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Abstract

In this paper, we further extend the derivative-based finite-volume multi-resolution Hermite weighted
essentially non-oscillatory (MR-HWENO) scheme proposed in our previous article (Li, Shu and Qiu, J.
Comput. Phys., 446:110653, 2021) to simulate the steady-state problem. When dealing with the steady-
state problem, the process of updating and reconstructing the function values is similar to the previous
scheme, but the treatment of the derivative values is changed. To be more specific, instead of evolving in
time, in the sense of cell averages, the scheme uses the derivative at the current time step and the function
at the next time step to reconstruct the derivative at the next time step by direct linear interpolation.
There are two advantages for this approach: the first is its high efficiency, when handling the derivative,
neither the update on time nor the calculation of nonlinear weights is required; in the meantime, the CFL
number can still be taken up to 0.6 as in the original scheme; the second is its strong convergence, the
corresponding average residual can quickly converge to machine accuracy, thus obtaining the desired steady-
state solution. One- and two-dimensional numerical experiments are given to verify the high efficiency and

strong convergence of the proposed MR-HWENO scheme for the steady-state problems.
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1 Introduction

In this paper, we apply the derivative-based finite-volume multi-resolution Hermite weighted essentially

non-oscillatory (MR-HWENO) scheme [22] to solve the following steady-state problem:

V. F(U) = s(U, X), (1.1)

where U is the unknown variable to be determined, F'(U) is the (usually nonlinear) flux function, s(U, X)
is the given source term and X = (z1,...,24). Only one- and two-dimensional cases are considered in this
paper, i.e. d=1 or 2, accordingly, we use x to denote x1, and y to denote x5.

The steady-state problem is an important mathematical model, which is widely used in a variety of fields
such as compressible fluid dynamics, wave motion, advective transport of matter and so on. However, it
is not easy to obtain the solution of these problems either theoretically or numerically. One way to solve
equation (1.1) numerically is to solve the corresponding unsteady hyperbolic balance law by adopting an

appropriate time marching method

U, +V FU)=sU,X),
(1.2)
U(X,0) = Uy(X).

With the advance of time, when the residual of the above unsteady hyperbolic balance law (1.2) is sufficiently
small, the corresponding solution is considered acceptable as the steady-state solution of (1.1). In this way,
we transform the steady-state problem into a time-dependent hyperbolic balance law problem. But in this
case, especially for those equations with a nonlinear flux function, discontinuities may appear even if the
initial condition is smooth enough. To address this issue, there have existed many works devoted to designing
efficient numerical methods to solve these problems with strong shocks or contact discontinuities. A partial
list includes essentially non-oscillatory (ENO) schemes in [19, 35, 36], weighted ENO (WENO) schemes in
[21, 28] (see also [8]) and Hermite WENO (HWENO) schemes in [30, 31, 40, 43—-15].

When solving the steady-state problem using the classical WENO schemes [21, 28] with an appropriate
time discretization method [11], we must address the problem that slight post-shock oscillations may prop-
agate downward from the region near the shock to the smooth region, causing the residual to hang at a
high truncation error level rather than to stabilize to machine accuracy, see [42]. Although reconstructing

the numerical flux using a limiter or an upwind-biased interpolation technique can improve the convergence



of the numerical solution to steady-state as shown in some later papers [33, 11], the residual still fails to
converge to machine accuracy for many two-dimensional test cases. For steady-state simulations of Euler
equations, Wan and Xia proposed a new hybrid strategy for the fifth-order WENO scheme in [37], which
performs better in steady-state convergence property with less dissipative and dispersive errors compared
with the existing WENO schemes. They have also extended such scheme to cartesian grids in dealing with
the curved geometries in [38]. Another method is to skip the time advance and use the Newton iteration
or a more robust method, like the homotopy method [12], which directly solves the nonlinear system de-
rived from a high-order WENO spatial discretization. A possible difficulty of this approach is that such a
nonlinear system may have multiple solutions, so we have to screen these solutions carefully to pick out the
one we want. Chen proposed a fixed-point fast sweeping WENO method for steady-state solution of scalar
hyperbolic conservation laws [6] and since then a series of improved schemes have been put forward, see
[24, 25, 39]. Although the convergence of these methods is much improved over the previous schemes, there
are still cases where the residual fails to converge to the machine accuracy. Therefore, it is still very urgent
to design a numerical scheme that can solve the steady-state problem efficiently.

In order to reduce the computational cost and improve the numerical resolution of the high-resolution
scheme near the discontinuities, the multi-resolution method came into being. Initially, Harten proposed
the original multi-resolution method for solving the hyperbolic equations in [13-18]. Then Dahmen et al.
extended such multi-resolution scheme to solve the conservation laws in [9] and Chiavassa et al. further put
forward a multi-resolution-based adaptive scheme to solve the hyperbolic conservation laws in [7]. Later,
Abgrall promoted this format to unstructured grids in [I-3]. Shi et al. designed the high-order multi-
resolution WENO scheme for complicated flow structures in [34] and Biirger et al. proposed an adaptive
multi-resolution WENO scheme for multi-species kinematic flow models in [4]. Recently, Zhu and Shu
came up with a new type of multi-resolution WENO (MR-WENO) scheme with increasing higher order
of accuracy on the structured and triangular meshes in [46, 48] and then further applied it to solve the
steady-state problem in [47]. Based on such finite volume MR-WENO scheme, a new MR-WENO limiter for
high-order local discontinuous Galerkin (LDG) method is designed for solving Navier-Stokes equations on

triangular meshes in [29]. In general, the main motivation of the multi-resolution method is to concentrate



its computation on those small regions which may contain strong shocks or contact discontinuities.

Inspired by the MR-WENO scheme [416, 48], we have proposed a new type of high-order MR-HWENO
scheme to solve the hyperbolic conservation laws on structured meshes in [22] and further improved it in
[23]. The main difference between the HWENO scheme and the WENO scheme is that both the function
and first-order derivative or moment values are evolved over time and used for reconstruction for HWENO
scheme, unlike WENO scheme which only evolves and uses the function values. This also allows the HWENO
scheme to obtain the same order of accuracy as the WENO scheme with narrower stencil. When designing
this new type of MR-HWENO scheme, we just refer to the original idea of the MR-WENO method, but do
not introduce the multi-resolution representation of the solution and data compression. Compared with the
classical HWENO schemes, the biggest advantage of such MR-HWENO scheme is that only the function
values need to be reconstructed and evolved with HWENO procedure, the first-order derivative or moment
values are directly approximated by a high-order linear interpolation. In this paper, we will continue to
study the numerical performance of this new type of derivative-based finite-volume MR-HWENO scheme to
solve the steady-state problems. The biggest improvement is that the derivatives are not evolved but only
linearly reconstructed based on time-misaligned u and v values. It turns out that for both the one- and
two-dimensional cases in this paper, the residual of such proposed scheme combined with a third-order total
variation diminishing (TVD) Runge-Kutta method can be reduced to machine accuracy or to a tiny value
close to machine zero quickly.

The main context of this article is organized as follows. In Section 2, we briefly review the reconstruction
process of the derivative-based finite-volume MR-HWENO scheme in [22] and show how to apply it to the
steady-state problems in the one- and two-dimensional cases. In Section 3, several classical steady-state
testing problems are presented to demonstrate the high efficiency and strong convergence of the proposed

scheme. Concluding remarks are given in the last section.

2 Derivative-based finite-volume MR-HWENO scheme

In this section, we will describe the procedure of derivative-based finite-volume MR-HWENO scheme for

solving the steady-state problem in one and two dimensions in detail.



2.1 One-dimensional case

To begin with, let us consider the following one-dimensional steady-state problem with a source term on

the right side
fw), =s(u,z), =z € lxp,zR), (2.1)

where the source term s(u,x) is related to both the unknown quantity u and the position coordinate x. To
solve (2.1), we add the partial derivative of the unknown quantity u with respect to time ¢ to its left side

and transform it into the following balance law:
ut + f(u)y = s(u, ). (2.2)

Note that as t — oo, if the solution of (2.2) tends to the steady-state solution independent of time ¢, then
the solution of (2.1) is obtained. For simplicity, we divide the computational domain by a uniform cell
mesh {z;11/2}1*,, where N is the number of cells and ;15 is the node. Then, we denote the mesh size by
Az = xi41/9—2;1/2 = (tr—2xL)/N, the cell by I; = [x;_1 /2, 2;41/2] and its center by x; = %(xi_1/2+xi+1/2).

We integrate (2.2) over the target cell I; to obtain its integral formulation

dﬂ#(t) = —ﬁ [f (u (xi+1/2,t)) —f (u (mi,l/g,t))] + ﬁ /1 s(u, x)dx, (2.3)

where @;(t) is the cell average of u over the target cell I;, which is defined as

i(t) = ﬁ/} w(z, t)dz. (2.4)

Then, we approximate (2.3) by the following semi-discrete conservative scheme

du; ? A
udt(t) = _é(fijtlﬂ — fi—172) + 8 = L(u)i, (2.5)

here the numerical flux fi+1 /2 is chosen to be the Lax-Friedrichs flux, which satisfies the Lipschitz continuity

and consistency, and is defined as

N N 1 _ —
fiv12 = f(ui+1/2,u;:_1/2) 5 {f(ui+1/2) + f(u;:-l/2) - O‘(uj+1/2 - “z‘+1/2)}’ (2.6)

where uiiJr1 /o are the left and right approximations to the point value u(x;;1/2,t) by the derivative-based

finite-volume MR-HWENO scheme and o = max|f’(u)| is a global quantity. S; is the approximation of the
u



integral term in the conservative scheme (2.5) by the four-point Gauss-Lobatto integration

1 GL
M/ s(u, z)dz ~ Zwls el ), 28k ) =S, (2.7)

where o; and w; represent the corresponding quadrature points and weights defined in the interval [— L %]

1 V5 NG 1

NETy T T BT g T Y (2.8)
1 D
wl—w4—12, Wy = W3 = 12.

So here we go, the spatial discretization is complete and our next target is to obtain the values of u at
these Gauss-Lobatto points, i.e. {uj_—l/?ui7\/5/107ui+\/§/107ui_+1/2} by the derivative-based finite-volume
MR-HWENO scheme in [22].
As for the time discretization, we use the third-order TVD Runge-Kutta method
) =t + AtL(u);,

7@ = 3gn 4 Lz

iR AtL( W), (2.9)

1
aptt = 3*"+§7(2 + AtL(u(2>)

where n corresponds to time step t” = t"~! + At and the nonconstant time step satisfies

/ 77 -
At max (M> =CFL=0.6. (2.10)
1<i<N Az

At this point, we have finished the description of the complete algorithm process. The specific reconstruction
and evolution procedure is as follows:

One-dimensional Reconstruction and Evolution Algorithm:

Step 1. Reconstruct the Gauss-Lobatto point values of u i.e.{(u?_1/2)+,u?f\/g/lo,u?ﬂ/g/w, (u?+1/2)_}
at the current time step t™ using the given cell averages {u;, 7}l = i — 1,4,% + 1} by the MR-HWENO
scheme in [22]. Here, like the definition of @; in (2.4), ©; represents the cell average of v = u, over the target

cell I;, which can be expressed as

v;(t) = ﬁ /1 v(z, t)dr = ﬁ /1 g (x, t)d. (2.11)

Step 1.1. Select a series of central spatial stencils and reconstruct four polynomials with different



degrees, which meet the following conditions respectively

1 i _
Am/},c @1 (z)de =1y, k=71

1

—/ @(z)de =1y, k=1i—1,4,i+1;

A.’L‘ I

1 ' . o 1 / . (2.12)
Am/qu?,(x)da::uz, k=i—1,4,9+1; Aac/lkt qz(x)de =vy_, ke =i

L/ (x)de =7y, k=1i—1,i,i+1; L/ Vx)de =vF , ky=i—1,i,i+1

Az quﬁl - Y%k> - ) by 3 Az [kzq4 — Yk, T — X2 .

Here, ¢1(x) is a zeroth degree polynomial, go(z) is a quadratic polynomial, gs(x) is a cubic polynomial and

q4(z) is a quintic polynomial. Then, we rewrite these polynomials as

q1 (CE)7 l2 = 17
() =4 1 g (2.13)
q,(r) = > —pi(x), la=2,3,4,
Via,lo : ; Va,la

with Z;il Vi, = 1, %5.0, # 0,02 = 2,3, 4, where these vy, 5, for l; =1,...,l2;lo = 2, 3,4 are the linear weights
and are defined as
Moty = s Ty, =100 =1l b= 2,34, (2.14)
> Vs
=1

Step 1.2. Compute the smoothness indicator §;, of polynomial p;,(z) in the interval I;:

K o 2
B, = Z/ PN <dpl2(:”)) dz, Iy =2,3,4, (2.15)
a=1 I;

dze
where k = 2,3,5 for Iy = 2,3,4. As for the special case 1, we refer to the specific algorithm in article [22]
and skip the details here. After all these f;,,ls = 1,2, 3,4 are obtained, we adopt the logic of WENO-Z to

define the corresponding nonlinear weights

Wiy 4 _ T4 b

wl1’4 = 1 R wll74 = 711’4 1—|— ﬂl Te s ll = 1, ...,4, (216)
> Wia '
=1

where p = 2, ¢ is taken to be 107% and the quantity 7, is used to measure the average difference between 3,

and the other three smoothness indicators 3;,,ls = 1,2, 3, whose expression is
3 2

> 1B — Bl
=1

n=|"——| (2.17)

Step 1.3. Obtain a convex combination of the above polynomials p;, (x) as follows:

ul(z) = wiap(), (2.18)
=1



to approximate u at the current time step ¢ and its corresponding Gauss-Lobatto point values are

(u?—l/z)+ = ui (;—1/2), uzLjF\/g/lo = “?(%x\/ﬁ/m)’ (“?+1/2)_ = u (Tit1/2)- (2.19)

It is worth noting that we no longer require the reconstructed polynomial of v, which differs from [22].

Step 2. Substitute the values obtained in the previous step into the first stage of the Runge-Kutta

)

formula (2.9), then the cell average w, ’ at the next time stage t() can be obtained.

=(1)

Step 3. Calculate the cell average 7;’ at the next time stage tM) using the given cell averages

{ugl)l,j(l),*g_)l, Ui 1,Up 1} by a direct linear interpolation. That is, we reconstruct a quartic polynomial,

which satisfies

1 1
E/fo(x)dx:ﬁg)a k=i-1,i,i+1 N Ikxpé(x)dw=5}§xv ky=1i—1,i+1, (2.20)

)

and then, the cell average v; ’ at the next time stage tM) can be expressed as

—(1 1 1 3 1 3 1
E) Aw/pé(f)dﬁm( 45)1+4§+)1)

Step 4. In Step 1, replace u; with ﬂg )

—T — ~Tih g (2.21)

e

U7 with 7 v , and then repeat it to obtain {( 1/2) SORVETTE

“z(i)\/g/w’ (u 521/2) }. Then, in Step 2, plug these values into the second stage of the Runge-Kutta formula
(2.9) to obtain the cell average u( ) at the next time stage ¢t(?). Finally, in Step 3, replace u( ) with u( )7 e
with ﬁgl), and then repeat it to obtain @(.2).

(2)

Step 5. In Step 1, replace u] with u; )

, U with 7;”, and then repeat it to obtain {( 1/2) , 52)f/10’

(2)

” (2)
i++/5/10°

irl /2)_}. Then, in Step 2, plug these values into the third stage of the Runge-Kutta formula

(u

—n—&-l

(2.9) to obtain the cell average u at the next time step ¢"*!. Finally, in Step 3, replace HE ) with @ *"H

vy with 622), and then repeat it to obtain 7.

Step 6. Define the average residual as

™M=

S % (Re)l

1k=1
_ 2.22
mN ’ ( )

— \n+1l_— \n
where (Rg); = a(gt’“) |; ~ (k) N (@)1 s the local residual of the k-th component of the variable u in cell I;,
m is the number of components of the variable © and N is the total number of grid cells. Repeat the whole

algorithm until the average residual is smaller than the given tolerance value ¢ = 10~!2 (this is also the



so-called machine accuracy) or the step number reaches 4000 (except for 200000 for the nozzle flow problem
in Example 3.4).

Remark. The updating strategy shown in Formula (2.21) can not be directly extended to the unsteady
problems, since there is a misalignment in time when updating the derivative, which leads to a drop in order.
To be specific, in terms of the time accuracy at time stage t”, the cell average v} drops to first order (through

Taylor expansion in Formula (2.23)) and accordingly the cell average @ is reduced to the second order.

1
Ty — " /1 v(x, t,)dx

1 3 .. 3., 1,0 1. 1
= {A:c (_4%‘1 + 4ui+1> - sz’—f _ 4”i+11] - /I’i v(z, t,)dx (2.23)
|t (@i, ) = St (@ ) | A+ | et (s t) — ~ttmge (5, £) | A
- Ugt\Tiyln 2umz Tjyln 16uwacz Ty ln Q'U/wtt Ty ln .

2.2 Two-dimensional case

Let us now move on to the two-dimensional case

f(u)af +g(u)y = S(u’x’y)v (a:,y) € [IL71‘R] X [yD;yUL (224)

where there is a source term s(u,x,y) on the right side of equation (2.24), which depends on both the
unknown quantity w and the position coordinate (x,y). Similar to the operation in one dimension, we add
the partial derivative of the unknown quantity w with respect to time ¢ to the left side of equation (2.24)

and rewrite it as the following balance law:

u + f(u)e + g(u)y = s(u, z,y). (2.25)

Likewise, the solution of (2.25) approaches to the steady-state solution independent of time ¢, that is, the solu-

2, Ny

tion of (2.24) when t — oo. For the sake of simplicity, we consider a uniform cell mesh {(z;1 /2, yj+1/2)}iji0’jzo,

where N, and N, are the numbers of cells in the  and y directions, respectively, and (ﬁri+1/2,yj+l/2)

is the node. Next, we define the mesh size as Az = w11/ — x;_1/2 = 7L in the z-direction and

P

Yu—Yp
N,

; in the y-direction, the cell as I; j = [2;_1/2, Tiy1/2] X [Yj—1/2, Yj4+1/2) and its

Ay = Yj+1/2 = Yj—1/2 =

center as ((Ei,yj) = (% (%‘71/2 + $i+1/2) ) % (yj71/2 + yj+1/2))'



We integrate (2.25) over the target cell I; ; to obtain the corresponding integral formulation

du; ;(t 1 Yjt1/2
C%Jt( ! - AmAy/ [f (“(xiﬂ/?vyvt)) —f (U(fi—l/myat))] dy
Yj—1/2
1 Tit1/2
- AmAy/ [9 (@, yj1/2,1) = g (@, yj-1/2,1))] du (2.26)
Ti—1/2

1
_— dxd
+ Aoy //IJ s(u, z, y)dzdy,
where ﬁi,j (t) is the cell average of w on the target cell I; ;, which can be expressed as

1
w;j(t) = NN //1 ‘u(,y, t)dzdy. (2.27)

Next, we approximate (2.26) by the following semi-discrete conservative scheme

du ;(t) Lz -
i v IR

(3

N

,j) - Aiy (éz’,j+% - éi,j—%) + Sij = L(u)ij, (2.28)

again the Lax-Friedrichs flux is used to define the numerical flux and the integral terms in the scheme (2.28)

are approximated by a four-point Gauss-Lobatto integration, for instance

4 4
1
Raby //, s(w, @ y)dedy = 33 Swnwns (u (23, 935,) 05, 055) = Sis,
i k=11=1
1 Yi+1/2 4 ~ GL N
A / [ (u(@is1)2,y,t)) dy =~ Zwlf (w(Eiv1)2, Y510 1) = Fit1/2,5, (2.29)
Y Jy;_1)e =1
1 Tit1/2 R 4 ) cL R
Ar / g (U(%yjﬂ/zat)) dr ~ Zwkg (U($i+akayj+1/27t)) = Gi,j+1/2a
Ti—1/2 k=1

where the definitions of the weights w; and the quadrature points o; are the same as those in the formula (2.8).
Up to now, we have finished the description of the spatial discretization and our next objective is to recon-
struct the values of these Gauss-Lobatto points i.e. {ual/ljﬂn , ui‘°’k7j:|:1/2|k7l =1,2,3,4Uito,, 40, [k, L =
2,3} by the derivative-based finite-volume MR-HWENO scheme in [22].

To discretize time, we still use the third-order TVD Runge-Kutta method

~(1) ~n n
ui,j - ui,j + AtL(u )Z,ja
~(2)  3=n 1.y 1
g = g T g% T ZAtL(U(l))i,j, (2.30)
~n+1 ~n 2.2y 2
i,j == g i.j + gul] + AtL(u(2 )i,ja

where n also corresponds to the time step t” = ¢! 4+ At and the nonconstant time step satisfies

At

| (@g)| o' ()]

1<i<N,,1<j<N, < Az Ay > =CFL=06. (2.31)

10



At this point, we have obtained the complete discrete scheme and the detailed process is displayed as follows:

Two-dimensional Reconstruction and Evolution Algorithm:
7 8 9 Jj+1
4 5 6 J
1 2 3 j—1

1—1 4 i+1

The big stencil and its new labels.

Step 1. Reconstruct the Gauss-Lobatto point values of w i.e. {(“?;1/2 j+al)i, (W g, ijl/2)i|k,l =
1,2,3,4; ully 5, j1oy|ks 1 = 2,3} at the current time step " using the given cell averages {ﬁz,l,%z,l,ﬁzl% =
t— 1,41+ 1;1 =35 —1,4,5 + 1} by the derivative-based finite-volume MR-HWENO scheme in [22]. Again,

like the definition of ﬁi,j in (2.27), ﬁ-,j and ii,j indicate the cell averages of v = u, and w = u, over the

target cell I; ; respectively, which can be taken as

- 1 1

v;.5(t) = Aaly //1 v(z,y, t)dedy = NN //I Ug (7, y, t)dzdy,
~ 1 . 1 YJ

w;,;(t) = Aily //I w(x,y, t)dedy = N //1 uy(x,y, t)dzdy.

Step 1.1. Select a series of nested central templates and reconstruct four polynomials of different degrees,

(2.32)

which satisfy the following conditions respectively

1 ~n
For q1(z,y) “Aaly //1 q(z,y)drdy =7y, k=>5.
k

1 ~n
For g2(z,y) :AxAy //1 @ (z,y)dedy =7, k=1,..,9.
k

For as(a.1) 25 // a5 (@, y)dady =,k =1,...,9;

aQS ~n e
A:UAy// - 945(29) 1y y =7y, kp=5

/ 3‘“; Y oy =37, ky=5.

AajAy

y

1 =n
'Amy // (@, y)dedy =, k=1,...9;
894
Afmy //,k oul20) , dy =7y, k»=1,3,4,5,6,7,9;

8Q4
dd— k,=1,2,3,5,7,8,9. 2.33
AIAy//[k y wk7 Y g Ly Dy dy 14O, ( )

For q4(z,y)

Compared to the one-dimensional case, the similarity is that the degrees of ¢1(x,y), ¢2(z,y), ¢3(z,y) and

qa(z,y) are the same as those of ¢1(x), g2(z), g3(x) and g4(z) in (2.12) respectively, but the difference is

11



that except for ¢; (z,y), the other three polynomials do not satisfy all the required equalities exactly. This is
because the number of unknowns in finding the coefficients of these polynomials is smaller than the number
of equations. Thus we require these three polynomials to have the same cell average as u on the target cell
I; j (to ensure conservation) and in the meantime we match the other conditions in the sense of least squares

as described in [20]. Next, we rewrite the polynomials above as

ql(x7y)7 12: 1a

po(zy) =4 1 =] (2.34)
: 7ql2 Z ’n, . .’13 y l2 = 273747
’y 2 2 1=1 ’y 2 2

with 252:1 Yo = 1,0, # 0,12 = 2,3,4, where these v, 1, for I} = 1,...,l2;lo = 2,3,4 are still the linear
weights and are defined the same as (2.14).

Step 1.2. Compute the smoothness indicator £, of the polynomial p;, (z,y) in the target cell I, ;:

2

ole
Z // |IZJ||a| ' (ma”’)wpl2(x7y)> dﬂ?dy, la = 273747 (235)

lo]=1

where a = (ag, o), |a] = ay +a, and k = 2,3,5 for o = 2,3,4. For the special choice of 51, please see
the detailed algorithm in [22], and we omit the details here for brevity. Then the idea of WENO-Z is still
adopted to define the corresponding nonlinear weights, the specific definition is shown in (2.16).

Step 1.3. Combine the above polynomials p;, (z,y) to get a new polynomial as follows:

4
y) = Zwmpl(% Y), (2.36)
=1

to approximate u at the current time step ¢t and its corresponding Gauss-Lobatto point values are

(u?:Fl 27j+01):t = qu(xi$1/27yj+O'z)7 l= 1a25374;
/
(o jr172)" =0 (Tivor Ysz1/2), K =1,2,3,4 (2.37)

n _ n . ) o
ui‘i’o'k,j‘i’gl - ui,j(xl+0'k7y]+o'l>7 k,l == 2, 3.

We note that it is still not necessary to obtain the reconstructed polynomials of v and w as in [22].

Step 2. Plug the values obtained in the previous step into the first stage of the Runge-Kutta formula

=(1 )

(2.30) to obtain the cell average u,; ; at the next time stage ),

() 7()

Step 3. Calculate the cell averages v; ; and w; ; at the next time stage t™) using the given cell averages

=) =) =n =) =) = . . . .
{uz 10 Wi gy Wit g5 Vit js Tiyq 4} and {u” 15 Wy gy Wi jyq5 W j_1, W, j4q} by a direct linear interpolation,

n ~n
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respectively. That is, reconstruct two quartic polynomials, which satisfy

1 Tr41/2 (1) 1 Lhyp41/2 , -n )
—Ax/ pm(m)dﬂc—u,”, k=i—1,4,9+1; —Ax/ pou(x)de =Ty 5, kp=i—1i+1;
Tr—1/2 Thp—1/2

1 Yk+1/2 ~(1) ] o 1 Yky+1/2 , “n ) ]
A—y/ po2(y)dy =T; p, k=j—1,5,j+1; 7/ poe(y)dy =W,y , ky=j—1,j+1,
Y

k—1/2 Ay Yky—1/2
(2.38)
and next, define the cell averages © *( ) and w *( ) at the next time stage t(!) as
~(1) 1 Tit1/2 1 3-(1) 3-(1) 1-n 1-n
Vij = E/ Po1(x)dr = Ax(_zui—l,j + Zuz‘-i-l,j) - 1”1‘—1,;’ - Zvi-i-l,ja
Ti—1/2
~ (1) 1 [Yit1/2 1 3-(1) 3~ =(1) 1-n 1-n
W ; = Ay/ij Po2(y)dy = Ay(*zui,j_l + W) — Wi~ Wi (2.39)
Step 4. In Step 1, replace ﬁ:z with ; J), v, ; with vﬁlj, L:LJ with w, 1? and then repeat it to obtain
the Gauss-Lobatto point values {( )T (u ) )71 1=1,2,3,4; (u(l) )t (u(l) )|
P i 1/2 gm0 ik1/2,54m 12090 % Witey j-1/2) 0 Witey jt1/2

k=1,2,3,4; u§2§k7j+nl |k,l =2,3}. Then, in Step 2, plug these values into the second stage of the Runge-
Kutta formula (2.30) to obtain the cell average u( ) at the next time stage t(2). Finally, in Step 3, replace

*5]) with uEJ), v; ; with v EJ),

( ) (2)

 and then repeat it to obtain ﬁ-J ( )

ﬁ . Wlth and w

=(2)

1,57 i,

n

~ . ~(2 . .
with 7.7/, @, with ng) and then repeat it to obtain

Step 5. In Step 1, replace ﬁ:l with u, ”, ig

(2’ )Tl =1,2,8,4 (D )T (U 1)

the Gauss-Lobatto point values {( i 1/2]+m) s (u W2 it j—1/2 ngﬂ/g) |

k=1,2,3,4; uﬁ)& ]+m|k 1 =2,3}. Then, in Step 2, plug these values into the third stage of the Runge-

Kutta formula (2.30) to obtain the cell average ﬁ?;rl at the next time step t"*!. Finally, in Step 3, replace

,() =n ()

= (2)
U; with @, . , v, ; with v; /7,

~n . ~ +1
w, ; with w;

and then repeat it to obtain %l-j and wn
Step 6. Repeat the whole reconstruction algorithm until the average residual (2.22) with N = N, x N,
is smaller than the given tolerance value € = 107! or the step number reaches 4000.

Remark. For one-dimensional systems, the definition of o in (2.6) will become the maximum value of

the absolute value of its eigenvalues, i.e. & = max|A(u)|, and the CFL condition (2.10) will become

A" (@)

At
1<k<m,1<i<N Az

) — CFL = 0.6, (2.40)

where \* denotes the k-th eigenvalue of the matrix f’(u) and i refers to the i-th cell. Similarly, for two-
dimensional systems, the definition of o in (2.6) will become o = max|A;(u)| in the z-direction and o =
u

max|Ay,(u)| in the y-direction, and the CFL condition (2.31) will become

13



At mazx Pa(@g)l M@l ey 0.6, (2.41)
1<k<m,1<i<N,,1<j<N, Az Ay

where A% denotes the k-th eigenvalue of the matrix f’(u), A5 denotes the k-th eigenvalue of the matrix g'(u)

and i, j refers to the cell in column 7, row j.
3 Numerical tests

In this section, we present a number of numerical experiments to test the performance of the proposed
derivative-based finite-volume MR-HWENO scheme for scalar and system steady-state problems with source
terms in one and two dimensions. Here “MR-HWENOS5” represents the fifth-order multi-resolution HWENO
scheme, “MR-WENOS5” represents the fifth-order multi-resolution WENO scheme and “WENOb5-Z” repre-
sents the fifth-order WENO-Z scheme. The third-order TVD Runge-Kutta method is used in time for all
numerical simulations. The CFL number is taken to be 0.6 for both the one- and two-dimensional cases.

Unnormalized linear weights are set to be 7, 4 = 1, 75 4 = 10, 73 4, = 100 and 7, 4, = 1000.

3.1 The one-dimensional problems

Example 3.1. We solve the one-dimensional Burgers’ equation:

u2
(2> =sinzcosz, x € [0,7), (3.1)

with a source term at its right end, which depends only on the position . The initial condition is
ug(z) = PBsinz, (3.2)

and the boundary condition is u(0) = u(7) = 0.
This problem has been treated as a typical initial value problem with multiple steady-state solutions in

[32], and its steady-state solution depends on the value of 3, to be more specific:

(1) If =1 < B < 1, there will be a shock wave within the computational domain. This shock wave
consists of two branches (sinz and — sinx) and is located at x; = 7 —arcsin /1 — 82 (derived from the

conservation of mass foﬂ udzx = 2f3). Under such a circumstance, we take 8 = 0.5 to test the resolution

14



of our scheme near the discontinuity. At this point, the shock wave is roughly located at z, = 2.0944.
The numerical results of the MR-HWENO5, MR-WENO5 and WENO5-Z schemes versus the exact
solution are shown in Figure 3.1. Figure 3.2 shows the convergence history of the average residual
varying with the number of iterations. It is observed that the convergence rates of these three schemes
are almost the same, but the MR-HWENOb5 scheme reaches the steady state with a much smaller

residual than the other two schemes.

05F
S 0;
05
| Exact
5 A MR-HWENOS5
1F O MR-WENO5
[ O WeNOszZ
T IR ANENEE EENA SR SRS SATS
0 05 1 15 2 25 3

X

Figure 3.1:  1D-Burgers’ equation: s(xz) = sinzcosz, § = 0.5. The numerical results versus the exact
solution. Number of cells: 100.

(2) Otherwise, the solution will be smooth in the open interval, but then forms a shock at the boundary
x=m (for 8> 1) or x =0 (for 8 < —1), and later converges to a smooth steady state u(z,00) = sinx
(for B > 1) or u(x,00) = —sinz (for f < —1), respectively. In this case, we take 8 = 2 to test the
accuracy of our scheme in the smooth region. The corresponding errors and convergence orders of
the MR-HWENO5 (on uniform and non-uniform meshes), MR-WENO5 and WENO5-Z schemes are
listed in Table 3.1. Here, the non-uniform mesh is obtained by adding a 20% random disturbance
to the uniform mesh, that is, the quasi-uniform mesh. We can see that these four schemes are all
of fifth-order in the L' norm and fourth-order in the L> norm due to the effect of the shock at the
boundary z = (8 = 2 > 1). The error of the MR-HWENOS5 scheme on uniform mesh is smaller than

that of the MR-HWENOb5 scheme on non-uniform mesh and the other two schemes for the same mesh
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Figure 3.2: 1D-Burgers’ equation: s(x) = sinzcosz, § = 0.5. The convergence history of the average

residual. Number of cells: 100.

size. The convergence history of the average residual varying with the number of iterations is shown in

Figure 3.3. It is observed that although the residuals corresponding to all schemes can reach machine

Ig(Res)

MR-WENO5
WENOS5-Z

MR-HWENOS5

1000

2000
Number of iteration

3000

L
4000

accuracy, MR-HWENOJ5 scheme on uniform mesh declines the fastest.

Table 3.1: 1D-Burgers’ equation: s(x) = sinz cosz, 8 = 2.0. The initial condition u(z,0) = 2sin(z). The

boundary condition u(0) = u(r) = 0. L' and L* error.

Uniform MR-HWENOS5 scheme

Non-uniform MR-HWENOS5 scheme

grid points | LT error | order | L™ error | order | LT error | order | L™ error | order
20 4.48E-07 2.33E-06 4.62E-07 2.47E-06

30 6.99E-08 | 4.77 | 5.18E-07 | 3.87 | 7.16E-08 | 4.79 | 5.29E-07 | 3.96

40 1.84E-08 | 4.78 | 1.70E-07 | 3.98 | 1.96E-08 | 4.63 | 1.80E-07 | 3.86

50 6.45E-09 | 4.79 | 7.04E-08 | 4.04 | 7.56E-09 | 4.36 | 8.04E-08 | 3.69

60 2.73E-09 | 4.80 | 3.38E-08 | 4.09 | 2.91E-09 | 5.33 | 3.64E-08 | 4.43

70 1.32E-09 | 4.81 | 1.81E-08 | 4.12 | 1.37E-09 | 4.96 | 1.87E-08 | 4.39
MR-WENOb) scheme WENOb)-Z scheme

grid points | L' error | order | L™ error | order | L' error | order | L™ error | order
20 3.47E-06 2.38E-05 3.48E-06 2.39E-05

30 5.16E-07 | 4.90 | 3.98E-06 | 4.59 | 5.16E-07 | 4.90 | 3.98E-06 | 4.60

40 1.32E-07 | 4.89 | 1.26E-06 | 4.11 | 1.32E-07 | 4.89 | 1.26E-06 | 4.12

50 4.53E-08 | 4.89 | 5.07TE-07 | 4.17 | 4.53E-08 | 4.89 | 5.07E-07 | 4.17

60 1.89E-08 | 4.88 | 2.39E-07 | 4.21 | 1.89E-08 | 4.88 | 2.39E-07 | 4.21

70 9.00E-09 | 4.88 | 1.26E-07 | 4.24 | 9.00E-09 | 4.88 | 1.26E-07 | 4.24
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Figure 3.3: 1D-Burgers’ equation: s(x) = sinzcosz, § = 2.0. The convergence history of the average
residual. Number of cells: 70.

Example 3.2. The following is still a one-dimensional Burgers’ equation:

2
<u2> = —mcos(mx)u, =z €]0,1], (3.3)
but unlike Example 3.1, the source term on the right side hinges on both the position x and the solution u

itself. The initial condition is

wo(z) = 1, if0<z<0.5,
07 —0.1, ifos<z<1,

and the boundary condition is u(0) =1 and u(1) = —0.1.
This problem was studied as an example of multiple steady states for one-dimensional transonic flows in

[10], which has two steady-state solutions involving a shock

{ ut =1—sin(rz), if 0 <z <y,

u- = —0.1—sin(rz), ifz, <z<1, (3.5)

where x4 = 0.1486 or x, = 0.8514. Even though both of these solutions satisfy the Rankine-Hugoniot jump
condition and the entropy condition, only the first one with a shock at x5 = 0.1486 is stable for a small
perturbation. For this reason, this problem is always used to demonstrate the good convergence of the
scheme. That is to say, although there is a reasonable perturbation in the steady state at the beginning,

the numerical solution can still converge to the stable one. Note that the jump in the initial condition lies
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between the shock waves of above two admissible steady-state solutions. The numerical results of the MR-
HWENO5, MR-WENOb5 and WENQOS5-Z schemes versus the exact solution are shown in Figure 3.4. Figure
3.5 shows the convergence history of the average residual varying with the number of iterations. It is easy
to see that the residuals of these three schemes can reduce to machine precision, and the MR-HWENOb5

scheme drops slightly faster than the other two schemes.

1 L Exact
- MR-HWENOS5
3 () MR-WENO5
i O  WENO5-Z
051
S 0F
05
Ak
RIS ENRNEEN SRS hri el ANRNANN SNRTATE SRS
02 0 02 04 06 08 1 12
X
Figure 3.4: 1D-Burgers’ equation: s(u,x) = —m cos(mz)u. The numerical results versus the exact solution.
Number of cells: 100.
0 MR-HWENOS
L MR-WENO5
[ WENOS-Z
2
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Number of iteration
Figure 3.5: 1D-Burgers’ equation: s(u,z) = —m cos(mx)u. The convergence history of the average residual.

Number of cells: 100.
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Example 3.3. The one-dimensional shallow water equations:

hu 0

where h is the height of the water to the bottom, u is the velocity of the fluid, g is the gravitational constant
and function b(x) represents the bottom topography, which is given to be b(x) = 5exp’%(z’5)2. Both the

initial condition and the boundary condition are
h+b=10, hu=0. (3.7)

Notice that the initial condition above is stationary, which itself is also a steady-state solution of (3.6).
Starting from such a stationary initial condition, we can test out how well our scheme performs in the smooth
region. The corresponding errors and convergence orders of the MR-HWENO5, MR-WENOb5 and WENO5-Z
schemes for h are listed in Table 3.2, where the sixth-order super-convergence rate of these three schemes is
observed in L' norm and L® norm. Also, the error of the MR-HWENOS5 scheme is smaller than that of the
other two schemes for the same mesh size. The convergence history of the average residual varying with the
number of iterations is shown in Figure 3.6, where there is not much difference between the residuals when

the steady state is reached and the rates at which the residuals decrease among these three schemes.

Table 3.2: 1D shallow water equation. The stationary initial condition h + b = 10, hu = 0. The exact
boundary condition. L' and L* error.

MR-HWENODb5 scheme MR-~-WENOb5 scheme
grid points | L' error | order | L™ error | order | L' error | order | L™ error | order
20 6.34E-05 3.24E-04 2.77E-04 1.87E-03
30 8.30E-06 | 6.04 | 4.45E-05 | 5.90 | 3.53E-05 | 6.13 | 2.87TE-04 | 5.58
40 1.85E-06 | 5.97 | 1.01E-05 | 5.91 | 7.49E-06 | 6.17 | 6.89E-05 | 5.68
50 5.55E-07 | 6.00 | 3.03E-06 | 5.98 | 2.28E-06 | 5.92 | 2.12E-05 | 5.88
60 2.03E-07 | 6.02 | 1.12E-06 | 5.98 | 8.62E-07 | 5.83 | 7.85E-06 | 5.94
70 8.66E-08 | 5.95 | 4.74E-07 | 5.98 | 3.74E-07 | 5.84 | 3.35E-06 | 5.96
WENOb)-Z scheme
grid points | LT error | order | L™ error | order
20 2.44E-04 7.70E-04
30 3.86E-05 | 5.48 | 1.29E-04 | 5.31
40 8.72E-06 | 5.91 | 3.13E-05 | 5.64
50 2.62E-06 | 6.00 | 9.66E-06 | 5.86
60 9.72E-07 | 5.92 | 3.55E-06 | 5.99
70 4.16E-07 | 5.94 | 1.49E-06 | 6.05
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Figure 3.6: 1D shallow water equation. The convergence history of the average residual. Number of cells:
70.

Example 3.4. The one-dimensional nozzle flow problem:

pu - pu
pu2 +p = 71:44( ) qu , T E [07 1]7 (38)
u(E +p) @\ wE+p)

x

where p is the density, u is the velocity of the fluid, F is the total energy, v = 1.4 is the gas constant,
p=(y—1) (E — 1pu?) is the pressure and A(z) represents the area of the cross-section of the nozzle, which

is determined by the following relation
A(z) f(Mach number at z) = constant, Vzx € [0,1],

where

w 5 _1( 1 1 y+1
(1+50w2)p0’ 0—2'}/ ) p0—2 7’}/_1.

flw) =
The initial condition is an isentropic initial value with a shock at z = 0.5. As for the boundary condition,
it is taken to be p(x — —o0) = p(x — —o0) = 1. The inlet Mach number at 2 = 0 is 0.8, the outlet Mach
number at x = 1 is 1.8, and the Mach number is linearly distributed before and after the shock wave. The
numerical results of the MR-HWENOS5 (on uniform and non-uniform meshes), MR-WENO5 and WENO5-Z
schemes versus the exact solution are shown in Figure 3.7. Here, the non-uniform mesh is also obtained by

adding a 20% random disturbance to the uniform mesh, and the step size of the cells located in the interval

[0.4,0.6], where the shock roughly lies, is set to be 1/2 that of the rest of the cells when dividing the initial
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uniform grid. Figure 3.8 shows the convergence history of the average residual varying with the number of
iterations. It is observed that there is little difference in the residuals corresponding to these four schemes
when the steady state is reached, and the MR-HWENObS scheme on uniform mesh converges faster than the

MR-HWENOS5 scheme on non-uniform mesh and the other two schemes.

1F
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O MR-WENO5 B
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2o7F 3
[} F o a
.65 F > |
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06F |
055F F
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0.45 F | O MR-WENO5
04:\| [ RN TR SRV YRR ) 04\mwwwEN05'\Z\|\\\|\\|\\\|
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Figure 3.7: 1D nozzle flow problem. The numerical results versus the exact solution. Number of cells: 100.
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Figure 3.8: 1D nozzle flow problem. The convergence history of the average residual. Number of cells: 100.

3.2 The two-dimensional problems

Example 3.5. The two-dimensional Burgers’ equation:

(), (355), ()= (57). wmefug)- o) oo

where there is a source term that depends only on the position (z,y) at its right end. The initial condition

is

wo(z,y) = Bsin (%’) , (3.10)

and the boundary condition is taken to be the exact solution of this steady-state problem.

In terms of the equation form, this problem seems to be a special case of the one-dimensional Example
3.1 along the northeast-southwest diagonal, but essentially it is a two-dimensional problem. This is due
to the fact that this diagonal is at a 45° angle from our grid lines. Here, we take 8 = 1.2, and the
corresponding smooth steady-state solution of this problem is u(z,y) = sin (%) The corresponding
errors and convergence orders of the MR-HWENO5, MR-WENO5 and WENQOb5-Z schemes are listed in
Table 3.3. Similar to the results in Table 3.1, the L' error can still reach fifth-order precision, while the

L error is only fourth-order precision. The error of the MR-HWENOb5 scheme is smaller than that of the

other two schemes for the same mesh size. The convergence history of the average residual varying with
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the number of iterations is shown in Figure 3.9. As shown in the figure, the residuals corresponding to all
schemes can be reduced to machine accuracy, and the residual of MR-HWENOb5 scheme reduces faster than

that of the other two schemes.

Table 3.3: 2D-Burgers’ equation: s(x,y) = sin ("L—\E’) cos ("‘—\E’) ,8 = 1.2. The initial condition u(z,y,0) =

1.2sin T—ﬂ’) The exact boundary condition. L' and L* error.

V2
MR-HWENOb5 scheme MR-WENOQOb5 scheme

grid points | LT error | order | L™ error | order | LT error | order | L™ error | order
20x20 3.86E-07 5.88E-06 2.20E-08 3.16E-07
30x30 1.18E-09 | 17.2 | 1.51E-08 | 17.7 | 4.06E-09 | 5.02 | 8.03E-08 | 4.07
40x40 1.43E-10 | 8.39 | 3.72E-09 | 5.57 | 1.15E-09 | 5.01 | 2.90E-08 | 4.05
50x50 5.20E-11 | 5.04 | 1.68E-09 | 3.96 | 4.22E-10 | 5.01 | 1.26E-08 | 4.14
60x60 2.32E-11 | 4.83 | 8.67TE-10 | 3.96 | 1.83E-10 | 5.01 6.25E-09 | 4.21
70x70 1.19E-11 | 4.70 | 4.96E-10 | 3.90 | 8.92E-11 | 5.00 | 3.40E-09 | 4.26

WENO5-Z scheme

grid points | L' error | order | L™ error | order
2020 2.20E-08 3.16E-07
30x30 4.06E-09 | 5.02 | 8.03E-08 | 4.07
40x40 1.15E-09 | 5.01 | 2.90E-08 | 4.05
50x50 4.21E-10 | 5.01 1.26E-08 | 4.14
60x60 1.83E-10 | 5.01 | 6.25E-09 | 4.21
70x70 8.92E-11 | 5.00 | 3.40E-09 | 4.26

Un MR-HWENO5
3 MR-WENO5
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Figure 3.9: 2D-Burgers’ equation: s(z,y) = sin (L\E’) cos (%) ,3 = 1.2. The convergence history of the
average residual. Number of cells: 70x70.
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Example 3.6. The two-dimensional Euler equations:

pu pv
2
pus +p pUV B
puv + pv? +p =0, (z,y) €[0,27] x [0, 27], (3.11)
u(E + p) - v(E + p) )

here p is the density, (u,v) is the velocity, F is the total energy, v is the gas constant which is again taken as
ldandp=(v—1)(F— %(pu2 + pv?)) is the pressure. For this problem, there are many possible steady-state

solutions, for example:
(1) p(xvyvoo) =1+ 02(£C - y)’ U(.’E,y,OO) = ]-7 v(m,y,oo) = 13 p(x,y,oo) = 1;
(2) p(z,y,00) =14022(z —y)), u(z,y,00) =1, v(z,y,00) =1, p(x,y,00) = 1.

We take the initial conditions and boundary conditions in both directions to be the two exact steady-state
solutions above, respectively. The corresponding errors and convergence orders of the MR-HWENOS5, MR-
WENO5 and WENOS5-Z schemes are listed in Table 3.4, where the expected fifth-order accuracy in the L'
norm and the L*° norm is observed. The error of MR-HWENOS5 scheme is still much smaller than that of
the other two schemes under the same mesh size. The convergence history of the average residual varying
with the number of iterations is shown in Figure 3.10. As shown in the figure, although all these schemes can
converge to machine accuracy, the residual of the MR-HWENObH scheme is smaller than that of the other

two schemes in the initial stage and achieves machine accuracy in fewer steps.

Example 3.7. The two-dimensional Euler equations (3.11) in region [0, 4] x [0, 1]. The initial condition is

(9,1, 0,p) = (1,2.9,0, i) . (3.12)

As for the boundary condition, it is taken to be (p,u,v,p) = (1.69997,2.61934, —0.50632, 1.52819) on the
upper boundary y = 1 and it is a reflective boundary on the lower boundary y = 0. The left boundary at
x = 0 is an inflow with (p,u,v,p) = (1,2.9,0, %), and the right boundary at z = 4 is an outflow. This
problem was considered as a regular shock reflection problem of the two-dimensional Euler equations in [5].
The contours and the cross-sections at y = 0.1 and y = 0.5 of the numerical results by the MR-HWENOS5,
MR-WENO5 and WENOb5-Z schemes are displayed in Figure 3.11. Figure 3.12 displays the convergence

history of the average residual varying with the number of iterations. It is observed that the declining trend
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Table 3.4: 2D-Euler equations. The exact initial condition. The exact boundary condition. L! and L
error.

case (1)
MR-HWENOb5 scheme MR-~-WENO5 scheme
grid points | LT error | order | L™ error | order | LT error | order | L™ error | order
20x20 9.00E-06 4.12E-05 5.16E-05 2.22E-04

30x30 1.28E-06 | 5.01 | 5.87E-06 | 5.00 | 7.39E-06 | 4.99 | 3.25E-05 | 4.93
40x40 3.16E-07 | 5.00 | 1.47E-06 | 4.96 | 1.82E-06 | 5.01 | 8.14E-06 | 4.95
50x50 1.06E-07 | 5.00 | 4.95E-07 | 4.97 | 6.10E-07 | 5.01 | 2.74E-06 | 4.98
60x60 4.34E-08 | 5.00 | 2.03E-07 | 4.99 | 2.49E-07 | 5.01 | 1.12E-06 | 4.98
70x70 2.03E-08 | 5.00 | 9.50E-08 | 4.99 | 1.16E-07 | 5.01 | 5.27E-07 | 5.00

case (1) case (2)
WENOS5-Z scheme MR-HWENOS scheme
grid points | LT error | order | L™ error | order | LT error | order | L™ error | order
20%20 5.47E-05 2.40E-04 6.08E-04 2.89E-03

30x30 7.46E-06 | 5.12 | 3.45E-05 | 4.98 | 8.34E-05 | 5.10 | 4.57E-04 | 4.73
40x40 1.82E-06 | 5.03 | 8.39E-06 | 5.06 | 2.02E-05 | 5.08 | 1.08E-04 | 5.15
50x50 6.10E-07 | 5.02 | 2.81E-06 | 5.02 | 6.74E-06 | 5.03 | 3.65E-05 | 4.99
6060 2.49E-07 | 5.02 | 1.14E-06 | 5.02 | 2.73E-06 | 5.03 | 1.48E-05 | 5.02
70x70 1.16E-07 | 5.01 | 5.34E-07 | 5.01 | 1.28E-06 | 5.01 | 6.88E-06 | 5.06

case (2)
MR-WENOb5 scheme WENOb5-Z scheme
grid points | L! error | order | L™ error | order | L' error | order | L> error | order
20x20 3.10E-03 1.46E-02 3.67E-03 1.56E-02

30x30 4.61E-04 | 4.90 | 2.16E-03 | 4.90 | 5.25E-04 | 4.99 | 2.42E-03 | 4.78
40x40 1.16E-04 | 4.95 | 5.69E-04 | 4.77 | 1.24E-04 | 5.15 | 6.14E-04 | 4.90
50x50 3.91E-05 | 4.96 | 1.99E-04 | 4.82 | 4.05E-05 | 5.14 | 2.10E-04 | 4.93
60x60 1.61E-05 | 4.97 | 8.20E-05 | 4.95 | 1.63E-05 | 5.08 | 8.56E-05 | 5.00
70x70 7.53E-06 | 4.99 | 3.83E-05 | 5.02 | 7.58E-06 | 5.04 | 3.98E-05 | 5.04

of residual is almost the same for both the MR-HWENOb5 scheme and the MR-WENOS5 scheme, and the

residuals when they reach the steady state are much smaller than that of the WENOS5-Z scheme.

Example 3.8. A supersonic flow past a plate with an attack angle a = 10° problem:
(1) the calculation region is chosen to be [0,10] x [—5,5] with a plate located at x € [1,2],y = 0;
(2) the calculation region is chosen to be [0, 7] x [—5,5] with a plate located at x € [2,7],y = 0.

The governing equation is the two-dimensional Euler equations (3.11). The initial condition is (p, p, p,v) =
(m, 1, cos(a),sin(ex)), where the free stream Mach number is Mas, = 3. The physical values of the
inflow and outflow boundary conditions are applied in each direction, and the slip boundary condition is
imposed on the plate. The contours of the numerical results by the MR-HWENO5, MR-WENO5 and

WENOS5-Z schemes are displayed in Figure 3.13. Figure 3.14 displays the convergence history of the average
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Figure 3.10: 2D-Euler equations. Left: case(1); right: case(2). The convergence history of the average
residual. Number of cells: 70x70.

residual varying with the number of iterations. We can observe that apart from the WENOS5-Z scheme, the
residuals of the other two schemes can be reduced to machine accuracy, and the residual of MR-HWENObS
scheme decreases faster than that of MR-WENOb5 scheme for both cases. Furthermore, from Figure 3.15,
which shows the results of case(1) and case(2) with e = 1075,107°,10712,107%° in (2.16), we can come to
a conclusion that the e does affect the convergence of the average residual. In general, the smaller the e,
the worse the convergence. This is also why we change € = 10719 in [22, 23] to € = 1076 in (2.16), which is

consistent with the parameter setting in reference [47].

4 Concluding remarks

In this paper, we apply the derivative-based finite-volume MR-HWENO scheme in [22] to solve the
steady-state problems. The scheme in this paper possesses the same reconstruction and updating process for
the function value as in [22], but differs for the derivative value. Instead of evolving in time, the derivative
value at the next time step is obtained by a direct linear interpolation of the derivative value at the current
time step together with the function value at the next time step in the sense of cell average. Since the
problems we are dealing with are steady, such a misalignment in time does not have much effect on the

accuracy in the smooth region and the resolution near the discontinuity of the scheme. The main advantage
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Figure 3.11: Regular shock reflection problem of the 2D-Euler equations. Top: 15 equally spaced contours
for p of the numerical results by the MR-HWENO5, MR-WENO5 and WENO5-Z schemes from 1.10 to 2.58;
bottom: the cross-sections at y = 0.1 and y = 0.5. Number of cells: 120x30.
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Figure 3.12: Regular shock reflection problem of the 2D-Euler equations. The convergence history of the
average residual. Number of cells: 120x30.

of the MR-HWENO scheme for steady-state problems is that it simplifies the calculation of the derivative.
Moreover, the CFL number can still be chosen to be 0.6 in both one- and two-dimensional cases, while
the CFL number is only 0.3 for the residual distribution WENO scheme in [26] and 0.2 for the residual
distribution HWENO scheme in two-dimensional case in [27]. The numerical results in the previous section
further show that the residual of MR-HWENO scheme can converge to machine accuracy or an extremely
small number, and falls either faster than or just as fast as the MR-WENO and WENO-Z schemes.

This paper pays more attention to whether the scheme can converge to the solution of the problem
quickly and correctly. Its numerical performance in certain problems (e.g. one-dimensional nozzle flow
problem Example 3.4) still needs to be further improved, in terms of better capturing of discontinuity and
better suppression of oscillations, which also provides a direction for our future research.

For the sake of simplicity, this paper mainly considers the MR-HWENO scheme on uniform meshes,
except for some numerical experiments in Examples 3.1 and 3.4. We will consider more non-uniform and
unstructured meshes in our future research.

Figure 3.15 shows that the € in (2.16) does affect the convergence of the average residual. In general, the
smaller the €, the worse the convergence. Thus, it is worth studying a method that is not sensitive to € in

terms of good convergence for the steady-state problems.
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Figure 3.13: A supersonic flow past a plate with an attack angle problem. Left: 30 equally spaced contours
for pressure p of the numerical results for case(1) by the MR-HWENO5, MR-WENO5 and WENO5-Z
schemes from 0.02 to 0.23 . Number of cells: 200x200. Right: 30 equally spaced contours for pressure p of
the numerical results for case(2) by the MR-HWENO5, MR-WENO5 and WENO5-Z schemes from 0.031 to
0.161. Number of cells: 140x200.
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