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Realization of one-dimensional anyons with arbitrary

statistical phase
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Low-dimensional quantum systems can host anyons, particles with exchange statistics that are neither
bosonic nor fermionic. However, the physics of anyons in one dimension remains largely unexplored.

In this work, we realize Abelian anyons in one dimension with arbitrary exchange statistics using ultracold
atoms in an optical lattice, where we engineer the statistical phase through a density-dependent Peierls
phase. We explore the dynamical behavior of two anyons undergoing quantum walks and observe the anyonic
Hanbury Brown-Twiss effect as well as the formation of bound states without on-site interactions. Once
interactions are introduced, we observe spatially asymmetric transport in contrast to the symmetric
dynamics of bosons and fermions. Our work forms the foundation for exploring the many-body behavior

of one-dimensional anyons.

n three dimensions, quantum theory admits
two types of particles—bosons and fermions—
depending on whether the many-body wave
function acquires a phase 6 of 0 (bosons) or
of  (fermions) when two identical particles
exchange positions. In practice, bosons prefer
to occupy the same quantum state, manifested
by degenerate atoms in a Bose-Einstein con-
densate or photons in a laser, whereas fer-
mions obey the Pauli exclusion principle, which,
for example, forces electrons to occupy different
orbitals to produce elements in the periodic
table. When dimensions are reduced to two, the
space formed by the relative position of two
identical particles is not simply connected such
that exchange paths with different windings
are topologically distinct, allowing the exchange
phase 6 to interpolate between the bosonic and
fermionic limits and giving rise to fractional
statistics (Z-3). Particles with such nonstandard
exchange phase 6 are called anyons because
they can acquire any phase (Fig. 1A) (2).

In two dimensions, where fractional statistics
are typically considered, anyons arise as quasi-
particle excitations in topologically ordered
states of matter, such as fractional quantum
Hall states (4-7) and two-dimensional (2D) spin
liquids (8-10), and have gained immense inter-
est as a key building block in fault-tolerant
quantum computation (77-15). In one dimen-
sion, anyons have been defined in the context
of spinon excitations in a Heisenberg antiferro-
magnetic chain, which were shown to obey a
generalized Pauli exclusion principle allowing
for fractional occupation of a quantum state
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(16). Important differences exist between 1D
and 2D anyons. Whereas in two dimensions,
the sign of the phase acquired by the wave
function under interchange is determined by the
direction of the winding, the assignment of a
nontrivial phase has been shown to be possible
in 1D spin chains when the crossings of the
spinons are always unidirectional in accord-
ance with their group velocities (17). Physically,
the statistical phase manifests as a fractional
shift in the linear momenta of the two par-
ticles upon crossing (17)—behavior that is re-
miniscent of the fractional shift in the relative
angular momentum of 2D anyons upon ex-
changing positions through winding (2, 18).
However, 1D anyons are not associated with
an intrinsic topological order, unlike their 2D
counterparts.

Models of 1D systems with fractional statis-
tics have been proposed in the continuum (79-22)
and on a discrete lattice (23, 24). In this work,
we focus on the strongly correlated anyon-
Hubbard model (AHM) (23), in which different
paths for particle exchange may be distin-
guished owing to the discrete configuration
space of the lattice, with the corresponding
exchange phase manifesting as a Berry phase
acquired around a loop in Fock space. This lat-
tice model is predicted to host a wealth of exotic
phenomena, including asymmetric momentum
distributions (23, 25-27), the continuous build-
up of Friedel oscillations with increasing 6
(28, 29), a Mott insulator to superfluid phase
transition induced by the statistical parameter
0 (23), and a two-component superfluid phase
(30, 31). Recently, a topological gauge theory
developed to describe 1D anyons in the conti-
nuum was realized in a weakly interacting Bose-
Einstein condensate (32, 33), and 1D anyonic
exchange statistics have been observed in in-
tegrated photonic systems (34, 35) and electric
circuit simulators (36).

In this work, we realize 1D Abelian anyons
with arbitrary statistical phase using ultracold
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8Rb atoms in an optical lattice. We leverage
the precision and control of a quantum gas
microscope (37) to imprint the statistical phase
in a deterministic way and explore dynamical
behavior through two-particle quantum walks
(38, 39). The system is governed by the AHM,
which we realize by engineering an equivalent
model, the Bose-Hubbard model (BHM) with
density-dependent phase (40-42)

H=-J>" (bje™b; 1 +he)
J
£ 1) 0
J

where b]T(b,-) is the bosonic creation (annihi-
lation) operator, n; = bj.bj is the particle num-
ber operator, J is the tunneling amplitude
between neighboring sites, U is the on-site
pairwise repulsive interaction energy, and
-n,0 is the density-dependent Peierls phase
acquired upon tunneling to the right from site
J — 1 to site j. Note that the density-dependent
phase acquired upon tunneling to the left,
encapsulated in the Hermitian conjugate, is
n,0; hence, this model breaks spatial inversion
symmetry, a property associated with frac-
tional statistics (43). The BHM with density-
dependent phase can be mapped to the AHM
by a generalized Jordan-Wigner transforma-
tion (23, 44).

We can gain intuition for anyons in 1D lat-
tices by recognizing similarities with their 2D
counterparts. Anyons in one dimension can be
considered as bosons that create a gauge po-
tential in the form of the density-dependent
Peierls phase for other particles, analogous to
the charge-flux tube composites that exemplify
anyons in the 2D theory (3). As a result, two
particles can traverse through states forming a
closed loop in Fock space and acquire a phase
0 corresponding to a geometric phase (Fig. 1B).
This process offers an analogy to braiding in
two dimensions, where tunneling right (or left)
through an occupied site, which exchanges
positions between particles and acquires
phase -0 (or 0), corresponds to clockwise (or
counterclockwise) exchange.

Engineering the AHM

We realize the BHM with density-dependent
phase through Floquet engineering by modu-
lating a tilted lattice with three frequency
(three-tone) components to induce occupation-
dependent tunneling processes (Fig. 1C) (45).
Specifically, a magnetic field gradient produces
an energy offset £ between lattice sites to
suppress tunneling, and then tunneling is
reintroduced by modulating the lattice depth
with three frequencies, each with amplitude
8V: (i) E to tunnel from a singly occupied site
to an empty site, (ii) £ + U, to tunnel from a
singly occupied site to a singly occupied site,
and (iii) £ - U, to tunnel from a doubly
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Fig. 1. Realization of anyons in one dimension.

(A) In two dimensions, Abelian anyons have an
exchange phase that interpolates between O (bosons)
and = (fermions). (B) In one dimension, the wave
function acquires phase -6 (or 8) when a particle
tunnels right (or left) through an occupied site,
analogous to clockwise (or counterclockwise)
exchange in two dimensions. (C) We realize the AHM
in a tilted optical lattice with energy offset E per site
to suppress tunneling and then induce tunneling by
modulating the lattice depth with three frequency
(three-tone) components, each with amplitude 8V: (i)
E to tunnel from a singly occupied to an empty site,
(i) E + Ug to tunnel from a singly occupied to a singly
occupied site, and (iii) E = Up to tunnel from a doubly
occupied to an empty site, where Uy is on-site
interaction in the initial Hamiltonian (44). Offsetting
the phase of component E + Up by 6 realizes the
density-dependent Peierls phase. (Insets) Three-tone
modulation in frequency (top) and time (bottom). The
gray line is the sum of the three components (the
dashed lines). (D) Experimental sequence: (1) and
(2) Initialize two columns of atoms from a Mott
insulator of &’Rb. (3) Tilt the lattice and lower lattice
depth V, to prepare for modulation-induced tunneling.
(4) Abruptly apply three-tone modulation to induce
several independent quantum walks along x. (5)
Project to the number basis and perform fluorescence
imaging (44).
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Fig. 2. Quantum walks of two anyons, U = 0. (A) Density profile of two-particle quantum walks for various 6, each obtained by averaging over the course of

~1800 experimental runs. Good agreement with theory shows coherence up to our experiment time t = 4« (in units of inverse tunneling time t = 15.0 + 0.3 ms) across
~20 sites. (B) Density-density correlator I, at t = 2.40 + 0.05t. When 6 = 0, bosonic bunching appears as weights along the diagonal i = j. When 6 = =, antibunching
behavior of pseudofermions appears as weights along the antidiagonal i = —j. When 6 = n/2, T; reveals fractional statistics, showing both strong diagonal weights

and the onset of fermionization.

occupied site to an empty site, where Uy, is the
interaction energy in the initial Hamiltonian
(44). The amplitude of modulation 6V deter-
mines J, and offsetting the phase of frequency
component E + U, by 6 from components £
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and E - U, realizes the density-dependent
phase and therefore the statistical parameter.
Modulating the lattice with these frequencies,
which are resonant with parameters of the
initial Hamiltonian, realizes the BHM with
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density-dependent phase corresponding to the
noninteracting AHM. We can engineer an
effective on-site interaction U in the AHM by
detuning the sidebands to become E — (U, —
U)and E + (U, — U) (45).
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For the experiments that follow, we use the
single-site control of our quantum gas micro-
scope to study the dynamics of two anyons
undergoing quantum walks, with and without
interaction U in the AHM. Using a digital
micromirror device (DMD) (46), we initialize
two columns of atoms along ¥ in a deep optical
lattice of equal lattice depth 1, = V,, = 45Eg
along x and y, specified in units of the recoil
energy Er = h x 1.24 kHz for our lattice con-
stant of @ = 680 nm, where 4 is the Planck
constant, in preparation for several independ-
ent quantum walks of two particles along
(Fig. 1D). We ramp a magnetic field gradient to
offset lattice sites by E and then lower V,, to
4FR and abruptly turn on three-tone modula-

Fig. 3. Interferometric picture of Fock state evolu-
tion. (A) We can understand the effect of the
statistical phase 6 on tunneling processes by appeal-
ing to an interferometric interpretation of Fock state
evolution. The initial state (|...0110...)) splits into two
arms, acquiring phase -6 in the upper arm
(]...0020...)) before interfering with the lower arm
(]..-0101...)) to arrive at the final state (|...0011...)).

tion with 8V = 20% x V,, to induce quantum
walks along 2. The parameters for the exper-
iments are J/h = 10.6 + 0.2 Hz, Uy/h = 210 +
4Hz,and E/h = 800 + 3 Hz, and we measure
time in units of inverse tunneling rate t = i/
(2nJ) = 15.0 £ 0.3 ms. We detect doubly
occupied sites by ramping the magnetic field
gradient past U, to separate atoms before im-
aging for half of each dataset, circumventing
pairwise loss of atoms caused by light-assisted
collisions (44,).

Hanbury Brown-Twiss effect of 1D anyons

We first study anyonic behavior by measuring
the quantum correlations of two particles si-
multaneously undergoing quantum walks when

A 2J2%e

Vi
\AZ\Q/\./

U = 0. The quantum walk of two particles is
sensitive to quantum statistics owing to the
Hanbury Brown-Twiss (HBT) effect, where all
two-particle processes add coherently to de-
velop quantum correlations (34, 39, 47-49).
Initializing the state as b},5]|0) = |...0110...),
we capture the trajectory by evolving the sys-
tem for successively longer periods of time
before imaging and average over many images
to obtain the probability distribution of the
two particles (Fig. 2A). We capture the quantum
walk trajectory for various 6 and characterize
quantum statistics using the density-density
correlator I';; = <b}b}bibj> (Fig. 2B). When
6 = 0, bosonic bunching appears as weights
along or near the diagonal 7 = j of the cor-
relation matrix I';; (89), consistent with Bose-
Einstein statistics. When 0 = &, weights appear
along or near the antidiagonal ¢ = —j, indi-
cating antibunching behavior emblematic of
fermions. Weights appear along the diagonal
i = j because bosons now behave as pseudo-
fermions, which do not obey the Pauli princi-
ple on-site, acting as fermions off-site and bosons
on-site (23). Therefore, their spatial correlations
differ from those of true fermions but none-

: t=0.7 P, WV =\ . . . .
(B) Measured probability Prigh: of occupation of 02 ’ 6 p”g"\/\./\./\/a\./v\/\/ theless show the essential trait of antibunching.
|...0011...), corresponding to both atoms having ’ e Finally, for fractional phase 6 = n/2, the
tunneled one site to the right after t = 0.70 + 0.02t as ] # $ correlation matrix I";; shows intermediate levels
a function of 6. The same relation holds for P, the 50' 5 + of bunching and antibunching to reveal frac-
probability for both atoms to tunnel one site to the left & + ¢ + tional statistics; strong weights appear along
after t = 0.70 + 0.02t. Decrease in probability as 6 8 0.1 ¢ the diagonal, whereas off-diagonal weights
approaches +r can be understood as development of & ¢ 0 ¢| | indicate the onset of fermionization. Good
destructive interference between paths in Fock space, 0.05 : ¢ o agreement with theory shows that the system
maximally cancelling when 6 = +r to localize atoms o maintains coherence up to our experiment
on their initial sites. The solid line shows prediction from 0 05 0 05 1 time of ¢ = 4t across ~20 sites. Unless other-
theory (44). Error bars denote the SEMs. 6 () wise noted, all theoretical predictions were
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Fig. 4. Characterizing bound pairs of anyons, U = 0. (A) Two-particle spectrum
Eq. where g is the center-of-mass quasimomentum, with scattering states forming a
continuum (gray-shaded region) and bound states detaching from the continuum
(solid lines; from blue to yellow: & = mn/5, 1 < m < 5). (B) Density distributions
conditioned on the relative distance d between the two particles undergoing a
quantum walk (same data as in Fig. 2). Left (right) plots correspond to near (distant)
particles separated by d < 2 (d > 2) sites, with 6 = 0, n/2, and =, from top to
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particle components, with 6
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bottom. (C) RMS size evolution of the near (dark green) and distant (light green)
=0, n/2, and &, from top to bottom. The spreading
velocities vg<p and vy~ are defined as the slopes of the linear fits (solid lines). Error
bars (smaller than data points) were obtained from a bootstrap analysis. (D) Ratio of
spreading velocities Vg, /vg=» as a function of 6. The solid line shows theoretical
prediction, with the shaded region corresponding to uncertainty in tilt calibration (44).
(Inset) Spreading velocities v4<, and vy~ as a function of 6. Error bars denote the SEMs.
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obtained ab initio using exact diagonaliza-
tion of the BHM with density-dependent
phase, with Hubbard parameters determined
from the calibrated value of effective tunnel-
ing J (44).

A bimodal structure emerges in the density
profiles, with an internal cone that narrows as
0 increases from O to n amid a background
density. We can understand this structure by
appealing to an interferometric interpreta-
tion of Fock state evolution (Fig. 3A). Our
initial state (|...0110...)), the source, splits into
upper (|...0020...)) and lower (|...0101...)) arms
to interfere at the final state (|...0011...)), a
process that corresponds to both atoms
tunneling one site to the right after a short
time evolution ¢ < t. When 6 = 0, the two arms
constructively interfere to arrive at the final
state with enhanced probability, but when 6 = 7,
the two arms destructively interfere, reducing
the path to the final state, and the system is
more likely to remain in the initial state. The
same picture applies for tunneling leftward;
hence, as 0 increases from O to &, atoms are
less likely to delocalize, forming the strong
density pattern in the center in the pseudo-
fermion limit. Notably, because the states
composing the interferometer are the same
as those in the loop in Fock space describing
particle exchange (Fig. 1B), interference between
the two arms directly reflects anyonic exchange
statistics. We measure the Fock state distri-
bution at short time ¢ = 0.70 + 0.02t and
observe that the proportion P, of experi-
mental runs in state |...0011...) decreases as 6
changes from 0 to +r, as explained by the
development of destructive interference in the
interferometric picture of Fock state evolution
(Fig. 3B). Because the same interferometric
picture applies for tunneling leftward, the pro-
portion Pjeq of experimental runs in |...1100...)
at ¢ < 1 is approximately equal to Pyigny, also
decreasing as 6 changes from 0 to +r thanks to
destructive interference.

Bound states induced by the statistical phase

The narrowing internal cone in the density
profiles indicates the formation of bound states
as 0 increases from O to w, even in the absence
of on-site interaction U (50-52). This phenome-
non occurs because the density-dependent gauge
field mediates interactions between bosons
(31, 45, 53). Theoretically, the two-particle
spectrum of the AHM with U = 0 consists of
a continuum of scattering states surrounded
by two branches of bound states for 6 = 0—an
upper branch with energy E, > 0 and a lower
branch with E, < 0, where ¢ is the center-of-
mass quasimomentum (Fig. 4A). Each branch
shows a preferred direction of propagation,
given by the sign of the group velocity dE,/dg.
Our initial state |...0110...) projects onto both
branches of bound states with equal weight
and onto scattering states; therefore, the in-
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Fig. 5. Asymmetric transport owing to the presence of on-site interaction U. (A) Introducing repulsive
on-site U in the AHM amounts to detuning sidebands E - Uy and E + Ug by U toward the center frequency
E. (B) Presence of U breaks inversion symmetry in the density profiles of quantum walks for fractional 6. Now
Pright # Piert because the phase accumulated by tunneling right through an occupied site differs from that
accumulated by tunneling left through an occupied site. (C) For U = 1.9 + 0.4J and 6 = /2, the density
profile shows a rightward trajectory and I'; at t = 2.40 + 0.05t shows strong spatial correlations with the right
half of the quantum walk. Transport changes direction toward the left for 6 = n/2. (D) For constant

U =+2.8 + 0.4/, direction of transport as a function ® summarized by An, difference in atom number between
right and left halves of the quantum walk. It changes with the sign of 8 and with the sign of U, with An = O for
6 = 0 and =, consistent with symmetric expansion of bosons and pseudofermions. (E) For constant 6,
direction of transport as a function of U. Direction of transport depends on the sign and the strength of

U. Error bars denote the SEMs.

ternal cone in the density profiles appears
symmetric about the center (44).

We distinguish the formation of bound pairs
from scattering states by analyzing the spread-
ing velocities of the two wave function compo-
nents. First, we characterize the two distinct
dynamics by conditioning the density profiles
in Fig. 2 on the relative distance d between the
particles, separately analyzing the spatial dis-
tributions of near (d < 2 sites) and distant (d >
2 sites) particles (Fig. 4B); for analyses condi-
tioned on different relative distances, which
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show similar behavior, see fig. S4 (44). Then,
we determine the root mean square (RMS)
size of each component as a function of time
(Fig. 4C) and perform a linear fit to extract the
spreading velocities v .o and v, (Fig. 4D,
inset). We see that v;-, is approximately inde-
pendent of 0, as expected for scattering states,
whereas v4.o strongly decreases as 0 increases
from O to n. This behavior is consistent with
the narrowing internal cone in the density pro-
files and the decreasing group velocity dE,/
dg in the two-particle spectrum as 6 increases

4 0of 6
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from O to wn. Note that we systematically ex-
tract a slightly reduced velocity compared with
theory owing to error in calibrating site offset
E, which results in a residual tilt in the ef-
fective model (44). Therefore, we characterize
the formation of bound pairs with the ratio
Ug<a/Va>2, @ quantity more robust to a resi-
dual tilt (Fig. 4D). Data points at 6 = /4 and
0 = 3m/4 correspond to the analysis of den-
sity profiles of two-particle quantum walks
subject to these phases (44). Good agreement
with theory further demonstrates that our mea-
surements show the existence of bound pairs in
the absence of on-site interactions.

Breaking of inversion symmetry

A defining characteristic of 1D anyons is spa-
tially asymmetric transport when interactions
are present because the AHM is not inversion
symmetric (54). Inversion symmetry is broken
because phase -0 (or 0) is acquired when a
particle tunnels to the right (or left) to an
occupied site, a property that becomes appa-
rent in the density profile of anyonic quantum
walks when U = 0 (54). This can be understood
by referring to the interferometric picture of
Fock states at short time ¢ < 1 (Fig. 5B). Phases
acquired in the upper arms |...0200...) and
|...0020...) are now, respectively,0 — Ut'/h and
—60 — Ut'/h, where t' = t/3 (44), which for 6 =
0 or 6 = 7, result in equal probability to arrive
at final states |...1100...) and |...0011...). When
0 is fractional, the probabilities to arrive at final
states |...1100...) and |...0011...) are not equal,
with preference to tunnel in a particular di-
rection. This picture also explains that when
the sign of 6 or U changes, so does the di-
rection of transport.

Introducing an effective on-site interaction
in our scheme amounts to detuning the side-
bands E - Uy and E + U, by U (Fig. 5A), which,
when present, leads to asymmetric transport
in the density profile of two anyons under-
going quantum walks (Fig. 5C). The density
profile shows transport toward the right when
0=-n/2and U=19 + 04J, withT";;at ¢ = 240 =
0.05t showing correlations with the right
half of the quantum walk. For the opposite
phase 6 = /2, the direction of transport is
now toward the left, corresponding to a re-
versal of phases accumulated in the left and
right upper arms of the interferometer. We
quantify the asymmetry of transport by the
difference in atom number between the
right and left halves of the quantum walk,
An = Zi>0(ni> - Zis()(ni), after some time
evolution. At constant U, we see that transport
is asymmetric for fractional 6 and changes
direction as 6 reverses sign (Fig. 5D). When 6 = 0
or i, we measure An = 0, consistent with the
symmetric density profiles of bosons and
pseudofermions. At constant fractional 6, the
direction of transport changes with the sign of
U (Fig. 5E), behavior inherent only to anyons
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because expansion dynamics of bosons and
fermions are identical for +U (55-57). General
agreement with theory shows that interactions
can be engineered across a broad range, —6J <
U < 6J, with deviations appearing when U < 0
owing to Floquet heating (44).

Discussion

We engineered a density-dependent Peierls
phase to realize 1D anyons with tunable ex-
change phase and reveal fractional statistics in
the HBT effect of two-anyon quantum walks.
‘We show that this density-dependent phase, a
form of interaction, is the mechanism behind
the formation of bound states, even in the
absence of on-site interactions. Then, once we
introduce on-site interactions, the breaking
of inversion symmetry—a property associated
with fractional statistics—becomes apparent
in the density profiles thanks to the interplay
between the density-dependent phase and
on-site interactions.

The three-tone Floquet scheme that realizes
the AHM expands existing capabilities of
Hamiltonian engineering, enabling control of
U without Feshbach resonances and the simu-
lation of a broad class of Hubbard models
owing to the ability to independently control
J, U, and 6. Floquet engineering with ultracold
atoms is generally a challenge, requiring can-
cellation of coupling to dissipative modes (58)
or an optimal balance between driving param-
eters and coherence time of the system (59).
However, our postselection rate remains rela-
tively high at ~60% at the end of a typical
experiment lasting ¢ = 41, despite the number
of modulation components (44). Additionally,
numerical simulations suggest that heating
rates remain low for systems of more than two
particles that are of interest for future research
(45). It would therefore be viable to expand the
scheme, such as by increasing the number
of modulation components or by dynamically
changing effective Hubbard parameters, as well
as the system size.

The many-body behavior of an ensemble of
1D anyons is a promising direction for future
study. For example, the bound states that we
observe play a crucial role in the emergence
of the so-called partially paired phase, which
consists of both paired and unpaired com-
ponents (30, 31). This phase, as well as other
exotic phenomena (23, 28), may be reached
by adiabatically ramping Floquet parameters
to connect to a target state. Our quantum gas
microscope is also well suited for the micro-
scopic study of entanglement properties of 1D
anyons (60). Finally, ultracold atoms may offer
a route to engineering non-Abelian anyons,
such as those in the 1D wire construction for
topological quantum computation (61), as sug-
gested by similarities between the AHM and
quasi-1D systems hosting non-Abelian anyons
(54). Other directions include introducing three-
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body hard-core interactions (20, 24) and
controlling anyonic excitations in the Pfaffian
state (62-64).
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