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Abstract. We investigate various spaces of SL(r+1)-opers and their deformations. For
each type of such opers, we study the quantum/classical duality, which relates quantum
integrable spin chains with classical solvable many body systems. In this context, quan-
tum/classical dualities serve as an interplay between two different coordinate systems on
the space of opers. We also establish correspondences between the underlying oper spaces,
which recently had multiple incarnations in symplectic duality and bispectral duality.
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1. Introduction

1.1. Integrable systems and enumerative geometry. The study of integrable systems
has led to a plethora of important discoveries in modern mathematics. In the 1960s and
1970s, the explosion of interest in classical integrable models in the context of soliton theory
significantly impacted differential and algebraic geometry, as well as representation theory.
Eventually, that became an area of its own, and the theory of integrable systems has become
an independent field of research in modern mathematical physics. An enormous number
of such systems were discovered in the 1960s and 1970s, some of which were infinite di-
mensional, like the original Korteweg-de Vries (KdV) system describing soliton waves in
a channel, whereas others were finite-dimensional, originating in solid-state physics, corre-
sponding to interacting particles on a lattice, like the celebrated Toda system.

In the 1980s, the study of quantum integrable models led to the discovery of quantum
groups. Then, in the last decade of the 20th century, another area of modern algebraic
geometry, known as enumerative geometry, was enriched by a multitude of new notions
and tools with deep connections to modern theoretical physics, such as Gromov-Witten
invariants, quantum cohomology, and mirror symmetry. The pioneering works of Dubrovin,
Kontsevich, and Witten led to the discovery of hidden connections between the theory of
classical integrable systems, including original equations of soliton theory, and enumerative
invariants.
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In order to understand, on a basic level, what classical and quantum integrable models are,
consider a symplectic manifold of dimension 2n such that there are n mutually commuting
functions (Hamiltonians) under the corresponding Poisson structure. The Liouville-Arnold
theorem states that the level surface defined by the corresponding Hamiltonians is a La-
grangian subvariety such that its connected components are diffeomorphic to the product
of abelian tori and Euclidean space. The flows of the vector fields corresponding to the
Hamiltonians create the angle coordinates, which can be paired with action coordinates,
thereby forming a Darboux coordinate system on the corresponding connected component.
‘Solving’ an integrable model entails finding the corresponding action-angle variables and
the corresponding transformation map. This can be a complicated problem, particularly
when an integrable system is infinite-dimensional, like the KdV system. In that particular
example, the action-angle variables are related to the spectral data of the Sturm-Liouville
operator, and their construction is the goal of the Inverse Scattering Method (ISM).

In quantum integrable models, the Poisson bracket is replaced by the commutator, and
the Hamiltonians are replaced by mutually commuting set of operators in a Hilbert space.
Instead of finding the action-angle variables, the task of interest is the simultaneous diago-
nalization of these operators. In the case of quantum spin chains, the Hilbert space is the
tensor product of finite-dimensional modules of the Yangian Yq(g) or affine quantum group
Uq(ĝ) or elliptic quantum group associated to g, where g is a simple Lie algebra. The cor-
responding integrable models are known as XXX, XXZ, and XYZ spin chains respectively,
and the XXX is the limit of the XXZ, which is in turn the limit of the XYZ. There is also
an important ‘semiclassical limit’, known as the Gaudin model, where the Hilbert space is
the tensor product of finite-dimensional representations of g.

The transfer matrices, a commuting family of operators labeled by finite-dimensional rep-
resentations, can be described through the associated braiding operators, called R-matrices.
These R-matrices are an intrinsic part of the Yangian/quantum group structure and are

associated with a regular semisimple element Z =
∏

i z
α̌i

i . However, the case of the Gaudin
model is different: the quantum Hamiltonians can be described explicitly in terms of gen-
erators of g, and the twist parameter is an element of the Cartan subalgebra of g. The
original method of diagonalization of the transfer matrices was given by the algebraic Bethe
Ansatz, introduced in the 1970s-1980s, which became a part of the quantum inverse scat-
tering method [BIK93,Res10] and historically led to the discovery of quantum groups. The
result is a system of algebraic (Bethe) equations such that the eigenvalues of transfer ma-
trices generate functions of the roots of these Bethe equations. However, although this
method was quite successful for particular examples, it lacked universality and was too
representation specific. At the time, these qualities largely led to a lack of conceptual-level
mathematical understanding of what Bethe equations are.

The 1990s brought another approach to the algebraic Bethe Ansatz method, considering
classical and quantum Knizhnik-Zamolodchikov (qKZ) equations. These are the differen-
tial/difference equations that govern the matrix elements of intertwining operators (correla-
tion functions) for the affine algebras and their deformations discussed above. For example,
the qKZ equations for the XXZ chain appear as Ψ({qσai}) = SσΨ({ai}), where Ψ takes
values in the Hilbert space, and {ai} is the collective label for evaluation parameters for
the modules contributing to the Hilbert space. On the left-hand side of the equation, these
parameters are shifted by the integer degrees of q controlled by σ. The parameter q is
related to the central charge k and deformation parameter q as q = q−(k+h∨), where h∨ is
the dual Coxeter element of g. The operators Sσ are constructed using R-matrices and the
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twist element Z. Their limit at the critical level Sσ|k→−h∨ gives the appropriate transfer
matrices. Thus, the critical level asymptotics of the solutions of the qKZ equations lead
to the desired eigenvalue problem of the quantum Hamiltonians. The classical Knizhnik-
Zamolodchikov equation and the eigenvalue problem for the Gaudin model can be obtained
in the q → 0 limit in the Yangian case. There is also a commuting system of equations on
the twist parameter Z, i.e., Ψ({qρzi}) = MρΨ({zi}), known as the dynamical qKZ equa-
tions, which will be necessary for the following steps. The seminal work of Cherednik and
Matsuo established the relationship between solutions of the qKZ equations and the quan-
tization of multiparticle systems, showing that the eigenfunctions of quantum Hamiltonians
of an appropriate multiparticle system can be constructed from the solutions of the qKZ
equations. This can be viewed as the quantum version of the quantum/classical duality,
which we discuss in detail below.

Papers by Givental and his collaborators in the 1990s and early 2000s explicitly estab-
lished the relations between multiparticle systems and fundamental enumerative invariants
within quantum cohomology/quantum K-theoretic computations. Two key results should
be mentioned. First, Givental and Kim [GK95] showed that the quantum equivariant co-
homology ring of the complete flag variety can be interpreted as the algebra of functions
on the intersection of two Lagrangian cycles of the Toda lattice. At the same time, in the
context of quantum K-theory of complete flag varieties [GL01], J-functions, which count
Drinfeld’s version of quasimaps as weighted equivariant Euler characteristics on a quasimap
moduli space, satisfy certain difference equations, which identify these J-functions with
eigenfunctions of quantum Hamiltonians of the difference Toda (q-Toda) system. This lat-
ter result emphasized the importance of the difference equations from quantum integrable
models in enumerative problems. Second, a groundbreaking result emerged from the study
of 2D/3d gauge theories by Nekrasov and Shatashvili [NS09a,NS09b]. Their results showed
that Bethe equations for XXX and XXZ models can be interpreted as the relations in the
quantum cohomology rings of certain varieties. These varieties describe the Higgs vacua of
these theories and are well known to mathematicians as Nakajima quiver varieties [Nak99],
an example of symplectic resolutions. As it usually happens in physics, such deformed rings
emerge from counting (via indices of some elliptic operators) of particular solutions of dif-
ferential equations. In those cases, these are vortex solutions, which can be mathematically
interpreted as quasimaps to quiver varieties – these involve a collection of vector bundles
on the projective line, induced by the quiver data, as well as their sections with some extra
conditions.

At the same time, quiver varieties became well known in the context of geometric repre-
sentation theory through the work of Nakajima, Vasserot, and many others [Nak01,Vas98],
who constructed the geometric action of Yangians and quantum groups on localized equi-
variant cohomology/K-theory of quiver varieties. These spaces can be identified with tensor
products of finite-dimensional modules of the corresponding algebraic object and thus, in
our terms, with the Hilbert spaces of XXX and XXZ modules.

Combining the insights from the work of Nekrasov and Shatashvili, along with Given-
tal’s results on the importance of difference equations, and geometric representation the-
ory’s interpretations of Yangians and quantum groups, Okounkov and his collaborators
[BMO10,MO12,Oko15,OS22] found that the analog of Givental’s J-functions for quasimaps
to quiver varieties satisfy the qKZ equations. The equivariant parameters are identified with
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evaluation parameters of finite-dimensional modules, and eigenvalues {zi} of the twist ele-
ment are identified with Kähler parameters, which produce the weight parameters in curve
counting.

The proper formulation of the Nekrasov-Shatashvili conjecture implies that the eigenval-
ues of the quantum tautological classes are governed by the same asymptotics governed by
qKZ equation. That leads to the fact that the eigenvalues of the multiplication by tauto-
logical classes are the symmetric functions of Bethe roots. This was proven for Ar+1 quiver
varieties in [KPSZ21].

In general, the Bethe Ansatz equations describing the relations in the quantum K-theory
ring for quiver varieties can be summarized using the QQ-system:

ξ̃iQ
i
−(u)Q

i
+(qu)− ξiQ

i
−(qu)Q

i
+(u)

= Λi(u)
∏

j ̸=i

[−aij∏

k=1

Qj
+(q

bkiju)

]
, i = 1, . . . , r.(1.1)

This is a system of equations for Qi
+, where the index i runs through the quiver vertices,

ξi, ξ̃i are certain monomials in {z±1
i }, while bij = 1 if i > j and bij = 0, if j > i. Here, poly-

nomials Λi(u) are monic polynomials whose roots coincide with the equivariant parameters
corresponding to framing at that vertex, and polynomials Qi

−(u) are auxiliary. Assuming

certain mild non-degeneracy conditions are satisfied, the roots of Qi
+(u) coincide with Bethe

roots, and the polynomial Qi
+(u) coincides with the eigenvalues of the operator Q̂i

+(u) of

quantum multiplication by
∑r+1

k=1 u
kΛ̂kVi, where Vi are quantum tautological bundles. The

operators Q̂i
+(u) have interesting interpretations in terms of transfer matrices. In the case

of quantum groups, they are known as Baxter operators, corresponding to the infinite-
dimensional representations of the Borel subalgebra of Uq(ĝ), which uses the fact that the
R-matrix belongs to the completed tensor product of the opposite Borel subalgebras. These

representations are known as prefundamental and in the Uq(ŝl(2)) case were introduced by
Bazhanov, Lukyanov and Zamolodchikov in [BLZ99] and studied in general by Frenkel and
Hernandez [FH15,FH18] following earlier results of Jimbo and Hernandez [HJ12]. Similar
construction and the analog of the QQ-system should also exist for Yangians, with some
progress being made in [BFL+11].

Below we discuss another geometric interpretation of the QQ-system.

1.2. Twisted (LG, q), (LG, ϵ)-opers and dualities. A well-known example of the geomet-
ric Langlands correspondence, studied in [FFR94,Fre03,Fre04, FFTL10,FFR10,MTV08b,
MTV09c] can be formulated as a one-to-one correspondence between the spectrum of
Gaudin models associated with Lie algebra g and Miura LG-oper connections on a projec-
tive line with trivial monodromy, regular singularities, and double pole irregular singularity
at infinity. By LG we refer to the simply connected group associated with Lg. This allows
the following reformulation of the duality [BSZ2112] – there is a one-to-one correspon-
dence between the solutions of the differential form of the QQ-system (1.1) (obtained in the
limit q → 1) and the relevant oper connections. At the same time, assuming certain mild
non-degeneracy conditions, the solutions to this differential QQ-system are in one-to-one
correspondence with Bethe equations of Gaudin models.

This correspondence has been recently successfully deformed to the case of XXX and XXZ
models [KSZ21,FKSZ20]. Namely, there is a deformed analog of a connection, which is a
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meromorphic section A ∈ HomO(P1)(FLG,F
q
LG

), where FLG is a principal LG-bundle, Fq
LG

is a pull-back bundle with respect to either additive or multiplicative action with respect
to parameter q. The Miura oper condition is related to two reductions of FLG to FLB±

to

Borel subgroups LB±. The (
LG, q)-oper condition means that A belongs to the Coxeter cell

with respect to B−, while the Miura condition implies that A preserves FLB+
. Locally, that

means

A(v) =
r∏

i=1

gα̌i

i (v)e
Λi(v)

gi(v)
ei ,

where gi(z),Λi(z) are rational functions. The condition that A has regular singularities
means that {Λi(v)}i=1,...,r are polynomials. The zero monodromy condition and double
pole singularity at infinity are modified to the condition that the (LG, q)-oper connection
is gauge equivalent to Z ∈LH, i.e. A(v) = U(qv)ZU(v)−1.

For a q-oper connection A(v) we can associate a difference equation f(qv) = A(v)f(v)
which is a q-difference analogue of ordinary differential equations which arise in the study
of opers.

Assuming certain mild non-degeneracy conditions on the corresponding objects, we proved
[FKSZ20, KZ23b] that there is a one-to-one correspondence between nondegenerate Z-
twisted Miura (LG, q)-opers with regular singularities and the nondegenerate polynomial
solutions of the QQ-systems (1.1) for a specific choice of parameters {bkij}, associated with
Lie algebra g.

In the case of simply-laced g, the QQ-systems from [FKSZ20] are equivalent to standard
Bethe Ansatz equations. However, the non-simply laced case is more involved (see the
discussion in [FKSZ20] and in [FHR21]). In particular, given the relationship between
the QQ-systems and the Bethe Ansatz equations, one obtains the correspondence between
the space of functions on Z-twisted (LG, q)-opers with regular singularities as quantum
cohomology/quantum K-theory ring on the corresponding quivers of ADE type.

A key idea of [KZ23b], which allows proving the theorem above in full, following the
partial result in [FKSZ20] (which uses the intermediate object called the Miura-Plücker
oper and heavy non-degeneracy conditions) is to introduce the notion of (LG, q)-Wronskian:
the generalization of the q-difference version of the Wronskian matrix, which was previously
used to define (SL(r+1), q)-opers via associated bundles [KSZ21]. (LG, q)-Wronskians are
the meromorphic sections of an LG-bundle on the projective line, which satisfy a certain
q-difference equation. We establish a one-to-one correspondence between (LG, q)-opers and
(LG, q)-Wronskians in [KZ23b]. The elements of the QQ-system are identified with the
certain generalized minors of Berenstein, Fomin, and Zelevinsky [BZ97, BFZ96, FZ99] of
the (LG, q)-generalized Wronskian, while the equations of the QQ-system emerge as the
relations between the generalized minors discovered in [FZ99] which appear in the study of
double Bruhat cells in the combinatorial context of cluster algebras.

In the case of LG = SL(r + 1)-opers, the above Wronskians can be explicitly written
as determinants of matrices formed by components of a section of a line bundle and its
q-shifts. The roots of polynomials inside such (SL(r + 1), q)-Wronskian matrix provide
an alternative set of coordinates for (SL(r + 1), q)-opers. They have a special meaning.
These coordinates provide one side of the correspondence between XXX/XXZ models and
rational/trigonometric Ruijsennars-Schenider (rRS/tRS) many-body systems and offer an
example of quantum/classical duality [MTV09a, GK13,MTV12,MMR+12, ZZ17a, ZZ17b,
BLZZ16]. Namely, suppose one identifies roots of polynomials from (SL(r+1), q)-Wronskian
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with the momenta and zi parameters with the values of coordinates for the tRS/rRS system.
In that case, one obtains [KPSZ21,KZ23a] that quantum K-theory ring for quiver varieties
of type A is isomorphic to the ring of functions on the intersection of two Lagrangian cycles
in the phase of the tRS integrable system.

The importance of this construction in a larger geometric context is as follows. The
study of the so-called 3d mirror symmetry or symplectic duality is one of the central topics
in modern mathematics, despite still having a vague mathematical definition. This pursuit
aims to relate pairs of symplectic varieties, which appear as the so-called Higgs and Coulomb
branches of supersymmetric 3d quiver gauge theories with eight supercharges so that specific
collections of structures on these varieties coincide. For example, one such structure is the
spectra of quantum K-theory rings, which describe the chiral rings (holomorphic operators)
for the corresponding gauge theories. On the level of the q-difference equations discussed
above, on the dual variety, the equivariant and Kähler parameters do interchange so that
qKZ and the corresponding dynamical equations switch roles. There is no systematic theory
of the construction of such pairs, but some examples are known. The above-mentioned
quantum/classical duality leads to simple explicit formulas for the variable transformations
for the quantum K-theory ring of the quantum cotangent bundle of complete flags, explicitly
proving its self-duality on the level of quantum K-theory rings. On the integrable systems
side, this duality was long studied on the level of spectra of spin chain models and is known as
bispectral duality [MTV08a,MTV09b,ByCGK12,GK13]. In [KZ23a], we studied 3d mirror
symmetry in the case of A-type quivers and extended this construction to cyclic quivers
using techniques from [KZ23c] and ideas of string/gauge theory of [GW09a,GW09b,GK13].

In this paper we discuss various limits of this construction, first by reducing our analysis
to quantum cohomology: there the dynamical equation for the qKZ system becomes dif-
ferential. That leads to the correspondence between the trigonometric Gaudin integrable
system (from the asymptotics of the dynamical part) and XXX model (from the asymptotics
of the difference equation). On the level of many body systems that lead to the duality
between rational Ruijsenaars-Schneider (rRS) models and trigonometric Calogero-Moser
(tCM) systems, which are dual on the level of quantum/classical duality to the tGaudin
and XXX models.

The oper formulation of the related limits of the QQ-systems works as follows. The
QQ-system for the XXX model differs by replacing the multiplicative q-action with the
additive ϵ-action leading to what we call Z-twisted (G, ϵ)-opers, which is very much similar
to Z-twisted (G, q)-opers.

Whereas for the tGaudin model, the situation is different – we deal with opers as connec-
tions, however, the Z-twisted condition is imposed in a peculiar way. Instead of P1 we work
on a cylinder P1\{0,∞} so the connection will exhibit singular behavior while approaching
the boundaries. In the standard coordinates on P1 the residue of the oper connection at 0
and ∞ is equal to Z ∈ h.

One can consider a classical limit of this construction as well, which does not have an
enumerative interpretation. That leads to the quantum/classical duality between rational
Gaudin models and rational Calogero-Moser spaces, which are self-dual with respect to the
limit of symplectic/bispectral duality.

1.3. Zoo of Opers. Figure 1 combines the results on the family of opers as well as the
corresponding quantum and classical integrable systems which appear in the study of each
type of opers. In the main body of the paper, we discuss each corner of this ‘diamond’.
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Figure 1. The network of dualities between various types of opers and
related integrable systems. Short vertical lines are the quantum/classical
dualities, diagonal arrows show the double scaling limits between the models,
while dashed lines designate the action of symplectic/bispectral dualities.
The momenta p and coordinates x of the many body systems may take
values in C× or C which is displayed in the figure.

Here the acronyms stand for the following integrable systems. Classical models are
trigonometric Ruijsenaars-Schneider (tRS), rational Ruijsenaars-Schneider (rRS), trigono-
metric Calogero-Moser (tCM), rational Calogero-Moser (rCM). Meanwhile, the quantum
spin chains are referred to as XXZ, XXX – Heisenberg spin chains with and without aniso-
tropies, trigonometric and rational Gaudin models – tGaudin and rGaudin respectively. All
the above quantum systems can be solved using Bethe Ansatz.

1.4. Elliptic Integrable Systems. The 2 × 2 diamond in Figure 1 can be extended to
a 3 × 3 diamond which would include elliptic integrable models like the double elliptic
integrable system (DELL) [KS1906] as well as its degenerations – the elliptic Ruijsenaars-
Schneider system, the elliptic Calogero-Moser system, as well as their bispectral duals.
We expect to find the corresponding elliptic generalizations of the space of opers on P1

and on the elliptic curve E which will describe the space of solutions of the novel elliptic
QQ-systems. As of this writing, the bispectral dual of the DELL system is not known.

1.5. Structure of the Paper. In Section 2, we study the top and right corners of the
diamond which correspond to Z-twisted (SL(r + 1), q)-opers and (SL(r + 1), ϵ)-opers re-
spectively. Next, in Section 3, we address the bottom and right corners where differential
SL(r+1)-opers on P1 are discussed, one is gauge equivalent to constant regular semisimple
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element, another to a simple polar connection with residue given by regular semisimple
element. We call these SL(r + 1)-opers respectively as rationally Z-twisted and trigono-
metrically Z-twisted.

In both sections, we prove the respective quantum/classical dualities between the space
of opers and the QQ-systems (or the qq-systems for the differential opers). We demonstrate,
for each corner of the diamond, that the conditions for the existence of the corresponding
canonical nondegenerate opers provide the recipe to compute the Lax matrices for the
related integrable systems. In the final Section 4, we provide the algebraic description of
the Calogero-Moser space which can be used in deriving the trigonometric Ruijsenaars-
Schneider Hamiltonians. Then we consider three different double-scaling limits which will
land us on the remaining three corners of the diamond in Figure 1. We formulate the
theorems on the bispectral duality between the systems involved.

1.6. Acknowledgements. P.K. is partlially supported by the DOE under grant DOE-
SC0010008 to Rutgers and in part by the AMS-Simons travel grant. A.M.Z. is partially
supported by Simons Collaboration Grant 578501 and NSF grant DMS-2203823

2. Z-twisted (SL(r + 1), q)-opers and (SL(r + 1), ϵ)-opers with regular

singularities

In this Section we will describe the difference oper structures we will be considering in
this article. That will involve Z-twisted (SL(r + 1), q)-opers and (SL(r + 1), ϵ)-opers on
P1, both a difference versions of a connection with certain properties, related to two types
of torus action on P1: multiplicative and additive correspondingly. In the next section we
will discuss Z-twisted Miura SL(r+1) oper connections, one is again on P1, while another
considered on a punctured disk, or, as we conveniently represent it, on a cylinder.

Each of the objects in this hierarchy can be thought of as a certain double-scaling limit
of each other, which we will discuss as well.

The exposition in this section will follow [KZ21] and [KZ23c].

2.1. Miura (SL(r+ 1), q)-opers and (SL(r+ 1), ϵ)-opers. Let us consider the automor-
phisms Mq : P1 −→ P1 and Mϵ : P

1 −→ P1 sending z −→ qz, z 7→ z + ϵ, correspondingly,
where q ∈ C× and ϵ ∈ C.

In this Section, we will formulate all basic definitions for (SL(r + 1), q)-opers. The
corresponding definitions for (SL(r + 1), ϵ)-opers one obtains by replacing Mq by Mϵ.

Definition 2.1. Let U ⊂ P1 be a Zariski open dense subset and let V = U ∩M−1
q (U). A

meromorphic (GL(r+1), q)-oper on P1 is a triple (A, E,L•), where E is a vector bundle of
rank r + 1 on P1 and L• is the corresponding complete flag of the vector bundles,

Lr+1 ⊂ ... ⊂ Li+1 ⊂ Li ⊂ Li−1 ⊂ ... ⊂ L1 = E,

where Lr+1 is a line bundle, so that the meromorphic (SL(r + 1), q)-connection A ∈
HomOU

(E,Eq), where Eq is the pullback of E under Mq, satisfies the following condi-
tions:
i) A · Li ⊂ L

q
i−1,

ii) The restriction of A ∈ Hom(L•,L
q
•) to V is invertible and satisfies the condition that

the induced maps

Āi : Li/Li+1 −→ L
q
i−1/L

q
i , i = 2, . . . , r
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are isomorphisms on V .
An (SL(r + 1), q)-oper is a (GL(r + 1), q)-oper with the condition that det(A) = 1 on
U ∩M−1

q (U).

Note, that changing the trivialization of E via g(z) ∈ SL(r + 1)(z) changes A(z) by the
following q-gauge transformation

(2.1) A(z) 7→ g(qz)A(z)g(z)−1.

giving A the structure of (SL(r + 1), q)-connection.
The Definition 2.1 can be reformulated in a local form – given a section s(z) of Lr+1, the

oper condition is as follows. Consider the following determinants:

Wi(s(z)) =
s(z) ∧A(z)s(Mqz) ∧A(Mqz)A(z)s(M

2
q z) ∧ · · · ∧

( i−2∏

j=0

(A(M i−2−j
q z)

)
s(M i−1

q z)




∣∣∣∣∣
ΛiL

qi−1

r−i+2

i = 2, . . . , r + 1

(2.2)

The oper conditions are equivalent to the fact that (2.2) are nonzero.

Definition 2.2. We say that (SL(r + 1), q)-oper has regular singularities defined by the
collection of polynomials {Λi(z)}i=1,...,r when Āi is an isomorphism away from the zeros of
Λi(z) for i = 1, . . . , r.

In local terms, the regular singularities condition can be reformulated as follows:

Wk(s(z)) = P1(z) · P2(Mqz) · · ·Pk(M
k−1
q z),

Pi(z) = Λr(z)Λr−1(z) · · ·Λr−i+1(z) .(2.3)

Definition 2.3. The (SL(r+1), q)-oper is called Z − twisted if there exists g(z) ∈ SL(r+
1)(z) such that

A(z) = g(qz)Zg(z)−1,(2.4)

where Z is a diagonal element of SL(r + 1).

Definition 2.4. A Miura (SL(r+1), q)-oper is a quadruple (A, E,L•, L̂•), where (A, E,L•)

triple is (SL(r + 1), q)-oper and the complete flag L̂• of subbundles in E is preserved by
the q-connection A.

A natural question is of course how many there are Miura q-opers for a given Z-twisted
(SL(r + 1), q)-oper.

Proposition 2.5. Let Sr+1 be the symmetric group of r + 1 elements. There are exactly
(r + 1)! Miura opers for a given Z-twisted (SL(r + 1), q)-oper if Z is regular semisimple.

Trivializing the flag of bundles L̂• and choosing a standard basis e1, e2, . . . , er+1 in the
space of corresponding sections, we can express relative position between two flags L• and

L̂• using the following determinant:

(2.5) Dk(s) = e1 ∧ · · · ∧ er+1−k ∧ s(z) ∧ Z s(Mqz) ∧ · · · ∧ Zk−1s(Mk−1
q z)



10 P. KOROTEEV AND A.M. ZEITLIN

for k = 2, . . .r+1 and where s(z) is vector of polynomials with components {si(z)}i=1,...,r+1

in the basis of ei’s. The functions Dk(s) has a subset of zeroes, which coincide with those
of Wk(s)(z). The remaining zeros of Dk(s) are given by points at which the two flags fail
to be in general position. More explicitly, in matrix notation we have
(2.6)

det




1 . . . 0 s1(z) ξ1 s1(Mqz) · · · (ξ1)
k−1s1(M

k−1
q z)

...
. . .

...
...

...
. . .

...
0 . . . 1 sk(z) ξk sk(Mqz) . . . (ξk)

k−1sk(M
k−1
q z)

0 . . . 1 sk+1(z) ξk+1 sk+1(Mqz) . . . (ξk+1p)
k−1sk+1(M

k−1
q z)

...
. . .

...
...

...
. . .

...
0 . . . 0 sr+1(z) ξr+1 sr+1(Mqz) . . . (ξr+1)

k−1sr+1(M
k−1
q z)




= αkWkVk ;

Here Z = diag(ξ1, . . . , ξr+1) and

(2.7) Vk(z) =

rk∏

a=1

(z − vk,a) ,

while αk are some constants.
Since Dr+1(s) = Wr+1(s), we have Vr+1 = 1. We also set V0 = 1; this is consistent with

the fact that (2.5) also makes sense for k = 0, giving D0 = e1 ∧ · · · ∧ er+1.
We can also rewrite (2.6) as

(2.8) det
i,j

[
ξj−1
i s

(j−1)
r+1−k+i(z)

]
= βkWkVk ,

where i, j = 1, . . . , k and s
(m)
l = sl(M

m
q z).

So far, we could freely exchange Mq and Mϵ and all of the above definitions could be
used to interchange (SL(r + 1), ϵ) and (SL(r + 1), q)-opers. Now we will encounter the
differences.

2.2. (SL(r + 1), q)-opers, the QQ-system and Bethe Ansatz. The following theorem
gives the relations on the roots of Vk(z), which as we will see later, will allow to relate
(G, q)-opers to Bethe Ansatz equations. See [JV12] for earlier developments.

Theorem 2.6 ([KSZ21, KZ23c]). Polynomials {Vk(z)}k=1,...,r provide the solution to the
QQ-system

(2.9) ξi+1Q
+
i (Mqz)Q

−
i (z)− ξiQ

+
i (z)Q

−
i (Mqz) = (ξi+1 − ξi)Λi(z)Q

+
i−1(Mqz)Q

+
i+1(z) ,

so that Q+
j (z) = Vj(z). The polynomials Q+

j , Q
−
j for j = 1, . . . , r can be presented using

minors

(2.10) Q+
j (z) =

1

Fi(z)

det
(
M1,...,j

)

det
(
V1,...,j

) , Q−
j (z) =

1

Fi(z)

det
(
M1,...,j−1,j+1

)

det
(
V1,...,j−1,j+1

) ,

where Fi(z) = M i−r
q Wr−i(z),

(2.11)

Mi1,...,ij =




si1 ξi1s
(1)
i1

· · · ξj−1
i1

s
(j−1)
i1

...
...

. . .
...

sij ξijs
(1)
ij

· · · ξj−1
ij

s
(j−1)
ij


 , Vi1,...,ij =



1 qξi1 · · · qj−1ξj−1

i1
...

...
. . .

...

1 qξij · · · qj−1ξj−1
ij


 ,
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are the quantum Wronskian and the Vandermonde matrix respectively 1.

Moreover, in the case of semisimple Z, for a given Z-twisted (SL(r + 1, q))-oper, the
QQ-system description of the set of Miura opers merely corresponds to the application of
symmetric group to the set of ξi and si(z) in the context of Theorem (2.6). The system
of equations which is a union of QQ-systems for all the Miura (SL(r + 1, q))-opers for a
given Z-twisted (SL(r + 1), q)-oper, is known as a full QQ-system, which corresponds to
the relations between various minors in the Dr+1(z).

There is a way to see an algebraic relation between the roots of Q+
i (z) explicitly. Let

Λj(z) =
∏Mj

c=1(z− aj,c) and Q+
j (z) =

∏Nj

c=1(z− sj,c). Let us impose the following nondegen-

eracy condition on the roots of Q+
j (z). First of all, let us call u, v ∈ P1 to be q-distinct if

qZu∩qZv = ∅. Then if zeroes of Q+
i (z), Q

+
i±1 are q-distinct from each other and if ξ, ξi+1 are

q-distinct, we call such QQ-system and the corresponding Z-twisted Miura (SL(r + 1), q)-
oper nondegenerate.

Then we have the following theorem.

Theorem 2.7 ([FKSZ20]). The solutions of the nondegenerate SL(r+1) QQ-system (2.9)
are in one-to-one correspondence with the solutions to the following algebraic equations
between the roots of {Q+

i (z)}i=1,...,r known as the Bethe Ansatz equations for sl(n+1) XXZ
spin chain:

(2.12)
Q+

i (qsi,k)

Q+
i (q

−1si,k)

ξi
ξi+1

= −
Λi(si,k)Q

+
i+1(qsi,k)Q

+
i−1(si,k)

Λi(q−1si,k)Q
+
i+1(si,k)Q

+
i−1(q

−1si,k)
,

where i = 1, . . . , r; k = 1, . . . , r + 1i.

Following [KZ23c,KSZ21] and [KZ23b] we obtain the following theorem.

Theorem 2.8. There is a one-to-one correspondence between solutions of the QQ-system
(2.9) and Z-twisted Miura (SL(r + 1), q)-opers with regular singularities.

2.3. The tRS model and (SL(N), q)-opers. Now let us choose an interesting specific
choice of regular singularities and some nondegeneracy conditions.

Definition 2.9. We will call Z-twisted Miura (SL(r + 1, q))-oper canonical if it satisfies
the following conditions:

(1) Z is regular semisimple,
(2) deg(Dk) = k,
(3) This oper does not have regular singularities except for the roots of

(2.13) Λ(z) = Dr+1(z),

which are distinct.

Then we immediately have the following proposition.

Proposition 2.10. The polynomials {si(z)}i=1,...,r+1 describing the line bundle Lr are all
of degree one.

Without loss of generality we can assume si(z) to be monic, namely si(z) = z − pi for
some complex pi. The only relation, which determines the space of such objects is the

1We rescaled V by powers of q compared to [KSZ21] for further convenience.
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relation (2.13). We will call the space of canonical Z-twisted Miura (SL(r+ 1, q))-opers as
qOpΛZ . We can introduce the space

Fun
(
qOpΛZ

)
=

C(q, ξi, pi, ai)

Wr
,(2.14)

where Wr stands for the relation (2.13).
Using Theorem 2.7 we have the following statement.

Proposition 2.11. There is an isomorphism of algebras

(2.15) Fun
(
qOpΛZ

)
=

C(q, ξi, sk,l, ai)

Bethe
,

where Bethe stands for the relations (2.12), specialized to qOpΛZ .

Let us reformulate this algebra in a more interesting way. Let T be the tRS Lax matrix

Tij =

r+1∏
m ̸=j

(
q−1ξi − ξm

)

r+1∏
l ̸=j

(ξj − ξl)

pi , i, j = 1, . . . , r + 1 .(2.16)

Let the tRS Hamiltonians HtRS
k be the coefficients of its characteristic polynomial

(2.17) det
(
z − T

)
=

∑

k

HtRS
k (q, {ξi}, {pi})z

k

Then we can prove the following

Theorem 2.12 ([KSZ21]). There is an isomorphism of algebras

(2.18) Fun
(
qOpΛZ

)
∼=

C(q, ξi, pi, ai)(
HtRS

k = ek(a1, . . . , ar+1)
)
k=1,...,r+1

,

where a1, . . . , ar+1 are roots of polynomial Λ(z) and ek are elementary symmetric functions
of their variables.

Proof. Using Theorem 2.6 we can put j = r + 1 in (2.10)

(2.19) P (z) =
det

(
M1,...,r+1

)

det
(
V1,...,r+1

) .

Notice that

(2.20) M1,...,r+1(z) = V1,...,r+1 · z +M1,...,r+1(0) .

We can now simplify the formulae by inverting Vandermonde matrix V1,...,r+1 as follows

(2.21) P (z) = det (z − T ) ,

where

(2.22) T = −M1,...,r+1(0) ·
(
V1,...,r+1

)−1
.
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A straightforward computation leads us to the desired result. Indeed, the inverse of the
Vandermonde matrix reads

(2.23) (V −1
1,...,n)t,j = (−1)t+jq−t+1Sn−t,j(ξ1, . . . , ξr+1)

r+1∏
l ̸=j

(ξj − ξl)

,

where

Sk,j(ξ1, . . . , ξr+1) = ek(ξ1, . . . , ξj−1, ξj+1, ξr+1) ,

and

ek(ξ1, . . . , ξr+1) =

r+1∑

1≤i1≤···≤ik≤n

ξi1 · · · ξik ,

are the elementary symmetric polynomials. Then we have
(
−M ′

1,...,r+1(0)
)
ij
= ξj−1

i pi .

Thus, according to (2.22)

Tij =
r+1∑

t=1

ξt−1
i pi · (V1,...,r+1)tj

=
r+1∑

t=1

(−1)t+jq−t+1ξt−1
i Sn−t,j(ξ1, . . . , ξr+1)

r+1∏
l ̸=j

(ξj − ξl)

pi =

r+1∏
m ̸=j

(
q−1ξi − ξm

)

r+1∏
l ̸=j

(ξj − ξl)

pi ,(2.24)

which is the Lax matrix {Tij}. □

The functions HtRS
k are known as the tRS Hamiltonians.

2.3.1. Quantum/Classical Duality. Consider the tRS phase space with symplectic form

Ω =
r+1∑

i=1

dxi

xi
∧
dpi
pi

.

The Hamiltonians Hk(q, x
i, pi) are known to be mutually commuting with respect to the

Poisson bracket corresponding to Ω. Theorem 2.12 implies the following.

Corollary 2.13. (Trigonometric q-difference Quantum/Classical duality) We have the fol-
lowing isomorphisms:

C(q, ξi, sk,l, ai)

Bethe
∼= Fun

(
qOpΛZ

)
∼=

C(q, ξi, pi, ai)

{HtRS
k = ek(a1, . . . , ar+1)}k=1,...,r+1

.(2.25)

The latter space is isomorphic to the space of functions on the intersection of L1 ∩ L2 of
two Lagrangian subvarieties with respect to form Ω.

L1 = {xi = ξi}i=1,...,r+1, L2 = {HtRS
i = ei({ai})}i=1,...,r+1.(2.26)

Thus there are two equivalent descriptions of the space of trigonometrically Z-twisted
q-opers – in terms of quantum XXZ Bethe Ansatz equations and in terms of energy relations
of the classical trigonometric Ruijsenaars-Schneider model.



14 P. KOROTEEV AND A.M. ZEITLIN

2.4. (SL(r + 1), ϵ)-opers and tCM Model. So far we considered (SL(r + 1), q)-opers.
Let us now modify our constructions to (SL(r + 1), ϵ)-case. The general structure and
definitions are very similar: we will just give the definitions and propositions which are
different. We start from the correspondence between (G, ϵ)-opers and the additive analogue
of a QQ-system which we now refer to as the qQ-system.

Theorem 2.14 ([KSZ21]). Polynomials {Vk(z)}k=1,...,r provide the solution to the qQ-
system

(2.27) ξi+1Q
+
i (z + ϵ)Q−

i (z)− ξiQ
+
i (z)Q

−
i (z + ϵ) = (ξi+1 − ξi)Λi(z)Qi−1(z + ϵ)Qi+1(z) ,

so that Q+
j (z) = Vj(z) under certain nondegeneracy conditions. The polynomials Q+

j , Q
−
j

for j = 1, . . . , r + 1 can be presented using quantum Wronskians

(2.28) Q+
j (z) =

1

Fi(z)

det
(
M1,...,j

)

det
(
V1,...,j

) , Q−
j (z) =

1

Fi(z)

det
(
M1,...,j−1,j+1

)

det
(
V1,...,j−1,j+1

) ,

where Fi(z) = Wr−i(z + (i− r)ϵ) and
(2.29)

Mi1,...,ij (z) =



si1(z) ξi1si1(z + ϵ) · · · ξj−1

i1
si1(z + ϵ(j − 1))

...
...

. . .
...

sij (z) ξijsij (z + ϵ) · · · ξj−1
ij

sij (z + ϵ(j − 1))


 , Vi1,...,ij =



1 ξi1 · · · ξj−1

i1
...

...
. . .

...

1 ξij · · · ξj−1
ij


 .

Let us then discuss the analog of Bethe Ansatz equations in this case. First, let us
discuss the nondegeneracy relations on the roots of Q+

j (z). First of all, let us call u, v ∈ P1

to be ϵ-distinct if u + Zϵ ∩ v + Zϵ = ∅. Then if zeroes of Q+
i (z), Q

+
i±1 are ϵ-distinct from

each other and if ξ ̸= ξi+1, we call such qQ-system and the corresponding Z-twisted Miura
(SL(r + 1), ϵ)-oper nondegenerate.

Then we have the following theorem.

Theorem 2.15 ([FKSZ20]). The solutions of the nondegenerate SL(r+1) qQ-system (2.27)
are in one-to-one correspondence with the solutions to the following algebraic equations
between the roots of {Q+

i (z)}i=1,...,r known as the Bethe Ansatz equations for sl(n+1) XXX
spin chain:

(2.30)
Q+

i (si,k + ϵ)

Q+
i (si,k − ϵ)

ξi
ξi+1

= −
Λi(si,k) ·Q

+
i+1(si,k + ϵ) ·Q+

i−1(si,k)

Λi(si,k − ϵ) ·Q+
i+1(si,k) ·Q

+
i−1(si,k − ϵ)

,

where i = 1, . . . , r; k = 1, . . . , r+1i and Λj(z) =
∏Mj

c=1(z−aj,c) and Q+
j (z) =

∏Nj

c=1(z−sj,c).

We define the space ϵOpΛZ following Definition 2.9, replacing Mq by Mϵ so that

Fun(ϵOpΛZ) =
C(ϵ, pi, ξi, ai)

Wr
(2.31)

where the relations Wr are as follows:

(2.32) det
i,j

[
ξj−1
i sr+1−k+i(z + ϵ(j − 1))

]
= Λ(z) ,

where i, j = 1, . . . , r + 1 and si(z) = z − pi.

Theorem 2.16. There is a one-to-one correspondence between solutions of the qQ-system
(2.27) and Z-twisted Miura (SL(r + 1), ϵ)-opers with regular singularities.
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Difference operators corresponding to Miura (SL(r + 1), ϵ)-opers in the absence of twist
variables appeared in [MV05] and they were referred to as discrete Miura opers. Also, see
[MTV08a] (Theorem 6.2) where a similar statement was proven where opers were treated
as scalar difference operators.

Now let us find the connection between ϵOpZΛ with the many-body integrable model: the
trigonometric Calogero-Moser system.

Theorem 2.17. There is an isomorphism of algebras

(2.33) Fun
(
ϵOpΛZ

)
∼=

C(ϵ, ξi, pi, ai)

(HtCM
k = ek(a1, . . . , ar+1))k=1,...,r+1

,

where

(2.34) det
(
z −m

)
=

∑

k

HtCM
k (ϵ, {ξi}, {pi})z

k

such that Λ(z) =
∏r+1

i=1 (z − ai) =
∑

k z
kek(a1, . . . , ar+1) and m = {mij}i,j=1,...,r+1 is the

tCM Lax matrix:

mii = pi − ϵξi
∑

k ̸=i

1

ξi − ξk
, i = 1, . . . , r + 1,

mij =
ϵξi

ξi − ξj

∏
k ̸=i

(ξi − ξk)

∏
k ̸=j

(ξj − ξk)
i, j = 1, . . . , r + 1, i ̸= j.(2.35)

Proof. Using Theorem 2.6 we can put j = r + 1 and write

(2.36) P (z) =
det

(
M1,...,r+1

)
(z)

det
(
V1,...,r+1

) ,

where the Vandermonde matrix reads (V1,...,r+1)ij = ξj−1
i . Denote qi(z) = z − pi then

(M1,...,r+1)i,j = ξj−1
i (z − pi + (j − 1)ϵ), and we can rewrite the above equation as

(2.37) P (z) = det
(
z +M1,...,r+1(0)V

−1
1,...,r+1

)
.

A short calculation shows that

(2.38) −M1,...,r+1(0)V
−1
1,...,r+1 = m,

is precisely the Lax matrix of the trigonometric Calogero-Moser (tCM) system (2.35). In-

deed, −M1,...,r+1(0)ij = ξj−1
i pi − (j − 1)ξj−1

i ϵ. The inverse of the Vandermonde matrix
(2.29) reads

(2.39) (V −1
1,...,r+1)tj = (−1)t+j Sr+1−t,j(ξ1, . . . , ξr+1)

r+1∏
l ̸=j

(ξj − ξl)

,

Then

(2.40) mij = piδij − ϵ

r+1∑

t=1

(−1)t+j(t− 1)ξt−1
i Sr+1−t,j(ξ1, . . . , ξr+1)

r+1∏
l ̸=j

(ξj − ξl)
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In order to understand the sum in the numerator of the second term above consider the
following identity

(2.41)

r+1∏

i=1

(u− ξi) =

r+1∑

k=0

(−1)r+1−kuker+1−k(ξ1, . . . , ξr+1) ,

also, if we decide to remove ξj from the set of variables, this identity holds

(2.42)
r+1∏

i=1
i ̸=j

(u− ξi) =
r+1∑

k=0

(−1)r+1−kukSr+1−k,j(ξ1, . . . , ξr+1) .

Now let us differentiate both parts of the above equation with respect to u

r+1∑

l=1

r+1∏

m=1
m ̸=l,j

(u− ξm) =
r∑

k=0

(−1)r+1−kk uk−1Sr+1−k,j(ξ1, . . . , ξr+1)

= u−1
r∑

k=1

(−1)r−k(k − 1)uk−1Sr+1−k,j(ξ1, . . . , ξr+1) .(2.43)

Then, after substituting u = ξi we get

(2.44)
r∑

k=1

(−1)r−k(k − 1) ξk−1
i Sr+1−k,j(ξ1, . . . , ξr+1) = ξi

r+1∑

l=1

r+1∏

m=1
m ̸=l,j

(ξi − ξm) .

Now if i = j then the expression in the right hand side contains r terms and reads
ξi
∑r+1

l=1

∏r+1
m=1
m ̸=l,i

(ξi − ξm). Whereas, for i ̸= j, only one term is nonzero ξi
∏r+1

m=1
m ̸=i,j

(ξi − ξm).

Combining the results together we obtain (2.35). □

The functions Hk are known as the tCM Hamiltonians.
Let us reformulate now the statement about the quantum/classical duality in this case.

The functions Hk are known as the tCM Hamiltonians. Consider the tRS phase space with
symplectic form

Ω =
r+1∑

i=1

dxi

xi
∧
dpi
pi

.

HtCM
k (ϵ, xi, pi) are known to be mutually commuting with respect to the Poisson bracket

corresponding to Ω. Let us reformulate now the statement about the quantum/classical
duality in this case, which is the analog of Corollary 2.13. To do that let us combine
Theorems 2.7, 2.17.

Corollary 2.18. (Trigonometric ϵ-difference Quantum/Classical duality) We have the fol-
lowing isomorphisms:

C(ϵ, ξi, sk,l, ai)

Bethe
∼= Fun

(
ϵOpΛZ

)
∼=

C(ϵ, ξi, pi, ai)

{HtCM
k = ek(a1, . . . , ar+1)}k=1,...,r+1

,(2.45)

where Bethe stands for equations (2.30). The latter space is isomorphic to the space of
functions on the intersection L1 ∩ L2 of two Lagrangian subvarieties:

L1 = {xi = ξi}i=1,...,r+1, L2 = {HtCM
i = ei({ai})}i=1,...,r+1.(2.46)
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3. SL(r + 1)-Opers with Regular Singularities: Rational and Trigonometric

Z-Twists

Let us review the definition of SL(r + 1)-opers (see [KSZ21]). In this paper, we give a
complete local description, which was omitted in [KSZ21].

Definition 3.1. A GL(r+1)-oper on P1 is a triple (E,∇,L•), where E is a rank r+1 vector
bundle on P1, ∇ : E −→ E ⊗K is a connection, and L• is a complete flag of subbundles
such that ∇ maps Li into Li+1 ⊗K and the induced maps ∇̄i : Li/Li+1 −→ Li−1/Li ⊗K
are isomorphisms for i = 1, . . . , r. The triple is called an SL(r + 1)-oper if the structure
group of the flat GL(r + 1)-bundle may be reduced to SL(r + 1).

Similarly to the difference case one can describe it using a local section of Lr+1 Indeed if
s is a section of Lr+1, for i = 1, . . . , r + 1, let us denote

(3.1) Wi(s)(z) =
(
s(z) ∧∇zs(z) ∧ · · · ∧ ∇i−1

z s(z)
)∣∣

ΛiLi

for i = 2, . . . , r+1. Then (E,∇,L•) is an oper if and only if for each z, there exists a local
section of Lr+1 for which Wi(s)(z) ̸= 0 for all i.

The isomorphism condition needs to be relaxed to allow the oper to have regular singu-
larities.

Definition 3.2. We say that an SL(r + 1)-oper has regular singularities defined by the
collection of polynomials {Λi(z)}i=1,...,r when ∇̄i is an isomorphism away from zeroes of
Λi(z) for i = 1, . . . , r.

Thus we have

Wk(s(z)) = P1(z) · P2(z) · · ·Pk(z), Pi(z) = Λr(z)Λr−1(z) · · ·Λr−i+1(z) .(3.2)

Let us introduce the following notation for the roots of polynomials of Λj :

Λj(z) = cj

M∏

m

(ζ − am)l
j
m .(3.3)

where ljm stands for the multiplicities of roots am.

Definition 3.3. AMiura oper with regular singularities is a quadruple (E,∇,L•, L̂•) where

(E,∇,L•) is an oper with regular singularities and L̂• is a complete flag of subbundles
preserved by ∇.

Now we give two versions of Z-twisted condition.

Definition 3.4. We call SL(r+1)-oper rationally Z-twisted, if the corresponding connection
is gauge equivalent to the constant diagonal element Z ∈ sl(r + 1):

∇z = v(z)(∂z + Z)v(z)−1,(3.4)

where v(z) ∈ sl(r + 1)(z).

Let us make the coordinate transformation z = ew, where w is identified with w + 2πi,
i.e. the coordinate on the infinite cylinder.

Definition 3.5. We call SL(r + 1) oper with regular singularities trigonometrically Z-
twisted, if the corresponding connection is gauge equivalent to a simple polar term:

∇z = v(z)
(
∂z +

Z

z

)
v(z)−1,(3.5)
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where v(z) ∈ SL(r + 1)(z) and Z is a Cartan element of SL(r + 1).

Note, that in the trigonometric case, the oper connection has a nontrivial monodromy
equal to e2πZ around zero on P1. To see that one should pass to the coordinate on a cylinder:
z = eζ , then

∇ζ = v
(
eζ
)
(∂ζ + Z)v

(
eζ
)−1

,(3.6)

That justifies the name ‘trigonometric’ since Z-twist is similar to a standard rational case,
but we are working over the space of hyperbolic functions of ζ.

In both cases the following theorem is true.

Proposition 3.6 ([BSZ2112]). There are exactly (r+1)! Miura opers for a given Z-twisted
SL(r + 1)-oper if Z is regular semisimple.

Remark 3.7. This theorem was proven in [BSZ2112] for a rational twist. However, it is
straightforward to generalize it to the trigonometric case.

In the next subsection, we study in detail the rationally Z-twisted Miura SL(r+1)-opers
with regular singularities and after that the trigonometric case.

3.1. Rationally Z-twisted Miura SL(r + 1)-opers and qq-systems. Given a Miura

oper, choose a trivialization of E on P1 such that L̂• is generated by the ordered basis
e1, . . . , er+1, while ∇z = ∂z + Z, where Z = diag(γ1, . . . , γr+1). If s is a section generating
Lr+1 then for i = 1, . . . , r + 1 we get:

(3.7) Di(s)(z) = e1 ∧ · · · ∧ er+1−i ∧ s(z) ∧ (∂z + Z)s(z) ∧ · · · ∧ (∂z + Z)i−1s(z).

Then rationally Z-twisted Miura oper condition can be written as

det




1 . . . 0 s1(z) (γ1 + ∂z)s1(z) · · · (γ1 + ∂z)
k−1s1(z)

...
. . .

...
...

...
. . .

...
0 . . . 1 sr+1−k(z) (γn−k + ∂z)sr+1−k(z) . . . (γ1 + ∂z)

k−1sr+1−k(z)
0 . . . 0 sr−k+2(z) (γn−k+1 + ∂z)sr−k+2(z) . . . (γr−k+2 + ∂z)

k−1sr−k+2(z)
...

. . .
...

...
...

. . .
...

0 . . . 0 sr+1(z) (γN + ∂ζ)sr+1(z) · · · (γr+1 + ∂z)
k−1(z)




=

βkWk(z)Vk(z) ,

so that the roots of the polynomials V(z) correspond to the points when flags L• and L̂•

are in non-generic position and Wk(z) satisfy

(3.8) det
i,j

[
(γn−k+i + ∂ζ)

j−1sn−k+i(ζ)
]
= βkWk(ζ) ,

where i, j = 1, . . . , k,
Clearly, we want to repeat the same steps, i.e. find the relations satisfied by suitably

normalized polynomials Vk. Let us study the minors Di(s)(z) in detail. We start from the
following definition.

Definition 3.8. Let si(z) be n − 1 times differentiable functions, let ∇i = ∂ζ + γi. The
Z-twisted Wronskian of functions s1, . . . sr+1 is given by

(3.9) W
γ1,...,γr+1

r+1 (s1, . . . sr+1) =




s1 ∇1s1 · · · ∇r
1s1

...
...

. . .
...

sn ∇r+1sr+1 · · · ∇r
r+1sr+1 .



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Remark 3.9. Notice that the twisted Wronskian can be obtained by replacing the derivative

∂z 7→ e−Zz∂ze
Zz in the regular (untwisted) Wronskian W = det(∂j−1

z si), where matrix Z
acts on the column vectors (1, 0 . . . , 0), . . . , (0, . . . , 0, 1) and with eigenvalues γ1, . . . , γr+1.
This fact justifies the adjective twisted in the name.

Let us prove some combinatorial lemmas (see Appendix A of [MV02] for the untwisted
version γi = 0).

Lemma 3.10. Let s2, . . . sn be differentiable functions of z, then

(3.10) W γ1,γ2,...,γn
n (e−γ1z, s2, . . . sn) = e−γ1zW γ2,...,γn

n−1 (∇2s2, . . . ,∇nsn)

Proof. Obvious, since ∇1e
−γ1z = (∂z + γ1)e

−γ1z = 0. □

Lemma 3.11. Let s1, . . . sn be differentiable functions of z, then

(3.11) W γ1,...,γn
n (fs1, . . . fsn) = fn ·W γ1,...,γn

n (s1, . . . , sn)

Proof. We proceed by induction. The base case n = 1 is obvious. Suppose the lemma is
true for n = n0 − 1. Let us compare the following differential equations on function s1

(3.12) W
γ1,...,γn0
n0 (fs1, . . . fsn0) = 0 , vs W

γ1,...,γn0
n0 (s1, . . . sn0) = 0 .

Both have functions s2, . . . , sn0 as solutions therefore they coincide up to multiplication

by a function. One can see that the coefficients of s
(n0−1)
1 differ by fn0 by the induction

hypothesis. □

Finally, we will formulate the bilinear relations for twisted Wronskians, which we wanted
to find.

Lemma 3.12.

W
γn,γn+1

2

(
W γ1,...,γn

n (s1, . . . , sn),W
γ1,...,γn−1,γn+1
n (s1, . . . , sn−1, sn+1)

)

= W
γ1,...,γn−1

n−1 (s1, . . . , sn−1)W
γ1,...,γn+1

n+1 (s1, . . . , sn+1)(3.13)

Proof. Again we shall proceed by induction. The base case n = 1 is obvious. Suppose the
statement holds for n = n0 − 1.

Let us divide both sides of the equation for n = n0 by s2n0
1 e2n0γ1z and use Lemma 3.11

to carry it into the Wronskians. Then one of the functions in each Wronskian will be
e−γ1z. Using Lemma 3.10 we reduce the equation to the inductive assumption where the
Wronskians are calculated for functions gi = ∇i(e

−γ1zsi/s1). □

Now, let us introduce the slr+1 qq-system [MV02, JV12, BSZ2112]. It is the following
system of equations

(3.14) q+i (z)∂zq
−
i (z)− q−i (z)∂zq

+
i (z) + (γi+1 − γi)q

+
i (z)q

−
i (z) = Λi(z)q

+
j−1(z)q

+
j+1(z)

We can rewrite (3.14) in terms of twisted Wronskians:

(3.15) W
γi,γi+1

2 (q+i , q
−
i )(z) = Λi(ζ)q

i−1
+ (ζ)qi+1

+ (z) .

Lemma 3.13. The system of equations (3.15) is equivalent to the following set of equations

(3.16) W i,i+1
2 (d+i , d

−
i )(z) = (γi+1 − γi)(d

i−1
+ · di+1

+ )(z) .

where d+i (z) = Fiq
+
i (ζ) and d−i (z) =

Fiq
+
i (z)

γi+1−γi
, where functions Fi satisfy

(3.17) Λi(ζ) =
Fi−1Fi+1

F 2
i

.
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Proof. We can easilty check that the condition (3.17) is satisfied provided that Fi(ζ) =
Wr−i(ζ). □

For G = SL(r+1) the following theorem can be formulated analogously to Theorem 2.6
and can be proven in a similar way.

Theorem 3.14. Polynomials {Vk(ζ)}k=1,...,r from (3.8) give the solution to the qq-system

(3.14) so that Vk(ζ) = q+k (ζ) in the presence of nondegeneracy conditions described above.

The polynomials d+j , d
−
j for j = 1, . . . , r + 1, which satisfy the dd-system (3.16), can be

presented using twisted Wronskians as follows

(3.18) d+j (u) =
W 1,...,j

j (s1, . . . , sj)

det
(
V1,...,j

) , d−j (u) =
W 1,...,j−1,j+1

j (s1, . . . , sj−1, sj+1)

det
(
V1,...,j−1,j+1

) ,

where

(3.19) Vi1,...,ij =




1 γi1 · · · γj−1
i1

...
...

. . .
...

1 γij · · · γj−1
ij


 ,

is a Vandermonde matrix.

Proof. The proof follows by direct substitutions of (3.18) into (3.16) and then applying
Lemma 3.12. □

The algebraic relations between the roots of q+i (z) (and therefore, d±i (z)) can be expressed

explicitly, once some nondegeneracy conditions are imposed. Let Λj(z) =
∏Mj

c=1(z−aj,c) and

q+j (z) =
∏Nj

c=1(z − sj,c). The nondegeneracy condition on the roots of q+j (z) is as follows.

If zeroes of q+i (z), q
+
i±1 are distinct from each other and if Z is regular semisimple, we call

such qq-system and the corresponding Z-twisted Miura SL(r + 1)-oper nondegenerate.
Then we have the following theorem.

Theorem 3.15. The solutions of the nondegenerate sl(r+ 1) qq-system (3.14) are in one-
to-one correspondence with the solutions to the following algebraic equations between the
roots of {q+i (z)}i=1,...,r known as the Bethe Ansatz equations for rational sl(r + 1) Gaudin
model:

(3.20) γi+1 − γi −
∑

(j,b) ̸=(i,a)

aij
si,a − sj,b

+

Mi∑

c=1

1

si,a − ai,c
= 0 ,

for i = 1, . . . , r + 1, where aij is the Cartan matrix of sl(r + 1).

In the nondegenerate case, the following theorem is true.

Theorem 3.16 ([BSZ2112]). There is a one-to-one correspondence between the set of non-
degenerate Z-twisted Miura SL(r + 1) opers and the set of nondegenerate polynomial solu-
tions of the qq-system (3.14).

Again, as in the difference case for a semisimple Z and a given Z-twisted SL(r+1)-oper,
the qq-system description of the set of Miura opers just corresponds to the application of
symmetric group to the set of γi and si(z) in the context of Theorem 3.14. The system
of equations which is a union of QQ-systems for all the Miura (SL(r + 1), q)-opers for a
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given Z-twisted (SL(r + 1), q)-oper, is known as a full QQ-system, which corresponds to
the relations between various minors in the Dr+1(z).

3.2. Rationally Z-twisted SL(r + 1)-opers and the rCM model. Now let us define
the canonical space of opers as we did for the q-opers

Definition 3.17. We will call rationally Z-twisted Miura SL(r + 1)-oper canonical if it
satisfies the following conditions:

(1) Z is regular semisimple,
(2) deg(Dk) = k,
(3) This oper does not have regular singularities except for the roots of

(3.21) Λ(z) = Dr+1(z),

which are distinct.

Again, it follows that

Proposition 3.18. Consider a canonical SL(r + 1)-oper (A,E,L•). Let the line subbun-
dle in the complete flag L• be locally described as Lr = Span(s1, . . . , sr+1)(z). Then the
polynomials si(z) are of degree one.

Again,without loss of generality we can assume si(z) to be monic, i.e. s(z) = z − pi, so
that the only relation, which determines the space of such objects is the relation (3.21). We
will call the space of canonical Z-twisted Miura SL(r+1)-opers as rOpΛZ . We can introduce
the space

Fun
(
rOpΛZ

)
=

C(γi, pi, ai)

Wr
,(3.22)

where Wr stands for the relation (3.21) and {ai}i=1,...,r+1 are the roots of Λ.
Using Theorem 3.15 we have the following statement.

Proposition 3.19. There is an isomorphism of algebras

(3.23) Fun
(
rOpΛZ

)
=

C(γi, sk,l, ai)

Bethe
,

where Bethe stands for the relations (3.20).

Now let us look at the structure of twisted Wronskian, which governs rOpΛZ Since all
derivatives of si(z) starting from the second one are trivial, equation (3.21) reads

(3.24) det
i,j

[
zγj−1

i − piγ
j−1
i + (j − 1)γj−2

i

]
= c

r+1∏

i=1

(z − ai) ,

where Λ(z) = c
∏r+1

i=1 (z − ai).
Thus we have the following theorem

Theorem 3.20. There is an isomorphism of algebras

(3.25) Fun
(
rOpΛZ

)
∼=

C(γi, pi, ai)

{HrCM
k = ek(a1, . . . , ar+1)}k=1,...,r

,

where

(3.26) det
(
z − t

)
=

∑

k

HrCM
k ({ξi}, {pi})z

k
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where t is the rCM Lax matrix {tij}i,j=1,...,r+1:

tii = pi −
∑

j ̸=i

1

γi − γj
,

tij =
1

γi − γj
·

∏
k ̸=j(γi − γk)∏
l ̸=i(γj − γl)

, i, j = 1, . . . , r + 1; i ̸= j.(3.27)

Proof. The Lax matrix can be computed analogously to (2.37)

(3.28) t = −M(0)1,...,r+1 · V
−1
1,...,r+1 ,

where (M(0)1,...,r+1)ij = −piγ
j−1
i + (j − 1)γj−2

i , for i, j = 1, . . . , r and (V1,...,r+1)ij = γj−1
i

is the Vandermonde matrix. Carrying out the matrix multiplication we obtain

(3.29) tij = piδij −
r+1∑

t=1

(−1)t+j(t− 1)γt−2
i Sr+1−t,j(γ1, . . . , γr+1)

r+1∏
l ̸=j

(γj − γl)

.

Proceeding by analogy with the proof of Theorem 2.17 we get the diagonal components

(3.30) tii = pi −
∑

j ̸=i

1

γi − γj
,

and the off-diagonal components

(3.31) tij =
1

γi − γj
·

∏
k ̸=j(γi − γk)∏
l ̸=i(γj − γl)

of the rational Calogero-Moser Lax matrix. □

Thus we again obtain the relation on the oper space, now of rOpZΛ to many-body system:
the functions HrCM

k are known as rCM Hamiltonians. Considering the phase space with

symplectic form Ω =
∑r+1

i=1
dxi

xi ∧ dpi
pi
, one finds that HrCM

k (xi, pi) are mutually commuting

with respect to the Poisson bracket corresponding to Ω. Thus Theorem 3.20 implies the
following.

Corollary 3.21. (Rational differential Quantum/Classical duality) We have the following
isomorphisms:

C(γi, sk,l, ai)

Bethe
∼= Fun

(
rOpΛZ

)
∼=

C(γi, pi, ai)

(HrCM
k = ek(a1, . . . , ar+1))k=1,...,r

,(3.32)

where the latter space can be thought of as the space of functions on the intersection L1∩L2

of two Lagrangian subvarieties:

L1 = {xi = ξi}i=1,...,r+1, L2 = {HtCM
i = ei({ai})}i=1,...,r+1.(3.33)

3.3. Trigonometrically twisted SL(r+1)-opers, trigonometric Gaudin system and

rRS Model. Let us now characterize what happens in the case of trigonometric twist. For
the sake of calculations, and for generalizations of most formulas, one can switch to the
variable ζ on a cylinder. In these terms, local sections are parametrized as si(z) = si(e

ζ),
while the twisted Wronskians have the form:

(3.34) Di(s)(z) = e1 ∧ · · · ∧ er+1−i ∧ s(z) ∧ (∂ζ + Z)s(eζ) ∧ · · · ∧ (∂z + Z)i−1s(eζ).
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The related qqt-system is as follows2:

(3.35) q+i (e
ζ)∂ζq

−
i (e

ζ)−q−i (e
ζ)∂ζq

+
i (e

ζ)+(γi−γi+1)q
+
i (e

ζ)q−i (e
ζ) = Λi(e

ζ)q+j−1(e
ζ)q+j+1(e

ζ)

where q±(z) are polynomials related to the twisted Wronskians (3.34) in the same way as
in Theorem 3.14.

One obtains the following result, which is a direct analog of Theorem 3.16. Using non-
degeneracy conditions as in the rational case, we obtain:

Theorem 3.22. There is a one-to-one correspondence between the set of nondegenerate
Z-twisted Miura SL(r + 1) opers and the set of nondegenerate polynomial solutions of the
qqt-system (3.35).

The explicit relation between the roots of qi+(z) in this nondegenerate case can be sum-
marized in the following statement.

Theorem 3.23. There is a bijection between the nondegenerate solutions of the trigono-
metric Gaudin Bethe Ansatz equations

(3.36)
γi+1 − γi

si,a
−

∑

(j,b) ̸=(i,a)

aij
si,a − sj,b

+

Mi∑

c=1

1

si,a − ai,c
= 0

for i = 1, . . . , r + 1, where aji is the Cartan matrix, and the nondegenerate polynomial

solutions of the qqt-system (3.35). where Λj(z) =
∏Mj

c=1(z−aj,c) and q+j (z) =
∏Nj

c=1(z−sj,c)

Proof. Notice that
(3.37)

∂ζ

[
e(γi+1−γi)ζ

q−i (e
ζ)

q+i (e
ζ)

]
=

e(γi+1−γi)ζ

q+i (e
ζ)2

(
(γi+1 − γi)q

+
i (e

ζ)q−i (e
ζ) + q+i (e

ζ)∂ζq
−
i (e

ζ)− q−i (e
ζ)∂ζq

+
i (e

ζ)
)
,

where in the right-hand side above in the parentheses we can find the left-hand side of the
qqt-equations (3.35). Recall that a meromorphic function f(u) with a double pole at v

does not have a residue iff ∂u log(f(u)(u− v)2)|u=v = 0. Let Λj(e
ζ) =

∏Mj

c=1(e
ζ − aj,c) and

q+j (e
ζ) =

∏Nj

c=1(e
ζ − sj,c). Therefore, using (3.35), we can write the following

∂ζ log


e(γi+1−γi)ζq+i (e

ζ)−2Λi(e
ζ)
∏

j ̸=i

[
q+j (e

ζ)
]−aji

(eζ − si,a)
2



∣∣∣∣∣
eζ=si,b

= γi+1 − γi + ∂ζ log


Λi(e

ζ)
∏

j

[
q+j (e

ζ)
]−aji

(eζ − si,a)
2



∣∣∣∣∣
eζ=si,b

= 0 ,(3.38)

where we also used aii = 2. The calculation of the logarithmic derivative yields

(3.39) γi+1 − γi +

Mi∑

c=1

si,b
si,b − ai,c

− si,b ·
∑

(j,c) ̸=(i,b)

aij
si,b − sj,c

= 0 ,

which is equivalent to (3.36). □

2The superscript t stands for ‘trigonometric’ since the dependence of the variables now involved exponents.
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Finally, let us define the spaces and the space of functions on them tOpZΛ , Fun(tOpZΛ)
in exactly the same way we did it with rOpZΛ , Fun(rOpZΛ) except that rational Z-twist
condition is replaced by the trigonometric one. This means that

Fun
(
tOpΛZ

)
=

C(γi, pi, ai)

Wr
,(3.40)

where the relation Wr stands for:

(3.41) det
i,j

[
eζ(1 + γi)

j−1 − piγ
j−1
i

]
= Λ(z),

Proceeding analogously to the previous section we arrive at the following theorem

Theorem 3.24. There is an isomorphism of algebras

(3.42) Fun
(
tOpΛZ

)
∼=

C(γi, pi, ai)

{HrRS
k = ek(a1, . . . , ar+1)}k=1,...,r

,

where

(3.43) det
(
z − t

)
=

∑

k

HrRS
k ({ξi}, {pi})z

k

where t is the rRS Lax matrix {tij}i,j=1,...,r+1:

tij =
∑

k

piγ
k−1
i · (−1)kj

Sr−k,j(1 + γ1, . . . , 1 + γr)
r+1∏
l ̸=j

(γj − γl)

=

r+1∏
m ̸=j

(γi − γm − 1 )

r+1∏
l ̸=j

(γj − γl)

pi ,(3.44)

Proof. The proof goes along the lines of the proof of Theorem 2.12 where for the Van-
dermonde matrix we need to use (V1,...,r)ij = (1 + γi)

j−1. The resulting rRS Lax matrix

reads

(3.45) tij = −M1,...,r(−∞) · V −1
1,...,r ,

where (M1,...,r)ij = eζ(1 + γi)
j−1 − piγ

j−1
i and we take (V1,...,r+1)ij = (1 + γi)

j−1 for the

Vandermonde matrix and βr+1 = detV1,...,r+1. Performing matrix multiplication as in the
proof of Theorem 2.12 we obtain the following

tij =
∑

k

piγ
k−1
i · (−1)kj

Sr−k,j(1 + γ1, . . . , 1 + γr)
r+1∏
l ̸=j

(γj − γl)

=

r+1∏
m ̸=j

(γi − γm − 1 )

r+1∏
l ̸=j

(γj − γl)

pi ,(3.46)

which is the Lax matrix for the rational Ruijsenaars-Schneider model. □

Thus we arrive to the following statement.
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Corollary 3.25. (Rational differential Quantum/Classical duality) We have the following
isomorphisms:

C(γi, sk,l, ai)

Bethe
∼= Fun

(
tOpΛZ

)
∼=

C(γi, pi, ai)

(HrRS
k = ek(a1, . . . , ar+1))k=1,...,r

,(3.47)

where in the first term Bethe stands for the trigonometric Gaudin Bethe equations from
(3.36) specified for tOpZΛ and the latter space can be thought of as the space of functions on
the intersection L1 ∩ L2 of two Lagrangian subvarieties:

L1 = {xi = ξi}i=1,...,r+1, L2 = {HrRS
i = ei({ai})}i=1,...,r+1.(3.48)

4. The Calogero-Moser Space and its Dualities

4.1. The tRS Model. Consider the subset of GL(r+ 1;C)×GL(r+ 1;C)×Cr+1 ×Cr+1

defined by the relation

(4.1) qMT − TM = u⊗ vT ,

which is subject to the group action

(4.2) (M,T, u, v) 7→ (gMg−1, gTg−1, gu, vg−1), g ∈ GL(r + 1;C) .

The quotient of the subset by this action yields the Calogero-Moser space M [Obl04].
Solutions of (4.1) for T (or M) in the basis where M (or T ) is diagonal lead to tRS Lax

matrices. Here we discuss limiting cases of tRS into rRS and tCM.

The Lax matrix for the tRS matrix can be constructed as follows.

Lemma 4.1 ([KZ23a]). Let M and T satisfy (4.1). In the basis where M is a diagonal
matrix with eigenvalues ξ1, . . . , ξr+1 the components of matrix T are given by the following
expression:

(4.3) Tij =
uivj

qξi − ξj
.

One can define the tRS momenta pi, i = 1, . . . , r + 1 using the diagonal components as
follows:

(4.4) pi = −uivi

∏
k ̸=i

(ξi − ξk)

∏
k

(ξi − ξkq)
.

Using the above formula we can represent the components of matrix T (4.3) by properly
scaling vectors u and v:

(4.5) Tji =
ξj(1− q)

ξj − ξiq

∏

k ̸=j

ξj − ξkq

ξj − ξk
pj =

∏
k ̸=i

(ξj − ξkq)

∏
k ̸=j

(ξj − ξk)
pj .

Matrix T (4.5) is known as the Lax matrix of the tRS model [Rui95] (see also [GN95,
FGNR00]).

The coefficients of the characteristic polynomial of the Lax matrix are the tRS Hamilto-
nians Hk

(4.6) det (z − T (ξi, pi, q)) =
r+1∑

k=0

(−1)lHk(ξi, pi, q)
n−k ,
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The corresponding tRS integrals of motion can be obtained by equating the above char-
acteristic polynomials to

∏
i(z − ai)

(4.7)
∑

I⊂{1,...,L}
|I|=k

∏

i∈I
j /∈I

q ξi − ξj
ξi − ξj

∏

m∈I

pm = ek(ai) ,

where ek is the kth elementary symmetric function.

4.1.1. 3d mirror Symmetry. The defining relation (4.1) is invariant under the following
symmetry

(4.8) q 7→ q−1 , M 7→ T , T 7→ M .

It was shown in [GK13,KZ23a] that this symmetry is related to the 3d mirror symmetry of
the dual quiver varieties. Indeed, under the quantum/classical duality the eigenvalues of M
are related to the maximal torus parameters ai while the eigenvalues of T yield the Kähler
parameters zi for the underlying quiver variety. The 3d mirror symmetry interchanges the
two sets and in addition, inverts the parameter q which describes dilations of the cotangent
directions.

Let us perform the 3d mirror map (4.8) upon which the twist and singularity parameters
{ai} and {ξi} are interchanged as well as q is replaced with q−1. Since the relation (4.1) is
invariant under this map we have the following

Proposition 4.2. The following algebras are isomorphic

C(q, ξi, pi, ai)

(HtRS
k = ek(a1, . . . , ar+1))k=1,...,r+1

∼=
C(q−1, ai, p

′
i, ξi)

(H ′tRS
k = ek(ξ1, . . . , ξr+1))k=1,...,r+1

(4.9)

Here the dual Hamiltoninas H ′tRS
k are obtained from the 3d mirror dual Lax matrix M and

are given by

(4.10) H ′tRS
k =

∑

I⊂{1,...,L}
|I|=k

∏

i∈I
j /∈I

q−1 ai − aj
ai − aj

∏

m∈I

p′m .

Let us define dual twist parameters Z ′ = diag(a1, . . . , ar+1) as well as singularities in the

dual frame given by polynomial Λ′(z) =
∏r+1

i=1 (z − ξi). These data describe the space of

dual q-opers Fun
(
qOpΛ

′

Z′

)
.

Using Corollary 2.13 as well as the above proposition we obtain the following statement

Theorem 4.3. The space of canonical trigonometrically-twisted q-opers on P1 is self-dual,
namely:

Fun
(
qOpΛ

′

Z′

)
∼= Fun

(
qOpΛZ) .(4.11)

The limiting cases of the rRS, tCM models, as we shall see below, can also be related to
each other via the 3d mirror symmetry, since they can be obtained as dual limits of (4.1).
Finally, the rRS model, which is at the bottom of the hierarchy, is self-dual under 3d mirror
symmetry as it can be obtained in two different limits from the rRS and from the tCM
models.
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4.2. The tCM Model. Let M be the matrix exponent M = exp(Rm) and q = eRϵ. Then
we send R → 0 to get from (4.1)

(4.12) [m,T ] + ϵT = ũ⊗ ṽT ,

where we scaled u, v by R.
In the basis where T = diag(ζ1, . . . , ζr+1) matrix m becomes the Lax matrix of the tCM

model. This works as follows. The diagonal components of the Lax matrix read ϵζi = ũiṽi.
Then the off-diagonal components of m are

(4.13) mij =
ũiṽj

ζi − ζj
,

while the diagonal components of m will contain the tCM momenta

(4.14) mii = pi + ϵ
∑

j ̸=i

ζi + ζj
ζi − ζj

.

The choice of vector ṽj in (4.13) is given by ṽj =
∏

k ̸=j(ζj − ζk)
−1

mij =
ϵζi

ζi − ζj

ṽj
ṽi

=
ϵζi

ζi − ζj

∏
k ̸=i

(ζi − ζk)

∏
k ̸=j

(ζj − ζk)
,

which matches (2.35).

4.3. The rRS Model. Now consider (4.12) and matrix m to be diagonal with eigenvalues
γ1, . . . , γN . In this case matrix T becomes the Lax matrix of the rational Ruijsenaars-
Schneider model. Its matrix elements are

(4.15) Tij =
uivj

γi − γj + ϵ

and the rRS momenta can be defined via the diagonal components as a limit from (4.4)

(4.16) uivi = −pi

r+1∏
k=1

(γi − γk − ϵ)

r+1∏
k ̸=i

(γi − γk)

.

In other words, the Lax matrix, after setting vj = 1 for all j, becomes

(4.17) Tij =

r+1∏
k ̸=j

(γi − γk − ϵ)

r+1∏
k ̸=i

(γi − γk)

pi ,

which coinsides with (3.44) up to rescaling by ϵ.

There is an equivalence between the rRS and the tCM models since their Lax matrices
can be found from the diagonalization of (4.12) T and m respectively.

Proposition 4.4. The following algebras are isomorphic:

C(γi, pi, ai)

(HrRS
k = ek(a1, . . . , ar+1))k=1,...,r+1

∼=
C(ai, p

′
i, γi)

(HtCM
k = ek(ξ1, . . . , ξr+1))k=1,...,r+1

.(4.18)
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Notice that parameter ϵ can be removed completely from (4.12) by scaling m and the
right-hand side. That is why it did not appear in the algebras in the above Proposition.
We nevertheless keep ϵ manifest in this section in order to be able to take the limit to the
rational Calogero-Moser system below.

Using Corollaries 2.18 and 3.25 we can prove the following

Theorem 4.5. There is a one-to-one correspondence between the space of canonical trigono-
metrically Z-twisted opers on P1 and the space of canonical rationally Z ′-twisted ϵ-opers on
P1

(4.19) Fun
(
tOpΛZ

)
(C(ϵ)) ∼= Fun

(
ϵOpΛ

′

Z′

)
,

where the singularities in the above spaces are defined using polynomials Λ(z) =
∏r+1

i=1 (z−γi)

and Λ′(z) =
∏r+1

i=1 (z − ai) respectively.

4.4. The rCM Model. Let T be the matrix exponent T = exp ϵt. Then we send ϵ −→ 0
to get from (4.12) in the first order in ϵ

(4.20) [m, t] + 1 = u′ ⊗ v′ ,

for some vectors u′ and v′. In the basis wherem = diag(m1, . . . ,mr+1) the diagonal elements
of the left hand side vanish, thus u′iv

′
i = 1 whereas the off-diagonal elements of t read

(4.21) tij =
u′iv

′
j

mi −mj
.

We can set

(4.22) u′i =
∏

k ̸=j

(αi − αk) , v′j =
∏

l ̸=i

(αj − αl)
−1

in order to match the expression with (3.27). The diagonal components can be obtained by
taking the limit from (4.16)

(4.23) tii = Pi −
∑

j ̸=i

1

mi −mj
,

where pi = eϵPi , we send ϵ −→ 0 and capture the term linear in ϵ. We thus have obtained
the Lax matrix t of the rCM model.

Since the relation (4.20) is invariant under the 3d mirror map

(4.24) m 7→ t , t 7→ −m

we can formulate

Proposition 4.6. The following algebras are isomorphic:

C(γi, pi, ai)

(HrCM
k = ek(a1, . . . , ar+1))k=1,...,r

∼=
C(ai, p

′
i, γi)

(H ′rCM
k = ek(γ1, . . . , γr+1))k=1,...,r

.(4.25)

where the dual rCM Hamiltonians in terms of variable ai are used.

Let us define dual twist parameters Z ′ = diag(a1, . . . , ar+1) as well as singularities in the

dual frame given by polynomial Λ′(z) =
∏r+1

i=1 (z − ξi). Then Corollary 3.21 and the above
proposition yield the following statement.
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Theorem 4.7. The space of canonical rationally Z-twisted opers Fun
(
rOpΛZ

)
is self-dual,

namely:

Fun
(
rOpΛZ

)
∼= Fun

(
rOpΛ

′

Z′

)
.(4.26)
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