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ABSTRACT. Motivated by linear-quadratic optimal control problems (LQ prob-
lems, for short) for mean-field stochastic differential equations (SDEs, for short)
with the coefficients containing regime switching governed by a Markov chain,
we consider an LQ problem for an SDE with the coefficients being adapted to
a filtration independent of the Brownian motion driving the control system.
Classical approach of completing the square is applied to the current problem
and obvious shortcomings are indicated. Open-loop and closed-loop solvability
are introduced and characterized.

1. Introduction. Let (Q, F,F,P) be a complete filtered probability space on which
a one-dimensional standard Brownian motion W(-) is defined. We begin with the
following controlled linear mean-field stochastic differential equation (MF-SDE, for
short):

dX(t)= (A(t, a(t) X (1) +A(t, o) E[X (£)| 7]
+B(t a()u(t) + B(t, a()E[u(t)|Fe]+b(t) ) de
+(C(t,a(t))X(t)+é(t, at))E[X ()| F7] (1.1)
+D(t, a(t))u(t) + D(t, a(t) B[u(t) F' ]+ (0) dW (1), t>s5,

X(s) =&,
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In the above, u(-) is a control process valued in R™, and «(+) is a Markov chain with
natural filtration {F* : ¢ > 0}, independent of W (), valued in some finite subset of
R, determining the regime switching for the system, X (-) is the corresponding state
process. A typical form of Markov chain «f(-) is the solution to the following SDE:

da(t) = /R,u(t,a(tf),H)N(dt, o), t=s; a(s) = ap. (1.2)

Here N(dt, df) is a Poisson random measure on R with intensity measure E[N (d¢, d6)],
and p(-) is some given map. Let FN = {FN},5¢ be the filtration of the Poisson
process associated with N(dt,df). Then the coefficients A(-,«(:)), etc. are all
assumed to be F¥-adapted. Under proper conditions, for any control u(-) (taken
from certain class), and initial triple (s, &, agp), state equation (1.1) admits a unique
solution X (-) = X (-; 8,2, ag,u(-)). To measure the performance of the control, one
could introduce a quadratic cost functional. Then a corresponding linear-quadratic
(LQ, for short) optimal control problem for such a system can be formulated in a
finite time horizon.

There is a vast number of papers dealing with various LQ problems since the
seminal works of Bellman—Glicksberg—Gross [2], Kalman [9] and Letov [12] appeared
around 1960. Let us briefly mention a very small portion of the relevant works
on LQ problems. Standard LQ theory for ordinary differential equations can be
found in Lee-Markus [11], Anderson-Moore [1], Willems [27], Wonham [29], and
so on. Study of stochastic LQ problems began with the works of Kushner [10] and
Wonham [28] in the 1960s. See also McLane [17], Davis [5], Bensoussan [4], and
so on, for classical stochastic LQ theory. In 1998, Chen-Li-Zhou [7] found that
for stochastic LQ problems, the weighting matrices in the cost functional could
be indefinite to some extent. See Yong-Zhou [31] and Sun—Yong [23] for some
comprehensive presentations along this line. Stochastic LQ problems with mean-
field was studied by Yong [30] in 2013. See Huang-Li—Yong [8], Li-Sun—Yong [14],
Sun [21], Wei-Yong—Yu [25], Sun—Yong [24], Li-Shi—Yong [13] for some follow-up
works. On the other hand, ergodic LQ control problem was studied by Mei—Wei—
Yong [18] and LQ problem with regime switching in finite time horizon was studied
by Zhang-Li [32], Wen-Li—Xiong—Zhang [26].

We now introduce the general framework of this paper, which is strictly more
general than the above, and it could cover some other interesting situations. Let
(Q, F,F,P) and W(-) be as above. Also, let a square integrable cadlag martingale
M(-) be defined. We assume that W(-) and M (-) are independent and their natural
filtrations augmented by all the P-null sets in F are denoted by FWV = {FV };>0
and FM = {FM},50, respectively. Next, let F = FV vFM = {FV v FM},5,

(with 7V v FM = o(FV U FM)) and denote E}[-] := E[-|FM]. Further, we
write EM[-] := E[- |FA] with FY = o( Usso FM). Now, we consider the following

controlled SDE:
AX (1) = (A(t)X(t)+A(t)EM [X (8)]+ B(t)u(t)+B(t)EM [u(t)] +b(t)> dt,
+(COX O+COEMX(0)]+D(E)u(t) + DOE [u(®)] +o(H) dW (1), t > 5, (13)
X(s) =¢,

where X(-) is the state process valued in R" (with initial pair (s,§)), and u(:) is
a control process valued in R™, both are F-adapted. The coefficients A(-), A(-),
C(-), C(-) and B(-), B(+), D(-), D(-) are either R"*™ or R"*™.valued, FM-adapted
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stochastic processes; the nonhomogeneous terms b(+), o(-) are R™-valued, F-adapted
stochastic processes. We see that (1.3) is a linear SDE with special type mean-field
terms and special type random coefficients. By Lemma A.1 (in the appendix), we
will see that

EMIX(®)] =B X)), EMu()) =E[u®)],  t>s

Thus, EM in (1.3) can also be replaced by EM. Note that the mean-field terms
EM[X (t)] and EM[u(t)] are FM-measurable for each ¢t. In the case that M is a
constant process, (1.3) reduces to the classical linear mean-field SDE with deter-
ministic coefficients (see [30, 21]). On the other hand, if M(t) = N(t) — A\t where
N(-) is a Poisson process with intensity A, our framework recovers the usual regime
switching case. It could also be the case that M(-) is another Brownian motion that
is independent of W (-) and/or a pair of a Brownian motion and a Poisson process
which are independent of W (-), and so on. From now on, by (M), we denote the
quadratic variation process of M. Moreover, we assume that the natural filtra-
tion FM of M (augmented by all the P-null sets) is complete, quasi-left continuous,
right-continuous. In the case that the nonhomogeneous terms b(+) and o(-) are zero,
the control system is said to be homogeneous, and such a system is denoted by

[A(-), A(-),C(-),C(-); B(+), B(-), D(+), D(-)]. The state process of the homogeneous
system is denoted by X°(-) = X°(;s,&,u(+)). Thus,

dXO (1) = (A(t)XO(t)+A(t)]EM [XO()]+ B(t)u(t) + B(t)EM [u(t)]) dt
He®XO 1)+ COEM X W]+ D(u(t) + DOEM [w(®]) aw (1), ¢>s, (14)
X0(s) =¢.
Next, for given Euclidean space H (which could be R™, R"*™ etc.), we let
L% (GH)=<¢6:Q— H { ¢ is Fo-measurable, E[¢|* < oo},
Li(s, T;H)=1{ ¢:[s, T]xQ—H | ¢(-) is F-progressively measurable,
T
and E |<p(t)|2dt<oo},
Li (s,T;H)E{g@ € Li(s,T;H) | () is F—predictéble},
and
7={(5,6) | s €[0,00), € € LF,(%RM)},
U[s,T) = La(s, T;R™), if0<T < o0 U[s,00) = LE(s,00; R™).

Under proper conditions, for any given initial pair (s,€) € 2 with 0 < s < T < oo,
and any control u(-) € %|[s,T], the state equation (1.3) admits a unique strong
solution X () = X (-;s,& u(-)) on [s,T]. To measure the performance of the control
u(-) over [s,T], we may introduce the following quadratic cost functional:

J(s.&u() =E / £(6, X (8, EM X (0)], u(t), EM [u(t)]) dt
FE[F(X(T),EM (X (T)])].

(1.5)
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+2(S(t)z, u)+{(R(t)u, u) + 2(q(t), x) + 2(q(t), ) + 2{r(t),u) + 2<F(t),ﬂ>}, (1.6)

[(Ga, ) + (G, 3) + 2(g,2) + 25,7) |,

with Q(+), Q(+), S(*), S(*), R(:), R(-) being some FM-adapted matrix-valued process-
es of suitable sizes, ¢(+), r(-) being F-adapted (Vector—valued) process, q(-), 7(-) being
FM_adapted (Vector—valued) processes, G, G being .FT -measurable random matri-
ces, g being Fr-measurable random vector, and g being F-measurable random
vector. The two terms on the right-hand side of (1.5) are called the expected running
cost and the expected terminal cost, respectively. Correspondingly, f(-) defined in
(1.6) is called the running cost rate function. In the case that ¢(-),q(-),r(:),7(-), 9,7
are all zero, we denote the cost functional by JO(s, &; u(+)). Hence,

(s, €5 u()) = / £ (6, XO(0), EM [XO(0)], u(t), EM [u(t)]) e )
HE[F(X°(T), EM [X°(T)))],

where

ot x, 2, u,a) = [(Q(t)z,z) + 2(S(t)z, u) + (R(t)u, u)
+HQ1)z, )+ 2(S(1)7, @)+ (R(t)u, u)], (1.8)

FO(2,7) — %[m,@ 1 (Gz,7)].

l\D\H

Our finite time-horizon optimal control problem can be stated as follows. Problem
(MF-LQ). For any given (s,&) € 2 having s € [0,T), with the state equation (1.3)
and cost functional (1.5), find a control @(-) € % [s, T such that
J(s,&u(q)) = inf ; =V(s,&). 1.9

(s.&a() = int (s &ul) = V(s,6) (19)
We call any ﬂ(-)isatisﬁes the above as an open-loop optimal control, and corre-
sponding X (+), (X (+),@(-)) as open-loop optimal state process and open-loop optimal
pair of Problem (MF-LQ), respectively. We also call V(-,-) the value function of
Problem (MF-LQ).

The problem for the homogeneous state equation (1.4) and purely quadratic cost
functional (1.7) is denoted by Problem (MF-LQ)°.

Now, we highlight the main contributions and clues of the current paper.

(i) The first natural approach to LQ problem is to use the method of completing
the squares. Applying such a method, one could obtain sufficient conditions for
the existence of optimal control. It is not clear whether the imposed conditions are
necessary for Problem (MF-LQ) to have an optimal control. This motivates our
study below.

(ii) In order to explore the above, mainly inspired by Sun—Yong [23, 24], we intro-
duce the open-loop solvability of Problem (MF-LQ), and obtain its characterization
in terms of the solvability of the optimality system which is a coupled mean-field
forward-backward stochastic differential equation (MF-FBSDE, for short). From
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this, the open-loop optimal control can be written in terms of the predictable solu-
tion of this MF-FBSDE. Note that due to the appearance of the martingale M(-),
the corresponding MF-FBSDE is different from the classical FBSDE ([16]).

(iii) It is clear that the above obtained representation of the open-loop optimal
control is anticipating: the future information of the open-loop optimal state pro-
cess is used. To remedy that, we try to find a closed-loop representation of the
open-loop optimal control by decoupling the MF-FBSDE using the idea of invari-
ant imbedding ([3]) (or the Four-Step Scheme, introduced in [15]). This naturally
derives a differential Riccati equation which is a backward stochastic differential e-
quation (BSDE, for short) in general. As long as such an equation has a predictable
solution, the open-loop optimal control admits a closed-loop representation, which
is non-anticipating.

(iv) This logically suggests us introduce the closed-loop solvability of the LQ
problem, which in turn can be characterized by the regular solvability of the differ-
ential Riccati equation that is derived earlier. Note that, in the current case, the
martingale M(-) appears not only in the FBSDE, but also in the differential Riccati
equation. This brings some new features into the study. It is worthy to point out
that the method used in [14] seems to be difficult to extend here. Therefore some
new methods will be created.

Here let us specially compare our results with [19] where a special type LQMF
control problem is studied. Under a strong positive-definiteness condition, [19]
shows that there exists a unique optimal control when the mean-field interaction
is conditional on a Brownian motion. Differently, without the positive-definiteness
condition, we prove that the existence of an optimal control can be equivalently
characterized by the solvability of a MF-FBSDEs.

The rest of the paper is organized as follows. Some preliminary results are
collected in Section 2. In Section 3, we follow the idea of completing the squares for
Problem (MF-LQ), naturally deriving the Riccati equation. In Section 4, the open-
loop solvability of Problem (MF-LQ)" is introduced and characterized by a mean-
field FBSDE. Close-loop representation of open-loop optimal control is established
by decoupling the FBSDE in Section 5. In Section 6, closed-loop solvability is
introduced and characterized by the regular solvability of the Riccati equation. In
Section 7, it was proved that the strongly regular solvability of the Riccati equation
is equivalent to the uniform convexity of the cost functional. This gives the natural
sufficient condition under which Problem (MF-LQ) is closed-loop solvable. Finally,
some simple conclusion remarks are put in the last section.

2. Preliminary. First of all, besides the spaces L% (Q;H) and Lg(s,T; H) defined
in the previous section, we introduce some more spaces: For 0 < s < T, define

LfTSM (G H) = {§ € szS(Q;H) | Eis fy—measurable},

L (s, T; H) = {<p() € Li(s, T;H) | ¢() is FM-progressively measurable},
LIQW (s, T;H) = {(p() € La(s, T;H) ‘ () is IFM—predictable},

L (s, T;H) = {ga :[s,T] x Q@ — H | ¢(-) is F-progressively measurable,

and esssup ||o(t, )0 < oo}7
te(s,T]

L3 (s, T H) = {go() € Lg°(s, T;H) | () is FM-progressively measurablc}.



818 HONGWEI MEI, QINGMENG WEI AND JIONGMIN YONG

Let S* (Sk) be the set of all the k x k symmetric (positive-definite) matrices. For a
symmetric positive semi-definite matrix ¥ € S¥, denoted by ¥ > 0, we denote the
pesudo-inverse of ¥ by T and the range of ¥ by Z(¥). In the following, we may
misuse a little the notation (-,-) that represents inner products in different spaces
which can be identified from the contexts.

Next, for any s € [0,7T), we know that L3 (€;H) is a Hilbert space under the
following inner product

E(¢,7) = / (@) @) dPw),  &ne L3 (H).

The space L;M(Q;H) with the same inner product as above, is a closed subspace

of L% (Q;H), and its orthogonal complement in L3 (€; H) is given by
L2 (G H) = {g € L% (UH) |E(€n) =0, Vi€ Lty (Q;H)}.

Let the orthogonal projection from L3 (€;H) onto L%_.SM (©2; H) be denoted by I,

and let I = I — II,. Then, we get an orthogonal decomposition of L%_—S(Q;H) as
follows,

L3, (% H) = LEx (B H) © L3 (2 H). (2.1)

Now, for any & € L% (Q;H) and n € L%, (Q; H),

Thus, £ — EM[¢] € LQEM (; H)*. Consequently,

IL (€] - EY[€] = (€ — EX[€]) — (€ — IL[€]) € L3 (2 H) N L% (2 H) = {0},
Hence,
L) =EN[e], V€€ Lk (% H). (2.2)
On the other hand, thanks to Lemma A.1 (from the Appendix), we have EM[.] =
EM[.] = E[-|FA]. Therefore,
IL[¢) = Ey1[€) = EM[e], T [€) = € — EJ7[¢) = € — EM[g], V€ € L%, (% H). (2.3)

We should note that any non-zero element in L;M (; H)* is not FM-measurable.
Also, for any § € L% (;H), EM[¢] is in L%, (€ H), and it is not necessarily a
deterministic vector.

Based on the above, for any 0 < s < T, we further define IT : Li(s, T;H) —
L2, (s, T; H) as follows:

Mv()](t) =T [v(t)| =EM [v(t)] =pEM [v(t)], ae. t € [s,T)], Yo(-) € Li(s, T; H).

Note that for any v(-) € L?(s, T;H), II[v(+)] is defined for almost all t € [s, T}, as
a process defined on [s, T]. We now show that IT is the orthogonal projection from
LE(0,T;H) onto L2, (0,T;H). In fact, first of all, if v(-) = o(-) in Lg(s, T; H), we
get

T T
2 [ O - el e < 2 [ o) - o o,
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which leads to I[v(-)] = II[o(-)] in L3, (s, T; H). This means that IT is well-defined.
Clearly, I1? = II and

W) o()) =B [ EV o) o)t =E [ E (o) EY (o))
=8 [ (o EY (0t = (o). 1)

Thus, I1 is a self-adjoint idempotent, which means that IT is an orthogonal projection

from L2(s,T;H) onto L2, (s, T;H). Next, we denote II*- := I — II, which is the
orthogonal projection from L2(s,T;H) onto L?FM (s, T;H)*, where

T
Ly (s, T;H)L = {v(-) € L(s,T;H) | E/ ((t),v(t))dt=0, Vo(-) € Lan (s, T; H)}.

Also
L?Fy (s, T;H)*:= {v() € Ln (s, T;H) ™  o(-) is F—predictable} =" (LE (s, T;H)).

From the above, we know thatLZ2,, (s, T;H)* @& L2, (s, T;H) is an orthogonal de-
composition of LZ(s, T;H), and L2, (s, T; H)* & L2, (s,T;H) is an orthogonal de-

composition of L2 (s, T;H)

Remark 2.1. Note that although we have not indicated, the projections I, IT+
and II[v(-)], II*[v(+)] in the above definitions are actually depending on the dimen-
sion k of the underlying space H. For notational simplicity, we will not indicate
such a dependence explicitly, which is clear from the context.

In what follows, for given s € [0,T), we will conventionally make the following
identifications: For any Euclidean space H,

E = [+ L[ =& © & = (61, &), VE € Ly (% H);

e() =T [p( )]+ ()] =p1(-) B2 () = (p1(), 92(), V() € LE(s, T; H).
Here, & & & stands for & + & with & and & being mutually perpendicular; the
meaning of ¢1(-) @ @a(+) is similar. In the above, ¢(-) could be X (-), u(+), b(-) and
so on. For simplicity, we will do not distinguish II; and II below. Further, we will
denote

(2.4)

I, =+ =7 —1I, I, =1II.
Next, let us make a couple of additional observations.
e By the independence of W(-) and M (-), we have

I, / (3)dW (s)= (I — TI) / (3)dW (s) = / P(s)AW (s), V() € LA(0, T; H),

11, / ' o(s)dW (s) = EM [ / t @(5)dW (5)| =0, V() € LE(0, T; ),

t t
I [ p(e)aM(s) = [ Wlp(s)dM(s), Yol € LHO.TiH), 0= 1.2
0 0
From the first two in the above, one sees that

/0' (AW (s) € L2ar (0, TsH)S,  Vep(+) € L2(0, T H). (2.5)
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The point in the above is that ¢(-) is arbitrary and it does not have to be FM-
adapted, or in LH%M (0, T;H)*,.

e For any P(-) € L3, (s,T; L(Hy, Hy)) and ¢(-) € La(s, T3 Hy),
W[P@e(t)] = POTLp(H)], =12
Before going further, let us introduce the following hypothesis which will be
assumed throughout of the paper.
(H2.1) Let 0 < T < o0.

(i) The coefficients and nonhomogeneous terms of the state equation (1.3) satisfy
A()’ A()v C()v é() € LIb?OM (0’ T; Rnxn)? B()a B()a D()v D() € L]?‘?W (07 T; Rnxm)?
b(),0(-) € LE(0, T;R™).

(i) The weighting coefficients of the cost functional (1.5) satisfy
Q(),Q() €L (0,T58"), R(-), R(-) € Lg5i (0, T58™), S(-), S(-) € Lga: (0, T; R™*™),
4() €L(0, T3 RY), g} € L2y (0, T R), () € L3(0, T3 R™), 7(-) € L2 (0, T3 R™),
G,G’GLO;%W(Q;S") geL% (GZR™), ge L3 (Q R™).

It is clear that under (H2.1), for any (s,§) € 9 with s € [0,T), and u(-) € s, T,

the state equation (1.3) admits a unique solution X (-) € L2(s,T;R™), and the cost
functional (1.5) is well-defined. Therefore, Problem (MF-LQ) is well-formulated.

Now, applying the orthogonal projection Iy to state equation (1.3), one has
(noting the convention (2.4))
dXo(t) = [A(t) Xa2(t) + A(t) Xa(t) + B(t)uz(t) + B(t)ua(t) + ba(t)] dt
= [(A() + A1) X2(t) + (B(t) + B())ua(t) + ba(1)] dt.
Noting X7 (t) = X (t) — Xa2(t), and uq(t) = u(t) —
from state equation (1.3), we obtain

(2.6)

us(t), etc., subtracting the above

X, (t) = [A(t)X1(t) + B(t)ur (t) + ba(t)]dt
Wle (Ct+anxm) (2.7)
+D(t)ur (1) + (D(t) + D(B))ua(t) + o (£)] dW ().

Hence, by letting
Ai () = A(), A2() == A() +
Ci() :==C(), Co) :=C() +
we see that state equation (1.3)
properly suppressed):
Xm(t)Z[Ale +Biuy +b1]dt
+[ClX1+CQX2+D1U1 +D2U2+O’1+O’2}dW(t),
ng(t)Z [A2X2+Bzu2+b2]dt, te [S,T],
XI(S):gla X2(5)252a with (51762) = (Hl [5]71_[2[5})

For the cost functional (1.5), we observe the following

E[(Q(t) (1))

—IE[<Q()( [(t)]+X() EMIX(6)]), EM[X (8)] + X (t) — EM[X (8)])]
E[{Q(t) H1 ), IL[X](t)) + (Q(t)2[X](2), T [ X](1))]
=E[{QX1(t), X1(t)) + (QX2(t), Xa(t))].

A(). Bi() = B(). Ba):=BO+BO. (¢
C(), Da() := D(), Do) = D) + D(),

is equivalent to the following system (with t being

(2.9)
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Similar calculations apply to the other terms in the cost functional, which leads
(1.5) to the following:

J(S7 &1, 60; ul(')a ’U,g()) = J(S7 & ’LL())
1< T
= izE[/ ((QiXi,Xi>+2<SiXi,Ui>+<Riui, w;) + 2(q;, X;i) + 2<ri,ui>)dt (2.10)

H(GXA(T), Xi(T)) +2{gi, Xi(T)))
with

@)= Q0 Q) =) £ Q0. Si0):= 50 50) =50 +50),
Ri() = R(), Ra() = R() + R(), qu() = ifq(), 2.11)
0:() = sfg()] + (). r() = m[m7<> I [r()] + 7(),

g

Gi1:=G, G2 =G+G, g1 = |, g2 = 2[g] + g.

Then Problem (MF-LQ) can be equivalently formulated with the state equation
(2.9) and the cost functional (2.10).

In the case that b(-),o(:),q(-),q(-),r(:),7(-), g, g are all zero, (2.9) becomes (com-
pare with (1.4))

dX)(t)=[A1 XY+ Byuy)dt

+H[C1 XY+ Co X+ Dyuy +DousdW (t), t € [s,T],
dX3(t)=[As X9+ Boupldt,  te[s,T),
XP(s)=¢€1, X3(s)=Ea.

The cost functional (2.10) becomes

J0(s, &1, &23u1(), ua() = (s, & u(-))

1< T
=-) E (QiX?, XV +2(S; X7 wi) + (Ryug, u)| dt+(G XD (T), X(T)) ¢
s 25| )

(2.13)
In this case, we recall, from the introduction, that the corresponding LQ problem
is named Problem (MF-LQ)°. This will play an important role later.

(2.12)

3. Completing the square — a classical approach. For LQ problems, the
most natural approach is the completing the square. In this section, we present such
an approach for our Problem (MF-LQ).

For any given (s,&) € 2, J(s,& u()) contains the running terms (the terms in
the integral over [s,T]) and the terminal terms (the terms at 7'). Such a mixed
form is not convenient for us to complete the squares. Therefore, our first step is

to write the terminal terms into the running terms. To this end, we introduce the
following backward stochastic differential equations (BSDEs, for short): (i =1,2)

{dPi(t) =Ti(t)dt + AM(t)dM (t), te[s, T, (3.1)
for some undetermined T';(-) € L3, (s,T;S™). Thus, for such a case, the drift,
denoted P;, of P; is bounded. By saying (P, ( ), AM (%)) to be a predictable solution
of (3.1), we mean that P;(-), Pi(-) € L%, (s, T;S™) and AM () € LFM(S,T; S™) and
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(3.1) is satisfied in the usual sense (note that G; € L
introduce the following BSDEs:

}-M(Q;S")). Further we

{dm () = m()dt + G O)dW (&) + M (DM (1), te[sT], (3.2)
m(T) = g1, '
for some undetermined v, (-) € L2, (s, T;R™)*, and
{dnz(t) = 7a(t)dt + T (BAM(b), € [s,T), (3.3)
772(T) = 92,

for some undetermined ~2(-) € Ly (s, T; R™). Similar to the above, by saying that
(m(+),¢1(+), ¢M(-)) to be a predictable solution of (3.2), we mean that

(Ul(),Cl(),CfWO) € ]FM(S T; Rn) x L%‘(S,T; Rn) x L]%JXI (S?T; RH)L7 (34)

and (3.2) is satisfied in the usual sense; and by saying that (12(-), (24(+)) to be a
predictable solution of (3.3), we mean that

(772(')7 Céw()) € L]%‘M (SvT; Rn) X L]%‘Iy (SvT; Rn)a (35)

and (3.3) is satisfied in the usual sense. Note that due to (2.5), ¢1(-) € L(s, T; R™)
(not necessarily in L2, (s, T;R™)%). Then, by It6’s formula (see Appendix B for
details),

o1, G0 ua() = (o, Eu()
T
72<{ )61, 6) + 20m(s). ) + [ (0 + QP PIX X)

+2(Si(Pi, P1) X + v, ui) + (Ri(Pr)ui, wi) + 2(y: + g, Xi)
+2(n;, b;) + 2(IL;[C1], 04) + (Proy, O-i>:|dt}7

(3.6)

(P P () = Pi(DA(C) + A()TP() + Ci() TP ()Ci() + Qi (),

Q
Ri() = Ri(P)(-) == Ri(-) + Di(-) " P1(-) Di(-),
S6)= S F0 = BOTRO +DOTAOCO TS0, =12
3.7
and
q; == Al n; + C/ L[] + Pibi + C Pios + gi, .
{I’i := B/ n; + D/ 1;[1] + D Pio; + 7y, =he (3:8)

This finishes the first step: The cost functional (3.6) contains only the integral terms
which involves the control process. Such a functional is said to be of the Lagrange
form. In fact, Now, we perform the second step: completing the square. Assume
the following:

Ri(P) =20, S(P,P)X;+1; € Z(R;(Py)), i=12. (3.9)
Then we have
2(8i X + riswi) + (Riug, uq)
— [RZu; + RIS X, +1i]2 — (RIS, Xi + 1], +1,)
= |Ri%“i +RIZISX + )] — (ST RIS X, Xi) — 20T Riri, Xi) — (Rl ).
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Hence, (3.6) becomes

T(s, & u ZE{ $)&i, &) + 2(ni(s), &)

T . )
+2(y; + a5 — ST RIry, Xi) + 2(mi, 0:) + 2(IL[G1], o)
+(P1oi,04) — <R3ri7ri>}dt}.

This gives the completion of squares involving controls w;(-) and wug(-). The third

step is to make a right choice of I';(-) and ~;(-). We make the following natural

choices:

T; = —[Qi(P;, Py) — Si(P, P) " Ri(P) Si(Ps, Py)]

= -[PA+ATPACTPCHQ; (3.11)
—(PiBZ-+CiTP1DZ-+S;)(Ri—s—DiTPlDi)T(BiTPZ-+DZ-TP10i+Si)}, i=1,2,

and

vi = —[a; — Si( P, P1) TRi(Py) ry]

= —[Al i + CTIL[G] + Pibs + C Pioy + g, (3.12)
—(P;Bi+C; PLD;+ S )(Ri+ D, PLD;)" (B n;+ D TL;[(1]+ D, Proi+ry)].

Then (3.1) reads completely in details as

dP; = A}MdM — [PA; + Al P+ C' P,C; + Q;
—(PiB;+C; P.D;+S; )(R;+D; P.D;)! (B P;+ D, P\C;+5;)|dt, te[s,T],
P,(T) = G,
(3.13)
which is called the backward stochastic differential Riccati equation (BSDRE, for
short), (3.2)—(3.3) read

dm = QdW +¢MdM —[A] m+C{ L[]+ Pyby +Cf Pioi+q1
—(P1B1+C{ PLD1+S) ) (R +D{ PyDy)(B] m+D{ I [(1]+ Dy Pyoy+r1)]dt,
dny = (3" dM — [Ag no+Cy 5 [¢1]+ Paba+Cy Proa+qa

—(PQBQ—FC;PlDQ—I—S;)(RQ—|—D;P1D2)T(B;T]2—|—D;H2[C1]—|—D;P10'2—|—7’2)] dt,
telsT],

m(T) = g1, m2(T) = ga,

(3.14)
Note that the BSDE for n; has a dW term, but the BSDE for 72 does not have that
term. The cost functional (3.10) becomes

Ts,&u()) = 5 3B (P(s)Es &) + 2mi(s), &)
=1
+/T[Ri(P1)éui+[Ri(P1)T]é[Si(Pi,Pl)Xi-l-riHQ (3.15)

+2<77i7 bz> + 2<H7;[C1],0'i> + <P10'i, O'i> — <Ri(P1)TI‘i,I‘i>] dt}
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Now, we come to Step 4, to determine the optimal controls. From the above, we
see that by taking
a; = —Ri(P)[Si(Py, PO)X; + 1] + [T — Ri(P) "R (Py)]
=—(R;+D/ PD;) ((B;P,»—i-DiTPlCi—FSi)Xi-|—BiTm-|-DiTHi[<1] +Djplai+m>
+[I — Ri(P1)"Ri(Py)] i,

(3.16)
with (X1(+), X2(+)) being the corresponding state, one has, from (3.15), that

E{(Pi(s)€5, &) +2(m(5), &)

=1

N

T
+/ [<77i7bi> + 2(IL[G1], 03) + (Proy, 04) — <Ri(P1)Tri7ri>]dt}-
Or, equivalently,

1< T
Vs, = g (o) + 260 + [ oty r2miche)

+(Pioi,0i) — |[Ri(P1)T]%(B;rm + D{IL;[G1] + D, Pio; +Ti)|2:| dt}~

The above finishes the classical approach to Problem (MF-LQ). We can state the
above result as follows.

Theorem 3.1. Let (H2.1) hold. Let BSDRE (3.13) admit a predictable solution
(P;(-), AM (")), satisfying
Z%(B] P+ D] PLC; + 8;) € %(Ri + D] PD),

3.18
R+ D/ P,D; > 0. (3.18)

Let BSDEs (3.14) admit a predictable solution (11(-),¢1(-), (M (-),m2(+), ¢ (")) sat-
isfying
Bl'ni + DI IL[G] + D Po; + 1 € Z(Ri(P1)),
Ri(P)' (B mi + DI IL (1] + D Prot + 1) € Liu (s, T;R™) S, (3.19)
Ra(P1)!(By n2 + Dy I2[Ci] + Dy Proz + 1) € L (s, T;R™).
Then Problem (MF-LQ) admits an optimal control u(-) = u1(-) + u2(-) given by
(3.16) with X(-) = X1(-) + Xa(:) being the corresponding state process, and the
value function V (-,-) is given by (3.17).
The above result seems pretty good, and it gives a sufficient condition for Prob-

lem (MF-LQ) to have an optimal control. However, there are at least two major
shortcomings:

e How the usual Pontryagin type maximum principle is related to Problem (MF-
LQ)?

o It is not clear if the imposed conditions (the solvability of BSDREs (3.13), and

BSDEs (3.14) with properties (3.18)—(3.19)) are necessary for Problem (MF-LQ) to
have an optimal control.
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In the rest of the paper, we are going to look at Problem (MF-LQ) from a different
angle, try to answer the above questions, inspired by the works of Li-Sun—Yong [14],
and Sun—Yong [23, 24].

4. Open-loop solvability of Problem (MF-LQ). This section is essentially
answering the first question in the above, namely, we want to characterize the
optimal control of Problem (MF-LQ) by the variational method. We now introduce
the following definition.

Definition 4.1. (i) Problem (MF-LQ) is said to be finite at (s,€&) € 2 if

inf J(s,&u(-)) > —oo0. 4.1
ol (s gul) (4.1)
If the above is true at any (s,£) € 2, we simply say that Problem (MF-LQ) is
finite.

(ii) Problem (MF-LQ) is said to be (uniquely) open-loop solvable at (s,§) € 2,
if there exists a (unique) u(-) € %[s,T] such that (1.9) holds. In this case, u(:) is
called an open-loop optimal control of Problem (MF-LQ) at (s,&) € 2, X(-) and
(X(-),u(-)) are called an open-loop optimal process and an open-loop optimal pair,
respectively. Problem (MF-LQ) is said to be (uniquely) open-loop solvable if it is
(uniquely) open-loop solvable for any (s,&) € 2.

Now, we look Problem (MF-LQ) from an abstract viewpoint. For (s,{) € & and
u(-) € Z|[s,T], by the linearity of the state equation (1.3), we have
X() = X(65,8u) = D1(L, 8)[u()] + Dot 5)§ + @olb(-), o ()I(F), t € [s,T1,

for some linear bounded operators ®1(-,s) : % [s,T| — L&(s,T;R"), $o(-,s) :
L3 (5 R™) — Lg(s, T;R™), and a linear map (b(-),0(-)) = @o[b(-).0(-)]. Conse-
quently,

T, u()) = 5 [(au(),u() +201,u() + )], (12)
for some
Uy : %[s,T) — %][s,T] is linear bounded and self-adjoint,
(& 0(),0(),a(-),7(-), 9) = ¥1 = 91(§,0(-),0(),q(-),7(-), 9) is linear, (4.3)
(67 b('),O’('), q(')7r(')7g> o = ?/Jo(f’ b()’ U(')rq(')vr(')’g) is quadratic.

ClearIY7 when (57 b()a 0'('),(](’),7"('),9) = 07
T(5,0;u()) = 5 {(Wou(), u(). (4.4)

From the above, we see that Problem (MF-LQ) is equivalent to the problem of
minimizing quadratic functional (4.2) in the Hilbert space % [s,T]. Therefore, the
following lemma is very useful, which can be found in Mou—Yong [20] (see also
Sun—Yong [23]).

Lemma 4.2. Let J(s,&u(:)) be defined by (4.2). If

inf  J(s,&u(r)) > —oo0, 4.5
odit | J(s () (15)

for some (s,€) € 9, then
Ty > 0. (4.6)
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If (4.6) holds, then there exists a u(-) € % [s,T| at which the map u(-) — J(s,&u(-))
achieves its minimum if and only if

1 € Z(Vy). (4.7)

In this case, any u(-) € % |[s,T] is a minimizer of u(-) — J(s.§;u(-)) if and only if
a(+) is a solution of the following equation:

where the left-hand side of the above is the Fréchet derivative of the map u(-) —
J(s,&u(+)) at a(-). Moreover,

0= =Wl + (I - WiWy)p, (4.9)

where \Il; is the pseudo-inverse of W, and for some p € % [s,T]. In this case, the
value function is given by

1 1
V(s.6) =5 (0o~ (Wnwn)), V(5,6 =~ (Wl v), (4.10)
and consequently, for some constant Ky > 0,
VO(s,6)| < Kolé?,  Y(s,6) € 2. (4.11)

Further, if Ws is injective, then u is unique, and is given by
= -0 .

Note that condition (4.6) is equivalent to the convexity of u(-) — JO(s, & u(+)),
which is equivalent to the convexity of u(-) — J(s,&; u(-)) for some & € L3 (Q;R"),
or, equivalently, for any ¢ € L% (;R™). The second part of the above lemma can
also be stated as follows: Under condition (4.6), a control u(-) € %[s,T] is an open-
loop optimal control if and only if (4.8) holds. Therefore, it suffices to determine
DuJ(s,&u(-)) and to solve equation (4.8). The following result is for this goal.

Theorem 4.3. Let (H2.1) hold.

(i) If Problem (MF-LQ) is finite, then u(-) — J(s,&u(:)) is convex for some
£ e L% (S R™) (or, for all € € L% (;R™)).

(i1) Suppose the map u(-) — J(s,&u(-)) is conver. Then a state-control pair
(X(-),u(-)) is an optimal open-loop pair of Problem (MF-LQ) if and only if there
exists a triple (Y (), Z(-), ZM(-)) of F-adapted/predictable processes so that the fol-
lowing BSDE is satisfied:

4Y (1)=—[A®) TV (1) + A1) Va(t)+C () Z()+C(0)T Zo(1)

+QO)X (1) +Q(t ) Xo(t)+S(t) "alt) + S(t) Taa(t) + q(t) +a(t)|dt  (4.12)
+7( +7Z

AW (t) + ZM (t)dM (1),  te[s, T),
Y(T) = GX(T) + GXo(T) + g + 9.
)

~—  ~—

where Y () = IL[Y (+)], ete., and, in addition, the following stationarity condition

holds:

B()TY (1) + B(t)Ya(t) + D) Z(t) + D(1)" Za(t) + S(H)X (1) (413)
+S(0)Xo(t) + ROA(E) + R(t)as(t) +r(t) + 7(t) = 0, ace. t € [5,T], a.s
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Note that BSDE (4.12) is driven by Brownian motion W (-) and martingale M (),
with the drift independent of Z*(-). The above triple (Y (-), Z(-), ZM(-)) is called
a predictable solution of BSDE (4.12). By the martingale representation theorem,
similar to the standard BSDE (driven by the Brownian motion only), one can have
the well-posedness of such a BSDE, as long as (X (-), @(-)) and all the coefficients are
given satisfying (H2.1) (see [6]). We point out that both Z(-) and Z*(-) are merely
F = FW vFM_adapted /predictable. The above (ii) is essentially the Pontryagin type
maximum principle. Since our problem is linear-quadratic, the set of the conditions
is not only necessary, but also sufficient. The proof of the above result is very
similar to a relevant result in Sun—Yong [23]. However, for readers’ convenience, we
present a proof here.

Proof. (i) is obvious. We now prove (ii).
Let (X(-),(-)) be a given open-loop optimal pair, and u(-) € %[s,T]. Let

u () =al) +eu(), X°()=X(3s8&u ()

lim]E/ST ’M fXO(t)‘th:O,

e—0

Clearly,

where X9(-) is the solution to the following homogeneous system (the same as (1.4)):
dXO(t) = (A(t)XO(t) + A1) XO(t) + B(t)u(t) + B(t)uQ(t))dt,

+(COX(W) + COXS(H) + DWyult) + DEyus(1))dW (1), ¢ >s,  (414)
X%s) =0,

J(s. &0 () = J(s. &5a()]
T — — — — — —
— 5[ (@xnx) - (.30 + (0X5.X5) - (0% Xa)
Y —2(SX,u) + 2(SX5, u) — 2(SXo, u2) + (Ru®, uf)
Ruj, u5) — (Rug, i) + 2(q, X° — X) + 2(q, X5 — Xa)
25,07 — @)+ 2(7, u§ — @) ) dt + (GX(T), X(T)) — (GX(T), X(T)
(T)]) = (GXa(T), Xo(T)) + 2{g, X(T) = X(T))
T (4.15)
o [/ ((QX X +(QXo, X3)+(SX, u)+(SX°, a)+(5Xo, us)
+(SXS, )+ (Rit, )+ (Ritz, ua)+ (g, X°) (g, X9)+ (7, u)+ (7, u2) ) dt
HGX(T), X)) + (GX(T), X(T) + {9, X°(T)) + {3, X3)]
IE[/ (XO QX +QXo+STu+S"u+q+7q)
(
(

+u,SX—|—SX+Ru+Ru2+T+r>)dt

+

XOT), GX(T) + GXa(T) + g+ 3)].
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The above is true for all u(-) € Z[t,T]. However, the above relation is not explicit
enough since X(+) depends on u(-). Now, we would like to use duality to transform
XO(+) directly in terms of u(-). To this end, let (Y (-), Z(), ZM(-)) be the predictable
solution of BSDE (4.12) which we now write it in the following compact form (with
['(+) being its drift term):

{ dY (t) = —T(t)dt + Z(t)dW (t) + ZM (t)dM(t),  t e [s,T], (416)

Y(T)=Yr =GX(T)+GXo(T) + g + §.

Using It6’s formula, we have

)= [(AOX°(1) + A XS(E) + Bu(®) + Bt)ua(t),
—(X°(), T(#) + (C(OX(t) + OO X3 () + D(B)u(t) + D(t)ua(t),

)
HCOWMX () + C(OX2(8) + D()ult) + D(t)ua(t), Y (£))dW (¢)
HXO (1), Z(£))dW (8) + (X°(1), Z" (£))dM (2).

Y (1))
Z(t))]at

Thus,

B[, 70| =& [ [(A0X°0 + A0X50) + BOu(®) + BOuw(), Y (0)
~(X°(0), D) + (COX(t) + COXI(E) + Dyu(t) + D)z (1), Z(1) ] d.
Then (4.15) gives (suppressing t)

0 < lim J(57£;us(~)) - '](87‘57’&())

e—=0 3

e [ (XX 0%+ 5T 5w b0

s +<u,SX+S’X2+Ra+Ra2+T+F>)dt

+HX(T), GX(T) + GXa(T) + g+ 5 - V(T)) |
—HE/T[<AX0 + AX9 + Bu+ Bua, V) —(X°, D)+ (CX° + CXY + Du + Dus, Z)] dt
= E{ /T<<XO:QX'FQXz-I—STﬁ—‘rSTﬂQ+q+q+ATf/+ATY2+CTZ+C,TZZ B
+(;,SX +8X;+Ri+Rix+r+7+B Y+ B2+ D' Z+ DTZ2>)dt

HX(T), GX(T) + GXa(T) + g+ - V(T)) |
:E/?DuJ(S,f;ﬂ(J),u)dt,

Here, we have used the definition of T, the terminal condition in (4.12) (or (4.16)),
and
DuJ (s, & a(-) = SX + SEM[X] + Ru+ REM[a) + r 4+ 7
+B'Y + BEM[Y]|+ D" Z + D'EM[Z).
Hence, D, J(s,&;a(-)) = 0, i.e., the stationarity condition (4.13) holds.
Conversely, under the convexity condition of u(-) — J(s, & u(-)), if (X(-), a(-)) is
a state-control pair, and (Y'(-), Z(-), ZM(.)) satisfy (4.12) such that (4.13), then it

means that (4.8) holds. Hence, (X(-),#%(-)) is an open-loop optimal pair of Problem
(MF-LQ). O
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The state equation (1.3) and the adjoint equation (4.12), together with the sta-
tionarity condition (4.13), can be put together as follows, called optimality system:

o(t) + B(t)u(t) + B(t)ua(t) + b(t)] dt,
D(t)a(t) + D(t)us(t) + g(t)} AW (t), t € [s,T),
) +CH) " Z(t)+C(t) " Za(t)+Q(1) X (t)

aX(t) = [AX () + A1) X

X(t) + A(t)
+ CHX(t) + C()Xa(t) +
) (

(s)=¢&  Y(I)=GX(T)+GX2(T) + g+,
Bt)TY (t) 4+ B(t)"Ya(t) + D(t) T Z(t) + D(t) " Zo(t) + S(t) X (t) + S(t) Xo(t)
+R(t)u(t) + R(t)ua(t) +r(t) +7(t) =0, ae. te[sT)], as

(4.17)
We may rewrite the above into the following, according to the orthogonal decom-
position, dropping the bars in X7, etc. and suppressing ¢, which will have a simpler
looking below.

dX1 = (A1 X1 + Byuy + by)dt + (C1 X1 + CoXa + Dyuy + Douy + 0)dW,
dXy = (A2X2 + Bousg + bg)dt,

dYi = —(A] Y1 + C] Z1 + Q1 X1 + S{ wy + q)dt + ZdW + Z{dM,

dYe = —(Ag Yo + Oy Zy + Q2 X2 + Sy ug + q2)dt + Z3*dM, te[s, T),
Xi(s) = &1, Xa(s) =&, i(T) = GiX1(T)+g1, Yo(T) = G2 Xo(T') +go,
BZ-TYZ- + D;ZZ- + 58X, +Ru;+r; =0, ae telsT], as. i=1,2.

(4.18)

Thus, Theorem 4.3 amounts to saying that u = u; + ug is an open-loop optimal
control of Problem (MF-LQ) if and only if the system (4.18) is solvable.

Intuitively, it seems that we may further rewrite the above as two FBSDEs:

dX1=(A1X1 + Byuy + by)dt + (C1 X1 + C2X2 + Dyuy + Daug + 0)dW,
dY1=—(A Y1 +C] Z1 + Q1 X1 + S| wy + q)dt+ZdW +zZMdM, te s, T,
Xi(s)=&, Yi(T) =G X (T) + g1,

BlTYl + DlTZl +51X) +Riug +r1 =0, ae tels,T)], as.,

(4.19)
and
dXy = (A2 X5 + Byug + by)dt,
dYe = —(A3 Y2 + 05 7 + QoXo & Sjua + @)t + 230dM,  t€ls,T], o)

Xo(s) =&, Ya(T) = G2 Xo(T') + go,
By Yy + DJ Zo 4 S5 Xo + Roug + 175 =0, ae. t€[s,T], as.
However, these two FBSDEs are coupled: The first involves (X2, ug) in the diffusion,

and the second contains Zs (in the drift) which can only be determined through the
BSDE for (Yl, YQ, Z17 ZQ)

The following corollary is for the homogeneous Problem (MF-LQ)Y, which will
be useful later.

Corollary 4.4. Let (H2.1) hold and u(-) + J°(s,& u(-)) be convex. Then the 0
control is open-loop optimal for the homogeneous Problem (MF-LQ)° if and only if
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the following system is solvable:

dX; = A Xqdt + (C1. X1 + CoXo)dW,  te[s,T],

dXo = Ay Xodt,  te s, T),

dY) = —(A[ Y1 + C Z) + Q1 X1)dt + ZdW + ZMdM, te[s, T,
dYe = —(Ag Yo + Cy Zy + Q2 Xz)dt + Z3TdM, te[s, T,

Xi(s) =&, Xa(s)=&, Yi(T)=GX1(T), Y2(T)=GaXo(T),
B'Y;+DZ;+5,X; =0, ae tc[sT], as. i=1,2.

(4.21)

Note that the above result only gives the equivalence between open-loop solv-
ability of Problem (MF-LQ) and that of the FBSDE (4.17) (or (4.18)). Therefore,
the existence of an open-loop optimal control is not guaranteed. We now introduce
the following further condition.

(H4.1) There exists a § > 0 such that
T
ﬂ@mm»>m/|ww@ Vu() € % [s,T]. (4.22)

The above condition is equivalent to the uniform convexity of the map u(-) —
J(s,&u(-)) for all (s,€) € 2, which means Uy (see (4.3)) is (uniformly) positive
definite on %[0, T]. Hence, by Lemma 4.2, one has the following result.

Proposition 4.5. Under (H2.1) and (H4.1), Problem (MF-LQ) admits a unique

open-loop optimal control. Moreover, the open-loop optimal pair (X (-),a(-)) is de-
termined by (4.17).

5. Closed-loop representation. We note that although (4.17) (or equivalently,
(4.18)) characterizes the open-loop optimal control, it is not practically feasible.
Here is the reason: to determine the value @(t) of the open-loop optimal control
a(-) at the current time ¢, through the stationarity condition, say, under the in-
vertibility condition of R;(t) and Ra(t), the values (Y (¢), Z(t), ZM(t)) are needed;
These values are determined by solving the BSDE (for (Y (), Z(-), ZM(-))) with the
terminal condition involving the future value X (T') of the optimal state process; At
current time ¢, the future value X (T') of the optimal state process X (-) is not avail-
able. Hence, the open-loop optimal control @(:) cannot be practically constructed
through the optimality system (4.17). We now try to obtain a non-anticipating rep-
resentation of the open-loop optimal control, without using the future information
of X(:). The main idea is inspired by the so-called invariant embedding (due to
Bellman—Kalaba-Wing [3]; see also Ma—Protter—Yong [15]). More precisely, we let

Y(t) = PA{X () ~EY[X (O]} + ROEYX (O] +0(t), telsT), (5.1)
for some FM-progressively measurable S"-valued processes P;(-) and P»(-), and
F-progressively measurable R"-process n(-) = n1(-) ® n2(+), together with

G1X1(T) + G2 Xo(T) + g1 + 92 = Y(T)

= Pi(T)X1(T) 4+ Po(T)X2(T) + m(T) + n2(T).
Hence, we may let (P;(-),AM(-)) be the predictable solution to the BSDEs (3.1),
with I';(-) € L3 (s, T;S™) undetermined and A}M(-) € L2, (s, T;S™). We also let
(m (), ¢1(-), M (), and (n2(+), ¢34 (+)) be the predictable solutions of (3.2) and (3.3),

(5.2)
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respectively, with undetermined v, () € L2, (s, T;R™)*, and y2(-) € L2, (s, T;R™)
5.1

(see (3.4) and (3.5)). For convenience, we may simply rewrite (5.1) as
Y =P X+ PoXo+m1 + 19, tels,T1], (5.3)
or equivalently,
Y1 =P X1+, telsT), (5.4)
Yo = PoXo + 1o, tels,T], (5.5)

Consequently, by (4.18) and (5.1),

AV +C Zy + Q1 X1+ ST wy + q)dt + ZdW + ZMdM = dYy

= [F1X1 +v + (A1 Xy + Biug + bl)]dt

+[P1(C1 X1 + CoXo + Dyuy + Doug + o) + (1 |dW + (AY Xy + ¢")dM (5.6)
= [(T1 + PLA) X1 + 7 + PiBiug + Pyby]dt + (AY Xy + ¢M)dM
(P

+(PC1 X1+ PiCy X5 + PiDyuy +P1D2U2—|—P10’—|—Cl)dW

Then,
Z = PCi1 X1+ PiCyXe 4 PiDyuy + PiDous + Pro + (a1,
ZM = AV Xy 4+ M

This implies

Z; = PLC;X; + Py Dju; + Pyo; + 11;[(1], t=1,2.
Next,
—(AJYa + CJ Zo + QoXo + Sy ug + qo)dt + ZMdM = ay; (5.7)
= [[2X5 + 72 + Pa(A2 X5 + Boug + bo)|dt + (M) X5 + (37)dM
Hence,

73 =AY Xy 4 ¢
The stationarity conditions read

0= BY: + D] Zi + SiX; + Riu; + 7
= B (P Xi +m) + D] (PiC;X; + PiDyu; + Pio; + IL[C1]) + Si Xi + Rou; + 7
= (B/ P, + D] P.C; + S;)X; + (R; + D P\D;)u;
+B; ni + D/ IL[¢1] + D Proi +1;
= S;(P;, P\)X; + Ri(Py)u; + B'n; + D] TL[C1] + D Proy + 74,

where see (3.7) for the definition of R;(P;) and S;(P;, P1). Now, by assuming the
inclusion condition (comparable with (3.9)):

R (Si(Pi, P1)) € Z(Ri(P1)),
B i + D] IL[C1] + D Pio; +r; € Z#(Ri(P1)),
which is true, in particular, if R;(P) is invertible, then

ui=—Ri(P)'[8i(Py, P)Xi+ B i+ D IL[G]+ D] Pro+r;]

HI-Ri(P) " Ri(P)] sy i=1,2, >
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which is the same as (3.16). Next, by comparing the drift terms in (5.6), we have

0= AZT(PZ‘XZ‘ + ni) + CZ-T(Pch'XZ‘ + PiD;u; + Pio; + HZ[Q])
+QiXi + S ui + ¢ + (T + PA) X; + PiByu; + Pibs + i
=T+ PiAi+ Al P+ C P\C; + Qi) X; + (P;B; + C; PLD; + S )u;
+i + Al + CUIL[G] + Pibs + O Proy + g5
= (Ti+ Qi(Pi, P1))X; + Si(Pi, P) Ty
+i + Al n + CUIL[G] + Pibs + O oy + g5
= (T + Qi(P, 1)) X;
~Si(P;, )" Ri(Py, P)'[Si(P;, PV)Xi+ B mi+ D] IL[G ]+ D, Proy+7]
+yi + Al 0+ CTIL[G) + Pibs + C Proi + g
= [Frl-Qi(Pi,Pl)—Si(Pi,Pl)TRi(PLPl)TSi(Pi)]Xi
+yi + Al i+ C LG+ Pibi+C] Pioi+q;
=Si(Pi, P1) " Ri(P)Y (B i + DI IL[G) + D Proy + 1),
where Q;(P;, Py) is defined by (3.7). Then, naturally, one should take
T = = (Qi(P P) = Si(PL P)TRA(P)ISIPL P)), i=1,2, (5.10)
and
Vi = —(A;m + CIL[G] + Pibi + G} Proi + g

(5.11)

Finally, (5.2) is implied by the following:
Yi(T) = Gy, ni(T) = gi, i=1,2.
Combining the above, we obtain the following result.

Proposition 5.1. Suppose Problem (MF-LQ) admits an open-loop optimal control.
Let the BSDREs (3.13) admit predictable solutions (P;(-), AM(-)). Let (n1(+),¢1(-),
M (), m2(), CYE(+)) be the predictable solution of (3.14). Then, the open-loop opti-
mal control admits the closed-loop representation (3.16).

It is clear that, (3.16) is a (current) state-feedback representation, which is non-
anticipating, and in principle, is practically realizable. Sometimes, we also call
(3.16) a state-feedback control.

Note that (91(+), 1 (-), M (-), m2(-), (M (+)) can be obtained off-line, which are used
to handle the nonhomogeneous terms in the state equation and the linear weighting
terms in the cost functional. For the homogeneous case (i.e., (b(:),0(-),q(-),q(:),r(+),
7(-),9,9) = 0), (m (), (), M (), m2(-), ¢} () = 0. For such a case, (3.16) will have
a much simpler form.

In this section, by decoupling the optimality system, an FBSDE, we have formally
derived the BSDREs. The method is clearly different from that in Section 3.

6. Closed-loop solvability. From the previous section, we see that under proper
conditions, open-loop optimal control admits a closed-loop representation (or, of
state-feedback form), which is non-anticipating. However, it is not clear if such
a state-feedback control is optimal within the class of the state feedback controls.
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This suggests us introduce the so-called closed-loop solvability of the LQ problem.
In this section, we are going to make this precise.

For any 0 < s < T < o0, recall
par(s,T; R™* M) = {@: [, T] x Q—=R™™ | ©(-) is FM-progressively measurable,
withesssup ||O(, )| co < oo}7
te(s,T]
and set
B[s, T] = Lsi (s, T; R™ ™) x LS, (s, T; R™ ™) = L3, (s, T; R™™)2.

Any element in ©[s, T] is denoted by O(-) = (01(-),02(+)), and any (O(-),v(-)) €
Bl[s,T] x % [s,T] is called a closed-loop strategy. Note that both ©(-) and O2(:)
are FM_progressively measurable, whereas v(-) = vi(-) ® vo(-) is in %[s,T] =
L2, (s, T;R™)* @ L2, (s, T;R™). Namely, vo(-) is FM-progressively measurable,
and vy (+) is merely F-progressively measurable (not F™-measurable, unless it is
7€ero).

For any closed-loop strategy (©(-),v(-)) = (01(:),02(-),v1(+),v2(+)) € O[s, T] x
% [s,T], and any initial pair (s,£) € 2, let

u(t) = [01(8) X1(t) + v1(2)] ® [O2(t) Xa(t) + va(t)]

X (t)

(6.1)
= (04(t), ©2(t)) (XQ(t)) Folt) = @)X (1) +ult),  telsT],

which is called an outcome of the closed-loop strategy (©(-),v(-)) corresponding
to the initial pair (s,£), where X(-) is the solution of the following closed-loop
system: (see Appendix B)
dX = (AD' X1+ AS? Xo+Byvy + Bovs + b)dt
+(CP1 Xy + €92 Xy + Doy + Davy + 0)dW (),
where the initial state X (s) = &, and (see (2.8))
AP ()= Ai(-) + Bi()©i()), CPi()=Ci(-) + Di(1)O;(-), i=1,2. (6.3)
Or, equivalently
dX, = (A?le—i-Blvl + bg)dt
+(C1@1X1 + C£* X5 + Dyvy + Davs + o)dW(t), tels T, (6.4)
dXs = (A52Xo+ Bovy + by) dt.

(6.2)

Note that all the coefficients are FM-adapted. The control u(-) defined by (6.1) is
also called a state-feedback control (which depends on the initial pair (s, &) through
the state process). We further note that in (6.1), ©1(-) and ©2(+) could be different.
If they were the same, say, equal to some ©g(-), then

u(t) = Oo(t)X1(t) + Oo(t) Xa(t) + v(t) = Oo(t) X (t) + v(t). (6.5)

We should distinguish the meaning of ©¢(¢)X (¢) on the right-hand of the above
and that of ®(¢)X (¢) on the right-hand side of (6.1). Clearly, the class of feedback
controls of form (6.1) is much larger than that of the form (6.5). Such an idea is
borrowed from Yong [30].
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Correspondingly, (see Appendix B)
J(5,60(:),v() = J(5,§01()X1(") + O2(-) X2(-) + v(-))

1 T
= 5B{ [ [0 X0, 30} #2820, o) (o 42068, X)+2r0,00)

(6.6)
+<Q§2X27X2> + 2<S$2X2,’U2> + <R2U2,’U2> + 2<q2@2,X2> + 2<T2,U2>}dt
HG1X1(T), X1(T)) +2(g1, X1(T)) + (G2 X2(T), X2(T)) + 2(ga, Xz(T)>}7

where (see (2.11))
Q27 (t) = Qi(t) +0;(t) T Si(t) + Si(t) "0, (t) + ©4(t) " Ri(1) O (1), (6.7)
SPHE) = Si(t) + Ri()Oi(1), a7 (1) = ailt) + ©u(t) Tri(t), i = 1,2,
In particular, for the homogenous case, one has
J%(5,60(:),v(-))
1 T H H O,
= iE{/S |:<Q1 X17X1>+2<Sl X1,1}1>+<R1’L)1,’U1>+<Q2 XQ,XQ) (68)

12(S92 Xy, v9) + (Rovs, o) dt+<G1X1(T),Xl(T)>+<G2X2(T),X2(T)>},

Note that by taking ©1(-) = ©2(-) = 0, we recover the original state equation and
cost functional (with u;(-) = v;(+).

We now introduce the following definition.

Definition 6.1. Problem (MF-LQ) is said to be (uniquely) closed-loop solvable at
s € [0,T), if there exists a (unique) pair (©,9(-)) € ©[s, T|] x % [s,T] such that for
any £ € Lffs (;R™),

J(5,6:0(),0()) < J(5,&0(),v(-), ¥(O(),v(-)) € B[s,T] x %[s,T]. (6.9)

In this case, (©(-),0(-)) is called a (the) closed-loop optimal strategy. The corre-
sponding state process X (+) is called a (the) closed-loop optimal state process.

We emphasize that the closed-loop optimal strategy (©(-),s(-)) (if it exists)
is independent of the initial state & € L% (€;R™). This is the main feature of
closed-loop optimal strategies which distinguishes it from that of the open-loop
open controls (see Sun—Yong [23]). We have the following simple result.

Proposition 6.2. (i) If (©(-),9(:)) is a closed-loop optimal strategy of Problem
(MF-LQ). Then
which means any outcome of (O(-),v(+)) is an open-loop optimal control.

(ii) If (©(-),v(-)) € B[s,T]| x % [s,T] such that any outcome of it is an open-loop
optimal control of (s,£) € 9, that is

J(5,£6:0(0-),0(:)) = inf J(s, & uls)),
(.6:0()00) = it J(s.u())
then it must be a closed-loop optimal control.

(iii) Let Problem (MF-LQ) be closed-loop solvable at s € [0,T). Then for any
s € (s,T), Problem (MF-LQ) is closed-loop solvable at s'.
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Proof. (i) For (s,£) € 2, by letting u(-) as (6.1), we see that it is an open-loop
optimal control, which means (6.10) or (6.9) holds.

(ii) For any (©(-),v(:)) € ©[s,T] x % [s,T], and (s,&) € 2, let u(-) be the
corresponding outcome. Then by our condition,

T &O0 () = (s &u() < J(s () < T(5.E0(),00))
Thus proves our conclusion.

(iii) Let Problem (MF-LQ) be closed-loop solvable at s € [0,T) and s" € (s, T).
Then there exists a closed-loop optimal strategy (@(-),v(-)). It is clear that the
restriction (O(-)],, T],T/(-) (s T]) of (©(-),u(+)) on [¢',T) is a closed-loop optimal
strategy of Problem (MF-LQ) at s'. O

Let us recall the following BSDRE (see (3.13))
dPi(t) = =[Qi(Ps, P1) — Si( P2, P1) " Ri(P1)Si(Pi, P1)] (t)dt
+AM () dM(t), t € [s,T), (6.11)
P,(T) =Gy,
and the following BSDEs (see (3.14)):

dny () =GdW (t) + (M dM (t) — [A] m + CT L [G] + Piby + C) Proy
+q1 — S1(P1, P) TRy (P1) (B m+D{ L [G]4+D) Proy+r1)]dt,

dnz(t) =AM (t) — [Ag n2 + C3 T [G1] + Poby + Cy Pros + g2 (6.12)
—S5(P2, P1) "Ra(P1) 1 (B 12 + Dy s [(4] + Dy Pros +12)]dt,

m(T)=g1, n2(T) = ga.

From the previous sections, we see that under (H2.1), if the above equations have
predictable solutions so that the following conditions are satisfied:
R(S;(P;, P1)) € Z(Ri(Pr)), Ri(P1) = 0, (6.13)
and (recall (3.8))
r; = B/ n; + D] L[] + D] Pio; + 1 € Z(Ri(P1)), (6.14)
Ri(P1)'ry € Liw (s, TsR™)S, Ra(P1)'ra € L (s, T;R™),

then Problem (MF-LQ) has an open-loop optimal control which has a state-feedback
representation:

u; = —Ri(P) Si(P;, PO)X; — Ri(Py) ey + [T — Ry(P)IR:(P)|i, i =1,2, (6.15)

for some ;. Now, if we define

0, = —Ri(P1)'S;(P;, Py) + [I — Riy(P1)"Ri(P1)]®0; € Lk (s, T; R™*™),

o1 = —Ri(P)r1+[I-R1(P1)"R1(P1))01 € L (s, T; R™)*, (6.16)

= —Ro(P1) 'ty + [I — Ra(P1) Ro(P1)]02 € L2u (s, T;R™),
for some ©y; and 6;, then
;= 0,X;+v;, i=12

This means that 4(-) is the outcome of (©(-),%(-)). Hence, by Proposition 6.2,

(ii), we see that the closed-loop strategy defined by (6.16) is a closed-loop optimal
strategy (at s). The purpose of this section is to show that the conditions imposed
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above are also necessary for Problem (MF-LQ) to be closed-loop solvable. For
convenience, we introduce the following notion.
Definition 6.3. Two pairs (Pi(-), A} () € Lg%, (s, T;S™) x L2, (s, T;S") (i =

1,2) are called a regular predictable solution of BSDRE (6.11) if (the drift) P; €
LS (s, T;S™) and (6.13) holds, and (6.11) is satisfied in the usual sense. In this
case, the BSDRE (6.11) is sad to be regularly solvable. If, in addition, the following
holds:

Ri(P) =61, i=1,2, (6.17)
for some § > 0, then these pairs are called a strong reqular predictable solution of
(6.11). In this case, the BSDRE (6.11) is said to be strongly reqularly solvable.

We now present the main result of this section.

Theorem 6.4. Let (H2.1) hold. Problem (MF-LQ) is closed-loop solvable at s €
[0,T) if and only if the following hold:

(i) The BSDRE (6.11) admits a regular predictable solution (P;(-),AM(-)) €
Lgsi (s, T5S™) x L?Fi” (s, T;S™).

(ii) There exist processes (m (), 1(+), (M (+)) € Lau (s, T;R™): x Li(s, T; R™) x
L2, (s, T;R™)* and (2(:), 37 (+)) € Laa (s, T; R™)x L2, (s, T; R™) having properties
(6.14), such that BSDFEs (6.12) is satisfied on [s,T).

In this case, any closed-loop optimal strategy is given by (6.16). Moreover, (3.17)
holds.

Proof. Sufficiency follows from Theorem 3.1, so is the representation of the value
function (3.17), with a little possible modification. Hence, we need only to prove
the necessity. The proof is lengthy, and we split it into a couple of steps.

Step 1. Solvability of BSDREs (6.11).

Let (©(-),(-)) be a closed-loop optimal strategy which satisfies, by definition,
J(S,E,a()) = J(Sagvé()a@()) < J(Sagaé()vv())a VU() € %[S7T}7 (618)

where @(-) = ©1(-)X1(-) + O2(-)X2(+) + 9(-), the outcome of the optimal strategy
(©(+),(-)). Note that under state feedback control u(-) = ©1(-) X1 (-)+02() X2(-)+

v(-), the state equation reads (taking ©;(-) = ©;(-) in (6.4))
dX, = (A(?le + Bivi + bl)dt
+(CP X, + C92 Xy 4 Dyvy + Dyvy 4 0)dW (1),
dXo = (A?QXQ + Bovs + bg)dt,
X1(s) = &1, Xa(s) = &a.
Correspondingly, similar to (2.13). we have
J(5,&0()) = J(5,&O()X () +v(-))
1 T 5 5 5
—5B{ [ [@P X030 + 248P X0 00) + (Ravn,on) + 2068, Xa) + 20, 0)

(6.19)

2
+<Q§)2X27X2> + 2<52®2X2702> + (Rova, v2) + 2(Q2é2,X2> + 2<7‘2,1)2>}dt

(G X0 (T), X4 (1) +2(g1, X (7)) + (GaXa(T), X (T)) +2{g2. Xo(T)) }.
(6.20)
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with Q9, and so on, defined by (6.7) (replacing © by ©). The above means that (-)
is an open-loop optimal control of the problem with state equation (6.19) and the
cost functional (6.20), and the optimal state process is X (). Hence, from Theorem
4.3 and (4.18), we have the following (suppressing t):

dX, = (AP X + Bioy + by)dt + (CO1 Xy + C92 Xy + D10y + Doty + 0)dW,

dXQ = (A2@2X2 + Bty + bg)dt,
dVi=—[(AD)TY1+(CY) T Z1+QF X1 +(ST) 01 +¢7 | dt+ ZdW + ZM dM,

AV =—[(A9) Yo+ (C9) T Zo+ Q52 Xo+(592) Tg+¢S2 ] dt + Z}1 dM, tes,T),
Xi(s)=&, Xa(s) =& (1) =G X (T) + gn, Y5(T) = GoXo(T) + go,
BZTY; + D:ZZ + S?le + Riv;+1r; =0, ae. te [S,T], a.s., 1 =1,2.

_ (6.21)
Note that with the same (©(-), 9(-)), the above admits a predictable solution (X, Y,
Z,Z™) (which depends on the initial state £). Hence, if we let (X%, Y?, Z0 (ZM)?)
be the predictale solution of the above FBSDE corresponding to £ = 0, then

~ _

X=X-X Y=Y-Y° Z=2-2° ZM=27M_(zM)°
satisfies
dX, = A9 X dt + (CP' X, + €92 X,)dW,
dXs = AD? Xodt,
aYs = —[(AD) TV, + (CPY)T Z, + Q91 X, ]dt + ZdW + ZMdM,
dYs = —[(A92) Yo + (C£2)T Zy + QS2 X, dt + Z3dM, te s, T),
Xi(s) =&, Xa(s) =&, Yi(T)=GiXy(T), Ya(T)=GaXa(T),
BlY;+D]Z;+ 59X, =0, ae tc[sT], as. i=12
By Corollary 4.4, we know that 0 control is open-loop optimal for the homogeneous
Problem (MF;LQ)g. We note that for given { = & + &, the above decoupled
FBSDE for (X(-),Y(-), Z(-), Z™(-)) admits a unique predictable solution, and the

last stationarity conditions are satisfied (for the given ©(-) = (01(-), O2(-))). Next,
we introduce the following linear BSDEs for S™-valued FM -predictable processes

(B(), AM () (i =1,2):
AP, = — [P A% +(A®)T P+ (CO) T P.CP +Q% | dt+AMdM, t € [5,T),
P(T)=G.

(6.22)

(6.23)

These two BSDEs admit unique predictable solutions with F;(-), PZ() €
L3 (0,T;S™). Now, we define Y = Y; + Y5 by the following:

Y, =PX,;,, i=12.
By It6’s formula, we have
dY; = d(P, X;)
= {— (1311‘1?1 +(AD)T P+ (CP)TPCD + Q?l))?l + PLAD Xy |dt
+P(CO X, + CO2 Xy)dW + AM X dM
—((AP)TF + (7)) TPICE R, + QP R )t
H(PLCO X, + PLC2 Xo)dW + AM X dM.
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Thus, if we let
Z=PC>X, +PCS*X,,  ZM=AMX,.
Then by orthogonal decomposition,
leplclél)?l, ZgzPng)z)?g,
and ) ) )
ay; = — ((A?l)Tyl +(COYTZy + Q?le)dt + ZdW + ZMdM.

Likewise,

dYs = d(PyX5)

— O ©2\T ©2\T O2 O2\ ¥ O, v M

= |- (PaAS? + (A9) TP+ (C£7)TPICE” + QF7) Ko + PoAS= Ko dt + A KodM
= —((A9) V2 + (C9%)T Zo + Q97 X, ) dt + Z3"an,
with N ~

ZM = AV X,.
Thus, (Y(-),Z(-),Z™ () is a predictable solution of the BSDE in (6.22) for
(Y("),Z(-), ZM(-)). By the uniqueness, we obtain
E:EZPJ@, Z‘:Zizplciéi)?i» ZJVI:Z'M:A?IXZ"

Next, from the stationarity condition in (6.22), one has

0=BY,+ D] Z;+S%X, = (B P, + D] P,C® + S°)X,

= [B] P + D] P\Ci + S; + (R; + D] P\D;)©;] X; = [Si(P,, P1) + Ri(P1)60:] X,

a.e. t€[s,T], as.

Since the above holds for all (s,£) € 2, by making use of Proposition 6.2 (iii), we
have

Si(Pi(t), Pi(t)) + Ri(P1(1))©i(t) =0, a.e. t € [s,T], as. (6.24)

Consequently, we obtain the range inclusion conditions:
2(S:i(P(0), Pi(1)) € 2(Ri(P(1)) ),
and
8,(t) = —~Ri(P(1))'Si(P(t), Pu(t)) + [T — Ri(PL(1)) "Ri(P1(1)) | @i (1),

for some B;o(-). This results in (see Appendix B)
PAY (AP TP+ (CO)TPICP +QP = Qi(Py, P) — Si( P, PRi(P)Si(P, Py),
and

(5,0(),0()) = B{(Pu(s)¢1, 1) + (Pa(s)82, €2)
+/ST |:<(R1(P1)'U1;v1> + <(R2(P1)02,U2>]dt}'

Now, by the optimality of control 0 for the homogeneous Problem (MF-LQ)°, we
must have the nonnegativity of R;(P) i.e., (3.9) holds. Then (P;(-),AM (")) is a
regular predictable solution of Riccati differential equations (6.11).

Step 2. Solvability of BSDEs (6.12).

(6.25)
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Set
mi(t) = Yi(t) - () Xi(t),  te€[s,T], i=12
By It6’s formula, we have
dm (t)=—[(AS) V2 + (CP)T 21+ QP X1 + (58) o + ¢ ] dt + ZdW
+ZMAM + (PIA?l F (AT P+ ()T P e + Q?1>X1dt — AMXydM
—Pi (A1 X + Bity + b1)dt — P (CO' Xy + C2 Xy + D1ty + Data + 0)dW
:{(A?lf(iafplxl) +(COY (21 =P X))+ ((S91) T+ P By ) o1 +¢5 +P1b1) dt
+(Z ~PUCO X, + CO2 Xy + Doy + Datia + a))dW + (ZlM - A{le)dM
:—((A?l)T7}1+(C1@)1)T[H1[41]+P1D1171+P101]+((Slél)T+P1B1)171+q1él +P1b1>dt
+CdW + ¢ dM
== (AP Tm + (€ TIIG] + [PBy + (CP) T PDy + (7)o
g2 4 Piby + (Clél)TPlal)dt AW+ cMam
:—(Afm —+ C;rﬂl[ﬁ] + (PiB1 + C{ P.D; + S;r)’l_/l +q1 + Pibi + ClTplUl)dt
—@I(Bfm + DlTHI[Cl] + DIP1D1771 + Ro1 + 71 + D;rpla'l)dt
+¢dW + ¢ dM,
where
G = 7 — P1(C?1X1 + 026)2X2 + D191 + Davo + 0')7 CiM = Z{VI — A{WXl
Likewise,
dna(t) = — [(A9*) "V, + (05)2)_TZ2 + Q?Xz +_(52é2)T172 +¢52)dt + 23" dM
+[(AD?) TPy + P AS? + (C52) T PLCS? + Q5] Xadt + A3 XadM
—Py(AS? X5 + Bata + by)dt
= —((A9)T (%2 = PoXa) + (C£*)T (22 — PICS2Xa) + [(85) " + P2 Bl
+Psbs + q§2)dt 1 (ZM A Xo)dM
= —((A9) 2 + (C£*)T (MafGi] + Pr D2tz + Prow) + [(592) + PaBaoa
4 Paby + q§2)dt +am
= [A;m +Cy (I12[¢1] + P1 D202 + Pio2) + (P2B2 + S;)Tiz + Pb2 + q2
+63 (B3 n2 + D3 (Ma[1] + D3 PiDsta + D3 Piow) + Rt + 12 ) [dt + G3'dM
=— [A;nz + Oy T2[¢1] + (P2B2 + C3 PyDa + Sy )02 4 Cy Proa + Pabs + g2
+0] (BLD 4 DT[] + (Ra + D3 PyD2)ts + D3 Pros + 7‘2)} dt + M daM.
Note that
T T T — T
B; ni + D; ILi[¢G1] + (Ri + D; PiD;)v; + D; Pioy +7;
= 131T (}71 - PZXl) —+ l)lT [ZZ - Plcl@le — P1D;v; — Pldz‘]
+(R: + D;P1Di)17i + D] Pios + 1
=B/ Yi+ D/ Zi + 87 Xi + Rivi + 1 — [Si(P:) T + Ri(P1)6:] X; = 0.

The first term is 0 because of the stationary condition (see (6.21), line 5) and the
second term is 0 because of (6.24). Hence, the above calculation yields that

i =— (AIm + OV L[] + Piby + C Proy + qu + sl(Pl)Tm) dt + GrdW + ¢ dM,
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and

dna(t) == (A + CIT[G] + Poby + G Pioa + gz + S3(P2) 0 ) dt + G dM.
On the other hand,

0=B]Y;+ D] Z + 5% X, + Riv; + r;

= B/ (n;+ PiXi) + D] (T[ci] + PCE“ X + Dy + ai)) + 59X, + R + 74

= (B P+ D] P.CP* + 82)X; + Bl n; + D 1L[G) + D] Pioi + 11

+(R; + D;' P\D;)t,
= B/ n;i + D/ 1;[¢.] + D/ Pio; + r; + Ri(P1)7;.

Thus the conclusion in (6.14) follows and the equation in (6.12) hold. This proves
this step. O

We should point out that the similar problem with constant coefficients was
studied in Li-Sun-Yong ([14]). A different method was used in proving the necessity.
That method seems to be difficult to extend here.

In above theorem, we characterized the existence of an optimal closed-loop s-
trategy in terms of the regular solvability of the BSDREs. The natural question
is to ask when those BSDREs admit regular solutions? For the open-loop optimal
control case, (H4.1) is adopted for the existence (and uniqueness) of the open-loop
optimal control. We expect that such an assumption (together with (H2.1)) also
ensures the existence of a closed-loop optimal strategy. This will be established in
the next section.

Before moving on, we take a further consideration on Theorem 6.4 when the
driven martingale M is generated by a Markov chain and all the coefficients are
in the feedback form of the Markov chain. In this scenario, the Riccati equations
(6.23) can be solved by some P; in terms of ¢ and ¢ only such that our problem
reduces to the classical linear-quadratic mean-field control problem in a switching
environment.

7. Strongly regular solvability of BSDREs. We begin this section with the
following lemma.

Lemma 7.1. Let (H2.1) hold. Then for any (©1(-),02()) € ®[s, T}, there exist u-

nique predictable solutions (P;, AM) € LS (s, T;8™) x L;M (s,T;S™) to the following
BSDEs

{dPi(t) = —(PAP + (AP TRA(CO) T PO+ QP ) dt + AM (M (2), -
Py(T) = G,

where A% and C27 are defined by (6.3). Moreover, for any vi(-) @ va(-) € % s, T,
we have

JO(8,&1,€2;01,09,v1,02) = JO(s,£1,£0,01 X1 + v1, 02 X5 + v2)
2
:; E [<Pi(5)§ia &i) (7.2)

+/T(<Ri(a)w,vi> +2(Si(PL Py + Ri(Pl)@i)Xg,vi>)dt]
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Further, if, in addition, (H4.1) holds, then

Ri(Py) = 01, P, > —K,, a.s. ae te[s,T], i=1,2, (7.3)
where 6 > 0 can be taken the same as that in (4.22) and Ky > 0 can be taken as
that in (4.11).

Proof. Note that (7.1) is a linear BSDE driven by a cadlag martingale with bounded
coefficients, under (H2.1) and for any ©(-) = (04(:),02(-)) € ©[s,T|. Thus, the
existence and uniqueness of the predictable solution can be seen from [6]. Moreover,
Py, and P are bounded almost surely and almost everywhere t € [s,T]. Now, for
the given (01(:),02(+)) € ©O[s,T] and any (vi(-),v2(:)) € %[s,T], applying It6’s
formula (see (A.5) and (6.25)), we have (7.2).

Further, let (4.22) hold additionally. Setting (&1,&2) = (0,0), and denoting
(Xlo’o(~)7 Xg’o(-)) the state corresponding to the homogeneous state equation under
(©(-),v()), using (7.2), we get

T
Zé]E/ 10:() X20(t) 4 v (1) 2dt < J°(s,0,0; 01 X7 + 01,02 X5 + vg)

T
:ZE/ ((Ri(P)wi, vi) + 2((Si(Piy 1) + Ra(P)O) XL0(1), v3) )t

Further, for t € [s,T], h > 0 and any vi,vy € L%, (Q;R™), setting
v1(r) = vilpgn)(r),  va(r) = valjy 4qn) (1),
we know

dEy[X?O(T)] = (A?l (T)Ei\/[[X?’O(r)} + Bl(r)Vll[t,t-&-h] (T’))d?", re [S,T],

Ax3°(r) = (A2 () X3° (1) + Ba(r)velan (7)) dr, v € [5,T), (7.4)
XM =0, x2%s)=0.
Then,
0, r € [s,t),

Mr1v0,0 M = rA(t+h)
EM X7 (r)] @1(r)/t Oy (1) By(T)vndr, et T,

0, r 6 [87 t)V

where
ddi(r) = AP (r)®;(r)dr, ®,(s) = 1.

(2
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Consequently,
2 t+h
ZIE/ [((Ri(Pl) — 61w, i) +2([Si(Py, Py) + (Ri(Py) — 61)0;) X0 (r), )| drr
i=1

_ Zi:/ Ri(Py) — 6T)vs, 1)

+2([Si(Pi, P1) + (Ri(P1) — SDOJEN X (1), Vi>]d7"

Z/ Ri(Py) — 61y, v5)

[\v]

+2<[SZ(.PZ,P1) -+ (Rz(Pl) — 5])@1](1)1(7“) /T (Pi(T)ilBil/idT, V1>:|d7">0

Noting that

T

‘E/fh [2(8:P. P+ (Ri(Py) —5I)G)i]<1>i(r)/

t+h pr !
gK/ / drdr < Kh?,
t t

for some constant K > 0. Therefore, dividing the above by h and letting h — 0, we
get

(I)i(T)ilBil/idT, Vz>:| dT’

E[((Rz(Pl)(t) — 6w, Vz)} 20, telsT], i=1,2,

which implies (7.3). Moreover, by (4.11), for any (s,£) € 2, we have

2
—KoE(|&1* + [&f*) S VO(s, &1, &) < J%(5,61,62;0,0) = Y E(Pi(5)&s, &)
i=1
Therefore, P; > —Kj. O

With the above preparations, we now present the following crucial result.

Lemma 7.2. Let (H2.1) hold, Then (H4.1) hold if and only if BSDRE (3.13) admits
a strongly reqular solution.

Proof. Sufficiency. Let (P;(-),AM()) € L3, (s, T;S™) x L%M(S,T; S™) be a strongly

regular solution of (3.13). Thus, there exists a § > 0 such that
Ri(Py) =4I, a.s.,ae te€[s,T], i=1,2.
Let
(01,02) = (~R1(P1) ™' S1(Py, P1), =Rz (P1) ' Sa(P2, P1)) € ©[s, T1.
For any u(-) = u1 () + uae(-) € % [s,TY, let

Ui(') = ul() - G)i(')XzQ’O(t)v =12
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Then, by Lemma 7.1 and Lemma 2.3 in [22], we have (noting & + £ = 0)
J0<S7 07 07 U]('), u?()) = JO(Sa 0) Oa ela @27 U1, U2>

= i [E/ST (<Ri(P1)vi;Ui> + 2((Si(P;, Pr) +Ri(P1)®i)X?’0,vi>>dt}

5 [ (7.5)
B ZE/ (Ri(Po)(us = ©:X7), u — ©:X"°)dt
i=1 s

T
> ME/ [Jui]?® + |ua|?] dt
S

for some v > 0. This proves the uniform convexity of J°(s, 0, 0; u;(-), ua(-)), namely,
(H4.1).

Necessity. Suppose (H4.1) holds. We consider the following sequence of BSDREs
parameterized by k =1,2,-- -,

dPF(t) = —TF=Y(PF, PRyt + A FaM, te s, T), (7.6)

PH(T) = Gi, |
where

k—1 k—1 k—1 k—1 k—1
PEYP, P = PAY + (A7 TR+ (C )TReY QT (1)
k—1

with Q?i being defined by (6.7) and

ey =0,

OF .= —(R;+ D; PFD;))"Y (B, P¥ + D] PFC; + ;) (7.8)

= R;(PF)7'S;(P}, P).
By Lemma 7.1, when ©0 = 0, (7.6) admits a unique predictable solution (P}, AM"!) e
L35 (0,T55") x L2, (0,T;8"), and
Ri(P}) > 01, P! > —Kyl, a.s., a.e. t €[s,T] (7.9)

K3

with d, Ko > 0. Once (Pik_l,Afw’kfl) (i = 1,2) is determined, we clearly have

Of = ~Ry(Pf)"'Si1(PF, Pl') € L (s, T;R™ "),

k> 1.
03 = —Ra(Pf)'S2(PF, PI') € Lk (s, T;R™"),

Using Lemma 7.1, by induction, we can get a predictable solution (Pf, Af\/[’k) to the
BSDEs so that

Ri(PF) > 61, a.s., ae. te[s,T], k=1 (7.10)

Next, we shall show the convergence of the sequence {(PF(-), Afwk(), OF( )N}tz
To this end, we observe

k—1 k—1 k—1
TRE+(CT )TPECT 4 Q7

-1 ely—l
) i

Ly~ (Pf, PY) = PikAi@f + (A"

- P,kAi@;c + (A?f)TPZ_k n (Ci@? Tplkci(—);? N Q?f
+[(PEATT 4 (A7) TR+ () TR Q8
~(Praf’ + ST RE+ )T PEC 1 oY)

=T} (P, P) + 17,
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where
Yy =Ty (P, Pf) —Ti(PF, PY)
= (PRATT (A7) TRE () TR Q)
—(PrAY 4+ (AT TR+ (TR 4 Q)
=y "Y"(B/PF+ D/ PfC; +S;)+ (P'B; + C/ PD; + ST )0 !
+(©y )T (R + D] PF D)6 !
~[(6N)T(BT PF + DT PEC; + 5i) + (PFBi + C] PED; + 57)6!
+(©F) T (R; + D;rplkDi)@ﬂ
= (OIS +STOI ! 4 (OF ) TR0 - (O4)si + ST e + () TR6))
= (OF '+ RIS TR(OF T RIS — (OF + R7IS) TRi(OF + R1S))
= (OF '+ RIS TRi(OF T RIS > 0.
Here, we have used the definition of ©F (see (7.8)). We thus have proved
Li='(PF, Pf) > TF(PF, PY).

Now, comparing (7.6) with the following

{dpf“(t) = —TEPI PFdt + AN M, te [s,T], (7.11)

PikJrl(T) = G,
Since

L (PF P = TR(PITL PITY) = T + TE(PF, PY) —TH(PI PEY)
k k k k
= Y§ 4 (PF = BT AT + (A7) T(BE = P 4 (C7)T(PY - PETHCEYT,
we see that ﬁi’“ = PF — pFtl Kyk = Af\/[’k — AlM’k"r1 satisfies the following linear
BSDE:

K2

PHT) =0,

dPF = —(PEAY" + (A7) TBE + (C)TPECEY 4+ 18 )dt + R,

with T¥ > 0. Then we obtain

PH(t) - PFYN1) = PE() 20, &

7

WV
—_

Hence, one has
~Kol < PF(t) < PMt), k>1.

Since P}(-) is uniformly bounded, so are the whole sequences {PF(-)}r>1 (i = 1,2).
Then by their monotonicity and the dominated convergence theorem, we have the
convergence of PF(-) to some P;(-) almost surely, almost everywhere on Q x [s, 7]
and in the space L2, (s, T;S™). On the other hand, we have R;(Pf) > 61 uniformly
for every k > 1. Thus, by the convergence of PF(-) and the definition of ©F(-), we
must have

lim ©F(t) = ©;(t) = =R (Pi(t)) " *Si(Pi(t), Py (t)).

k—oc0
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Clearly (©1(-),02()) € B[s,T]. Finally, it is routine that
T , T , 2
B [ AN - AN 0Pan o =E| [ (A0 - A @) au
) T ’ ’ ’ . 2
—5| [ (e ek Pl - e P ]

The right-hand side goes to zero as k,k’ — oo since PF(-) is Cauchy in the right
space. Therefore, AlM’k(-) converges to some AM(-). The proof is complete. O

We now present the following corollary.

Corollary 7.3. Let (H2.1) and (H4.1) hold. Then, Problem (MF-LQ) is closed-loop
solvable.

Proof. Under our assumptions, according to Lemma 7.2, we know that (6.11) ad-
mits a unique strongly regular solution (Py(-), AM(.)), (P2(), A3 (-)) such that (7.3)
holds, which implies (i), (ii) in Theorem 6.4 is true. Therefore, Problem (MF-LQ)
is closed-loop solvable. O

8. Concluding remarks. In the paper, we have studied linear quadratic optimal
control problems for a mean-field stochastic differential equations whose coefficients
are adapted to another independent martingale. To deal with the mean-field terms
involved, an orthogonal projection is introduced which leads to a new linear opti-
mal control problem on the product of two orthogonal spaces. We begin with the
classical approach of completing the square to the LQ problem, which leads to the
backward stochastic differential Riccati equation (BSDRE) formally. However, in
doing this, it is vague about the relationship among the three key notions: The
existence of optimal control, the Pontryagin type maximum principle, and the Ric-
cati equation. Inspired by the works of Sun—Yong ([23, 24], which discussed the
constant coefficient cases), we look at the open-loop and closed-loop solvability of
Problem (MF-LQ) and fully characterize them. Finally, we end up with the result
that the uniform convexity of the cost functional implies both the open-loop and
closed-loop solvability of Problem (MF-LQ).

Appendix A. Some Lemmas.

Lemma A.1. If £ is Fs-measurable and integrable, then

EY[€] =EME),  Vizs (A1)
Consequently,
E;'[6] = EV[]. (A.2)
Proof. Set t > s. Since FW and FM are independent, for any I' € FM, we have
E[lp|F] = E1p|FM v FV] = E[1r| FM]. (A.3)

Then noting that E[1p|FM] is FM-measurable and by setting n = E[¢|FM], we
have

E[nir| = E[E[g|F)1r] = E[E(E[l7M]1r | 7))
= E[E[¢|FME[Lr|7Y)| = E[E(¢B[Lr|7Y) | F2)] = E[¢ELr|ZM]] (by (A3))

= E[fE[lﬂ}"s]} = IE[IE[§1F|]'—3]} = E[{1r].
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Since 7 is FM-measurable as well, which is also F}-measurable, by the definition
of conditional expectation, we have n = EM[¢]. Then (A.1) holds and (A.2) also
follows. O

Lemma A.2. Suppose that
(Y,Y,€) € L(0,T;R") x LE(0, T; R") x L§(0, T; RY),
(P, P,¢) € L3 (0, T;RMF) x L35, (0, T R¥**) x L2a (0, T; R¥F)
and
(Y, Y.E0) € L2(0,T;R¥) x L2(0,T; R¥) x L2(0,T;R*) x L2 (0,T;R¥)
satisfy

dY = Vdt + £dW,, dP = Pdt + CdM, and dY = Ydt + EAW; + CdM,.
Then fort € [s,T] a.e., we have

B(Y().7(0) ~BY(:). () =B [ (1.9)+ (v V) + €8 (A4)

and
E(P()Y (1), Y (1)) — E(P(s)Y (s), Y (s))

¢ . . (A5)
_E / (PY,Y) + (PY.Y) + (PY,Y) + (P¢, &)dr.

Proof. Without loss of generality, we only show the case for k = 1. Let fy : R—R
be twice continuously differentiable such that fy(y) =y for |y| < A, foy) = A+ 1
for |y > A+1 and [f{ ()|, |f”(-)| are bounded uniformly in A. Then applying Itd’s

formula on t — (f\(Y;),Y:), we have

A W), T(0) = [RETT + 0T + L R0E + f(v)edlar

A (£)COAM () + [V (D)EDY () + S (Y (0))EDIAW ().

By the selection of fy, all the local martingales in above equation turn out be
martingales. Therefore we have

E(/(Y (1)), V(1)) ~ BUA(Y(3)), T (9))
=& [ (BT + 0T + S HOE + K )edar

Letting A — oo, by dominant convergence theorem, (A.4) holds. The proof for
(A.5) is similar. O

Appendix B. Some lengthy calculations. In this appendix, we would like to
carry out some lengthy and routine calculations, for the convenience of the readers.
To be general enough, let us take

{ ui(t) = ©1() X1 (t) + v1(t),

ws(t) = ()X (t) + vot), T (B.1)

where

0i(-) € Lg% (s, T;R™ ™) (1) € Lan (s, T;R™):, wa() € Law (s, T;R™).
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Under (B.1), our state equation (1.3) reads

dxX = {A(X1 4 Xa) 4+ AXa + B(O1X1 + 02X + 01 + v2) + B(O2Xs + v2) + b}dt
+H{C(X1 + X2) + OXo + D(O1X1 + 02Xz + 01 +v2) + D(O: Xz +w2) + 0 hdW (1)
- {(A +BOX: +[A+ A+ (B+ B)O3) X2 + By + (B + B)va + b}dt

+{(C + DO1)X1 4 [C + C + (D 4 D)O2] X2 + Dv1 + (D + D)vs + U}dW(t)

- (A?le +AS2 Xy + Brvy + Bava + b)dt

+(CP X1 + CF Xa + Divr + Davs + 0 )dW (1),

(B.2)
where the initial state X (s) = ¢, and

~
=
N
[V
—~
~
=
I
h
—~
~
=

+ A(t), Ci(t) = C(t)
+ B t

Bi(t B(t), D1(t) = D(

v
Il
o]
=
~
&
(o]

[ V)
=
~
&
I
o]
=
~
=

{Al(t) = A(

and
ADH() = Ai) + Bi(1)04(t),  CP' (1) = Cilt) + Ds(1)©i(t), i =1,2.

Applying II = TI, to (B.2), we can get an equation for X5. Then by noticing
X1 = X — X5, we obtain an equation for X;. Thus, the state equation can be
equivalently written as:

dXy = (A" X1 + Byvg + by)dt
HCP' Xy + CF2 Xo + Dyvy + Dovs + 0)dW (1),
dXs = (A9? X5 + Baovs + by)dt.

Correspondingly, the cost functional reads

J(5,60(),0() == J(s,601() X1 (") + O2() Xa(") + v ("))

1 T
:iE{/ [<QX,X>+2<SX,@1X1 —|—®2X2+’U>

+(R(©1X1 + 02X +v),01 X1 + 02X5 +v)
+{(QX2, X2) +2(SX2,02 X5 + v2) + (R(O2X5 + v3), 02X + v)

+2(q, X) + 2(q, X2) + 2(r, 01 X1 + O2Xo + v) + 2(7, 02 X + v2>} dt
+(GX(T), X(T)) + (GXa(T), X2(T)) + 2(g, X (T)) + 2<§,X2(T)>}

2
+<R(@1X1 + Ul), 0,X; + U1>+<R(®2X2 + 112), 05X + U2>
HQX2, X2) +2(SX2,0:Xs + v2) +{R(02 X2 + v2), 02 X5 + v2) +2(q1, X1)
+2<H2[q], X2> + 2<q, X2> + 2(7”1, 0,X; + 1}1> + 2<H2 [7“], Oy X5 + ’U2>

F2(F, 00X + v2>] dt + (GX1(T), X1 (T))+{((G + G)X2(T), Xo(T))

+2{(g1, X1 (T))+2(I12[g]+3, Xz(T))}

1 T
=5 [ (@1 X0) QX X 4251, 01X o) +2(5 Xz, 03413
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1 T
:51@{/ [((Q—i—@lTS—i—ST@l+®1TR®1)X1,X1)+2<(S+R@1)X1,v1>

+(Rv1,v1) + 2(q1 + O] r1, X1) + 2(r1,v1)

+2(Iy[q] + G+ O4 (a[r] + 7), Xa) + 2(ILs[r] + 7, vo)
+HQR+Q+067(S+8)+(S+5)"0:+0] (R+ R)O:]X,, X5)

+2([(S + 5) + (R + R)O2] X2, v2) + (R + R)vz, v2) | dt + (GX1(T), X1(T))

(G + G)X2(T), Xa(T)) + 2{g, X1(T)) + 2(I2[g] + g, X2(T )>}

1 T
:iE{/ {<Q161X1,X1>+2<5191X1,'U1>+<R1'U1,’U1>+2<q1 ,X1>+2<T‘1,’U1>
QS X3, Xa) + 28 Xa, va) + (Rava, v2) +2(aS”, Xz) + 2ra,v3) |t

HG1 X1 (T), X1(T)) +2(g1, X1(T)) + (G2 Xo(T), Xo(T')) + 2<92,X2(T)>},

where
Q1(t) = Q(1), Q2(t) = Q(t) + :(t)7 S1(t) = S(t), Sa(t) = S(t) + S(t),
Ri(t) = R(t), R2(t) = R(t) + R(t), 1(t) =1Li[q](2),
a2(t) = Il2[q](t) + q(t), m(t (), r2(t) = IL[r](t) + 7(2),

G =G, G2 =G+G, g1 =g], go =1[g]
and
QY (1) = Qi(t) + ©i(1) TSi(t) + Si(t) T0i(t) + ©i(t) "Ri(1)O:(t),
SPH(t) = Si(H) + Ri()O4(t), ¢ (1) = qi(t) + ©i(t) Tri(t).
In particular, for the homogenous case, one has

J(5,60(),0())

1

T
= iE{/ |:<Q191X1,X1>+2<51®1X1,'U1>+<R1'Ul,’l)1>

=1,2.

+(Q52 X2, Xa) + 2(552 Xa,v2) + <szz,v2>}dt
HGIX(T), X1 (1)) + (G2 X (T), Xa(T)) }.

Note that by taking ©1(-) = ©2(:) = 0, we recover the original state equation and
cost functional (w1th ui (1) = v;()).
Next, let (P;(+),AM()) be the predictable solution to the following BSDEs:

{dPi(t) = Ti(t)dt + AM(t)dM (¢), (B.3)

for some undetermined T'i(-),[y(-) € L]%M(S,T; S™). Let (mi(-),¢i(), M (), ma(-),
¢M(-)) be the predictable solution to the following:

dny (t) = v (t)dt + G (E)dW (t) + (M (£)dM (),
dna(t)

w(t)dH@ (t)dM (t),
m(T) = g1, 772(T) = 92,
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for some undermined v (-) € L2, (s, T;R™)*, and y2(-) € L2, (s, T;R™). Then, by
Itd’s formula (suppressing t),

A(PLX1) = AMX.1dM + [Ty X1 + P(A1 Xy + Bruy + b)) dt
+P(C1 X1 + CaXs + Diug + Daug + 01 + 092)dW.
Thus,
d(P X1, X1) = (D1 X + Pr(A X + Byun + bi), X1)+(PuXa, AL X + Bun + by)
+(P1(C1X1 + C2Xo 4+ Diug + Daug + 01 + 02),
C1X1 + CoXo 4+ Diug + Daus + 01 + 09) | dt
+{ - }W + {--- }dM,
where {---} stands for something which are irrelevant below. Also,
d(ni, X1) = [(’71,X1> + (m, A1 X1 + Brug + by)
+(¢1,C1 X1 + CoXo + Dyuy + Daus + 01 + 02) | dt
LYW [ YD
Consequently,
E[<G1X1(T)7X1(T)> + 2(917X1(T)>]
= E[(P(T)X:(T), X2(T)) + 201 (T), X, (T))]

T
= E{<P1(3)§1751> +2(ni(s),&1) "‘/ {<(F1 +PA+ ATPl + CFP1C1)X1,X1>

+(Cy PiCaXq, Xo) + 2((B) Pi + D] P,C1)X1,u1) + 2(Dg PiC2 X, us)

+(D{ PiDyuy,uy) + (Dy Py Daus, us)

+2(Pyby + Cf Pioy + 1 + Al m + C/ L [G], X1) + 2(CY Proa + C3 T[], Xoa)
+2(D{ Pyoy + B m + D{ T, [C1],u1) + 2(Dy Pyoa + Dy Ts[(1], us2)

H(Pyoy, 1) + (Proa, o) + 2001, by) + 2(IL[C1], 01) + 2(I02[C1], 02>} dt}.
Likewise, which is a little different,
E (G2 Xa(T), Xa(T)) +2(g2, X(T)|
= E[(Po(T)Xa(T), Xa(T)) + 2012(T), Xa(T))]
—B{(P2(s)6a. &) + 20m() &) + | "+ Py + AT P X X
+2(B] Py Xy, uz) + 2(Pobs + 728+ AT, Xa) + 2(BJ 1, uz) + 2(12, b2>} dt.
Hence,
J(s,60, €31 (), uz() = I (s, & u(-))
2 XQ:E[/T@@XZ», Xa)+2(S: X5, wi) + (Riwi, wi) + 2(g5, X)) + 2(rs, ui>) dt
2 i=1 s

H(GXi(T), Xi(T)) +2(gi, Xi(T))]
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= %Z { 51751 +2<7h( ) €Z>

;
/ (it PA+ AT P-CT PLC+ Qi) X, X
<% + ATm + CT IL[C1] + Pibi 4+ Cf Pio; + ¢;, X;)
+2(B'n; + D] 1L;[C,] + D Pro; + 75, us)
#2015, b5) + 2T, o) + (P, o) |t |

%ZE{ 51751 + 2<772( ) §z> +A :<[Fi + Qi(H,P1)]Xi7Xi>

=1
+2(S; (P, P1) X + ri, wi) + (Ri(Pr)wi, i) + 2(vi + qi, X5)

(
205, be) + 2(IL{G1), 02) + (Pro, o) di

where

{Qi_Az—ni+C;—Hi[C1}+Pibi+CiTP10i+(Zia i—12

Now, for any ©(:) = (01(-).02(+)), by the same calculation with (A;, C;, Qs,S;)
replaced by (Ae Co,. Q% 8% ) and u;(+) replaced by v;(-), only for the homoge-

7 a4
neous case (thus, X; becomes X?), one has

CIORYC)
E{< P()6.&)

o

Thus, if we choose

L= —(PAP + (%) P4(CO) PO +QP).  i=12,

Mmm

J0(s,
_ 1
24

1

(L5 + PAD" + (A7) PA-(CP) T PLOP Q) XY, XY)

-
Il

l—:i

+2<(BZTPZ + l);rljlc'leI + Slel)XlO,’lh) + <(Rl + DiTP1Di)Ui,’Ui>] dt}

i.e., equation (B.3) reads

{dPi(t) =~ (RAP + (AP)TPA(CO)T PO QP dt + AN (1AM (1), (B.4)

+((R; + D] P.D;)v;, m}dt}

T

- % S E{(Pi(s)¢i &) + 2/ ([Si(P) + Ri(P)OIXY, vi) + (Ri(Py)ws, vi) |t}

S



LQ CONTROL PROBLEM FOR MEAN-FIELD SDES 851

Further, if we can further achieve

then

0= B, P+ D] P,C® + 8% = S,(P) +Ri(P)0;, i=1,2, (B.5)
1< T
I(5,60(0),v0() = 5 Y E{(P()6. &) + / (Ri(Pr)vi,vi)dt ). (B.6)
=1 S

We see that (B.5) means

R(Si(P)) € Z(Ri(P)),
0; = —Ri(P)'Si(P) + [T = Ri(P1) Ri(P1)]©i,  i=1,2.

for some Og;. This then implies

PAY + (A7) T PA(CP) T PLCY Q7

= Pi(4; + B;©;) + (A; + B;i©,;) Pi+(C; + D;©;) " P1(C; + D;©;)
+Q; + 0, S, + 50, + 6] R,6,

= PAi+A] P+C PLICi+Qi+(PB;+CiPLD;+ S, )©;
+0, (B P,+D/ P.C;i+S8;)+0/ (Ri+D/ PD;)©;

= Qi(P) + Si(P) 01+ 0/ 8i(P,) + ©,Ri(P1)0;

= Qi(P) = Si(P)Ri(P)'Si(P).

Hence, (B.4) further becomes BSDRE (3.13). This means if (P;(+),AM()) is a
predictable solution of (3.13) (with the range condition), then (B.6) holds.
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