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Abstract

We introduce Flexible Representative Democracy (FRD), a novel hybrid of Represen-
tative Democracy and Direct Democracy in which voters can alter the issue-dependent
weights of a set of elected representatives. In line with the literature on Interactive
Democracy, our model allows the voters to actively determine the degree to which the
system is direct versus representative. However, unlike Liquid Democracy, Flexible
Representative Democracy uses strictly non-transitive delegations, making delegation
cycles impossible, and maintains a fixed set of accountable, elected representatives.
We present Flexible Representative Democracy and analyze it using a computational
approach with issues that are binary and symmetric. We compare the outcomes of var-
ious voting systems using Direct Democracy with majority voting as an ideal baseline.
First, we demonstrate the shortcomings of Representative Democracy in our model.
We provide NP-Hardness results for electing an ideal set of representatives, discuss
pathologies, and demonstrate empirically that common multi-winner election rules for
selecting representatives do not perform well in expectation. To analyze the effects of
adding delegation to representative voting systems, we begin by providing theoretical
results on how issue-specific delegations determine outcomes. Finally, we provide
empirical results comparing the outcomes of various voting systems: Representative
Democracy, Proxy Voting, and FRD with issue-specific delegations. Our results show
that variants of Proxy Voting yield no discernible benefit over unweighted represen-
tatives and reveal the potential for Flexible Representative Democracy to improve
outcomes as voter participation increases.
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1 Introduction

Direct Democracy, in which all citizens or stakeholders vote directly, is often held as an
ideal form of governance (Dunn 1995). However, Direct Democracy can be impractical
at scale because it places too great a burden on voters (Black 2012; Green-Armytage
2015). Voting on a large number of important, complex issues requires a great deal
of time, effort, knowledge, attention, and communication. Given the prohibitive costs
of implementing a large-scale Direct Democracy, institutions often resort to forms of
representation, relying upon a set of representatives to make decisions on behalf of
the population as a whole. Countries have parliaments, companies have shareholders,
and even groups of robotic agents select leaders to represent them (Yu et al. 2010). In
principle, the use of Representative Democracy eases the heavy burden of deliberation
and decision-making for the general population.

Representative Democracy also scales better than Direct Democracy as the total cost
of making each decision scales with the number of representatives rather than the size
of the overall population. However, representation is not without its downsides. The
set of representatives may make different decisions than the citizens would and it can
be difficult to hold representatives accountable. Representative Democracy also fails
to take advantage of full voter participation in decision-making when it is available.

The limitations and trade-offs of Direct Democracy and Representative Democracy
have given rise to the study of various democratic decision-making systems under the
umbrella of interactive democracy (Brill 2018). This includes variations of delegative
voting or proxy voting. Transitive proxy voting, or Liquid Democracy, in particular
has received significant attention in the political science (Green-Armytage 2015),
Al (Kahng et al. 2021; Golz et al. 2021; Brill et al. 2022) and multiagent systems (Brill
and Talmon 2018) communities, and has been implemented in both corporate (Hardt
and Lopes 2015) and political (Blum and Zuber 2016; Behrens et al. 2014) settings.
However, the transitivity of vote delegations creates new problems like the possibility
of delegation cycles (Brill and Talmon 2018). It is worth noting that many proposed
mechanisms for large-scale collective decision-making are only made practical by
modern communication technology.

We propose a class of mechanisms we call Flexible Representative Democ-
racy (FRD) capable of interpolating between Direct Democracy and Representative
Democracy at the discretion of the voters. Similar to a traditional Representative
Democracy, in FRD voters elect a set of representatives to serve a term during which
they (publicly) deliberate and make decisions. However, unlike traditional Represen-
tative Democracy, in FRD the representatives can be weighted. The weights of the
representatives are determined by some default weighting scheme and can then be
updated based on delegations by voters. The delegations by voters, and hence the
weights of the representatives, can differ over time and across issues.

In FRD, voters have great flexibility in determining how they are represented. For
example, the day after the election an inattentive voter might choose a few elected
representatives they trust, divide their delegation (i.e., unit of voting power) among
these representatives for all future issues, and pay no attention until the next election.
A more attentive voter might alter their delegation on an issue-by-issue basis as issues
arise, reacting to representatives’ deliberations, pronouncements, and publicized votes.
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Suppose the default weighting is uniform across all representatives and the weight
of a representative is the sum of weights assigned to them by voters. If no voter uses
their option to delegate on any issue, the system behaves exactly like a traditional
Representative Democracy as all representatives’ votes have the same weight. On the
other hand, if every voter delegates on every issue to a representative who votes exactly
as the voter would, then the system can precisely emulate Direct Democracy as each
voter’s vote is counted as if they had voted directly. Hence, FRD takes advantage
of however much burden voters are willing to take on without raising the minimum
burden required beyond that of Representative Democracy. The degree to which FRD
emulates Direct Democracy depends on both the caliber of the representatives and the
fastidiousness of the voters.

Contributions We introduce Flexible Representative Democracy (FRD), a new class
of voting systems that gives voters greater power over how they are represented and
influence decision outcomes.! Our proposal for FRD solves standing issues in the
literature on interactive democracy including maintaining a fixed, elected committee
to generate legislation and making delegation cycles impossible. We analyze an FRD
mechanism and related voting systems using a toy model for deciding binary, symmet-
ric issues where the objective is to achieve the decision outcomes that would occur in
an ideal Direct Democracy with full participation. Our primary findings are: (1) elect-
ing an optimal set of representatives is (NP-)hard for any Representative Democracy
using a multi-winner voting rule, (2) the choice of election rule appears less impor-
tant than the quality of the electoral candidates and fastidiousness of voters, and (3)
assigning representatives issue-specific weights based on voter delegations can yield
significant improvements in the quality of decision outcomes, but giving represen-
tatives a constant weight across all issues does little to overcome the limitations of
representation.’

2 Related work

Miller (1969), inspired by Tullock (1967) and shareholder proxy voting, suggested an
interactive democratic system for legislation that could take place at scale using com-
puters. Miller lamented the lack of flexibility in traditional Representative Democracy
and sought to remedy this using a dynamic system of proxies, though admitting this
was not conducive to creating legislation. Soon after, Shubik (1970) warned that elec-
tronic systems may accelerate the legislative process in undesirable ways and suggested
holding every referendum twice to guarantee time for sufficient public deliberation.
FRD’s use of a fixed, elected set of representatives answers Miller’s question of how
to produce legislation, and rather than holding redundant referenda we propose to give
the voters sufficient time to continue deliberation and alter their delegations after the
representatives cast immutable public votes.

' The proposal for FRD and many of our results first appeared in Abramowitz and Mattei (2019).
2 Code for our experiments can be found here: https://github.com/BenAbramowitz/FRD.
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Just before the dawn of the internet, Tullock (1992) revisited these ideas in a pro-
posal that motivates the default distribution and delegation mechanism in FRD. The
notion of the default distribution is also similar to the electoral weighting scheme
proposed by Alger (2006), in which the weights of representatives are based on the
preferences of voters expressed in the election, but these weights are fixed during the
representatives’ term. By contrast, in FRD the weight of each representative on each
issue is not strictly determined by the election.

The hallmark of an interactive democracy is that rather than adjudicating whether
a direct or representative system is better for expressing the will of the voters and
asserting it by fiat, the extent to which the system is direct or representative is itself
a function of the will of the voters. Currently, the most well-known and well-studied
form of interactive democracy is Liquid Democracy, which has been studied from an
algorithmic perspective as a decision-making process in the Al and Computational
Social Choice (COMSOC) literature (Brill and Talmon 2018; Kahng et al. 2021,
Bloembergen et al. 2019; Christoff and Grossi 2017; Escoffier et al. 2019; Colley
et al. 2021; Becker et al. 2021; Markakis and Papasotiropoulos 2021; Colley 2021;
Colley et al. 2022) and elsewhere (Green-Armytage 2015; Ford 2002; Harding 2022;
Blum and Zuber 2016; Brill 2018; Hardt and Lopes 2015; Harding 2019; Gersbach
et al. 2022). Unlike Liquid Democracy, FRD does not allow transitive delegations nor
delegations to another voter, thereby violating the second axiom proposed by Green-
Armytage (2015). However, the notion of voluntary representatives can be maintained
in FRD if desired. Fractional delegations in FRD serve a similar function to that of
the virtual committees proposed by Green-Armytage (2015), although, in theory, FRD
could incorporate virtual committees as well as many other mechanisms for delegating
voting power. We note that Cohensius et al. (2017) took an analytical approach to
studying a Proxy Voting model very close to that of Alger (2006) for decision-making
with no election, infinite voters, spatial preferences, and assuming agents lie in a metric
space.

The design of FRD is also largely based on work in probabilistic voting, binary
aggregation, statistical decision theory, and computational social choice. In particular,
work on the optimal weighting of experts (Baharad et al. 2012; Nitzan and Paroush
2017; Grofman and Feld 1983; Nitzan and Paroush 1982; Ben-Yashar and Nitzan
1997), the Condorcet Jury Theorem (Grofman et al. 1983), variable electorates (Feld
and Grofman 1984; Smith 1973; Paroush and Karotkin 1989), and optimal committee
sizes (Auriol and Gary-Bobo 2012; Karotkin and Paroush 2003; Magdon-Ismail and
Xia 2018). In FRD, one can view the voter delegations as a pseudo-tie breaking
mechanism for the representatives or, conversely, see the default distribution as a
way to dampen the variance in the outcome which occurs in Direct Democracy when
the sample of participating voters is small or biased. Another view is that electing
representatives is analogous to a compression algorithm (Rodriguez and Steinbock
2004). In this view, the delegations in FRD are a decompression mechanism where a
higher delegation rate reduces the “loss” of representation.

The recent works most similar to ours are that of Pivato and Soh (2020), Soh Voutsa
(2020), and Meir et al. (2021), which each examine weighted representative voting
systems in terms of their agreement with the voter majority. However, each considers
weightings of representatives that are fixed across a set of binary issues. Our evalua-
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tions are also similar to those of Skowron (2015), however, in their approval model
the quality of the committee is measured as the sum of the voter proportion being
represented for each issue, while we focus only on the total number of issue outcomes
in alignment with the voter majority.

In our work we compare representative voting systems according to the outcomes
they produce, but in practice it is hard to evaluate the quality of decisions, especially
when this involves reasoning about counterfactuals. It is often useful to use a surrogate
measure for the quality of a representative body based on how the attributes of this
set of representatives relates to the set of voters. John Adams’s intuition was that the
representatives should be a microcosm of the population (Adams 1979), but he did
not formally define what this meant. Many different axioms for multi-winner voting
have been proposed in recent years (Revel et al. 2023; Lackner and Skowron 2023).
Some popular lines of thought are that committees should be proportional and/or
have justified representation of the voters (Aziz et al. 2017; Elkind 2023) or that
representation can be based on spatial preference models (Anshelevich et al. 2021).
However, when representatives are weighted by delegation, any group of voters can
ensure a form of proportional representation through delegation if they have at least
one representative to represent them, thereby reducing the need for the election rule
alone to achieve these forms of proportionality and representation.

Within computer science, many applications face the task of selecting represen-
tatives for downstream decision-making. In portfolio selection, a particular set of
algorithms and hyper-parameters are selected from a large pool of candidates and then
used as representatives for later problems (KhudaBukhsh et al. 2016). In multi-agent
systems, the role assignment problem uses distributed voting to decide on tasks for
agents (Zhu et al. 2012). And in group recommendation settings, elections correspond
to picking a set of experts to make decisions later. The COMSOC community has
produced a large body of research on how to select and weight representatives (Brandt
et al. 2016). Indeed, using multi-winner voting (Skowron et al. 2016; Revel et al.
2023), we can view the winners as a set of exemplars that may be used to decide some
downstream application—e.g., we select a set of points in space and then aggregate
these points (votes) over the set. Finally, we note that while Direct Democracy may
place too high a demand on the general population when there are too many complex
issues, preference learning is an active research area in Al (Domshlak et al. 2011;
Fiirnkranz and Hiillermeier 2003).

3 Preliminaries

In this section we give an overview of voting systems, including our formal model for
Flexible Representative Democracy, and our desiderata with binary issues.

3.1 Voting systems

Direct democracy In a Direct Democracy, every voter can express their preferences
directly on every issue that is to be decided. Their preferences are then aggregated to
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select an outcome for each issue. Let V be a set of voters and S a set of issues. Voters
express their preferences for each issue s € S. The collection of voter preferences
regarding s is denoted P;,, and the collective profile of preferences over the issues as a
whole is Py. We denote by R the decision rule that aggregates voter preferences into
outcomes. For brevity, we assume that the same decision rule R is applied separately
for all issues. The outcome on issue s is R(P;}), and the vector of outcomes is denoted

by the shorthand R(Py) = (R(P)), ..., R(P‘I,S‘)).

Representative democracy In a Representative Democracy (RD), the voters do not
report their preferences regarding each issue. Instead, the voters elect a set of repre-
sentatives who then vote on behalf of the whole population for each issue. Initially,
there is a slate of candidates C who vie for election. The voters express preferences
over the candidates, collectively denoted by the profile Pyc. An election rule E
then selects a subset of candidates as representatives: E(Pyc) = D < C. Once
elected, the representatives cast their votes on each issue in a set S, forming pro-
file Pp = (P}, ..., Pg |). Finally, the set of outcomes is determined by applying a

decision rule R(Pp) = (R(pll))’ o, R(P‘Dsl)).

Weighting representatives Many decision rules treat the votes from different agents
equivalently. In other words, the decision rules are anonymous in that it does not matter
which agent each vote comes from. One way to relax anonymity is to weight the
agents and use a weighted decision rule. Our focus is on voting systems that weight
representatives. A representative could have the same weight across all issues or a
different weight for each issue. Letting W = (W!, ..., W!S!) represent the weighting
of the representatives, the decision outcomes are computed individually R(P3,, W¥),
with the vector of outcomes denoted in shorthand by R(Pp, W).

Electoral weighting One way to weight representatives is based on the electoral
profile Pyc. Specifically, we take there to be some function f that maps electoral
profiles to weights: f(Pyc) = W, and these weights are used to compute the decision
outcomes R(Pp, W). In this sort of weighting scheme, the weights of representatives
remain constant across issues, and we consider this a sub-type of RD.

Proxy voting In proxy voting, there is a set D of potential proxies for each voter
to choose from. The proxies may or may not be elected. Each voter selects a single
proxy, and the proxies are given weights based on how many voters choose them. As
with RD, we will identify a subroutine f as translating proxy choices into weights. If
we denote the proxy choices of the voters as profile Py p, then with some weighting
function f(Pyp) = W, the outcomes are R(Pp, W). Proxy voting can be generalized
by allowing each voter to select more than one proxy or assigning scores to the proxies.
Unlike RD with electoral weighting, in proxy voting the weights are independent of
how the set of representatives D is constructed, and depends instead on preferences
over the representatives expressed after the set of representatives is determined. Proxy
voting is frequently used on an issue-by-issue basis, where voters can report Py, ,, for
each issue s rather than using a single weighting of representatives across all issues.
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However, in proxy voting systems, voters typically do not have the ability to alter their
proxy choices after the proxies vote.

Flexible representative democracy 1In a Flexible Representative Democracy (FRD),
the voters begin by electing a set of representatives D = E(Pyc). Voters then
have the option to express preferences over the elected representatives, e.g., choose
proxies, on an issue-by-issue basis (Py, ;). The outcomes are then determined by
R(Pyc, Pvp, Pp).

We focus on FRD voting systems that weight representatives and use a weighted
voting rule. Namely, the outcome of each issue s is then determined by R(P3,, W*)
where W* = f(Pyc, Py, ;) for some weighting protocol f. Once again, the vector of
outcomes across the issues is denoted R(Pp, W).

While we do not address the temporal aspects of the voting systems in our work,
one feature of FRD to keep in mind is that if the representatives fix their votes publicly
on each issue before the decision rule is applied, this affords the voters an opportunity
to update Py, ;, with knowledge of Pj, before each decision is made.

Default and delegation The focus of our analysis is on a form of FRD in which
the weight of each representative for each issue is the sum of weights assigned to
them by the voters. The weights from each voter are either determined passively by
default or actively by delegation. We only consider a version of FRD that maintains
one-person-one-vote among voters, so each voter assigns a single unit of voting weight
distributed over the representatives. The default weighting scheme we focus on is the
uniform distribution. After the election, the unit of voting weight from each voter
is spread equally among the representatives. Therefore, each representative receives
I_L]ﬂ weight from each voter on each issue by default, and all representatives have a

total weight of %. Since all representative weights are equal, if no voter were to

use their delegation option, then it would be equivalent to an unweighted RD. When
agents delegate, they update their assignment of weight to the representatives, though
the weights they assign must still sum to unity. Thus if every voter delegates all of
their weight to representatives who vote identically to them on every issue, then the
behavior is exactly equivalent to Direct Democracy.

Assumptions and simplifications  For our analysis, we assume for brevity that all
voters take part in the election, so that Py ¢ is complete. However, we do not assume
that voters are active on every issue, so they do not necessarily make use of their option
to delegate. The weighting function f accounts for lack of delegation using a default
weighting. While one can think of the weighting function f as being a subroutine of
the decision rule R, it simplifies our definitions and notation to separate them. Note
that while we focus on voting rules that use weighting of representatives, this is not
strictly required as part of the general definition of FRD, which can make decisions
of the general form R(Pyc, Pyp, Pp) without constructing an explicit weighting.
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3.2 Binary issues model

LetV = {vy, ..., v,} be an indexed set of voters, and S = {sl, ..., 8"} be an indexed
set of binary issues. The two possible outcomes for each issue are denoted {0, 1}. On
each issue s', each voter v; has a preference v‘. € {0, 1}. The full preferences of voter

v; across the issues are denoted v; = {v ,vi}and Py = {v; : v; € V} denotes
the profile of voters’ preferences as a whole Wlthout loss of generality, we relabel the
alternatives so that the outcome preferred by the voter majority is 1 and the other is 0
on every issue.

Let D = {dy, ..., dx} be an indexed set of representatives with preferences d; =
{dll, ...,d;} € {0, 1} comprising the preference profile Pp = {d; : d; € D}. We will
assume that the number of representatives & is always odd to eliminate the need for
tie-breaking when representatives are unweighted in RD or equally weighted in FRD.

We hold Direct Democracy with majority voting and full participation as our ideal
for comparison. Therefore, after relabeling the preference of the voter majority to be 1
on every issue, the ideal outcome is 1. We will be evaluating the performance of FRD
and other voting systems in terms of the fraction of issues on which they produce the
outcome corresponding to the voter majority.

Definition 1 (Agreement) Let S be the set of all binary vectors of length r. For any
two vectors X, y € S, we measure their similarity or agreement L(X,y) by the fraction
of their entries that are the same. In other words, the agreement between two vectors
is inverse to the normalized correct only Hamming Distance between them:

1<~ . )
Lx,y)=1—- Lyt
x,y) rEIx Y

i=1

If x is a vector of outcomes yielded by some voting procedure, we measure its
agreement with the voter majority L(x, 1).

Definition 2 (Majority Agreement) The majority agreement between a set of repre-
sentatives D and the set of voters V is the fraction of issues on which the majority of
representatives agrees with the voter majority, i.e., L(R(Py), R(Pp)).

Note that with R as majority rule and an odd number of unweighted candidates (to
prevent tie-breaking),

D
L(R(Py), R(Pp)) = E'{S €S:y d > UH
dieD

We also define a weaker notion than majority agreement that we call coverage. An
issue is covered if at least one representative agrees with the voter majority. Majority
agreement on any issue implies coverage of that issue, but coverage does not imply

3 Recall that the order of the binary issues does not matter in our model and the issues are treated identically,
so other common measures of distance/similarity used in the Social Choice literature are either equivalent
to the Hamming Distance or not applicable.
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majority agreement. Coverage characterizes the potential for delegation to yield an
improvement over majority agreement. We will generally talk about coverage in terms
of the fraction of issues that are covered by a set of representatives.

Definition 3 (Coverage) A set of representatives D covers an issue s’ if 3d; € D such
thatd} = 1.
1

4 Difficulties of representation

In the real world, the outcomes preferred by the voter majority are not known. However,
even if it were known, electing a good set of representatives for RD would still be hard
due to computational complexity. This complexity barrier shows that even if voter
preferences can be sampled to ascertain the majority opinion with high probability
(i.e., by polling), RD is still limited in how well it can recover the “will of the voters".

4.1 Complexity with full information

In this section we prove that for a set of candidates C with binary preferences over
the issues S, it is NP-Hard to compute the subset of k candidates that maximizes
majority agreement. To make matters worse, even maximizing coverage is NP-Hard.
In practice we care about maximizing these values than checking if they meet certain
thresholds, and therefore cast the problems as optimization problems rather than deci-
sion problems when evaluating their complexity. We refer to the problems of electing
k candidates to maximize coverage and majority agreement when the preference of
the voter majority is known for each issue as Max k-Coverage and Max k-Majority
Agreement, respectively.

We begin by considering Max k-Coverage, and will use the NP-hardness of Max
k-Coverage to prove the NP-hardness of Max k-Majority Agreement. In later sections,
when we consider mechanisms that weight representatives, coverage of an issue will
become the minimum necessary condition for there to exist a weighting that leads the
outcome to agree with the voter majority.

Problem 1 (Max k-Coverage) Let S = {s!,...,s"} be a set of binary issues and
C = {c1, ..., cm} aset of candidates where candidate ¢; has preference cf e {0, 1}
on issue s’. The problem of Max k-Coverage is the problem of computing a subset of
k < m representatives D C C that maximizes the number of covered issues, where
issue s’ € S is covered if D deD di > 0.

Theorem 1 Max k-Coverage is NP-Hard.

Proof Our proof of the hardness of Max k-Coverage is a Karp reduction via the NP-
Hard problem of MAX K- COVER (Feige 1998). The inputs to MAX K- COVER
are a set S = {sl, ...,s"} of r points, a collection C = {cy, ..., ¢y} of subsets of S,
and an integer k. The objective of MAX K- COVER is to select k subsets from C
such that their union has maximum cardinality. Given an instance (S, C, k) of MAX
K- COVER, we create an instance (S‘ , C , f’c, k) of Max k-Coverage as follows.
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For every point s* € § create an issue §' € S, and for every subset ¢; € C create
a candidate & € C. For all points s' € S and subsets ¢; € C, if s' € ¢ then let
E} = 1, otherwise let Ef = 0. Let k be the number of representatives to be elected.
There is a one-to-one correspondence between the number of issues covered by our k
representatives and the cardinality of the corresponding subsets in the original MAX
K- COVER instance. Therefore, any set of k candidates that maximizes coverage
corresponds exactly to a collection of k subsets in our MAX K- COVER instance
whose union has maximum cardinality. This concludes our proof of Theorem 1. O

Problem 2 (Max k-Majority Agreement) Let S = {s!,...,s"} be a set of binary
issues and C = {cy, ..., ¢} a set of candidates where candidate ¢; has preference
cf € {0, 1} on issue s’. The problem of Max k-Majority Agreement is the problem of
computing a subset of k < m representatives D C C, where k is odd, that maximizes
the number of issues on which the majority of representatives prefers 1, i.e.

IDI
D = argmax sies: ch —
C'CC,|C!|=k ceC’

Theorem 2 Max k-Majority Agreement is NP-Hard.

Proof Our proof of the hardness of Max k-Majority Agreement is a Karp reduction
via the problem of Max k-Coverage that we proved to be NP-Hard in Theorem 1. We
will take an instance of Max k-Coverage and add r + 1 additional issues to the original
r issues. In addition, we augment the candidate set with k£ 4- 1 additional candidates in
such a way that any subset of 2k + 1 candidates that maximizes agreement must contain
the £ + 1 added candidates. The remaining k£ winning candidates will correspond to
the winning candidates for the original Max k-Coverage instance.

Suppose we have an instance of Max k-Coverage (S, C, Pc, k) withr = |S| issues
and m = |C| candidates. We construct an instance of Max k-Majority Agreement
(S C Pc |D|) as follows. Let § = G', ..., 57T Hbeasetof 2r + 1 binary issues.
Let C = (C1y---»Cm+k+1) be aset of m + k + 1 candidates. C is made up of three
types of candidates based on how we construct their preferences C = (¢1, ..., én) U
(Cm+1s -+ » Cm+k) Y (Ctk+1). The first m candidates have the same preferences as
the original m candidates on the first r issues and prefer O for the added r + 1 issues.
Thatis, VI < m,Vi < r, Ef = cf and forall i > r, 5; = 0. The next k candidates
unanimously prefer 1 on all issues: VI suchthatm </ <m+k,Vi <2r+1, Ef =1.
The final candidate, ¢,,,4¢+1, prefers O on the first » issues and 1 on the remaining
r + 1 issues. The construction of the candidate profile is illustrated in Table 1. Lastly,
let |D| = 2k + 1.

Observe thatany set D C € of 2k+1 candidates that maximizes majority agreement
must contain candidates (&4 1, . . ., Enik) and &y 4ry1. The majority of D prefers 1
on issues r + 1 through 2r + 1 if and only if it contains (C;;+1, - - - » Cm+k) and Cpypk+1-
If even one of these k + 1 candidates is not included in D, then the majority of D will
not prefer 1 on any of these r + 1 issues. Since this constitutes more than half of the
total issues, all of those candidates must be included in D.

The question remains how to select an additional k candidates such that D max-
imizes majority agreement on the first r issues. The k candidates (Cyy+1, - - - 5 Ctk)
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Table 1 Construction of Max 6l o s 2+l
k-Majority Agreement instance
from candidates’ profile in 1 ,
- cq Cl e &)
original Max k-Coverage .
instance c ) . &
1 r 0 0
Cm Cm Cm
Cm+1 1 e 1
Crm+k 1 e 1 1 e 1
mikel 0 0 I S

prefer 1 on the first 7 issues but &, 441 prefers 0, so to create a majority within D on
any of those issues requires one or more of the other k winning candidates to prefer
1. In other words, it is exactly the problem of using k out of the original m candidates
to cover as many of the original r issues as possible. Therefore, our solution to Max
k-Majority Agreement on our constructed instance gives us the solution to the original
Max k-Coverage problem. This concludes our proof of Theorem 2. O

We can see that no polynomial-time algorithm can maximize majority agreement,
even with complete information about voters’ issue preferences. Thus, election rules,
which typically have only second-hand information in the form of electoral prefer-
ences, can only hope to offer approximations for majority agreement.

4.2 Majority agreement from elections with partial information

We have shown that even when the preferences of the voter majority are known for
every issue, it is computationally hard to select the optimal set of representatives of
a fixed size from a set of candidates. While solving Max k-Majority Agreement may
be tractable for small enough instances, this relies on knowing the voter majority on
every issue, which is typically not the case. We now turn our attention to the question
of how well election rules can approximate coverage and majority agreement in the
partial information setting when only voter preferences over candidates are known.
We give the election rules the best chances we can by assuming that voters’ pref-
erences over candidates are derived exactly from their agreement on the issues. For
brevity, we assume where necessary that the sets of voters and candidates are disjoint
because this assumption has little to no impact on our results. Voters can express their
electoral preferences Py ¢ as either approvals or complete rankings over the candi-
dates. When voters report approvals over the candidates, we assume that v approves
of c if and only if they agree on more than half of the issues, i.e., L(v, ¢) > % Observe
that we do not restrict the number of approvals a voter gives, so a voter may approve all
or none of the candidates. When voters provide rankings of the candidates, we assume
that v prefers c to ¢ if they agree on a greater number of issues, i.e., L(v, ¢) > L(v, ¢).If
L(v,¢) = L(v, ¢), then v breaks the tie privately (e.g., randomly). When issue prefer-
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ences are uniformly random, these induced rankings with random tie-breaking follow
the impartial culture model because all electoral profiles are equally likely (Tsetlin
et al. 2003).

A Condorcet-consistent election rule elects a candidate as a representative if they
beat all other candidates in pairwise competition. Unfortunately, regardless of whether
agents report approvals or rankings, no Condorcet-consistent election rule can approx-
imate majority agreement.

Theorem 3 No Condorcet-consistent election rule for selecting k candidates in which
voters report complete rankings over the candidates induced by their preferences over
issues can provide a bounded worst-case approximation of majority agreement or
coverage.

Theorem 3 is a consequence of the Ostrogorski paradox (Kelly 1989; Rae and
Daudt 1976). The relationship between the existence of Condorcet-winners, issue-
wise majority voting, and presence of the Ostrogorski paradox has been previously
established (Laffond and Lainé 2009; Bezembinder and Van Acker 1985), and we
reformulate part of this result in terms of the impossibility of approximation algorithms
in Theorem 3. The Ostrogorski paradox can occur with as little as 5 voters and 3 issues,
as shown in Table 3, but we choose to use an instance derived from the foundational
work of Anscombe (1976) for the purposes of our proof.

Proof The example in Table 2 shows the Ostrogorski paradox with 11 voters, 11 issues,
2 candidates, and k = 1 and proves Theorem 3. We have two candidates; the ideal
candidate ¢; = 1 and the worst conceivable candidate ¢, = 0. Each row represents
the preference vector of a voter or candidate, with a column for each issue. The last
column shows the electoral preferences of the voters over the candidates. Since the two
candidates have exactly opposite preferences, no voter can approve both, and thus the
approvals and rankings can both be described by giving just the voters’ top candidates.
The last row shows the preference of the voter majority. If we sum the columns to
get the voter majority (maj) we see that the voter majority supports 1 on every issue.
However, if we look at each voter’s preferences over candidates we can see that 7 out
of 11 voters prefer ¢, over cy. Since ¢1 and ¢, have opposite preferences on every issue,
no voter will ever approve of both candidates. Any Condorcet-consistent election rule
must select the candidate preferred by the majority, which is ¢, leading to a majority
agreement of 0. This pathology arises because the majority of voters are in the minority
on the majority of issues. Thus, if we have any number of duplicates of these two
candidates for any k, there are cases in which the voters will elect representatives who
achieve a majority agreement of exactly 0, even when a set of candidates exists who
would achieve an agreement of 1. This concludes our proof of Theorem 3. O

A smaller example is given below.

While Condorcet-consistent rules may not be able to provide us with any bounded
worst-case approximation of majority agreement, not all election rules are Condorcet-
consistent. Furthermore, we may also care about the expected agreement rather than the
worst case. We proceed with an empirical investigation by simulation of the expected
majority agreement for a number of election rules.
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Table 2 Example of the

Nl

10 11

Ostrogorski paradox based on s 2 s TSP s ’ Pye

Anscombe’s paradox o o 0 0 0 0O O o0 1 1 1 1 c
v 1 1.1 1 0 0 O O O O 0 e
v3 1 0 0 0 0 0 0 O 1 1 1 &)
vy 1 1.0 0 O O O 0 0 1 1 c
Vs 1 1.1 0 1 0 O O O O 0 e
v 0o 0o o 1 1 1 1 0 0 0 0 e
v7 o 0o 0o 1 1 1 1 1 0 0 0
vg 1 1.1 0 O 1 1 1 1 1 1 c1
vy 1 o 1 1 1 1 1 1 1 1 0 ¢
vp 0 1 1 1 1 1 1 1 1 0 1 1
vy O 1 1 1 1 1 1 1 1 1 1 cl
c1 11 1 1 1 1 1 1 1 1 1
&3 6o 0 0 0 060 00 0 0 o0
maj 1 1 1 1 1 1 1 1 1 1 1 c

a2 Symnied camnle R
v] 0 0 1 €2
v 0 1 0 €2
v3 1 0 0 c
vy 1 1 1 1
vs 1 1 1 1
c1 1 1 1
163 0 0 0
maj 1 1 1 €]

5 Simulated elections

We now investigate majority agreement as a function of the number of voters, issues,
candidates, and representatives, as well as the choice of election rule. For all issues,
the preference of every voter and candidate is 1 with probability % In other words,
the preferences of every agent on every issue are determined by the flip of a fair coin.
Thus, if the representatives were selected from the candidates uniformly at random, the
expected majority agreement would be 0.5. This assumption isolates the effects of the
election, since any observed majority agreement beyond random chance is due entirely
to the election process. We will relax the assumption of uniform random preferences
later in Sect. 7.

Our assumption of uniformly random voter preferences also implies that the size
of the voter majority relative to the voter minority on an issue tends to be small. Let
V1 be the voters who vote for 1 on an issue and Vj be those who vote for 0. If we
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think of the voters as voting in some arbitrary sequence then the value of | V| — | Vp|
is modeled by an unbiased random walk, and so E[(|V;| — |Vo])?] = |V].

As before, we assume that voters’ preferences over candidates are induced by their
agreement on the issues. Our assumption that the electoral preferences are derived
without uncertainty is a best-case assumption for the election rules. In addition to
approvals and rankings, we add the option for voters to weight the candidates using
normalized weights. These weights provide strictly greater information than rankings.

With weights, v; assigns each candidate ¢; a weight of wj; = % The
weight attributed to each candidate is the sum of weights assigned toctilem, and the k
candidates with the greatest total weight are elected, with ties broken lexicographically.
Note that one can infer the approvals or rankings of voters from these weights, up to
tie-breaking, but not vice versa, and so these types of cardinal preferences contain

greater information than the simpler categorical and ordinal preferences.

5.1 Election rules definitions

We compare election rules computable in polynomial time under different parameter-
izations to see how well they approximate coverage and majority agreement. While
there are many different ways to elect bodies of representatives, we take seven election
rules from the literature, and compare them with electing representatives based on car-
dinal weights (Zwicker 2015; Aziz et al. 2014). We consider two approval-based rules
(Max Approval and RAV), three ordinal rules (Borda, Purality, and IRV), a rule using
cardinal weights (Max Agreement), and ignoring any electoral preferences by select-
ing the representatives uniformly at random (Random Winners, i.e., sortition Ebadian
et al. (2022)).

LetC; € C denote the subset of candidates which voter v; approves whenreporting
approval preferences. The two approval-based rules we consider are Max Approval
and Re-weighted Approval Voting (RAV), whose definitions can be found in Aziz
etal. (2014).%

Definition 4 (Max Approval) D = argmax ) |C; N C’| with ties broken ran-
C'CC:|C'|=k vjeV
domly.

Definition 5 (Re-weighted Approval Voting (RAV)) In each of k rounds we select
an unelected candidate in C\ D to add to the iteratively constructed winning set D
with the highest sum of weighted approvals. In each round we weight each agent’s
approved candidates by w; = m for v;. We update D < D U {c*} where

c®*=argmax )  w; with ties broken randomly.
ceC\D vjeV:ceCj

Let o; denote the strict preference ranking of voter v; when voters report rankings
over candidates, and let o;(/) € {1,2,...,|C|} be the position at which v; ranks

4 Max Approval is often referred to as “Approval Voting" in the literature (Aziz et al. 2014), but we use
Max Approval to reduce confusion because the term “approval voting” can also refer to approval-based
voting more broadly.
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candidate ¢;. The rankings are assumed to be complete such that every voter ranks
every candidate. The ranking-based election rules we consider are Borda, Plurality,
and Instant Runoff Voting, whose definitions can be found in Zwicker (2015). For an
axiomatic characterization of IRV see Freeman et al. (2014).

Definition 6 (Borda) D = argmin ) Y  o;(l) with ties broken randomly.
C'CC:|C!|=k ¢1eC v €V

Definition 7 (Plurality) D = argmax Y [|{v; € V : 0;(l) = 1}| with ties broken
C'CC:|C|=k cieC’
randomly.

We refer to the summand [{v; € V : 0;(l) = 1}| as the plurality score of candidate
Cj.

Definition 8 (Instant Runoff Voting (IRV)) In each of |C| — k rounds the candidate
with the lowest plurality score is removed from the candidate set, with ties broken
randomly, and all agent rankings are updated to have this candidate removed. The
remaining k candidates are elected as representatives.

When every agent v; provides a cardinal value wj; for each candidate ¢; in their
electoral preferences, we can assign a score to each candidate equal to the sum of
values assigned to them and elect the k candidates with the highest scores. In our
model we have assumed that the values assigned by each voter must sum to one, in
accordance with one-person-one-vote, so these values reflect normalized agreements
between voters and candidates. We refer to the associated rule as Max Agreement.

Definition 9 (Max Agreement) D = argmax »_ Y wj; with ties broken ran-
C'CC:|C!|=k ¢1eC’ v; €V
domly.

5.2 Comparing election rules

Figures 1, 2, and 3 examine the numbers of issues, candidates, and representatives as
independent variables, respectively. For each plot, the number of voters | V| is held
fixed at 501 as we did not observe significant dependence of majority agreement on
the number of voters.

For each of the following experiments, the mean agreement and coverage were
averaged over 10,000 instances with uniformly random issue preferences. Turning
first to Fig. 1 we hold |C| = 60, |k| = 21 and vary |S| € {15, ..., 150} in increments
of 15. We see that for a small number of issues Max Approval, RAV, Borda, and the
weighted election rule (Max Agreement) select a committee in agreement with the
majority 70-80% of the time. However, as we add issues to the docket, the voting
rules seem to converge around 60%. In Fig. 2 we fix |k| = 21, | S| = 150 and vary the
number of candidates between |C| € {21, ..., 101} in increments of 5. We observe
again that Max Approval, RAV, Borda, and Max Agreement are the best followed
closely by IRV. As we increase the number of candidates it is possible for the system
to more frequently recover the will of the majority but this number does not climb
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Mean Agreement vs Number of Issues
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Fig. 1 Majority agreement varying number of issues with k = 21, |C| = 60, |V | = 501

Mean Agreement vs Number of Candidates

1.0
Election Rules
—e— Max Approval
0.9 —u#— Borda
—=— Plurality
—+— RAV
08 —— RV
—+— Max Agreement
—#— Random Winners
07
N
'd,f—‘:;/n
z 0.6 i :‘;‘/ e e
£ —— " —
] —
S 05 —_— s . —
<
[
<
o}
=04
0.3
02
0.1
0.0
30 40 50 60 70 80 90 100

Number of Candidates

Fig.2 Majority agreement varying number of candidates with k = 21, |S| = 150, |V| = 501
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Mean Agreement vs Number of Representatives
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Fig.3 Majority agreement varying number of representatives with |C| = 100, |S| = 150, |V| = 501

above 65% across all treatments. Finally, in Fig. 3 we hold |C| = 100, |S| = 150 and
vary |k| € {1,5,11,15,...,91,95}.

While both Max k-Coverage and Max k-Majority Agreement are NP-Hard, major-
ity agreement is a stronger condition as a majority agreement of x € [0, 1] implies
coverage of at least x. From the experiments in Figs. 3, 2, and 1 we get a sense of just
how much stronger of a condition majority agreement is. In all of our runs, coverage
was 1.0 for all election rules and all combinations of parameters. With FRD, issue-
specific weights enable a potential increase in agreement from the rate of majority
agreement (with equally weighted representatives) up to the rate of coverage. As long
as an issue is covered, there exists a weighting such that the weighted majority of
representatives agrees with the voter majority, even if the majority of representatives
does not. Intuitively, if we take a set of representatives D and add one or more repre-
sentatives, coverage can only increase or stay the same, but agreement can potentially
decrease. As our experiments reveal, the difference between majority agreement and
coverage can be highly significant for many common voting rules. Delegative voting
therefore has great potential to increase agreement. However, the degree to which this
benefit is realized depends upon the delegation behavior of the voters.

6 Adding flexibility

Weighting representatives can increase the agreement between their vote outcomes and
the voter majority as long as issues are covered. As we saw in the previous section, a
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coverage rate of 1.00 was achieved in all of our experiments. To take advantage of a
coverage rate greater than the rate of majority agreement, we look at different ways
of weighting the representatives. Along these lines, we extend the notion of majority
agreement to include weighted majority voting.

Definition 10 (Weighted Majority Agreement) The weighted majority agreement
between a set of voters V and a set of representatives D with weighting W is the
fraction of issues on which the weighted majority of representatives agrees with the
voter majority, i.e., L(R(Py), R(Pp, W)).

The most basic way to weight the representatives would be based on the agents’
preferences over the candidates during the election. Unfortunately, as we will show
in Sect. 6.3, weighting the representatives based on the election profile (Py ) offers
little hope under our preference model. In hopes of recovering the “will of the voters"
we build into our FRD mechanism the ability for voters to weight the representatives
on an issue-by-issue basis, if they choose.

We look first at basic features of FRD in a deterministic setting before considering
probabilistic participation by the voters. In our FRD mechanism, each voter gets a
single, divisible voting unit, or token, on every issue. This token is distributed to
representatives by either default or delegation. Through delegation, the voters can
divide the token among the representatives as they please, with only the constraint
that the units they assign across the representatives must sum to unity. The weight of
a representative is the sum (or average) of tokens given to them by the voters. The
distribution of a voter’s token among the representatives is referred to as delegation,
in line with the literature on “delegative voting." Of course, if on every issue every
voter delegates their full token to a single representative who agrees with them, then a
weighted majority vote among the representatives exactly emulates Direct Democracy.
But what happens if a voter does not use their option to delegate? In standard proxy
voting, if a voter does not choose a proxy, then they abstain. The distinguishing feature
of our FRD mechanism is that it permits a default assignment of tokens from voters
to representatives from which the voters may deviate. The default distribution can be
the uniform distribution, or it can be based on election preferences. Since election
preferences do not appear to offer any benefit under our preference model, we will
focus on the uniform distribution as the default when issue-specific delegations are
allowed. Under the uniform default distribution, the default evenly splits every voter’s
token among the representatives on every issue. If no agents shift their vote tokens on
any issue, we have exactly a RD. Here, FRD interpolates directly between RD and
Direct Democracy at the will of the voters.

6.1 Deterministic delegation

Consider a single issue st.LetV) = {v jEV: v; = 1} be the set of voters in the voter
majority, and Vo = V'\ V| be the minority. Similarly, let D; = {d; € D : d; =1}, and
Do = D\D;.

We denote by A the number of voters in V; who use their option to delegate, and
by Ao the delegators in the minority. We say that a voter’s delegation is incisive if the
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Fig. 4 Example of delegation Issue st Issue s2
increasing agreement (right) and

decreasing agreement (left) v 1 1 0 1 1 0
Vj V1 V2 V3 V1 V2 V3
4 N
d; d1 da | d3 d1 do | d3
d; 1 1 0 1 0 0
Wi | 2/3 | 2/3 | 5/3 5/3 | 2/3 | 2/3
Xt=a3< ¥l X2 =s53>

voter delegates their entire voting unit to representatives who agree with them on that
issue. For example a voter may delegate entirely to a single representative who agrees
with them on an issue.

If the default is abstention (i.e., no weight assigned to reps) and delegations are
incisive, then agreement is guaranteed if the number of delegators in the majority is
greater than the number of delegators in the minority, just like traditional proxy voting.
The minority can push the outcome in their favor by delegating at a higher rate than
the majority.

The first question we ask is, with a uniform default weighting, how many represen-
tatives must agree with the voter majority for the agreement to be guaranteed. That
is, if all minority voters delegate incisively and none of the majority voters delegate,
when does the uniform default guarantee agreement?

The weighting of the representatives depends on whether the representatives also
have voting units to delegate to themselves. For brevity, we will assume the represen-
tatives do not, so if a representative receives no voting units from the voters, they have
a weight of zero. For consistency, we assume the sets of voters and representatives
are disjoint, just as we assume the sets of voters and candidates are disjoint in our
simulations.

Example 1 Consider two FRD instances with two issues § = {s!, s2}, three voters
V = {vy1, v2, v3}, and three representatives D = {d, d>, d3} as shown in Fig. 4. The
solid arrows from voters to representatives indicate incisive delegations, and any voter
without an arrow stays with the default uniform distribution on that issue. The voter
and representative preferences are given in the tables above and below the agents. We
denote by X ’1 the total voting units assigned to representatives who agree with the
voter majority on issue s’ and by Wli the weight of representative d; on s'.
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On issue s', the representative majority agrees with the voter majority, so majority
voting would yield agreement. However, since only the voter in the minority delegates
(v%), the weighted majority of representatives now decides the outcome in favor of
the voter minority (X 11 < %). This reversal can occur if the number of voters in
the minority is large enough, the number of representatives who agree with the voter
minority is large enough, and the voters in the minority delegate at a substantially
higher rate than the voters in the majority. We formalize this intuition in Proposition 1.

On issue s the representative majority disagrees with the voter majority, so the
majority voting outcome (without delegations) would be, regrettably, 0. Looking again
at the Fig. 4 we see the delegations flip the result to what would be achieved by Direct
Democracy; namely, from disagreement to agreement (X % > ‘—gl). Hence, FRD can
improve the outcomes over RD as measured by agreement with Direct Democracy.
Fortunately, for both stors?,if any two, or all three, of the voters delegate incisively,
the outcome will always agree with the voter majority. We formalize this intuition in
Proposition 2. This concludes Example 1.

On issue s' on the left side of Fig. 4, delegation by the minority flips the outcome
away from agreement with the voter majority. This flip happens because the voters
in the majority do not delegate, and the default distribution of weight from the voter
majority is not sufficient to prevent the inversion, even though the majority of represen-
tatives agrees with the voter majority. However, even when no voters in the majority
delegate, it may be impossible for the voter minority to sway the outcome in their
direction because of the size of the voter majority (| V1|) and the number of represen-
tatives who agree with them (| D1|). This contrasts with traditional proxy voting with
no default distribution, in which the outcome is determined entirely by the votes of
the representatives and those who delegate. In Proposition 1 we give a necessary and
sufficient condition on the size of V| and D relative to V and D to ensure agreement
even when none of the voters in the majority delegate.

Proposition 1 If the representatives are weighted uniformly by default, all voters in
the minority delegate incisively (Lo = |Vo|), and none of the majority voters delegate
(A1 = 0), agreement is guaranteed when the number of representatives (D1 C D)
who agree with the voter majority (Vi C V) is greater than % . %

Proof We want to know under what conditions X; > X¢. With a uniform default and
only incisive delegations by the minority, the total amount of weight on the represen-
tatives on either side of the issue are X; = |Vi] - |D‘ | and Xo = |V1]|- \DI L+ [Vol.

Xi= 20y PO x
Dl D]
Dyl — | Dol
- PI= 1Pl gy

|D|

Vi - (—'D‘| Dol 1) > |V
|D

|D1]| = [Do| +|D|
IV1I'< > |V
|D|
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2|Dy|
Vil - > |V
|D|

|D| |V

DI > — - ——

2V
This concludes our proof of Proposition 1. O
Returning to issue s! on the left side of Fig. 4, we can see that |V| = |D| = 3 and
|ID1| = |Vi| =2,and 2 # % . % so Xo > X1 and the minority prevails in accordance

with Proposition 1.

Proposition 1 gives conditions on the size of the majority under which no amount
of delegation by the minority can yield disagreement, even when the majority does not
delegate at all. However, if the minority is large enough, then their delegations induce
disagreement. If | D1| > | Dy|, then the minority voters must delegate at a sufficiently
higher rate than the majority voters for the weighted majority to no longer agree with
the voter majority. If |Dg| > |D1]|, the majority delegation rate must be sufficiently
higher than that of the minority to guarantee agreement. We make this intuition more
precise in Proposition 2, which gives a condition on the delegation rate of the majority
to ensure agreement.

Proposition 2 [f the representatives are weighted uniformly by default, the weighted
majority of representatives agrees with the voter majority after delegation whenever
A 200|D1|—|V](D1]=]DoD)

L= 2[D| '

Proof Recall that the total voting units assigned to representatives in D and Dy are
X1 and X, respectively. For the representatives to agree with the voter majority it
must be that:

X1 > Xo
AL+ @(IVll - i)+ @(|VO| —Xo) > Ao + @(IVll — i)+ EUVM — o)
|D| |D| |D| |D|
|D1| — | Do| |Do| — | D]
M+ ———Vi| = 21) > 2o + ————( Vol — X0)
|D| |D|

MIDI+ (ID1| = [Dol)(IVi] = A1) > Ao|D| = (ID1| = [Dol)(IVo| = o)
201(I1Dol) + IVil(ID1] = [ Dol) > 220! D1] — [Vol(ID1| — [Dol)
2x1(1Dol) > 240l D1l = (IVil + [VoD(ID1| = | Dol)
. 201Dt — (V1] + VoD (I D1] — | Dol)
2| Dy

This concludes our proof of Proposition 2. O

Proposition 2 gives a necessary condition for agreement between the voters and
representatives using the weighted majority decision rule. The condition is in the form
of a lower bound on the delegation rate by the voters in the majority as a function of
(1) the delegation rate of the minority, (2) the difference in size between voter minority
and voter majority, and (3) the sizes of the subsets of representatives who agree and
disagree with the voter majority.
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Recall the second issue s2 from Fig. 4. In this example, |Vi| = 2, |[Vp| = 1,
|D1| = 1,|Dg| =2, 11 = 1,and A9 = 0. We can see that 1 > % = %,and
therefore agreement is achieved after delegation even though |Dy| > |D1].

6.2 Probabilistic delegation

We now investigate what happens if each voter chooses to delegate with some fixed
individual probability. These results give us insight into how motivated or attentive
voters must be to improve the outcome of FRD over RD.

As all issues are independent, we will consider a single issue. Suppose each voter
vj € V chooses to delegate incisively with independent probability p; and leaves
their voting unit distributed uniformly with probability 1 — p;. Let x; € [0, 1] be
the total voting units v; assigns to candidates in D;. If v; does not delegate then
Xj = %, if v; delegates incisively and is in the voter majority then x; = 1, and if
v; delegates incisively and is in the voter minority then x; = 0.Let X; = )  x; be

v;eV
the total voting units assigned to D via both delegation and the uniform dejfault. Let
= EX] =T, ey, (pi+ (= ppIBL) + 2, 0, (1 = pj) B be the expected
value of the total voting units assigned to representatives who agree with the voter
majority.

Theorem 4 Suppose there is an odd number of voters |V |, odd number of represen-
tatives k = |D|, a uniform default, no abstentions, and only incisive delegations.
Suppose further that each voter v; € V delegates with probability p ; on an issue such
that p > V1/2. Then the probability that the outcome agrees with the voter majority
is bounded by P (weighted majority agreement) > 1 — e~ (VI=2m?/41V]

Proof Sketch. Let y € {0, 1} denote the outcome of the weighted majority vote by
the representatives. The probability that the outcome agrees with the voter majority
is P(y = 1) = P(X; > [V|/2) + P(y = 1|X; = |V|/2) - P(X| = |V|/2) where
P(y = 1|X1 = |V|/2) is due to the tie-breaking mechanism. First we show that with
odd voters, odd representatives and only incisive delegations, there can be no ties.
Namely, X1 # Xo = |V| — X. This proof is due to parity and holds regardless of the
delegation rate. Without ties, we simply need to determine P(X; > |V|/2). We use
a Chernoff inequality to provide a lower bound on this value based on the delegation
probabilities p; of all voters.

Proof Recall that x; € [0, 1] is the amount of voting units (fraction of a token)
voter v; assigns to representatives who agree with the voter majority on an issue
and X| = ZvjeV'x j. Given some tie-breaking rule, we have that P(y = 1) =
P(X1 > |V]/2) + P(y = 1|X1 = |V|/2) - P(X1 = |V]|/2). First we show that
P(X1 =1V|/2) =0, then we give a lower bound for P(X;| > |V|/2).

Lemma1 If |V | is odd, |D| is odd, and all delegations are incisive, then no ties are
possible.
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Proof Let x} = |D|-x; where x; € [0, 1]is the voting units (fraction of a token) voter
v; assigns to candidates who agree with the voter majority on an issue via default or
delegation. If v; does not delegate then x = |Dy|, if v; delegates incisively and is
in the voter majorlty then x’; ; = |D|, and 1f v; delegates incisively and is in the voter
minority then x = 0. Therefore, V; : x} € {0, D], |D|}. Let X| = Zv xA and
UJE
= Zv(|D| —x}). Then X, X, are non-negative integers and X| +X{ = |D|-|V|.
v;€

Since |D| - |V| is odd, it must be that X| and X{, have opposite parity and so they
cannot be equal. Therefore X| = % # Xo = ﬁ)‘ meaning the total amounts of

weight delegated to the representatives on either side of the issue cannot be equal, so
no ties may occur. This concludes our proof of Lemma 1. O

Given that no ties are possible, we have that P(y = 1) = P(X; > |V|/2). Remem-

berthat X1 = )  x; where x; is the total weight that v; delegates to representatives
UjEV

who agree with the voter majority. If v; = 1 then E[x;] = p; + (1 — pj) |‘D| , else

if vj = 0then E[x;] = (1 — p,)l‘DDll| Let u = E[X1] be the expected total weight

assigned to representatives who agree with the voter majority.

“=Z<pj+(]_ |D|> 2 (- ||11))1|I

v;eV] vieVp

We now use the fact that P(X; > |V|/2) = 1 — P(X1 < |V]|/2). Let§ =
Qu—1VD/2u.If u > |V]/2, then § > 0. This allows us to apply a Chernoff bound
to derive our lower bound:

P(X1 > |V[/2)=1=P(X1 =|V|/2)
=1-PX =1 -58u)
> 11—V

— 1 — e~ Cu=lVD} AV

This concludes our proof sketch of Theorem 4. O

This bound depends on the condition that u > |V|/2. This condition requires that
the delegation rate of the majority cannot be too small relative to the minority. Observe
that this condition is satisfied when Vj : p; = p and |D;| > |Dl/2. Furthermore, as
an increasing number of voters delegate incisively, we expect © — |Vi| > |V|/2
regardless of | D|. Naturally, as the delegation rate increases, we observe our lower
bound approach the ideal 1 — e~@u=IVI?/4VI 1 To find uw < |V|/2, the voter
majority cannot be too large compared to the voter minority, | D1 | must be smaller than
or somewhat close to | Dy, and/or the voters in the majority must be significantly more
apathetic towards delegation than voters in the minority. In other words, p encodes
the relative proportions used in Propositions 1 and 2, probabilistically.
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Fig.5 Comparing majority agreement as a function of the delegation rate for different delegation behaviors
in FRD with uniform default, Max Agreement election rule, and weighted majority decision rule

6.3 Simulated delegation

Finally, we provide an empirical comparison between RD and FRD with different
issue-specific delegation behaviors by the voters. We simulate instances where all
voters delegate with equal probability. We refer to the total fraction of voters who
delegate as the delegation rate (o). Whereas the p; denoted a voter’s probability
of delegating in the previous section, « is the realized fraction of voters who have
delegated.

We use the same model to generate candidate and voter preferences as used in
Sect. 5.2. For our simulated delegations we create instances with |V| =301, |C| = 60,
|S| = 150, and k = 21. We have lowered the number of voters compared to previous
experiments (from 501 to 301) because we have found this makes no qualitative
difference to the results and allows us to run a larger number of instances. In Fig. 5
representatives are elected using the Max-Agreement election rule. We vary o €
[0, 1.0] in increments of 0.01 and for each setting of o we run 50 iterations. We plot
the means of weighted majority agreement in Fig. 5. A value of 1.0 means that the
outcomes of all issues are the same as they would be in a Direct Democracy with full
participation.

We compare RD against four different delegation schemes: (1) Approve where
voters delegate evenly to the representatives whom they approved in the election
across all issues; (2) Best Rep where voters delegate to their single most preferred
representative (i.e., proxy) for all issues; (3) Best-3 Rep where voters delegate equally
to their three most preferred representatives for all issues; and finally (4) Incisive where
voters delegate incisively to representatives with whom they agree on each individual
issue. In all cases we use a uniform default weighting.

Most surprising is that there is no observable benefit to any of the non-incisive
delegation behaviors (Approve, Best Rep, and Best-3 Reps). Whena = 1, each of these
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correspond to an electoral weighting scheme that could be used as a default in FRD.
The Approve weighting is perhaps closest to the proposal of Proxy Voting espoused
by Miller (1969) but does not improve weighted majority agreement in a meaningful
way. Similarly interesting are the Best Rep and Best-3 Rep which correspond to proxy
voting with 1 and 3 proxies, respectively. These forms of proxy voting do not move
the outcome towards the ideal of Direct Democracy. Hence, we can see that issue-
specific flexibility can be effectively used to improve agreement for voting systems in
a way that other weighting schemes do not. Recall that the difference between FRD
with incisive delegations and proxy voting with issue-specific proxies is the use of the
default distribution. This is why the curve for FRD with little to no delegation (« ~ 0)
achieves an agreement equal to RD.

A notable feature of Fig. 5 is how much FRD improves agreement over RD when
voters are highly attentive and how little a difference it makes when voters are not
attentive. When the delegation rate is below 20% there is minimal benefit, and at 10%
there is no observable benefit. In the range of 30-40% we start to see an increase in
agreement. With about 60% of the population delegating we can improve agreement
by 10% to a level not reached by any of the unweighted election rules in Figs. 1, 2,
or 3 with 150 issues. When the delegation rate reaches 80% we see an almost 20%
increase; eventually reaching 100% agreement when everyone delegates (because the
issues are covered).

To verify that the lack of improvement from Best-x delegation is a general phe-
nomenon and not a consequence of using the Max Agreement election rule or small
values of x, we repeat the experiment for Best-x reps varying x for all of our election
rules in Fig. 6. We use |V | = 100, |C| = 60, and k = 21, varying x from O to 11. For
each experiment the mean agreement was averaged over 1000 instances. Observe that
the agreement line is flat for all election rules.

7 Issue preference distributions

In our empirical investigations so far we have assumed that every agent’s preference on
every issue is decided by an unbiased coin flip. In other words, each issue preference
has been drawn i.i.d. from a Bernoulli distribution with parameter p = 0.5.1In Sect. 5.2,
we compared the mean agreement achieved under RD with various election rules using
this assumption. We saw that certain election rules lead to consistently higher mean
agreement than others under various values of the numbers of issues, candidates,
and representatives. We now investigate the degree to which our prior observations
depend on the uniform randomness of issue preferences by varying the preference
distributions.

7.1 Varying candidate preferences
We now show two experiments varying the preferences of the candidates, using |V | =

100, |C| = 60, |S| = 200, and k = 21. In Fig. 7 we draw all voter preferences
from a Bernoulli distribution with p = 0.5, and show how agreement changes when
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Fig.6 Comparing majority agreement for various election rules with Best-k delegation in FRD with uniform
default and weighted majority decision rule

we vary the candidates’ Bernoulli parameter. What we observe is that agreement is
highest when the candidates’ also have p = 0.5, and this holds for all of the election
rules we consider. In Fig. 8 we repeat the same experiment, but now the voters have
Bernoulli parameter p = 0.6. The symmetry in the previous experiment disappears.
Now agreement is an increasing function of the candidates’ Bernoulli parameter for
all rules. Again, we see a consistency of behavior across all of our election rules. This
observations suggests that one may be able to concretely measure what makes for a
“good" set of candidates irrespective of the election rule.

At first glance, one might expect a set of candidates to be “good" if the distribution
of preferences of the candidates is similar to the preference distribution of the voters.
When measuring by agreement, we can see this is not the case. What makes for high
agreement is not that the candidates’ preference distribution is most similar to the
voters’, but that the candidates’ preference distribution is most similar to that of the
voter majority. When p > 0.5 for the voters, the Condorcet Jury Theorem gives us
that the probability of the voter majority voting for 1 (before relabeling) tends to unity
as the number of voters increases (Austen-Smith and Banks 1996). Thus, it is better
to have candidates whose Bernoulli parameter is as close as possible to 1, rather than
being equal to the voters’ Bernoulli parameter.
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Fig.9 Mean agreement varying number of issues in similar preference regime

7.2 Similarity and polarization

We now hold fixed the Bernoulli parameters for voters and candidates and vary the other
parameters to repeat the experiments in Sect. 5.2. In the similar regime (Figs. 9, 10, 11),
all agents have their issue preferences drawn i.i.d. from a Bernoulli distribution with
parameter p = 0.6. In the polarized regime (Figs. 12, 13, 14), the voters’ Bernoulli
parameter is p = 0.6 while the candidates’ have Bernoulli parameter p = 0.4. This
gives us a sense of how the performance of RD depends on the quality of the candidate
set.

What we see is that the order of the performance of the election rules is essentially
preserved across regimes, but the mean agreement achieved by each rule is highly
sensitive to which preference regime we are in. In the similar regime, when all agents’
preferences are drawn from the same Bernoulli distribution, high agreement can be
achieved with any election rule, even random selection. By contrast, in the polarized
regime, all election rules we consider struggle to achieve agreement and perform worse
than choosing issue outcomes at random. This leads us to conclude that in our model
the choice of election rule is much less important than the quality of the candidate set.

In all experiments in the similar and polarized regimes we use |V | = 100, |C| = 60,
|S] = 200, and k = 21 for each variable when it is not varied as the independent
variable. In Figs. 9 and 12 we vary the number of issues | S| from 20 to 200 in increments
of 20, in Figs. 10 and 13 we vary the number of candidates |C| from 30 to 100 in
increments of 10, and in Figs. 11 and 14 we vary the number of representatives k from
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Fig. 13 Mean agreement varying number of candidates in the polarized preference regime
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Fig. 14 Mean agreement varying number of representatives in the polarized preference regime

10 to 60 in increments of 10. For each experiment the mean agreement was averaged
over 10,000 instances.

8 Preference intensity

So far, in our investigations of FRD, all agents have their preferences over issues drawn
according to the same Bernoulli distribution and the subset of voters who choose to
delegate has been determined randomly. We now consider a setting in which each
voter v; is assigned a preference intensity parameter p; € [0, 1]. Each voter’s issue
preferences are drawn from the Bernoulli distribution with parameter p; and their
probability of becoming a delegator is 2|p; — 0.5|. Voters with preference intensity
close to 0 or 1 will delegate almost surely, while a preference intensity close to 0.5
means a voter is unlikely to delegate. In our simulation we draw each voter’s prefer-
ence intensity from the uniform distribution over [0, 1], with |V | = 100, |C| = 60,
and | D| = 200. For each experiment the mean agreement was averaged over 10,000
instances. We continue to assume that all candidates’ have the same Bernoulli param-
eter determining their issue preferences and investigate how this parameter affects
mean agreement.

The agreement curves are each symmetric about 0.5, looking qualitatively similar
to Fig. 7, except that the rates of agreement are higher for every election rule. We
can see that intensity-based delegation behavior leads to higher agreement than RD,
but the difference is at most 10 percentage points. Remarkably, the ordering of the
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Fig. 15 FRD with intensity-based voter preferences and delegation behavior, varying the Bernoulli param-
eter for candidates’ issue preferences

election rules is consistent with our other experiments, where Max Agreement and
Borda come first, followed by Max Approval and RAV, trailed by IRV and Plurality
which only beat random selection.

9 Summary of analysis

We began by showing that even when the voter majority is known for all issues, electing
a set of representatives to maximize majority agreement is NP-Hard. Therefore, any
polynomial-time election rule can only hope to approximate agreement when the
numbers of candidates and issues are large. One potential way to increase agreement
is to weight representatives, but as our experiments show, weighting the representatives
with a constant weight across all issues based on the election profile does not offer
much hope in terms of increasing agreement in our model. More work is needed to
determine whether a default weighting based on the electoral profile can yield benefits.

While maximizing coverage is also NP-Hard, coverage is a weaker requirement
than majority agreement because majority agreement implies coverage but not vice
versa. It follows that the rate of coverage is always greater than or equal to the rate
of majority agreement. The difference between the rate of coverage and the rate of
agreement is the measure of potential benefit from issue-specific delegation. Whether
this potential benefit is realized depends on voters’ delegation behavior.

In our simulations of FRD, we see that expected agreement increases monotonically
as a function of the delegation rate with uniform default. With uniformly random issue
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preferences the voter majority tends not to be much larger than the voter minority,
leading to a slower increase in agreement with the delegation rate. On the other hand,
the rate of increase in expected agreement is optimistic due to the assumption of
incisive delegation.

Delegation is not guaranteed to increase agreement. Even if there is majority agree-
ment on an issue, if the minority is more active in delegating than the majority, they
can flip the outcome away from the voter majority. Whether a minority can turn the
outcome of a decision in their direction depends on (1) the size of the minority, (2)
how active the minority is in delegating relative to the majority, (3) whether the repre-
sentative majority agrees with the voter majority, and (4) the size of the representative
majority. We give specific bounds for when this can occur assuming a uniform default
and incisive delegation.

One of the consistent features throughout our simulated results is that the order of
performance for election rules is consistent across parameterizations and preference
regimes. Borda and Max Agreement consistently achieve the highest majority agree-
ment. The next two best rules are Max Approval and RAV, which only require approval
votes. IRV and Plurality consistently have the worst performance, except for selecting
representatives randomly. However, the performance of RD therefore depends most
strongly on the quality of the candidate set. Majority agreement is much more sensitive
to the agents’ preference distributions than it is to the choice of election rule under our
model. Since there was no significant difference in coverage achieved by these rules
in our simulations, the choice of election rule becomes of secondary concern once
delegations are permitted.

9.1 Limitations of analysis

Our analysis makes use of a toy model of agent preferences and behavior that may not
accurately reflect preferences and behavior in the real-world. In reality, a single agent’s
preferences on different issues may be correlated or dependent, different agents’ pref-
erences may be correlated with one another, agent behavior may not be a simple
deterministic function of their issue preferences, and/or many other factors. Here we
have assumed all agent preferences over issues are drawn uniformly at random from
the space of possible profiles, and this assumption of impartial culture may also be
unrealistic Egecioglu and Giritligil (2013); Abramson et al. (2022); Mattei and Walsh
(2013, 2017). However, our simplistic model is sufficient to show (1) the worst-case
complexity of maximizing majority agreement, and (2) that optimal coverage will
tend to be much easier to approximate than majority agreement. These are the core
observations that characterize the potential benefit of issue-specific delegations in our
model, and we expect both of these phenomena to generalize to different, more sophis-
ticated, preference models. We further note that correlation across voters and across
issues can potentially reduce average-case complexity, which we do not analyze. The
simplicity of our model means that the expected rates of agreement and coverage seen
in our simulations should not be used as an estimate for real-world instances. Despite
this, the fact that the ordering among election rules was consistent across different
parameterizations and preference models suggests a direction for further work within
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the literature on selecting multi-winner election rules (Faliszewski et al. 2017). Relax-
ing these assumptions and considering different preference distributions may change
the performance of all voting systems we consider, and could potentially increase or
decrease the performance benefit of FRD over RD.

In practice, agents do not always participate in every aspect of the decision-making
process available to them, e.g., they may abstain. In Direct Democracy, individual
voters may choose not to cast votes on some or all issues. In RD, voters may not
participate in the election. And in proxy voting, voters may not select a proxy. In our
simulations, we only considered incomplete participation in the delegation process.
Our assumption of complete participation in the election process attempts to give the
best possible conditions for RD, but should be relaxed in future work.

One of our simplifying assumptions was that the sets of voters and candidates are
disjoint, and we subsequently seem to implicitly ignore the votes of failed candidates
after the election. However, in our theoretical work this is largely a difference of
notation that simplifies our presentation and in our empirical work it makes a negligible
difference. For our complexity results on elections, the assumption of disjoint voters
and candidates plays no role. The exact same results are achieved if we assume every
candidate is duplicated in the voter set. Similarly, for the deterministic bounds in
Propositions 1 and 2, which apply only after the election, if every representative
is duplicated in the voter set, the same results hold. One simply needs to add the
assumption that representatives always “delegate” incisively to themselves and cannot
do otherwise, but the bounds are unchanged. For the probabilistic bounds in Theorem 4,
this assumption also plays no role, because one can assume all representatives are also
voters who delegate to themselves with probability 1. As for our empirical results,
in large populations where the probability of a small number of voters being pivotal
becomes vanishingly small, our assumptions do not qualitatively change the results in
our simulated experiments when |D| << |V|.

Our analysis is limited to independent, symmetric binary issues with an explicitly
majoritarian objective. Many real-world applications include asymmetric binary issues
in which there is a distinguished status quo (e.g., legislative bills) (Shapiro and Talmon
2018) or more than two alternatives. In the real world there can be dependencies
between issues, the order that issues are decided may matter, and other objectives may
be prioritized besides emulating a Direct Democracy with full participation. However,
the concept of majority agreement generalizes in the obvious ways to agreement
between the voters and representatives under any preference model and decision rule.
Coverage also generalizes in the sense that a voter’s preference is covered if there
exists a representative who expresses that preference as their vote, or a subset of
representatives such that some weighting of their votes is equivalent to the voter’s
preference.

10 Discussion
While Direct Democracy with full participation may be held as an ideal, costs and

accessibility problems can make the use of proxies or elected representatives a more
pragmatic alternative. Unfortunately, handing all decision-making power to a small
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subset of the population is not without its downsides. The collective choices of rep-
resentatives, and their motivations, may deviate from the “will of the voters". In a
Representative Democracy, periodic elections and the ability to recall representatives
during their term are meant to keep representatives accountable. But these methods are
severely limited in their ability to keep representatives accountable on specific issues
or to promote civic engagement outside the election cycle. Weighting the representa-
tives, as with proxy voting, is similarly of limited benefit when the weights are fixed
across all issues between elections. Flexible Representative Democracy provides an
alternative taking the best of both worlds from Direct Democracy and Representative
Democracy. Ultimately, there is no perfect replacement for direct voter involvement
on issues, and while this type of voter participation is not always available, that does
not mean we should ignore it when it is available. We conclude by discussing some
of the more detailed aspects of FRD and its different variations.

Balance of power One of the salient features of FRD is that the closer the representa-
tives are to being tied in their votes, the more power returns to the voters. For example,
in our binary model if the representatives’ votes are split so that roughly equal num-
bers vote for 0 and 1 on an issue, then the outcome is more sensitive to changes in
delegations. Given any current weighting of the representatives, the smaller the mar-
gin of victory of the weighted majority the fewer changes by delegation are needed to
change the outcome. One can see immediately how this phenomenon generalizes to
other decision rules—the less decisive the representatives, the more likely delegations
are to be pivotal.

The closer the representatives are to unanimous agreement, the more it would take
for the voters to alter the outcome by delegation. With binary issues, this would require
a large majority of the representatives to be opposed to a large majority of the voters.
Presumably, if this occurs too often it will motivate more active delegations to remedy
the discrepancy and impact future elections. Representatives on the losing side of any
issue have incentive to promote civic engagement in the form of delegation, particularly
among voters who do not already support them.

There is a symmetric phenomenon here. For example, if the voters are split on a
binary issue with roughly equal delegations from both sides, the decision is predomi-
nantly determined by the representatives. Similarly, if the general population of voters
are largely ambivalent about an issue and delegations are sparse, the decision-making
power resides with those who were elected.

Overall, the benefit of permitting delegations between elections is that voters do
not have to wait until the next election cycle to shift the balance of power if they deem
the representatives to be performing poorly. The voters always have the ability to pull
back power from the representatives without recalling the representatives or waiting
for the next election.

Accountability and feedback  One of the challenges of any system of representation
is holding the representatives accountable. In a traditional Representative Democracy
the primary tools for this are the election and potential for recall. Recalling elected
representatives can be costly and slow and require a coordinated effort, and there can
be several years between elections. To a representative who does not intend to run
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for re-election, e.g., due to term limits, the threat of the next election means nothing.
Delegations create a tool for empowering and dis-empowering representatives between
elections without the need for a coordinated recall effort.

As Miller (1969) argued in his proposal for proxy voting, on an individual level,
voters can “recall” any of their chosen proxies to whom they have assigned weight
by reassigning that weight. We note that if all voters were to delegate weight away
from a representative that representative would be left with no decision-making power.
Under a weighted majority rule, this can happen even if the representatives’ weight is
positive but too small to change the outcome given the votes of the other representa-
tives (Banzhaf III 1964).

For any large-scale representative system in which representatives or proxies are
weighted, it is generally desirable that the weights be public information. For account-
ability, the representatives’ weights are necessary to understand the balance of power
among the representatives which is critical for assigning praise and blame (Halpern and
Kleiman-Weiner 2018). In general, whether agents view a decision as acceptable or
legitimate may depend on observing mechanism as much as the outcome (Abramowitz
and Mattei 2022).

The literature on representation distinguishes between trustees and delegates where
trustees are representatives who rely on their own independent judgment while del-
egates defer to the judgments of their constituents (Pitkin 2016). There is a tension
between these two conceptions of representation. In FRD, the delegations of voters
are a feedback mechanism that regulates the degree to which representatives act as
trustees versus delegates. This is another point briefly alluded to by Miller (1969) who
was concerned with the freedom of representatives to change their minds and vote
their conscience.

Majoritarianism and preference intensity In our analysis we consider the majori-
tarian objective of emulating what the voter majority would decide on every issue.
We also consider the conditions under which a voter minority can prevail over the
voter majority. In some cases, this may be seen as desirable. If the effort to engage
in delegation reflects preference strength, then perhaps a passionate minority should
be able to overcome an apathetic majority. Where this balance is struck is determined
by the election rule, and decision rule (including the weighting scheme with default
and delegation). Our model of preference intensity is used to derive voters’ issue pref-
erences as well as delegation behavior, but other preference intensity models from
the literature are worth examining (Abramowitz et al. 2019; Cook and Kress 1985;
Gerasimou 2021).

Issue-specific weights The FRD mechanism we investigated weights the represen-
tatives on each issue. In practice, it may be simpler to think of each representative as
having a single weight that changes over time, rather than a sequence of issue-specific
weights. How voters register their delegations for future issues or times is a matter of
implementation.

Vacation and rolling elections While a representative with low weight might be
effectively recalled, there is the option to create an automated recall that fully removes
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a representative from office based on their weight. For example, if their weight is too
low for too long or on too many issues, they may be automatically recalled to create the
opportunity for someone new to take their place. This is simpler to implement when
weights are not issue-specific, but criteria for recall can be created in either case. The
removal of a representative from office may not be necessary if they can be effectively
recalled by having no decision-making power, unless there is a need to replace them
with a new representative.

One open question is what to do in FRD if the office of a representative is vacated,
e.g., by recall or resignation. If the representative is not replaced, what should happen
to the weight that was assigned to them? If a representative is replaced, what should the
weight of the replacement be upon entering office? There are many potential options,
and we will only briefly discuss some of the aspects of this problem.

If a representative vacates their position and is not replaced, one option is to treat
their weights as still being assigned to them until the voters re-assign it to other
representatives through delegation. If proposals (e.g., legislative bills) need a certain
supermajority of the voting weight to pass, it needs to be determined whether this
weight is counted as an abstention or treated as if it isn’t there.

If a representative is replaced, the replacement could inherit the weighting of their
predecessor upon entering office. If their predecessor was automatically recalled based
on their lack of weight, the replacement would need at least some chance to garner
delegations to prevent another automatic recall. On the other hand, if their predecessor
had a very high weight due to delegation, it may be undesirable for their replacement to
inherit this advantage. This inheritance makes more sense if one considers the weight
to be assigned to the office rather than the individual holding the office.

A similar problem arises if all representatives do not begin their terms at the same
time. What weight should new representatives be given upon entering office and how
does it depend on the weights of the other representatives? New representatives could
inherit the weight of their predecessors, or the weight assignment might be reset for all
voters, or the distribution of weight from default might be reset only for the voters who
have not used their option to delegate. Again, there are many possibilities to consider.
We draw attention to the issue but do not offer a universal resolution, as the choice of
procedure may be application-specific.

Public and private information =~ When specifying an FRD mechanism it is neces-
sary to note what information is public and what information is private. One must be
particularly concerned with what information voters gain and reveal when delegating.
When the FRD mechanism uses a decision rule that weights the representatives as
a subroutine, for a voter to know exactly the effect their delegation will have, they
must know (1) the decision rule, (2) the current weights of the representatives, (3)
how their delegation changes the weights of the representatives, and (4) the repre-
sentatives’ votes. If delegation must stop before the representatives cast their ballots
on an issue, then voters must base their delegations solely on the professed inten-
tions of the representatives. Permitting delegation after the representatives publicly
cast immutable votes allows voters who take the opportunity to delegate incisively.
Unfortunately, for a voter to check the assignment of their individual voting units (or
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tokens) to representatives poses a privacy concern similar to the privacy concerns for
voting receipts (Sako and Kilian 1995).

There are several benefits to publicizing the weights of representatives. These
weights provide information about what decisions are likely to be made and the rel-
ative support for different representatives. If multiple representatives vote similarly
(e.g., come from the same political party) but have different weights, the weights can
indicate factors other than preference similarity (e.g., perceived trustworthiness). Rep-
resentatives have an incentive to inform the public to increase their weight to achieve
their desired outcomes on issues. We note that we have not discussed the practical
implementation of FRD mechanisms and the various privacy, security, and technolog-
ical concerns that arise, but these are important areas of concern for future work to
address.

Direct voting In our binary model, if an incisive voter delegates the entirety of
their voting units (token) exclusively to representatives who agree with them on an
issue, then this would be equivalent to them voting directly in a Direct Democracy
with a single unit of voting weight. A voter can always delegate incisively as long
as there exists at least one representative who agrees with them on the issue. The
problem of electing a set of representatives such that for every issue there is at least one
representative taking either position is clearly at least as difficult as achieving coverage
because it implies coverage, and we prove its complexity formally in Appendix 11.1.

While coverage is easy to achieve in our toy model, this does not guarantee that it is
achieved in the real world, particularly when deciding between more than two alterna-
tives. Hence, there is an argument to be made that voters should be able to vote directly.
For every possible preference someone could give as an input to the decision rule R
which is not given by any representative for some issue we can construct a “dummy”
representative with that preference. The dummy representative would not receive any
weight from the default distribution, and only from delegation. Delegating one’s entire
voting weight to the dummy can be made equivalent to voting directly under the deci-
sion rule. Voters may prefer to vote directly even when there is a representative to
whom they could delegate. We view the definition of FRD as including FRD voting
systems with direct voting because there is no functional difference between direct
voting and delegating incisively (to a dummy representative if necessary), which is
why we can denote the general function of FRD succinctly by R(Pyc, Pyp, Pp)
rather than R(Pyc, Pvp, Pp, Py).

There may be circumstances under which direct voting is not desirable, particu-
larly when issues are complex. It may be beneficial for the representatives to limit the
number of options to enable deliberation and proper consideration. It may also be ben-
eficial for the representatives’ votes to act as a filter to weed out extreme or inconsistent
positions. For instance, suppose the representatives are voting by submitting rankings
over a set of alternatives such that if all agents are properly informed we would expect
the profile of rankings to be single-peaked. Suppose also that the intended voting rule
is the median rule over the single-peaked domain (Young and Levenglick 1978). If the
representatives are properly informed but voters are not, voters may submit votes that
cause the profile not to be single-peaked and the median to be undefined. Restricting
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voters to submitting weightings over the rankings cast by representatives can ensure
single-peakedness and a well-defined median.

Voluntary representatives In our model we focused on election rules that are multi-
winner voting rules, selecting a fixed number of representatives at once from acommon
pool of candidates (Faliszewski et al. 2017). In practice representatives can be selected
in many different ways, including party systems and federations, and the notion of an
election rule is much broader.

One of the central features of Liquid Democracy, including the voting systems
proposed by Miller (1969) and Green-Armytage (2015), is that voters can delegate to
whomever they choose. Voters are not restricted to delegating to a fixed set of elected
representatives and can delegate to any other voter. However, allowing delegation to
any other voter enables delegation cycles, unless those who receive delegations are
forbidden from delegating. Use of voluntary representatives also leads to privacy con-
cerns as agents may try to coerce delegations from others, or delegate to others to query
their vote. In FRD there is no possibility of delegation cycles because representatives
cannot delegate, and representatives will not know who has delegated to them. In a
large population, knowing how a representative’s weight changes at regular intervals
should still not be enough information to infer whether a particular individual has
delegated to them in FRD.

If we restrict who can be a voluntary representative, and forbid voluntary represen-
tatives from delegating, then this feature can be used in FRD. For example, we could
allow all candidates for election, including those who are not elected as representatives,
to receive delegations as long as they are committed to publicly casting their votes.
However, only elected representatives would receive weight by the default mechanism,
while the unelected representatives would receive weight solely from delegation. In
this system, a party or minority group too small to get a representative elected can still
ensure a form of proportional representation for themselves by actively delegating to
unelected representatives. Whether this is desirable depends on whether it is desirable
for the election rule to filter out extreme views so that extremist unelected candidates
with small followings cannot receive any amount of voting power.

Concentration of power One concern with transitive delegations in Liquid Democ-
racy is the concentration of power (Halpern et al. 2023; Zhang and Grossi 2021; Colley
et al. 2023). By contrast, the default scheme in FRD is a ballast against a severe con-
centration of power, as long as there are sufficiently many representatives. The only
way that power can concentrate in FRD is if active non-transitive delegations make it
that way, in which case it may be justifiable. When delegations are transitive, a voter
can change their delegation and still end up with their vote ultimately being cast by
the same proxy. In FRD voters know exactly who will be casting a vote on their behalf
when they delegate, without requiring any knowledge about the underlying (bipartite)
delegation graph.

Districts and gerrymandering In some representative democracies, representatives

represent a particular region or district. These regions can have different size popula-
tions, and the number of representatives from each region can depend on its population
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size. However, since the number of representatives is necessarily a small integer, there
may be no way to perfectly satisfy notions of proportionality without weighting the
representatives. Moreover, political actors may try to change the defined boundaries
of the regions to manipulate the election in an act of gerrymandering (Lewenberg et al.
2017). In FRD, the use of delegation to re-weight the representatives takes the sting
out of gerrymandering when disenfranchised voters in a gerrymandered region can
re-assign their voting weight to other representatives from their region or from other
regions. The question remains what the default distribution should be across represen-
tatives from different regions given that the regions have different population sizes,
and how it should be updated based on delegation. To this end we proposed Quadratic
FRD.

QuadraticFRD  There are two main uses of quadratics in the literature on voting. The
first is the Penrose square root law regarding voting power (Penrose 1946), and the
second is from proposals for Quadratic Voting (Lalley and Weyl 2018). We propose
to combine aspects of each to illustrate the flexibility of FRD, but leave any analysis
to future work.

With a set of districts of different population sizes, each district having a single
representative, to ensure that all voters have the same power (according to the Penrose-
Banzhaf power index), one must assign the representatives power in proportion to the
square root of the size of their district before using a weighted majority vote (Penrose
1946). This is referred to as the Penrose method, and we use the Penrose method
to construct a default weighting scheme. In Quadratic Voting, voters “pay" for votes
where the number of votes they receive is the square root of how much they pay.

Assume voters are partitioned into districts and each district elects a single repre-
sentative, and the representatives will vote using a weighted majority vote. In a simple
extension of the Penrose method to allow for delegation, the weight of each repre-
sentative in the weighted majority rule is simply the square root of the total weight
assigned to them by the voters. While this is not exactly the same as setting each
representative’s power equal to the square root of their weight, empirical work has
shown it to be a close approximation (Zick et al. 2011). Formally, if we let w;?fl be the

weight delegated by voter v; to representative d;, and w;.lff be the weight v; assigns

def

S0+ @i,

to d; by default, then the weight of d; becomes w; = | > (w G
l)jGV

An alternative is to blend the Penrose method with Quadratic Voting. Now, the
weight of a representative will be the square root of the sum of weights assigned
to them by default plus the sum of square roots of weights assigned to them by
delegation: w; = | Y (w;ilef )+ > (w?fl) where w;lfl + w?lef is a constant for

v;eV v;eV
all voters. Thus, if no voter delegates we have precisely the Penrose method and if all
voters delegate we have precisely Quadratic Voting, where voters expend their unit of
voting weight to “buy" voting weight for representatives. Note that a voters’ delegation
might be the same assignment of weight to representatives as the default, but the act
of delegating with the effort it requires changes how this weight is aggregated.
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Future work The binary issues model and the analysis we provide are only the tip of
the iceberg for studying FRD. The most direct way to build on our results is to consider
more sophisticated, and more realistic, models of preferences for binary issues and for
election preferences. Assuming uniformly random preferences allowed us to isolate
the effects of the election process and weighting schemes, but these types of prefer-
ences are rarely, if ever, observed empirically (Mattei and Walsh 2013, 2017). More
sophisticated preference models, including spatial preferences (Enelow and Hinich
1984; Anshelevich et al. 2018) and conditional preference networks (Boutilier et al.
1999; Cornelio et al. 2013, 2014), should be considered.

Assuming that voter preferences over candidates were derived precisely from their
agreement was meant to give Representative Democracy the best chance of achieving
high majority agreement, but this too should be relaxed. Along the same lines, different
participation rates, voter delegation behaviors, decision rules, and election rules remain
to be examined.

Another line of inquiry would be to evaluate FRD mechanisms in terms of their
ability to uncover ground-truths, similar to some of the literature on Liquid Democ-
racy and Condorcet Jury Theorems (Zhang and Grossi 2022; List and Goodin 2001;
Estlund 1994). Similarly, one can compare voting systems based on how they impact
measures of social welfare. Our analysis also did not examine strategic behavior by
the voters, candidates, or representatives, but this possibility raises many interesting
questions. Problems related to pandering, or misrepresentation by candidates, in FRD
have already begun to be examined (Sun et al. 2023).
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11 Appendix
11.1 Full coverage
In Sect. 4.1, we prove that Max k-Coverage is NP-Hard. However, for all voters to

be able to delegate incisively, more than coverage is required. It is necessary that
the representatives are not unanimous. In other words, there must be at least one
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representative who agrees with the voter majority and at least one representative who
agrees with the voter minority on every issue. If we say that any issue on which the
representatives are not unanimous is fully covered then we want to know if Max k-Full
Coverage is NP-Hard as well. We provide an affirmative proof below.

Problem 3 (Max k-Full Coverage) Let S = {s!, ..., s} be a set of binary issues and
C ={c1, ..., cn} asetof candidates where candidate ¢; has preference cj € {0, 1} on
issue s'. The problem of Max k-Full Coverage is the problem of computing a subset
of k < m representatives D C C that maximizes the number of fully covered issues,
where issue s’ € S is fully covered if 0 < Zd;eD dli < |D|.

Theorem 5 Max k-full coverage is NP-hard.

Proof We now prove the complexity of Max k-Full Coverage by polynomial-time
reduction from Max k-Coverage. To do this we construct an instance of Max k-Full
Coverage by adding an additional candidate ¢, adding r + 1 additional issues to the
original r issues, and desire a set of k 4+ 1 candidates. We show that in this new
instance of Max k-Full Coverage the additional candidate must be selected in any
optimal solution because they are uniquely required to cover the » + 1 added issues,
and the remaining k candidates in the solution set correspond exactly to the optimal k
candidates in the solution to our original Max k-Coverage instance.

Given an instance (§ = {sl, .o, 8"), C = ey, ..., e}, k) of Max k-Coverage
we construct an instance of Max k-Full Coverage as follows. Create a set of binary
issues S equal to S augmented with r 4+ 1 additional binary issues so that S =
(s',...,s", s"T1. .. s%*1}. Create a set of candidates C = C U {¢} where Ef = cf
forallc; € C,forall s’ € {s!,...,s"},and & = Oforallissues s’ € {s',...,s"}. Let
¢ = 0forall¢; € C\{¢} forissuess’ € {s"™!,..., s> +!}andleté’ = 1 forallissues
st e {s"T1, ..., s 1}, Our objective is to select a set D € C of k + 1 candidates
from C that maximizes full coverage. We will now prove that for all solutions Dto
our new Max k-Full Coverage problem, D = {¢}U D where D is a set of k candidates
whose corresponding counterparts maximize coverage over issues {s!, ..., s} in our
original Max k-Coverage instance.

Lemma 2 D must contain c.

Proof Clearly, the set {¢}U{¢;} achieves full coverage for issues (s"t1, ..., sZ Tt for
any & € C \ {¢}, and any set which does not contain ¢ cannot fully cover (or cover)
(s"t1, ..., sZ 1) Since {s"t!, ..., s 1} comprises more than half the issues, any
set of k + 1 candidates for k > 1 that maximizes the number of issues fully covered
must contain ¢. This concludes our proof of Lemma 2. O

Given that ¢ = 0 for all issues {sl, ..., 5"}, the set of candidates D = D \
{¢}, which maximizes full coverage for issues {s!, ..., s"} is the set of k candidates
which maximizes coverage over issues in {sl, ..., s"}. Therefore, the k candidates
corresponding to D are the solution to our original instance of Max k-Coverage and
given the solution D to Max k-Coverage we simply add ¢ to find D. This concludes
our proof of Theorem 5. O
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