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A SECOND-ORDER BOUND-PRESERVING EXPONENTIAL
SCHEME FOR DEGENERATE PARABOLIC EQUATIONS *

CHANG CHENT AND CHI-WANG SHUY

Abstract. This paper proposes a second-order numerical method for solving nonlinear parabolic
equations with degenerate mobility. The intrinsic degenerate mobility in the equation yields a globally
bounded solution. A pivotal feature of our methodology is an appropriate reformulation of the
equation into an equivalent form. After applying a discontinuous Galerkin spatial discretization
method, we derive a fully nonlinear ordinary differential equation (ODE) with a splitting structure.
By introducing a linear term into the ODE, an exponential temporal discretization method, which
involves only linear solvers, is proposed based on integrating factors and strong stability preserving
(SSP) Runge-Kutta methods. Our approach is proven to exhibit second-order accuracy, ensures
bound preservation and mass conservation, and demonstrates a favorable CFL condition 7 ~ h,
where 7 and h are the temporal and spatial mesh sizes respectively. Comprehensive numerical tests
validate the second-order accuracy and bound-preserving behaviors of our method.

Key words. bound preservation, discontinuous Galerkin method, exponential scheme, SSP
Runge-Kutta, degenerate parabolic equations

MSC codes. 656M12, 656M60, 35K65

1. Introduction. In this paper, we focus on designing numerical schemes for
solving a class of degenerate parabolic equations of the form

(1) pe =V - (f(p)V (H (p) + V(x) + Wxp)), xecQ >0,
' p(x,0) = po(x), =€Q.

Here Q0 C R? with d = 1 or 2, and p(z,t) : Q x [0, +00) — R is the unknown particle
density depending on time and space; f(p) is a nonlinear degenerate mobility function
that may cause solutions to exhibit boundedness or non-smoothness; the term H’(p),
the derivative of a sufficiently smooth function H(p), can be seen as an internal energy
term. The function V() is an external potential and the term W x p is a non-local
interaction term where W is an interaction kernel. In this work, we assume that H(p)
is convex and W (z) = W(—x). The equation (1.1) can be written as a gradient flow

p=v- (107 (52))

with respect to the free energy functional

E(p) = /Q Hp)+ Vi + 5(W = p)p da.

The equation (1.1) has been utilized extensively across a variety of fields such as
gas interactions [12], granular material behavior [4], cell migration, and chemotaxis
phenomena in biology [9], as well as population swarming [7]. Numerous renowned
equations can be considered as specific instances of equation (1.1). For example, when
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2 C. CHEN, AND C.-W. SHU

f(p) = p, the equation is reduced to the Wasserstein flow of the energy functional E.
To be more specific, it encompasses well-known equations such as the porous medium
equation [13] and the aggregation—diffusion equations [3].

The presence of the degenerate mobility f(p) introduces a complex layer of intri-
cacy to the equation. Unlike its constant case, this type of mobility exerts a substantial
influence over the global bound and continuity of solutions (see Section 4). Consider
the mobility function f(p) = p(1 — p). It remains positive within the interval (0,1)
and becomes degenerate at the endpoints 0 and 1. This characteristic ensures that
the solution to equation (1.1) with this specific mobility always stays confined within
the range [0,1] as long as the initial py € [0,1] (such as [19]). For our subsequent
analysis, we make the assumption, without loss of generality, that the exact solution
p of equation (1.1) adheres to the condition that

(1.2) p(x,t) €[0,1] for all (z,t) € Q x [0, +00)

and f(p) > 0 for all p € [0,1]. The restriction regarding the nonnegativity of mobility
f(p) is necessary for the well-posedness of model (1.1). Given this framework, bound
preservation of numerical schemes becomes important when attempting to resolve
(1.1), as the model become ill-posed if values fall outside of the prescribed bounds.

There are extensive bound-preserving and high-order spatial numerical methods
for equation (1.1), such as the finite-difference method [28], finite-volume method [3,
5], discontinuous Galerkin method [25, 34] and references therein. For temporal dis-
cretization of (1.1), the implicit methods are commonly used to maintain stability and
preserve physical properties [3, 14, 29]. However, linear implicit schemes (such as clas-
sical implicit Runge-Kutta methods and linear multistep methods) are usually limited
to first-order in time to unconditionally maintain boundness [33] and necessitate the
solution of a large non-linear algebraic system at each time-step. Explicit temporal
discretizations are computationally efficient at each iteration, but a parabolic CFL
condition 7 ~ h?, where 7 and h are temporal and spatial mesh sizes respectively, is
normally required for explicit schemes [34]. To strike a balance between efficiency and
stability, implicit-explicit (IMEX) methods are frequently utilized when the equation
exhibits a splitting structure. The work [10] rewrote the model (1.1) as a splitting
form

(1.3) pr=A2(p)+V - (f(p)V (V(x)+ W xp)) =C(p) +D(p)
C(p) D(p)

with ®(p) = fop f(s)H"(s) ds. Then, they dealt implicitly with C(p) and explicitly
with D(p) following the idea as in [8]. However, nonlinear systems were still required
to be solved using this splitting, and the preservation of positivity was only proven
for the first-order temporal scheme. This issue of limited accuracy is pervasive in the
development of bound-preserving schemes using classical IMEX-RK schemes, owing
to the infeasibility of implicit SSP-RK schemes with an order higher than one while
having an infinite SSP coefficient [21]. Recently, the IMEX-RK incorporating multi-
derivatives [16, 20, 24] has offered the potential to obtain high-order bound-preserving
schemes. However, the assumption of high-order derivatives is not easily applicable
to the equation (1.1). Furthermore, a variety of novel techniques have been developed
for bound preservation, including Lagrange multiplier approaches [15, 36] and the
energy variational approach [18]. These approaches primarily confront challenges
in solving fully nonlinear implicit schemes or conducting rigorous error analysis for
general models.
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SECOND-ORDER BOUND-PRESERVING EXPONENTIAL SCHEME 3

An alternative prevalent way to explore high-order bound-preserving schemes is
by employing the exponential integrator (see [22] for a review). To the best of our
knowledge, no previous work has studied an exponential bound-preserving scheme for
(1.1), but numerous research studies have explored similar models from the insights
of exponential integrators. In contrast to (1.3), we reformulate (1.1) with a distinct
splitting structure

(L4)  pe=V-(F(p)Vp)+ V- (f(p)V (V(z)+ W xp)) = L(p)p+N(p),
L(p)p N(p)

where F(p) = f(p)H (p) > 0. By introducing a term Lp as an approximation of
L(p)p, the equation (1.4) can be further written as

(1.5) (e770p) = eTTO((Llp) ~ L)p+ N(p)).

where T (t) = fot L(s) ds is the integrating factor associated with L. The work [25]
took L = pl with a constant p > 0, which makes its computation similar to that
of explicit methods. However, their scheme required the parabolic CFL condition
T ~ h? analogous to explicit methods when attempting to apply it to our equation
(1.4). In cases where L(p) is independent of p, several exponential linear schemes
employing L = L have been effectively utilized for (1.4) to generate bounded nu-
merical solutions [17, 26, 27]. In these works, the operator £ possesses a specific
special structure, resulting in a symmetry of either Toeplitz matrices or circulant
matrices. Consequently, FFT-based algorithms are adequate to achieve enhanced
efficiency. Moreover, the very recent study [11] also implemented a fixed constant
approximation to £ that depends only on the spatial vector «, although the issue
of bound-preservation has not been addressed in their context. For L(p) depending
on p, the work [23] introduced a second-order exponential scheme that incorporates
L = L(p). This scheme needed three to four evaluations of the fully nonlinear equation
pt = L(p)p per iteration. When applied to our model (1.4), the computational bur-
den generally resembles that of implicit methods, despite their provision of detailed
techniques for distinct stiff kinetic equations.

Consequently, it remains a significant challenge to compute a bound-preserving
solution to (1.1) while achieving both high-order accuracy and efficiency. In this paper,
we adopt the splitting (1.4) and present a second-order scheme using an exponential
integrator associated with L = L(p*), where p* is explicitly given. At each iteration,
our scheme only requires three times of computation for the linear equation p; =
L(p*)p, which can be efficiently evaluated by numerous existing algorithms (see the
review [30]). Importantly, we prove that our method is mass-conservative, bound-
preserving and benefits from a favorable CFL condition 7 ~ h.

2. Spatial discretization. In this section, we present a spatial discretization
method for parabolic equations (1.1) using a discontinuous Galerkin (DG) approach.
We only consider the one-dimensional case (d = 1) as an demonstration and the two-
dimensional case (d = 2) can be derived in the same way (see [34, Section 3]). In our
following statement, we denote x = x as a spatial variable in one-dimensional space.

Let I; = (z;_1,%;,1) and I = UN ., I; be a partition of the domain . For
simplicity, we consider uniform meshes h = x, 1T, but this assumption is not
essential. The discontinuous piecewise polynomial space is defined as

I; EPk(IZ)vl:]-vQ 7N}a

Vi ={un 1 vy,
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where P*(I;) is the space of k-th order polynomial. We use the notation v;” and v, as
the right and left limit of v;, € V}, respectively. For a function s = s(p) or s = s(p, x),
we denote by s, = s(pp) or s, = s(pp, x) respectively. Furthermore, the notation s,
stands for s(p;) or s(p;, x), and s, stands for s(p, ) or s(p;, ,z). For the purpose of

this paper, we only consider the second-order DG scheme (k = 1) and choose

W _ Tz T @ T i

2.1 =12 - 2

(21) R

as the basis for P1(I;). Note that z,, 1 are the k+1 Gauss-Lobatto quadrature points
on I; when k = 1. The Gauss—Lobatto quadrature on x, 1 can be defined by: for

777C€Vh

[ peae= (00t +001,)

and

/J%OHZQQQMT+OQQQ;Q,

1
2
where the operator Z returns the first-order polynomial interpolating at ;1. As a

convention, ]Q stands for ), TI_.
To define the DG method, we first introduce auxiliary variables to split the original
problem (1.4) into the following system of first-order equations:

pt = 0z (F(p)n) + 9z (f(p)u),
n = 0p,

u:aacév
E=V(x)+ W xp.

A periodic or compactly supported boundary condition is considered in this work, but
our approach can be extended to zero-flux (inflow) and Dirichlet (outflow) boundary
conditions, and more complex boundary conditions. Then our DG approximation can
be described as: Find pp,, np, un, & € Vi, such that for any ¢p, ¥n, on € Vi,

(2.2)

/ (on)ion do=— / (Fun)0sn do -+ (Famm)iy (9n)7, y = (Fam)izg (@n)

i

— [ (r)oson do + Frunisy (00)7y = Gy (@n)7

L)

[ mande == [ oo ot @)y 0017y — @0

i

o~

/I.UhSOh de = _/I.fham@h dx + (gz)wé(@h);r% - (gh)ifé(@h):i%
(n)i = V(i) + (W = pp)(x:i)

When W is smooth, the convolution can be approximated by

(W p) (5) / Wi =)o) do

This manuscript is for review purposes only.
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The numerical fluxes are chosen in the following way

(2.3a)  Fuin = (Fpmn) ™ on = p,  or Fynn = (Fuin) ™, ph = pf»

(230)  Foun = 5 ()™ + ()™ +alg® —g7)), @ = max{lunl", s},
(23¢) &= % & +6),

where g is chosen to satisfy sign[gn] = sign[fp] or sign[gn] = 0, and ag £+ fu € [0, ]
when all p € [0,1]. For the case f = p(1 — p), we can take g = p. Using the fact
a > |ul|, it is straightforward to confirm that ag + fu € [0, «] for p € [0,1]. Here « is
a key parameter associated with bound preservation, as discussed in Lemma 3.1.

Remark 2.1. If only positivity preservation is required, ¢ in (2.3) can be relaxed
to satisfy ag + fu > 0 as suggested by [34].

Remark 2.2. In this work, we employ the Lax-Friedrichs (LF)-type flux due to its
simplicity, widespread use, and ease of implementation. Moreover, bound-preserving
flux limiters are well-studied for LF-type fluxes [37], which is helpful for our following
analysis. However, our results can also be obtained using alternative fluxes, such as
the Harten—Lax—van Leer (HLL)-type flux [35].

Subsequently, we reformulate (2.2) into a vector ODE corresponding to the values
on all Gauss-Lobatto nodes. Let

(2.4) pn(@,t) = o ()M (@) + pP )P (), we T, t >0,

where (;51(1), @('2) are given in (2.1). Define pp,(t) = (pgl)(t)7 p§2) (t),... ,pg\}) (1), pg\?)(t))—r
as the vector representing the values of p;, on all Gauss-Lobatto nodes. By employing
the basis functions (bgl) and qﬁz@) in the DG discretization (2.2), we can derive an ODE
of the following form:

(2.5) (pn)t = Ln(pn)pn + Nin(pn),

where L5, (pn) € R2NVX2N is a matrix linked to the discretization of 9,F(p)d,, and
Nu(p) € R?N is a vector associated with the discretization of 9,(f(p)u). Employing
the flux (2.3a) along with periodic boundary conditions, two non-symmetric operator

L (p) are obtained with off-diagonal elements involving difference F (pl(-l)) - F (pl@)
or F(pl(?)) - F(pED)7 which can be negative. In this work, we average the two non-
symmetric operators to obtain a symmetric one

(2.6)
& 0 F? 2 a
0 d% as F21 Fll
F2 ay di 0 F2
F} 0 & a3 F}
Lnlen) = 32 F, a d 0  F?

7

F-l 0 d? Ai+1 Fi1+1

FJ%[ F]%,71 anN—1 d}\/ 0

1 1 2
aq Fl FN 0 dN ONX2N
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6 C. CHEN, AND C.-W. SHU

where Ff = F(p(e)) and
di = —(F} + F} +2F2,), di =—-Q2F4+F}+F), a=F +F.,

Consequently, using the fact F' = fH"” > 0, one obtains that £, (ps) = (€ij)anxan is
symmetric and has the following properties:

e Zero row sums: Lp(pp)1 =0 with 1 = (1,1, ,1)T € R?V.

e Pattern of signs: ¢;; < 01if i = j, and £;; > 0 if i # j.
Matrices exhibiting both of these characteristics are known as graph Laplacians [6],
which lead to an ODE that guarantees both mass conservation and bound preserva-
tion. For a vector p, we denote p € [0,1] or 0 < p <1 to indicate that every element
of p falls within the range of 0 to 1. Based on this notation, we present the following
classical conclusion:

LEMMA 2.3 ([6, Proposition 1.1]). Let the matriz L, (pn) be defined as (2.6) and
p(t) be a solution to the ODE
(2.7) pt = Ln(pr)p,  p(0) = po
with py € [0,1]. Then for all t >0, p(t) € [0,1] and 17 p(t) = 17 py.

Alternatively, we can express the solution of the ODE (2.7) using an exponential
matrix as

plt) = c£r(®0) g

Therefore, Lemma 2.3 demonstrates that the exponential matrix e*“»(Pr) ensures both
mass conservation and bound preservation.

3. Temporal discretization. In this section, we present first- and second-order
bound-preserving temporal discretizations for the ODE (2.5). Our schemes are de-
signed by incorporating an auxiliary linear term independent of pj, and then employing
an exponential integrator. For simplicity, the time domain is discretized using equis-
paced points with time-stepping 7 > 0, and we define the nth point given by ¢, = nr
(n=0,1,2,---). Considering the ODE (2.5) on the interval [t,, t,+1], we reformulate
it as
(31)  (pn)e = Ly()on + Nalon) + (Lal(on) = Ly()ons  (2,8) € 2 X [bns buyal:
where L,(t) is a pth-order approximation of Ly (py(t)) satistying
(3.2) Ly(pn(tn +s)) = Ly(t, + )+ O(sP), s€l0,7].

Define the integrating factor

¢

(3.3) T(t) = / L(s) ds.
0

Then, the equation (3.1) can be written as

34) (T Dpn(1) =T (Walon(t) + (Lalpn(®) — Ly())pn(1))

t
Define w(t) = e~ 7® py,(t). We get
(3.5) (w(t)e = e (Ni(pn(t)) + (Ln(pn(t)) = Lp()pn(t)) = H(w, ).
Next, we introduce first- and second-order bound-preserving schemes for (3.5) using
SSP-RK methods [21]. Tt is noteworthy that our proposed schemes are simplified to
the exponential SSP-RK methods [26] when £} (py,) is a constant matrix independent
of pp,.
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3.1. First-order scheme. Consider the approximation Lo(t) = Lp(pn(ts)).
Then the integrating factor (3.3) becomes T (t) = tLn(pn(tn)). By applying the
first-order forward Euler scheme to (3.5), we derive the scheme

(3.6) pptt = emEr P (pil + TN (P])) |
which is equivalent to

(3.7a) oy = P+ TN ()

(3.7b) pyt = eTﬁh(PZ)pZ+1,1'
Let px(t) be an exact solution of (2.5). Substituting pj = py(t,) into (3.6), one has

e ) (o (t) + TN (P (tn)))
= (L +7Li(pn(tn)) + O(r%)) (pa(tn) + TN (P1(tn)))
(pn(tn) + 7 (Lu(pn(tn))pn(tn) + Nu(pn(tn)))) + O(7?)

- (ph(tn) 1 ) ) +0(72).

dt

t=tn

Using the Taylor’s expansion, the local truncation error of the scheme (3.6) is

prltnsr) — e™EnPrtD) (o1 (2) + TG (pn(tn))) = O(72).

Hence. the scheme (3.6) is a first-order temporal discretization for (2.5).

Alternatively, we can express the scheme (3.7) in a weak form: Find pZ“’l, Pttt e

V}, such that for all ¢, v, € Vp,

9’83)

n+l,1  p g _— —
[ P da == [ (oo dot (Fubdees @0, — Fleddey @0y

i

(3.éb)

/I_UZ% dr = 7/1.5;731% dzx + (@)H%(%)i}% - (@)i_%(@h);%,
(3.8¢) ()i = V(@) + (W pp) (i),

and pi' ™t = (pE(7) + pf(7))/2 with py, : [0,7] — V}, solving the system

090 [ (pieon dz == [ (B 0.6 do+ (B yor,y — B 307,

17—

W=

i 7

(3.9b) / nn do = - / ondatn da -+ ()i (9n)7, g = (Pn)icg (007,

2
(3.9¢) pn(0) = pp 1

and pE, pf correspond to the solutions using two different fluxes according to (2.3a).

LeEMMA 3.1. Given pj, the pZH’l solved in (3.8) satisfies
e Mass conservation: fﬂpzﬂ’l dx = prZ dz;
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8 C. CHEN, AND C.-W. SHU

e Bound-preservation for the cell average: Assuming that pj is within the

23
238 range [0,1] at the Gauss-Lobatto quadrature, i.e., pj € [0,1], the cell average
219 (o) = 4] ot e e 0,1)
240 (3.10) adg<pand ar(l—g) <1—p,
241 where «, g are defined in the numerical flux (2.3) and A\ = 7/h. Specifically,
242 when g = p, it reduces to the CFL condition
h
243 (3.11) T < —
max a” ,

i=1,-,N ‘t3

244 Proof. Let ¢p, =1 in (3.8a), we obtain that

o (312) [t do= [ g dor (i - Fuiy) . =120 N
I I;

246 Summing ¢ from 1 to N, one get

247 [ ttan = [ o tr (e - ().

248 The numerical flux at the right boundary is equal to the numerical flux at the left
249 boundary, as required by the periodic boundary condition and the definition of the

250  numerical flux. Therefore, we can conclude that T IpZH’l dz = T 1P d.
251 Multiplying both side of (3.12) with 1/h, it becomes
252 ()i = @7+ A (i = (Faiioy) s i=1.2, .

53 Note that the Gauss-Lobatto quadrature is exact for evaluating the cell average (pp)?
1 since (pp,)} is a first-order polynomial. For simplicity, we omit the indices n and h for
5 the notation pj in the subsequent proof. Then

1 A
11 L + A + - + -
P =5 (o 01y ) + 5 (G0, + G, +aiylof, —90y)

2
)

A .
=S (Ui, + iy +aiy(gF
11 _ _ _
= 3 [y A (w5 + (o), + e (e, —90)))

(0 O gy )]

1
2
1
M - +
.\ ((fu)j__% + (fu)l___% ta, s(gf, — 9 )>]
1
=5 [AaiJr%K‘f(p;%,aH%) + Aoy,
+ (pz:r% - 2)‘0‘i+%9;+%)}
1

-9

1
2

=
—~
NQ
—
|
SUD
T+
~—
N—

K~ (pf

1
2

LK™ (p,_

74—5 7
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SECOND-ORDER BOUND-PRESERVING EXPONENTIAL SCHEME 9

where K* = g+ fu/a. Note that K* € [0,1] by the choice of g. To make (5,)7 "' €
[0, 1], it is sufficient to ensure p — Aag € [0,1 — A, which reduces to the restriction
(3.10). 0

Remark 3.2. In the definition of &, it is continuous and (3.8b) gives up, = 0,7 (&p)
on I; after integration by parts. Hence the CFL condition (3.11) becomes

h
3.13 T< ~
(3.13) max; |07 (&)l oo (1,)

which is a favorable CFL condition for parabolic equations. Particularly, when W =
0 and V' = =z, this corresponds to the usual CFL condition 7 < h for hyperbolic
conservation laws.

Remark 3.3. For efficient implementation, we can approximate the exponential
matrix in (3.7b) as

(3.14) Pt = (I —1Lu(p)

which is also a first-order scheme [8]. The bound preservation of this approximation
still holds using a sufficient condition [31]: a matrix M = (m;;) is inverse positive,
meaning that every entry of M ! is non-negative, if m;; < 0 for i # j, m;; > 0, and
M is strictly diagonally dominant (mg; > >, [mi;|). The first-order approximation
M =1 — 7L,(p}) unconditionally satisfies this condition since the matrix L, (p}) is
a graph Laplacian, as previously noted. This approximation (3.14) will be employed
in our subsequent investigation of the second-order scheme.

As stated in Lemma 3.1, the Euler forward stage (3.7a) only maintains bound-
preservation on the cell average, not across all Gauss-Lobatto quadrature points.
Following the methodology developed by [37], we can apply a bound-preserving limiter
to enforce the boundedness of nodal values on all Gauss—Lobatto quadrature points
without violating the mass conservation and accuracy. Precisely, let

PPl = G 0 (o ) - ().

with

— \n+1,1 — \n+1,1
A 1-— S
0, = in{( (Pn); (Pn); 1}7

ﬁh)?"rl,l B mi’ Mz - (ﬁh);H-Ll’

m; = mlan'H 1(%':5:%)’ M; = In&xp"+1 1(3:21%)

Then we get py " 2(:0$ ) [0,1] and (5,)7 T = (pp) 5" (see [37]). Furthermore,

7 7

the interpolation polynomlal of {p"+1 2( 1 )} on I; satisfies mnloodsxwe
2
1,2 1,1 1,1
pZJr (z) — PZH ()| < Cx max |p(@,tpt1) — pZJr ()],
ze{:ci%}

where p (x,t,41) is the exact solution at time ¢,; and Cj is a constant depending
only on the polynomial degree k. Consequently, we can update

n+1 _  7L(p7) n+1,2
ph —¢e (ph)ph .
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and conclude that p)'™" € [0,1] by Lemma 2.3. Denote the bound limiter as 7. The
first-order bound-preserving scheme can be summarized as

(3.15) Pyt = e PP (o) + N (P})) -
Using the approximation (3.14), a more efficient first-order scheme is given by

(3.16) pit = (I =7L(pR) " P (P} + TN(PR)) -

THEOREM 3.4. The updates (3.15) and (3.16) are bound preserving and mass
conservative, provided the time step restriction specified in (3.13) is satisfied.

3.2. Second-order scheme. Based on the first-order scheme (3.15) or (3.16),
we can construct a first-order approximation for £, (pyp). Specially, let

(3.17) Pyt = (I —7Lu(p) " (P + TN (P}))

and introduce the linear interpolation

t—1t, n t—1, "
(3.18) 10 = oo + (1= 525 catol,

which provides a first-order approximation for £, (py,) on the interval [t,,, t,+1]. Con-
sequently, the integrating factor (3.3) becomes

—t,)2 T —t.\?
g T0="T a1 .

By substituting (3.18) and (3.19) into (3.4) and applying the second-order SSP Runge-
Kutta scheme [21, equation (4.1)], we derive the following scheme:

n SAMHL n
(3.20a) pr =5 (o + TNL(P}))
1 AN 1 n n
(3.20b) Pt = 5B g 5 (T L))
where

1 " "
7([’h<ph+171) + ‘Ch(ph))a

En-{-l _
h 2

and a high-order term %T(ﬁh(pZH’Q) — Ln(p M) pp is dropped in (3.20b).

Remark 3.5. In update (3.17) and (3.20), the stiff term Ly (pp)pr does not appear
in the explicit Euler steps, even though it exists in the ODE (3.5). Hence, the stability
of the explicit Euler step only depends on the nonlinear term N,.

Let pp(t) be an exact solution for (2.5), we next show that (3.20) is second-order
in time. Denote G(prn) = Ln(pn)pn + Nn(pr) and p = py(t,) for simplicity. The
Taylor’s expansion gives that

(3.21)
ph(tn-l-l) =p+ Tg(p) + %Qt(p) + 0(7'3)
=p+7G(p) + % (LL(P)G(P) p+ Li(p)G(p)) + T° N3 (p)G (p) + O(%)
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Next, we substitute the exact solution at ¢,, into (3.17) and (3.20) to calculate the
local truncation error. We start by obtaining p(*) by substituting py = p into (3.17),
yielding

plV) = (I =7L(p)) " (p+TN(p)) = p+7G(p) + O(7%),
Li(pM) = L(p) + 7L,(p)G(p) + O().

Using this, we substitute p; = p and pZH’l = pW into (3.20), and denote the results
from (3.20a) and (3.20b) as p( and p®), respectively. Defining £ = £ (L(pM)) +
Ln(p)), we obtain

P =ptr(Lp+Nilp) + L;E (o+20u(p) + O()

2 7_2

= p+7G(p) + 5 Lu(p) (G(p) + Nulp) + 5 (Lh(p)G(p)) p+ O(r")

Similarly, we calculate Nj,(p) = Ny(p) + TN} (p)G(p) + O(7?), and for p®, we
have

1 Y 1
p® = 3 (I +7L+ 2£2> p+ 3 (P(z) + TNh(p(Q))) +0(7%)

2

=p+71G(p) + % (LL(p)G(p)) p+ Lr(p)G(p)) + T;N;i(p)g(p) +0(°).

Finally, combining with (3.21), we arrive at

ph(tns1) — p® = 0O(r?),

which confirms that the scheme (3.20) is a second-order temporal discretization for
ODE (2.5). When the bound-preserving limiter is applied immediately after each
Euler forward stage, we obtain a second-order bound-preserving scheme

(3.220) o = (= 7Lu(pR) P (PR + TN(AR))
(3.22b) pZ+1’2 = @g(ﬁh(92)+£h(l’z+l’1))p (pz + TNh(pZ)) ,
1 - n n+1,1 1
(3.22¢) pZJrl = §ef(ﬁh(ph)+£h(ph+ ))pz + §P (pz+172 + TNh(pZ+1’2)) -

Similar to the first-order scheme (3.15), we have the following theorem for (3.22).

THEOREM 3.6. The time discretization (3.22) of the semi-discrete scheme (2.5)
is bound preserving and mass conservative as long as the time step restriction (3.13)
is satisfied.

Proof. The mass conservation trivially holds. As shown in the derivation of the
first-order scheme, given any p;, € [0,1], the step P(py, + TN, (pp)) remains within
the bounds [0, 1] when the time step restriction (3.13) is satisfied. Then the desired
result is obtained by the unconditional bound-preserving properties of operators (I —
TLy(pp)) "t and e~ TEn(Pn), 0

Remark 3.7. For practical implementation, one can use the second-order approx-
imation

9 -1
(3.23) eE (1 L 7'2,c2>
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in (3.22) to optimize computational efficiency. However, the guarantee of bound-
preservation is compromised due to the inclusion of £2. A pragmatic approach would
be to initially utilize the approximation from (3.23). If a value surpasses the expected
density bounds, the respective step should be discarded. Subsequently, one should
revert to computing using the exponential matrix.

4. Numerical results. In this section, we examine the performance and accu-
racy of our proposed numerical schemes (3.22) for computing several examples on
domain Q = [—¢q,¢]? with ¢ > 0 and d = 1,2. In practical, the technique mentioned
in Remark 3.7 is applied to (3.22). The error is measured in the discrete norms

- N
errs = [ lontent) = stz = () lon— o

(4.1) r h g
errs =/ [ mtat) = pt@0f e = (5) low — ol

errpe = ||pn — plloo-

Here py, is the numerical solution obtained by the scheme (3.22), and p is the exact
solution for (1.1) or a reference solution computed by our approach in a finer mesh.
Vectors pj, and p are the values of p;, and p on all Gauss—Lobatto quadrature points,
respectively. We chose g = p in the flux (2.3).

While (3.13) provides a theoretical time step restriction, we observed that our
methods remain robust and maintain the boundedness even with larger timesteps.
To enhance efficiency, we implement an adaptive timestep strategy, commonly used
to allow for larger timesteps. Specifically, given pj, we start with a relaxed timestep
7, = h. At each explicit Euler step, we verify whether all new cell averages remain
within [0, 1]. If this condition is satisfied, we proceed with the computation. If not,
we revert to initial state pj and restart the computation with the timestep 7,, halved.
This adaptive timestep strategy is highly efficient, and Lemma 3.1 ensures that only a
finite number of reductions are necessary to ensure that cell averages of explicit Euler
step stay within [0, 1]. We apply this strategy in all subsequent numerical experiments,
unless otherwise indicated.

4.1. Computing matrix exponential. As our scheme only requires the eval-
uation of e~ p, we employ the method proposed in [1] to efficiently compute the
action of the matrix exponential. Specifically, for a matrix A € RE*¥ and a vector
b € RX, we compute eb by expressing it as

—1 s —1 —1 —1
eAb:(eb A) b= Aes AL Ay

s times

where s > 1 is an integer chosen such that e 4 can be well approximated by the

truncated Taylor series

™1 Ay
-1 (sT'A)
Tm(s T A) = Z —
i=0
The algorithm can then be understood as the recurrence relation

bj_;,_l:T‘m(SilA)bj j:O,].,...757]., b():b

The computational cost of evaluating e*b using this recurrence is s x m matrix-vector
products of the form Ab. Given a specific tolerance, [1, Code Fragment 3.1] provides
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a method to determine appropriate values for s and m such that the error is below

||1/p for some

the desired threshold. The upper bound on s x m is proportional to || AP
integer p > 1.

In our scheme, we have A = —7L;, € R?2V*2N and b = p;, € RN with N to be
the number of spatial partition. According to (2.6), the structure of £, suggests that
the £1 norm of £y, is dependent on h, specially [|(£,)?[}/* = O(h=2). Provided a
CFL condition 7 ~ h is applied, the number of matrix-vector products in our case is
proportional to

AP /7 = 7| L8 |1P = O(h™Y) = O(N).

Since Ly, is a sparse matrix with O(N) non-zero elements, the computational cost
of each matrix-vector product is O(N). As a result, the total computational cost of
computing the action of the matrix exponential is O(N?). If the matrix exponential
e~TEn is given explicitly, the cost of multiplying e~7#* by a vector p is also O(N?), as
e~ "¢ is generally a full matrix, even if £}, is sparse. This implies that the theoretical
complexity of the algorithm for computing the matrix exponential action is acceptable
within the context of our model. In our numerical experiments, we find that the
algorithm consistently demonstrates efficiency with s x m <« N. Combined with
the technique in Remark 3.7, the number of computations involving the exponential
matrix can be significantly reduced.

4.2. Accuracy test. We first examine the accuracy of (3.22) on an initial value
problem with a source term S:
(4.2)
pe=V-(p(1 —p)V(p+sin(1'x) + W *p)) + S(z,t), z€[-mnx|%t>0,

1
ple,0) = 4 (sin(1'x) + 1),
where 1 = (1,---,1)7 € R and W(x) = cos(1"x)/(27). Here periodic boundary
conditions are applied and the source term S is used to ensure that the exact solution

is

(sin(1'z +1¢) +1).

| =

(4.3) pla.t) =

In this test, F = f = p(1 — p), H = p and V = sin(1"x). We calculate the error at
T = 1 with the fixed timestep 7 = éh. The adaptive timestep strategy is not em-
ployed here because our theoretical results regarding the timestep do not incorporate
the additional source term S in model (4.2), which means we cannot ensure that the
adaptive timestep strategy will stop within a finite number of reductions. Table 1 and
Table 2 show the corresponding second-order convergence in one and two dimensions.

TABLE 1
Accuracy test in one dimension for computing a solution to the equation (4.2). The error is
calculated at T = 1.

N LY error  Order LZ?error Order L™ error Order
20 2.074e-02 9.966e-03 8.508e-03

40 5.032¢-03  2.043  2.442¢-03  2.029 2.639¢-03  1.689
80  1.232¢-03 2.030 6.006e-04 2.024 6.788e-04  1.959
160 3.029¢-04 2.024 1.463e-04 2.038 1.752e-04 1.954
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14 C. CHEN, AND C.-W. SHU

TABLE 2
Accuracy test in two dimensions for computing a solution to the equation (4.2). The error is
calculated at T = 1.

N L' error  Order L? error  Order L error Order
10 x 10 9.177e-01 1.884e-01 1.051e-01
20 x 20  2.182e-01 2.073 4.636e-02 2.023  3.046e-02 1.787
40 x 40  5.095e-02  2.098 1.038e-02 2.159  6.019e-03  2.339

4.3. Saturation experiment. To demonstrate the bound-preserving property
of our numerical scheme, we consider the saturation experiment given by

p=- (s1- )7 (D1a(s) + SaP) ).

p(ma 0) = po-

(4.4)

Here D and C' are positive numbers. In this case, f = p(1 — p), H = D (pln(p) — p),
F = fH" = D(1—p), V(z) = $|z|? and W(z) = 0. The exact solution of (4.4) is
bounded on [0, 1] and the steady state depends on the initial mass m = ||pg|| 1. There
exists a threshold m, = (%)d/2 such that the steady state can be written as

Aexp (—261;|w|2) , m<m,

15 pelm) = .
2 _p2
Bexp (2D max{|a:| 4 ,0}) , M > me
where A, B are positive constants such that ||peollzr = ||pollzr = m, and ¢ can be

determined from the initial datum (see reference [2]). Numerically, we solve the equa-
tion (4.4) over the domain 2 = [—4, 4]¢ with parameters C' = 1, D = 1. Consequently,
the threshold m, = (27)%? in (4.5).

To verify the convergence order, we begin with a uniform initial data py = 0.1 in
one dimension and pg = 0.09375 in two dimensions. This ensures that ||po||: < m.
and leads to a smooth steady state according to (4.5). We then calculate the numerical
solution at T' = 15 as the numerical steady state. Figure 1 and Figure 2 illustrate
the numerical evolution to the steady state in one and two dimensions, respectively.
Furthermore, Table 3 and Table 4 demonstrate the anticipated second-order accuracy
in both one and two dimensions. In Figure 3, we present the behavior of the relative
entropy E(t|oo) = E(pp(t)) — E(ps) and the associated bound of our solution. The
results indicate that our scheme preserves the bound, aligning with our theoretical
analysis, and also exhibits energy dissipation during this test.

TABLE 3
Accuracy test in one dimension for computing the steady state to the equation (4.4) with a
uniform initial density po = 0.1. The error is calculated at T = 15.

N LY error  Order L? error Order L™ error Order
20 8.573e-03 4.186e-03 3.199¢-03

40  2.179e-03  1.976  1.023e-03 2.033  7.885e-04  2.020
80  5.436e-04 2.003 2.475e-04 2.047 1.811e-04 2.122
160 1.383e-04 1.975 6.153e-05 2.008 4.329¢-05 2.065
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SECOND-ORDER BOUND-PRESERVING EXPONENTIAL SCHEME 15

—

0.3 - =p(z,15)
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Fic. 1. Computation of a smooth solution to the one-dimensional saturation experiment (4.4)
with po = 0.1. Left: Evolution of pp(x,t); Right: Comparison between psc and the numerical
solution calculated at T = 15;
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Fic. 2. Ewolution of a solution p(x,t) with po = 0.09375 in a two-dimensional saturation
experiment (4.4).
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Fic. 3. Computation of a smooth solution to the one-dimensional saturation experiment (4.4)
with po = 0.1. Left: Behaviour of the relative energy E(t;00); Right: Behaviour of bound.
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TABLE 4
Accuracy test in two dimensions for computing a smooth steady state to the equation (4.4) with
uniform initial density po = 0.09375. The error is calculated at T'= 15

N LY error  Order L2?2error Order L™ error Order
10 x 10 9.706e-02 2.206e-02 1.143e-02
20 x 20 2.351e-02 2.046 5.166e-03 2.094 2.981e-03 1.939
40 x 40  5.841e-03  2.009 1.252¢-03 2.045 6.315e-04 2.239

— )

= =p(z,15)

< 0.5

Fic. 4. Computation of a non-smooth steady state to the one-dimensional saturation experiment
(4.4) with pg = 0.415. Left: Evolution of p(z,t); Right: Comparison between poo and the numerical
solution calculated at T = 15.

To observe saturation, we begin with a uniform initial density of py = 0.415 in
one dimension and py = 0.147 in two dimensions such that ||pg|/z1 > m.. According
to (4.5), this initial density results in a non-smooth steady state that is bounded
between 0 and 1. A numerical solution obtained at 7" = 15 is considered as the
numerical steady state. The evolution in both one and two dimensions can be found
in Figure 4 and Figure 5. As depicted in Figure 4, in contrast to the results from [14,
Section 4.1], our DG discretization method yields a superior approximation devoid of
oscillations near the upper bound py.. = 1. Additionally, we present the behavior
of the relative entropy and the bound in Figure 6, which shows that the numerical
solution generated by our scheme demonstrates bound preservation within the interval
[0,1] and also exhibits entropy dissipation. In order to test the accuracy of this
example, we calculated the error at 7' = 1, employing reference solutions calculated
at a finer mesh size with NV = 320 for one-dimensional computations and N = 80 x 80
for two-dimensional computations. Table 5 and Table 6 present the second-order
accuracy of our approach in both one and two dimensions.

To demonstrate the efficiency of our proposed scheme, we compare its perfor-
mance with three second-order methods: the explicit SSP-RK scheme [34, Eq (2.10)],
the IMEX-RK scheme [8, Scheme H-DIRK2(2,2,2)], and the Lagrange approach [15,
Eq (3.5)-(3.6)]. To ensure a fair comparison, an appropriate fixed timestep that guar-
antees bound-preservation is chosen for each scheme. The explicit SSP-RK scheme
has been proven to preserve positivity under a CFL condition of 7 ~ h?. While the
IMEX-RK scheme shows efficient performance under a CFL condition of 7 ~ h[32],
the left panel in Figure 7 reveals that when 7 ~ h, the numerical solution exceeds the
upper bound. Therefore, bound preservation for the IMEX-RK scheme is expected
under the more restrictive condition 7 ~ h2. The Lagrange scheme, which employs
a predictor-corrector approach, is proposed as an unconditionally bound-preserving
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Fic. 5. Evolution of a solution p(x,t) with po = 0.147 in a two-dimensional saturation experi-
ment (4.4).
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Fic. 6. Computation of a non-smooth steady state to the one-dimensional saturation experiment
(4.4) with po = 0.415. Left: Behaviour of the relative entropy E(t;c0); Right: Behaviour of bound.

scheme. However, the error analysis has only been posed for specific cases. In this
numerical example, we observe that with 7 = 0.01, the numerical solution introduces
significant errors, although the bound is preserved. In contrast, we find that this
error can be mitigated by using a CFL condition of 7 ~ h. The right panel of Fig-
ure 7 compares the computational time for these methods. Our results show that
our scheme outperforms both the explicit SSP-RK and IMEX-RK methods due to
its milder timestep restriction. The Lagrange approach demonstrates the best per-
formance in terms of computational time, as it only requires solving a single linear
equation and a one-dimensional zero-point problem. However, a rigorous analysis of
the Lagrange approach is still needed.

4.4. Aggregation—diffusion equation. We proceed with our study of the
scheme (3.22) on the aggregation-diffusion equation

(4.6) pr=V- <pV (T:_mlpm—l + W p>) =vAp™ + V- (pV(W % p))
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Fic. 7. Comparison of performance for various second-order numerical schemes to compute the
one-dimensional saturation experiment (4.4) with po = 0.415. Left: Comparison between poo and
the numerical solution calculated at T' = 15; Right: Computation time for computing the numerical
solution at T = 15.

TABLE 5
Accuracy test in one dimension for computing a solution to the equation (4.4) with uniform
initial density po = 0.415. The error is calculated at T = 1.

N L' error  Order L? error  Order L™ error Order
20 3.320e-02 1.652e-02 1.553e-02

40  8.476e-03 1.970 4.172e-03 1.986 4.382e-03  1.825
80  1.960e-03 2.113  9.682e-04 2.107 1.031e-03  2.088
160 3.786e-04 2.372 1.822e¢-04 2.410 1.852e-04 2.476

TABLE 6
Accuracy test in two dimensions for computing a solution to the equation (4.4) with uniform
initial density po = 0.147. The error is calculated at T = 1.

N LY error  Order L2?2error Order L™ error Order
10 x 10 4.825e-01 8.143e-02 3.071e-02
20 x 20 1.343e-01 1.845 2.300e-02 1.824 8.874e-03 1.791
40 x 40  3.123e-02 2.104 5.192e-03  2.147 1.753e-03  2.340

with interaction kernel W = e'm‘2/(27r)d/2. The parameters v > 0 and m > 1 are set
to v = 0.05 and m = 3 in our computation. In this example, f = p, F = vmp™ 1,
V =0, and the density p remains positive. For our tests, we utilize periodic boundary
conditions and evaluate the solution over the domain [—6,6] in one dimension and
[—4,4]% in two dimensions.

For the one-dimensional test, we compute the solution up to time 7" = 200, using a
smooth initial datum py = \/%(67@72)2/2 + e*(z+2)2/2). The evolution and behavior
of entropy are plotted in Figure 8. As time progresses, the density starts at a smooth
initial state with two peaks and then converges to a non-smooth steady state with only
one peak and two discontinuity points. The entropy also shows dissipation throughout
the computation. To ascertain the accuracy of this example, we compute the error at
T =1 and refer to a benchmark solution computed with a mesh of N = 320 points.
Table 7 demonstrates the desired second-order accuracy of our scheme (3.22).

In two dimensions, we consider a test with a discontinuous initial state given by
po(x) = 1j_22]x[—2,2)(z). Figure 9 shows the dynamic evolution used to compute a
solution at T' = 20 with N = 40 x 40 cells. In this setting, p exhibits a transition from
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TABLE 7
Accuracy test in one dimension for computing a solution to the equation (4.6) with py =

\/%(67(172)2/2 + e’(z+2)2/2). The error is calculated at T' = 1.

N LY error  Order L? error Order L™ error Order
40  1.634e-02 5.839¢-03 3.147e-03

80  5.205e-03  1.650 1.842e-03 1.664 9.728e-04 1.694
160 1.301e-03 2.000 4.670e-04 1.980 2.610e-04 1.898
320  2.419e-04  2.427 8.624e-05 2.437 5.122e-05  2.349

-0.2

50 100 150 200

Fic. 8. Computation of a steady state to the one-dimensional aggregation—diffusion equation
(4.6) with po = \/%(67(172)2/2 + e’(z+2)2/2). Left: Evolution of p(xz,t); Right: Behaviour of the
discrete entropy.

a discontinuous distribution to a concentrated central peak. To test the accuracy in
this two-dimensional case, we computed the error at 7' = 1 with a reference solution
calculated using a mesh of N = 80 x 80 cells. The error table and convergence rate
are provided in Table 8. In this example, the L' error shows second-order accuracy,
while the observed degeneracy in L? and L™ accuracy is due to the discontinuity in
the initial state and the non-smoothness of the solution.

TABLE 8
Accuracy test in two dimensions for computing a solution to the equation (4.6) with pg =
1[_2,91x[~2,2]- The error is calculated at T' = 1.

N L' error  Order L2 error Order L error Order
10 x 10 6.686e-01 2.983e-01 1.836e-01
20 x 20 1.750e-01 1.934 9.611e-02 1.634 8.452e-02 1.119
40 x 40  4.405e-02  1.990 2.610e-02 1.881 3.317e-02 1.349

Conclusions. This paper presented a fully discrete scheme for solving a class
of degenerate parabolic equations. Spatially, we applied a discontinuous Galerkin
method to an appropriate reformulation of equations, resulting in an ODE with a
splitting structure. Our numerical examples demonstrated that this spatial discretiza-
tion induces fewer oscillations in the solution. Temporally, we proposed a second-order
exponential scheme, which involves only linear solvers, by introducing integrating fac-
tors into the ODE and utilizing SSP-RK methods. Notably, our approach consistently
evidences second-order accuracy, bound preservation and mass conservation with a

This manuscript is for review purposes only.



[N BN e
W = O

ot

ot

(o))
(G2

Ul OT U1 O OT Ot Ot Ot
N = O ©OIO

ot

DN DNNDNDRND — == = = =
Tt W ¢

ot Ot

20 C. CHEN, AND C.-W. SHU

A\
AN
AN
7N
AN
/A i
s

Fic. 9. Ewvolution of a solution p(x,t) to a two-dimensional aggregation—diffusion equation
(4.6) with po = 1[_2 2)x[-2,2]

favorable CFL condition 7 ~ h both in theory and in practice. Nevertheless, the
calculation of the exponential matrix partly limited our efficiency, and energy dissi-
pation was only shown in our numerical tests but not proved theoretically. Indeed,
devising an efficient linear scheme that simultaneously provides high-order accuracy
in both space and time, while guaranteeing bound preservation, mass conservation,
and energy dissipation, continues to be a major challenge.
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