally, the correction channel converts the configuration b into unheralded defects as mentioned before. This is
captured by

db
dt

3
= −2γb. (S64)

Note that higher order correction processes can also lead to the creation of  b configurations. One such process corre-
sponds to the shortening of a longer erasure string with only one defect at its endpoint. Here, we neglect such terms
since they give sub-leading contributions when η  γ≪ . Combining the contributions from Eqs. (S62), (S63), and (S64),
we obtain the steady state density of b as:

b =
ηf e

2γ
h(1 − h) +

η(1 − f e)
2γ

ne(1 − n e)2, (S65)
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FIG. S8: Schematics for unheralded defect dynamics: (a) The key for the symbols is provided here. The top and bottom rows
in the subsequent pictures show the initial and final configurations respectively. The dynamics is invariant under reflection
symmetry about any site; hence, we do not show equivalent configurations that can be obtained as mirror images of processes
shown here. (b) Erasure noise processes that remove an unheralded defect by adding flags. (c) Non-erasure noise processes flip
the state of the defect without changing the flag configurations. (d) The correction protocol generates an unheralded defect
when it acts on the 5-site configuration defined by b̂. The dotted rectangle shows the triplet of sites that goes through the
correction step.
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FIG. S9: (a) The steady state density of unheralded defects h as a function of the non-erasure noise fraction 1 − f e. The data
is shown for total noise rate η = 0.3 and varying system sizes. The dashed line indicates that the data for multiple system
sizes matches well with 1

2

√
1 − f e. (b) Estimation of τ Ω : The string order Ω as a function of time for varying values of the

erasure fraction f e and the noise rate η/γ = 0.3. The data points obtained using Monte Carlo simulations are fitted to the
function ae −t/τ Ω (dashed curves). (c) Estimation of ξ Ω : the steady state value of the string order Ω l is plotted as a function of
the length of the string. The data is fitted to the functional form ˜ ae−(l−1)/ξ Ω + c (shown using dotted lines of same color).
The variation of the time-scale τ Ω and length-scale ξΩ as a function of f e is shown in Fig. 3 in the main text.

where we have dropped O (η/γ)2 terms.
The complete mean-field rate equation for the unheralded defects  h can now be obtained by adding up contributions

from Eqs. (S58), (S59), and (S61), resulting in:

dh
dt = 2η(1 − f e)(1 + n e)(1 − n e)2 − 4η(1 − f e)h − 2ηf eh2. (S66)

Notice that the leading O(f eh) term in Eq. (S58) is exactly cancelled by terms of the same order that result from the
correction of b. This encodes the fact that, when the correction rate is large enough, the unheralded defects removed
by the erasure noise are added back to the system at the same rate by the correction channel. Hence, we are left with
a linear in h term that has a smaller O(1 − f e) coefficient. The resulting steady state density of the unheralded defects
obtained from Eq. (S66) is

h =
f e − 1 +

√
1 − f e

f e
∼

p
1 − f e, (S67)
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FIG. S10: Finite time signature of criticality: (a) The string order is plotted as a function of time for parameters close to the
critical point: η/γ = η c and for various values of the heralding fraction f e. The datapoints are obtained using Monte Carlo
simulations for an L = 256 sized system initialized in the cluster state. The dashed line show the best-fits to at −δ Ω e−bt where
a and b are fit parameters and δ Ω = 0.32 is the order-parameter decay exponent. (b) The fit parameter a takes a constant
value close to the pre-factor obtained for the f e = 1 case (0.55). The parameter b matches well with 4η(1 − f e) which
corresponds to the rate of decay of Ω in the presence of unheralded Z noise-channel with a rate η(1 − f e). This captures the
cross-over from an initial critical power law decay t −δ Ω to a finite-rate exponential decay e −4η(1−f e )t that is dominated by the
presence of unheralded defects.

where we have assumed that ne ≪ 1 for parameters that are well inside the ordered phase (η  γ, f≪ e ∼ 1). The
numerical values of the steady state density of unheralded defects obtained using the Monte Carlo simulations for
η/γ = 0.3 are shown in Fig. S9a. The density grows ∝

√
1 − f e, as predicted by the mean-field equation that only

considers dominant higher order processes.
Now, we estimate the steady state value of the string order in subregion of length  l. When the noise rate is low

η  γ≪  and the fraction of unheralded errors is small (f e ∼ 1), we expect that there will be two contributions to
the density of stabilizer defects. The defects that are confined due to the flags will give a finite contribution to the
string order that is independent of the string length l. In contrast, stabilizer defects that are not heralded by flags
(previously denoted by h) will remain deconfined. These uncorrelated defects destroy the string order of longer strings
in the steady state. We estimate the string order Ω l in terms of the unheralded defect density as

Ωl = (1 − 2h) l = e l log (1−2h)  e∼ −2h l := e−l/ξ Ω , (S68)

where we have approximated log (1 − 2h)  −∼ 2h for a small value of the unheralded defect density. Using this result,
we estimate the string-order length-scale ξ Ω ∝ 1/h ∝ (1 − f e)−1/2 . The estimated variation of ξΩ as a function of
f e matches well with the numerical results reported in Fig. S9c and Fig. 3c in the main text. Finally, in Figs. S10a
and S10b we show the finite-time behavior of the string order, which displays a cross-over from an initial power law
decay (dictated by δΩ , the order-parameter decay exponent) to an exponential decay (dictated by unheralded errors),
with the cross-over occurring at a time-scale ∼ 1

η(1−f e ) .

IX. ALTERNATIVE APPROACH TO STABILIZING STRING-ORDER

Here, we present an alternative method for stabilizing a mixed state SPT phase with finite string order that does
not rely on biased erasure noise. Instead, this mechanism uses fixed boundary conditions and endows the defects with
chiral motion that effectively confines the stabilizer defects away from the boundaries of the system.

Consider a one-dimensional system consisting of 2L qubits and with open boundary conditions. The qubits are
subjected to a strongly-symmetric noise channel, modeled by the jump operators

L η,j =
√

η Z j for j = 3, 4, . . . , 2L − 2. (S69)
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We assume that the qubits located near the left (site 1 and 2) and the right (site 2L − 1 and 2L) boundaries of
the system are immune to this noise. This enforces the constraint that the stabilizer defects generated by the noise
channel are not allowed to leak through the boundary.

We design our correction protocol as follows: the defects undergo biased diffusion, hopping towards the center of the
chain with a rate 1

2 γ(1 + µ) and away from the center with a lower rate 1
2 γ(1 − µ). Here, γ is overall rate of correction

and 0 ≤ µ ≤ 1 parameterizes the directional bias. This effectively generates a diffusive motion of the defects that is
biased towards the center of the chain. The jump operators modeling the motion in the left direction are given by

L l,j =






r
γ(1 − µ)

2
Z j

1 − Sj+1

2
if j = 3, 4, . . . , L

r
γ(1 + µ)

2
Z j

1 − Sj+1

2
if j = L + 1, L + 2, . . . , 2L − 2.

(S70)

Similarly, the motion in the right direction is modeled using

L r,j =






r
γ(1 + µ)

2
Z j

1 − Sj−1

2
if j = 3, 4, . . . , L

r
γ(1 − µ)

2
Z j

1 − Sj−1

2
if j = L + 1, L + 2, . . . , 2L − 2.

(S71)

Since the noise channel is inactive at the boundary, our correction channel does not act on the first or last unit cells
of the system.

The combined dynamics of the system under the noise and the correction channels is governed by the Lindblad
equation

dρ
dt =

X

α {η,l,r}∈

2L−2X

j=3

L α,j ρL†
α,j − 1

2
{L †

α,j L α,j , ρ}. (S72)

The absence of dephasing noise on the boundary qubits, along with the choice of boundary correction-operators,
implies that the stabilizers S1 = X 2L Z1X 2 and S2L = X 2L−1 Z2L X 1 are conserved under this dynamics. Additionally,
the jump operators in the bulk preserve the parity of the number of defects, ensuring that the operators

L−1Y

i=1

S2i , and
LY

i=2

S2i−1 (S73)

are also conserved under this dynamics. This ensures that the end-to-end string order obeys  ⟨Ω1,L−1 ⟩ = 1.
The chiral dynamics pushes the stabilizer defects towards the center of the system, bringing them close together

and allowing for local correction. Let us first focus on sites in the bulk of the system that are away from the center
and from the endpoints (consider left half of the chain, calculations work similarly for right half due to reflection
symmetry). The exact time evolution of the density of defects at such sites  k is governed by

d
dt

n⟨ d
k ⟩ = 2η(1 − 2 n⟨ d

k ⟩) − γ n⟨ d
k ⟩ +

γ

2
(1 + µ) n⟨ d

k−2 (1 − 2nd
k )⟩ + (1 − µ) n⟨ d

k+2 (1 − 2nd
k )⟩ , (S74)

where  . ⟨ ⟩ denotes the expectation value of the observable in the time evolved mixed-state. A mean-field approximation
n⟨ d

k nd
k+2  ⟩ ∼ (n d)2 simplifies this exact expression to a rate equation, given by

dnd

dt = −2(γ + η)(n d)2 + 2η(1 − n d)2. (S75)

This expression captures the effective dynamics wherein defects are created in pairs at originally unoccupied adjacent
sites at a rate 2η and are removed at a rate 2(γ + η). The uniform density implies that the current in and out of the
region around the site are the same and hence the bias parameter  µ does not affect the overall density. In the steady
state, the density of defects in the bulk of the system saturates to

nd
ss = −

η
γ +

s
η
γ 1 +

η
γ

. (S76)
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FIG. S11: Stabilization of string order using biased motion: (a) the string order parameter Ω 2,L−2 := X 3Z4Z6 . . . Z2L−4 X 2L−3
is plotted as a function of time for varying values of the drift parameter µ. The data is shown for L = 256 sites per sub-lattice
and noise rate η/γ = 0.1. (b) The steady state value of the string order parameter as a function of the location of the left
end-point k. The midpoint of the string is at the center of the system. The dashed lines show the best fit to an exponential
function e −(k−1)/ξ . The data-points in the inset show the length-scale ξ obtained from the fits as a function of µ for different
values of η. The values match well with the analytical prediction in Eq. (S82) shown by the dashed curve. (c) The average
number of stabilizer defects in the steady state at each site is plotted as function of the site-location. The number of defects
per site in the bulk approaches the predicted value (Eq. (S76)) shown using the magenta line. The dotted lines joining the
numerical data points are a guide to the eye. The variation of the number of defects at the boundary sites is plotted in the
inset as a function of µ. The data-points match well with the predicted curve (Eq. (S78)), shown by dashed lines of same
color. The numerical results are obtained by Monte Carlo simulations of the Lindblad master equation in the population basis
of the stabilizers on even sites (the approximations for the heralded noise model discussed in Sec. IV are valid for this model
as well). The steady state results in the plots are evaluated after 4 × 10 3 MC sweeps by averaging over 104 independent Monte
Carlo samples initialized in the cluster state.

The sites at the boundary, on the other hand, only have defects entering from one side. For example, the number of
defects at site-2 evolve as

d n⟨ d
2⟩

dt = η⟨1 − 2n d
2  − γ⟩ 1 + µ

2
nd

2 + γ
1 − µ

2
⟨(1 − 2nd

2)nd
4 .⟩ (S77)

Using a mean field approximation where n⟨ d
4nd

2  ⟩ ∼ (n d
2)2 , the steady state density at the left endpoint is given by

nd
2 =

2η + γµ −
p

4γη + 4η2 + γ 2µ2

2γ(µ − 1)
. (S78)

The numerical values for the defect density obtained using Monte Carlo simulations matches well with these analytical
estimates (as shown in Fig. S11c).

We analyze the SPT order using the string order parameter Ω k,L−k =
Q L−k

i=k
S2i (see Eq. (S4)). This string is

centered at the midpoint of the system, with k denoting the distance between the string endpoint and the system
boundary measured in terms of unit cells. The exact time evolution is given by

d⟨Ωk,L−k ⟩
dt = − (4η + 2γ)⟨Ω k,L−k ⟩ +

γ(1 + µ)
2

⟨Ωk−1,L−k + Ω k,L−k+1 ⟩

+
γ(1 − µ)

2
⟨Ωk+1,L−k + Ω k,L−k−1 .⟩

(S79)

We assume that the string order varies smoothly as a function of the position of the endpoints of the string ( x :=
−a + ka) which leads to

⟨Ωk−1,L−k ⟩ = ⟨Ω k,L−k+1 ⟩ ∼ Ω(x) −
a

2
dΩ
dx +

(a/2) 2

2
d2Ω
dx2

⟨Ωk+1,L−k ⟩ = ⟨Ω k,L−k−1 ⟩ ∼ Ω(x) +
a

2
dΩ
dx +

(a/2) 2

2
d2Ω
dx2

, (S80)
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where a is the size of unit cell, and where the additional factor of one-half indicates that the length of the string is only
modified from one side. The first set of equalities in the equation above result from the invariance of the dynamics
with respect to the reflection symmetry about the center of the chain. Using this continuum approximation, along
with Eq. (S79), we obtain the steady state equation for the string order as

(a/2) 2γ

2
d2Ω
dx2

− γµ
a

2
dΩ
dx − 2η Ω = 0. (S81)

Notice that Ω(x = 0) can be written as
Q L−1

i=1 S2i . As a result of the dynamics that does not allow stabilizer defects
to leak through the boundary (Eq. (S73)), this operator is conserved and takes the value 1 if the system is initialized
in the cluster state. Hence, by definition Ω across the entire string is equal to 1 for all times. Using this boundary
condition, we get the steady state string order (setting a = 1) to be

Ωss (x) = exp −2x

r
4η
γ + µ 2 − µ := e−x/ξ . (S82)

This implies that there is a finite steady-state string order when both the left and right endpoints of the string are
within a distance ξ of the respective system-boundaries. Since the length of such a string is equal to  L − 2x, we have a
steady state that has a boundary sensitive long-range string order. In Fig. (S11a), we numerically verify the long-time
string order for a system initialized in the cluster state. Additionally, the analytical mean-field estimate for the length
scale ξ also matches well with the numerical data for a wide range of parameters (see Fig. (S11b)).

In summary, the fixed boundary condition (i.e., requiring the absence of  Z noise at the endpoints) ensures that the
parity of defects in the whole system is conserved. The additional chiral motion induced by the correction protocol
creates a region of size ξ near the boundary of the system that has a lower number of defects compared to the bulk
of the system. This results in a finite value of the string order parameter when the endpoints of the string are close
to the boundary, resulting in nontrivial steady-state SPT order.
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