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Hybrid-order topology in unconventional magnets of Eu-based Zintl compounds
with surface-dependent quantum geometry
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The exploration of magnetic topological insulators is instrumental in exploring axion electrodynamics and
intriguing transport phenomena, such as the quantum anomalous Hall effect. Here, we report that a family of
magnetic compounds Eu,,,In;(As,Sb)y,2 (n =0, 1, 2) exhibit both gapless Dirac surface states and chiral
hinge modes. Such a hybrid-order topology hatches surface-dependent quantum geometry. By mapping the
responses into real space, we demonstrate the existence of chiral hinge modes along the ¢ direction, which
originate from the half-quantized anomalous Hall effect on two gapped ac/bc facets due to Berry curvature, while
the unpinned Dirac surface states on the gapless ab facet generate an intrinsic nonlinear anomalous Hall effect
due to the quantum metric. When EusIn,As, is polarized to the ferromagnetic phase by an external magnetic
field, it becomes an ideal Weyl semimetal with a single pair of type-I Weyl points and no extra Fermi pocket.
Our work predicts rich topological states sensitive to magnetic structures, quantum geometry-induced transport,
and topological superconductivity if proximitized with a superconductor.
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I. INTRODUCTION

Topological quantum states of matter are usually character-
ized by unique boundary states following the bulk-boundary
correspondence [1-3]. To be specific, a topological insulator
(TT) exhibits two-dimensional (2D) Dirac-type surface states
[4,5] and a higher-order TI shows 1D hinge states [6-9].
Unlike nonmagnetic topological crystalline insulators (TCI)
[6,7,10-12], surface/hinge states in a magnetic TCI are inti-
mately related to magnetic structures [8]. Applying a magnetic
field to flip or rotate spin moments is equivalent to reversing
the mass signs of the gapped surface, thus switching the chi-
rality of hinge states and the mapped 2D Chern number [8,13—
17]. Identifying the nature of topological invariants under a
combined magnetic crystalline symmetry by the translation
() or n-fold rotation (C,,) with time-reversal (7) is evidently
a central issue [18-22]. For instance, MnBi,Te, is a t7 pro-
tected antiferromagnetic (AFM) TI with gapless Dirac surface
parallel to T [23-25], namely, a first-order topology depicted
in Fig. 1(a). A hybrid-order topological phase [e.g., Figs. 1(b)
and 1(c)], which exhibits both topological surface states and
hinge states, is rare among intrinsic magnetic materials [14].

Furthermore, a magnetic TCI with t7 or C,7 symmetry
can generate axion electrodynamics, described by the so-
called quantized 8 term [26], Sy = f dtd%éLme - B, where
E and B are external electric and magnetic fields, and 6 is
the axion field defined in a 3D system [23,24,27-30]. Axion
insulators manifest a half-quantized anomalous Hall conduc-

tance (AHC) of :I:% on the gapped surface [3,31,32], which
comes from Berry curvature, i.e., the imaginary part of the
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quantum geometry tensor [33,34]. When two adjacent gapped
surfaces hold opposite masses, the surface quantum anoma-
lous Hall effect (QAHE) is carried by the 1D chiral hinge
mode [35]. On the other side, the real part of the quantum
geometry—quantum metric—was recently discovered to gen-
erate nonlinear anomalous Hall effect (NLAHE) in magnetic
conductors [36—40]. We are inspired to ask whether metallic
surface states can generate a surface NLAHE due to the quan-
tum metric in a magnetic TCL

Recently, Eu-based Zintl compounds Euy,,1 1 Iny(As,Sb)s,42
(n=0,1,2) emerged with unusual magnetic structures
revealed by neutron diffraction, resonant elastic x-ray
scattering, muon spin rotation, or magnetotransport [41-52].
These materials can be magnetic TCI candidates due to the
interplay of AFM order and strong spin-orbit coupling (SOC).
In Euln;As,, a pure helix order formed at 17.5 K evolves
to a “broken helix order” below 16 K [Fig. 1(d)] [42-46],
although an earlier theory study assumed a collinear AFM
order [15]. In EuzIn,Asy, an AFM order was confirmed below
5 ~ 6.5 K in experiments [51,52]. In EusInyAsg, a collinear
AFM order formed at 14 K [Fig. 1(f)] evolves to a complex
coplanar order below 7 K accompanied with the anisotropic
susceptibility [47-50]. Their magnetic structures of three
compounds exhibit C;7 symmetry but break t7 and PT,
different from the conventional AFM phase (e.g., MnBi;Te,)
but similar to “altermagnets,” a collinear AFM order studied
recently [53-57]. Additionally, Euzln,Ass; was recently
grown from InAs nanowires in a mutual-exchange method
[51] and inherits the ideal proximity with a superconductor
[58]. Thus, this system will serve as a potential platform
to study topological superconductivity due to the interplay
between chiral hinge states/Dirac surface states and the
s-wave superconductivity.

©2024 American Physical Society
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FIG. 1. Symmetry protected boundary states, crystal and magnetic structures. (a) The first-order topology with gapless surfaces (dark)
protected by 7,7 symmetry, exemplified by MnBi,Te,. (b), (c) The hybrid-order topology with unpinned Dirac surfaces (dark) and chiral
hinge states (thick lines) under C,, 7 symmetry, exemplified by Euy,,Iny(As,Sb)y,1». (b) and (c) show two kinds of sample geometry. (d)
Euln,As, (space group: P6;/mmc): Broken helix spin order (in the ab plane) below 16 K [44—46]. Six layers of Eu atoms (dashed ellipses)
form a period. (e) EuzInyAs, (Pnnm): AFM order predicted by calculations. The thin dashed lines mark a set of sublattices. (f) EusIn,Sbg
(Pbam): Collinear magnetic order between 7 and 14 K [49,50]. Below 7 K, the spin order becomes coplanar but C,,7 symmetry still survives.
For EusIn,Asy and EusIn,Sbg, the C,, T axis passes through the cell center.

In this work, we predict that Euy,+1Iny(As,Sb)s,+2 com-
pounds possess hybrid-order topology characterized by the
coexistence of chiral hinge modes and unpinned Dirac sur-
face states protected by a C,7T -related topological invariant
[19-22]. Taking EusIn,Ass for an example, we demon-
strate the axion insulator state with a surface QAHE. On
the gapless surface, we find the NLAHE due to the quan-
tum metric from Dirac states. In addition, the AFM bulk
can exhibit the anomalous Hall effect despite vanishing net
magnetization, because the magnetic lattice violates t7 and
PT. If the magnetic order turns ferromagnetic (FM) by ap-
plying a magnetic field, EusIn,Ass exhibits an ideal Weyl
semimetal phase. We further derive a topological phase dia-
gram based on a material-specific effective model to reveal
possible topological states for these compounds in differ-
ent magnetic orders. Finally, we discuss possible unique
Majorana modes when the material is in proximity to an
ordinary superconductor.

II. RESULTS

A. Magnetic order and bulk band structure

We first focus on EuszIlnyAss to demonstrate the hybrid-
order topology and resultant properties. As illustrated in

Fig. 1(e), the Zintl compound EuzIn;Asy crystallizes in an or-
thorhombic lattice with the inversion symmetric space group
Pnnm, including a twofold rotation C;,, and nonsymmorphic
symmetries {Cy, 2y|T}, Where 7 is the translation of one-half
of a body diagonal (‘2—’, g, %). All atoms are located at z = 0
and z = 0.5 planes, and one In atom and four As atoms
form a tetrahedron. The tetrahedrons ([In,Ass]®”) consti-
tute a 1D chain by sharing their corners along the ¢ axis,
between which the divalent Eu*" cations (S = 1) are dis-
persed. Three Eu atoms (linked by the dashed line) with
the two nearest neighboring tetrahedrons form a sublattice.
Within one unit cell, two sublattices are related by {Co, 2y|7}
operations.

The exact spin structure has thus far not been resolved in
experiments, so we carry out the calculations to examine the
magnetic ground state of EuzIn, Asy. Inspired by the collinear
spin order of the sister compound EusIn;Asg [49,50], we
investigated several collinear magnetic structures (Table III
in the Supplemental Material [59]). We found an AFM phase
with the easy axis in the ab plane [Fig. 1(e)] is energetically
favored, consistent with recent magnetometry measurements
[51,52]. The Eu?* cations exhibit FM coupling along the ¢
axis while two sublattices are AFM coupled. The in-ab-plane
magnetic structure preserves Cy,7 symmetry.
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FIG. 2. Bulk-surface-hinge correspondence in EusIn,As,. (a) Bulk band structure. (b) Inverted band gap with orbital weights. (¢c) The 1D
k.-integrated Wilson bands on the k, = 0/ planes. (d) (001) surface states. U is not a high-symmetry point. (¢) The hinge state flowing along
the ¢ axis, calculated in a finite 34.5 unit cell along the b axis (§) and semi-infinite along a axis (£). (f) Schematic illustration of the unpinned
Dirac point under C,, 7. Hinges 1/2 are adjacent by the bc facet and ac facet. (g) The intensity of the in-gap states [pointed in (e)] projected
onto each layer (unit cell), showing a localization behavior at hinge 2. No. 0 and No. 35 represent two hinges.

The nonmagnetic phase gives a trivial semiconducting
band structure while magnetic orders lead to nontrivial
topology. The band structure of EusIn;Ass with an AFMa
order (easy axis along a) is shown in Fig. 2(a). Localized Eu-
4 f orbitals appear below the Fermi energy between —2.5 eV
and —1.5 eV. Without SOC, a trivial bandgap of 52 meV is
found at the I point and spin splitting appears along I' — §
(see Fig. S9 in the Supplemental Material [59]). The inclu-
sion of SOC induces an inverted gap of nearly 10 meV at
I' with band inversion and an indirect global gap of 5 meV
[Fig. 2(b)], which is larger than the energy scale of magnetic
order temperature (7 ~ 5 K) or the induced superconductiv-
ity gap. The spin double-degeneracy is lifted along I' — X,
I' =Y, and " — Z, similar to an altermanget, but remains
along X — S — Y because of antiunitary operators {Co,|T}T
and {M,|t}7T . Details of symmetry analysis can be found in
Sec. SIII in the Supplemental Material [59].

B. Surface and hinge states

The antiunitary symmetry C,,7 helps understand the
bulk-surface-hinge correspondence. Let us begin with a 7-
preserved Z, TI where all surfaces present Dirac surface
states. For an orthorhombic crystal [Fig. 1(c)], magnetism
opens a surface gap on bc and ac facets, i.e., introduces a
mass term in the Dirac equation. Because they transform to
each other by C,, T, two bc facets (also two ac facets) exhibit
opposite masses. For four hinges between ac and bc facets
along the c direction, we can always find two diagonal hinges

at the domain boundary between surfaces with opposite signs
of mass, leading to chiral hinge modes inside the surface gap.
C,, T symmetry is preserved on the ab plane and leads to
crystalline symmetry-protected unpinned Dirac surface states.
The surface Dirac cone can only be pushed away from time-
reversal-invariant momenta (e.g., ') rather than gapped out.
Two chiral hinge states terminate at gapless (001) surfaces
while the equilibrium current persists, different from an or-
dinary TI or TCI that shows only surface or hinge states.
Consequently, three surface Chern numbers (C = j:%, 0) can
be realized on different surfaces, offering a road for designing
the direction-selective QAHE and quantized circular dichro-
ism effect [60].

Such a magnetic TCI is equivalent to a 3D strong Stiefel-
Whitney insulator with vanishing Berry curvature due to G, T
symmetry [20,21,61,62]. We can define a Z,-type topological
invariant Asp = wy () — wy(0), where w;(k;) is the second
Stiefel-Whitney number defined on a 2D plane. The first
Stiefel-Whitney number w; is equivalent to the quantized
Berry phase and thus w; = 0 in our case. A nontrivial w;
characterizes a double band inversion, which is well de-
fined only when w; = 0. We can calculate w, by tracing the
Wilson loop spectra ¢, where w; is the number of crossings at
¢ =  mod 2. Figure 2(c) indicates the AFMa phase as a 3D
strong Stiefel-Whitney insulator (Asp = 1) with w,(0) =1
and wy () = 0. The Stiefel-Whitney insulator can exhibit an
odd number of surface Dirac cones [19,21].

We perform the Green’s function calculations using
Wannier functions extracted from DFT calculations to verify
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FIG. 3. Surface anomalous Hall effect. (a) Local Chern number and integrated Hall conductance as a function of layers in a 29.5 unit cell
slab. (b) Intrinsic second-order Hall conductivity from the quantum metric dipole in a 90 unit cell slab. The Fermi level lies in the surface gap

in (a) and cuts through the surface Dirac cone in (b).

the surface and hinge states. A single gapless Dirac cone
exists on the (001) surface, shown in Fig. 2(d). Because
there is no additional symmetry to constrain the Dirac point
besides C,, T, the Dirac point is unpinned from I" or any high-
symmetry line. The Dirac point positions can be continuously
shifted by synchronously rotating or slightly titling the mag-
netic moments on the ab plane (Fig. S5 in the Supplemental
Material [59]), for which C,, T is maintained. In this case, the
in-plane magnetic moments act as a vector potential perturba-
tion that keeps the gapless nature of the surface Dirac cone.

The hinge modes of two adjacent side facets are analyzed
by building a half-infinite slab model, containing 34 unit cells
plus half a unit cell (34.5) along the b axis, which respects
C,,T and is thick enough to suppress interfacet and interhinge
interactions. The obtained spectrum includes the states from
bulk, one (100) surface, two (010) surfaces, and two hinges. In
Fig. 2(e), an up-moving in-gap state clearly emerges as we ex-
pect. By projecting it into each layer, we find that the spectral
weight is mainly distributed at hinge @ [Fig. 2(g)], confirming
it as a hinge mode in the real space. These exotic boundary
states attract us to next consider what kind of transport signals
or physical quantity they carry on the surface.

C. Surface quantum geometry

To resolve a local response in real space, we can introduce
the non-Abelian quantum geometric tensor in terms of two
band (n, m), and depose it as [63]

Qiljm = AilmAj = glnjm - EQnm’
where Al = i (n|dy,|m) is the Berry connection, and g’,{m and
QY are the quantum metric and Berry curvature. Then the

ey

J

() =

2 (n| B3y, H |n) (n] 8, H Im) (m| 8, H In) —

local AHC in a slab is identified by the layer-resolved Chern
number o', (1) = <C (1) [32],

(n|Proy, 7'[|m (m|0y, H|n)
slab(l) - _Imz Z / o) ’

n=1 m=N,+1
(2)

where N, is the number of occupied bands, and P =) is
the projector onto /th layer.

By constructing a slab along the y direction, C,(/) and
Cine(D) = Zf/:o C,(I") in Fig. 3(a) show a saturation behavior
of the half-quantized surface AHC. Such a local signal is
known to be the direct evidence of the axion insulator [32].
The first ten layers are enough to stabilize Cj, at 0.4976
(corresponds to the penetration length of the hinge state),
while the internal layers from No. 10 to No. 20 (bulk) tame
the oscillation and do not contribute to o** of the entire slab.
Since the spin moments of the top and bottom layers hold
the same direction, the half-quantized surface AHC from the
first and last ten layers together gives rise to a C = —1 Chern
insulator.

Besides the surface AHC, it is worth noting that C,,7
does not exclude all the bulk Hall tensors. When the system
is doped to be a conductor, a finite AHC o7, will also
emerge despite the compensated magnetization (Fig. S10 in
the Supplemental Material [59]), offering a signature of un-
usual antiferromagnet or altermagnet.

On the C,, T -preserved ab facet, the linear AHC o van-
ishes but the second-order Hall conductivity is permitted
(c'7k = J*/E'ET) [40]. In a similar vein, the layer-resolved
second-order Hall conductivity can be given by

(n| B3y, |n) (n| 0, H |m) (m| 0, H n) 3,

3

(5‘" - Sm)3 agn .
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FIG. 4. Multiple magnetic topological phases in Zintl compounds. (a), (c) Band structure near the I' point of the FMa and FMc phases.
(b), (d) Projected (001) Fermi surface. The Fermi arc connects two Weyl points in (b). Symmetry M, protects a Weyl nodal ring in (c). (e)
Topological phase diagram in terms of SOC strength Fy; and magnetic orders. Pentagrams along the gray line represent the ground states in

Fig. 2(a) and Fig. S11 in the Supplemental Material.

Equation (3) includes the Fermi surface contribution from the
scattering time-independent quantum metric dipole (yMP).
In Fig. 3(b), a localized intrinsic NLAHE is found in a slab
stacked along the ¢ direction. Due to the inversion symmetry,
the total second-order conductivity [xin (! = 90)] is zero and
the Dirac cone from the top and bottom surfaces are oppo-
sitely titled. Since C,, 7 does not restrict the shape of the
Dirac cone, an in-plane nonlinear response ¢”>* will appear
on the surface. Breaking inversion with different chemical
potentials for the top and bottom surface states is expected
to induce a net NLAHE in the thin film, which can be probed
in transport experiments. In addition, both the surface AHE
and surface NLAHE discussed above can also be measured
by the nonlocal transport, for example, by using a device
configuration proposed in Ref. [64].

D. Weyl semimetal phase

When all the spin moments align along the a axis under an
external field (FMa, m || a), we find two type-1 Weyl points
with opposite chiralities along I' — X connected by inversion
symmetry in Figs. 4(a) and 4(b). In the projected (001) Fermi
surface, two Weyl nodes separated 0.074 A~ along k, are
connected by a surface Fermi arc. In the FMb phase (Fig. S7
in the Supplemental Material [59]), the Weyl nodes are shifted
to locate along the I' — Y direction. Thus, the FMa/b phase is
an ideal Weyl semimetal, which exhibits a single pair of type-I

J

Ha

H=Hnm+ Her = (IH;B

Han N
Hp HIA,AB

Weyl points without extra trivial Fermi pockets at the Fermi
energy. In the FMc phase, the mirror M, will protect a nodal
ring on the k, = 0 plane and drumheadlike surface states, as
shown in Figs. 4(c) and 4(d).

E. Effective model and topological phase diagram

We build a general topological phase diagram by con-
structing a k - p model using the invariant theory [65], to
more intuitively understand the role of magnetic order in the
topological band structure. Since {Cy,|7} is a key symmetry to
relate two sublattices and the AFM order, three sets of Pauli
matrices should be introduced to describe this system:

(1) spino: |%) and |—%) ;

(ii) orbital 7: |In s) and |As p;) ;

(iii) sublattice ¢: |A) and |B) ;

and the basis are labeled by |Ay, 1 ({)), where A = In,
As; o =A,B; and 1 (}) = %(—%). According to the band
representation (parity 4) and wavefunction at I', we can have
the orbital basis |In} s), [Ing s}, |As, p.), |Asy p;) [66].
The symmetry operators are given by T = io» 700K, inver-
sion Z = 09130, Ca, = —io319¢0, and {Caylt) = —ioa138),
where K is the complex conjugate operator. Then we can list
the irreducible representation (IR) of each matrix in Sec. SIin
the Supplemental Material [59]. Based on that, the effective
Hamiltonian is described by

Hwm,aB
Hwmp )

P o)

Ha/p = (FA ke + Asky)ot) + (Bik, £ Boky)ort £ Cik,037

+ Dik,00T2 + Eq100to + (For + Fik: + szy2 + Fsk? £ Fik.ky)oots,

&)
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Hap =Aszk,0171 + B3k,oy71 + Drk.00T2 + E200T0 + Fp0o0T3

— iG()O'3‘L'0 — iL00'3T3 — iMlkxo’l‘Eg — iley02T2 — i01k203‘l.'2, (6)

where Fp; controls the bandgap so it can be approximately
treated as the inverse of the effective SOC strength. Exper-
imentally, Fj; is tuned by pnictide doping or pressure [67].
The other material-dependent parameters are chosen to make
dispersion close to I' qualitatively or semiquantitatively con-
sistent with Fig. 2(b).

We next consider the exchange coupling terms .,
namely, 7 -odd terms when introducing spin orders. Note that
the AFMa phase shares the same IR with FMb (also for
AFMb and FMa), so both the on-site terms o 79¢3 and 0, 7o)
will couple with IR I';". Generally, m - o could be taken to
characterize the magnetization of one sublattice and thus to
distinguish them. Take the AFMa phase as an example, we
have

HarMa,a/B = £ Ay10170 £ A0 13, @)

HarMa,aB = A302T) + Ay0,T3. (8

Similarly, the exchange terms for the FMa, AFMb, and AFMc¢
phases can be obtained, respectively. Additionally, the inter-
mediate phases between them can be expressed as a linear
combination.

By numerically solving the model, we construct a 7T-
broken phase diagram (Fig. 5) as functions of F; and «, 8, y.
We find EusInyAsy can be very well mapped onto the gray
horizontal line with Fy; = 0.26 eV. As an intermediate region
between two insulating phases, the chance of being a Weyl
semimetal is intimately related to the magnetic configuration.
Within the FM order, the Zeeman effect results in a large

vortex

(©)

Hinge state

FIG. 5. Schmatics of the axion insulator Eu3In,Ass (cyan-blue)
in proximity to an s-wave superconductor (SC) (gray). (a) The
nanowire configuration. (b) The SC proximity to the gapped surface,
e.g., the ac/bc surfaces in AFMa phase. (c) The SC proximity to the
gapless surface, e.g., the ab surface in the AFMa phase. One chiral
hinge state (pink lines) splits into two chiral Majorana edge modes,
providing an interferometer configuration. Yellow lines (dots) rep-
resent the chiral Majorana modes (Majorana end modes). The red
arrows represent spin moments in the axion insulator.

(

semimetallic region. Then it shrinks to a fairly narrow range
in the AFMa/b or tilted phase, and eventually vanishes in
the AFMc phase. The axion insulator phase is quite robust
against the perturbation on orientations of the AFM order in
EusIny Ass. The model parameters and verification are pro-
vided in Sec. III in the Supplemental Material [59].

III. DISCUSSION
A. Materials

We emphasize the results above also apply to Euln;As;
and EusIn,Sbe, which are fitted in the phase diagram by only
considering the anticrossing energy. To observe hinge states,
Euln;As; is a bit special for the presence of both C,,7 and
C,, T symmetries by the “broken helix order” [44]. When
the sample is in the orthorhombic geometry [Fig. 1(a)], the
system presents a first-order topology with the only gapped
(001) surface. In the hexagonal geometry [Fig. 1(b)], the C5, T
axis passing through the center of two hinges reverts the
gap masses of neighboring facets so that the hinge current
can appear along the ¢ direction (). EusIn,Sbg exhibits the
same boundary states as EusIn,Ass because spin moments
are aligned in a collinear or coplanar way to present only
G, T [50].

The hybrid-order topology could also emerge in systems
summarized in Table I, and hatches different surface-
dependent quantum geometry. Besides xMP, the second-
order Hall conductivity also includes contributions from the
Drude weight xP (nongeometric) and Berry curvature dipole
xBCP (imaginary part of the quantum geometry) [40]. On
the C,T -preserved surfaces, the surface quantum geometry
only contains x P, In other systems, the surface NLAHE
tensors allowed are elaborated below and in Sec. IV in
the Supplemental Material [59]. First, in 7 -preserved TCIs,
C> 4.6 symmetry eliminates all the surface x‘*/ tensors while
mirror/glide planes only permit xBP. Second, in 7 -broken
TClIs, the mirror/glide symmetry accommodates both xB¢P

TABLE I. Emergence of a hybrid-order topology classified from
symmetries. The details are explained in Sec. IV in the Supplemental
Material. Here, the mirror plane (M) must go through both the crystal
surface and hinges (e.g., SnTe). The glide symmetry (G) is restricted
to exist only on one set of surfaces (e.g., (100) surface of the canted
AFM MnBi,;Te, [14]). When more than one following symmetries
exist, the hybrid-order topology may be quenched to the first-order.

Symmetries on Surface QAHE and surface

Hinge states T the surface NLAHE
Helical v Cz, C4, C6
M[6], G 9] x5P
Chiral X CyT C
CT,CsT C, xP, P
M, G [14] @’ XD’ XBCD7 XQMD
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and xMP. However, it is fragile against magnetic perturba-
tion and thus hard to protect surface/hinge states. Overall, the
surface NLAHE is driven by surface states rather than hinge
states.

B. Topological superconductivity

EusIn,Ass nanowires were recently grown from InAs
nanowires by a topotaxial mutual-exchange method [51] and
can inherit good interface quality to the ordinary supercon-
ductor (e.g., Al) [58]. Because of the intrinsic magnetism,
strong SOC effect, and topological surface states, EuszIn, Asy
paves an appealing avenue to explore Majorana physics, as
illustrated in Fig. 5. The intrinsic magnetism and SOC to-
gether lift the spin degeneracy and an odd number of Fermi
surfaces can be realized at an accessible chemical potential,
which is the precondition to design structure with Majorana
[68,69]. (i) In a nanowire configuration [70,71], the finite
size effect gaps the hinge and surface states, leading to non-
degenerate topology-driven nanowire bands. In proximity to
an s-wave superconductor, localized zero-energy Majorana
modes will arise at two ends. Compared to earlier proposals
[72,73], we do not require an external magnetic field to break
time-reversal symmetry here. (ii) On the gapped surface (e.g.,
ac/bc facet), one can deposit a superconductor island and
expect chiral Majorana edge states around the island, if the su-
perconductor’s gap A overcomes the magnetization-induced
surface gap h. Using Fu and Kane’s proposal [3,68], we expect
a stable nontrivial pairing by covering a superconductor on
ac or bc surfaces (criterion || < A when the Fermi energy
lies inside the gap). In this case, 1D chiral Majorana modes
appear at the interface between the axion insulator’s surface
and a superconductor region [74]. If the Fermi energy crosses
an odd number of Dirac bands (metallic regime), similar chiral
Majorana modes also appear in this case. (iii) On the gapless
surface (e.g., ab facet in AFMa), covering a superconductor
on the whole surface may lead to copropagating 1D chiral
Majorana edge modes. Two Majorana modes merge into one
chiral electronic state at the hinge [75]. As illustrated by
Fig. 5(c), two chiral Majorana modes and two chiral hinge
states naturally form a Mach-Zehnder interferometer, in which
the conductance between two chiral hinge modes depends on
the parity of the number of enclosed vortices in the supercon-
ductor region [74,76].

In summary, through first-principle calculations and the
k - p model, we reveal the coexistence of the unpinned Dirac
surface and chiral hinge states in Euy,11Iny(As,Sb)s,42. Es-
tablished by C,7 symmetry, such a hybrid-order topology
also leads to a surface-dependent quantum geometry. Our
findings on the nonlinear transport suggest new fingerprint
evidence of magnetic axion insulators and other 7 -preserved
TClIs. Since the single crystals and nanowires of EusIn;Asy
are readily synthesized, angle-resolved photoemission spec-
troscopy (ARPES), scanning tunneling spectroscopy (STS),

and other techniques are called to detect these topological
surface states, hinge states, and Weyl points/Fermi arcs and
explore their coupling to magnetism and superconductivity.

IV. METHODS

Density-functional theory (DFT) calculations are per-
formed with the Vienna ab initio simulation package (VASP)
using the projector-augmented wave method [77-79]. The
exchange-correlation functional based on generalized gradi-
ent approximation (GGA) parametrized by Perdew-Burke-
Ernzerhof (PBE) [80] and the nonempirical strongly con-
strained and appropriately normed (SCAN) [81] is adopted.
The kinetic energy cutoff of the plane-wave basis is set to
400 eV. The Brillouin zone integration is performed by using
8 x 5 x 10 I'-centered k point mesh. To treat the correlation
effect of localized 4 f electrons of Eu, the DFT 4+ U method
by Dudarev et al. is employed [82]. The details about the DFT
functional choice, Hubbard U, and the Green’s function [83]
can be found in Sec. II in the Supplemental Material [59].

We construct the maximally localized Wannier functions
of In-5s and As-4p orbitals by using WANNIER90 package
[84]. The local Chern number (geometric part of the local
AHC) is calculated by using a 121 x 121 k mesh [32]. The
nonlinear surface Hall conductivity is performed on the k - p
Hamiltonian using an 800 x 800 k£ mesh. The complete for-
mula of the second-order nonlinear conductivity reads as

_ D BCD , _QMD
Oijik = Xij T Xijk + Xijuk

et?
= _7 Z/];fnakiak,»akkgn
et ‘ l_
- /k SO + 0, 23)

e i 1 . ;
T Z /kfn (2%%’ -5 (@G + Bk_fgn")) ©)

where €, =3}, Qun, is the Berry curvature, and G, =
> 4n 28um/(en — &) 1s the band-normalized quantum
metric.

Note added. After we posted the manuscript, an experi-
mental work was posted to report a pair of Weyl nodes in
the ferromagnetic phase under an external magnetic field [52],
consistent with our theory.
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