
Title: Landau-quantized polaritons in Dirac heterostructures
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<Landau polaritons= (
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�� =  sgn(�)√2|�|(ℏ�� ā�⁄ ) � = 0, ±1, ±2, &  ��� ā� = √ℏ �|ý|⁄ ý� ý 2� → �2� ∝ √|�| + √|�2|Ā Ā



|�| 2 |�2| = ±1 Ā → 0 �(�, Ā)Re ���

B n =  0, ±1, & , ±4 2n → n ± 1 2n → n ℏω = 188 meV (1519 cm21)B = 3.35 T as a function of frequency ω and in kvF = 1.19 × 106 γ = 24.3 cm212n → n ± 1 (2n → n) k = 1 rtip⁄ =  33 ¼m-1k =  0  k =  33 ¼m-1
). Among these additional <forbidden= transitions, the first ones to become noticeable Ā 3 � → �

ā�21 = 71 ¼m21 ý =



Ā�ÿ� =  30 Ā = Ā ĀĀ = 0

Im rp(k, ω)γ = 24.3 cm21 vF = 1.19 × 106 m/s
ω = 1519 cm21 T =  154 K B = 0.0, 3.356.0 T



Ā� = Ā�(Ā, �) Ā�
–

heterostructure only weakly, via its <universal= optical conductivity � = �2/4ℏ21 → 221 → 2 Ω = 43.3�Landau = 50.6 �hBN = 4.0þ = 2Ω2ΓLandau2 +ΓhBN2 = 1.5 > 1.06.0 6.0 0

154ý = 0.0 3.35 6.0
ω = 1519 cm

0.0 6.00.0 6.03.35



ý 26.0 +6.0
(ω = 1519 cm

ý = 21 → 2ý = ±3.3 ý > 0 ý < 0

26.0 6.0 T 0.4 mT/s ω = 1519 cm-1 T = 154 KB =  0.0 ±3.3 ±5.8 T
1



ý

21 → 2
22 →  3 23 →  4 21 →  1 22 →  2 23 → 3
k ∼ lB21

∼eikx k = Re k + i Im k »P = 2 π Re k⁄Q = Re k Im k⁄ ý = 0 Ā� = 647 � = 12ý �Ā�Āmax Āmin⁄ ∼ 2 �max �min⁄ ∼ 10�max �min⁄ ∼ 2-1 → 2 10%�

√ý ��eff� ý��eff ��eff ý
��eff



»P Q = Re k/ Im kB vFeff ln(B) vFeff vFeff -1 →1 -1 → 2 B �nn2 n2 = 2nn2 = 2(n ± 1)
rj = lB√2|j| j = n n′ �nn2nn′ = 2n

��eff 22 → 3 2� → �2� → � ± 1 ��eff
the term <effective= Fermi velocity is somewhat misleading in the present context. A more accurate ℏ� ��effrenormalization



ℏ� |��| + |��2|���2ℏ� ≡ ℏ��effā� (√2|�| + √2|�2|) = (|��| + |��2|) 2 ���2  .�� |��| = �(ÿ�) � = ℏ��renÿÿ� =  ā�21√2|�| ��eff��ren ���2��eff � � �′��(�) j ��(Λ) [1 + 14 � ln|Λ �⁄ | + ⋯ ] � = �2 (ÿℏ��)⁄ ≪ 1 Λ ÿ ý ��ren =��ren(�) �� ��2 ý ��ren ý
ℏ� j |��| + |��2| |��| |��2| ��ren j��ren(ℏ� 2⁄ ) ��eff���2

|��| + |��2| ���2ℏ� ��eff��eff�′ = 2� ���2��eff ���2�2 = 2� �2 = 2(� ± 1)���2 +�2� ĀĀ = |�Ā ���rený|⁄ ÿ = ��′ �ĀĀĀ = ā�√2|ÿ| = ā�2 ÿĀ ��′ = 2� ��eff

8Forbidden9 optical transitions are now accessible in the momentum space offered by m
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invariant of graphene9s topological viscous 
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demodulation at higher harmonics nΩ of the tip tapping frequency Ω, with

about Ω ≈ 65

Ā →  Ā’

þ = 3.3 T ÿ = 2�ℏā þþ⁄ ā 



ÿ =0, 5, 10, 15 ÿ
Ā� ý ÿ = 0, Ā�21 → 2 Ā� ÿ = 0 ÿ j10 Ā� 21 → 2|ÿ| = 4|Ā2| + 2 = 10 Ā2Ā2 ÿĀ� Ā�

���(þ, Ā) = �þ2Ā ∑ ∑ (ýÿ 2 ýĀ)(ÿÿ 2 ÿĀ)(ýÿ 2 ýĀ)2 2 ℏ2(Ā + �ā)2  þĀÿ(þ).>
Ā=ÿ+1

>
ÿ=2> ā

Ā k ā ÿĀþĀÿ(þ)þĀÿ(þ) = þĀÿ0 (þ) + ĂþĀÿā ĂþĀÿ ĂþĀÿ ā2 (ýÿ 2 ýĀ)2⁄
ĂþĀÿ = ā24� (1 + Ă0,ÿ)(1 + Ă0,Ā)(ýÿ 2 ýĀ)2 [ 2|ÿ| + 2|Ā| + ĂĀ,0(2|Ā| 2 2|ÿ| + 1)2 + (ÿ ↔ Ā)] .ā2 ĀĀ2⁄ ∼ 1025 &1024 ĂþĀÿ



ĂþĀÿ āþĀÿ(þ)þĀÿ(þ) = 2�ý  |sgn(ÿĀ) ýĀ<, Ā>(ý) + ýĀ<21, Ā>21(ý)|2,  Ā< = min(|ÿ|, |Ā|) , Ā> = max(|ÿ|, |Ā|), ý ≡ þ2þþ22 ,ýĀ1,Ā2(ý) = ( 1 + Ă0,Ā12  1 + Ă0,Ā22  Ā1!Ā2!  ýĀ22Ā1)1 2⁄ ÿĀ1Ā22Ā1(ý)þ2� 2⁄ ,ÿĀ�(ý) þ j þþ21þĀÿ(þ) þ2||ÿ|2|Ā||22 ���(þ, Ā)|ÿ| 2 |Ā| = ±1 þ = 0 (<far
limit=), the conductivity is given by���(0, Ā) = � þ22�ℏ Ā̅ ∑ ∑ āÿĀ(√ÿ + 1 2 Ā√ÿ )2 2 Ā̅2  1√ÿ + 1 2 Ā√ÿ ,>

ÿ=0
 

Ā=±1Ā̅ ≡ Ā + �āĀĀ  , āÿĀ = (ÿÿ+1 2 ÿĀÿ) 2 (ÿ2ÿ21 2 ÿ2Āÿ) .1 + Ă0,Ā0 → ±1 ĀāÿĀ = 0 21 22āÿ,21 = 22 Ā = 21 āÿ,1 = 0 Ā = 1ÿ ÿ = 0 ā0,21 = ā0,1 = 22 āÿĀ

���CNP
���CNP(0, Ā) = þ22�ℏ (ÿ1 + ÿ2 + ÿ3).ÿ1ÿ1 = 22�Ā̅ ∑ 1(√ÿ + 1 + √ÿ)2 2 Ā̅2  1√ÿ + 1 + √ÿ ,Ā
ÿ=0 Ā Ā = 0 1ÿ2

ÿ2 = Ā̅ ∫ ýÿ tanh�ÿ [  
  :Ā + 32 + �ÿ 2 :Ā + 12 + �ÿ
(:Ā + 32 + �ÿ + :Ā + 12 + �ÿ )2 2 Ā̅2 2 (ÿ → 2ÿ)]  

   >
0  .



Ā = 0 Re ÿ� > 1ÿ� = 14 (Ā̅ 2 1�̅)2 Ā = 1 ÿ� ÿ = ÿ�ÿ
ÿ3 = � Ā̅4 2 12Ā̅4 �tan�ÿ� Θ(|Ā̅| 2 1)Θ (Re ÿ� 2 Ā 2 12 ) ,Θ(ý) ���CNP(0, Ā) ���(0, Ā)���(þ, Ā) þ

<forbidden= ILTs must be included. Once again, the problem is difficult because the terms in ÿ ĀÿĀ1Ā22Ā1(ý)ÿ g Ā k 1ýĀÿ 2 ýĀ21,ÿ21 ≃ √2 (21)Ā√�(ý+ 2 ý2) ( ý 2 ý2ý+ 2 ý)1 4⁄ cos (ÿ + �4 ) ,ý2 < ý < ý+,ý± = (√ÿ ± √Ā )2, ÿ(ý) = 212 ∫ ýþþ  √(ý+ 2 þ)(þ 2 ý2)�+�  .
Ă(ý21 2⁄  Ā22) Ā k Ā̅ ÿ’s that satisfy √Ā f √ÿ f √Ā + √ý Δ���CNP���CNP āĀ���CNP(þ, Ā) = þ2ℏ �Ā̅ ∑ ∑ √ÿ + √Ā(√ÿ + √Ā)2 2 Ā̅2  þĀÿ(þ)ā�

ÿ=Ā  ā�
Ā=0 + Δ���CNP(þ, Ā) .Δ���CNP āĀ21 2⁄ āĀ k Ā̅Ā̅ = (Ā + �ā) ĀĀ⁄  5% āĀ2 ∼ 0.0524 ∼ 105Ā̅

methods (e.g., Levin’s method) but found them to be numerically unstable, due to their own set of 



Δ���CNP(þ, Ā) = 2 þ2�2ℏþ2 �Ā√þ2��2 2 Ā2  ∫ ýý2√þ2 2 ý22þ
0  arccos ÿ(ý2) ,

ÿ(ý2) = ý+2��2 2 2þ2��2 + Ā2ý+2��2 2 Ā2  ,
 ý+ = max(þ, 2þĀ 2 ý2) , þĀ = √2āĀþþ  .ý ≡ þ2þþ2 2⁄ > 4āĀý+ = þ ÿ(ý2) = 21Δ���CNP(þ, Ā) = þ24ℏ �Ā√þ2�2 2 Ā2 ,  ���CNP(þ, Ā) ≃ Δ���CNP(þ, Ā)ý < 4āĀ ā j Ā Ā Ā + �ā Δ���CNPāĀ āĀ = 70���CNP(þ, Ā)21 → 2�� = 1.19 × 106 m/s ā ā = ā0 + Āý ā0 =0.75 meV Ā = 0.012 ý = ℏĀ = 188 meV ā = 3.01 meV24.27 cm-1 ÿý16 nm 55 nm285 nm ÿý

ÿtip = 30 nm 160 nmý = 40 nm

ý2þ22ý�(ā)ÿ(ā) ÿ(ā) =  � + ý(1 2 cosΩtipā) �ý Ωtip+ý2þ22ý�,ā =ý2þ22ý(ÿ+ý)ā0(ýý) ā0(ý) � =ÿÿtip ÿ = 0.79 ÿtip = 30 nmý = 40 nm



Ā� �� � = {hBN, Landau}
Ā± + ��±/2 = Ā 2 ��/2 ± :ÿ2 + 14Ā2± 2 + Ā =(ĀhBN + ĀLandau)/2 � = (�hBN + �Landau)/2 ÿ Ā = ĀhBN 2ĀLandau 2 �2 (�hBN 2 �Landau) Ā± = Ā ±  Re :ÿ2 + 14Ā2 .Ā± Ā� ��ÿ ýĀ�(ý) ��(ý) Ā±(ý)

Im ÿý Im ÿý 
<universal= � = þ2/4ℏ 1 0

Im ÿý ∝ Āÿ�2 Im ( 12Ā2 2 �Ā�� + Ā�2) .ĀhBN(þ)Im ÿý ÿhBN �hBNIm ÿý 285 nm þ = 3.35 TĀLandau(þ, ý) ĀLandau(ý)�Landau ÿLandau þ =  3.35 T



Ā±(ý, þ) Im ÿý Ā2 Ā+2ΔĀ±(ý) = 2(Ā± 2 Ā)Ā(ý)
ÿ

Ω = Ā+ 2 Ā2ÿ = 2Ω2/(�hBN2 + �Landau2 )3.15 T < þ < 3.4 T ÿ > 1
þ > 3.4 T þ = 3.6 T

Ā, Ā2 g 0 ��,2Ā→Ā2eff ≡ þþℏ ý2Ā→Ā2√2Ā + √2Ā2 . Δý2Ā→Ā2 ý2Ā→Ā22Ā → Ā′ þ = 0Δýÿ ÿ = 2Ā, Ā′ Δ2Ā,Ā2Δý2Ā→Ā2 = (ΔýĀ2 2 Δý2Ā) 2 Δ2Ā,Ā2
2Ā → Ā′



 ��,2Ā→Ā2 ≡  �� + þþℏ ΔýĀ2 2 Δý2Ā√2Ā + √2Ā2  , ��  ��,2Ā→Ā2eff  ��,2Ā→Ā2 ��,2Ā→Ā2eff =  ��,2Ā→Ā2 2 þþℏ Δ2Ā,Ā2√2Ā + √2Ā2 . 
ΔýĀ2 2 Δý2Ā = 2∫ ý2þ(2�)2 �(þ)ā2Ā,Ā2(þ) ,  ā2Ā,Ā2(þ) = ∑ÿÿ (|Āÿ,Ā2(þ)|2 2 |Āÿ,2Ā(þ)|2)ÿ  ,

Δ2Ā,Ā2 = ∫ ý2þ(2�)2 �(þ)Ā2Ā,2Ā(þ)ĀĀ2Ā2(þ) .ÿÿ ÿ ÿÿ = Θ(2ÿ) ÿ b 0 ÿ0 = 1 2⁄ĀÿĀ(þ) �(þ) = 2��2�(þ)þ
�(þ) = ÿ(þ) + ÿ�(þ) ,ÿ(þ) = �hBN2 ( �hBN tanh ĀhBNþý1 + �0�0 tanh ĀhBNþý1 + �hBN + �hBN tanh ĀhBNþý2 + �SOS�SOS tanh ĀhBNþý2 + �hBN) ,�SOS = �SiO2 �SiO2tanh þý3 + �Si�Si tanh þý3 + �SiO2

 ,ÿ�(þ) = 2��þ limω→0  Ā21���(þ, Ā) .ÿ(þ)�hBN ≡ (�hBN⊥ �hBN∥ )1 2⁄ = 4.9 Ā = 0 ĀhBN ≡(�hBN⊥ /�hBN∥ )1/2 �SiO2 = 3.9�Si = 11.7 �0 = 1ý1 = 16 nm ý2 = 55 nmý3 = 285 nm ÿ�(þ) ���(þ, Ā)ÿ(þ) ÿ�(þ) �(þ)ÿ(þ) (�0 + �Si) 2⁄þ (�0 + �SiO2) 2⁄ý321 r þ r ý221 �hBN þ s ý121 = 6.7 × 105 cm21�(þ) þ
 �> = �hBN + �ÿ2  , ÿ = þ2ℏ��ÿ�Ā j 2.2 



þ k þþ21 Δ2Ā,Ā2
∫ ý2þ(2�)2 �(þ)ÿĀ1 (þ2þþ22 ) ÿĀ2 (þ2þþ22 ) þ2þ2þ�2 2⁄  , 

þþþ k √Ā, √Ā2 ā2Ā,Ā2(þ) ≃ 2√2Ā + √2Ā24þþþ  ,
 ��,2Ā→Ā2 þ0 þ0 ≡ þþ(þ0)þ0 þþþþ = þþ þ0⁄ = √þ0 þ⁄

 ��,2Ā→Ā2(þ) = ��,2Ā→Ā2(þ0) 2 þ28ℏ�> ln ( þþ0) +Δ��,2Ā→Ā2(þ, þ0), 
Δ��,2Ā→Ā2(þ, þ0) = 2 þþℏ (√2Ā + √2Ā2)∫ ý2þ(2�)2 [�(þ) 2 þ�(þþ)]ā2Ā,Ā2(þ) . �> �(þ) = 2�þ2 (�>þ)⁄Δ��,2Ā→Ā2(þ, þ0) þℏĀ22 → 3, þ0 = þ22→3þ22→3  ��,2Ā→Ā2 =  ��,22→3 2 þ28ℏ�> ln ( þþ22→3)2 þþ√2ℏ ∫ ý2þ(2�)2 [�(þ) ā2Ā,Ā2(þ)√Ā + √Ā2 2 þ�(þþ) ā22,3(þ)√2 + √3] .  ��,2Ā→Ā2 ��,2Ā→Ā2effĀ = Ā2 Δ2Ā,Ā2Δexp,2Ā,Ā2 ��,exp,ÿ→ĀeffΔ2Ā,Ā2Δexp,2Ā,Ā2 = √2ℏþþ (√Ā + √n2) {��,exp,22→3eff 2 þ28ℏ�> ln ( þþ22→3) 2 ��,exp,2Ā→Ā2eff

                  2 þþ√2ℏ ∫ ý2þ(2�)2 [�(þ) ā2Ā,Ā2(þ)√Ā + √Ā2 2 þ�(þþ) ā21,2(þ)√2 + √3] + þþ√2ℏ Δ22,3√2 + √3} .Δexp,2Ā,Ā2 ��,exp,2Ā→Ā2eff ��,exp,22→3effΔ22,3



<correct horizontal scars (strokes)= function of gwyddion (program versi

–ÿ(ý) = ÿ0 + ÿ1ý + ýþ2� ÿ�⁄ sin (2� ýĀý 2 �0)
ÿ0 Āý ÿý�0 ÿ1ý ÿ1 ý

Āý ýý = 2�ÿý/Āýÿý Āý



ÿ(ý) = ÿ0 + ÿ1ý + ýý2ý þ2� ÿ�⁄ sin (2� ýĀý 2 �0)
 ý2ý ý = 1 2⁄ ý21 2⁄

–

– ý21 2⁄



→

the gate voltage and, thus, the filling factor from ν = 0 to 19; measurements were done at ω =1519 cm21 T = 154 K at 4 different filling factors of ν = ¼P Qν N 3.3 T



Im rp B = 6 T
Im rp 285 nmB =  3.35 T



B = 3.15 TB = 3.4 T Im rp 2Δω±(q) H(k)B = 3.15 T B = 3.4 T



Branch separation Ω at the crossing point. (





»(q) »g(q) ϵ(q)B = 3.35 T q»g(q) ϵ(q)




