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Abstract. An optimal control problem for a regime switching stochastic dif-

ferential equation under continuous-time, switching and impulse controls with
recursive cost functional is considered. Using the approach of dynamic pro-

gramming, the corresponding Hamilton-Jacoobi-Bellman quasi-variational in-

equality is derived, to which the value function is proved to be the unique
viscosity solution. Due to the appearance of all those kinds of controls, as well

as the regime switching (governed by a Markov chain) and the recursive cost

functional (determined by a backward stochastic Volterra integral equation),
quite a few particular technical difficulties have to be overcome under some

delicate conditions to prove the continuity of the value function.

1. Introduction. Let (Ω,F ,F,P) be a complete filtered probability space on which
a d-dimensional standard Brownian motion {W (s) | 0 ≤ s ≤ T} and a finite state
Markov chain M(·) are defined. We assume that W (·) and M(·) are independent
and the state space of M(·) is M = {1, 2, 3, · · · , |M|}, where |M| is the number of
elements in M. Also, M(·) is right-continuous with left-limits. It is known that
M(·) can be regarded as the solution of the following integral equation:

dM(s) =

∫
R
µ(M(s−), θ)N(dθ, ds), s ≥ t ≥ 0, M(t− 0) = m, (1.1)

for some Poisson random measure N(dθ, ds), whose intensity measure is assumed to
be E[N(dθ, ds)] = π(dθ)ds for some Radon measure π(dθ), and a map µ : M×R →

2020 Mathematics Subject Classification. Primary: 49N25, 60J25, 93C27, 93E20; Secondary:

49L05, 49L20, 49L25.
Key words and phrases. Continuous-time control, switching and impulse controls, regime

switching, recursive cost functional, dynamic programming principle, Hamilton-Jacobi-Bellman
quasi-variational inequality, viscosity solution.

The second author was partially supported by NSF DMS-2305475.
∗Corresponding author: Jiongmin Yong.

1240



STOCHASTIC HYBRID OPTIMAL CONTROL 1241

Z, where Z is the set of all integers, of the following form:

µ(m, θ) =

|M|∑
m′=1

(m′ −m)1∆mm′ (θ),

with {∆mm′ |1 ≤ m′ ≤ |M|} being a partition of R, for each m = 1, 2, · · · , |M|. See
the book by Yin–Zhu [16] (p.29) for relevant details (see also, [6]).

Next, we assume that

F = {Fs}s≥0 ≡ FW ∨ FN , Fs = FW
s ∨ FN

s ,

with

FW
s = σ

(
W (τ), 0 ≤ τ ≤ s

)
∨N0, FW = {FW

s }s≥0

FN
s = σ

(
N(B, τ);B ∈ B(R), 0 ≤ τ ≤ s

)
∨N0, FN = {FN

s }s≥0,

where N0 is the set of all subsets of P-null sets. For convenience, we let F = FT

(if necessary, one may shrink F to achieve this). It is standard that s 7→ Fs is
right-continuous with left-limit.

Let the transition probability of M(·) be given by the following (with 0 ≤ t <
s ≤ T )

P
(
M(s) = m′ ∣∣ M(t) = m

)
=

{
qmm′(s− t) + o(s− t), m′ ̸= m,

1 + qmm(s− t) + o(s− t), m′ = m.
(1.2)

with

qmm′ ≥ 0, m ̸= m′,

|M|∑
m′=1

qmm′ = 0, ∀m ∈ M. (1.3)

We denote Q =
(
qmm′

)
m,m′∈M

which is called the generator of M(·).

Consider the following controlled stochastic differential equation (SDE, for short):

X(s) = x+

∫ s

t

b
(
r,X(r),M(r), u(r), a(r)

)
dr

+

∫ s

t

σ
(
r,X(r),M(r), u(r), a(r)

)
dW (r) + ξ(s), s ∈ [t, T ]

(1.4)

where b : [0, T ]×Rn ×M×U×A → Rn and σ : [0, T ]×Rn ×M×U×A → Rn×d

are some given maps, with U being a metric spaces and A = {a1, · · · , a|A|} (similar
as before, |A| ∈ N is the number of elements in A, which is finite). In the above,
X(·) is the state process, M(·) is the regime switching process, u(·) is a continuous-
time control valued in U. Process a(·) is a switching control, determined by a
sequence {θi, ai}i≥0, with t = θ0 ≤ θ1 ≤ · · · being F-stopping times, ai being
an Fθi -measurable A-valued random variable, and the initial value is denoted by
a0 ≡ a. For convenience, we write

a(·) =
∑
i≥1

ai−11[θi−1,θi)(·). (1.5)

With such a process appearing in the state equation (1.4), the system has the gen-
erator (b, σ) piecewise determined. This is exactly the same result as that provided
by the switching control. Note that for different ω ∈ Ω (almost surely), at the
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moment θi(ω), the value ai(ω) ∈ A could be different. Process ξ(·) is an impulse
control, of the following form:

ξ(·) =
∑
j≥1

ξj1[τj ,T ](·), (1.6)

determined by a sequence {(τj , ξj)}j≥1, with t ≤ τ1 ≤ τ2 ≤ · · · being F-stopping
times, and ξj being an Fτj -measurable,K-valued random variable such that E|ξj |p <
∞, p ≥ 1, whereK ⊆ Rn is a convex and closed cone. We denote by U [t, T ], Aa[t, T ],
and Kp[t, T ] the sets of feasible (continuous-time) controls, switching controls (with
the initial setting a), and impulse controls, respectively (see the next section for
further details on the feasibility). Finally, we let

Dp =
{
(t, x)

∣∣ t ∈ [0, T ], x is Rn-valued, Ft-measurable, E|x|p < ∞
}
, (1.7)

which is called the set of initial pairs.

Under some mild conditions, for any initial tuple (t, x,m, a) ∈ Dp ×M×A and
feasible controls (u(·), a(·), ξ(·)) ∈ U [t, T ] × Aa[t, T ] × Kp[t, T ], the state equation
(1.4) admits a unique solution X(·) ≡ X(· ; t, x,m, a;u(·), a(·), ξ(·)) which is F-
adapted. Note that we will treat (t, x) and (m, a) differently: the former will be the
independent variables and the latter will be the indices. Markov chain M(·) gives a
regime switching to the system, which is mandatory (or passive to the controller).
The three types controls (continuous-time, switching and impulse) can be applied
by the controller actively.

Next, we consider the cost functional to be used to measure the performance
of the controls. Inspired by the stochastic differential utility introduced by Duffie–
Epstein [1, 2] (see also [3, 14]), we introduce the following backward stochastic
Volterra integral equation (BSVIE, for short):

Y (s) = h(X(T ),M(T ), a(T )) +
∑
θi≥s

k(θi, ai−1, ai) +
∑
τj≥s

ℓ(τj , ξj)

+

∫ T

s

g
(
r,X(r),M(r), u(r), a(r), Y (r), Z(s, r),

∫
R
Γ(s, r, θ)π(dθ)

)
dr

−
∫ T

s

Z(s, r)dW (r)−
∫ T

s

∫
R
Γ(s, r−, θ)Ñ(dθ, dr), s ∈ [t, T ],

(1.8)

where

Ñ(dθ, ds) = N(dθ, ds)− π(dθ)ds,

is the compensated random measure of the Poisson random measure N(dθ, ds) in-
troduced earlier. In the above, h : Rn × M × A → [0,∞), g : [0, T ] × Rn × M ×
U × A × R × R1×d × R → [0,∞) are deterministic functions, called the termi-
nal cost and the running cost rate, respectively; k : [0, T ] × A × A → (0,∞) and
ℓ : [0, T ] × K → (0,∞) are called the switching cost and the impulse cost, re-
spectively. We call (1.8) a BSVIE (instead of a BSDE) since the “terminal state”
is

h(X(T ),M(T ), a(T )) +
∑
θi≥s

k(θi, ai−1, ai) +
∑
τj≥s

ℓ(τj , ξj),

which is an FT -measurable process (depending on s ∈ [0, T ], not necessarily F-
adapted). Because of this, we refer to it as the “free term”, instead of “terminal
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state”. According to the general theory of BSVIEs, the above (1.8) is called a Type-
I BSVIE (see [21, 22, 10, 23]). Under proper conditions, the above BSVIE admits
a unique adapted solution (Y (·), Z(· , ·),Γ(· , · , ·)). We point out that the inclusion

of the martingale term
∫ T

t
Γ(s, r−, θ)Ñ(dθ, dr) in the BSVIE (1.8) affecting the

cost functional (1.9) is not just for the generality of the presentation, it is needed
due to the martingale representation theorem when we solve the corresponding
BSVIE/BSDE to obtain the adapted solution. Also, we note that Y (·) is merely
right-continuous with left-limit in general. Now, let us define the cost functional to
be the following

Jm,a(t, x;u(·), a(·), ξ(·)) = Y (t)

≡ Et

[
h(X(T ),M(T ), a(T )) +

∑
θi≥t

k(θi, ai−1, ai) +
∑
τj≥t

ℓ(τj , ξj)

+

∫ T

t

g
(
r,X(r),M(r), u(r), a(r), Y (r), Z(t, r),

∫
R
Γ(t, r, θ)π(dθ)

)
dr
]
,

(1.9)

where Et[ · ] = E[ · |Ft] is the conditional expectation operator. Roughly speaking,
the value Y (s) of Y (·) can be regarded as the disutility at s involving the terminal
and running costs as well as the switching and impulse costs. By letting Y (·) be a
part of the adapted solution to the BSVIE (1.8), we see that the current disutililty
Y (s) depends on the future ones, which is exactly the reason that we refer to (1.9)
as a recursive cost functional. We also note that at time s ∈ [t, T ], only those
switchings with θi ≥ s and those impulses with τj ≥ s are counted in the cost
functional. This really matters when we derive the Bellman’ dynamic programming
principle. Due to this, we feel that the framework presented in [26] seems to be
questionable.

Comparing (1.8) and (1.9), we see that Z(· , ·) and Γ(· , · , ·) may not appear
explicitly in (1.9) if

g(t, x,m, u, a, y, z, γ) = g(t, x,m, u, a, y) (independent of (z, γ)).

However, we know that for any proper functions Ẑ(·) and Γ̂(· , ·), it holds

Et

[ ∫ T

t

Ẑ(t, r)dW (r) +

∫ T

t

∫
R
Γ̂(t, r−, θ)Ñ(dθ, dr)

]
= 0. (1.10)

This implies that the operator Et is not injective. Thus, the determination from
the adapted solution (Y (·), Z(· , ·),Γ(· , · , ·)) to Y (t) is well-defined; whereas, for a
given process of conditional expectation form, the corresponding Z(· , ·) and Γ(· , · , ·)
seem to be non-unique due to (1.10). To avoid this ambiguity, we specify these two
processes through BSVIE (1.8), which ensures the uniqueness.

We now formulate our optimal control problem.

Problem (C). For given initial tuple (t, x,m, a) ∈ Dp × M × A, find a feasible
control triple (ū(·), ā(·), ξ̄(·)) ∈ U [t, T ]×Aa[t, T ]×Kp[t, T ] such that

Jm,a(t, x; ū(·), ā(·), ξ̄(·)) = inf
u(·),a(·),ξ(·)

Jm,a(t, x;u(·), a(·), ξ(·)) = V m,a(t, x). (1.11)
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In the case that g(t, x,m, u, a, y, z, γ) = g(t, x,m, u, a) (independent of (y, z, γ))
and h(x,m, a) = h(x) (independent of (m, a)), (1.9) becomes

Jm,a(t, x;u(·), a(·), ξ(·))

= Et

[
h(X(T )) +

∫ T

t

g(r,X(r),M(r), u(r), a(r))dr

+
∑
i≥1

k(θi, ai−1, ai) +
∑
j≥1

ℓ(τj , ξj)
]
.

(1.12)

The above is the usual Bolza type cost functional for optimal switching and impulse
controls with regime switching; For such a case, the first and the second terms on
the right-hand side of (1.12) are the usual terminal and running costs, respectively.
Hence, our framework is an extension of a classical one.

The purpose of the current paper is to establish a general theory for the above
Problem (C). The main feature are highlighted as follows:

• The state equation contains two types of switchings: The passive one (or
mandatory one) determined by the Markov chain M(·) (the regime switching),
and the active one determined by the switching control a(·). As a result, the
value function is matrix valued with independent variables (t, x) ∈ Dp, indexed
by (m, a) ∈ M ×A, the initial values of the Markov chain and the switching con-
trol.

• The problem involves regime switching governed by a Markov chain, and the
cost functional is recursive, determined by a special type BSVIE driven by Brownian
motion W (·) and Poisson process N(·), with discontinuous free term. Thus, the cost
functional is discontinuous in t, so that the continuity of the value function becomes
non-trivial. Some very careful estimation involving both SDEs with impulses and
BSDEs/BSVIEs is needed to achieve the goal. The compatibility of certain growth
assumptions, as well as monotonicity play crucial roles.

• It turns out that the Hamiltonian in the Hamilton-Jacobi-Bellman (HJB, for
short) quasi-variational inequality (QVI, for short) explicitly depends on the value
function V m,a(· , ·), in a coupled fashion, besides the decoupled appearance of its
gradient V m,a

x (· , ·) and its Hessian V m,a
xx (· , ·), which leads to some technical diffi-

culty to be overcome in the viscosity solution characterization of the value function.

The rest of the paper is organized as follows. Some preliminary results will be
collected in Section 2. In Section 3, we will present some basic properties of the
value function, including the boundedness and the continuity of the value function.
Dynamic programming principle will be established in Section 4. Then, the value
function will be characterized as the unique viscosity solution of the corresponding
HJB-QVI in Section 5. Finally, in Section 6, we collect some conclusion remarks.



STOCHASTIC HYBRID OPTIMAL CONTROL 1245

2. Preliminaries.

2.1. Some spaces. Let us begin with the introduction of some spaces. For any
p, q ≥ 1 and t ∈ [0, T ], let

Lp
Fs

(Ω;Rn) =
{
η : Ω → Rn

∣∣ η is Fs-measurable and E|η|p < ∞
}
,

Lp
F(Ω;L

q([t, T ];Rn))=
{
φ : [t, T ]× Ω → Rn

∣∣ φ(·) is F-progressively measurable,

E
(∫ T

t

|φ(s)|qds
) p

q

<∞
}
,

Lp
F(Ω;C+([t, T ];Rn)) =

{
φ : [t, T ]× Ω → Rn

∣∣ φ(·) is F-adapted, has
right-continuous paths with left-limits,

E
[

sup
s∈[t,T ]

|φ(s)|p
]
< ∞

}
,

Lp
F(Ω;C([t, T ];Rn)) =

{
φ : [t, T ]× Ω → Rn

∣∣ φ(·) is F-adapted, has continuous
paths, and E

[
sup

s∈[t,T ]

|φ(s)|p
]
< ∞

}
,

Lp
F(Ω;L

2([t, T ];L2
π(R))) =

{
φ : [t, T ]× R× Ω → R

∣∣ φ(·) is F-adapted and

E
(∫ T

t

∫
R
|φ(s, θ)|2π(dθ)ds

) p
2

< ∞
}
.

Now, we look at three control sets. First, let

U [t, T ] =
{
u : [t, T ]× Ω → U

∣∣ u(·) is F-proressively measurable
}
.

which is a set of usual (continuous-time) controls valued in a metric space U.

Next, we precisely define the set of feasible switching controls. A switching
control is uniquely determined by a sequence {(θi, ai)

∣∣ i ≥ 0} with F-stopping
times t = θ0 ≤ θ1 ≤ θ2 ≤ · · · , and Fθi -measurable A-valued random variables
ai. We point out that for different ω ∈ Ω, at a switching moment θi(ω), both the
positions ai−1(ω) switching from and ai(ω) switching to could be different. Also,
for different ω, the number of switchings within [t, T ] could be different. To describe
this, we allow P

(
θi ∈ (T, T + 1]

)
> 0, for some i, and define the switching number

of a(·) on [t, T ] to be

NS(a(·)) = max{i ≥ 0
∣∣ θi ≤ T}. (2.1)

Since every switching is made, a strictly positive fixed cost will be paid. Thus, if a
switching control a(·) whose NS(a(·)) is infinite over a set of positive probability,
then the switching cost will be infinite. Hence, such a switching control will not be
selected in the process of optimization. Then we define a switching control a(·) to
be feasible if NS(a(·)) is finite almost surely. Therefore, a feasible switching control
{(θi, ai)

∣∣ i ≥ 0} can be identified as follows:

a(s) =

NS(a(·))∑
i=1

ai−11(θi−1,θi](s), s ∈ [t, T ]. (2.2)



1246 YUE ZHOU AND JIONGMIN YONG

Consequently, we define the set of feasible switching controls by

Aa[t, T ] =
{
a(·) =

NS(a(·))∑
i=1

ai−11(θi−1,θi](·)
∣∣ t = θ0 ≤ θ1 ≤ θ2 ≤ · · · ≤ T + 1

are F-stopping times, ai is Fθi -measurable,

A-valued, a0 = a
}
, a ∈ A, t ∈ [0, T ].

(2.3)

The switching control that does not contain any switching is called a trivial switching
control, denoted by a0(·), which is completely determined by its initial value. Note
that any a(·) ∈ Aa[t, T ] is always bounded.

Finally, let us describe impulse controls. An impulse control ξ(·) is identified
with a sequence {(τj , ξj)

∣∣ j ≥ 1} where t ≤ τ0 ≤ τ1 ≤ · · · ≤ T + 1 are F-stopping
times and each ξj is an Fτj -measurable random variable taking values in the closed
convex cone K ⊆ Rn. Note that, for given ω ∈ Ω, the number of impulses within
[t, T ] could be different. Therefore, we allow P

(
τj ∈ (T, T +1]

)
> 0, for some j ≥ 1,

and define the impulse number of ξ(·) within [t, T ] to be

N I(ξ(·)) = max{j ≥ 1
∣∣ τj ≤ T}. (2.4)

Similar to the switching controls, an impulse control ξ(·) is feasible if N I(ξ(·)) is
finite almost surely. Clearly, a feasible impulse control {(τj , ξj)

∣∣ j ≥ 1} can be
identified as follows:

ξ(s) =

NI(ξ(·))∑
j=1

ξj1[τj ,T ](s), s ∈ [t, T ]. (2.5)

Then, we define the set of feasible impulse controls by (p ≥ 1)

Kp[t, T ] =
{
ξ(·) =

NI(ξ(·))∑
j=1

ξj1[τj ,T ](·)
∣∣ t ≤ τ1 ≤ τ2 ≤ · · · ≤ T + 1

are F-stopping times, ξj is Fτj -measurable,

K-valued, and E
[

sup
s∈[t,T ]

|ξ(s)|p
]
< ∞

}
.

(2.6)

In what follows, the impulse control that does not contain any impulse in [t, T ] is
called the trivial impulse control, and will be denoted by ξ0(·).

We point out that in the above, T + 1 could be replaced by any T ′ > T ,

2.2. The state equation. Now, let us introduce the following hypothesis on the
coefficients of the state equation.

(H1)δ Let b : [0, T ]×Rn×M×U×A → Rn, and σ : [0, T ]×Rn×M×U×A →
Rn×d be continuous. There exist L > 0 and δ ∈ (0, 1] such that

|b(t, x,m, u, a)|+ |σ(t, x,m, u, a)|2 ≤ L(1 + |x|δ),
(t, x,m, u, a) ∈ [0, T ]× Rn ×M×U×A,

|b(t, x,m, u, a)− b(t, x′,m, u, a)|+ |σ(t, x,m, u, a)− σ(t, x′,m, u, a)| ≤ L|x− x′|,
(t,m, u, a) ∈ [0, T ]×M×U×A, x, x′ ∈ Rn.
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The sublinearity condition on b and σ with respect to x (in (H1)δ) will play an
essential role later (similar to [13]). Now we present a result concerning the well-
posedness of state equation (1.4). The results also includes the integrability of the
state process, as well as the stability estimates of the state process with respect to
the perturbations of the initial state and the initial time. For convenience, we will
identify (H1)1 with (H1) below.

Proposition 2.1. Let (H1) hold and p ≥ 1. Then, the following hold:

(i) For any (t, x,m, a) ∈ Dp ×M×A, and (u(·), a(·), ξ(·)) ∈ U [t, T ]×Aa[t, T ]×
Kp[t, T ], the state equation (1.4) admits a unique solutionX(·) ≡ X(· ; t, x,m, a;u(·),
a(·), ξ(·)) ∈ Lp

F(Ω;C+([t, T ];Rn)), and for any 0 < q ≤ p,

Et

[
sup

τ∈[t,s]

|X(τ)|q
]
≤ C

[
1 + |x|q + Et

(
sup

τ∈[t,s]

|ξ(τ)|q
)]

, s ∈ [t, T ]. (2.7)

Hereafter, C > 0 will be a generic constant which could be different from line to
line.

(ii) If (t, x′) ∈ Dp is another initial pair, andX ′(·) ≡ X(· ; t, x′,m, a;u(·), a(·), ξ(·))
is the corresponding state process (under the same controls), then for any 0 < q ≤ p,

Et

[
sup

s∈[t,T ]

|X(s)−X ′(s)|q
]
≤ C|x− x′|q. (2.8)

(iii) Let (H1)δ hold with δ ∈ (0, 1). Let 0 ≤ t < t′ ≤ T , (t, x,m, a) ∈ Dp×M×A,
(u(·), a(·), ξ(·)) ∈ U [t, T ]×Aa[t, T ]×Kp[t, T ]. Let u′(·) = u(·)

∣∣
[t′,T ]

, and

a′(s) =

NS(a(·))∑
i=1

ai1[θi−1∨t′,θi∨t′)(s),

ξ′(s) =

NI(ξ(·))∑
j=1

ξj1[τj∨t′,T ](s),

s ∈ [t′, T ], (2.9)

i.e., all the switchings and impulses on [t, t′) are moved to t′. Let X ′(·) = X(· ; t′, x′,

M(t′), a(t′);u′(·), a′(·), ξ′(·)− ξ(t′)), with x′=x+
∑

t≤τj≤t′

ξj . Then, for any 0 < q ≤ p,

Et

[
sup

s∈[t′,T ]

|X(s)−X ′(s)|q
]
≤ C

[
1 + |x|δq + Et

(
sup

s∈[t,t′]

|ξ(s)|δq
)]

(t′ − t)
q
2 . (2.10)

In particular, at t′,

Et

[
|X(t′)− x′|q

]
≤ C

[
1 + |x|δq + Et

(
sup

s∈[t,t′]

|ξ(s)|δq
)]

(t′ − t)
q
2 . (2.11)

Consequently, in the case that a(·) and ξ(·) are trivial on [t, t′], it holds

Et

[
sup

s∈[t,t′]

|X(s)− x|q
]
≤ C(1 + |x|δq)(t′ − t)

q
2 . (2.12)
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Proof. (i) First of all, for any (t, x,m, a) ∈ Dp × M × A, and (u(·), a(·), ξ(·)) ∈
U [t, T ]×Aa[t, T ]×Kp[t, T ], with p ≥ 1, we define a map Φ as follows:

Φ[X(·)](s) = x+

∫ s

t

b(r,X(r),M(r), u(r), a(r))dr

+

∫ s

t

σ(r,X(r),M(r), u(r), a(r))dW (r) + ξ(s),

∀X(·) ∈ Lp
F(Ω;C+([t, T ];Rn)).

Then

Et

[
sup

τ∈[t,s]

|Φ[X(·)](τ)|p
]

≤ C
{
|x|p + Et

( ∫ s

t
|b(r,X(r),M(r), u(r), a(r))|dr

)p

+Et

[
sup

τ∈[t,s]

∣∣∣ ∫ τ

t

σ(r,X(r),M(r), u(r), a(r))dW (r)
∣∣∣p]+ Et

[
sup

τ∈[t,s]

|ξ(τ)|p
]}

≤ C
{
|x|p + Et

(∫ s

t

(
1 + |X(r)|

)
dr
)p

+ Et

(∫ s

t

(
1 + |X(r)|2

)
dr
) p

2

+Et

[
sup

τ∈[t,s]

|ξ(τ)|p
]}

≤ CEt

[
1 + |x|p + sup

τ∈[t,s]

|X(τ)|p + sup
τ∈[t,s]

|ξ(τ)|p
]
.

Thus, Φ maps Lp
F(Ω;C+([t, T ];Rn)) into itself. Next, pick X(·), X ′(·) ∈ Lp

F(Ω;
C+([t, T ]; Rn)), and estimate the following:

Et

[
sup

τ∈[t,s]

|Φ(X(·)](τ)−Φ[X ′(·)](τ)|p
]

=Et

[
sup

τ∈[t,s]

∣∣∣ ∫ τ

t

(
b(r,X(r),M(r), u(r), a(r))−b(r,X ′(r),M(r), a(r))

)
dr

+

∫ τ

t

(
σ(r,X(r),M(r), u(r), a(r))− σ(r,X ′(r),M(r), u(r), a(r))

)
dW (r)

∣∣∣p]
≤ CEt

[( ∫ s

t

|X(r)−X ′(r)|dr
)p

+
(∫ s

t

|X(r)−X ′(r)|2dr
) p

2
]

≤ C(s− t)
p
2Et

[
sup

τ∈[t,s]

|X(τ)−X ′(τ)|p
]
.

Then by choosing s − t > 0 small, we see that the map Φ is a contraction on
Lp
F(Ω;C+([t, s];Rn)) and it has a unique fixed point. Following a standard augment,

one gets the existence and uniqueness of the solution to the state equation on the
space Lp

F(Ω;C+([t, T ];Rn)).
Now, for any 0 < q ≤ p, and t ≤ t1 < t2 ≤ s, by the state equation, we estimate:
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Et1

[
sup

τ∈[t1,t2]

|X(τ)|q
]
≤ CEt1

{
|X(t1)|q +

(∫ t2

t1

|b(r,X(r),M(r), u(r), a(r))|dr
)q

+ sup
τ∈[t1,t2]

∣∣∣ ∫ t2

t1

σ(r,X(r),M(r), u(r), a(r))dW (r)
∣∣∣q + sup

τ∈[t1,t2]

|ξ(τ)|q
}

≤ CEt1

[
|X(t1)|q +

(∫ t2

t1

(
1+|X(r)|

)
dr
)q

+
(∫ t2

t1

(
1+|X(r)|2

)
dr
) q

2

+ sup
τ∈[t1,t2]

|ξ(τ)|q
]

≤ C
{
1 + |X(t1)|q + (t2 − t1)

q
2Et1

[
sup

τ∈[t1,t2]

|X(τ)|q
]
+ Et1

[
sup

τ∈[t1,t2]

|ξ(τ)|q
]}

,

where C > 0 is an absolute constant, independent of t1, t2. Let δ0 =
(

1
2C

) 2
q

. Then

there exists a natural number i0 ≥ 1 such that i0δ0 ≥ T − t. We denote ti = t+ iδ0,
i = 0, 1, 2, · · · , i0, and

φi+1 = Et

[
sup

τ∈[ti,ti+1]

|X(τ)|q
]
, i ≥ 0, φ0 ≡ |x|q.

The above estimate implies

φi+1 ≤ C
{
1 + φi + δ

q
2
0 φi+1 + E

[
sup

τ∈[ti,ti+1]

|ξ(τ)|q
]}

, i ≥ 0.

Hence, for a larger absolute constant C > 0,

φi+1 ≤ C
{
1 + φi + E

[
sup

τ∈[t1,t2]

|ξ(τ)|q
]}

, i ≥ 0.

By solving the above difference inequlity, we obtain (2.7).

(ii) Let X ′(·) ≡ X(· ; t, x′,m, a;u(·), a(·), ξ(·)). Then

Et

[
sup

τ∈[t,s]

|X(τ)−X ′(τ)|p
]

≤ CEt

[
|x− x′|p +

(∫ s

t

|X(r)−X ′(r)|dr
)p

+
(∫ s

t

|X(r)−X ′(r)|2dr
) p

2
]

≤ CEt

[
|x− x′|p +

∫ s

t

sup
τ∈[t,r]

|X(τ)−X ′(τ)|pdr
]
.

Hence, by Gronwall’s inequality, we obtain (2.8), for q = p. Now, for 0 < q ≤ p,

Et

[
sup

τ∈[t,s]

|X(τ)−X ′(τ)|q
]
≤

[
Et

(
sup

τ∈[t,s]

|X(τ)−X ′(τ)|p
)] q

p

≤
(
C|x− x′|p

) q
p

= C|x− x′|q.

This proves (2.8) for general case.

(iii) Let (H)δ hold with δ ∈ (0, 1). Let u′(·), a′(·) and ξ′(·) be constructed as in
the statement of proposition. Then,

u′(s) = u(s), a′(s) = a(s), ξ′(s) = ξ(s), s ∈ [t′, T ].
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With x′ = x+
∑

t≤τj≤t′

ξj , for s ∈ [t′, T ], we have

X(s) = X(s; t, x,m, a;u(·), a(·), ξ(·))
= X(s; t′, X(t′),M(t′), a(t′);u(·), a(·), ξ(·)− ξ(t′))

X ′(s) = X(s; t′, x′,M(t′), a(t′);u′(·), a′(·), ξ′(·)− ξ(t′)).

Note that

X(t′)− x′ =

∫ t′

t

b(s,X(s),M(s), u(s), a(s))ds

+

∫ t′

t

σ(s,X(s),M(s), u(s), a(s))dW (s).

Thus, using (2.7) and the sublinearity of b and σ in x, one has

Et

[
|X(t′)− x′|q

]
≤ CEt

[( ∫ t′

t

(1 + |X(s)|δ)ds
)q

+
(∫ t′

t

(1 + |X(s)|δ)ds
) q

2
]

≤ CEt

(
1 + sup

r∈[t,t′]

|X(r)|δq
)
(t′ − t)

q
2

≤ CEt

(
1 + |x|δq + sup

s∈[t,t′]

|ξ(s)|δq
)
(t′ − t)

q
2 .

This proves (2.11). We further have

Et

[
sup

s∈[t′,T ]

|X(s)−X ′(s)|q
]
≤ CEt|X(t′)− x′|q

≤ CEt

(
1 + |x|δq + sup

s∈[t,t′]

|ξ(s)|δq
)
(t′ − t)

q
2 .

This proves (2.10). Now, when a(·) and ξ(·) are trivial on [t, t′], then x′ = x, and
(2.11) reads (2.12). This completes the proof.

Note that estimate (2.7)–(2.8) as well as (2.10)–(2.12), are standard for 1 ≤ q ≤ p
and δ = 1. However, the case of 0 < q < 1 and δ ∈ (0, 1) are new here. They will
play crucial roles later. This is one particular feature of the current paper.

2.3. The recursive cost functional. Now, we look at BSVIE (1.8). For given
initial tuple (t, x,m, a) ∈ Dp × M × A, and feasible controls (u(·), a(·), ξ(·)) ∈
U [t, T ]×Aa[t, T ]×Kp[t, T ], let X(·) be the corresponding state process. Define

Ŷ (s) ≡ Y (s) +
∑

t≤θi<s

k(θi, ai−1, ai) +
∑

t≤τj<s

ℓ(τj , ξj), s ∈ [t, T ]. (2.13)

Then, Ŷ (·) is F-adapted, and

Ŷ (s) = h(X(T ),M(T ), a(T )) +

NS(a(·))∑
i=1

k(θi, ai−1, ai) +

NI(ξ(·))∑
j=1

ℓ(τj , ξj)

+

∫ T

s

ĝ
(
r,X(r),M(r), u(r), ar, ξr, Ŷ (r), Z(r),

∫
R
Γ(r, θ)π(dθ)

)
dr

−
∫ T

s

Z(r)dW (r)−
∫ T

s

∫
R
Γ(r−, θ)Ñ(dθ, dr), s ∈ [t, T ],

(2.14)
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where

ĝ(r, x,m, u, ar, ξr, ŷ, z, γ)

= g
(
r, x,m, u, a(r), ŷ −

∑
t≤θi<r

k(θi, ai−1, ai)−
∑

t≤τj<r

ℓ(τj , ξj), z, γ
)
,

with ar standing for the path {a(τ)
∣∣ t ≤ τ < r} and ξr standing for the path

{ξ(τ)
∣∣ t ≤ τ < r}. Clearly, ĝ is Lipschitz continuous in (ŷ, z, γ), for given

(u(·), a(·), ξ(·)). The above (2.14) is a BSDE on [t, T ], as the terminal state is a
given time-independent FT -measurable random variable, and thus Z(s, r), Γ(s, r, θ)
have been already changed to Z(r), Γ(r, θ). Due to the fact that in the defini-
tion of ĝ, the summation terms involving a(·) and ξ(·) starting from t, ĝ contains
some memory with respect to a(·) and ξ(·). Although such kind of memories will
not affect the well-posedness of the BSDE (2.14), they will bring some technical
difficulties in some other aspects later. We also note that (see (2.13))

Ŷ (t) = Y (t) ≥ 0,

and

Ŷ (s) ≥ Y (s) ≥ 0, s ∈ (t, t′],

with the both inequalities being strict if either a(·) or ξ(·) is non-trivial on [t, t′].
Further, from the general BSDE theory, in order the BSDE (2.14) to admit an
adapted solution, we need to impose some conditions on the switching and impulse
controls through their costs so that the terminal state of (2.14) has good enough

integrability. Also if the BSDE (2.14) is solvable, then Ŷ (·) has continuous path
almost surely on [t, T ], whereas Y (·) might have jumps. Now, we introduce the
following hypothesis.

(H2) The maps h : Rn ×M ×A → [0, L], and g : [0, T ] × Rn ×M ×U ×A ×
R× R1×d × R → [0, L] are continuous for some L > 0. Moreover,

|h(x,m, a)−h(x′,m, a)|+|g(t, x,m, u, a, y, z, γ)−g(t, x′,m, u, a, y′, z′, γ′)|

≤ L
(
|x− x′|+ |y − y′|+ |z − z′|+ |γ − γ′|

)
,

0 ≤ h(x,m, a), g(t, x,m, u, a, 0, 0, 0) ≤ T,

(t,m, u, a) ∈ [0, T ]×M×U×A,

(x, y, z, γ), (x′, y′, z′, γ′) ∈ Rn × R× R1×d × R.

(2.15)

The nonnegativity condition of h and g can be relaxed to the boundedness from
below of these functions. However, we impose the boundedness of these functions
from the above as well, which avoids some technical difficulties. Next, we introduce
the following hypotheses for the switching and impulse costs.

(H3) The map k : [0, T ]×A×A → [0,∞) is continuous and differentiable in t.
such that

k(t, a, a) = 0, k(t, a′, a) = k(t, a, a′) > 0,

∀t ∈ [0, T ], a, a′ ∈ A, a ̸= a′.
(2.16)

Moreover,

k(t, a1, a3) < k(t, a1, a2) + k(t, a2, a3),

∀t ∈ [0, T ], a1, a2, a3 ∈ A, a1 ̸= a2 ̸= a3,
(2.17)
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and

−L ≤ kt(t, a, a
′) ≤ 0, ∀0 ≤ t ≤ T, a, a′ ∈ A. (2.18)

Note that under (H3), we may assume that for some k1 > k0 > 0,

0 < k0 ≤ k(t, a, a′) ≤ k1, ∀t ∈ [0, T ], a, a′ ∈ A, a ̸= a′. (2.19)

(H4) The map ℓ : [0, T ]×K → [ℓ0,∞) is continuous and differentiable in t, with
ℓ0 > 0 and for some L > 0 and ν ∈ [δ, 1],

ℓ0(1 + |ξ|ν) ≤ ℓ(t, ξ) ≤ L(1 + |ξ|ν), ∀(t, ξ) ∈ [0, T ]×K. (2.20)

Moreover,

ℓ(t, ξ + ξ′) < ℓ(t, ξ) + ℓ(t, ξ′), ∀t ∈ [0, T ], ξ, ξ′ ∈ K, (2.21)

and

−L ≤ ℓt(t, ξ) ≤ 0, ∀0 ≤ t ≤ T, ξ ∈ K. (2.22)

The strict subadditivity conditions (2.17) and (2.21) are very crucial in proving
the uniqueness of the viscosity solution to the HJB-QVI. Also, in (2.18) and (2.22),
we have assumed a little more than the monotonicity conditions which are commonly
assumed for switching and/or impulse problems (see [19, 13, 20]). We indicate that
(2.22) can be relaxed to the following:

−L− ℓ1|ξ|ν ≤ ℓt(t, ξ) ≤ 0, ∀(t, ξ) ∈ [0, T ]×K,

for some ℓ1 ≥ 0. Conditions (2.19) and (2.20) will lead to the coercivity of the cost
functional with respect to the size of the impulse, and the numbers of switchings and
impulses; Due to such two conditions, we see that it makes sense to define feasible
switching/impulse controls (for which the numbers of switchings and impulses are
finite almost surely on [t, T ]).

Before going further, let us introduce the following smaller control sets: For
q > 1,

Aa,q[t, T ] =
{
a(·) ∈ Aa[t, T ]

∣∣ E[(NS(a(·))∑
i=1

k(θi, ai−1, ai)
)q]

< ∞
}
,

Kp,q[t, T ] =
{
ξ(·) ∈ Kp[t, T ]

∣∣ E[(MI(ξ(·))∑
j=1

ℓ(τj , ξj)
)q]

< ∞
}
.

We further let

Aa,1+[t, T ] =
⋃
q>1

Aa,q[t, T ], Kp,1+[t, T ] =
⋃
q>1

Kp,q[t, T ].

Concerning BSDE (2.14), we have the following well-posedness result, which also
includes the integrability of the adapted solution, the stability estimates of the
adapted solution with respect to the perturbation of the initial state x and the
initial time t.

Proposition 2.2. Let (H1)–(H4) hold and p > 1. Then the following hold:

(i) For any given (t, x,m, a) ∈ Dp × M × A and (u(·), a(·), ξ(·)) ∈ U [t, T ] ×
Aa,1+[t, T ] × Kp,1+[t, T ], with X(·) being the corresponding solution to (1.4), the

BSDE (2.14) admits a unique adapted solution (Ŷ (·), Z(·),Γ(· , ·)) ∈ Lq
F(Ω;C([t, T ];
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R)) × Lq
F(Ω;L

2(t, T ;R1×d)) × Lq
F(Ω;L

2(t, T ;L2
π(R))) for some q ∈ (1, p]. Further,

for such a q,

Et

[
sup

s∈[t,T ]

|Ŷ (s)|q +
(∫ T

t

|Z(s)|2ds
) q

2

+
(∫ T

t

∫
R
|Γ(t, θ)|2π(dθ)dt

) q
2
]

≤ C
{
1 + Et

[(NS(a(·))∑
i=1

k(θi, ai−1, ai)
)q

+
(NI(ξ(·))∑

j−1

ℓ(τj , ξj)
)q]}

.

(2.23)

Consequently,

Et

[
sup

s∈[t,T ]

|Y (s)|q
]

≤ C
{
1 + Et

[(NS(a(·))∑
i=1

k(θi, ai−1, ai)
)q

+
(NI(ξ(·))∑

j−1

ℓ(τj , ξj)
)q]}

.

(2.24)

(ii) Let (t, x), (t, x′) ∈ Dq, (m, a) ∈ M × A, and (u(·), a(·), ξ(·)), (u′(·), a′(·),
ξ′(·)) ∈ U [t, T ]×Aa,1+[t.T ]×Kp,1+[t, T ]. Let X(·) and X ′(·) be the corresponding

solution of the state equation (1.4) (with the same controls), and (Ŷ (·), Z(·),Γ(· , ·))
and (Ŷ ′(·), Z ′(·),Γ′(· , ·)) be the corresponding adapted solutions to the BSDE (2.14).
Then, for some 1 < q ≤ p, and any 0 < q′ ≤ q, it holds

Et

[
sup

r∈[t,T ]

|Ŷ (r)− Ŷ ′(r)|q
′
+
(∫ T

t

|Z(r)− Z ′(r)|2dr
) q′

2

+
(∫ T

t

∫
R
|Γ(r, θ)− Γ′(r, θ)|2π(dθ)dr

) q′
2
]

≤ C
{
Et|h(X(T ),M(T ), a(T ))− h(X ′(T ),M(T ), a′(T ))|q

+Et

[ ∫ T

t

∣∣g(r,X(r),M(r), u(r), a(r),

Ŷ (r)−
∑

t≤θi<r

k(θi, ai−1, ai)−
∑

t≤τj<r

ℓ(τj , ξj), Z(r),

∫
R
Γ(r, θ)π(dθ)

)
−g

(
r,X ′(r),M(r), u′(r), a′(r),

Ŷ (r)−
∑

t≤θ′
i<r

k(θ′i, a
′
i−1, a

′
i)−

∑
t≤τ ′

j<r

ℓ(τ ′j , ξ
′
j), Z(r),

∫
R
Γ(r, θ)π(dθ)

)∣∣dr]q}q′
q

,

(2.25)

(iii) If 0 ≤ t < t′ ≤ T , (t, x,m, a) ∈ Dp ×M×A, and (u(·), a(·), ξ(·)) ∈ U [t, T ]×
Aa,1+[t, T ]×Kp,1+[t, T ], then∣∣∣Et

[
Ŷ (t)− Ŷ (t′)

]∣∣∣ ≤ C(t′ − t). (2.26)

Further, let (H1)δ hold for some 0 < δ ≤ ν. Let u′(·), a′(·) and ξ′(·) as in (iii)

of Proposition 2.1, X ′(·) = X(· ; t′, x,M(t′), a(t′); u′(·), a′(·), ξ′(·)) and (Ŷ ′(·), Z ′(·),
Γ′(· , ·)) be the adapted solution of the corresponding BSDE (2.14), then for some
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1 < q ≤ p, and any 0 < q′ ≤ q,

Et

[
sup

s∈[t′,T ]

|Ŷ (s)− Ŷ ′(s)|q
′
+

(∫ T

t′
|Z(s)− Z ′(s)|2ds

) q′
2

+
(∫ T

t

∫
R
|Γ(t, θ)− Γ′(t, θ)|2π(dθ)dt

) q′
2
]

≤ CEt

(
1 + |x|δq

′
+ sup

r∈[t,t′]

|ξ(r)|δq
′
+NS(a(·))q

′
+N I(ξ(·))q

′
)
(t′ − t)

q′
2

(2.27)

Proof. (i) For any (t, x,m, a) ∈ Dp × M × A and (u(·), a(·), ξ(·)) ∈ U [t, T ] ×
Aa,q[t, T ]×Kp,q[t, T ], with some q > 1, we have

E|h(X(T ),M(T ), a(T ))|q + E
[(∑

i≥1

k(θi, ai−1, ai)
)q

+
(∑

j≥1

ℓ(τj , ξj)
)q]

< ∞.

Thus, BSDE (2.14) is well-posed with the adapted solution (Ŷ (·), Z(·),Γ(· , ·)) in
Lq
F(Ω;C([t, T ];R))×Lq

F(Ω;L
2(t, T ;R1×d))×Lq

F(Ω;L
2(t, T ;L2

π(R)). Then, by a stan-
dard estimate of BSDEs (see [15], and also [12]), we have (by the boundedness of h
and g; Otherwise the estimate will be much more complicated)

Et

[
sup

s∈[t,T ]

|Ŷ (s)|q +
(∫ T

t

|Z(s)|2ds
) q

2

+
(∫ T

t

∫
R
|Γ(t, θ)|2π(dθ)dt

) q
2
]

≤ CEt

[
1 +

(NS(a(·))∑
i=1

k(θi, ai−1, ai)
)q

+
(NI(ξ(·))∑

j−1

ℓ(τj , ξj)
)q]

.

This proves (2.23). Consequently, (2.24) follows easily.

(ii) Next, if q ∈ (1, p], for any (t, x), (t, x′) ∈ Dq and feasible controls (u(·), a(·),
ξ(·)), (u′(·), a′(·), ξ′(·)) ∈ U [t, T ] × Aa,q[t, T ] × Kp,q[t, T ], we let X(·) and X ′(·) be
the corresponding state processes. Denote

h = h(X(T ),M(T ), a(T )), h′ = h(X ′(T ),M(T ), a′(T )),

g(r, ŷ, z, γ) = g
(
r,X(r),M(r), u(r), a(r),

ŷ −
∑

t≤θi<r

k(θi, ai−1, ai)−
∑

t≤τj<r

ℓ(τj , ξj), z, γ
)
,

g′(r, ŷ′, z′, γ′) = g
(
r,X ′(r),M(r), u′(r), a′(r),

ŷ′ −
∑

t≤θ′
i<r

k(θ′i, a
′
i−1, a

′
i)−

∑
t≤τ ′

j<r

ℓ(τ ′j , ξ
′
j), z

′, γ′
)
,

g′′(r, ŷ, z, γ) = g
(
r,X ′(r),M(r), u′(r), a′(r),

ŷ −
∑

t≤θ′
i<r

k(θ′i, a
′
i−1, a

′
i)−

∑
t≤τ ′

j<r

ℓ(τ ′j , ξ
′
j), z, γ

)
.
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Then

Ŷ (s) = h+

∫ T

s

g
(
r, Ŷ (r), Z(r),

∫
R
Γ(r, θ)π(dθ)

)
dr −

∫ T

s

Z(r)dW (r)

−
∫ T

s

∫
R
Γ(r−, θ)Ñ(dθ, dr),

Ŷ ′(s) = h′ +

∫ T

s

g′
(
r, Ŷ ′(r), Z ′(r),

∫
R
Γ′(r, θ)π(dθ)

)
dr −

∫ T

s

Z ′(r)dW (r)

−
∫ T

s

∫
R
Γ′(r−, θ)Ñ(dθ, dr),

Hence, by the standard estimate of BSDEs, we have, for any τ ∈ [t, T ],

Et

[
sup

s∈[τ,T ]

|Ŷ (s)− Ŷ ′(s)|q +
(∫ T

τ

|Z(r)− Z ′(r)|2dr
) q

2

+
(∫ T

τ

∫
R
|Γ(r, θ)− Γ(r, θ)|2π(dθ)dr

) q
2
]

≤ CEt

{
|h− h′|q +

[ ∫ T

τ

∣∣∣g(r, Ŷ (r), Z(r),

∫
R
Γ(r, θ)π(dθ)

)
−g′′

(
r, Ŷ (r), Z(r),

∫
R
Γ(r, θ)π(dθ)

)∣∣∣dr]q}
= CEt

{
|h(X(T ),M(T ), a(T ))− h(X ′(T ),M(T ), a′(T ))|q

+
[ ∫ T

τ

∣∣g(r,X(r),M(r), u(r), a(r),

Ŷ (r)−
∑

t≤θi<r

k(θi, ai−1, ai)−
∑

t≤τj<r

ℓ(τj , ξj), Z(r),

∫
R
Γ(r, θ)π(dθ)

)
,

−g
(
r,X ′(r),M(r), u′(r), a′(r),

Ŷ (r)−
∑

t≤θ′
i<r

k(θ′i, a
′
i−1, a

′
i)−

∑
t≤τ ′

j<r

ℓ(τ ′j , ξj), Z(r),

∫
R
Γ(r, θ)π(dθ)

)∣∣dr]q},
Now, for 0 < q′ ≤ q,

Et

[
sup

s∈[t,T ]

|Ŷ (s)− Ŷ ′(s)|q
′
+
(∫ T

t

|Z(r)− Z ′(r)|2dr
) q′

2

+
(∫ T

t

∫
R
|Γ(r, θ)− Γ′(r, θ)|2π(dθ)dr

) q′
2
]

≤
[
Et

(
sup

s∈[t,T ]

|Ŷ (s)−Ŷ ′(s)|q
)] q′

q

+
[
Et

(∫ T

t

|Z(r)−Z ′(r)|2ds
) q

2
] q′

q

+
[
Et

(∫ T

t

∫
R
|Γ(r, θ)−Γ′(r, θ)|2π(dθ)dr

) q
2
] q′

q

≤C
{
Et

[(
sup

s∈[t,T ]

|Ŷ (s)−Ŷ ′(s)|q
)
+ Et

(∫ T

t

|Z(r)−Z ′(r)|2dr
) q

2

+Et

(∫ T

t

∫
R
|Γ(r, θ)−Γ′(r, θ)|2π(dθ)dt

) q
2
]} q′

q

.



1256 YUE ZHOU AND JIONGMIN YONG

Then (2.25) follows.

(iii) Under our assumptions, one has

Ŷ (t) = Ŷ (s) +

∫ s

t

ĝ
(
r,X(r),M(r), u(r), ar, ξr, Ŷ (r), Z(r),

∫
R
Γ(r, θ)π(dθ)

)
dr

−
∫ s

t

Z(r)dW (r)−
∫ s

t

∫
R
Γ(r−, θ)Ñ(dθ, dr).

Thus,∣∣∣Et

[
Ŷ (t)− Ŷ (t′)

]∣∣∣
=

∣∣∣Et

∫ t′

t

ĝ
(
r,X(r),M(r), u(r), ar, ξr, Ŷ (r), Z(r),

∫
R
Γ(r, θ)π(dθ)

)
dr
∣∣∣ ≤ C(t′ − t).

This completes the proof (2.26).

Next, let u′(·), a′(·), ξ′(·) be constructed through u(·), a(·), ξ(·), as (iii) of Propo-
sition 2.1, and X ′(·) be the corresponding state process on [t′, T ] with the initial
state x. Denoting x′ = x+

∑
t≤τj≤t′ ξj . Clearly,

(u′(r), a′(r), ξ′(r)) = (u(r), a(r), ξ(r)), r ∈ [t′, T ].

Also, let (Y ′(·), Z ′(·),Γ′(· , ·)) be the adapted solution to the corresponding BSDE
on [t′, T ]. Then, by the proved (ii), and Proposition 2.1, for t ≤ t′ ≤ T , and
0 < q′ ≤ q, for some 1 < q ≤ p, we have

Et′

[
sup

s∈[t′,T ]

|Ŷ (s)− Ŷ ′(s)|q
′
+
(∫ T

t′
|Z(r)− Z ′(r)|2dr

) q′
2

+
(∫ T

t′

∫
R
|Γ(r, θ)−Γ′(r, θ)|2π(dθ)dr

) q′
2
]

≤ C
[
Et′ |X(T )−X ′(T )|q + Et′

(∫ T

τ

|X(r)−X ′(r)|dr
)q

+
( ∑

t≤θi<t′

|k(θi, ai−1, ai)− k(t′, ai−1, ai)|
)q

+
( ∑

t≤τj<t′

|ℓ(tj , ξj)− ℓ(t′, ξj)|
)q] q′

q

≤ C
[
|X(t′)− x′|q + Et′ [N

S(a(·))(t′ − t)]q + Et′ [N
I(ξ(·))(t′ − t)]q

] q′
q

≤ CEt′

(
1 + |x|δq

′
+ sup

r∈[t,t′]

|ξ(r)|δq
′
+NS(a(·))q

′
+N I(ξ(·))q

′
)
(t′ − t)

q′
2

Thus, applying Et, one obtains (2.27).

3. Some properties of the value function. In this section, we present some
basic properties of the value function. First, we have the following result which
gives the boundedness of the value function.

Theorem 3.1. Let (H1)–(H4) hold. Then for any p ≥ 1,

0 ≤ V m,a(t, x) ≤ C0, ∀(t, x,m, a) ∈ Dp ×M×A, (3.1)
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for some absolute constant C0 > 0 and

V m,a(t, x) = inf
U [t,T ]×Aa,1+

0 [t,T ]×Kp,1+
0 [t.T ]

Jm,a(t, x;u(·), a(·), ξ(·)),

∀(t, x,m, a) ∈ Dp ×M×A,
(3.2)

with

Aa,1+
0 [t, T ] =

{
a(·) =

NS(a(·))∑
i=1

ai−11[θi−1θi)(·) ∈ Aa,1+[t, T ]
∣∣

k0Et

[
NS(a(·))

]
≤ 2C0

}
,

Kp,1+
0 [t, T ] =

{
ξ(·) =

NI(ξ(·))∑
j=1

ξj1[τj ,T ](·) ∈ Kp,1+[t, T ]
∣∣

ℓ0Et

[
N I(ξ(·)) + sup

s∈[t,T ]

|ξ(s)|ν
]
≤ 2C0

}
.

Proof. Let (t, x,m, a) ∈ Dp ×M ×A. Fix any u(·) ∈ U [t, T ], the trivial switching
control a0(·) ∈ Aa,q[t, T ] and the trivial impulse control ξ0(·) ∈ Kp,q[t, T ], for any
q > 1. Let the corresponding state process be X0(·), and the corresponding adapted

solution of BSDE (2.14) be (Ŷ0(·), Z0(·),Γ0(· , ·)). By the boundedness of h and g,

0 ≤ Jm,a(t, x;u(·), a0(·), ξ0(·)) = Et

[
h(X0(T ),M(T ), a)

+

∫ T

t

g
(
r,X0(r),M(r), u(r), a, Y0(r), Z0(r),

∫
R
Γ0(r, θ)π(dθ)

)
dr
]
≤ C0,

(3.3)
for some absolute constant C0 > 0. This proves (3.1). Now, for any (u(·), a(·), ξ(·)) ∈
U [t, T ]×Aa,1+[t, T ]×Kp,1+[t, T ], by the nonnegativity of h and g, one has

Jm,a(t, x;u(·), a(·), ξ(·))

= Et

[
h(X(T ),M(T ), a(T )) +

NS(a(·))∑
i=1

k(θi, ai−1, ai) +

NI(ξ(·))∑
j=1

ℓ(τj , ξj)

+

∫ T

s

g
(
r,X(r),M(r), u(r), a(r), Y (r), Z(r),

∫
R
Γ(r, θ)π(dθ)

)
dr
]

≥ Et

[NS(a(·))∑
i=1

k(θi, ai−1, ai) +

NI(ξ(·))∑
j=1

ℓ(τj , ξj)
]

≥ Et

[
k0N

S(a(·)) + ℓ0N
I(ξ(·)) + ℓ0

NI(ξ(·))∑
j=1

|ξj |ν
]

≥ Et

[
k0N

S(a(·)) + ℓ0N
I(ξ(·)) + ℓ0 sup

s∈[t,T ]

|ξ(s)|ν
]
.

(3.4)

Therefore, if (a(·), ξ(·)) /∈ Aa,1+
0 [t, T ]× Kp,1+

0 [t, T ], it must not be optimal. Hence,
(3.2) follows.
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From Proposition 3.1, we see that for any (u(·), a(·), ξ(·)) ∈ U [t, T ]×Aa,1+
0 [t, T ]×

Kp,1+
0 [t, T ], one has

0 ≤ Jm,a(t, x;u(·), a(·), ξ(·)) ≤ C, ∀(t, x) ∈ Dp. (3.5)

Further, in addition, if a(·) and ξ(·) are trivial on [t, t′), one has

Jm,a
(
t, x;u(·), a(·), ξ(·))

= Et

[
JM(t′),a(t′, X(t′−);u(·), a(·), ξ(·)

)
+

∫ t′

t

g
(
r,X(r),M(r), u(r), a, Y (r), Z(r),

∫
R
Γ(r, θ)π(dθ)

)]
,

(3.6)

Next, we prove that the value function is continuous.

Theorem 3.2. Let (H1)δ, (H2)–(H4) hold with 0 < δ ≤ ν. Then there exists a
constant C1 > 0 such that

|V m,a(t, x)− Et[V
m,a(t′, x′)]| ≤ C1Et

(
|x− x′|+ (1 + |x|δ)|t− t′| 12

)
,

∀(m, a) ∈ M×A, (t, x), (t′, x′) ∈ Dp,
|t− t′| small.

(3.7)

Proof. We first let t′ = t. Thus, for (t, x), (t, x′) ∈ Dp, (m, a) ∈ M × A, and

(u(·), a(·), ξ(·)) ∈ U [t, T ]×Aa,1+
0 [t, T ]×Kp,1+

0 [t, T ], let X(·) and X ′(·) be the corre-

sponding state processes (under the same controls). Also, let (Ŷ (·), Z(·),Γ(· , ·)) and
(Ŷ ′(·), Z ′(·),Γ′(· , ·)) be the adapted solutions of the corresponding BSDE (2.14).
Then by Proposition 2.2, (ii) (see (2.25))

|Jm,a(t, x;u(·), a(·), ξ(·))− Jm,a(t, x′;u(·), a(·), ξ(·))) ≤ |Ŷ (t)− Ŷ ′(t)| ≤ C|x− x′|.
Hence, (3.7) follows.

Next, let 0 ≤ t < t′ ≤ T , (t, x), (t′, x) ∈ Dp, and (m, a) ∈ M×A. For any ε > 0,

let (u′(·), a′(·), ξ′(·)) ∈ U [t′, T ]×Aa,1+
0 [t′, T ]×Kp,1+

0 [t′, T ] such that

V M(t′),a(t′, X ′(t′−)) ≤ JM(t′),a(t′, X ′(t′−);u′(·), a′(·), ξ′(·))
< V M(t′),a(t′, X ′(t′−)) + ε,

where

a′(·) =
NS(a′(·))∑

i=1

ai−11[θi−1,θi)(·), ξ′(·) =
NI(ξ′(·))∑

j=1

ξj1[τj ,T ](·),

and X ′(·) is the state process satisfying the following:

X ′(s) = x+

∫ s

t

b(r,X ′(r),M(r), u0, a)dr

+

∫ s

t

σ(r,X ′(r),M(r), u0, a)dW (s), s ∈ [t, t′),

for some fixed u0 ∈ U . Also, let X ′(·) be the state with the initial tuple (t′.X ′(t′−),

M(t′), a(t′−)), under feasible controls (u′(·), a′(·), ξ′(·)) on [t′, T ], and ((Ŷ ′(·).Z ′(·),
Γ′(· , ·)) be the corresponding adapted solution of the BSDE on [t′, T ], so that the
cost functional can be defined. We now extend (a′(·), ξ′(·)) trivially on [t, t′) to

get (a(·), ξ(·)) ∈ Aa,1+
0 [t, T ] × Kp,1+

0 [t, T ], and let u′(·) = u01[t,t′) + u(·)1[t′,T ](·).
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Correspondingly, we extend the adapted solution ((Ŷ ′(·), Z ′(·),Γ′(· , ·)) from [t′, T ]
to [t, T ]. Then we have (by (2.12))

Jm,a(t, x;u(·), a(·), ξ(·))

= Et

[
h(X ′(T ),M(T ), a′(T )) +

∑
θi≥t

k(θi, ai−1, ai) +
∑
τj≥t

ℓ(τj , ξj)

+

∫ T

t

g
(
r,X ′(r),M(r), u′(r), a′(r), Y ′(r), Z ′(r),

∫
R
Γ′(r, θ)π(dθ)

)
dr
]

= Et

[
h(X ′(T ),M(T ), a′(T )) +

∑
θi≥t′

k(θi, ai−1, ai) +
∑
τj≥t′

ℓ(τj , ξj)

+

∫ T

t′
g
(
r,X ′(r),M(r), u′(r), a′(r), Y ′(r), Z ′(r),

∫
R
Γ′(r, θ)π(dθ)

)
dr

+

∫ t′

t

g
(
r,X ′(r),M(r), u0, a, Y

′(r), Z ′(r),

∫
R
Γ′(r, θ)π(dθ)

)
dr
]

≤ Et

[
JM(t′),a(t′, X(t′−);u′(·), a′(·), ξ(·)) + C(t′ − t)

]
≤ Et

{
V M(t′),a(t′, X(t′−)) + ε+ C(t′ − t)

}
= Et

[
V m,a(t′, X(t′−)) + ε

+

|M|∑
m′=1

[qmm′(t′− t) + o(t′− t)]V m′,a(t′, X(t′−)) + C(t′ − t)
]

≤ Et

[
V m,a(t′, x) + CEt|X(t′−)− x|+ ε+ C(t′ − t)

]
≤ Et

[
V m,a(t′, x) + C(1 + |x|δ)(t′ − t)

1
2

]
+ ε.

This leads to (sending ε → 0)

Et

[
V m,a(t, x)− V m,a(t′, x)

]
≤ C(1 + |x|δ)(t′ − t)

1
2 , t′ − t > 0 small. (3.8)

Next, for any ε > 0, let (u(·), a(·), ξ(·)) ∈ U [t, T ] × Aa,1+
0 [t, T ] × Kp,1+

0 [t, T ] such
that

V m,a(t, x) ≤ Jm,a(t, x;u(·), ξ(·), a(·)) < V m,a(t, x) + ε.

Now, let u′(·) = u(·)
∣∣
[t′,T ]

and

a′(·) =
NS(ξ(·))∑

i=1

ai−11[θi−1∨t′,θi∨t′)(·), ξ′(·) =
NI(ξ(·))∑

j=1

ξj1[τj∨t′,T ](·).

Then (u′(·), a′(·)), ξ′(·)) ∈ U [t′, T ]×Aa,1+
0 [t′, T ]×Kp,1+

0 [t′, T ], and

(u′(r), a′(r), ξ′(r)) = (u(r), a(r), ξ(r)), r ∈ [t′, T ].

Let X ′(·) = X(· ; t′, x, u′(·), a′(·), ξ′(·)) on [t′, T ], and (Ŷ ′(·), Z ′(·),Γ′(· , ·)) be the
adapted solution to the corresponding BSDE on [t′, T ]. Then, we have (noting the
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monotonicity of t 7→ k(t, a, a′) and t 7→ ℓ(t, ξ))

V m,a(t, x) + ε ≥ Jm,a(t, x;u(·), a(·), ξ(·))

= Et

[
h(X(T ),M(T ), a(T )) +

∑
θi≥t

k(θi, ai−1, ai) +
∑
τj≥t

ℓ(τj , ξj)
]

+

∫ T

t

g
(
r,X(r),M(r), u(r), a(r),

Ŷ (r)−
∑

t≤θi<r

k(θi, ai−1, ai)−
∑

τ≤τj<r

ℓ(τj , ξj), Z(r),

∫
R
Γ(r, θ(π(dθ)

)
dr
]

≥ Et

[
h(X ′(T ),M(T ), a′(T )) +

∑
θi≥t

k(θi ∨ t′, ai−1, ai) +
∑
τj≥t

ℓ(τj ∨ t′, ξj)

+

∫ T

t′
g
(
r,X ′(r),M(r), u′(r), a′(r),

Ŷ ′(r)−
∑

t≤θi<r

k(θi ∨ t′, ai−1, ai)−
∑

τ≤τj<r

ℓ(τj ∨ t′, ξj), Z
′(r),

∫
R
Γ′(r, θ(π(dθ)

)
dr
]

−|h(X(T ),M(T ), a(T ))− h(X ′(T ),M(T ), a′(T ))|

−
∫ T

t′

∣∣∣g(r,X(r),M(r), u(r), a(r),

Ŷ (r)−
∑

t≤θi<r

k(θi, ai−1, ai)−
∑

τ≤τj<r

ℓ(τj , ξj), Z(r),

∫
R
Γ(r, θ(π(dθ)

)
−g

(
r,X ′(r),M(r), u′(r), a′(r),

Ŷ ′(r)−
∑

t≤θi<r

k(θi ∨ t′, ai−1, ai)−
∑

τ≤τj<r

ℓ(τj ∨ t′, ξj), Z
′(r),

∫
R
Γ′(r, θ(π(dθ)

)∣∣∣dr]
+

∫ t′

t

g
(
r,X(r),M(r), u(r), a(r), Y (r), Z(r),

∫
R
Γ(r, θ(π(dθ)

)
dr
]

≥ Et

{
JM(t′),a(t′, x, u′(·), a′(·), ξ′(·))− C|X(T )−X ′(T )|

−C
[ ∫ T

t′

(
|X(r)−X ′(r)|+ |Ŷ (r)− Ŷ ′(r)|+ |Z(r)− Z ′(r)|

+

∫
R
|Γ(r, θ)− Γ′(r, θ)|π(dθ)

)
dr +

NS(a(·))∑
i−1

∣∣∣k(θi, ai−1, ai)− k(θi ∨ t′, ai−1, ai)
∣∣∣

+

NI(ξ(·))∑
j=1

∣∣∣ℓ(τj , ξj)− ℓ(τj ∨ t′.ξj)
∣∣∣]− C(t′ − t)

}
≥ Et

{
V M(t′),a(t′, x)− C

[
sup

r∈[t′,T ]

|X(r)−X ′(r)|+ sup
r∈[t′,T ]

|Ŷ (r)− Ŷ ′(r)|

+
(∫ T

t′
|Z(r)− Z ′(r)|2dr

) 1
2

+
(∫ T

t′

∫
R
|Γ(r−, θ)− Γ′(r−, θ)|2π(dθ)dr

) 1
2
]}

−C
(
NS(a(·)) +N I(ξ(·))

)
(t′ − t)− C(t′ − t)

≥ Et

[
V m,a(t′, x) +

|M|∑
m′=1

[qmm′(t′− t) + o(t′− t)]V m′,a(t′, x)− C|X(t′)−X ′(t′)|
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−
(
1 + |x|δ + sup

r∈[t,t′]

|ξ(r)|δ +NS(a(·)) +N I(ξ(·))
)
(t′ − t)

1
2

]
− C(t′ − t)

≥ Et

[
V m,a(t′, x)− C(1 + |x|δ)(t′ − t)

1
2

]
.

In the above, we have used Theorem 3.1 (This is the place where we need the
sublineariy of b and σ in x).

Et

[
sup

r∈[t,T ]

|ξ(r)|δ +NS(a(·)) +N I(ξ(·))
]
≤ C.

Sending ε → 0, we obtain

Et

[
V m,a(t′, x)− V m,a(t, x)

]
≤ C(1 + |x|δ)(t′ − t)

1
2 , t′ − t > 0 small. (3.9)

Combining the above with (3.8), we complete the proof.

Because of our framework, applying a similar arguments of Peng [9] (see also
[5, 24]), we are able to show that V m,a(t, x) is a real-valued function on [0, T ]×Rn.
Then, from the above, we see that the value function V m,a(t, x) is continuous in
(t, x) ∈ [0, T ]× Rn.

4. Dynamic programming principle. In this section, we are going to present
the dynamic programming principle for our Problem (C). We have the following
form of the principle.

Theorem 4.1. Let (H1)δ, (H2)–(H4) hold with 0 < δ ≤ ν. Then

V m,a(t, x) ≤ min
a′ ̸=a

[
V m,a′

(t, x) + k(t, a, a′)
]
≡ NS [V m,a](t, x),

(t, x,m, a) ∈ [0, T ]× Rn ×M×A,
(4.1)

V m,a(t, x) ≤ inf
ξ∈K

[
V m,a(t, x+ ξ) + ℓ(t, ξ)

]
≡ NI [V m,a](t, x),

(t, x,m, a) ∈ [0, T ]× Rn ×M×A,

(4.2)

and for any 0 ≤ t < t′ < T ,

V m,a(t, x)

≤ inf
u(·)∈U [t,t′]

Et

[∫ t′

t

g
(
r,X0(r),M(r), u(r), a, Y 0(r), Z0(r),

∫
R
Γ0(r, θ)π(dθ)

)
dr

+V M(t′),a(t′, X0(t′−))
]
, (x,m, a) ∈ Rn ×M×A,

(4.3)

where

X0(s) = x+

∫ s

t

b(r,X0(r),M(r), u(r), a)dr

+

∫ s

t

σ(r,X0(r),M(r), u(r), a)dW (r), s ∈ [t, t′),

(4.4)
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and

Y 0(s) = V M(t′),a(t′, X0(t′−))

+

∫ t′

s

g(r,X0(r),M(r), u(r), a, Y 0(r), Z0(r),

∫
R
Γ0(r, θ)π(dθ)

)
dr

−
∫ t′

s

Z0(r)dW (r)−
∫ t′

s

Γ0(r−, θ)Ñ(dθ, dr), s ∈ [t, t′).

(4.5)

Moreover. if in (4.1) and (4.2), the strict inequalities hold at (t, x,m, a) ∈ [0, T ] ×
Rn ×M×A, then there exists a τ ∈ (t, T ] such that

V m,a(t, x)

≥ inf
u(·)∈U [t,t′]

Et

[∫ t′

t

g
(
r,X0(r),M(r), u(r), a, Y 0(r), Z0(r),

∫
R
Γ0(r, θ)π(dθ)

)
dr

+V M(t′),a(t′, X̃(t′))
]
, t′ ∈ (t, τ).

(4.6)

where, (X0(·), Y 0(·), Z0(·),Γ0(· , ·)) is determined by (4.4) and (4.5).

Proof. Let (t, x,m, a) ∈ [0, T ) × Rn ×M ×A be given, and a′ ∈ A \ {a}. For any
(u(·), a(·), ξ(·)) ∈ U [t, T ]×Aa[t, T ]×Kp[t, T ], we have

V m,a(t, x) ≤ Jm,a(t, x;u(·), ξ(·), a′(·)) = Jm,a′
(t, x;u(·), ξ(·), a(·)) + k(t, a, a′),

where a′(·) = {(a′i, θ′i)}i≥1 with

a′0 = a′, θ′0 = t, a′i+1 = ai, θ′i+1 = θi, i ≥ 0,

or formally, a′(·) = a′1[t,t)(·) + a(·). Thus,

V m,a(t, x) ≤ min
a′ ̸=a

[
V m,a′

(t, x) + k(t, a, a′)
]
≡ NS [V m,a](t, x),

proving (4.1). Next, let ξ′ ∈ K, and

ξ′(·) = ξ′1[t,T ](·) + ξ(·).

Then

V m,a(t, x) ≤ Jm,a(t, x;u(·), ξ′(·), a(·)) = Jm,a(t, x+ ξ;u(·), ξ(·), a(·)) + ℓ(t, ξ).

Thus,

V m,a(t, x) ≤ inf
ξ∈K

[
V m,a(t, x+ ξ) + ℓ(t, ξ)

]
≡ NI [V m,a](t, x),

proving (4.2). Next, for given 0 ≤ t < t′ < T , take any (u(·), a(·), ξ(·)) ∈ U [t, T ] ×
Aa

t′ [t, T ]×Kp
t′ [t, T ], we have

V m,a(t, x) ≤ Jm,a
(
t, x;u(·), a(·), ξ(·))

= Et

[
JM(t′),a

(
t′, X0(t′−);u(·)

∣∣
[t′,T ]

, a(·)|[t′,T ], ξ(·)
∣∣
[t′,T ]

)
+

∫ t′

t

g
(
r,X0(r),M(r), u, a, Y 0(r), Z0(r),

∫
R
Γ0(r, θ)π(dθ)

)
dr
]
.

(4.7)

Then, taking infimum with respect to (u(·), a(·), ξ(·)) ∈ U [t′, T ]×Aa[t′, T ]×Kp[t′, T ],
we obtain (4.3).
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Finally, let the strict inequalities hold in the (4.1)–(4.2). Then, by the continuity
of the value function, there exists a ρ > 0 such that

V m,a(t′, x′) < min{NS [V m,a](t′, x′),NI [V m,a](t′, x′)}, |t− t′|+ |x− x′| < ρ.

Hence, one can find a τ ∈ (t, T ) such that starting from (t, x,m, a), within [t, τ ], if
(a(·), ξ(·)) is not trivial, then for any u(·) ∈ U [t, T ], the triple (u(·), a(·), ξ(·)) cannot
be optimal. Therefore, for t′ ∈ (t, τ ], we have

V m,a(t, x) = inf
U [t,T ]×Aa

t′ [t,T ]×Kp

t′ [t,T ]
Jm,a(t, x;u(·), a(·), ξ(·)),

where

Aa
t′ [t, T ] =

{
a(·) ∈ Aa[t, T ]

∣∣ a(·) is trivial on [t, t′)
}
,

Kp
t′ [t, T ] =

{
ξ(·) ∈ Kp[t, T ]

∣∣ ξ(·) is trivial on [t, t′)
}
.

(4.8)

Note that for any (u(·), a(·), ξ(·)) ∈ U [t, T ]×Aa
t′ [t, T ]×Kp

t′ [t, T ], one has

Jm,a(t, x;u(·), a(·), ξ(·))

= Et

[
h(X(T ),M(T ), a(T )) +

NS(a(·))∑
i=1

k(θi, ai−1, ai) +

NI(ξ(·))∑
j=1

ℓ(τj , ξj)

+

∫ T

t

g
(
r,X(r),M(r), u(r), a(r), Y (r), Z(r),

∫
R
Γ(r, θ)π(dθ)

)
dr
]

= Et

[
Jm,a(t′, X0(t′−);u(·), a(·), ξ(·))

+

∫ t′

t

g
(
r,X0(r),M(r), u(r), a(r), Y 0(r), Z0(r),

∫
R
Γ0(r, θ)π(dθ)

)
dr
]

≥ Et

[
V M(t′),a(t′, X0(t′−))

+

∫ t′

t

g
(
r,X0(r),M(r), u(r), a, Y 0(r), Z0(r),

∫
R
Γ0(r, θ)π(dθ)

)
dr
]
.

Then by taking infimum over U [t, T ]×Aa
t′ [t, T ]×Kp

t′ [t, T ], we get (4.6).

Note that (4.3) can be written as

0 ≤ inf
u(·)∈U [t,t′]

[
V M(t′),a(t′, X0(t′−))− V m,a(t, x)

+

∫ t′

t

g
(
r,X0(r),M(r), u(r), a, Y 0(r), Z0(r),

∫
R
Γ0(r, θ)π(dθ)

)
dr

−
∫ t′

t

Z0(r)dW (r)−
∫ t′

t

∫
R
Γ0(r−, θ)Ñ(dθ, dr)

]
,

(x,m, a) ∈ Rn ×M×A,

(4.9)
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and (4.6) can be written as

0 ≥ inf
u(·)∈U [t,t′]

[
V M(t′),a(t′, X0(t′−))− V m,a(t, x)

+

∫ t′

t

g
(
r,X0(r),M(r), u(r), a, Y 0(r), Z0(r),

∫
R
Γ0(r, θ)π(dθ)

)
dr

−
∫ t′

t

Z0(r)dW (r)−
∫ t′

t

∫
R
Γ0(r−, θ)Ñ(dθ, dr)

]
,

(x,m, a) ∈ Rn ×M×A,

(4.10)

Hence,

0 = inf
u(·)∈U [t,t′]

[
V M(t′),a(t′, X0(t′−))− V m,a(t, x)

+

∫ t′

t

g
(
r,X0(r),M(r), u(r), a, Y 0(r), Z0(r),

∫
R
Γ0(r, θ)π(dθ)

)
dr

−
∫ t′

t

Z0(r)dW (r)−
∫ t′

t

∫
R
Γ(r−, θ)Ñ(dθ, dr)

]
,

(x,m, a) ∈ Rn ×M×A,

(4.11)

This is the dynamic programming principle without conditional expectation.

5. HJB quasi-variational inequality and viscosity solution. In this section,
we will derive the Hamilton-Jacobi-Bellman quasi-variational inequality (HJB-QVI,
for short) for our value function, and show that the value function is a viscosity
solution of such a HJB-QVI. To begin with, we first present the following lemma,
see [16].

Lemma 5.1. Let (X(·),M(·)) satisfy (1.1) and (1.4). Let φ : [0, T ]×Rn×M → R
be smooth, Then

φ(s,X(s),M(s))− φ(t,X(t),M(t)) =

∫ s

t

{
φr(r,X(r),M(r))

+
1

2
tr
[
φxx(r,X(r),M(r))σ(r,X(r),M(r), u(r), a)σ(r,X(r),M(r), u(r), a)⊤

]
+φx(r,X(r),M(r))b(r,X(r),M(r), u(r), a) +

|M|∑
m′=1

qM(r)m′φ(r,X(r),m′)
}
dr

+

∫ s

t

φx(r,X(r),M(r))σ(r,X(r),M(r), u(r), a)dW (r)

+

∫ s

t

∫
R

[
φ
(
r,X(r),M(r−) + µ(M(r−), θ)

)
− φ(r,X(r),M(r−))

]
Ñ(dθ, dr)

≡
∫ s

t

(
φr + Au,aφ

)
dr +

∫ r

t

φxσdW (r) +

∫ s

t

∫
R
∆θφÑ(dθ, dr),
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where

Au,aφ(t, x,m)

=
1

2
tr [φxx(t, x,m)σ(t, x,m, a)σ(t, x,m, a)⊤]

+φx(t, x,m)b(t, x,m, a) +

|M|∑
m′=1

qmm′φ(t, x,m′),

∆θφ(r,X(r),M(r−))

= φ
(
r,X(r),M(r−) + µ(M(r−), θ)

)
− φ(r,X(r),M(r−))

=

|M|∑
m′=1

[
φ(r,X(r),m′)− φ(r,X(r),M(r−))

]
1∆M(r−)m′ (θ).

(5.1)

Clearly, one has∫
R
∆θφ(t, x,m)π(dθ) =

|M|∑
m′=1

[
φ(t, x,m′)− φ(t, x,m)

]
qmm′

=

|M|∑
m′=1

qmm′φ(t, x,m′).

(5.2)

This will be used below.

Next, we present a useful lemma below. In the case that the Poisson process is
absent, such a result was proved in [11].

Lemma 5.2. Suppose η, ζ(·), and γ(· , ·) are proper random variable or processes.
Then the following holds, as long as each term makes sense:

E
[
|η|p +

(∫ t′

t

|ζ(r)|2dr
) p

2

+
(∫ t′

t

∫
R
γ(r−, θ)|2π(dθ)dr

) p
2
]

≤ KE
∣∣∣η +

∫ t′

t

ζ(r)dW (r) +

∫ t′

t

∫
R
γ(r−, θ)Ñ(dθ, dr)

∣∣∣p. (5.3)

Proof. For fixed 0 ≤ t < t′ ≤ T , let

ξ = η +

∫ t′

t

ζ(r)dW (r) +

∫ t′

t

∫
R
γ(r − θ)Ñ(dθ, dr),

which is Ft-measurable. Let (Y (·), Z(·),Γ(· , ·)) be the adapted solution to the
following BSDE:

Y (s) = ξ −
∫ t′

s

Z(r)dW (r)−
∫ t′

s

∫
R
Γ(r−, θ)Ñ(dθ, dr), r ∈ [t, t′].

Then we have

E
[

sup
s∈[t,t′]

|Y (s)|p +
(∫ t′

t

|Z(r)|2dr
) p

2

+
(∫ t′

t

∫
R
|Γ(r−, θ)|2π(dθ)dr

) p
2
]

≤ KE|ξ|p.
(5.4)
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Now,

Y (t) +

∫ t′

t

Z(r)dW (r) +

∫ t′

t

∫
R
Γ(r − .θ)Ñ(dθ, dr) = ξ

= η +

∫ t′

t

ζ(r)dW (r) +

∫ t′

t

∫
R
γ(r−, θ)Ñ(dθ, dr).

By taking conditional expectation Et[ · ], we see that

Y (t) = η.

Consequently,∫ t′

t

(
Z(r)− ζ(r)

)
dW (r) +

∫ t′

t

∫
R

(
Γ(r−, θ)− γ(r−, θ)

)
Ñ(dθ, dr) = 0,

which leads to

Z(r) = ζ(r), r ∈ [t, t′], a.s.

Γ(r−, θ) = γ(r−, θ), r ∈ [t, t′], θ ∈ R, a.s.

Then (5.3) follows from (5.4).

For the terminal cost, we need the following compatibility condition.

(H5) The following hold:

h(x,m, a) ≤ min
{
NS [· ,m, a](x),NI [h(· ,m, a)](x)

}
, (5.5)

where

NS
[
h(· ,m, a)

]
(x) = min

a; ̸=a

[
h(x,m, a′) + k(T, a, a′)

]
,

NI
[
h(· ,m, a)

]
(x) = inf

ξ∈K

[
h(x+ ξ,m, a) + ℓ(T, ξ)

]
.

The above condition means that a switching or an impulse at T is not necessary.

We now formally derive the HJB-QVI.

Proposition 5.3. Let (H1)–(H5) hold. Suppose V m,a(t, x) is smooth in (t, x) ∈
[0, T ]× Rn, for all (m, a) ∈ M×A. Then it satisfies the following HJB-QVI:

max
{
V m,a
t (t, x) +Hm,a

(
t, x, V m,a(t, x), V m,a

x (t, x), V m,a
xx (t, x),

|M|∑
m′=1

qmm′V m′,a(t, x)
)
+

|M|∑
m′=1

qmm′V m′,a(t, x),

V m,a(t, x)−NS [V m,a](t, x), V m,a(t, x)−NI [V m,a](t, x)
}
= 0,

(t, x) ∈ [0, T ]× Rn, (m, a) ∈ M×A,

V m,a(T, x) = hm,a(x), x ∈ Rn, (m, a) ∈ M×A.

(5.6)

where

Hm,a(t, x, V, p, P, γ)

= inf
u∈U

{1

2
tr
[
Pσ(t, x,m, u, a)σ(t, x,m, u, a)⊤

]
+ pb(t, x,m, u, a)

+g(t, x,m, a, V, pσ(t, x,m, u, a), γ)
}
,
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and

hm,a(x) = h(x,m, a).

Proof. First, from Theorem 4.1, we see that

V m,a(t, x) ≤ min{NS [V m,a](t, x),NI [V m,a](t, x)}. (5.7)

Thus, it suffices to consider the case that the strict inequality holds in (5.7), i.e., the
strict inequalities hold in (4.1) and (4.2). Then, (4.11) holds, for some τ ∈ (t, T ].
Hence, for t′ ∈ (t, τ),

0 = inf
u(·)∈U [t,t′]

{∫ t′

t

[
g
(
r,X0(r),M(r), u(r), a, Y 0(r), Z0(r),

∫
R
Γ0(r, θ)π(dθ)

)
+V M(r),a

r (r,X0(r)) + Au(·)V M(r),a(r,X0(r))
]
dr

+

∫ t′

t

(
V M(t′),a
x (r,X0(r))σ(r,X0(r), u(r), r)− Z0(r)

)
dW (r)

+

∫ t′

t

∫
R

(
∆V M(t′),a(r,X0(r))− Γ0(r−, θ)

)
Ñ(dθ, dr)

}
.

Thus, for any ε > 0, there exists a uε(·) ∈ U [t, t′], which is continuous such that

0 ≤ Ỹε(t) ≡
∫ t′

t

[
g
(
r,X0

ε (r),M(r), uε(r), a, Y
0
ε (r), Z

0
ε (r),

∫
R
Γ0
ε(r, θ)π(dθ)

)
+V M(r),a

s (r,X0
ε (r)) + Auε(·)V M(r),a(r,X0

ε (r))
]
dr

+

∫ t′

t

(
V M(t′),a
x (r,X0

ε (r))σ(r,X
0
ε (r), uε(r), a)− Z0

ε (r)
)
dW (r)

+

∫ t′

t

∫
R

(
∆θV

M(t′),a(r,X0
ε (r))− Γ0

ε(r−, θ)
)
Ñ(dθ, dr) < ε.

Then, applying Lemma 5.2, we obtain

E
{∣∣∣ ∫ t′

t

[
g
(
r,X0

ε (r),M(r), uε(r), a, Y
0
ε (r), Z

0
ε (r),

∫
R
Γ0
ε(r, θ)π(dθ)

)
+V M(r),a

s (r,X0
ε (r)) + Auε(·)V M(r),a(r,X0

ε (r))
]
ds
∣∣∣p

+
(∫ t′

t

|V M(r),a
x (r,X0

ε (r))σ(r,X
0
ε (r), uε(r), a)− Z0

ε (r)|2dr
) p

2

+

∫ t′

t

∫
R
|∆θV

M(r),a(r,X0
ε (r))− Γ0

ε(r−, θ)|2π(dθ)dr
) p

2
}

≤ KE|Ỹε(t)|p < εp.

Hence, for small ε > 0, we formally have (for some u ∈ U)

Z0
ε (t) ≈ V m,a

x (t, x)σ(t, x, u, a),∫
R
Γ0
1(r−, θ)π(dθ) ≈

∫
R
[V M(r−)+µ(M(r−),θ),a(t, x)− V m,a(t, x)]π(dθ)

=

|M|∑
m.=1

qmm′V m′,a(t, x).
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Consequently, at the limit (as ε → 0)

V m,a
t (t, x) + AuV m,a(t, x)

+g
(
t, x,m, u, a, V m,a(t, x), V m,a

x (t, x)σ(t, x, u, a),

|M|∑
m′=1

qmm′V m′,a(t, x)
)
= 0.

Then, we formally have derived our HJB-QVI (5.6).

The above is very formal, the purpose of which is to obtain the form of the
HJB-QVI (5.6). We now want to make the above rigorous.

In what follows, we will denote

Va(t, x) =


V 1,a(t, x)
V 2,a(t, x)

...
V |M|,a(t, x)

 , ha(x) =


h1,a(t, x)
h2,a(t, x)

...
h|M|,a(t, x)

 , φ(t, x) =


φ1(t, x)
φ2(t, x)

...
φ|M|(t, x)

 .

Next, by saying Va(t, x) ≥ φ(t, x), we mean the componentwise inequalities:

V m,a(t, x) ≥ φm(t, x), 1 ≤ m ≤ |M|.

Also, Va(t, x) ≤ φ(t, x) has the similar meaning.

The following definition is similar to that given in [4].

Definition 5.4. (i) Function Va(· , ·), a ∈ A, is called a viscosity sub-solution of
(5.6) if

Va(T, x) ≤ ha(T, x), ∀x ∈ Rn, (5.8)

and for any smooth function φ(· , ·) with

V m,a(t, x)− φm(t, x) = 0,

Va(t′, x′)−φ(t′, x′) ≤ 0,
∀(t′, x′) ∈ [0, T ]× Rn. (5.9)

it holds

max
{
φm
t (t, x) +Hm,a

(
t, x, φm(t, x), φm

x (t, x), φm
xx(t, x),

|M|∑
m′=1

qmm′V m′,a(t, x)
)
+

|M|∑
m′=1

qmm′ [V m′,a(t, x)],

V m,a(t, x)−NS [V m,a](t, x), V m,a(t, x)−NI [V m,a](t, x)
}
≥ 0.

(ii) Function Va(· , ·), a ∈ A, is called a viscosity super-solution of (5.6) if

Va(T, x) ≥ ha(T, x), ∀x ∈ Rn, (5.10)

and for any smooth function φ(· , ·) with

V m,a(t, x)− φm(t, x) = 0,

Va(t′, x′)−φ(t′, x′) ≥ 0,
∀(t′, x′) ∈ [0, T ]× Rn, (5.11)
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it holds

max
{
φm
t (t,x)+Hm,a

(
t, x, φm(t, x), φm

x (t, x), φm
xx(t, x),

|M|∑
m′=1

qmm′V m′,a(t, x)
)
+

|M|∑
m′=1

qmm′ [V m′,a(t, x)],

V m,a(t, x)−NS [V m,a](t, x), V m,a(t, x)−NI [V m,a](t, x)
}
≤ 0.

(iii) Function Va(· , ·), a ∈ A, is a viscosity solution of (5.6), if it is both viscosity
sub-solution and viscosity super-solution of (5.6).

We now present the following result.

Theorem 5.5. Let (H1)δ, (H2)–(H5) hold with 0 < δ ≤ ν. Then V m,a(· , ·) is a
viscosity solution of HJB-QVI (5.6).

Proof. We prove that V m,a(t, x) is a viscosity subsolution to (5.6). Clearly, we need
only to show the case that the strict inequality holds in (5.7). Then, there exists a
τ ∈ (t, T ] such that for t′ ∈ (t, τ), on [t, t′], the switching and impulse controls must
be trivial (do not play any role).

Now, let φ(·) be smooth so that (5.8) and (5.9) hold. For any u(·) ∈ U ]t, t′],
let (X(·), Y (·), Z(·),Γ(· , ·)) be the state process and the adapted solution of the
relevant BSDE on [t, t′], corresponding to (t, x) and u(·). Then,

V M(t′),a(t′, X(t′))− φM(t′)(t′, X(t′)) ≤ V m,a(t, x)− φm(t, x) = 0, (5.12)

which implies

V M(t′),a(t,X(t′)) ≤ φM(t′)(t′, X(t′)). (5.13)

Next, we introduce two BSDEs:

Y V (s) = V M(t′),a(t′, X(t′))

+

∫ t′

s

g
(
r,X(r),M(r), u(r), a, Y V (r), ZV (r),

∫
R
ΓV (r, θ)π(dθ)

)
dr

−
∫ t′

s

ZV (r)dW (r)−
∫ t′

s

∫
R
ΓV (r−, θ)Ñ(dθ, dr), s ∈ [t, t′],

(5.14)
and

Y φ(s) = φM(t′)(t′, X(t′))

+

∫ t′

s

g
(
r,X(r),M(r), u(r), a, Y φ(r), Zφ(r),

∫
R
Γφ(r, θ)π(dθ)

)
dr

−
∫ t′

s

Zφ(r)dW (r)−
∫ t′

s

∫
R
Γφ(r−, θ)Ñ(dθ, dr), s ∈ [t, t′].

(5.15)

The above two BSDEs have the same generators, but the terminal conditions satisfy
(5.13). By comparison of BSDEs, we have

Y V (r) ≤ Y φ(r), r ∈ [t, t′].
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Consequently, noting (5.12) and the DPP (the right-hand side of (5.14) is
≥ V m,a(t, x)),

φm(t, x) = V m,a(t, x) ≤ Y V (t) ≤ Y φ(t)

= φM(t′)(t′, X(t′))

+
∫ t′

r
g
(
r,X(r),M(r), u(r), a, Y φ(r), Zφ(r),

∫
R Γφ(r, θ)π(dθ)

)
dr

−
∫ t′

r

Zφ(r)dW (r)−
∫ t′

r

∫
R
Γ̃φ(r−, θ)Ñ(dθ, dr),

Then, by Itô’s formula, one has

0 ≤
∫ t′

t

[
g
(
r,X(r),M(r), u(r), a, Y φ(r), Zφ(r),

∫
R
Γφ(r, θ)π(dθ)

)
+φM(r)

r (r,X(r)) + AuφM(r)(r,X(r))
]
dr

+

∫ t′

t

[φM(r)
x (r,X(r))σ(r,X(r), u, a)− Zφ(r)]dW (r)

+

∫ t′

t

∫
R
[Γφ(r−, θ)−∆θφ

M(r)(r,X(r))]Ñ(dθ, dr).

(5.16)

Now, let

F (r, x,m, u, a, ỹ, z̃, γ̃) = φm
r (r, x) + Auφm(r, x)

+g
(
r, x,m, u, a, ỹ+φm(r, x), z̃+φm

x (r, x)σ(r, x,m, u, a), γ̃+∆θφ
m(r, x)

)
.

(5.17)
Define

Ỹ (r) = Y φ(r)− φM(r)(r, x),

Z̃(r) = Zφ(r)− φM(r)
x (r,X(r))σ(r,X(r),M(r), u(r), a),

Γ̃(s, θ) = Γφ(r, θ)−∆θφ
M(r)(r,X(r)).

(5.18)

Clearly,

F
(
r,X(r),M(r), u(r), a, Ỹ (r), Z̃(r),

∫
R
Γ̃(r, θ)π(dθ)

)
= φM(r)

r + AuφM(r)

+g
(
r,X(r),M(r), u(r), a, Y φ(r), Zφ(r),

∫
R
Γφ(r, θ)π(dθ)

)
,

(5.19)

and

F
(
r,X(r),M(r), u(r), a, 0, 0, 0

)
= φM(r)

r + AuφM(r) + g
(
r,X(r),M(r), u(r), a, φM(r)(r,X(r)),

φM(r)
x (r,X(r))σ(r,X(r),M(r), u(r), a),

∫
R
∆θφ

M(r)(r,X(r))π(dθ)
)
,

(5.20)

Hence, in terms of (5.19), one can rewrite (5.16) as

E
∫ t′

t

F
(
r,X(r),M(r), u(r), a, Ỹ (r), Z̃(r),

∫
R
Γ̃(r, θ)π(dθ)

)
dr ≥ 0,

∀u(·) ∈ U [t, t′].
(5.21)



STOCHASTIC HYBRID OPTIMAL CONTROL 1271

By definition (see (5.14) and (5.15)),

Ỹ (s) =

∫ t′

s

F (r,X(r),M(r), u(r), a, Ỹ (r), Z̃(r),

∫
R
Γ̃(r, θ)π(dθ))dr

−
∫ t′

s

Z̃(r)dW (r)−
∫ t′

s

∫
R
Γ̃(r−, θ)Ñ(dθ, dr), s ∈ [t, t′].

We now introduce the following BSDE (replacing (X(r),M(r)) by (x,m)):

η̃(s) =

∫ t′

s

F
(
r, x,m, u(r), a, η̃(r), ζ̃(r),

∫
R
γ̃(r, θ)π(dθ)

)
dr

−
∫ t′

s

ζ̃(r)dW (r)−
∫ t′

s

∫
R
γ̃(r−, θ)Ñ(dθ, dr), s ∈ [t, t′].

(5.22)

Then, we have

E
[

sup
r∈[t,t′]

|Ỹ (r)− η̃(r)|2 +
∫ t′

t

|Z̃(r)− ζ̃(r)|2dr

+

∫ t′

t

∫
R
|Γ̃(r, θ)− γ̃(r, θ)|2π(dθ)dr

]
≤ CE

[ ∫ t′

t

(
|X(r)− x|+ |M(r)−m|

)
dr
]2

≤ C
[( ∫ t′

t

(r − t)
1
2 dr

)2

+ (t′ − t)

∫ t′

t

|M|∑
m′=1

(m′ −m)2[qmm′(r − t) + o(r − t)]dr
]

≤ C(t′ − t)3.

Hence,

E
∣∣∣ ∫ t′

t

[
F
(
r,X(r),M(r), u(r),a, Ỹ (r), Z̃(r),

∫
R
Γ̃(r, θ)π(dθ)

)
−F

(
r, x,m, u(r), a, η̃(r), ζ̃(r),

∫
R
γ̃(r, θ)π(dθ)

)]
dr
∣∣∣

≤ CE
[

sup
r∈[t,t′]

|Ỹ (r)− η̃(r)|2+
∫ t′

t

|Z̃(r)− ζ̃(r)|2dr

+

∫ t′

t

∫
R
|Γ̃(r, θ)− γ̃(r, θ)|2π(dθ)dr

] 1
2≤C(t′ − t)

3
2 .

(5.23)

This implies

Eη̃(t) = E
∫ t′

t

F
(
r, x,m, u(r), a, η̃(r), ζ̃(r),

∫
R
γ̃(r, θ)π(dθ)

)
dr

≥ −C(t′ − t)
3
2 , ∀u(·) ∈ U [t, t′].

(5.24)

Now, for any u0 ∈ U , let η̃0(·) be the solution of the following:

η̃0(s) =

∫ t′

s

F (r, x,m, u0, a, η̃0(r), 0, 0)dr, s ∈ [t, t′], (5.25)
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which is a deterministic function. The above means (η̃0(·), 0, 0) is the adapted
solution to BSDE (5.22) with u(·) replaced by u0 (which is deterministic). Thus,
we have (see (5.24))∫ t′

t

F
(
r, x,m, u0, a, η̃0(r), 0, 0

)
dr ≥ −C(t′ − t)

3
2 , ∀u0 ∈ U. (5.26)

On the other hand, from (5.25), we have

|η̃0(s)| ≤ C

∫ t′

r

(1 + |η̃0(r)|)dr, s ∈ [t, t′].

Then, by Gronwall’s inequality, one has

|η̃0(s)| ≤ C(t′ − t). s ∈ [t, t′]

This yields∫ t′

t

F (r, x,m, u0, a, 0, 0, 0)dr ≥
∫ t′

t

[
F (r, x,m, u0, a, η̃0(r), 0, 0)− C|η̃0(r)|

]
dr

≥ −C(t′ − t)
3
2 , ∀u0 ∈ U.

Now, dividing t′ − t and sending t′ → t, we obtain

inf
u∈U

F (t, x,m, u, a, 0, 0, 0) ≥ 0.

This gives

φm
t (t, x) + inf

u∈U

[
Auφm(t, x) + g

(
(t, x,m, u, a, V m,a(t, x), φm

x (t, x)σ(t, x, u, a),

|M|∑
m′=1

qmm′V m′,a(t, x)
)]

≥ 0.

Thus, V m,a(t, x) is a viscosity sub-solution of (5.6).

Similarly, with a little modification, we can show that V m,a(t, x) is a viscosity
super-solution of HJB-QVI (5.6).

At this moment, by following lines of [13], with very little modification, we are
able to show that HJB-QVI (5.6) admits a unique viscosity solution. Therefore, we
could state the following result.

Theorem 5.6. Let (H1)δ, (H2)–(H5) hold with 0 < δ ≤ ν. Then the value function
V m,a(t, x) of Problem (C) is the unique viscosity solution of HJB-QVI (5.6).

6. Concluding remarks. We have studied an optimal control problem for an
SDE with regime switching, having three types of controls appear, and with the cost
functional being of recursive type governed by a BSVIE. Due to several complicated
situations happen at the same time, some compatibility conditions are needed to
ensure our problem to be meaningful and treatable. The main efforts of the paper
are to study the properties of the value function, mainly, the continuity of the value
function in the time variable. Also, in proving that the value function is a viscosity
solution to the HJB-QVI (5.6), we have adopted the method of [8]. Some necessary
details were added so that it is easier to read.
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