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ABSTRACT. In 2010, Turaev introduced knotoids as a variation on knots

that replaces the embedding of a circle with the embedding of a closed

interval with two endpoints. A variety of knot invariants have been ex-

tended to knotoids. Here we provide definitions of hyperbolicity for both

spherical and planar knotoids. We prove that the product of hyperbolic

spherical knotoids is hyperbolic and the volumes add. We also deter-

mine the least volume of a rational spherical knotoid and provide vari-

ous classes of hyperbolic knotoids. We also include tables of hyperbolic

volumes for both spherical and planar knotoids.

1. INTRODUCTION

In [27], Turaev introduced a generalization of knots called knotoids. A

knotoid diagram is a closed interval I = [0, 1] immersed in a surface Σ
with under/overcrossing data at the double points, as appears in Figure 1.

We sometimes refer to Σ as the projection surface for the diagram.

FIGURE 1. An example of a knotoid diagram. Throughout

the paper, we refer to this knotoid as 21, following the nota-

tion of [16].
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2 C. ADAMS ET AL

We say two knotoid diagrams are equivalent if and only if we can obtain

one from the other using a sequence of Reidemeister moves away from the

endpoints. We do not allow the fourth forbidden Reidemeister move as in

Figure 2 (otherwise, we could just shrink one endpoint of the knotoid along

the strand until we obtain a segment with no crossings, and the theory would

be trivial). Then a knotoid is the equivalence class of a knotoid diagram up

to these moves.

~~

FIGURE 2. We are forbidden from passing an endpoint over

or under a strand.

In this paper, we will usually consider knotoids in the sphere or in the

plane, and we denote these sets of knotoids by K(S2) and K(R2) respec-

tively. The distinction between these projection surfaces is significant and

gives rise to different theories: there are pairs of knotoid diagrams which

are equivalent in the sphere but inequivalent in the plane. See Figure 3 for

an example. More generally, it is possible to consider K(Σ) for any pro-

jection surface Σ. Note that the theory of knotoids in R
2 is equivalent to

the theory of knotoids in D2, so we interchange between these projection

surfaces as needed.

FIGURE 3. This knotoid, denoted 11, is nontrivial when

viewed in the plane but trivial when viewed in S2, since we

can pass the strand over the back of the sphere. It is also an

example of a knot-type knotoid.

In Turaev’s original paper [27] and many subsequent papers, authors have

generalized various classical knot invariants to knotoids. In this paper, the

main goal is to associate to a spherical or planar knotoid a well-defined hy-

perbolic volume and study this new invariant. Hyperbolic volume has been

considered as an invariant in [10] using double branched covers, however,
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we use different constructions to define hyperbolic volume as described be-

low.

In Section 2, we describe two ways to map spherical knotoids to knots

in the thickened torus, one of which was first defined by Turaev in [27].

Then we may extend the notion of hyperbolicity to K(S2) by considering

the hyperbolicity of the image of the knotoid under these maps. We show

that both of our constructions generate the same volume.

One particularly nice feature is that the product of two hyperbolic spher-

ical knotoids is also hyperbolic, and moreover, the hyperbolic volume is

additive under the operation of taking products of spherical knotoids. We

also prove other fundamental properties of this invariant and exhibit a large

class of hyperbolic spherical knotoids.

In Section 3, we prove volume bounds for hyperbolic families of spher-

ical knotoids. One of our main results is to determine the unique rational

knotoid of minimum volume.

In Section 4, we describe two maps from planar knotoids to knots in

handlebodies. Then we define a planar knotoid as hyperbolic if its image

is tg-hyperbolic, meaning the complement of the image knot in the han-

dlebody admits a hyperbolic metric such that the higher genus boundary

components are totally geodesic in the metric. Then we can define the hy-

perbolic volume of planar knotoids and study some fundamental properties

of this new invariant. We exhibit an infinite family of hyperbolic planar

knotoids using results from [4]. Finally, in Section 5, we provide tables of

volume computations for spherical and planar knotoids.

For the remainder of this section, we recall some definitions that will be

useful to us throughout the paper. We can consider knotoids with or without

orientation (when not specified, we assume knotoids are unoriented). For

an oriented knotoid in the sphere or plane, its tail and head are the endpoints

corresponding to the endpoints {0} and {1} from the interval I respectively.

Given a knotoid diagram D, a shortcut is an arc connecting the endpoints

of the diagram that does not pass through any crossings and intersects D
transversely. Then for a knotoid k, its height h(k) is the minimum number

of intersection points between any shortcut and D, not including the end-

points, minimized over all diagrams D. A knotoid of height zero is called

knot-type. For instance, the planar knotoid 11 is knot-type (see Figure 3). A

knotoid that is not knot-type is said to be proper.

Given two oriented spherical knotoids k1, k2 ∈ K(S2), we can define

their product k1k2 to be the spherical knotoid obtained by concatenating the

head of k1 with the tail of k2, as shown in Figure 4.

Similarly, we may also define the product k1k2 of two oriented planar

knotoids k1, k2 ∈ K(R2) by concatenating the head of k1 with the tail of k2;
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however, this is only possible when the tail of k2 is in the exterior region

(meaning the unbounded complementary region of Σ \ D) of its projection

surface Σ = R
2. If the head of k1 is not in the exterior region, we shrink k2

to fit in the region of k1 that contains the head of k1 and then attach the tail

of k2 to the head of k1.

FIGURE 4. The product of two oriented knotoids, which can

be viewed on the sphere or the plane.

We may also define the composition of an oriented knotoid k ∈ K(Σ) for

Σ = S2 or R2 with an oriented knot K ∈ K(Σ), by removing an arc each

from k and K, then identifying the endpoints in an orientation-preserving

way. The result is an oriented knotoid in Σ which we denote by k#K. See

Figure 5 for an example.

#

FIGURE 5. Composition of an oriented knotoid with a knot.

This can be viewed on the sphere or in the plane.

A knotoid is prime if it is not expressible as the product of two knotoids,

and it is knot-free if it is not expressible as the composition of a knotoid

with a knot. We will see that being knot-free is a necessary condition for

hyperbolicity.

The notion of rail diagrams, first defined and studied in [21], will also

be useful to us. For any orientable, compact surface, consider the thickened

surface Σ × I together with two distinct line segments `1 = {x} × I, `2 =
{y} × I . Then a rail diagram (on Σ) is a proper embedding of an arc into

(Σ× I)\ N̊(`1∪ `2) such that one endpoint is embedded in ∂N(`1) and one

is embedded in ∂N(`2). We consider rail diagrams up to proper isotopies

of the embedded arc in (Σ× I) \ N̊(`1 ∪ `2). Note that the arc is forbidden
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from passing through a rail, and in this sense, the rail diagram captures

topologically the forbidden move for knotoid diagrams on Σ. Indeed, the

authors of [21] prove that in the planar case Σ = D2, the theory of rail

diagrams is equivalent to the theory of planar knotoids. In fact, their proof

goes through for any surface Σ. Hence, we sometimes refer to both the

embedded arc in the rail diagram and the corresponding knotoid by k.

FIGURE 6. The planar knotoid 21 and its rail diagram.

Given any knotoid in any projection surface, there are two naturally as-

sociated knots: the underclosure and the overclosure. The underclosure

is defined by adding a shortcut to the knotoid, and having the shortcut pass

under any strand it intersects; the overclosure is defined similarly. The over-

closure and underclosure are equivalent for height zero knotoids.

Another type of knotoid closure is the virtual closure. Kauffman defined

virtual knot theory in [19]; this is a generalization of classical knot theory

introducing virtual crossings in addition to the usual under and overcross-

ings. Virtual knots are considered equivalent up to classical Reidmeister

moves, virtual Reidemeister moves, and mixed Reidemeister moves. The

virtual closure of a knotoid is defined by adding a shortcut to the knotoid

and making any crossings between the shortcut and knotoid into virtual

crossings, yielding a virtual knot.

Acknowledgements. The research was supported by Williams College and

NSF Grant DMS-1947438 supporting the SMALL Undergraduate Research

Project.
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FIGURE 7. The over and underclosure, respectively, of kno-

toid 21. The overclosure gives the trivial knot; the underclo-

sure gives the trefoil. The closure arc is shown in grey.

2. SPHERICAL KNOTOIDS

2.1. Maps from Spherical Knotoids to Knots. We begin by describing

two maps taking spherical knotoids to knots in the thickened torus T×(0, 1),
the set of which we denote by K(T × (0, 1)).

Definition 2.1. Consider a knotoid diagram D on S2 representing the spher-

ical knotoid k. Denote the two endpoints of k by x1 and x2, and by abuse

of notation, denote the immersed arc by k. Take disk neighborhoods Di of

the xi for i = 1, 2, chosen sufficiently small so that the circle boundaries

Ci := ∂Di are punctured exactly once by k. Denote the punctures by yi.

Consider the surface S = S2 \ (D̊1 ∪ D̊2) and take a reflected copy SR,

which contains reflected copies CR
i once-punctured by yRi . Now glue S to

SR via an orientation-preserving homeomorphism from Ci to CR
i such that

yi and yRi are identified, for i = 1, 2. This yields a knot diagram on a torus.

The theory of knots in a thickened surface Σ× I is equivalent to the theory

of knot diagrams on Σ. Then we obtain a knot K in a thickened torus T ×I .

Finally, remove the torus boundaries to obtain K living in T × (0, 1). This

defines a map φD
S2 : K(S2) → K(T × (0, 1)) which we call the spherical

reflected doubling map (on knotoids). We write φD
S2(k) = K and refer to K

as the image of k under the reflected doubling map. See Figure 8.

Equivalently, we may visualize this construction in the spherical rail di-

agram corresponding to k. That is, we can start with a thickened sphere

S2 × I together with two rails `i = {xi} × I for i = 1, 2, and an embedded

arc k with each endpoint in one of the rails. Let M = (S2× I) \ N̊(`1 ∪ `2)
be the manifold which is the thickened sphere with neighborhoods of the

rails removed. Note that M is just a thickened cylinder with a properly



HYPERBOLIC KNOTOIDS 7

FIGURE 8. The procedure described in Definition 2.1.

embedded arc. Let Ci = ∂N(`i) be the cylindrical boundaries of the rail

neighborhoods, so that each contains one endpoint of k. Take a reflected

copy MR and glue M to MR along the Ci via the orientation-preserving

homeomorphism which is just a reflection, such that the endpoints from k

are identified. We might visualize this as pulling the Ci up to the surface of

M before gluing in a “natural way”. See Figure 9.

We remark that we remove the torus boundaries because we are interested

in putting a hyperbolic structure on the corresponding knot complement in

the thickened torus. This is not possible for a manifold which contains torus

boundary components, as such tori prevent the existence of a hyperbolic

metric.

Now we may extend the notion of hyperbolicity via this construction for

knotoids.

Definition 2.2. Let k ∈ K(S2) be a spherical knotoid, and let K = φD
S2(k)

be the knot in the thickened torus which is the image of k under the reflected

doubling map. We say that k is hyperbolic (under the reflected doubling

map) if K is hyperbolic in the thickened torus, that is, (T × (0, 1)) \ N̊(K)
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FIGURE 9. An equivalent way of visualizing the construc-

tion in Definition 2.1.

admits a complete metric of constant sectional curvature -1. If k is hy-

perbolic, then by the Mostow-Prasad Rigidity Theorem, we may define its

hyperbolic volume VolDS2(k) (under the spherical reflected doubling map) as

VolDS2(k) :=
1

2
Vol((T × (0, 1)) \ N̊(K)).

Instead of doubling across the circle boundaries Ci by taking a reflected

copy of S as in Definition 2.1, we might instead choose to simply glue C1

to C2. This yields a second map from K(S2) to K(T × (0, 1)) as in the

following definition:

Definition 2.3. Consider a knotoid diagram D on S2 representing the spher-

ical knotoid k. We keep the notation xi, Di, Ci, S, and yi as in Definition

2.1. Instead of doubling, simply glue C1 to C2 via an orientation-reversing

homeomorphism such that y1 and y2 are identified. This yields a knot dia-

gram on a torus which is equivalent to a knot K in the thickened torus T×I .

Finally, remove the torus boundaries to obtain K living in T × (0, 1). This

defines a map φG
S2 : K(S2) → K(T × (0, 1)) which we call the spherical

gluing map (on knotoids). We write φG
S2(k) = K and refer to K as the

image of k under the gluing map. See Figure 10.
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FIGURE 10. The gluing procedure described in Definition 2.3.

This construction dates back to Turaev [27] in his initial paper defin-

ing knotoids. Again, there is an equivalent way to visualize the gluing in

the corresponding spherical rail diagram. As before, start with a thickened

sphere S2 × I with two rails `i = {xi} × I for i = 1, 2, and an embedded

arc k. Let M be (S2 × I) \ N̊(`1 ∪ `2), which is just a thickened cylinder

with an embedded arc. Let Ci = ∂N(`i) as before, each containing one

puncture from k. Now glue C1 to C2 via the “natural” orientation-reversing

homeomorphism such that the punctures are identified. See Figure 11.

The same remark on removing the torus boundaries applies here. Also

note that if k is an oriented spherical knotoid, φG
S2 takes k to an oriented

knot in T × (0, 1).
In [22], the authors show that the map φG

S2(k) is well defined. It is also a

main result of that paper that this map is injective for all prime knotoids of

height greater than 1.

In [18], the authors point out that taking the virtual closure of a knotoid

k yields a knot in the thickened torus, and furthermore, this knot is isotopic

in the thickened torus to the knot K = φG
S2(k) obtained by the spherical

gluing map.

Now we may make another definition of hyperbolicity for spherical kno-

toids.

Definition 2.4. Let k ∈ K(S2) be a spherical knotoid, and let K = φG
S2(k)

be the knot in the thickened torus which is the image of k under the gluing
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FIGURE 11. An equivalent way to visualize the gluing in

Definition 2.3

map. We say k is hyperbolic (under the gluing map) if K is hyperbolic in

the thickened torus. If k is hyperbolic, then its hyperbolic volume VolGS2(k)
(under the spherical gluing map) is given by

VolGS2(k) := Vol((T × (0, 1)) \ N̊(K)).

The second map yields similar results with regard to hyperbolicity as

does the first.

Theorem 2.5. Let k ∈ K(S2) be a spherical knotoid, and consider its

image under φG
S2 and φD

S2 . Then φG
S2(k) is hyperbolic if and only if φD

S2(k)
is hyperbolic. Furthermore,

VolDS2(k) = VolGS2(k).

Proof. Let KD be the knot in the thickened torus obtained from the reflected

doubling map, and let MD = (T × (0, 1)) \ N(KD) be its complement in

the thickened torus. Similarly, let KG be the knot in the thickened torus

obtained from the gluing map, and let MG = (T × (0, 1)) \ N(KG) be its

complement in the thickened torus. We claim that we can cut and reglue

MD to obtain the disjoint union of MG and a reflected copy (MG)R. By

construction, MD contains two once-punctured open annuli, C1 and C2 (as

in Definition 2.1), which we may think of as two thrice-punctured spheres

since they don’t contain their boundaries. After cutting along the Ci, we

obtain a copy of M and MR, reusing notation from Definition 2.1, which

contain thrice-punctured spheres C1, C
R
1

and C2, C
R
2

respectively. Glue C1
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to C2 and CR
1

to CR
2

as in Definition 2.3, yielding the disjoint union of MG

and (MG)R.

In [1], the author proves that if a finite volume hyperbolic manifold M

can be cut and reglued along incompressible, embedded thrice-punctured

spheres, resulting in a new manifold M ′, then M ′ is also finite volume hy-

perbolic and furthermore, Vol(M) = Vol(M ′). Hence, if MD is hyperbolic,

then MG is hyperbolic, and by reversing the cut-and-paste instructions, we

get the converse. Equality of volumes also follows:

VolDS2(k) =
1

2
Vol(MD)

=
1

2
Vol(MG t (MG)R)

= Vol(MG)

= VolGS2(k).

�

Henceforth, we may say that k is hyperbolic without referring to the

reflected doubling or gluing maps, and we simply denote its volume by

VolS2(k). The gluing map yields a simpler knot in the thickened torus and

hence is easier to compute with. However, there are several advantages to

the reflected doubling map. There is a distinction between isotopy of knots

in the thickened torus versus homeomorphism of knot complements in the

thickened torus. For example, we might wind the embedded arc k around

the core curve of the thickened cylinder some number of times before glu-

ing the boundaries of the cylinder together as in the spherical gluing map.

The resulting knot would have complement in the thickened torus homeo-

morphic to the complement of the knot obtained without winding, but the

two knots are not isotopic via ambient isotopy in the thickened torus. How-

ever, the reflected doubling action undoes any arbitrary twisting around the

core (see Figure 12).

Another advantage to the reflected doubling map is it extends to a map

on generalized knotoids, which we define in [3]. Then we are able to define

hyperbolicity for this larger class of objects.

We note that a different definition of hyperbolicity for spherical knotoids

was introduced in [10]. There, the initial knotoid was realized with a rail

diagram in S2 × I . Taking the branched double cover over the rails yields a

knot in S2× I , which after capping off the spherical boundaries, becomes a

knot in S3. Then if the resultant knot is hyperbolic, the volume associated to

the knotoid is the volume of that knot. Note that the following proposition

holds for both our construction and that construction.
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FIGURE 12. The doubling construction undoes any twisting

of the knot around the core.

Proposition 2.6. A knotoid that is knot-type is never hyperbolic, and a kno-

toid that is not knot-free is never hyperbolic.

Proof. By Thurston’s Hyperbolization Theorem, M is tg-hyperbolic if and

only if M has no essential spheres, disks, annuli, or tori. In the case of a

knot-type knotoid, there is a disk in S2 × I with boundary made up of four

arcs, two on the rails and one each on S2 × {0} and S2 × {1} that is un-

punctured by the knotoid. It becomes an essential annulus in the thickened

torus. In the case of a non-knot-free knotoid, there is a twice-punctured

sphere that comes from the composition of the knot with the knotoid. It

is mapped to an essential annulus in the knot complement in the thickened

torus. Both of these annuli obstruct hyperbolicity.

�

2.2. Hyperbolicity. It is well known that the composition of two classical

knots can never be hyperbolic. However, in the case of oriented spherical

knotoids, the situation is quite different:

Proposition 2.7. The product of two oriented hyperbolic spherical knotoids

is always hyperbolic, and hyperbolic volumes of spherical knotoids are ad-

ditive under multiplication.
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Proof. Let k1, k2 ∈ K(S2) be oriented hyperbolic spherical knotoids; we

prove that the image φG
S2(k1k2) in the thickened torus is hyperbolic. Since

the knotoids are on the sphere, for convenience of visualization we can al-

ways choose the tail of k1 and the head of k2 to be in their respective exterior

regions, as mentioned in the introduction. Thus, viewing the thickened torus

as the complement of the Hopf link, the image of the product of k1k2 under

the spherical gluing map appears as in Figure 13.

’ ’

FIGURE 13. On the left is the image of the composition of

two knotoids in the thickened torus; on the right, we replace

the thickened torus with the two Hopf Link components to

make it clearer that the result is homeomorphic to a belted

sum of two links.

In [1], the belted sum L1#bL2 of two links L1, L2, as shown in Figure 14

is defined. There, it is proved that if L1 and L2 are both hyperbolic, then

so is their belted sum, and the volume of the belted sum is the sum of the

volumes of L1 and L2. Figure 13 shows that when we replace the thickened

torus with the complement of the Hopf link, φG
S2(k1k2) is the belted sum of

φG
S2(k1) and φG

S2(k2). Therefore, the result follows.

FIGURE 14. The belted sum of two links L1 and L2.
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�

Note that in the case of the double branched cover construction from [10],

the product of two nontrivial spherical knotoids is never hyperbolic as there

is always an essential annulus in the double branched cover.

We also find a large class of hyperbolic knotoids:

Definition 2.8. A knotoid k (either in S2 or R2) is closure-alternating if, in

a projection that realizes the minimum height, the crossings on a shortcut s

realizing the minimum height can be chosen so that k∪s yields a projection

of an alternating knot.

Definition 2.9. We say a knotoid diagram in a projection surface Σ is re-

duced if there is no circle γ which intersects the diagram exactly once

through a double point corresponding to a crossing such that it is transverse

to both strands at the intersection and γ bounds a disk in Σ not containing

an endpoint of the knotoid.

Note that given any knotoid diagram, we can always perform Reidemeis-

ter moves away from the endpoints to make it reduced.

Definition 2.10. A knotoid k in S2 (resp. R
2) represented by a reduced

diagram is weakly knot-free if for any circle γ ⊂ S2 (resp. R
2) which

intersects the diagram exactly twice and bounds a disk D not containing

an endpoint of k, D intersects the diagram of k in a single arc with no

crossings.

Similarly, a knot K in S2 (equivalently R
2) with a reduced diagram is

weakly prime if for any circle γ ⊂ S2 which intersects the diagram exactly

twice and bounds a disk D, D intersects the diagram in a single arc with no

crossings.

Theorem 2.11. Let k ∈ K(S2) be a weakly knot-free, closure-alternating

spherical knotoid of height 1. Then k is hyperbolic.

Proof. Choose a reduced closure-alternating projection of k. Let α be a

shortcut which has no crossings with itself, connects the two endpoints, and

intersects k in one point. Let the knot K ∈ K(S2) be α ∪ k. Furthermore,

by our definition of closure-alternating, we can choose whether α crosses

over or under the strand of k it intersects such that the resulting diagram of

K is alternating.

We show K is weakly prime. If not, then there is a circle C intersecting

the projection at two points, with crossings to both sides. The two intersec-

tions cannot both be with α, as the only crossing with α also involves k, so

there would be a trivial sub-arc of α to one side and no crossings to that side
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of C. If both intersections are with k, then α lies entirely to one side of C.

There must be crossings of k with itself to the other side which contradicts

the fact k is weakly knot-free. If one intersection is with α and the other

with k, then to one side of C is the single crossing between α and k and to

the other side α has no crossings. Hence, we can slide the intersection point

with C along α until we pass the endpoint and move the intersection point

to be on k, contradicting our previous case. Since K is weakly prime, by

[24], K is prime.

We consider two cases separately, as to whether or not K is a (2,q)-torus

link. In the case K is not a (2, q)-torus knot, we use a theorem from [2].

Given a reduced connected alternating diagram D of a knot or link K,

we can add a trivial component J that intersects the projection plane in two

points in two distinct non-adjacent regions of the projection plane such that

disk it bounds is punctured twice by K. If D is weakly prime and not a

projection of a 2-braid knot or link, then L = K ∪ J is hyperbolic.

FIGURE 15. To the left is the figure-eight knot, and to the

right is an augmented alternating link obtained from the

figure-eight knot by adding a trivial component.

In our case, K meets the hypotheses of the theorem, so we augment K

with a component J that passes through two of the regions meeting at the

new crossing that are kittycorner to one another as in Figure 17 lower left

to obtain a hyperbolic link.

Now, in [7], the authors define a chain move on a link L as follows: start

with a trivial component of L bounding a disk twice punctured by L. As in

Figure 16, replace the tangle on the left with the tangle on the right to obtain

a link L′. Chain moves in [7] are defined more generally, but this specific

construction is sufficient for our purposes.

In Theorem 3.1 of [7], it is proved that if L was originally hyperbolic

in S3, then so is L′, provided that if B is a ball surrounding the tangle as
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FIGURE 16. An example of a chain move on a link.

T

T

TT

TT

TT

TT

FIGURE 17. To obtain the knot in the thickened torus,

which can be represented by the link in the lower right as

we see by following the arrows left and then down in the fig-

ure, we can instead augment and then apply the chain move

to get there as we follow the arrows down and then right in

the figure.

depicted in 16, then L \ (B ∩ L) is not the rational tangle ∞, 0, -1, or

-2 0 (this third being the vertical tangle -2). However, our original knotoid

must have at least two crossings to be the image of a single closed interval,

so the closure must have at least three crossings, which prevents it from

corresponding to any of these tangles. Therefore, after applying the move

as depicted in Figure 16, the resulting link L′′ is also hyperbolic. See Figure

17.
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Using once more the fact that the complement of the Hopf link in S3 is

homeomorphic to the thickened torus, the complement of L′′ is homeomor-

phic to the complement of φD
S2(k) in T 2 × I . Since L′′ is hyperbolic, so is

φD
S2(k), as desired.

The other case to consider is when K is a (2, q)-torus knot. This corre-

sponds to an integer knotoid k with |k| > 2 as defined below. The technique

used to prove hyperbolicity applied above does not work in this case, as

augmenting a (2, q)-torus knot need not result in a hyperbolic link. But we

consider the link obtained by adding in the two components corresponding

to the Hopf link. That this new link is hyperbolic follows from Lemma 3.4

of [7]. There, it is proved that a rational tangle glued to the tangle appearing

in Figure 16(b) is hyperbolic unless the rational tangle is ∞, 0, -1 or -2 0.

In our case the tangle is an integer tangle k with |k| > 2. (Note that we

count the additional crossing coming from the shortcut.) Hence, it cannot

be any of these four tangles. �

Definition 2.12. A rational knotoid is a knotoid obtained from a rational

tangle as for instance appears in Figure 18(a) by gluing the northeast strand

to the southwest strand so that no more crossings are created in the diagram

as in Figure 18(b). Note that for knotoids on the sphere, it does not matter

whether the strand connecting the two endpoints is to the upper left or the

lower right of the tangle; otherwise, by convention we join these two strands

on the lower right of the tangle.

Note that the rational tangle must be a tangle such that the gluing of the

northeast and southwest strands yields a single component rather than two

components.

FIGURE 18. To the left is a rational tangle, and to the right

is the rational knotoid we obtain from the tangle.

For example, 21 is the rational knotoid with one twist region and two

crossings in that region (where a twist region in a knotoid diagram is a max-

imal chain of bigons, or a single crossing if no bigon touches that crossing).

Note that a rational knotoid is always height 1.



18 C. ADAMS ET AL

Definition 2.13. An integer knotoid is a rational knotoid arising from a

rational tangle with one twist region.

We immediately have the following corollary to Theorem 2.11:

Corollary 2.14. All rational knotoids are hyperbolic.

Proof. Every rational tangle has a projection which is alternating, as shown,

for instance, in [20] and is knot-free. The corresponding rational knotoid is

height 1 and closure-alternating so this follows immediately. �

Given our constructions, we can make the following observation:

Proposition 2.15. For a knotoid k, if the overclosure and virtual closure

of the knotoid are both hyperbolic, then the volume of the virtual closure

is strictly larger than the volume of the overclosure. The same result holds

replacing overclosure with underclosure.

Proof. In [18], the authors point out that the map φG
S2 gives the same knot

in the thickened torus as the virtual closure map. Using the fact that the

complement of the Hopf link is homeomorphic to the thickened torus, we

can describe our map as follows: start with a diagram of a knotoid k. Add

an overstrand (resp. understrand) ` joining the endpoints of k. Then, to

obtain the knot in the thickened torus, we add in two trivial components

that are a Hopf link intertwined with this knot as depicted for example in

Figure 17.

In other words, we take the over or under closure of k and then add two

additional components. But when the resulting link is hyperbolic, adding

the extra components always strictly increases volume. Therefore, the claim

follows. �

We note the following corollary which is unrelated to knotoids but of use

in virtual knot theory.

Corollary 2.16. If k is a classical knot, and both k and the virtual knot k′

obtained by switching one crossing to virtual yields a non-classical virtual

knot and both k and k′ are hyperbolic, then the volume of k is strictly less

than the volume of k′.

Proof. Note that the volume of a virtual link is discussed in [6]. Let c be

a crossing of a classical knot k. Cut the overstrand (resp. understrand) of

c right before and after c to obtain a height 1 knotoid K. The overclosure

(resp. underclosure) of K is k, and the virtual closure is k with c switched

to a virtual crossing. By Proposition 2.15, the volume of the latter is greater

than the volume of k.

�
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3. VOLUME BOUNDS FOR KNOTOIDS IN S2

Explcit volumes in this section were all computed using the software

SnapPy [11].

It is a classical result of Thurston and Jørgensen that volumes of hyper-

bolic 3-manifolds are well ordered in R (see, for instance, [26]). Thus, it

makes sense to ask for the minimum volume of a knot, for example, or

more generally an n-cusped link. In our case, it is relevant to ask for the

minimum volume of a spherical knotoid.

Conjecture 3.1. The unique spherical knotoid of smallest volume is the

knotoid 21. Its volume is approximately 5.33349 . . .

Our conjecture is a weaker version of the conjectured minimum volume

of a 3-cusped hyperbolic manifold (see, for instance, [8]). Since a knot

in the thickened torus may be thought of as a 3-component link where two

components make up the Hopf link as described in the previous section, and

since our conjectured minimum volume knotoid achieves the conjectured

minimum volume of a 3-cusped hyperbolic manifold, 5.33349 . . . , proving

this stronger conjecture would also prove our conjecture.

Theorem 3.2. The unique rational knotoid of smallest volume is the knotoid

21, with volume approximately 5.33349 . . . .

Proof. Throughout the proof, for convenience, we refer to the twist regions

of a rational tangle with the ordering shown in Figure 19 or its reflection

about a NW-SE diagonal line.

FIGURE 19. Our convention for ordering the twist regions

of a rational tangle (the same convention is used for rational

knotoids and as there, we allow for reflection across a NW-

SE diagonal line.)

We use again the fact that the complement of the Hopf link in S3 is home-

omorphic to the thickened torus. Therefore, computing the volume of a ra-

tional knotoid is equivalent to starting with an alternating projection of a
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rational tangle and gluing the northeast and southwest, and northwest and

southeast, endpoints; these two new strands will intersect in one crossing,

and we choose that crossing so that the diagram is still alternating. Finally,

we add in the two Hopf link components representing the thickened torus

as depicted in in Figure 20.

FIGURE 20. Similarly to the reasoning in Proposition 2.13,

we can view the image of a knotoid in φD
S2 as a three compo-

nent link. From left to right is a rational tangle, the associ-

ated rational knotoid, the image of the knotoid in the thick-

ened torus, and the image of the knotoid in the thickened

torus with two Hopf link components added to represent the

thickened torus.

Before the Hopf link components are added, the diagram is an alternating

2-bridge knot in S3 (since the crossing we add when we join the endpoints

of the tangle just adjoins onto the last twist region). By a result of Futer and

Guéritard from [14], its volume is bounded below by

(1) vol(S3 −K) > 2vtet tw(K)− 2.7066,

where vtet ≈ 1.01494 . . . is the maximal volume of an ideal tetrahedron

in hyperbolic 3-space and tw(K) denotes the number of twist regions in K.

When we add in the two Hopf link components, the volume must increase,

so this bound is also a lower bound for the volume of our knotoid. When

there are at least 4 twist regions, plugging into this bound gives a lower

bound on volume of approximately 5.4129 . . . which already exceeds our

claimed minimum, so we may restrict to the cases where there are 1, 2, or

3 twist regions.

3.1. The Case of tw(K) = 1. We first prove that all integer tangles other

than the tangle with one twist region containing two crossings (which is the

rational tangle whose corresponding rational knotoid is 21) yield knotoids

with volume greater than 5.33349 . . . . Note that if there is an odd number

of crossings in the twist region, then according to our method of closing ra-

tional tangles as depicted in Figure 20, we do not get a knot in the thickened

torus, but instead a 2-component link in the thickened torus. Thus, we can
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assume that our twist region had an even number of twists. Given an integer

tangle, we start by augmenting its twist region as depicted in Figure 21.

FIGURE 21. Augmenting a twist region and then removing crossings.

By the results of [5] or [23], the resulting link in the thickened torus will

be hyperbolic.

Since there is an even number of crossings in our twist region, we can cut

along the twice-punctured disk bounded by `, untwist all of the crossings,

and glue back together; this operation yields a homeomorphism of the link

complement, preserving hyperbolicity and hyperbolic volume. We can use

SnapPy to compute the volume of the resulting link L in the thickened torus

to be 10 vtet = 10.14942 . . . .

Because a reflection in the projection torus provides an isometry of the

manifold preserving the longitude of the original cusp and reversing its

meridian, a fundamental domain for the original cusp given by the meridian

and longitude is a rectangle.

Now, to obtain the original integer knotoid, we apply a Dehn filling to

the augmented component. In [15], the authors prove a lower bound on

volumes for Dehn fillings: if M is a hyperbolic link complement, with

C1, . . . , Ck disjoint horoball neighborhoods of some subset of the cusps,

let s1, . . . , sk be the slopes of ∂C1, . . . , ∂Ck corresponding to our choice of

Dehn fillings on the cusps, such that each length is greater than 2π. Let `min

denote the minimum of these slopes. Then, the following bound holds:

(2) vol(M(s1, . . . , sk)) ≥
(

1−
(

2π

`min

)2
) 3

2

vol(M),

where M(s1, . . . , sk) denotes the manifold resulting from Dehn filling

along slopes s1, . . . , sk.

We see that the fundamental domain of the cusp neighborhood of the

augmented component ` has longitude 4 and meridian
√
12 = 3.4641 . . .

when the cusp is maximally expanded. When we apply (1, n) Dehn surgery,

we can compute the corresponding slope by imagining gluing together n

copies of the fundamental domain side by side along their meridians and

taking the length of the diagonal in the resulting
√
12 by 4n rectangle. The

bound from Inequality 2 yields
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(3) vol(M(s1, . . . , sn)) ≥
(

1−
(

2π√
12 + 16n2

)2
) 3

2

10.149416.

(This bound is valid only when the value of
√
12 + 16n2 exceeds 2π, but

this occurs for all n ≥ 2). This volume bound exceeds 5.33349 . . . for

n ≥ 3, so we only need to compare the n = 1 case (which corresponds

to 21) and the n = 2 case. However, we can directly compute that the

volume for the n = 2 case is greater than 5.33349 . . . (SnapPy [11] gives

approximately 8.35550 . . . ), so this case is complete.

3.2. The Case of tw(K) = 2. We follow the same idea as the first case,

this time with more casework. We start by augmenting each of the two

twist regions of our rational tangle, cutting along the twice punctured disks

bounded by our augmenting components, undoing the twists of each region,

and gluing back together along these disks in the same way as the previous

section. Unlike the tw(K) = 1 case, there are now several subcases: we

can have no crossings left in either twist region, one crossing left in one

twist region but none in the other, or a crossing left in each twist region. All

of these resulting links have the same volume by [2], so for convenience,

we assume that we are in the first case.

We compute that the volume of the resulting link in the thickened torus is

hyperbolic with volume 17.47714 . . . . It is possible to expand the cusps of

the two augmenting components so that the dimensions of the fundamental

domains are 4 by 2, and
√
3 + 1 = 2.73205 . . . by 2.

Assume a (1, n) Dehn filling along the first slope and a (1,m) Dehn

filling along the second slope. By the bound from Inequality 2, the volume

is lower-bounded by the maximum of the following:

(4) vol(M) ≥



1−
(

2π

(
√

4 + (4n)2))

)2




3

2

17.47714

and

(5) vol(M) ≥



1−





2π
√

4 + ((
√
3 + 1)m)2

2









3

2

17.47714...

When n > 2 and m > 3, the volume exceeds 5.33349 . . . .
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This subdivides our problem into several subcases: we can have 1, 2, or

3 crossings in the second twist region and arbitrarily many in the first, or

we can have 1 or 2 crossings in the first twist region and arbitrarily many in

the second.

We describe in detail the computations for one subcase only (there is

one twist in the first region and arbitrarily many in the second) to avoid

being overly repetitive; the methods for the other subcases are identical.

Augment the second twist region but not the first. The resulting link is

hyperbolic with volume in the thickened torus 13.81328 . . . , and the cusp of

the augmenting circle (which is no longer right angled) will have longitude

4 and meridian 1 + (2
√
3 + 1)i when it is maximally expanded. Plugging

these numbers into Inequalities 4 and 5, we obtain a volume greater than

5.33349 . . . when the number of twists is greater than 2. So, we restrict

the possible knots with volume smaller than 5.33349 . . . in this subcase to

a set with two elements. We can compute by SnapPy that both volumes

are greater than 5.33349 . . . Therefore, this subcase is done, and the other

subcases can be handled similarly.

3.3. The Case of tw(K) = 3. This time there will be three levels of sub-

cases, one in which there are three augmenting circles, one in which there

are two, and one in which there is one; since the methods are the same as the

previous two cases, to avoid being overly repetitive, we do not give as many

details as before. (Furthermore, similarly to the case of tw(K) = 2, there

are additional cases depending on the parity of the number of twists in each

region). We start with an augmented link with three crossing circles, which

has volume approximately 24.80487 . . . . We can expand the cusp diagrams

of the three crossing circles to have respective dimensions 4 by 2, 2 by 2,

and 4 by 2
√
3 + 2. Plugging into Equation 4, we see that if there is more

than 1 twist in the first region, more than 3 twists in the second region, and

more than 1 twist in the third region, then the volume exceeds 5.33349 . . . .

This breaks our problem up into five more subcases:

(1, a, b), (a, b, 1), (a, 1, b), (a, 2, b), (a, 3, b)

Each of these cases is handled by adding in two crossing circles to the

two twist regions which can have arbitrarily many twists and using the usual

Dehn filling bound from there. Each of the five subcases will break up into

several more subcases: one set of subcases where we augment the twist

region having a twists and choose a constant number of twists in the twist

region having b twists, and one where we augment the twist region having

b twists and choose a fixed number of twists in the twist region having a

twists. Finally, as before, each of these remaining subcases is eventually
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restricted to a finite set of possible knotoids. We may check by hand that

each volume is actually greater than 5.33349 . . . , and we are done. �

Question 3.3. Are the volumes of all integer tangles less than the volumes of

all other rational tangles? Note that this is equivalent to asking whether the

volume of every non-integer rational tangle is greater than 10.149 . . . The

same methods as above would theoretically solve this problem, but much

more casework and computational power is required.

Question 3.4. Is the minimum volume of an alternating knotoid 5.33349 . . . ?

This problem is also in theory solvable using the methods above, but the re-

quired casework is outside the scope of this paper.

Question 3.5. Do the volumes of integer knotoids increase monotonically

with the number of crossings? This must be true for a large enough crossing

number, and the expectation is yes, but the question remains open.

4. PLANAR KNOTOIDS

We now introduce our model for knotoid diagrams living in R
2. As a

reminder, knotoid diagrams in R
2 differ from S2 in the sense that strands of

the knotoid cannot be pulled around the backside of the sphere in order to

appear on the other side of the diagram. This restriction increases the num-

ber of distinct knotoids. Also, recall that we may consider planar knotoid

diagrams either in R
2 or D2.

4.1. Maps from Planar Knotoids to Knots in Handlebodies. We de-

scribe two maps, φD
R2 and φG

R2 , taking planar knotoids to knots in a genus 3

handlebody H3 and to knots in a genus 2 handlebody H2, respectively. We

will denote the set of knots in H3 by K(H3) and the set of knots in H2 by

K(H2).
Note that in [10], the authors describe a map of planar knotoids to knots

in the solid torus. First, they start with a planar knotoid diagram which they

consider as a diagram in the disk. Then they take the double branched cover

over the two endpoints to obtain a knot projection on an annulus. Upon

thickening, they obtain a knot in the solid torus. We give two alternate

constructions that parallel our constructions in the case of knotoids in S2.

Definition 4.1. Consider a knotoid diagram D on D2 representing the pla-

nar knotoid k. Denote the two endpoints of k by x1 and x2, and by abuse

of notation, denote the immersed arc by k. Take disk neighborhoods Di

of the xi for i = 1, 2, chosen sufficiently small so that the circle bound-

aries Ci := ∂Di are punctured exactly once by k. Denote the punctures by

yi. Consider the surface S = D2 \ (D̊1 ∪ D̊2) and take a reflected copy

SR, which contains reflected copies CR
i once-punctured by yRi . Glue S
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to SR via an orientation-preserving homeomorphism from Ci to CR
i such

that yi and yRi are identified, for i = 1, 2. This yields a knot diagram

on a twice-punctured torus, equivalently a knot K in a thickened twice-

punctured torus, which is homeomorphic to a genus 3 handlebody H3. This

defines a map φD
R2 : K(R2) → K(H3) which we again call the reflected

doubling map. We write φD
R2(k) = K and refer to K as the image of k

under the reflected doubling map. See Figure 22.

FIGURE 22. The reflected doubling map φD
R2 described in

Definition 4.1.

Equivalently, we may visualize this construction in the planar rail dia-

gram corresponding to k. That is, we start with a thickened disk D2 × I to-

gether with two rails `i and an embedded arc k. Let M be (D2×I)\N̊(`1∪
`2), which is just a thickened once-punctured torus. Let Ci = ∂N(`i) be

the cylindrical boundaries of the rail neighborhoods, so that each is once-

punctured by k. Take a reflected copy MR, which contains reflected copies
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FIGURE 23. An equivalent way to view the reflected dou-

bling map φD
R2 described in Definition 4.1.

CR
i of the Ci. Then glue M to MR along the Ci via reflections, such that

the punctures from k are identified. We might visualize this as pulling the

Ci up to the top surface of M before gluing in a “natural” way. See Figure

23.

Note that we do not remove the boundary (compare to the spherical re-

flected doubling map) because the boundary is a genus 3 surface. In partic-

ular, we can put a hyperbolic metric on it.

Now we may define a notion of hyperbolicity for planar knotoids based

on this construction.

Definition 4.2. Let k ∈ K(R2) be a planar knotoid, and let K = φD
R2(k)

be the image of k under the planar reflected doubling map. We say that k

is hyperbolic (under the reflected doubling map) if K is tg-hyperbolic in

H3. That is, H3 \ N(K) admits a complete hyperbolic metric such that

∂H3, a genus 3 surface, is totally geodesic in this metric. If k is hyperbolic,
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then we may define its hyperbolic volume under the reflected doubling map

VolD
R2(k) as

VolD
R2(k) :=

1

2
Vol(H3 \N(K)).

Note that we must require the stronger condition of tg-hyperbolicity on

Y \ N(G) in order to guarantee that it has a well-defined finite hyperbolic

volume. Indeed, in general it is possible for a manifold with boundary com-

ponents of genus at least two to admit many hyperbolic metrics with vary-

ing (possibly infinite) volumes if we do not specify that the higher genus

boundaries are totally geodesic in the metric.

Similar to the spherical setting, we might choose to just glue C1 to C2

without doubling (compare to the spherical gluing map in Definition 2.3).

This yields another map on planar knotoids, which we define now.

Definition 4.3. Consider a knotoid diagram D on D2 representing the pla-

nar knotoid k. We keep the setup and notation xi, Di, Ci, S, and yi as in

Definition 4.1. Instead of doubling, simply glue C1 to C2 via an orientation-

reversing homeomorphism such that y1 and y2 are identified. This yields a

knot diagram on a once-punctured torus which is equivalent to a knot K in

the genus 2 handlebody H2. Then this defines a map φG
R2 : K(R2) → K(H2)

which we call the planar gluing map. We write φG
R2(k) = K and refer to K

as the image of k under the gluing map.

Equivalently, we may visualize this construction in the planar rail dia-

gram corresponding to k. The steps are the same as for the planar reflected

doubling map, except we now glue the cylindrical boundaries ∂N(`i) of the

rail neighborhoods to each other in the “natural” way. The gluing map gives

us another definition of hyperbolicity for planar knotoids, which we define

now.

Definition 4.4. Let k ∈ K(R2) be a planar knotoid, and let K = φG
R2(k)

be its image under the planar gluing map. We say that k is hyperbolic

(under the gluing map) if K is tg-hyperbolic in H2. That is, H2 \ N(K)
admits a complete hyperbolic metric such that ∂H2, a genus 2 surface, is

totally geodesic in this metric. If k is hyperbolic, then we may define its

hyperbolic volume under the gluing map VolG
R2(k) as

VolG
R2(k) := Vol(H2 \N(K)).

It is natural to ask how hyperbolicity for planar knotoids under the re-

flected doubling map and the gluing map are related, and how the volumes

compare. For the first question, in contrast with the spherical setting, being

hyperbolic under the reflected doubling map implies hyperbolic under the
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FIGURE 24. The planar gluing map φG
R2 described in Defi-

nition 4.3.

gluing map, but not the converse. For the second question, it can be shown

that the volume under the gluing map cannot be less than the volume under

the reflected doubling map.

Proposition 4.5. For a knotoid k, if φD
R2(k) is tg-hyperbolic, then φG

R2(k)
is tg-hyperbolic. That is, tg-hyperbolicity in the reflected doubling map

implies tg-hyperbolicity in the gluing map. Furthermore, vol(φG
R2(k)) ≥

vol(φD
R2(k)).

Proof. Let M be the manifold H2 \ N̊(φG
R2), and let F ⊂ M be the shaded

surface as in Figure 26.

To obtain the double cover of M , we cut M along F and take a second

rotated copy that we glue to the original copy along the copies of F , as

shown in Figure 27(a). Note that M is hyperbolic if and only if M ′ is also.

To obtain the reflected double, we again cut M open along F , but now we

take a reflected copy of the result, which we glue along the copies of F to

obtain the manifold M ′′ as in Figure 27(b). Note that F ′′ is totally geodesic

as it is the fixed point set of the reflection of the manifold that results.
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FIGURE 25. An equivalent way to view the planar gluing

map φG
R2 from Definition 4.3.

FIGURE 26. The punctured annulus F sits in M .
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’ ’’

’’’’’ ’

FIGURE 27. To obtain M ′ from M ′′, cut along F ′′ ⊂ M ′′,

reflect the top component and reglue along the copies of F ′′

as shown in the diagram.

To obtain the double cover M ′ of M from the reflected double M ′′, we

cut along the totally geodesic surface F ′′, reflect the top component along

a vertical plane perpendicular to the page and glue back together along the

copies of F ′′. Results from [9] and its extension in [13] tell us that the

resulting manifold M ′ is also hyperbolic, and that the volume of M ′ is at

least as large as the volume of the reflected double M ′′. Furthermore, the

double cover M ′ is hyperbolic if and only if M is hyperbolic, and its volume

is twice the volume of the double cover. Since by definition, we halve the

volume of M ′ to obtain the volume of a knotoid as in 4.1, the claim follows.

�

However, the converse is not true. For example, both of the planar kno-

toids 22 and 34 (using the notation of [16]) are tg-hyperbolic under the glu-

ing construction, with volumes of 9.13447 . . . and 10.68436 . . . , respec-

tively. However, neither knotoid is hyperbolic under the doubling construc-

tion. In Figure 28, when k is the planar knotoid 34, we exhibit an essential

annulus in the manifold H3 \ N̊(φD
R2(k)) that obstructs hyperbolicity.

4.2. An Infinite Family of Hyperbolic Planar Knotoids. Using the re-

sults of [4], we can construct an infinite family of knotoids that are hyper-

bolic under the map φG
R2 . For a tangle T , we denote by LT the link which is

the closure of T as shown in Figure 29, and we denote the augmentation of

LT by LT .
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FIGURE 28. The planar knotoid 34 and its image under φD
R2

in H3 with an essential annulus shaded.

FIGURE 29. The link LT and its augmentation LT

Theorem 4.6. Let T, T ′ be two tangles such that the links LT , LT ′ are

hyperbolic links with two components. Then φG
R2(kT,T ′) is tg-hyperbolic,

where kT,T ′ is the knotoid shown in Figure 30.

In particular, by the results of [2] the hypotheses hold if the tangles T, T ′

are prime and such that LT , LT ′ are alternating and not 2-braids.

5. VOLUME COMPUTATIONS

All volume computations in this section were carried out using the soft-

ware SnapPy [11].

5.1. Spherical Knotoids. Of all of the knotoids in S2 with 5 or fewer

crossings tabulated in [16], of which there are 36, only five are not hyper-

bolic. Moreover, all five of these non-hyperbolic knotoids are knot-type, a
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FIGURE 30. The planar knotoid kT,T ′ associated to T, T ′

class we already know to be non-hyperbolic as in Proposition 2.6. This data

suggests that similarly to classical knots and to virtual knots, hyperbolic

knotoids dominate non-hyperbolic knotoids for small crossing number.

In the tables below, we include diagrams for the first several knotoids; the

notation for the other knotoids comes from the tables of knotoids in [16].
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Knotoid Volume Knotoid Volume

21 5.33349 . . . 31 Non-hyperbolic

32 7.70691 . . . 42 8.79335 . . .

43 6.55174 . . . 44 9.96651 . . .

45 10.55687 . . . 46 8.35550 . . .

47 8.92932 . . . 48 8.96736 . . .
53 11.76223 . . . 54 10.74026 . . .
55 9.31234 . . . 56 10.56281 . . .
57 11.08217 . . . 58 12.01109 . . .
59 13.31846 . . . 510 12.00595 . . .
511 12.27656 . . . 512 12.21631 . . .
513 11.28460 . . . 514 12.73265 . . .
515 14.61681 . . . 516 13.4431 . . .
517 13.54793 . . . 518 10.39689 . . .
519 12.64232 . . . 520 13.99859 . . .
521 13.70176 . . . 522 12.54144 . . .
523 13.43713 . . . 524 16.76577 . . .

5.2. Planar Knotoids. Interestingly, fewer planar knotoids are hyperbolic

compared to spherical knotoids. As in the spherical case, any knotoid k

with a diagram D that is knot-type cannot be hyperbolic, but furthermore,

if either endpoint of k is in the exterior region of D, then k cannot be hyper-

bolic. In the table below, knotoids listed before 41 in [16] and not included

in this table are not hyperbolic in either construction.
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Knotoid Volume in the Gluing Map Volume in the Reflected Doubling Map

22 9.13447 . . . Non-hyperbolic

33 13.10319 . . . 10.57083 . . .
34 10.68436 . . . Non-hyperbolic

35 10.68436 . . . 10.15992 . . .
36 13.10319 . . . 12.04805 . . .
38 14.92611 . . . Non-hyperbolic

310 11.15142 . . . Non-hyperbolic

313 14.32335 . . . 14.21299 . . .
314 14.10221 . . . 13.80027 . . .
317 11.07797 . . . 10.36434 . . .
319 12.37889 . . . 12.11410 . . .
320 12.37889 . . . 11.95559 . . .
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