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Abstract: We provide a detailed analysis of the shock formation process for the non-isentropic 2d
Euler equations in azimuthal symmetry. We prove that from an open set of smooth and generic initial
data, solutions of the Euler equations form a first singularity or gradient blow-up. This first singularity
is termed a Holder C3 pre-shock, and our analysis provides the first detailed description of this cusp
solution. The novelty of this work relative to [1] is that we herein consider a much larger class of initial
data, allow for a non-constant initial entropy, allow for a non-trivial sub-dominant Riemann variable, and
introduce a host of new identities to avoid apparent derivative loss due to entropy gradients. The method
of proof is also new and robust, exploring the transversality of the three different characteristic families to
transform space derivatives into time derivatives. Our main result provides a fractional series expansion
of the Euler solution about the pre-shock, whose coefficients are computed from the initial data.
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1. Introduction

Investigating shock formation and development is one of the central problems of hyperbolic PDE.
Establishing shock formation (gradient blowup) from smooth initial data, in a constructive manner, is
crucial for analyzing the dynamics of the resulting discontinuous shock waves. A precise description of
the solution at the pre-shock (the spacetime set where smooth solutions first form cusps) is what allows
for a full characterization of singularity propagation, especially in multiple space dimensions (see § 1.2
for details).

This paper establishes shock formation for smooth solutions of the non-isentropic two-dimensional
compressible Euler equations in azimuthal symmetry. When compared to [2] this work gives a detailed
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description of the solution near the pre-shock as a fractional power series. This paper also goes
beyond [1] by establishing shock formation in the non-isentropic setting, and with minimal constraints
imposed on the initial data (see § 1.2 for details).

Beyond the result itself, we develop a new robust proof strategy for establishing shock formation for
a complex system of hyperbolic PDEs with multiple wave speeds. Instead of appealing to modulated
self-similar analysis (cf. [1,2]), we use new variables that satisfy pointwise and integral identities and
accurately capture the compressible Euler dynamics (see § 1.3 for details).

1.1. The compressible Euler equations

The Euler equations of gas dynamics consist of the three conservation laws for momentum, mass,
and energy, given respectively by

0:(pu) + div(pu @ u + pI) =0, (1.1a)
0,0 + div(pu) =0, (1.1b)
OE +div((p + E)u) =0. (1.1¢)

In two space dimensions, the focus of this paper, u : R? x R — R? denotes the velocity vector field,
p : R? xR — R, denotes the strictly positive density function, E : R> x R — R denotes the total energy
function, and p : R> x R — R denotes the pressure function which is related to (u, p, E) by the identity
p=~-1)E- %p lu|?), where v > 1 denotes the adiabatic exponent. For the analysis of the shock
formation process, it is convenient to replace conservation of energy (1.1c) with transport of entropy

0SS +u-VS =0. (1.1d)

Here, S : R? x R — R denotes the specific entropy, and the equation-of-state for pressure is written as

P(p.S) = 1p7e" . (1.2)

In preparation for reducing the equations to a more symmetric form, using Riemann-type variables,
we introduce the adiabatic exponent

_ -1

so that the (rescaled) sound speed reads

S o
o= é\/%: éezp . (1.3)

With this notation, the ideal gas equation of state (1.2) becomes

2

p="%po’. (1.4)

The Euler equations (1.1a), (1.1b), and (1.1d), as a system for (u, o, S ), are then given by

Ou+ w-Vu+acVo = 2‘—fyo'2VS , (1.5a)
0,0+ w-Vyo+aocdivu =0, (1.5b)
4.8 +w-V)S =0. (1.5¢)
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We let w = V* - u denote the scalar vorticity, and define the specific vorticity by ¢ = %. A straightforward
computation shows that £ is a solution to

0+ - V)i =22V - VS . (1.6)

The term %%VLO' - VS on the right side of (1.6) can also be written as p—>V+p - Vp and is referred to as
baroclinic torque.

The goal of this paper is to give a constructive proof of shock formation for (1.5), from smooth initial
data, via a method powerful enough to capture a high-order series expansion of all fields at the preshock,
information which is in turn necessary to study the shock development problem. More precisely, we
prove:

Theorem 1.1 (Main result, abbreviated). From smooth, non-isentropic initial data with azimuthal
symmetry lying in an open set”, there exist smooth solutions to the 2d Euler equations (1.1) that form
a gradient blowup singularity at a computable time T," and spatial location. More specifically, there
exists €. € T such that when the 2d Euler equations are expressed in polar coordinates as in (2.1), the
azimuthal component of the flow ug and the sound speed o form C 0.3 cusps along the ray 0 = &, at the
time of the blowup, and are given by the fractional series expansions

up(r, 0, T.) = r(bo +01(0 — £)'° + by (0 - £)*° + 0710 - £.) ),
O'(I", 07 T*) = V(C() + bl(e - é‘:*)l/3 + b2(9 - g*)2/3 + O(g_1|9 - g*l) )’

for 0 in a neighborhood of radius ~ &°,* while the radial component u, of the flow, the specific entropy
S, and the specific vorticity ¢ remain C"3, with fractional series expansions

u (r,0,T.) = r(3g + 83(0 — &) + 8,0 — £)*? + 071219 - £,1°73)),
S(r,0,T,) = ko + ks(0 — &) + ka(0 — E)Y? + 0710 - £.1°73),
L(r,0,T,) = Vo + V30 — &) + 010 — &Y.

Here, the constants &, &3, 44, bo, b1, b2, Co, Ko, K3, K4, and vy are O(1) while v5 is O(™").3

1.2. Motivation and prior results

We recall that the classical proofs of finite-time singularity formation for the compressible Euler
equations and related hyperbolic systems are not constructive (see e.g. [3—5] for small smooth pertur-
bations near constant states, and [6, 7] for large data). We refer the reader to [8—10] for an extensive
bibliographic account of this classical theory.

A constructive proof of blowup, and equally importantly, a detailed description of the solution at
the pre-shock, is necessary in order to establish shock development. By definition, shock development
refers to the instantaneous development of the discontinuous shock wave from the C*5 Holder cusp at
the pre-shock. This is especially true in multiple space dimensions: while the theory of weak solutions

*See § 2.3-2.4 for the details of the pertinent set of initial data.

"We abuse notation here, because the time T, used here differs from the time T, referenced in the rest of the paper by a constant
dependent ony > 1. See § 2.1.

*Here &' is a large parameter quantifying the absolute size of slope of the initial data. See § 2.3 for details.

8See § 2.2 for the details of our use of O(-) and ~.
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for 1D hyperbolic systems is well-developed (see e.g. [8]), many of the techniques used in the 1D theory
either do not apply in multiple space dimensions! or are not precise enough to be useful for the shock
development problem, which requires bounds on derivatives of the solution.

Departing from the weak solutions perspective, Lebaud [12] established shock formation and
development for the one-dimensional p-system (a variant on 1D isentropic Euler). These results were
expanded upon by Chen and Dong [13] and Kong [14]. Studying shock development in the p-system
does not per se prove anything about physical solutions of Euler, because physical solutions of Euler
that have shocks cannot be isentropic (see § 2.2 of [1] or § 3 of [15] for details). Moreover, non-
isentropic solutions of Euler are generically not irrotational due to a misalignment of pressure and
entropy gradients (see (1.6) above and § 4 of [15] for the 3D case), so physical solutions which have
shocks are also generically not irrotational. Studying shock development for piecewise isentropic or
even piecewise irrotational solutions of Euler is called the restricted shock development problem. For
the restricted shock development problem, Christodoulou established shock formation and development
for irrotational flows in his landmark books [16, 17]. Yin [18] wrote the first paper establishing shock
formation and development for non-isentropic Euler, but confined to spherical symmetry (see also [19]).
Luk and Speck [20] proved shock formation for the 2D isentropic Euler equations in the presence
of vorticity by an extension of Christodoulou’s geometric framework to allow for vorticity transport.
In [21], they later generalized their 2D result to the full 3D non-isentropic setting.

A different perspective was taken by Buckmaster, Shkoller, and Vicol [2,22,23], who used modulated
self-similar variables to construct the first gradient singularity (a point shock) from generic smooth
initial data. In [2] they constructed shocks for 2D isentropic Euler in azimuthal symmetry and
characterized the shock profile as an asymptotically self-similar, stable 1D blowup profile. After that,
they proved for the first time that the 3D isentropic Euler equations generically form a stable point
shock, even in the presence of vorticity [22]. The important generalization to the full non-isentropic
setting was achieved in [23], where it is also shown that irrotational data instantaneously creates
vorticity due to baroclinic torque, and the vorticity remains uniformly bounded up to and including the
time of the first gradient singularity.

The analysis of the Euler evolution beyond the time of the first gradient blowup was recently ad-
dressed by Shkoller and Vicol [24] by studying the so-called Maximal Globally Hyperbolic Development
(MGHD) of smooth and compressive Cauchy data. This can be understood to be the largest (local)
spacetime that contains a smooth (and invertible) evolution of the Cauchy data. The future temporal
boundary of this spacetime consists of the codimension-2 manifold of pre-shocks (containing the space-
time set of first gradient catastrophes), the singular set (a downstream hypersurface of gradient blowups
emanating from the pre-shock manifold), and the Cauchy horizon (an upstream hypersurface emanating
from the pre-shock set which the smooth Euler solution can never cross). A partial construction of the
MGHD was also obtained by Abbrescia and Speck [25] who were able to evolve the Euler solution up
the union of the pre-shock set and the singular set (but the upstream evolution up to the Cauchy horizon
was not treated).

Buckmaster, Drivas, Shkoller, and Vicol [1] established for the first time shock developement in
the presence of voriticity, by working in azimuthal symmetry. By improving upon [2], the solution at
the pre-shock is described in [1] by a fractional series, assuming that the flow is initially isentropic
(ko = 01n (2.5¢) below) and that the subdominant Riemann variable vanishes (zo = 0 in (2.5b) below).

IFor example, the BV estimates utilized in the classical theory of shocks for 1D hyperbolic systems fails for d > 2. See [11].
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They then used this detailed description of the solution to establish shock development for 2D Euler
within the class of azimuthal solutions. The paper [1] is the first to also confirm the production of both
a discontinuous shock wave and two surfaces of cusp singularities emanating from the pre-shock, as
predicted by Landau and Lifschitz [26].

1.3. New ideas

This paper breaks with [2] and [1] by forgoing the use of self-similar variables. Instead, we use only
the fine structure of the Euler system written in the characteristic coordinates that correspond to the
three different wave speeds present in the system. We show that the sound speed remains bounded from
below up to the time of the first blowup (see Proposition 4.1), which means that the three wave speeds
remain uniformly transverse to one another up to the blowup time. This transversality allows us to prove
useful integral bounds (see Lemma 3.1 and § 4) and allows us to exchange space derivatives for time
derivatives (see § 5), which can be integrated to obtain identities for the higher-order derivatives of our
variables. This exchange of space for time derivatives via transversality is the key new idea of this work.

The implementation of this idea is made possible by using the special differentiated Riemann
variables introduced in [1]. These new variables, labeled ¢" and ¢°, evolve along the characteristics of
the fastest and slowest wave speeds, respectively, and they do not experience derivative loss (see § 3
of [1] or § 3.2 below). Whereas [1] utilized ¢" and ¢* for studying shock development, we use ¢" and ¢*
to also establish shock formation in the non-isentropic setting. Using pointwise and integral identities
for ¢" and ¢°, we are able to obtain estimates for our variables and their derivatives up to the blowup
time without first establishing the uniqueness or location of the blowup label; we instead derive the
uniqueness and location of the blowup label as a result of our estimates (see § 10.3).

We note that because we avoid self-similar analysis, we are able to place far fewer assumptions
on our initial data than in [1]. When compared to [1], we also obtain a higher-order fractional series
expansion of the solution at the time of blowup (see Theorem 2.1).

2. Azimuthal symmetry

2.1. The Euler equations in polar coordinates and azimuthal symmetry

The 2D Euler equations (1.5) take the following form in polar coordinates for the variables
(ug, ur, p, S):

((9, +u,0, + %Mgag) u, — %uﬁ + 00,0 = 2‘—;0'2(9rS , (2.1a)

(00 + 1,0, + Lugds) ug + Luug + @00 = £Z8,S (2.1b)

(8[ + u,0, + %I/tgag) o+ cw'(%u, + 0,u, + %%ug) =0, (2.1¢)
(0 + 1,0, + Lugdy) S = 0. (2.1d)

We introduce the new variables'

ug(r,0,t) =rb(0,t), u (r,0,t) =ra0,t), o(r,0,t)=rc(d,1), S(0,t) =k@8,r1). (2.2)

"Note that our symmetry constraints make S discontinuous at the origin unless S is constant. For this reason, a classical solution of
the 2D Euler equations (1.5) is recovered from the azimuthal variables (a, b, ¢, k) via (2.2) on the punctured plane. Alternatively, we may
restrict the domain of evolution for 2D Euler to an annular domain pushed forward under the flow of u (see [2, § 2.1]).
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The system (2.1) then takes the form

@, +bdg)a+a*—b*+ac® =0 (2.32)
(0, + bOg) b + acdyc + 2ab = %&agk (2.3b)
(0; + bOg) ¢ + acdgb + yac = 0 (2.3¢)

0, + by k=0. (2.3d)

For simplicity of the presentation, we will set y = 2 from here on; note however that all statements in
this paper apply mutatis mutandis to the case of a general y > 1. The Riemann functions w and z are
defined by

w=b+c, z=b-c, (2.4a)
b=iw+z, c=iw-2). (2.4b)

It is convenient to rescale time, letting d, — %8;, and for notational simplicity, we continue to write ¢ for
f. With this temporal rescaling employed, the system (2.3c) can be equivalently written as

Ow + 30w = —Saw + 5(w — 2)°0gk (2.5a)
Oz + 1105z = —Saz + 5;(w — 2)° 9k, (2.5b)
Ok + 05k = 0, (2.5¢)
0ia + 120pa = —2a* + Lw+ 27 - Lw - 2)%. (2.5d)

where the three wave speeds are given by

A=iw+z < L=3w+iz < h=w+iz. (2.6)

We note that (2.3¢) takes the form

0;c + r0pc + %cc')g/lz = —%ac. 2.7

Finally, we denote the specific vorticity (1.6) in azimuthal symmetry by
@ = 4w+ z — dpa)c e, (2.8)

which satisfies the evolution equation

8

0w + 10w = 3

aw + 3e"dgk . (2.9)

2.2. Notation

In most of what follows, there will be an important parameter € > 0, and a < b will be used to signify
that a < Cb for some constant C independent of € and any variables x, , or . However, the constant
can depend on the implicit constants in the assumptions on the initial data in § 2.3 and can depend on
our choice of y > 1 for the pressure law**. We will use the notation @ ~ b to express a < b < a. We will
also write

f=0(

“*We have already chosen to fix y = 2 for the entirety of this paper, but our result will hold for arbitrary y > 1, and the value of y will
effect the constants.
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to express that |f| < g everywhere in the relevant domain. We will express bounds of the type

f(x, 1) = simply as f = B(by; by).

O(by) x| < &
O(by) x| > &

Often below we will have functions f defined on T X [0, T,) and maps ¥ : T x [0, 7)) — T, and we will
use the notation

fo¥(x, 1) := f(¥(x,1),1).

When such an inverse exists, we will write ¥~ to denote the function such that ¥~ o ¥(x,1) =
YoW!(x,1) = x for all 1.
While the spatial variable 6 for (2.5) lies in T, we will often identify T with the interval (-, 7r].

2.3. Assumptions on the Initial Data

Our initial data will be wy, zo, ko, ag € H°(T), where zg, ko, and aq all satisfy
107koll < €7, Ndaolls < &%, 10z0lle~ < €7, (2.10)

for j=0,1,2,3,4,5, where «}, 5, y; are fixed constants satisfying the relations

* @,B0,70 20,

*yi>u,a; =0,

e yj=>u—jforj=2,3,4,5,

ca;>pu+1—jforj=2,3,4,5,

e Bjzpu—jfor j=1,2,3,4,5.

Here u > 0 1is a fixed positive constant that is a lower bound on the £ distance of our vector of parameters
(az,...,a5,%1,..-5%5,B1,...,05) from the boundary of the open set defined by the constraints 8, > —1,
v1 > 0, etc. Additionally, we assume that w satisfies

1. wy ~ 1,

2. wy(0) := —1 and [wj(x)| < &' forall x # 0,

3. wp(x) > -1 + Ce?! for all |x| > &2, and some constant C > 0.
4. wy'(x) ~ e for all x| < &2,

5. [0*wo(x)| < &7 for all x| < &2,

6. 3wl < &7,

and that z, satisfies
max zg < min wy. (2.11)

Note that an immediate consequence of our assumptions is that wy must also satisfy

« Wy (0) = 0,
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o lwy(x)| s &% for |x| < &2,

5
* gl s &72,

77

o Iwglle s &7

11

o ldiwoll- s 2.

The following additional constraints are not at all necessary for proving our theorem, but they do
make the formulas of the proof below cleaner

@ :ﬁ():’)/():(l’l :O, ,81 SO, and a.,,,Bj,yjs 1 Vj:0,1,2,3,4,5. (212)

Note that the constraints made here on the first five derivatives of (wy, zo, ko, @p) are much less
stringent than those imposed in [1]. In [1], the authors assume that k is constant, z, is identically 0,
and that wj, and a, have support with diameter O(&'/?), among other constraints. Here we do away with
such unnecessary hypotheses. Additionally, the result of this paper applies to a wide range of parameters
(aj,B;j,v;), whereas in [1] the authors only work with (ao, @1, @», a3, a4) = (1,0,0,0), which is only
one point in our admissible range for these parameters.

In what follows, we will parametrize time so that the initial time is always t = —&. The local well-
posedness theory of (1.5) implies that for any (wy, 2, ko, ao) € H(T) there exists a time T, € (—&, +o0]
such that there exists a unique C' solution (w, z, k, a) of (2.5) satisfying (w, z, k, a)|t:_‘8 = (Wo, 20, ko, ap).
Furthermore, (w, z, k, a) is guaranteed to be in C°([-¢, T.); H(T)) N C'([~¢, T,); H>(T)). Additionally,
it follows from the standard theory of (1.5) that if 7, < co then

T.
/ 10ew (Ol + 1062(Dll1 + 1|06k (D)l + l0pa(t)llL~ dt = co. (2.13)
=&

The inequalities above can be made into open constraints by making them strict inequalities. While
the two pointwise constraints that require wy, to attain its unique global minimum at x = 0 and wy(0) = —é
are not open constraints, for any suitably small perturbation of initial data (wy, zo, ko, ao) satisfying all of
the above constraints, one can recover the two pointwise constraints by translating in space and rescaling
the solution in time. Since the spatial translation and time rescaling can be made sufficiently small,
there exists an open set of initial data around the functions (wy, zo, ko, @p) described above for which the
results of Theorem 2.1 below still hold. Thus, the shock formation we describe is stable.

2.4. Statement of the main theorem

Theorem 2.1 (Main theorem). For u > 0, € > 0 sufficiently small, and initial data (w, z, k, a)|t:_(9 =
(Wo, 20, ko, ag) in the open set described in § 2.3, there exists a blowup time T, with |T.| < &'**, a unique
blowup location &, € T, and unique C' solutions (w, z,k,a) to (2.5) on T x [—¢, T,) such that |x,| < &,

w(-, T,) € C*3(T), 2G. T, k(. T.), a(-, T.), @(-, T.) € C*3(T),

where @ is the specific vorticity (see (2.8)). Furthermore, there exists a unique blowup label x, € (—n, ]
such that

lim n(x., t) = &.
t—T,
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where 1 is the 3-characteristic defined in § 3.1. In a neighborhood 0 € n([—&*, €*],T.) of radius ~ &
the functions w(-, T,), z(:, T.), k(-, T,), and a(-, T,) have the following fractional series expansions:

There exist constants &, Y, 85 with
lag] < 1, aYl s 1, 3] < 1,
such that

w(O,T.) = &y + 870 — &) + 850 — £)*° + 0716 - £.)),
Ogw(0,T.) = 1870 — €072 + 2850 - £)7' P + O™,
w0, T,) = =287(0 - £)7°P = 2850 - €)™ + 0710 - &171),
awO,T.) = 28y - €)™ + é;“(e &P+ O0E0-E7).

There exist constants &, &5, a5 with
BEls1,  [Blse, &Else,
such that
20, T.) = & + 80— &) + &0 - £ + 010 - £.1P),
0p2(0,T.) = & + 3850 — £)'° + 07210 - &),

922(0,T.) = ia;(e — &P+ O - £,
0326, T.) = 280 - £)7°7 + 019 - £.1'P).

There exist constants ak 51’3‘ , 514 with

lagl < 1, 185] < &, 85| < g7t
such that

k(O,T.) = & + 850 — &) + 850 — £)*° + 0119 - £.°%),
0ok(0,T.) = & + 2850 — £)'7 + O™ |0 - £.1P),
9gk(0,T.) = 24 (9—5)2/3+0(8W o - &7,
0ik(0,T.) = L850 - £)77 + O™ |0 - £.'3).

There exist constants &, &3, 5 with
lagl < 1, a5l < 1, lagl < 1,
such that

a0, T,) = & + 850 — £) + 850 - £)*° + O 7'10 - &),
9pa(0,T.) = &5 + 2850 — £)'° + 0710 - £.1°7),
05a(0,T.) = ‘—‘°“<9 &)+ 0E- £,
05a(0,T.) = =850 — £)77 + O(e7'10 - £.[*7).

274

(2.14)

(2.15)

(2.16)

(2.17)
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There exist constants &7, a5 with
2w QW -1
|a()|$17 |a3|$8 ’
such that

@(0,T,) = 47 + 870 — £) + O(e7'16 - &1,
Oyw(0,T.) = &7 + O(s7'10 — £.|'),
Bw(0,T,) = 010 - &),
00, T.) = 019 - £7). (2.18)

Moreover; the C° regularity away from the pre-shock is characterized by
max |35 w(n(x, 1), Ol +10,2(1(x, 1, D] + 19pk(n(x, 1), D] + 95an(x, 1), 1)
S BET[E(T. - 1) +cle + Dt (x — x)H] 5670, (2.19)

Theorem 1.1 clearly follows from Theorem 2.1 as an immediate corollary.

2.5. Outline of the proof of Theorem 2.1

In this paper, we will show that the classical solution (w, z, k, a) of (2.5) with the initial data specified
in § 2.3 breaks down in finite time, and that this occurs when the flow 1 of the fastest wave speed A3
ceases to be a diffeomorphism. More specifically, the blowup time 7, will be characterized as the first
time ¢ when min, 7,(x,¢) = 0. We will also establish that there is a unique Lagrangian label x, for
which n,(x., T.) = 0, which will imply that n,, vanishes at (x., 7.) as well. While w, z, k, a, 04z, Oyk,
and dya will be shown to remain bounded on T X [—¢, T.], dgw will be shown to go to —co at the
point (&,,T.) := (n(x., T.), T.) and remain smooth elsewhere. The key ingredient for implementing the
above-described strategy is to show that the functions w o 1,z o i, k o i, and a o iy remain as smooth as
their initial data, uniformly up to T,. The authors of [1] proved such uniform estimates using self-similar
analysis, but only in a special case.” In this paper, we prove uniform C° estimates for (w, z,k,a) on
on T X [—¢,T.], even in the most general setting, not by relying on self-similar variables, but by
instead using the transversality of various families of characteristics. This allows us to also consider a
much broader class of initial data than previously considered in [1]. Once we have shown that all the
variables stay smooth along the 7 characteristic, we obtain our functional description of the solution
near (&., T.) by inverting the map x — n(x, t) for (x, ) near the point (x,, 7.). In light of the constraints
(X, i) = (., T.) = 0, this amounts to the inversion of what is to leading order a cubic polynomial,
resulting in fractional series expansions of w, z, k, and a near (., T.) in terms of powers of (6 — ENV3.

This paper is organized as follows:

1. In § 4 we bound |7,| and prove that d,w must become infinite at time 7... We use a simple bootstrap
argument to get estimates for w, z, k, a and their first derivatives up to time € A T,. Using these
estimates, we show that 77, must have a zero before time # = &, and conclude that |T,| < &'*#. This
implies that € A T, = T, and therefore all of our estimates and identities hold up to time 7',. The
fact that dyw must blow up then follows immediately from the fact that dyz, dpk, and dya remain
bounded up to time 7. (see (2.13) above).

""The authors of [1] work in the case where z and k are identically zero and many more constraints are placed on wy and ay. See § 2.3
above for a discussion.
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2. Next we show that w o i,z o i,k o i, and a o 7 remain smooth up to time 7. To do this, we first
establish crucial identities in § 5, which result from the fact that the wave speeds are uniformly
transverse to one another. Then in § 6 - 9 we prove pointwise bounds on z, k, a and their derivatives
in terms of w and its derivatives by analyzing how our new variables evolve along the multiple
wave speeds. This allows us to conclude in § 10 that w, z, k, and a all remain smooth along 7.

3. Last we establish that the singularity occurs at a unique point (¢,,7,) € T X [—&, T.] and we invert
n near this point to obtain fractional series expansions for w, z, k, and a. We do this by establishing
in § 10 that there is a unique point (x,, 7,) € T X [—¢&, T.] where 7, vanishes and that n,,.(x,, T.) = 0
as well. Since n(x, T,) = &, + Nyec(x,, T)(x — x,)° + O(|x — x,|*) near (x,, T,), it follows (see § 11)
that (x — x,) ~ (6 — &,)'/3 for small |x — x,| at time T,, and the Taylor series expansions of the
smooth functions won(-, T.),zon(:,T.),k on(:,T.), and aon(-, T,) near x, become fractional series
expansions of w(-, T.), z(-, T.), k(:, T.), and a(-, T.) near &..

3. Preliminaries

3.1. The characteristics

Let ¢ > 0, and let ¥ be the flow of A := (1 — @)w + (3 + ¢)z.

P, = el 0¥, 3.1)
0;c + A0gc = —(pdgw + (% — )07 + %a)c.

If ¢ > 0 everywhere, this tells us that

—20/(logco¥) = @gw + (55 — Ddgz + §,a)0Y.

— JploW = —£4,(log co¥) + (2 - 21)dpz — §=£a)o .

_ .t 8 1-
= ¥, = () 7 eIy e (3.2)
If ¢ ~ 1 and 0yz, a are bounded, then this lets us conclude that ¥, ~ 1. We will prove in the next section
that ¢ ~ 1 and that dyz, a are indeed bounded on T X [—g, T,), so everything that follows is relevant.

In the case where ¢ = %, we have A = Ay, the first wave speed. Let i/ denote the corresponding flow,
the so-called 1-characteristic. Its first derivative satisfies

Vi = (c‘;".,,);e-’fﬁ“‘%‘“‘”, (3.3)
while its second derivative obeys
Vo = wx(éi—‘s -/ ;wx(aéz - S0y - %wﬁaﬁii’f
= - R, (34)
= Y3(Q1 — 3¢ dge)oy. (3.5)
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When ¢ = %, we have 4 = A, and the corresponding flow is the 2-characteristic, ¢. The first

derivative of ¢ satisfies

_ (€0 V6 g
Px = (CO¢) ¢

while its second derivative obeys

_ 2018 "5 (aog)) - 24290502
b= 022 -8 [ oacn)) - 20125

. _ ,0pc00

=t 4,0 - 2617

L 902 = 2¢7 ' 9ge)0¢.

(3.6)

(3.7
(3.8)

When ¢ = 0, we have A4 = A3 and the corresponding flow is the 3-characteristics, 7. Note that our

analysis for ¢ > 0 breaks down for 7, but also that w is essentially transported along 7.

3.2. ¢" and ¢

Our system (2.5) can be written as
8,2+ AdyR=b

where
w AL 0 -2 0 —Saw
L. |z 10 A —%c 0 > —%az
=l A%lo o0 a4 o PF 0
a 00 0 X —3a* + 3(w+2)* — ¢(w - 2)°

Taking 9y of (3.9) and diagonalizing A gives us

0;y + Dy = Q(X.3)

(3.9)

where D = diag(13, A1, A2, 42), ¥ := (Ogw— }Tcﬁgk, 0oz + %cagk, 0ok, dga), and Q : R® — R*is a third-order

polynomial. This motivates the introduction of the following variables:
1 1
qw = agw — angk and qz = 092 + angk.

On can check using the identities in § A.1 that

8 1 1 8
9/(q" onn,) = (-za + Ecéek)on(qwonnx) + E(cﬁek)on(qzonnx) - gﬁx(aon)won-

3

8 1 1 8
(g oyy) = (—za - Ecaek)olﬂ(qzolﬂ%) - E(Caek)olﬂ(qwolﬁ%) = 30-acy)zoy.

3

If we define
L(x) := eskon=5 Jeaen

(3.10)

(3.11)

(3.12)

(3.13)
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then our equation for d,(¢" onn,) gives us the Duhamel formula

1 t t
n.q"on = It[(w(’) — }‘cok{))e—gko + 11—2 /I;]nx(cagqu)on dr — g /I;]won[‘)x(aon) dT]. (3.14)

It follows immediately from the definitions of A3 and ¢" that

t t t t
ne=1 +/ N0gdzondr =1 +/ nxqwond7+}‘/8x(kon)(con) dT+%/0X(ZOﬂ) dr. (3.15)

£ —&

Identity (3.16) will be used in § 4.3, and (3.14) and (3.15) will be used in § 3.3, 4.3, 4.4, and 10.
Similarly, g* oy, satisfies the Duhamel formula

1 T8 1 ! 18 1
g ous = (@ + yeokp)e FGermetions / R A C Ll

£

t
-3 [ e ety @azop dr. (3.16)

&

3.3. Integral bounds
Let ¢ > 0, and let ¥ be the flow of 4 := (1 —p)w + (% + ¢)z.

Lemma 3.1. Suppose that T € [—€,& A T*]| and that for all (6,t) € T X [—¢&, T] we have
w~1, c~1, lkl,lal < 1, |062] < %, |0gk| < &', |0pal < 1.

Then, for all ¢ > 0, we have
lie+t

t
/ owo P, Dl dr < —(2) (3.17)
—& Y\ £
with a constant uniformin ¢ > 0, (x,t) € T X [-¢,T].

Proof of Lemma 3.1. Fix ¢ > 0 and define

g, 1) = (¥(x, 1), 1).
We compute that

0ig(x,1) = 0~ (P (x, 1), 1) + O™ (P (x, 1), ¥, (x, 1)
_ng(x, 0,0 + P (x, )
- 1.(g(x, 1), 1)
—30n((g(x, 1), 1) + 10¥(x, 1)
n(g(x, 1), 1)
(M)(g(x’ t), l‘)

X

c;n(g(x, 0, 0. (3.18)

= _290
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Note that d,g(x, 1) < 0 everywhere. We also know that
1
Y(x, 1) =x+ / Ao¥(x,7)dr, and

Px, 1) = n(g(x, 0, 1) = g(x, 1) + //13077(8()6, 1, 7) dr,

t
0 x—gx,1) = / Az01(g(x, 1), 7) — Ao¥(x, 7) dt.

Our hypotheses allow us to conclude (see (4.2) below) that
L(x)e ™9 = 1 + O(e + 1)

for times ¢ € [—¢, T]. Using our hypotheses, along with this equation and (3.14), we conclude that for
all (x,1) € T x[—¢,T], we have

sup [7.q"onl < &7'(1 + O(e")) + O(”P* ) (& + t) sup 1,.

[—&.t] [—&.t]

Plugging this into (3.15) and using the fact that T < & gives us

supn, < 1+ (e + e ' (1 + OE™)) + O (e + 1) sup 1,
[—&.t] [—&.t]
< 1+2(1+0EM) + 0P sup n,.

[-&.1]

1+2(1 +0(h))
4
= ST o

The last inequality is true for £ > 0 taken to be small enough, since u > 0. Plugging this into (3.14) and
letting & be sufficiently small gives us

ndq onl < e7'(1 + O(e"))

. wal,e‘ék0 +O0(eM)
— "oy = , . (3.19)

It follows that
wy(g(x, 1) + O(1)

q"oY¥(x,1) = —é@,g(x, 1) 2eoP(x 1)

Since d,g < 0, it follows that
lg" o¥(x. 0] < ~Lag(x. D1,

So
! -glx,n)  l(e+t
"o Dl dr 5 TED < (22
_e (7212 @ &
Our result follows immediately from this inequality and our hypotheses. O
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4. Initial Estimates

4.1. Zeroth Order Estimates

Proposition 4.1. For & small enough, the following estimates hold for all t € [—&,& N T.]:

w ~ 1 5 c ~ 1 ) ¢x ~ 1 ’

106kl < kgl s Mlalls < llaollis + 0@, il < llzolli + OCe) -
Proof of Proposition 4.1. This follows from an easy bootstrap argument. Let t < £ A T.. If we assume
all of the listed bounds hold up to time ¢ for some constants, then it follows that (3.6) holds up to time .

k satisfies ko¢ = ko and
¢0pkod = ki. 4.1

Additionally, (2.5) gives us Duhamel formulas for won, zoy, and ao¢. Using these Duhamel formulas
along with (2.11),(3.6), (4.1), and the fact that ¢ < ¢ it is straightforward to improve our bounds for all
times before ¢, provided the constants we assumed in our bootstrap hypothesis are appropriate and ¢ is
small enough. O

Using these estimates, it is easy to show that for € > 0 sufficiently small we obtain that
e ¥ —1|<O@E+1)  VxeT,~s<t<eAT. (4.2)

4.2. 0pa bounds
Using (3.6) and (4.1) we have

8 4
O(wog) = §(aw)°¢ + §€k°(99k°¢ 4.3)
4
= Sm)op + 1K
8 4k,
= g(aw)oqb + gc—gekoftz(c o ¢)2,
where
I, .= e [eaos, 4.4)
Therefore,
4 t
wop = wol, + gc(;zk(’,ek"f, / I.(c* o ¢) dr. (4.5)
Note that
e = cl ¢ og. (4.6)

This relation will be useful for estimating the higher derivatives of a.
Since
@y = 4cy>(Wo + 20 — ap)e, 4.7)
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our assumptions on our initial data let us conclude that |@y| < 1, and therefore for all (6,¢) € T X [—¢, T]
we have

lw| < 1. (4.8)
Since .
Oga=w+2z— Zczwe"‘, 4.9)
it follows that
|0gal < 1 (4.10)

for all times t € [—&,&e A T.].
Using (4.10) and the bounds on the initial data, we conclude that

0l < &7, (4.11)

for all times ¢ € [—&,e A T,].

4.3. 0yz bounds
Proposition 4.2. For all (x,t) € T X [—¢&,& A T.] we have
mlgonl <27, npe<4, Agoul Slizlle,  Ya~ 1.

Proof of 4.2. We will use a bootstrap argument. Let T € [—g,& A T.) and let our bootstrap assumption
be that

l4°| < Clizgllz

for all (0,1) € Tx[—&, T] and a constant C to be determined. Since we are assuming |9yz| < £°! for times
t € [—¢, T}, it follows from (3.3) and our estimates from § 4.1 that ¢, ~ 1 with constants independent of
C for times ¢ € [—¢, T], provided that ¢ is small enough relative to C.

Using our bootstrap assumption, along with the estimates from § 4.1 and 4.2, we can conclude (see
Lemma 3.1 and its proof) that for all (x,7) € T X [—¢, T], we have

ne <4,
ndq onl < 2&7",

t
/ lg" oy(x,7)ldt < 1.

Using this last estimate along with the estimates from § 4.1, 4.2, it follows from (3.16) and the fact that
Y, ~ 1 that

lg* oy — 7l < &
for times ¢ € [—¢, T']. It follows that
lg* oy < 105 lecoxi-e.rp (125l + OE™))
for t € [-¢&, T]. Since y; > 0 > 1, it follows that if we let € become small enough, we obtain that
lg°| < 2||lﬁ;1||L°°(T><[—8,T])||ZE)||L°°

for all t € [—¢, T]. If C is chosen large enough and ¢ is chosen small enough, this improves upon our
second bootstrap assumption. O
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It follows as an immediate corollary of this proposition that

1092 < &, (4.12)
ne S 1, (4.13)
Uy ~ 1, (4.14)

for all times ¢t € [—&,& A T,].

4.4. Bounding |T.|

Now our estimates will let us conclude that 77, behaves roughly the same as it would if w were the
solution of Burger’s equation with initial data w, and i were the flow of w. Using Proposition 4.1, (4.2),
(4.10), (4.12), and (4.13) in equation (3.14) gives us

1q"on = (= L+ wj + H)Le 5 + O@™)

for all times ¢ € [—&, & A T,]. Plugging this into (3.15) and using the same bounds produces
t
me=1+(—1+w)+ g))/ITe-éko dr+ 0@ (4.15)

for t € [-&,& A T.]. Evaluating (4.15) at x = 0 and using (4.2) gives

70,0 =1 —(e+ e + O()
= -2 +0(&").

Since this is true for all # € [—¢, & A T.], it follows that we must have T, < £'** if € is chosen small
enough. Therefore, T. = & A T,, and everything we have proven for t € [—¢,& A T,] is true for
te-gT.].

We can also prove a lower bound on T... Since wj(x) + % > 0 for all x, it follows from (4.15) and
(4.2) that

ne >~ +0(e")

everywhere. Therefore, |T,| < %4, else dgw, dyz, Opk and Hpa would all stay bounded up to T,.
We can also obtain a lower bound for 7, away from 0. Indeed, since w)(x) + + > C g2 for x| > &3/,
we have
Ny > —é + Cs%‘l(s + 1) + O(")
(T, - )[L — Ce> ] + Cs? + O(")
Ce

t
T+ 0@

>

vV
hS

(4.16)

E2.

Using Lemma 3.1 and the estimates proven in this section, we can now conclude that the bound
(3.17) holds for all ¢ > 0, (x,t) € T X [—¢, T.]. This fact will be used so frequently in the rest of the
paper that we will not bother to cite it.
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5. Transversality

Let ¢ > 0 and let ¥ be the flow of 1 := (1 — @)w + (3 + @)z
—i‘l’xaz(ﬁeco‘?) = }D‘szaeco‘l‘ - ié‘,x(co‘l’)
= }D\Pﬂa@co\y + W (0w + (§5 — 1)0yz + g}ﬁa)o\P(a@co\P)
+ ‘I’x(cagw + (%%ﬂ - l)cagz + %éﬁgac)o‘l’.
= —0(¥u(c7'Bge)0 ) =~ Wilc ™ Fpe) 0¥ ~ ¥ (c20pc)0P( — ;0i(co®))
+(c" o) (- i‘I’xﬁt(aeco‘I’))
= ‘I‘x(c')gw + (%}D - l)ﬁgz + %}06961)0‘}’.
Therefore, if h : T X [-&, T,) — R is any differentiable function, we have
W (hdgw)o¥ = —0(¥u(c™ dopch)o¥) = Yu((5 5 — Dhdgz + § dgah)o¥
— W, (¢ Bgc)o¥( - }aat(ho‘l’))-

This gives us the following equation:

0:((hdgw)o¥) = —18,(¥(c'Bych)oP)
- Y((GL - Dhoiz + $L04ah)o¥

+ W, [(0ghdgw)o¥ — (™' dgc)0P( — éé‘t(hO‘P))]. (5.1)
The last term in this expression motivates the following definition:

Definition 5.1 (Transversality). A differentiable function h : T X [-¢,T.) — R is transversal (or
1-transversal) if it is bounded and there exist both a constant ¢ > 0 and bounded functions A, B, and C
such that

{aw = Ac'9yc + B

0:h + A10gh = —pAdgw — @C

Here A = (1 —o)w + (% + ©)z, as in the above discussion. If in addition A, B, and C are themselves
transversal functions, we say that h is 2-transversal. We recursively define h to be n-transversal if
A, B, and C are (n — 1)-transversal.

A few remarks about transversal functions:

* If & satisfies the transversality condition for one ¢y > 0, then it satisfies the transversality condition
for all ¢ > 0. If indeed, if we have

agh = AC_laQC +B
6,h + /10(99]1 = —QOOA(’)HW - (,DoC

for some ¢y > 0 then for any other ¢ > 0 we have

agh = Ac‘lé?gc +B
0:h + A10gh = —pAdgw + (¢ — ©n)ADyz + 2(o — ¢)cB — ¢ C
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Since dyz is bounded, A still satisfies the transversality condition for ¢, albeit with a different
choice of bounded function C. So the notion of a transversal function is independent of our choice
of ¢ > 0.

Note that while being transversal does not depend on the choice of ¢ (as the previous bullet
illustrated), and A and B are independent of ¢, the function C changes based on ¢.

If h is a bounded function with bounded derivatives, then 4 is trivially transversal, with A = 0, B =
dgh and C = —1(0,h + 20,h).

12

If functions A, h, are n-transversal, then /; + h, is n-transversal. Indeed, we have

69(h1 + hz) = (A] +A2)C_169C + Bl + Bz
(0; + A0)(hy + hy) = —p(A + A2)0gw — p(Cy + C2)

If functions Ay, h, are n-transversal, then their product is n-transversal. Indeed, we have

09(h1]’l2) = (A1h2 + Azhl)C_lagc + Blhz + Bzhl
(0; + A09)(h1hy) = —p(A1hy + Ayhy)0gw — @(C1hy + Cohy)

If A is n-transversal and & ~ 1 then A~' is also n-transversal. Indeed,

8y(h™") = ~h"2Ac™' 84 — h 2B
Oi(h™") + A0g(h™") = —p(~=h"2A)dgw — @(~h7>C)

If F : R — R is smooth and 4 is n-transversal, then Foh is n-transversal. Indeed, we have

O0y(Foh) = (AF'oh)c™'0yc + BF'oh
(0, + A09)(Foh) = —p(AF'oh)0gw — ¢CF'oh

This rule will be especially useful for F(x) = e*.

c is transversal with A = ¢, B = 0, and C = 4ac when ¢ = % It follows inductively that if a
is n-transversal, then c is (n + 1)-transversal. At this point, we already know that a is at least
1-transversal because it is uniformly C!, so c is currently proven to be at least 2-transversal. ¢ ~ 1,
so ¢! is also 2-transversal. The fact that both ¢ and ¢! are transversal was the main ingredient
used in the computation of (5.1).

The following lemma will be used in § 7.3, § 8.3, and § 9.3.

Lemma 5.2 (Identities for transversal functions along 1-characteristics). If h : T X [-&,T.) — R is
transversal with

(%h = AC_lagC + B
~30i(hoy) = (Adgw + C)oy

then we have

0:((hdgw)o) = =30,(Yu(c™' Bgch) o) + Yu([B = 5¢7 Cldgw) o + (3¢~ Cdpz — 4dgah)oty.  (5.2)
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and

0. (hdgw) o) = =30,(¥(c™'Boch)ow) + Yi(IQh + B — 1c7'C + 3c7 hdpz]dew) oy
+ wi(%c_lCagz — 40yah — %c‘lhagzz)ow. (5.3)

From these two equations. we obtain the bounds
0. ((hdgw)ow) + 20,((c™ Bgehyow)| < hll + EIICl + (1Bl + ICll)dgworsl.  (5.4)
and

0.0 (hdew) o) + 30,((c ™ Bpchyow)| < &' Il + &Il
+ (&7 iz + 1Blize + (ICll=)0gwousl. (5.5)
Proof of Lemma 5.2. (5.2) follows immediately from (5.1). To prove (5.3),
0,(Y(hdgw) o) = Y (hdgw) oy + 1,0, ((hdgw) o))
= Y(Q — 3¢ Bgclhdgw) oy — ,(Yi(c™ och) o) + Syl Bych)oys
+ . ([B - %C_IC]ﬁgw)ow + l//x(%c_lCagz — 40yah) oy
= —30,(y3(c ™" Bgch) o) + YA([Qh + B — 3¢ C + 3¢ hdyz)dgw) oy
+ wﬁ(%c—lcagz —49yah — %c‘lhagzz)ow.
The inequalities follow immediately from the equations and the first-order estimates. m|
The following lemma will be used in § 7.2, § 8.2, and § 9.2.

Lemma 5.3 (Identities for transversal functions along 2-characteristics). Ifh: T X [-&,T.) > Risa
differentiable function satisfying the transversality condition

dgh = Ac'0yc + B
—30,(hop) = (Adgw + C)o¢

then we have
3, ((hdgw)op) = =30,(¢(c™ Dgch)od) + ¢, (BOgw — Cc™' dgc — hdyz — 80gah)o . (5.6)
and

0B (hdgw)od) = =30,($3(c™' Dpcdgw) o)
+ gbi(B@gw — Cc ' 9gc + 4c7 0pchdyz — h@gz — 80yah)o¢
+ 202D (hdgw) o . (5.7)
Proof of Lemma 5.3. (5.6) follows immediately from (5.1). The proof of (5.7) is an easy computation
using (5.1) and (3.7). O

The following lemma will first be used in § 8.3, so there is no circularity in its proof. See § 6.1 for
the definition of &€ and § 6.3 for the definition of f.
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Lemma 5.4 (Identities for 2-transversal functions along 1-characteristics). If h : T X [-g,T.) — R is

2-transversal with

Aph = Ac'dyc + B
—30,(hoyy) = (Adgw + C)oy
99A = Agc™'0gc + By
—39,(Aoy) = (Asdgw + Ca)oy
OyB = Agc'dyc + Bp
~39,(Boy) = (Agdgw + Cr)o
89C = Acc™'dgc + Be
—29,(Coy) = (AcOgw + Cc)oy

then we have

O ((hdgw)oy) = =20,(W2(c ™' Fgch + [ — 2h + Alc 8o + [Q1 + 2B — L7 Clc ™' pc)0y)

+y([BO1 + By — 1c ' Bclogw)oy

—y([01C + Cp — 1c7'Cc + 2ac™' C + 1¢7'052C — 284ah + 494aA]c™" dyc) oy

2
— Y217 092C — LAcc™ Bz + LCOGK| e Byc) oy
+ Y3 f — 409ahQ — 40;ah — 40paB — §cE + 3Bcc™ 0g2) oy

and

02(hoy) = —29,(W2(Ac204¢) o)
+ l/’i([%AC_lQl + %BAC_I - }TCAC_Z +Aac™ + %Ac_zaez]agw)og[/

+Y2([LAc 0gz — 1B + Ag — JAsc™' 0y + LAcT gz + L1ABsk1c ™ ) oy

+ PP Cac 05z — Aac20yz — 204aAc™ — 2AC0,) oy

+y(BQ; — 1Ac™' 0105z + Bp — 1Bac™'0pz — JACT f + LAE) oy

Proof of Lemma 5.4. Taking 9, of (5.2) gives us

P((hdgw)ow) = =302 (W(c™' Byc)ow) + DB — L™ Clogw)ou)
+ 0,57 COyz — 4dgah)o).

If we define & := B — %c‘IC , then the rules for transversal functions tell us that

B, =Bp—ic'Bc

Cp=Cp—ic'Cc +2ac”'C.

Applying (5.3) to & and simplifying gives us (5.8).
For the next identity, we see that

8i(hoy) = 3(Y(GAC gw)op) + 8. (Y.(B — 3Ac™ dg2) o).

Applying (5.3) to the function %Ac‘1 and simplifying gives us (5.9).

(5.8)

(5.9)

O
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The following lemma will be used in § 8 and § 9.

Lemma 5.5 (Classes of transversal functions). Let ¢ > 0, and let Y be the flow of A = (1 —p)w + (% +¢)z.
Then

1. If h is a transversal function and H is defined by
t
Ho¥(x,1) := /hO‘I’(x, T)dTt

then H is transversal.
2. W, oW ! is a transversal function.

3. If his a transversal function and K is defined by
t
Ko¥(x,1) := / (hogw)oW¥(x, 1) dt

then K is transversal.

4. If his a 2-transversal function and H is defined by

t
Ho¥(x,1) := /hO‘P(x,T) dr

then H is 2-transversal.
5. W, oW ! is a 2-transversal function.

6. If his a 2-transversal function and K is defined by
t
Ko¥(x,t) := / (hdgw)o¥(x, T) dt

then K is 2-transversal.
Proof of Lemma 5.5. In this proof, h satisfies

doh = Ac™ '8¢ + B
—éa,(ho‘l’) = (A0yw + C)o¥
(i) Since
GH:(‘I"I ‘ (Ac"'0yc + B ‘I’a’) -1
‘ o LA g + oW dro (5.10)
—é@,(HO‘I’) = —éhO‘I’

it follows from (3.17) and the fact that ¥, ~ 1 that H is transversal.
(ii) We know that a is transversal, and it will be proven in § 6.3 that dyz is transversal. Therefore,
part (i) applies to the function

! 21 1-
HoW = [(@-5-)ds—5—F
e 3¢

a)oV.
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Since F(x) = ¢* is smooth, it follows that

! (p-21 81
ol-e@=3)00=3 TF ¥ (\y-1

is transversal. We already know that ¢ and ¢! are both 2-transversal, so it now follows from (3.2) that
¥,.oWP~! is transversal.
(iii) Using (5.1) tells us that

1
0gKoy = —}D(hc_lﬁgc)O‘I’ + —‘I’;lcalcaho
Y

t t
-y ! / W (35 — Dhdz + 3 10pah)o¥ dr + P! / W.(Bogw — ¢ '0ycC)o¥ dr,

€

—éa,(Ko‘I’) = —i(hagw)o\y. (5.11)

It now follows from (6.18) that K is transversal.

(iv) This follows immediately from applying (ii) and (iii) to (5.10).

(v) It will be proven in § 6.2 that dya is transversal, from which it will follow that a is 2-transversal,
and it will be proven in § 7.3 that dyz is 2-transversal. Since F(x) = e* is smooth, it follows from (iv)

that .
AR P TSRO0 PRV

is 2-transversal. Since ¢! is 2-transversal, it now follows from (3.2) that ¥, 0P~ is 2-transversal.
(vi) We prove in § 6.2, 6.3, 7.1, and 7.3 that dya, 0yz, &, and f are all transversal, so our result follows
from applying (i), (ii), and (iii) to (5.11).

O
6. Second Derivative Estimates
6.1. 9k bounds
Differentiating (4.1) and plugging in (3.7) gives us
$05ko¢ = ki — prdokod
0 0ok
= k) -, DOykop + 292 20000
cog
7] 0ok
_ K — Dk, + 22 2C0000K00 (6.1)
cog
If we define
& := 00k — 2c7 ' 0ycogk, (6.2)
then it follows that & = [¢, (k] — ®k})]o¢™" and from (4.11) we conclude that
& < g7 L, (6.3)
= |05k| < &7 + 70w (6.4)
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'With this notation, we can write

0ok = (20gk)c™ ' 0gc + &
—20,(0gkoty) = (205k)Bgw + &, (6.5)

S0 gk is transversal. The fact that dyk is transversal will be used through § 7 and § 6.

6.2. 8a bounds
Using (3.6) and (A.1a) we have

1,0.(%09) = 291, ~ 50,(cod) ~ (ac + cd)od]

= ceI7'[30,(c ogp) — (8¢ a + 2¢7 0yz) 0 ¢
= cg[30,(I; ¢ o) — 217 (¢ 9p2) 0 @) (6.6)

Therefore, differentiating (4.5) gives us

k. ko 7 oko !
d(wop) = d(wol,) —4"—T,+ 32— - 8keMT, | T7'(c ' Bp2)0¢ dr
Co cop 3 .

k(’)e"‘O ! k(’)eko !
10,5 1) [ 1o+ 1251, [ oz cen ar ©7)

0 -& 0 -&

It is easy to check that

17} < e (6.8)

It follows from this bound and (6.7) that
|0y og| < || + &2,

By differentiating the equation (4.7) and using our assumptions on the initial data, we conclude that
|oj| < &', Therefore,
0pw] < 7" (6.9)

Differentiating (4.9) in space and using our first derivative estimates along with (6.9) gives us

aga = 2[8ga — ¢ — 2z]c" ' dgc + 2047 — iczagwe_k + J—tczagkwe_k
—%(9,((936101//) = (2[0ga — ¢ — 2z]0gw + 4adya — }Lc36gwe_k + ic366kwe_k)og//. (6.10)

So (6.9) lets us conclude that dya is transversal, which will be used in § 7 and § 8. This equation for 85(1
and our estimate (6.9) also lets us conclude that

102al < &' + 0gwl. (6.11)
It now follows from (6.11) that
10,®| < &%+ W)l (6.12)
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6.3. 0%z bounds
Let us introduce the new variable
fi=057— %c‘lagcagz + %caék.
Using the identities from § A.1 along with (6.2) gives us

d(fou) = (9:(log coy) + 30,(kowy) — 30yz0y)(f o)
+ ($5C0pk0Gk — 3¢ Bycdy) oy — E(3c0pw — cOpz) oW
- %(%az + %c%aﬁgz - %Z‘)gac_](?gcz)ow.

If we define
o= B

then (6.14) gives us the Duhamel formula

t
fou =cy'(zy — ey ozl + %cok{)’)e_%koj,cozp + coyd, / I (cOpkdzk) oy dt

t

t
— %cowJ, / I (209007 ot dT — %cowJ, / J;IS(%(%W — Ogz)oy dt

- %cm//J, /IJT_I(@gac_lz + %890C_169Z - %&gac_z(?gcz)m// dr.
It now follows from (6.4), (6.3), and (6.11) that
fl 5 &Pt
It follows immediately from this bound and (6.4) that
1052] < &L 4 1w,

This bound tells us that
| < el

We can also conclude that dyz is transversal. Indeed

5§Z = [%892 - %C(')gk]c_lagc + f - ‘1—‘08
—%6,(69@(//) = ([%692 - %cagk]agw + %cﬁgkagz - ic28 + 4dpaz + adyz)o.

The fact that dyz is transversal will be used in § 7 and § 8.
7. Third derivative estimates

7.1. 33k bounds
Using the fact that & = [¢;*(k; — ®k})]op!, we can compute that

066 = (¢ (ky — 3Dk] + 2D* — 3, D)k)]op™" + 4Ec™ dye

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(7.1)
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Define

= [p (k) — 3Dk + (2D* — 3, D)k))]og™". (7.2)

We know from (4.11) and (6.12) that

Since

] < &M |wjog™!| + g7 in=2, (7.3)

068 = 4Ec " Byc + &
—30,(Eoy) = (480w — 80padgk + Ec)oy. (7.4)

it follows that & is transversal and therefore dyk is 2-transversal.
Taking 9y of (6.2) gives us

It follows that

7.2. 8261 bounds

O3k = E + 6Ec™ 0yc + 2¢720pc Dk + 27 02k (7.5)

|(93k| < 873A72—1A71—2 + Sysz'_llagwl

+ &' wyod”!| + £"|Bgwl* + £ Fw]. (7.6)

Taking 0, of (6.7) gives us

(wop) =

) dgcog

(cog)?

keO x(()

(w0l ) — 40,(~ —71,)+4 — 4kje* ¢,

t
89,k T,) / T2 0)op dr — kT, [ 0T Bi2)0) dr

—&

/ ko ’ ko
cipr) / Io(cogy dr+ (0 “ 1) / (TP o) dr

€
ko

/ ko
4(9( I,)/I@(c 0¢)dT+——

o

/(9 (1.)0,(c* o¢)dr

4k6€k0 2 2
+3 2 L/ax(IT)(c o¢) dr.

0 =&

It is easy to use (3.7) and (6.11) to obtain that |77, |8§I,,T| < 1. Using (6.6), we have that

8 t
010 o0) = 5 / 0.(@oP))T0.(o0)

:cg[sa,(( /_ téx(aoqﬁ))f;lc_logb) 88, (aod)I ¢ ogp + 20T\ Be)od|.  (1.7)

Using (6.6) and (7.7), we have that

leko t
0 2 _
ax(_z-[t) / Irax(c O¢) dr = -
0 —&

0, (kheko T clkheko
32D | 7
o

Co
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t

[30 (k) + 8k} ¢h / d(aog) dr — 692

=&

keU

_10(]5

t
—20,(kye™I) / I;'(c ' 0g2) 00 dr

Cl ’ k() !
+400 I,/I;l(c_lagz)mﬁ dr.
Co —-&

ko t t t
I, / AT )d(c?op) dT = 8k6ek0( / 8x(a0¢))c_10¢+2k(')ek01', / 0T (c " 0gz) 00 dT

t
— 8cikpet I, / I3 (0gac Yo dr.

Therefore, we have

ax k' koI 'k ko
A (wod) = Plwol,) — s L) 5% o?
Co CO

[88 (koe'™) + Gkge / d.(aog) dr -8 —CO“ ] “log — 4kyep(c?Bpc) o

1z,

169 /17 k 11 16 Cf)kéeko 1
_ 73x(ko€ OIt)/IT (C 892)0¢ dr + ?C—IZ/IT (C GQZ)O(]S dr
—& 0 —&

kaek‘) ! kf)eko !
+ %ai(c_%jt) /_SIT(CZO(I)) dr + %ax(c_(z)—[t) [{.:ax(-z‘r)(czod)) dr

7 ko
470
+3

1, / PT)(Pop) dr

0 =&

t
+ cok’ kOI,/I;3([c_469z + c205k]0gw) o ¢ dT

t
- —cok' T, / T(c™892% + ¢ 06kByz) 0 ¢ dt

+ cokpeto T, / YG?E -8 f - 2dpac)og dr. (7.8)
Rearranging this and using ko¢ = ko, (4.1), (4.6), and (3.8), we have
O3 = Ac”'0yc + B (7.9)
where
A := 20w — 4c7 ek Ak, (7.10)

Bog := —(Qxc)o¢
+ [ T 0X(woI,) — 8¢y IO, (kjeh T,) + 12¢,Cchkfe™ I |c* o b

cke

+ |80 (kpe™) + Skge / d(aog) dr — c' It og

t
- —c04I48 (kf,ek(’]t)/f Y Bpz)op drctop + —cO cok{,ekofs/];l(c_lagz)mﬁ drctog
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N )
ke

4 —4 7492
+§CO Itax B
o

t k ko t
1) / TP o) drctop + S T4 (~5-1) / AT og) drctod
e Coy e
t
+ 360 ko I / UL o) drc’od
t
+ %cgzk{)e’“’[f[ / T3([¢™*0pz + 2 0gk]Ogw) 0 dT

—&

t
- /I;3(c_4(9912 + ¢ 30pkdpz) 0 dt|ct o

+cykye I? /tff(%c_zfl =37 = Zdpac)op drctog. (7.11)
Taking two derivatives oif (4.7), we find that
l@y| < 72 + lwyl. (7.12)
It follows that
IBl < &%+ [wjogp™!|. (7.13)
We therefore conclude that
10;@] < &% + Wy og™ | + &' |0pwl. (7.14)

Differentiating (4.3) and using (4.1) allows us to compute that
—30,(0gwod) = (Adgw + C)o¢ (7.15)
where
C := 46" 0gkBpz + 20y ez
— 8adyw + 80paw + 4€°E + e 9k’ (7.16)

This, along with (7.14), implies that dyw is transversal. Therefore (see (6.10)), dya is 2-transversal.
Now taking dy or (6.10) and using (6.4), (6.18), and (7.14) gives us

dra = 2[0pa — ¢ — 2z Fic + O(72 + [wy o™ + &' |0gw| + |0sw]?). (7.17)
Now, one can compute that
*(aod) = p*(=[1 + 2¢™'210yw + [3 + 2¢"'2]02) 0 b
+ ¢i(ic269kwe_k - iczagwe_k + 0gaQy)od. (7.18)
It now follows from (4.11), (5.7), (6.4), (6.18), and (7.14) that

t
/ai(amf)) dr = ¢>([3 +6¢ 'zl 0gc)ogp + O™ + elwy)). (7.19)
Therefore,
2///_3 ///+2 ’\3
®,, = 200 2% D _ 53116 + 3267 21c Boc)od + O™ + e, (7.20)

o
These equations will be used in § 8.1, § 8.2, § 9.1, and § 9.2.%

#For the fifth-order estimates, one actually has to write out the full formula for (7.19) and (7.20) and work with it. We will omit such
straightforward but space-consuming details.
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7.3. 8gz bounds
We know that

Vi@t o) = (Ldukoy + u( 0000w =3 [ wdizow drfou + Jcoyd (1 fro)

Recall from our Duhamel formula for f that

J N oy

_ =l 1 -1 1 ’” —lko
= ¢y (29 — 3¢ CoZy + 3C0kg)e 2

1
+ / I ([506k> = 1¢72097" — 528 = 20gac*z + 37z + B2 ]dgw) oy dt
g 192 1.-29 .3, 1
+ /Jt (Ecéng - Eagk 69Z + 1€ 091 + §8(992)0t// dr
t
+ / J, Y20pac™20yzz — 8¢ 1 dyzz — 13—6C_2(93Z22 — 404ac” " 0pz + %cagwe_kz - %cagkwe_kz)ow. (7.21)
Taking 0, of (7.21) and using (5.4) and (7.3), we have that

Jtcowax(Jt_l(c_]f)O!//) = l//x(_%agCagkz + %c‘zagcﬁgzz + 11—68(99c)oz//

+ Y (30pacdygcz — 4c™ 0ycz — 8¢ Bgc) oy
+ QPP InBI=2 By g Pl ), (7.22)

Therefore

Oof = ¢ 'Bgcf — L04cO6k” + 372050057 + L Eyc
+ 3dgac2dycz — 4c 7 dycz — 8¢ 2dyc?
+ QP INB=2 By oy Tt 4 Y[ ). (7.23)

Taking 0y of (6.20) and using these bounds, we conclude

821 = [%891 - %cagk]c_lagc
+ QP Ingi=2 Bl g ) + P iwe oyt | + 2110w ). (7.24)

Since (6.14) can be rewritten as

—30,(fou) = (If — 1c06k® + 2¢7'092 + =& + 30pac™'z — 4z — 8¢ ™' 2 ]0gw) 0y
+ ((4a + Lcgk + 2002) f + Lcdk>Byz — LP0pkE — 270y )oys
+ (—¢0p28 — (30pac™'z — 4z — 8¢™'2%)Bgz + 60padez) oY
+ (82047 + *Opwe ™ 7 + czagwe_kz)ow.

we can also conclude that f is transversal, and therefore dyz is 2-transversal.
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8. Fourth derivative estimates

8.1. 93k bounds
Taking 0, of Soqb and using (4.1) and (7.20) gives us

0(Eog) = ¢ (0tky — 6Dk — (40, D — 11Dk — (9>D — 70, DD + 6@°)k}) + 6¢ (Ec™ ' Dyc) o

"_ N7 \3
¢ =3cocyeq +2(cp)

= §7(9%k — 6K — (40,0 — 11O — QL6 % — 79,00 + 6%k}

0

+ ¢)x([89k[16 + 320_1z] + 6S]C_189C)O¢ + 0(8)/1—1 + 8y1+1|W6/|).
5 4 1”1 20 el =3coc ey +2(ch)?
= 966 = [¢74(0ko — 6OK)” — (40,® — 1101y — (2L 02
0
+ [(99]([16 + 32C_1Z] + 68]6—1600 + 0(871—1 + 871+1|W6,|).

Define
E = 0,8 — [06k[16 + 32¢7'7] + 6E]c dyc.

Then (4.11) and (6.12) tell us that
|S| < VN IAn=2Ay1-3 872A71_]|W6’O¢_1| + e |w6/'o¢—1|_
Using (7.18), we compute that

~30,(E0p) = (6EIgw + 6Edgz)0p — 160k 0 (a0 )
+ 16¢ k) (4®0,(ac ) — 6*(aop))

= ([06k[16 + 32¢7' 2] + 6E]dgw + 6Edgz)0¢p + O(e7"' 7).

so & is transversal, and therefore gk is 3-transversal. This will be used in § 9.
Taking 0y of (7.5) gives us

Ok = &+ [16 + 32¢7"z]c ™' 9pcdok + 126 dyc
+20E¢720,¢% + 88c‘13§c + 6c_2(')gcc9§cagk + ZC_lﬁgcagk.

Note that the terms of order |dyw|* happen to cancel when this computation is done.
It follows from (6.3), (6.18), (7.3), and (7.24) that

|(93k| < 874/\73—1A72—1/\71—3 + 873A72—1/\71—2|80w|
-1 -1 2 2
+ &7 (lwg od™ | + |0gwl” + [95wl)

+ " (wy o™ + [wi o |ew| + [0gwllOZw] + |05W)).

8.2. dja bounds

- 70, 0D + 60°)k))]|op™!

8.1)

(8.2)

(8.3)

(8.4)

At this point, we can apply Lemma 5.5 to conclude that the variable O, defined in (3.8) is transversal.
In fact, Lemma 5.5 allows us to conclude that Q, is 2-transversal, but we will not need to use that until

§0O.
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Recall from § 7.2 that
dw = Ac'0yc + B
—30,(0gwog) = (Adgw + C)o¢

where A, B, C are defined by (7.10), (7.11), and (7.16). Since c, dyk, Oya, 0yz, 0y, & are all transversal,
it is immediate that A and C are transversal. We now also know that f and Q, are transversal, so Lemma
5.5 lets us conclude that B is transversal. So dgw is 2-transversal. This fact will be utilized in § 8.3.

It is immediately clear from (7.10) that

azw = JgAc™ ' 0gc — AcT20yc? + Ac‘lﬁgc + 0yB.
Since
9pA = [2A — 4c7 " Bgklc ™ Bgc + 2B — 4c7' € 0pk* — 4c7' " E,
we conclude that
ﬁgw = Ac‘lagc +[A = 4c7 e 0pk1c720yc? + [2B — 47 ek 0ok* — 4c7 ek E)c 0gc + 0yB (8.5)

So, to estimate 6213, all that remains is to bound JyB.
We know from (7.19) that

ORI, = ¢([3+6¢ ' z]c™ 0gc)op + O(e™! + elwy))). (8.6)
We know from (5.6) that

t
2l / T 0u + T 0k0w)od dr ) = =3¢.(c 0z + oK1 Dpc)og + O 1),

It is straightforward to compute that
9902 = 205¢”'dgc + O™ + Iwg 0gp™ ')
Taking & of (4.7) produces
loy’| < &7 + & wyl + Iwyl. (8.7)
Therefore, taking 0, of (7.11) and using (7.3) and (7.23), we conclude that
100BI < &7 + &7 w0 | + Wi og | + (677 + Iwg 0 Idgwl. (8.8)

Therefore,

10| s &7 + e wyogd™ |+ [wy op™!|
+ (&7 + (W 0™ IOgw] + &7 Ogw]* + 7' |OFw. (8.9)

Now, taking 83 of (4.9) and using (6.4), (6.9), (7.6), (7.14), (7.24), and (8.9) shows that

0hal < €7 + &7 wy o™ + lwyog ™|
+ (e + wa)'ogb_ll)Iagwl + &7 0wl + &7 105w
+ |0gw|02w] + |3 w). (8.10)
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8.3. 83z bounds
Abusing notation, introduce a function J defined so that
Joy(x, 1) = J,(x).

Lemma 5.5 implies that J is 2-transversal. Using the new function J, we can rewrite (7.21) as

t t
('™ froy = ¢!z — Leg'chay + %cok{)’)e‘%ko + [ (Jmdgw)oy dt + | (Jhy)oy dt

Given everything that has been proven up to this point, 4, and &, are both 2-transversal. It follows from
Lemma 5.5 that J~-'¢™! f is 2-transversal, and since ¢ and J are both 2-transversal, it thus follows that f
is 2-transversal. This will be utilized in § 9.

Using Lemma 5.4 on the functions £, and h,, along with estimates from the previous sections, we
conclude that

< 7 + &7 0gwoy| + 7% |0gwou|* + &2 |0wou.

ai( (mdpw)owr dt + | (Jhy)ow dT)

It therefore follows that
A o)

We conclude that

< 70 + 73| 0gwoy| + 472 |0gwour* + 72 |0Ewo .

102 < 675 + 673 |0gw] + & 20gwl? + & 202wl
It now follows that
1032 < 75 + &3 10w]| + & 20wl + 4202w
+ 51(10gw] + |0gwlld5w| + |0;W]). (8.11)

9. Fifth Order Estimates

9.1. 6gk bounds

We already know (see § 8.1) that dyk is 3-transversal, and we will not need to show that dyk is
4-transversal. dgk is 4-transversal, but it doesn’t matter for our purposes. One can easily establish the
bound

|398| < 875/\74—1A73—2/\72—3/\71—4 + 873/\72—1/\71—2|W6'0¢—1| + 872A7'_1|w6”0¢_1|
—-12 4 -1
+&"(Iwg o™ |” + 10, wo0 ' |)

+ (874/\73—1A72—2A71—3 + 872A71—1|W6/0¢—1| + 871|W(/)”°¢_1|)|69W|

It now follows from taking dy of (8.3) that
5316 — 26_]0368916 4 0(875/\74—1/\73—%/\72—4/\7|—% n 874/\73—1A72—%A7|—4|09W|
+ eI (9w + [9w))
+ " (|0gw + [BgwlldGw] + 10;w))
+ &7 (|10gwP103w] + 105w + |0gwlldow]) ). 9.1)
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9.2. ﬁga bounds

Since ¢, Ogk, 0pa, 09z, dpw, and & are all 2-transversal, it follows immediately that A and C are 2-
transversal. f and Q, are also 2-transversal, so it follows from Lemma 5.5 that B is 2-transversal.
Therefore, 0gt is 3-transversal. This will be used in § 9.3.

Taking 9y of (8.5) and using the bounds we already have on A, B, C, 9yA, and 9y B gives us

05| < 102B| + £7410w| + £772(10gw]* + |05W]) + £ (10gw]° + [Bgwl|O5w] + |93 W)).

6§B can be bounded in a manner similar to the way dyB was bounded. One simply needs to use a lemma
similar to Lemma 5.4 but for the 2-characteristics, which is very straightforward to prove at this point.
Then, since ;0 and 917, can be explicitly computed and bounded ** , one can bound 4B and conclude
that

105w < &'V + &70w| + £72(10w]* + [05w]) + £ (10aw]° + [BgwllOGw] + |03 W)).
From here, taking d; of (6.10) gives

dra = 2[0ga — ¢ — 2717 0c + O™ + £7419gw| + 72 (|0gw]* + |02w))
+ &7 (|0gw] + |0gwlldzw| + |0;W])
+ [0gw|03w] + [0gwI* 105w + 05w]* ). (9.2)

9.3. agz bounds

One can use Lemma 5.2, Lemma 5.4, and Lemma 5.5 to derive a lemma for 3-transversal functions
analogous to Lemma 5.4. Bounding 5z now follows in a manner completely analogous to § 8.3. One
obtains

05z = [L0z — Lcdpklc™ Fge + O(" 3% + &7 |9gwl + "> (10gw* + 102wl
+ & 72(|0gw] + 0gwl|05w] + |33 w])
E1(10gw]* + 0gwl| 03 W] + |0ew P 105w] + 3wl ). (9.3)

10. Estimates along

10.1. Second derivative estimates n

It follows from the first derivative estimates that
0.1} < &
where [, is the integrating factor in (3.13). It follows from the second derivative estimates that

77x|(95k077| < 872/\71—1
nddzaon| < &'
nuldyzonl < &0

$¥One must write out the full equation for (7.19) in order to do this, which is arduous but straightforward.
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Taking 0, of (3.14) and using these bounds, we find that
10.(11.q" om)| < WY I(1 + O(g)) + O™ ™) + O(E"P1*7 ) (& + 1) sup 17,

[—&.1]

Taking 0, of (3.15) and plugging in this estimate gives us

sup [l < (& + DG I(1 + O(e)) + 017 (e + 1) + O )(& + 1) sup .-

[—&.t] [—&.t]

o < (& + D[IWI(1 + O(g)) + O(F7M171)]
— Su x|l S
Al -0

< (& + D(wy| + g2/ rrbimly,

It follows that
(1) < B(e(e + 1), 67 (e + ).

Plugging (10.1) into our bound for |0,(17.¢" on)| gives us
10,(7:q" om)| < Wy I(1 + O(e)) + O™ ')
Using the 7., bound along with our second derivative bounds, we obtain that
102 (kon)| < &1 + &% (e + t)lwy|

10%(aon) < £ + (e + )lwy|
0% (zom)| < 27211 4 P (e + B)lwy|

5
P(@om| < &3 +&7 &+ Hlwgl.

Since

t t 2
1, = (103kon) - 1 [ Eaom et + (0utkom = 4 [ au(aom ar) 1,
it now follows that

02L] < &' + & (e + D]

Last since
1:q" on = 0. (won) — jcond.(kon),
we know that
F(won) = .01.q" on) + §0x(comdy(kon) + feondi(kon),
and therefore (10.1) and (10.4) imply that
03 (won)| < lwg| + &7
Since
m:dgwon = &r(won) — nudewor,
it follows that
nldawon| < [wy| + e ! 4+ g el

Nx
— nilagwom < wgl + g nBi-l

(10.1)

(10.2)

(10.3)

(10.4)
(10.5)
(10.6)

(10.7)

(10.8)

(10.9)
(10.10)
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10.2. Third derivative estimates along n

Using the third derivative estimates and (10.9) gives us

10 kon| < £ 4 gl | + g7 w0~ o] + syl_ll%l

ldaon] s &7 + wil + g og~ or| + &7 e,

nxla Zonl < gﬂw\)’%/\ﬁz IAy2—1AB1 -2 + 8,5'1 |W”| + Sﬁ] |W6,Ol/l_107]| + gBl_IM

-2 |77x)c|

nlomon < &7 + & wyl + & lwy o oyl + W) op~ on| + & 0

These estimates will be useful in § 10.4 and § 10.5.
Multiplying the above bounds by 7, gives us

77,3c|82k°77| < 873A72—1A71—2 + 871|W6'| + 87‘|W6'0¢_1017|
ndgacn] < &7 + 1wl + Iwg og™ o
nxla ZOU| < 8ﬁ3/\73/\ﬁ2_1/\72_1/\ﬁ1—2 + gﬁl |W”| + gﬂllwgow—lonl

nX|63won|<8 + & Iw |+ & wa)’oqﬁ 077|+|w6”0¢ on).

Using this, we compute that

Pinaq”on) = wy'e L) < 'y + &2 4 g oy o) + w og ™ o)

OAB2+y1+1AY2+y1+1 AL+ OAB1+
+ sup |77xx|3 Botyi+lAvatyi+InBityr | OB (e+1) sup |77xxx|
[-&.1] [-&1]

< g |W6'| + 8—2/\73/\ﬁz+71—1/\72—1/\ﬁ1+71 -2 + 80/\ﬁl+71 (8 + l‘) sup |77xxx|-

[-&.1]

This is true forall x e T, € [-¢,T.).
Taking 4 of (3.15) and using this bound tells us that

Sup [l S (8 + O(Iwy'| + &7 + % sup [nul).
[-e.1] [-&.]

= e S (8 +D(W)| + &7

everywhere. Using this bound, we conclude that

S (e + 1wy + (e + D",

t
_1
Nxxx — Wé’,/e 8ko]‘r dr
—&

777

Since w)’ ~ & for |x| < £/2

and ||w}’|l~ < &7, this bound lets us conclude that
Mxxx ~ (‘9 + t)8_4 v |x| < 83/2,

and
Ml S 87 Y (x,1) e Tx[-¢T.].

We now conclude that

ai(nxqwon)‘ < |w'"|+8’“'|w |+8—2/\yg/\,6’2+y1 1Ay —1AB1+y1 -2
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We know that for all (x,¢) € T X [—¢,T.) we have

B3 (kom)| < (7772 4 g || + &' wy ogp~ omDn, + &2 il + €7 Ml

03 aon)| < (672 + [wo | + wg od™ onln, + & Il + M.

|03 (zom)| < (P PTITIN2  Prwl| 4+ & w0y onn, + €2 Il + €
3 (@on)| < (67 + & Wyl + & wg og™ onl + Wi 0™ onie + & el + € el

Therefore, we have the bounds

| (kon)| < 73
@ (aon)| < 7
102(zon)| < &4

03 (@on) s &7,
Since
F(:q" om) = d3(won) = 333 (comdu(kon) = 30x(comdi(kon) — jeond;(kon).
It follows that
B3 (wom)| < 7. (10.11)
Last it is easy to use the bounds on 8i(kon) and 6i(aon) to conclude that
1021 < &3,

10.3. Blowup time, location, and sharp bounds for n, and 1,

Lemma 10.1 (Existence and uniqueness of blowup label). There exists a unique label x. € T such that
n:(x., T,) = 0. Furthermore, we have |x,| < &*** and

nX(x*’ T*) = nxx(x*» T*) =0.

Proof of Lemma 10.1. Due to (4.16), we know that 1, is bound below outside of (x, f) € [-&%/?, 3/?] x
[—&,T.]. We know that 17, > 0 in [-£%2,&%?] x (-¢, T.], so for all t € (=&, T.] there is at most one
zero of 17,,(-, 1) in (&2, &3/?].

We know from § 10.1 that for all (x,7) € T X [—&, T,] we have

t
226, 1) = Wiy () / eSO (x) d| < (5 + D Iy ()] + 27T,

Recall that [wg (x)] < £72 for |x| < €. It follows that for |x| < &> we have

t
1
1 = W / eI dr| < (e + e
—&
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Since w}(0) = 0 and w’ ~ &* for |x| < £/2, it follows that
Wi (0] 2 &7*|x] and sgn (g (x)) = sgn (x)
for |x| < £¥/2. Therefore, we have
Nl 2 (& + D& [|x] — O] Vixl < £

It follows that there exists a constant C such that for Ce?™* < x < & we have 1,.(x,t) > 0 and for
—&? < x < —C&*™* we have 1,(x, 1) < 0. So for all t € (&, T.], there exists a unique zero of 77,.(, ) in
(=32, £312),

Therefore, we conclude that there exists a C? curve x, : (=&, T,] — R such that
(6,0 xl <2 nu(x, ) =0,—e <t < T,} = {(x.(t),1) : —e <t < T}

Furthermore, we know that |x,(f)] < C&*>** for all z. From here it is easy to conclude that 7,,(x, 1) < 0
for —&%/? < x < x,(f) and 17,.(x, 1) > O for x,(f) < x < £¥?, so that x,(f) must be the minimizer of 7,(-, 1)
over [-&%/2, &3/7].

Define x, := x.(T.). We know that miny 77,(-,#) — 0 as t — T, and 7, is bound below for |x| > &
s0 1, (x.(2),t) — 0 as t — T,. Our result now follows. O

3/2
2

We can now improve upon our lower bounds for 7,. Let x.(¢) be the curve from the proof of Lemma
10.1. If t > —g and x € (—n, «t], there exists X(x, f) in between x and x. such that

Nexx(X(x, 1), 1)
2

(x = x.(0)).

n(x, 1) = (.0, 1) + (x — x.(1))?

S Naxx(X(x, 1), 1)
2

Since |x,| < &2, if &2 < |x] < &3/2, then (x — x,(1))? 2 &* and 1,.((X, 1) = (& + )&, so we have
n:(x, 1) 2 (& +1).

It follows that for £ < |x] < £%/2, —£ <t < T, we have 7, 2 &. We already know (see § 4.4) that

3
Nx = _é + O(sﬂ )
for all (x,¢) € T X [—¢, T.], so we conclude that

n:(x,t) 2 e fore® <|x| <&¥ (10.12)

Lemma 10.2 (Improved estimates for i, and 7,,). There exist constants A, c,C such that for all
(x,1) € [-€%, %] X [-&, T*), we have

1
2—(T* —D+cle+ D (x = x)* <nux, 1) < ;(T* -+ Ce(x - x,)* (10.13)
E E

—As (T, - )+ cle+ D (x = x,) < N, 1) S As(T, — 1) + Ce2(x — x,) if x > x, (10.14)
—Ae (T, — )+ Ce(x—x,) < (0, 1) Ae(T. =) + cle + e *(x — x,) if x < x,  (10.15)
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Proof of Lemma 10.2. Fix a point (x,1) € [-&%,&%] X [—&, T*). We know that 17, is C' on T X [~¢, T, ]
and is C? on T X [—&, T,). Therefore, Taylor’s theorem tells us that there exists a point (x;, ;) on the

segment connecting (x., 7’.) to (x, t) such that

12X, 1) = N, TH( = To) + 3neec(xr, 1)(x = x,)°
+ a1, 1) = T(X = x,) + 2750 (x1, 1) = T2

Similarly, there exists a point (x,, #;) on the segment such that

Tlxx(xa t) = nxxx(XZ, Z‘2)(95 - X*) + ntxx(x% t2)(t - T*)

We know that
Nu = wge‘%k‘)l, + 0.

We also know that since wj (0) = 0, |x,| < ¥, and |w}’| < &™* we have

1 ’ 1+Cel+2
“ < WO(X*) < R

~1 -0 < nulx., T.) < —HEZ 4 0.
We also know that fori = 1,2
nxxx(xi’ ti) ~ (8 + li)8_4.
Mhax = 0x(:q" 011) + 18:(comdu(kon) + jeondi(kon) + 3 (zon).
Sofori=1,2

-2
|r]txx(-xi’ ti)l <€

Also

’ ’ -1
N = (W — icoko)at([te 8k0) + (ﬁcang - gaeaW)Oﬂ

+ 1u(§06k + 509201 + 1. (30 Dgkon) + 30,(Igzom)).

= ux, h) < &P
Our result now follows.

Using Lemma 10.2, we can now conclude that

1 < B([i(T* —H+ce+ et x—-x)] e,

2
E: < B3 e,

X

(10.16)

(10.17)

(10.18)

(10.19)

The bound (10.18) will let us deduce (2.19), and (10.19) will be used frequently in § 10.4 and § 10.5.
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10.4. Fourth derivative estimates along n
We know that
2
midywon = ndi(won) = 3nudi(won) + (3= — 1,8 (won).
Therefore, ,
nilﬁjwonl <et+ 8_1% < B 7).

It now follows that

nlogkon| < B4 g7,

midaon| < Be ™ &7),

nilogzonl < B(e";7°)

niojmon| < B(e>;&7°).
The usual argument for bounding derivatives of 7, and 17,¢" on now gives
3311 < B((e + DT, wol + &7); (& + D)(1F;wol + 7))

and y
0319 om)| < B 677).

In the end, we obtain that

|ai(k°77)| < B(grr3mmhy gramdmussy
0% (aon)| < Be ™ 7),

0 (zom)]| < B(e"; 64°9),
10} (won)| < B(e7; ),

04 worn| < B(e ;67 ).

10.5. Fifth Derivative Estimates

(10.20)

(10.21)
(10.22)
(10.23)
(10.24)

(10.25)
(10.26)
(10.27)
(10.28)

(10.29)

These estimates are different from the previous sections because they require more algebra and hinge

on admittedly unexpected cancellation. First, note that
m05c0n = —0,(com)™= + §3(con)
2
mdheon = (% = nu)dx(con)y: = 39 (com)e + di(con)

2
Nty @pcdie)on = dy(comlnud;(con) — ducon)i]

2
Mxx

maiheon = 3% = nu)du(com = 39X con)'= + A(con.,

2L~ 25%(con)d(con + Pcon)
12(Bec*2c)on = 8 (con)* (= (comn e + A (conn,]

2
m(@gcdye)on = d(coml(3T= — nu)du(con) = 3F(comine + Fi(comi.]

m,0;¢* o = dy(con)
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m0ieon = (100, = 15590, (con’e = Tindi(eon) + (155 = dn)dicon)
- 677xx5i(6‘°77) + nxai(con)
Next, note that

02a = 2[0ga — ¢ +2z]c ' 0gc + O(e7h),
8261 = 2[0pa — ¢ + 2z)c” ' D¢ + O(s_% + £ 1 Agw| + [0gw]),
0361 =2[0pa — ¢ + 2z]c_lazc +O0@E™ + 8_%|09W| + & Y ow)? + 8_1|6§w| + I(?gwllﬁgwl),
8a = 2[0pa — ¢ — 2z)c" Fhe + O™ + & *19gw| + & 20wl + 103w
+ &7 (10wl + 10gwllOGw] + 19, w])

3 2192 P
+ |00 w| + [0gw| |05w| + [05w]” ).

Combining these identities and our estimates gives us

11

1070 22 Ggaon = 2[deac™ = 1 = 2¢'2]on(107 . + 0)dx(com) > + B(e75672),

11

(1073 + 15T )72 03a0n = 2[pac™ — 1 = 2 2Jon(=10, — 1590, (con) + B(e™ 2 167%),
10n..17,03a0n = 2[0gac™" — 1 = 2¢™'z]on(=107 . + 30%)ax(con)% + B 670),
nidiaon = 2duac™ = 1 = 2 2on(10n,,, — 152)9,(cople + B4 167%),
Therefore,
(aon) = mdaon + 10q.0iaon + (100, + 155 )n diaon
+ (507 + 100, 25 )n,05a0m + Bindgacn
= 2[0pac™ — 1 = 2¢7'z]on([10 = 10 = 10 + 10]7,c + [0 — 15 + 30 — 15]%)(%@077)%
+ 02 ndgaon + 8(8_171;8_%)
= O ndgaon + B(e_%;e_%).
The exact same cancellation occurs for the other two variables to give us
& (kon) = Fndgkon + B(e" 2 i),
8(zon) = Ondezon + B 76 7).

Similar computations prove that

15

84 (1(8ekdyz)on) = 8> (kon)Byzon + Bpkond(zon) + B IH—F, -3,

Now the usual method for bounding the derivatives of 7, and 1,g" on produces

8% < B((e + (1B 3wol + £ 2); (& + D([BPwo| + &), (10.30)

In the end, we obtain that

0% (kon)| < B(e" 0 4°7),
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13

10%(aon)| < B(e b6 7),

15
03(zom)| < B 677),
B (won)| < &7
Using similar computations to those in this section, one can compute that

nilopwon| < B(e ;7).

This bound, together with similar bounds that we proved for 84z o , 07kon, and dja o n, combines with
(10.18) to establish (2.19).

11. Inversion of

In this section, we will confine our attention to labels x € (-, 7] with |x| < £%.
Since won(-, T,) is C*!, it has the following Taylor expansion about x,:

won = By + BY(x — x.) + By (x — x.)* + BY(x — x.)° + Ry (x)(x — x.)*. (11.1)

Here
Byl < LIBYI s &, IByl <&, Byl s e IRyl < &7°. (11.2)

The flow n(-, T.) also has the Taylor expansion

nx,T,) — & =az(x — x*)3 + as(x)(x — x*)4
= a3(x — x.)° + as(x)(x — x)* + as(x)(x — x.)°, (11.3)

where é:* = U(x*, T*)’ as = %nxxx(x*a T*), a4(x*) = 21_46?577()@“ T*)a

J. On. TH(x = y) dy [L (. TH(x = y)* dy
and as(x) :=
31(x — x,)* 4(x - x,)

as(x) ;= (11.4)

Here a3 ~ €73, |as(x)| < &*7*, and |as(x)| < 7. Note that Ia;4/3a4| < &
Let 6 = n(x,T,). Lemma A.3 implies that there exists a constant C such that for all x € [—&2, £?]
such that |6 — £,| < Ce™* we have

(x = x.)

=a;"O0- )P+ 1=, a0 - €)'P) + L - ;a0 - €)Y + OE*10 - £.))]

= a;1/3(0 _ f*)1/3 1+ %( _ a;4/3a4(0 _ g*)l/3) + 0(82,11'9 _ §*|2/3) (115)
=a;'*(0-£)"P[1+ 00 - £1')]. (11.6)

A quick bootstrap argument lets us conclude that this formula holds for all x € [-&2, £2]. Furthermore,
it is easy to show that there exist two constants 0 < ¢ < C such that

0:10-¢]<ceyclO:|x <} cll:0-¢&]<Ce).
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So we are working in a neighborhood of radius ~ &* around &,.

If we define
W . __ w
a, = By,
ow . —1/3pw
ay By,

al -«
oW -2/3 pw 1 -5/3 w
5 By — 3a;"" as(x,)BY,

ay =a

then we have

lagl < 1, layl < 1, 1Ayl < 1,

and

WO.T.) = & + 80— £)'7 + 850 - £)°° + 0710 - £.)). (11.7)

Squaring (11.5) and cubing (11.6) gives us

(x— M)—%”w EP = 2a77ay(0 - £) + O 210 - £1),

(x—x)’ = a;' (0 &)+ O0EN0 - 7).
Therefore,

nu(x, T.) = 3az(x — x.)° + [4as(x) + 0,a4(x)(x — x.)](x — x.)°
=: 3a3(x — x.)* + as(x — x.)°
(11.8)

= 30,10 - £ + 65" (@4 — 2a0)(0 - £) + O(¥ 710 - £.'F).

Using this formula, one can compute that
(e T = 30 (0 - €077 — 507 @4 - 2a0)(0 - €717 + O™,
Since a4(x) = as(x,) + O]9 — &.|'%) and a@4(x) = 4as(x,) + O(e7|0 — &,]'/3), it follows that

ne, T = 1a3'(0 - €77 = 2a;°Pas(x)(0 - £)7° + O(1).

(11.9)

Since d,(womn) = B} + 2By (x — x,) + O(e™*|x — x.]*), it follows that at time T, we have
dgwon = 1,0, (won)
[a3"7(0 = £)7F = 57 au(x)(O ~ €)' + O(D)]
-[BY +2a;'PBy(0 - £)' + 0710 - £.1)]
wye-e)P+ 50— +oEM.

This is the expansion for dyw(-, T.) in Theorem 2.1.
Now consider

6§won = nx(xa T*)_z[ai(won) - nxx(xv T*)OHWOU(X, T*)]
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Differentiating (11.3) twice and using our above expansions for (x — x,)? and (x — x,)* gives us

Nu(x, T,) = 6az(x — x,) + 12a4(x.)(x — )c*)2 + [20as5 + 100, as(x — x,) + 8§a5(x - x*)z](x - x*)3
= 6a3(x — x,) + 12a4(x.)(x — x,)* + O %lx — x.]°)
=600 - €)' +10a; as(x.)(0 - £ + 07210 - £.)). (11.10)

Using the fact that 82(won) = 2By + 6BY(x — x,) + O(&"°|x — x,|*) along with our expansion for dywon,
(11.9), and (11.10) provide the expansion for 6§w(', T.) as stated in Theorem 2.1.
Last, since

agwon = 77;3 [5i(W°'7) - 377xx77xagwo77 - nxxxa@won]»

we can do similar computations to determine the expansion for 3w(:, T.).

To get the expansions for the variables z, k, and a, similar computations can be made, except with
the constants Bf/, B’J‘., or Bj instead of BV/V The computations for these variables are nicer because
B = Bt = B¢ = B; = B = B% = 0, but one should use fifth-order expansions of zon, kon and aon. So
we have

27 o ¥4
a; = BO,
8z . ,~lnz
a; 1= a; B3,
o -4/3 -7/3
a; = a, / B — a; / as(x.)B5,
and 5’5, 5’3‘, é’j, a5, a4, 4] are defined analogously. When one does the computations, one obtains the
expansions for z, k, and a listed in Theorem 2.1.
Unlike the functions womn, z o i, kon, and aon, which are in C*!(T) at time T, the function won

has only been proven to be in C*!(T) at time 7,, so the Taylor expansion can only go to fourth order.
However, we still have BY = BY = 0 which allows us to get constants in our expansion. O

A. Appendix

A.l. Basic identities

The following equations are easy to compute from (2.5):

—30,(coy) = (Bew + 4a)oy(cow). (A.la)
—%8,(89001p) = (cOZw)oy + %(89089\4}) + %(chagz)ow + 4(0gac + adgc)o. (A.1b)
—329,(koy) = (cOgk) o . (A.1c)
—30,(Dgkoy) = (cOzk) oy + (Dgkdgw + Bgkdyz) o (A.1d)
—30,(z0y) = (4az — +*dgk)oy. (A.le)
—30,(8gz09) = (30gwdez + 2802° — 1cBycdek — 1P 05k) oy + 4(Bpaz + adyz) 0. (A.1f)
—39(aoy) = (dgac + 2a* — ¢ — dcz — 22 oy (A.1g)
—%6,(696101#) = (6§ac + 20gadyc + 209a0yz + 4adpa)oy — ([2¢ + 4z)0pc + [4c + 42]0pz) 0. (A.1h)
—%8,(CO¢) = (4ac + cOyc + c0pz)0 . (A.11)
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—%8,(8960@ = (caﬁc)oqb + (cazz +30pc?) 0 + 3(8gcdyz)od + 4(Bpac + adyc)od. (A.1j)
—%6,(69k0¢) = (Ogkdgw + Ogk0yz)0 . (A.1k)
—%8,(0 on) = (0yz + 4a) o n(con). (A.1D
—30,(kon) = —(cdgk) o (A.1Im)
—20,(0gkon) = (gwdgk + ezdek — cdzk)on. (A.1n)

A.2. Quartic Inversion

If K is a field, and K((z)) denotes the field of formal Laurent series 1! in the variable z. The field of
Puiseux series in the variable x is then defined to be the union | J,., K((x'/")) which is itself a field. The
most important result concerning Puiseux series is the following:

Theorem A.1 (Puiseux—Newton). If K is an algebraically closed field of characteristic 0, then the field
Unso K((x'7™)) of Puiseux series with coefficients in K an algebraically closed field. Furthermore, given
a polynomial P(y) = Zfio a;(x)y' with a; € \J,=0 K((x'/")), the coefficients of the roots of P in y can be
constructed using the method of Newton polygons.

Proof of Theorem A.1. See [27, Chapter IV, Section 3] or [28, Section 8.3]. O

Of particular interest to us will be the following special case of the Puiseux—Newton theorem:

Theorem A.2 (Analytic Puiseux—Newton). If C{x} denotes the ring of convergent power series in x, and
f(x,y) € C{x}[y] is a polynomial of degree m > 0, irreducible in C{x}[y], then there exists a convergent
power series y € C{z} such that the roots of f in \J,so C((x'/")) are all given by

. m=1
),y (@, (e X,

It follows that in general if f(x,y) € C{x}[y], then for each Puiseux series solution y of f(x,y(x)) =0,
there exists some y € C{z} and m < deg f such that y(x) = y(x'/™).

Proof of Theorem A.2. See [28, Section 8.3]. m|
Lemma A.3 (Quartic Inversion). There exists a constant R > 0 and a nonempty open interval |
containing 0 such that for all az € R*,a, € R there exists a function y(x) defined for x satisfying

|a2x| < R3a§ such that

{(x,y) eR?: |a2x| < R3a§,a4y € asl, —x + azy® + azy* = 0} = {(x, y(x)) : |aix| < R3a‘3‘}.

Furthermore, y(x) is an analytic function of x'° satisfying the bounds
|y(x) - a;/3x1/3 + %a;5/3a4x2/3 - %a;3a3x| < a§]3/3a2x4/3

for all lajx| < Ra3, with the constant in the inequality independent of as, as.

MMFormal Laurent series are formal power series which allow for finitely many terms of negative degree, not to be confused with the
Laurent series in complex analysis, which may have infinitely many terms of negative degree but must converge in an annulus.
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Proof of Lemma A.3. The case where a4 = 0 is trivial, so we will prove our result in the case ay € R*.
Define the recursive sequence ¢, := 1,

- 1
Cn . _chl Ckz Ck3 Ck4 - §ZCm1 sz Cm3 ’

ke(Zsq)* E(Zs0)?
ky+ky+ks+kg=n—1 mj+my+m3=n
0<m;<n—1

and define the formal power series y € R[[x]],
F(0) = Z( 1y,

It is easy to check that yo(x) := 5(x'/?) is a Puiseux series solution to the algebraic equation —x+y; +y3 =
0. It follows from A.2 that y must be convergent with some positive (possibly infinite) radius of
convergence R. Now pick any a; € R*, a4 € R*. If we define

y(x) = y(a3 x'7),
then it is easy to check that y solves —x + a3y® + azy* = 0.

Define the interval [ to be the range of y, thought of as a function on (—R, R), and define f(x,y) =
—x+azy’+asy*. Because d,f = —1 everywhere, we know that for each y € R, the equation f(x, y) = 0 has
exactly one solution, x. Therefore, if (x, y) is a point such that |x| < aja;*R®, y € aza;'l, and f(x,y) =0
then there exists x’ with |x’| < aja;’R’ such that y(x') = y and since f(x',y) = f(x/,y(x)) = 0 we
conclude that x = x" and y = y(x).

The remaining expansion follows from the fact that ¢; = 1 and ¢, = 3, combined with the fact that
the power series y is convergent. m|

Theorem A.4. There exist universal constants C and C, such that the following is true: Suppose that
I C Ris an interval, xy € I, and 6 € C>'(I) is such that L := ||0*0||.~, a3 € R*, and 0 has the Taylor
expansion

0(x) = 6 + az(x — x0)° + as(x)(x — xo)*

at xo. Then for all x € I such that |6(x) — 6y| < C, Z—%, we have
(x = x0) = a3 (0(0) = 60)'"° = 5057 ay(0)(O(x) — 60" + 3a5°as(0)*(O(x) = 60) + RO ~ 6),
where R is a C*3 continuous function satisfying
IR~ o) < Caa; ™ ay(x)*(B(x) ~ 60)*".

Proof of Theorem A.4. Assume without loss of generality that a; > 0. We know that a, = (x — x¢) (0 —
Oy — a3(x — xp)*) is C* away from x, and that

[ 8%0x—0)3 dt
a4( ) - 2 3|(x X0)4

for all x # xp. It follows from this formula that

|a4(x)| < 4% and |6xa4(x)| = 3 — xol
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for all x # xp.
First define the function f : R X (I — xp) — R,

fy) = —x + asy® + ag(y + xo)y".

Using our bounds on |a4| and |0,a4|, we see that

0y f(x,y) > y2(3a3 - Lp,

234
fo, )= ﬂﬁ - |X|,

SO, =F) < x| - 2 ﬂﬁ

Therefore, if we define A := {|x| < éi Zg} and B : {|y| < 6"3} then for all x € A the function f(x,-): B —

R is strictly increasing and has a zero in the interior of B. It follows from Corollary 1.1 in [29] that there
exists a unique continuous function 4 : A — B such that

{(x,y) e AXB: f(x,y) =0} = {(x,h(x)) : x € A}.
Now define the function F : R? —» R,
F(x,y,a) = —x + asy’ + ay”.
It is easy to check that if |a| < L and |x] < 2 24 p then

0,F(x,y,a) > y2(3a3 - %|y|), F(x,%2,a)>0, and F(x, —”L—3,a) < 0.

’L’

Therefore, if A := {(x,q) : |x| < 24 Lg, |a| < } and B := (- 18, 18%) then for all (x,a) € A the function
F(x,-,a) : B — R is strictly increasing and contains a 0 in the interior of B. It follows from Corollary
1.1 of [29] that there exists a unique H : A — B continuous such that

{(ny,a):Ixl < ﬁii,lyl <18%,lal < 3, F(x,y,a) = 0} = {(x, H(x,a),a) : |x| < 24La,lal < 3

Our previous lemma A.3 tells us that there exist constants R, C, > 0 independent of a3 or L such that
for all la| < £, |x| < R3(4‘)3 we have

H(x,a) = agmxl/3 - %agmaxm + %agz’azx + R(x,a),
where |R(x, a)| < Caa; B3 543, Now suppose that |x| < %z—% Then |h(x)| < 62 < 18% and
F(x, h(x), as(h(x) + x0)) = f(x, h(x)) =0
so h(x) = H(x, as(h(x))). It follows that if C; := min (% (R4!)%) then we have
h(x) = a; Px'3 = 1a P ay(h(x) + x0)x*" + 1az3as(h(x) + xo)x + R(x, as(h(x) + x0))

-1/3
oA L 2/3

) 3(1;5/3(14(/’1()6) + Xo)Xx

+ %ag3a4(h(x) + x0)x + R(x)
614
for all |x| < C;7%. Our result now follows. |

Communications in Analysis and Mechanics Volume 17, Issue 1, 188-236.



234

Author contributions

All authors contributed equally.
Use of Al tools declaration

The authors declare they have not used Artificial Intelligence (Al) tools in the creation of this article.
Acknowledgments

Steve Shkoller was supported in part by the NSF grant DMS-2007606, the Collaborative NSF grant
DMS-2307680, and the Department of Energy Advanced Simulation and Computing (ASC) Program.
Isaac Neal and Vlad Vicol were supported in part by the NSF CAREER grant DMS-1911413. Vlad Vicol
was in part supported by the Collaborative NSF grant DMS-2307681, and a Simons Investigator Award.

Conflict of interest

The authors declare there is no conflict of interest.

References

1. T. Buckmaster, T. D. Drivas, S. Shkoller, V. Vicol, Simultaneous development of shocks
and cusps for 2D Euler with azimuthal symmetry from smooth data, Ann. PDE, 8 (2022).
https://doi.org/10.1007/s40818-022-00141-6

2. T. Buckmaster, S. Shkoller, V. Vicol, Formation of shocks for 2D isentropic compressible Euler,
Commun. Pur. Appl. Math., 75 (2022), 2069-2120. https://doi.org/10.1002/cpa.21956

3. P. D. Lax, Development of singularities of solutions of nonlinear hyperbolic partial differential
equations, J. Math. Phys., 5 (1964), 611-613. https://doi.org/10.1063/1.1704154

4. T. P. Liu, Development of singularities in the nonlinear waves for quasi-linear hyperbolic partial
differential equations, J. Differ. Equations, 33 (1979), 92—111. https://doi.org/10.1016/0022-
0396(79)90082-2

5. T. C. Sideris, Formation of singularities in three-dimensional compressible fluids, Commun. Math.
Phys., 101 (1985), 475-485. https://doi.org/10.1007/BF01210741

6. G. Chen, R. Pan, S. Zhu, Singularity formation for the compressible Euler equations, SIAM J.
Math. Anal., 49 (2017), 2591-2614. https://doi.org/10.1137/16M 1062818

7. G. Chen, Optimal density lower bound on nonisentropic gas dynamics, J. Differ. Equations, 268
(2020), 4017-4028. https://doi.org/10.1016/;.jde.2019.10.017

8. C. Dafermos, Hyperbolic Conservation Laws in Continuum Physics, Springer, 2005.
https://doi.org/10.1007/978-3-662-49451-6

9. G. Q. Chen, D. Wang, The Cauchy problem for the Euler equations for compressible fluids,
in Handbook of mathematical fluid dynamics, Vol. I (eds. S. Friedlander, and D. Serre), North-
Holland, Amsterdam (2002), 421-543. https://doi.org/10.1016/s1874-5792(02)80012-x

Communications in Analysis and Mechanics Volume 17, Issue 1, 188-236.


http://dx.doi.org/https://doi.org/10.1007/s40818-022-00141-6
http://dx.doi.org/%20https://doi.org/10.1002/cpa.21956
http://dx.doi.org/https://doi.org/10.1063/1.1704154
http://dx.doi.org/https://doi.org/10.1016/0022-0396(79)90082-2
http://dx.doi.org/https://doi.org/10.1016/0022-0396(79)90082-2
http://dx.doi.org/https://doi.org/10.1007/BF01210741
http://dx.doi.org/https://doi.org/10.1137/16M1062818
http://dx.doi.org/https://doi.org/10.1016/j.jde.2019.10.017
http://dx.doi.org/https://doi.org/10.1007/978-3-662-49451-6
http://dx.doi.org/https://doi.org/10.1016/s1874-5792(02)80012-x

235

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

T. P. Liu, Shock Waves, American Mathematical Society, Providence, RI, 2021.

J. Rauch, BV estimates fail for most quasilinear hyperbolic systems in dimensions greater than
one, Commun. Math. Phys., 106 (1986), 481-484. https://doi.org/10.1007/BF01207258

M. P. Lebaud, Description de la formation d’un choc dans le p-systeme, Journal de mathématiques
pures et appliquées, 713 (1994), 523-566.

S. Chen, L. Dong, Formation and construction of shock for p-system, Sci. China Ser. A-Math., 44
(2001), 1139-1147. https://doi.org/10.1007/BF02877431

D. X. Kong, Formation and propagation of singularities for 2 X 2 quasilinear hyperbolic systems,
Trans. Amer. Math. Soc., 354 (2002), 3155-3179. https://doi.org/10.1090/S0002-9947-02-02982-3

T. Buckmaster, T. D. Drivas, S. Shkoller, V. Vicol, Formation and development of singularities for
the compressible Euler equations, in Proceedings of the International Congress of Mathematicians
2022, EMS Press, Berlin, § (2023), 3636-3659. https://doi.org/10.4171/1CM2022/87

D. Christodoulou, The formation of shocks in 3-dimensional fluids, European Mathematical
Society, 2007. https://doi.org/10.4171/031

D. Christodoulou, The shock development problem, European Mathematical Society, 2019.
https://doi.org/10.4171/192

H. Yin, Formation and construction of a shock wave for 3-d compressible Euler
equations with the spherical initial data, Nagoya Math. J., 175 (2004), 125-164.
https://doi.org/10.1017/S002776300000893X

D. Christodoulou, A. Lisibach, Shock development in spherical symmetry, Ann. PDE, 2 (2016).
https://doi.org/10.1007/s40818-016-0009-1

J. Luk, J. Speck, Shock formation in solutions to the 2d compressible Euler equations in the
presence of non-zero vorticity, Invent. Mathe., 214 (2018), 1-169. https://doi.org/10.1007/s00222-
018-0799-8

J. Luk, J. Speck, The stability of simple plane-symmetric shock formation for 3d
compressible Euler flow with vorticity and entropy, Anal PDE, 17 (2024), 831-941.
https://doi.org/10.2140/apde.2024.17.831

T. Buckmaster, S. Shkoller, V. Vicol, Formation of point shocks for 3D compressible Euler, Comm.
Pur. Appl. Math., 76 (2023), 2073-2191. https://doi.org/10.1002/cpa.22068

T. Buckmaster, S. Shkoller, V. Vicol, Shock formation and vorticity creation for 3D Euler, Comm.
Pur. Appl. Math., 76 (2023), 1965-2072. https://doi.org/10.1002/cpa.22067

S. Shkoller, V. Vicol, The geometry of maximal development and shock formation for
the Euler equations in multiple space dimensions, [Invent. Math., 237 (2024), 871-1252.
https://doi.org/10.1007/s00222-024-01269-x

L. Abbrescia, J. Speck, The emergence of the singular boundary from the crease in 3d compressible
Euler flow, preprint, arXiv:2207.07107.

L. D. Landau, E. M. Lifshitz, Fluid Mechanics, Vol. 6, Elsevier, 1987.
https://doi.org/10.1016/C2013-0-03799-1

R. J. Walker, Algebraic Curves, Springer-Verlag, 1950.

Communications in Analysis and Mechanics Volume 17, Issue 1, 188-236.


http://dx.doi.org/https://doi.org/10.1007/BF01207258
http://dx.doi.org/https://doi.org/10.1007/BF02877431
http://dx.doi.org/https://doi.org/10.1090/S0002-9947-02-02982-3
http://dx.doi.org/https://doi.org/10.4171/ICM2022/87
http://dx.doi.org/https://doi.org/10.4171/031
http://dx.doi.org/https://doi.org/10.4171/192
http://dx.doi.org/https://doi.org/10.1017/S002776300000893X
http://dx.doi.org/https://doi.org/10.1007/s40818-016-0009-1
http://dx.doi.org/https://doi.org/10.1007/s00222-018-0799-8
http://dx.doi.org/https://doi.org/10.1007/s00222-018-0799-8
http://dx.doi.org/https://doi.org/10.2140/apde.2024.17.831
http://dx.doi.org/https://doi.org/10.1002/cpa.22068
http://dx.doi.org/https://doi.org/10.1002/cpa.22067
http://dx.doi.org/https://doi.org/10.1007/s00222-024-01269-x
http://dx.doi.org/https://doi.org/10.1016/C2013-0-03799-1

236

28. E. Brieskorn, H. Knorrer,

Plane algebraic curves, Springer Basel, 1986.

https://doi.org/10.1007/978-3-0348-5097-1

29. S. Kumagai, An implicit function theorem: comment, J Optim Theory Appl, 31 (1980), 285-288.
https://doi.org/10.1007/BF00934117

@ AIMS Press

Communications in Analysis and Mechanics

©2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Volume 17, Issue 1, 188-236.


http://dx.doi.org/https://doi.org/10.1007/978-3-0348-5097-1
http://dx.doi.org/https://doi.org/10.1007/BF00934117
http://creativecommons.org/licenses/by/4.0

	Introduction
	The compressible Euler equations
	Motivation and prior results
	New ideas

	Azimuthal symmetry
	The Euler equations in polar coordinates and azimuthal symmetry
	Notation
	Assumptions on the Initial Data
	Statement of the main theorem
	Outline of the proof of Theorem ??

	Preliminaries
	The characteristics
	qw and qz
	Integral bounds

	Initial Estimates
	Zeroth Order Estimates
	 a bounds
	 z bounds
	Bounding |T*|

	Transversality
	Second Derivative Estimates
	2 k bounds
	2 a bounds
	2 z bounds

	Third derivative estimates
	3k bounds
	 3 a bounds
	3 z bounds

	Fourth derivative estimates
	4k bounds
	4a bounds
	4z bounds

	Fifth Order Estimates
	5k bounds
	5a bounds
	5z bounds

	Estimates along 
	Second derivative estimates 
	Third derivative estimates along 
	Blowup time, location, and sharp bounds for x and xx
	Fourth derivative estimates along  
	Fifth Derivative Estimates

	Inversion of 
	Appendix
	Basic identities
	Quartic Inversion


