NON-PRESERVATION OF a-CONCAVITY FOR
THE POROUS MEDIUM EQUATION

ALBERT CHAU AND BEN WEINKOVE

ABSTRACT. We show that the porous medium equation does not in gen-
eral preserve a-concavity of the pressure for0 < a < 1/2o0r1/2 < a < 1.
In particular, this resolves an open problem of Vazquez on whether con-
cavity of pressure is preserved by the porous medium equation. Our
results strengthen an earlier work of Ishige-Salani, who considered the
case of small a > 0. Since Daskalopoulos-Hamilton-Lee showed that
1/2-concavity is preserved, our result is sharp.

Our explicit examples show that concavity can be instantaneously
broken at an interior point of the support of the initial data. For 0 <
a < 1/2, we give another set of examples to show that concavity can be
broken at a boundary point.

1. INTRODUCTION

The porous medium equation (PME) is a model for gas diffusing in a
porous medium. The gas density u(z,t) > 0 satisfies the equation

(L.1) u _ A@m)
for (z,t) € R™ x (0,00) where m > 1 is a given number, with initial data
u(z,0) = up(z) >0, forxzeR".

The equation (1.1) is degenerate where u = 0, and so has to be interpreted
in a weak sense (described below in Section 2.1) which requires only that
up is nonnegative and in L'(R™). In the case where ug is Holder continuous
and compactly supported, the PME has a unique continuous solution u(x, t)
on R” x [0,00) in this weak sense. In general, for each ¢ > 0, the function
x — u(x,t) is smooth on the set where “there is gas”, given by

Q. ={z eR" | u(z,t) > 0}.
The boundary 9€); is the “free boundary” of this equation.
It is convenient to work with the pressure function v := (m/(m—1))u™!
which satisfies the evolution equation
ov
5
on the set € for all ¢t and with initial data v(z,0) = wvo(x) supported on

Q = Qp. In what follows, we will also refer to the equation for pressure (1.2)
as the porous medium equation.

(1.2) (m — 1)vAv + |Vo|?
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It has long been of interest to understand whether concavity /convexity
conditions are preserved by parabolic evolution equations, both with and
without a free boundary. We define the a-concavity of a function f for
a > 0 to mean that f¢ is concave, while 0-concavity asserts that log f is
concave. In particular, if f is twice differentiable then a-concavity for a > 0
means that the matrix with (i, j)th entry

fDiDjf — (1 —a)Dif D f

is nonpositive.

The log concavity of positive solutions of the heat equation on a fixed
domain is preserved [7], whereas convexity of the level sets on ring domains is
not [11, 20}, except under special conditions [6, 12, 14, 15, 22]. For solutions
of the one-phase Stefan problem, which satisfy the heat equation in the
interior and for which the (free) boundary moves in the outward normal
direction with speed equal to the norm of the gradient, a-concavity is not
preserved for 0 < a < 1/2 [13].

It is natural to ask for which values of « is a-concavity preserved along
the porous medium equation. Dasakopoulos-Hamilton-Lee [18] showed that
root concavity of the pressure v, corresponding to o = 1/2, is preserved for
the porous medium equation. More precisely, they considered initial data
vo which is root concave, smooth up to the boundary of the convex set €2,
and satisfies the nondegeneracy condition vy + |[Dvg| > ¢ > 0 on . They
showed that the solution v(z,t) is root concave for all ¢t > 0.

On the other hand, Ishige-Salani [21] showed that there exists some o with
0 < a < 1/2 such that a-concavity is not in general preserved. However the
case of general o € [0,1] \ {%}, including o« = 1, has remained open until
now. Vazquez, in his 2007 monograph [25, p. 520], posed the open problem:
“Prove or disprove the preservation of pressure concavity for the solutions
of the PME in several space dimensions.” Note that for n = 1, Bénilan and
Vazquez [5] had already shown that concavity of pressure is preserved.

Our first result shows that a-concavity is not preserved in general by the
porous medium equation in dimension n = 2 for any « in [0,1] \ {3}. By
the result of [18], this is sharp.

Theorem 1.1. Let B be the open unit ball in R? centered at the origin.
Given o € [0,1]\ {3}, there exists vg € C°°(B) which is strictly positive on
B and vanishes on 0B with the following properties:

(i) vo is a-concave on B.
(i1) Vg does not vanish at any point of 0B.
(iii) Let v(t) be the solution of the porous medium equation (1.2) starting
at vg. Then there exists § > 0 such that v(t) is not a-concave in a
neighborhood of the origin for t € (0,0).

In particular this resolves the open problem of Vazquez.

Theorem 1.1 shows that a-concavity can be instantaneously lost at an
interior point of the domain, for a € [0,1] \ {3}. It is also natural to ask
whether concavity breaking can occur at a boundary point. Namely, can the
sets €; be non-convex for ¢t > 0 if the initial data is a-concave on a convex
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2?7 The work of Ishige-Salani [21] showed that this phenomenon can occur
for some o with 0 < o < 1/2. Our second result extends the Ishige-Salani
result to all & with 0 < a < 1/2.

Theorem 1.2. Given a € [0,1/2), there exist a bounded open conver set
Q C R? with smooth boundary and vy € C*(Q) which is strictly positive on
Q and vanishes on 02 with the following properties:

(i) vo is a-concave on Q.
(ii) Vg does not vanish at any point of 0S2.
(iii) Let v(x,t) be the solution of the porous medium equation (1.2) start-
ing at v, and write Q; = {x € R"™ | v(x,t) > 0}. Then there exists
0 > 0 such that

Q; is not convez for any t € (0,0)
and thus
vlq, is not a-concave for any t € (0,0).

The result of Daskalopoulos-Hamilton-Lee [18] implies in particular that
if the initial data is a-concave with o > 1/2, the domain ; remains convex
for all . Hence Theorem 1.2 is sharp in this sense.

The proof of Theorem 1.2 uses as initial data vy the function constructed
in [13] which was originally applied to the case of the one-phase Stefan
problem. The free boundary for the solution v(x,t) of the one-phase Stefan
problem moves in the outward normal direction with speed |Vv|, given cer-
tain compatibility conditions for the initial data. For the porous medium
equation, the free boundary also moves with speed equal to |Vv| for solu-
tions which are smooth up to the free boundary, and so the “formal” proof
of Theorem 1.2 is no different from the argument in [13].

However, the precise result we require, giving the speed of the boundary at
the initial time ¢ = 0, does not seem to be explicitly stated in the literature
(see for example [8, 9, 10, 17, 23] for some closely related results). For
this reason, we provide a simple proof of the result that we need (Theorem
5.1 below) which gives bounds on the velocity of a point on the boundary
from the initial time, assuming interior and exterior ball conditions for the
initial data. This result, which uses only the well-known Barenblatt and
Graveleau solutions to the PME and a local comparison theorem, may be
of independent interest.

The outline of our paper is as follows. In Section 2 we state some well-
known results about the porous medium equation and recall the construction
of [13]. In Section 3 we prove Theorem 1.1, the main result of this paper.
In Section 4 we recall the Barenblatt and Graveleau solutions of the porous
medium equation and their basic properties. These are used to prove a
general result about the velocity of the boundary, proved in Section 5, which
is then used to establish Theorem 1.2 in Section 6.

2. PRELIMINARIES

2.1. Solutions of the porous medium equation. Let ug be a nonnega-
tive function in L'(R™), and let m > 1. Fix 0 < T' < co. A solution to the
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porous medium equation (1.1) for time ¢ € [0,7") with initial data ug is a
nonnegative function u(x,t) in C([0,T) : L*(R™)) such that
u™ € L ([0,T) : LY(R™)), and wy, Au™ € L. (R™ x (0,T)),

with

w = Au™, a.e. in R" x (0,7)
and

u(t) = ug in L'(R™) as t — 0.
There exists a unique such solution u(z,t) with any initial data uy as above
[4, 24], known as a strong L' solution (see the expositions [25, Theorems 9.2,
9.12] and [19, Section 5.1] and the references therein). If, in addition, we
assume that ug is compactly supported and Holder continuous with Holder
exponent vy > 0 say, then the solution u(x,t) is continuous on R™ x [0, c0)
[8]. On the set {u > 0} N {t > 0}, the solution u is smooth. Moreover,
this smoothness extends to ¢ = 0 if the initial data ug is smooth on the set
{up > 0} (see [25, Proposition 7.21] and the remark afterwards).

Solutions of the porous medium equation satisfy a local comparison prin-
ciple [2, 16], which we state without proof. We give this in terms of locally
defined continuous solutions, since this is the context in which we will need
to use it later. Let B be a ball in R™ and let u(z,t), 4(x,t) be nonnegative
continuous functions on B x [0, T') satisfying u;, Au™ € L{. (B x (0,T)) and

ur = Au™, ae. in B x (0,7T),
with initial data u(z,0) = uo(z) and @(x,0) = dg(z) for x € B. Then we
have the following comparison theorem (see for example [25, Lemma 9.30]).
Theorem 2.1. Let u, @ be as above. Assume that
w(2) < dolx), forw e B

and

u(z,t) < a(z,t), for (x,t) € 0B x[0,T).
Then

u(z,t) < a(z,t), for (z,t) € Bx[0,T).

2.2. Initial data for boundary concavity breaking. The authors con-
structed a specific a-concave function supported on a bounded convex do-
main [13, Theorem 3.1]:

Theorem 2.2. For each o € [0,1/2), there is a non-negative function vy
on R? and an open bounded convex set Q lying in the upper half plane such
that its boundary 02 contains the line segment {(z,y) : z € [—1,1],y = 0},
and

(a) vo is positive on Q, vanishes on Q°, and is smooth on Q.
(b) vo is a-concave on §.
(¢) Vg does not vanish at any point of 0S).
(d) The map
0
1:+—>8Ly0(:c,0), for x € [—1,1],

18 positive and strongly convex.
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This theorem will give us the initial data for our solution in Theorem 1.2.

3. INTERIOR CONCAVITY BREAKING

In this section we give the proof of Theorem 1.1.

We begin by computing some evolution formulae for smooth positive so-
lutions of the porous medium equation. Let v be a local smooth positive
solution of (1.2). For a > 0, write w = v®* and compute
ow
ot
where subscripts denote (spatial) partial derivatives, and by the usual con-
vention we are omitting the summation sign in the k& indices.

Our example relies crucially on the evolution of the second derivative
of w in a fixed direction, which without loss of generality we take to be
x1. Differentiating (3.1) twice with respect to z1 and simplifying gives the
following.

(3.1) = (m — D! e+ (14 (m— 1)1 — )",

(3.2)
0 2(m—1
—wip = (m — Dw'/ Y wgg + 7)101/& L
ot «
-1 1 -1
4 (m ) < o 1> wl/o‘*Qw%wkk i (m )wl/ailwllwkk
« (6% (6%
tlarm-na-and (Eo2) (L o1) w2
@ a a
1 1
+ < — 1) wl/o‘_gwnwi +4 ( — 1) w2 wiwiy
a Q@

+ 2w1/a_1w%k + 2w1/a_1wkwk11}.

For the case a = 0 we now write w = logv and compute

(3.3) 85: = (m — 1)e“wpy, + me wy,
and
(3.4)

0

= (m — 1)e“ w11 + 2(m — 1) e wiwgr + (m — 1)e“wiwgy,

+ (m — 1)e“wirwk + me“’w%wz + mewwllwi + dme® wiwpwy
+ 2meww%k + 2me* wrwi1 -

The main technical result of this section is the following lemma. It shows
that for aw € [0,1]\ {3} we can find a positive concave function w defined in
a small ball such that, at the origin, we have wy; = 0 and d;wy1 > 0, in the
sense of (3.2) and (3.4) above. Write B,(0) for the open ball of radius p in
R? centered at the origin.

Lemma 3.1. For each o € [0,1]\{3}, there ezists a smooth positive function

w on B,(0) for some p > 0 satisfying
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(i) w11 (O) =0, wQQ(O) < 0, w12(0) =0.
(i) (D*w) < 0 on B,(0)\ {0}.
(iii) If o # O then the right hand side of (3.2) is positive at the origin.
If a = 0 then the right hand side of (3.4) is positive at the origin.

Proof. We consider two separate cases.
Casel. 0<a<l1l/2ora=1

For a positive constant a to be determined, define

w=1+axr; — 23 + 11235 — r] — 22373,

on B,(0), where p > 0 is also to be determined. Then we have
—12:13% — 4:13% 2x9 — 81119
(D*w) =
29 — 8x1w9  —2 + 271 — 422

Condition (i) is easily verified. For (ii), we note that
det(D*w) = 2422 + 423 + O((2? + 22)*/?),

and hence, choosing p > 0 sufficiently small, we have det(D?w) > 0 and

wi1 < 0in B,(0) \ {0} which together imply (ii).
To verify condition (iii), observe that at the origin,

(3.5)

w11 = —24, w211 = =8, woo1 = 2, wa = -2, w1 =a, w =1,

Wil = wo2i1 = w11 = wi2 = wy = 0.

Assume « # 0. The right hand side of (3.2) is positive at the origin precisely

R o 1) =, 2D (1)
TN TR PP

If 0 < a < 1/2 we see that the last term on the left hand side of (3.6)
is strictly positive and so we choose a sufficiently large so that this term
dominates. The inequality (3.6) and thus condition (iii) holds. If o = 1
then only the first two terms on the left hand side of (3.6) are nonzero, and
so it suffices to choose a > 8.

For a = 0, using again (3.5), the right hand side of (3.4) is positive at
the origin when

(3.7) —32(m — 1) +4(m — 1)a — 2a*(m — 1) + ma* > 0,
and this holds for a sufficiently large. This confirms (iii) in this case.

To ensure that w is positive on B,(0) we note that w(0) = 1 and shrink
p if necessary.

Case 2. 1/2<a< 1.
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Consider for a constant b > 0 to be determined,

04(3/2—04)1/2 2 2

—1 _p2,2 9 o2 2 P .
w + b1 =) x1 — b5 +b(3/2 — a)Fxix) o2~ %122
Then we have
—23/b? — 223 26(3/2 — )2y — 4z 29
(D*w) = ;
26(3/2 — )V 2wy — dxyzg =207 4+ 2b(3/2 — )YV %xy — 222

from which (i) follows. For (ii), compute
det(D%*w) = 222 4 4b%(ov — 1/2) 2% + O((2? + 22)%/?).
Choosing p > 0 sufficiently small, we have det(D?w) > 0 and wi; < 0 in

B,(0) \ {0}, giving (i)
For (iii), we note that at the origin we have
wiiny = —2/b%, waor1 = —4, waan = 2b(3/2 — a)'/?,
3/2 —a)l/?
3.8 S . CT k)
(3-8) w2 , Wi b(1— a) y W )
win = won = wip = wiz = wz = 0.
Then a short calculation shows that the right hand side of (3.2) is positive
at the origin precisely when

11—«

_(m—1) (b22+4> N 2(m —1)(3/2 — )

N (1—2a)(1+ (m—1)(1—-a))a(3/2 - a)?
bi(1 — )3
We can write the left hand side of (3.9) as

A=) (1 Loe)_ Cu

(3.9)
> 0.

l1—« 2 b2 bt

for a positive constant Cy, , depending only on m,«. Since 1/2 < a < 1,
we may choose b sufficiently large, depending only on « and m, so that the
inequality (3.9) holds. O

We can now give the proof of Theorem 1.1.

Proof of Theorem 1.1. Fix a € [0,1] \ {1/2} and let w be the function con-
structed in Lemma 3.1 which is positive on B,(0) for some p > 0. We will
use w to construct a function vy with the properties listed in Theorem 1.1 on
B,(0) instead of the unit ball B. The theorem will then follow after scaling.

First consider the case a # 0,1. We define a smooth auxiliary function F
on B,(0) as follows. Let f : [0, p] = R be a continuous decreasing concave
function, smooth on [0, p) satisfying

fr) = { G e

B

o O
IAIA
IAIA
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for ¢, o a constant slightly larger than f(p/2), which we can take to be:

on= (145)(5)"

Then define F' : B,(0) — R by F(z) = f(|z|), which is a concave function

on B,(0), smooth on B,(0) and vanishing on 9B,(0). Notice also that
all the derivatives of F' vanish in the quarter-sized ball B,/4(0). We have

f, f" < =% < 0 on the interval [p/2, p) for a uniform positive constant C,
by which we mean a constant that depends only on p and «. Hence

(3.10) D2F < —éld, on B,(0)\ B,5(0),

after increasing C' if necessary (see for example [13, Lemma 2.1]).
Now let ¢ : B,(0) — [0,1] be a smooth cut-off function, equal to 1 on

B,/5(0) and equal to 0 on B,(0) \ Bs,/4(0). We may assume that
(3.11) |Dy| + |D*)] < C,

for a uniform constant C.
Define a function w : B,(0) — R by

w = AF 4+ Yw,
for A a large positive constant to be determined. Compute
D* = AD*F + ¢ D*w + (D*)w + 2Dv - Dw.
On B,/5(0), v is identically equal to 1 and hence
D* = AD*F + D?*w <0,

as matrices, and D?w < 0 on B,/5(0) \ {0}. On B,(0) \ B,5(0) we have
from (3.10) and (3.11),

D*w < (C—é>1d<0,

if we choose A sufficiently large, depending only on p and «. Hence @ is
concave on B,(0) and has D?w < 0 on the punctured ball B,(0) \ {0}.
We now define our initial data vy on B,(0) by

L1
Vg — Wao.

The function vy is smooth on the closed ball B,(0) since near 0B,(0) we
have vy(x) = AY%(p — |z|). Moreover the derivative of vy does not vanish
on 0B,(0). Since w is concave, the function vg is a-concave. Observe that
in the quarter-sized ball B,/,(0) we have W = w + Ac,, and hence the
derivatives of w at the origin coincide with those of w.

Let v(t) be the solution to (1.2) with initial condition v(0) = vo. The
function v(t) is smooth on the set {v > 0}, including at ¢ = 0 (see the
discussion in Section 2.1 above). Let Ai(z,t) be the largest eigenvalue of
the matrix D?v®(z,t). We constructed vg so that A\; = 0 at (x,t) = (0,0).
The matrix D*v® at (x,t) = (0,0) coincides with D?w, for w constructed
in Lemma 3.1. In particular the eigenvalues of D*v® at (z,t) = (0,0) are
distinct and so the function A; is smooth in a neighborhood of the origin for
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small ¢ > 0. Also, all the spatial derivatives of v® at (z,t) = (0,0) coincide
with those of w at the origin, and hence

9 o .
a/h(ovo) = a(v )11l (z,0)=(0,0) > 0,

from part (iii) of Lemma 3.1. Hence there exists a small § > 0 such that \;
is strictly positive for ¢ € (0,0), in a small neighborhood of the origin. This
establishes the theorem in this case.
For a = 1, we define f instead using
_ [ 70?8 0<r<?
f(r)_{pQ_T.Q ggrgp’
and take F'(z) = f(|z|), w = AF +1¢w and vy = w. The rest of the argument
follows similarly.
Finally, for o = 0, we consider f satisfying

log(p/2)+1/4 0
0 ={
log(p — 1) 5
We define again F'(z) = f(|z|) but now take A = 1 = 4 so that w = F + w.
Note that D?w < 0 on B,(0) \ {0}. We define

vg = ev,

which is log concave, smooth on B,(0), is zero on 0B,(0) and has nonvan-
ishing derivative there. The rest of the argument is similar. O

We remark that, as is made clear in the construction above, the initial
data vy constructed in Theorem 1.1 is strictly a-concave on the punctured
ball B\ {0} in the sense that the matrix

UoDiDjUO — (1 — OZ)DZ‘U()D]'U(),
is strictly negative definite on B\ {0}.

4. THE BARENBLATT AND GRAVELEAU SOLUTIONS

In this section we recall the construction of two well-known solutions to
the porous medium equation: Barenblatt solutions and Graveleau solutions.
The Barenblatt solutions (also known as Barenblatt-Prattle or ZKB solu-
tions) are quadratic functions supported in expanding balls. The Graveleau
solutions are examples of “focusing solutions”, and are described using a
non-explicit solution of an ODE. For any fixed time ¢ < 0 the Graveleau
solution is supported on the complement of a ball in R", which shrinks to a
point as t — 0.

4.1. Barenblatt solutions. There is a one-parameter family of Barenblatt
solutions, whose pressure is given by

b= b (g, 1) = =m0 (g _ B y=28/m 2
’ 2n n
for a parameter A > 0, where

8=

.
n(m—1)+2
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See for example [25, Section 4.4] for a derivation. Note that S(m — 1) +
2(/n = 1. Observe that the Barenblatt solution is singular at ¢ = 0 but for
any 7 > 0 the time-translated solution (z,t) +— b(x,t + 7) is a solution of
the porous medium equation in the sense of Section 2.1.

The next lemma, which is elementary and well-known, shows that by
changing the constant A we can find a Barenblatt solution b(4)(z,t) with
prescribed radius of support and slope at the boundary, at some time ¢g.

Lemma 4.1. Given a slope S > 0 and a radius R > 0 we can find A > 0 and
to > 0 so that x — b (x,tg) has support of radius R with limyy | g~ [Vb(z, t0)| =
S.

Proof. To ensure that the support of b(4)(z, o) has radius R, we need

(4.1) A= %tg%/”}z?,
On the other hand, as |z| — R, we have
|Vb| — étglR.
n

Hence if we choose tg so that

B

n

_BR
- Sn’

S ="t,'R,

namely
to
we can then define A by

2n \ Sn
so that A satisfies (4.1). This completes the proof. O

—28/n
A= ﬂ <BR> R2,

4.2. Graveleau solutions. There is a one-parameter family of Graveleau
solutions with pressure g = ¢(9(x,t) for a parameter ¢ > 0 (see [1, 3]),
defined as follows. There are fixed constants o* € (1,2) and v < 0 depending
only on m and n and a fixed solution ¢ : [7,0] — [0,00) of a nonlinear
degenerate ODE with the properties that

(i) ¢(0) =0 and ¢'(0) = —1;

(ii) p(v) =0, ¢'(v) > 0 is finite and ¢ > 0 on (v, 0).
We extend ¢ to (—oo,0] by setting it equal to zero on (—oo, ). The Grav-
eleau solutions are then given by

2
g(z,t) = rgo(tc77)7 for t < 0.

where

r=|z|, n=1tr—
Note here that time ¢ and the variable n are negative, since the focusing
time is ¢ = 0. For any 7 > 0 the translated solution (z,t) — g(x,t — 7)
for ¢t € [0,7) is locally a continuous solution of the PME in the sense of
Section 2.1. It is not a global solution, since it is not in L!(R™), but for our
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purposes we only need to know that the local comparison principle Theorem
2.1 applies.
The free boundary of the solution is where c¢n = ~, namely

(4.2) - <Cj>w .

We have the following elementary lemma, analogous to Lemma 4.1 above.

Lemma 4.2. Given a slope S > 0 and a radius R > 0 we can find ¢ > 0
and ty < 0 so that x — g(c) (z,t0) is supported on the complement of the ball
of radius R, and lim,_, g+ [Vg(r,to)| = S.

Proof. From (4.2) we have

(4.3) R— (c’f)W .

Y
We compute |Vg(z,tp)| on the interface cn = v as

)
lim |Vg(z,to)| = ~
o V(e to)l = 57

r2o(cn)
r=R*t —t
©'(cn)

= T27t eny  since @(en) =0
—to

r

= ¢ (=t

a*vR
=——¥()-
0

Note that both v and ¢y are negative. Then choose tg by

¢'(y) =S5,

a*vR
to

namely
a* YR
to = —5—#'(7);

and ¢ by (4.3) with ¢t = to. This proves the lemma. (]

5. INITIAL VELOCITY OF THE BOUNDARY

For solutions of the PME which are smooth up to the free boundary for all
times, the boundary moves in the outer normal direction with speed equal to
|Vv|. The next result shows that, under rather mild conditions on the initial
data corresponding to interior and exterior sphere conditions, the boundary
approximately moves with this speed for a short time.

Theorem 5.1. Let vy > 0 be a function on R™ such that the set Q = {vy >
0} is a bounded domain with boundary 0. Assume that volg is in C1(Q)
and 0 € 9Q. Let v(z,t) be the solution of the PME (1.2) with initial data
vo, and denote & = {x € R™ | v(x,t) > 0}.
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Write By (py) for the open ball of radius r centered at p, := (0,...,0,7)
and Br(qr) for the open ball of radius R centered at the point qr := (0,...,0,—R)
(see Figure 1).

(i) Suppose that By, (py,) C Q2 for some ro > 0 and for some S > 0,
(5.1) |Vuo(0)] > S.
Then there exists 6 > 0 and r € (0,7¢] such that
Byisi(pr) CQ, fort €(0,0).
(ii) Suppose that Br,(qr,) C Q¢ for some Ry > 0 and for some S > 0,
(5.2) |V (0)] < S.
Then there exists 6 > 0 and R € (0, Ry] such that
Br-_si(qr) C ()", fort € (0,6).

Proof. For (i), the assumptions imply that at the origin the gradient vector
of vy is (0,...,0,(vg)n) with (vg), > S + € for some € > 0. We can find
a constant A > 0 and a time to such that Barenblatt solution b(x,t) =
b(A) (x,t) has the property that its support at time ¢ is the closure of the
ball B,(p,) with 0 < r < 79 and that |Vb(x,tg)] — S + ¢/2, as z tends
to a point on 9B, (p,). Then shrinking r if necessary, we may assume that
vo(x) > b(z,tp) on Bar(py). Moreover, b(x,t) = 0 on dBa,(py) for t €
[to,to + d) for a small § > 0. It follows from the local comparison principle
Theorem 2.1 that v(z,t) > b(x,tg + t) on Ba.(p,) for t € [0,6). But the
support of b(z,ty + t) for ¢ € (0,§), which is a ball centered at p,, moves
outward with speed greater than S, for at least a short time, and hence
shrinking ¢ > 0 if necessary,

v(x,t) > b(x,tg+t) >0 for x € Brysi(pr), t € (0,9),

as required.

In case (ii), the gradient vector of vy at the origin is (0,...,0, (vo),) with
(vo)n, < S — & for some € > 0. Then choose ¢ > 0 and a time ¢y > 0 so
that the Graveleau solution g(x,t) = ¢{°(x,t) has the following property:
x + g(z,to) has support (Br(qr))¢ with 0 < R < Rg and |Vg(z,t)| — S—5
as x in the support of g tends to a point on dBgr(qr). It follows that,
shrinking R if necessary, we may assume that vo(z) < g(z,t9) on Bar(qr)-
Moreover, we may assume that vo(z) < g(z,to) for © € 9Bar(qr). By
continuity of v(x,t) and g(z,t), it follows that there exists 6 > 0 such that
v(z,t) < g(x,to +t) on OBar(qr) for t € [0,0). Applying again the local
comparison principle we obtain v(x,t) < g(x,t) on Bar(qr) for t € [0,9).
The support of g(z,ty +t) is the complement of a ball centered at gr whose
radius is shrinking at speed less than S for t € [0,d) (again shrinking § > 0
if necessary) we have,

v(z,t) < gz, tg+t) =0, for x € Br_si(qr), t€(0,0),

and this completes the proof. ([l
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Tn
5:(e.) {vo > 0}
qr
Br(qr)
FIGURE 1.

An immediate consequence is that if we have both interior and exterior
ball conditions then the boundary initially moves with velocity equal to the
gradient of vy in the sense of the following:

Corollary 5.1. Let vg > 0 be a function on R™ such that the set Q = {vy >
0} is a bounded domain with boundary 0. Assume that volg is in C1(Q)
and 0 € 00. Let v(z,t) be the solution of the PME (1.2) with initial data
vo, and denote Q; = {x € R" | v(z,t) > 0}. Suppose that there exists
ro, Ro > 0 such that By,(pr,) C Q and Bgr,(qr,) C Q°, using the notation
of the previous theorem.

Let (0,...,0,y(t)) be a point on OS2, where y(t) fort > 0 is defined by

y(t) = max{x, <0 | v(0,...,0,2,,t) = 0}.
Then the one-sided derivative y'(0) exists and is equal to —|Vvl(0).

Proof. Let € > 0. Then (5.1) holds for S = |Vyy| — ¢ and (5.2) holds
for S = |Vuy| + &, where we are evaluating |Vug| at the origin. Applying
Theorem 5.1, there exists d,r, R > 0 such that

By (1Wuo—-e)t(Pr) € Ry Br_(wugl4+e)t(ar) C ()¢, for t € (0,9).
Then for ¢ € (0, 6),
(Voo + &)t <y(t) < —([Vuo| —€)t,
namely, since y(0) = 0,

y(t) —y(0)

7 + |V’U0| <e.

Hence the one-sided derivative y/(0) exists and is equal to —|Vuy|. O
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6. CONCAVITY BREAKING ON THE BOUNDARY

In this section we prove Theorem 1.2. Write vy for the function con-

0
structed by Theorem 2.2. Since x — %(m, 0) is positive and strongly con-
)
vex as a function of z € [—1,1] we have
oy 2 '
Hence we can find positive constants S_, Sy, S1 such that
S_+S
(6.1) So < %
and 5 5 5
Vo Vo vo
—(=1/2,0) > S_, —(0,0) < Sy, —(1/2,0)> S,.
T (=1/2.0 G000 < S0, 2120 > 5.

Let v(x,t) be the solution of the PME (1.2) starting at vg. We apply Theo-
rem 5.1 at each of the three points (—1/2,0), (0,0), (1/2,0) to find a small
d > 0 such that for ¢t € (0,4),
(—1/2,—-S5_t) € Q, (0,—Sot) & U, (1/2,—5+t) € Qy,

But if Q; were convex for t € [0, tg], for some ¢y > 0, then we must have
S_+ 54

2 )
contradicting (6.1). This completes the proof of Theorem 1.2.

So >
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