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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW\rightarrow 

HAO WU†, SHU LIU‡, XIAOJING YE§, AND HAOMIN ZHOU†

Abstract. In this work, we propose a numerical method to compute the Wasserstein Hamiltonian
flow (WHF), which is a Hamiltonian system on the probability density manifold. Many well-known
PDE systems can be reformulated as WHFs. We use the parameterized function as a push-forward
map to characterize the solution of WHF, and convert the PDE to a finite-dimensional ODE system,
which is a Hamiltonian system in the phase space of the parameter manifold. We establish theoretical
error bounds for the continuous time approximation scheme in the Wasserstein metric. For the
numerical implementation, neural networks are used as push-forward maps. We design an e!ective
symplectic scheme to solve the derived Hamiltonian ODE system so that the method preserves
some important quantities such as Hamiltonian. The computation is done by a fully deterministic
symplectic integrator without any neural network training. Thus, our method does not involve
direct optimization over network parameters and hence can avoid errors introduced by the stochastic
gradient descent or similar methods, which are usually hard to quantify and measure in practice. The
proposed algorithm is a sampling-based approach that scales well to higher dimensional problems. In
addition, the method also provides an alternative connection between the Lagrangian and Eulerian
perspectives of the original WHF through the parameterized ODE dynamics.
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Euler scheme, numerical analysis
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1. Introduction. Wasserstein Hamiltonian flow (WHF) describes the time evo-
lution of a Hamiltonian system on a Wasserstein manifold. It can be formulated as
the following first-order Hamiltonian system of dual coordinates on the Wasserstein
manifold, which is the space of probability densities equipped with optimal transport
distance [49]:

\omega t\varepsilon =
\vargamma 

\vargamma !
H(\varepsilon ,!),(1.1a)

\omega t!=\rightarrow \vargamma 

\vargamma \varepsilon 
H(\varepsilon ,!),(1.1b)

with given initial values \varepsilon 0 and ""0 at all x\uparrow Rd,

(1.2) \varepsilon (0, x) = \varepsilon 0(x) and !(0, x) =!0(x).

\rightarrow Received by the editors August 9, 2023; accepted for publication (in revised form) September 5,
2024; published electronically February 14, 2025.

https://doi.org/10.1137/23M159281X
Funding: The work of the authors was partially supported by National Science Foundation

grants DMS-1925263, DMS-2152960, DMS-2307465, and DMS-2307466 and by ONR grant N00014-
21-1-2891.

†School of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332 USA (hwu406@
gmail.com, hmzhou@gatech.edu).

‡Department of Mathematics, University of California, Los Angeles, CA 90095 USA (shuliu@
math.ucla.edu).

§Department of Mathematics and Statistics, Georgia State University, Atlanta, GA 30303 USA
(xye@gsu.edu).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

360

D
ow

nl
oa

de
d 

04
/1

0/
25

 to
 1

08
.6

9.
91

.1
81

 . 
R

ed
is

tri
bu

tio
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.si
am

.o
rg

/te
rm

s-
pr

iv
ac

y

https://doi.org/10.1137/23M159281X
mailto:hwu406@gmail.com
mailto:hwu406@gmail.com
mailto:hmzhou@gatech.edu
mailto:shuliu@math.ucla.edu
mailto:shuliu@math.ucla.edu
mailto:xye@gsu.edu


PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 361

In (1.1), \omega 

\omega \varepsilon 
is the L

2 first variation, \varepsilon is the probability density on the state space

Rd, i.e., \varepsilon is a nonnegative function with
\Biggr) 
Rd \varepsilon (x)dx= 1, ! is called the dual function,

whose gradient provides the vector field transporting \varepsilon on the Wasserstein manifold,
and \varepsilon 0 and !0 are their initial values, respectively. We note that our results through-
out this work apply to the case where the state space of x is any Riemannian manifold
M without boundary, but for notation simplicity, we only consider the case M =Rd in
this work. We may also write \varepsilon (t, ·) as \varepsilon t(·) or \varepsilon t for notation simplicity, and similarly
for !(t, ·). We consider the following general class of Hamiltonian:

H(\varepsilon ,!) =

\Biggl[ 

Rd

1

2
|\downarrow !(x)|2\varepsilon (x)dx+F(\varepsilon ),(1.3)

where the first term is the kinetic energy associated with the 2-Wasserstein metric,
and F(\varepsilon ) is a potential functional defined on the Wasserstein manifold, which typically
is one or a combination of the three terms appeared in the following formula:

F(\varepsilon ) =

\Biggl[ 

Rd

V (x)\varepsilon (x)dx+

\Biggl[ 

Rd

U(\varepsilon , x)dx+

\Biggl[ \Biggl[ 

Rd\rightarrow Rd

W (x\rightarrow y)\varepsilon (x)\varepsilon (y)dxdy.(1.4)

Here the first term is determined by the linear potential V , the second one is a
nonlinear functional U of \varepsilon such as entropy or Fisher information, and the third is
an interactive potential W between particles whose population density is given by
\varepsilon . Recent work [12] reveals that WHF has deep connections to many well-known
partial di\#erential equations (PDEs), such as the Wasserstein geodesic, Vlasov, and
Schrödinger equations, just to name a few. WHF provides an alternative framework
and a set of new tools originated from optimal transport that potentially can be
used to study those PDEs and relevant applications. However, computation of WHF
remains a challenging problem, especially in higher dimensions. In this work, we
develop a computational framework to solve WHF by leveraging several techniques
together, including generative models, neural networks, the symplectic integrator,
and the Wasserstein metric on density manifold. In particular, our method is readily
scalable to solve WHFs in high-dimensional spaces.

There are two main objectives in this paper. The first one is to derive an e\#ective
finite-dimensional approximation of WHF (1.1) by using reduced-order models. While
the theory developed in this paper is applicable to general reduced-order models,
we select a special class known as neural networks due to their excellent empirical
approximation power in this study. Our derivation is conducted on a parameter
space and a submanifold of the probability density space where a density function
\varepsilon is determined by a push-forward map parameterized by a neural network. The
parameter space is equipped with an induced metric called the pullback Wasserstein
metric. The resulting Hamiltonian system is a set of coupled ordinary di\#erential
equations (ODEs) for the neural network parameter and its dual, which is a finite-
dimensional approximation to the infinite-dimensional WHF (1.1). We call this new
Hamiltonian system the parameterized WHF (PWHF).

Our second objective is to develop a symplectic numerical scheme to solve the
PWHF. This is accomplished by introducing an approximation to the pullbackWasser-
stein metric, which can be e\$ciently computed by recently developed machine learning
techniques, such as residual neural networks [28, 29] or continuous normalizing flows
[10, 24]. Moreover, the proposed method allows the computation of both particle
motion of the Hamiltonian system in classical phase space and the density evolution
on a Wasserstein manifold simultaneously.
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362 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

Here we highlight several main features of the proposed method:
• (Dimension reduction) The PDEs (1.1), which can also be viewed as an

infinite-dimensional dynamical system, are e\#ectively approximated by a
finite-dimensional ODE system and solved by a customized symplectic nu-
merical scheme.

• (Computation e\#ectiveness) A simplified Wasserstein metric is introduced to
greatly reduce the computational cost when compared to that of the pullback
Wasserstein metric on the parameter space.

• (Training free) The proposed method does not involve nonconvex optimiza-
tion algorithms like stochastic gradient descent methods which are commonly
adopted in machine learning. This avoids errors introduced by those opti-
mization methods that are usually di\$cult to control and analyze.

• (Symplectic structure preservation) The proposed scheme preserves the sym-
plectic structure of PWHF. Thus the Hamiltonian is conserved, even for large
time horizon.

• (Error estimation) The convergence of the proposed scheme is guaranteed by
error estimates obtained in the Wasserstein metric.

• (Eulerian and Lagrangian formulations) PWHF provides a natural connec-
tion bridging the Eulerian and Lagrangian formulations of the underlying
Hamiltonian system.

The remainder of the paper is organized as follows. In section 2, we describe work
related to this study. We briefly introduce the WHF and its equivalent formulations
in section 3.1. We derive the PWHF and its simplified dynamics in sections 3.2
and 3.3, respectively. In section 3.4, we show that the density \varepsilon \vargamma obtained by PWHF
is a good approximation to the true solution with provable error bound. Then we
provide a numerical algorithm to e\#ectively solve the PWHF, with details about the
simplified pullback Wasserstein metric tensor in section 4. Numerical results are given
in section 5. We provide a discussion about potential applications of PWHF on other
types of problems in section 6 and conclude the paper in section 7.

2. Related work. The formulation of WHF studied here is first introduced in
the paper [12], where a derivation framework based on the Lagrangian functional for
general WHF on a density manifold is proposed. This work also reveals the con-
nections between WHF and several well-known PDEs through examples. Numerical
methods have been developed for solving the WHF in recent works [13, 14], in which
the classical finite di\#erence and shooting techniques are used to solve WHF in lower
dimensions.

We note that the idea of introducing the metric defined on a probability manifold
to parameter space originates from [3], in which the Fisher metric is discussed. Later,
the case of the Wasserstein metric was introduced and studied in [36] and [11]. Soon
after, the Wasserstein gradient flows defined on the parameter space of the generative
model were introduced in [34, 35, 39, 40].

The present study is mostly inspired by a recent work on the parametric Fokker–
Planck equation (PFPE) [35, 40] which establishes a finite-dimensional approximation
of the Fokker–Planck equation (FPE) by using push-forward maps, neural networks,
and the Wasserstein metric. Leveraging the viewpoint that the FPE is the gradient
flow of the relative entropy functional on a Wasserstein manifold [30, 41], PFPE is
derived by taking the gradient flow of relative entropy projected onto the parameter
space equipped with the pullback Wasserstein metric. The resulting PFPE is a system
of ODEs for the parameters. Our work follows a similar strategy. We use the same
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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 363

parameter space defined by push-forward maps and neural networks, and a similar
pullback Wasserstein metric on the parameter space. Di\#erent from PFPE, our aim
is to establish PWHF on the parameterized Wasserstein submanifold. In addition,
we introduce a new metric, which can be viewed as a close approximation to the
one introduced in [40]. Such a new metric does not require \varepsilon \vargamma -weighted Helmholtz
projection of vector fields \omega \vargamma T\vargamma in [40]. As a result, using the new metric enables us to
directly compute PWHF via a customized symplectic scheme with provable accuracy
and significantly reduced computational cost.

Since introduced in the seminal works [31, 32] to describe the limiting behavior
of stochastic di\#erential games, mean field games (MFGs) have been studied exten-
sively, including numerical methods [1, 2, 8] and machine learning–based approaches
[15, 33, 44]. The works reported in [38, 44] provide methods for computing MFG
in high-dimensional cases. The WHF is closely related to MFG systems at least in
their mathematical forms, i.e., the MFG systems with quadratic kinetic energy can
be treated as WHFs with boundary conditions. However, the WHF considered in this
work and a typical MFG are di\#erent in the setting of initial and terminal conditions
in their original form: WHF assumes knowledge of the initial (\varepsilon 0,!0) while MFG
has a set of given initial condition \varepsilon 0 and terminal condition !\varpi at some terminal
time \varpi .

Hamiltonian Monte Carlo algorithms introduced in [17] aim at generating samples
from a given probability distribution by evolving an associated Hamiltonian system
in the phase space. We refer readers to [6, 21] and the references therein for more
details. Instead of sampling from a fixed terminal distribution, our research in the
paper computes the entire density evolution of Hamiltonian flow.

There are also numerous pieces of research [9, 25, 46, 48] focusing on recovering
the Hamiltonian and predicting the dynamics of certain physical systems based on
observed trajectories. This is called the inverse problem in computing a Hamiltonian
system in some literature. Neural networks are widely utilized in those studies to
make the computation scalable for high-dimensional settings. Nevertheless, there are
significant di\#erences between our problem and theirs, with the most prominent one
being that we aim at solving for the entire probability flow while the aforementioned
research always focuses on particlewise computation.

In a broader sense, PWHF and the proposed numerical method provide an al-
ternative approach that can potentially be applied to solve some PDEs in higher
dimension by using neural networks. In the past few years, various machine learning
methods have been developed for solving PDEs. For example, a deep learning method
based on backward stochastic di\#erential equations has been designed to solve high-
dimensional parabolic PDEs in [18]. The deep Ritz method is studied to solve PDEs
whose solutions can be reformulated as the minimizers of variational forms [19]. A
physics-informed neural network is proposed as a general framework to solve PDEs
by minimizing the residual in a least squares sense [26, 42]. The weak adversarial
network solves PDEs in weak forms through a minimax approach [5, 51]. More re-
cently, a Fourier neural operator [37], DeepONet [50], and Neural control [20] have
been constructed to approximate the solution operators by neural networks so that
the computation can be carried out more e\$ciently when the same PDEs must be
solved repetitively with di\#erent initial or boundary conditions. Those and many
more studies have shown that deep neural networks possess great potential in han-
dling high-dimensional PDEs with various nonlinearities.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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364 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

3. Parameterization of Wasserstein Hamiltonian flow. In this section,
we first briefly review the Wasserstein metric and WHF, and then we derive the
parameterization of WHF and suggest a strategy to speed up its computation by
using an approximate Wasserstein metric. We provide a comprehensive error analysis
of PWHF in the end.

3.1. Formulation of Wasserstein Hamiltonian flow. The review here fol-
lows the formulation detailed in [12]. For simplicity, let M be a smooth manifold
without boundary. As mentioned in section 1, our results throughout this work can
be applied to such M , but for simplicity we only consider the case M = Rd in theo-
retical and numerical demonstrations. Let us consider the density manifold,

P(M) =

\Biggr] 
\varepsilon \uparrow C

\uparrow (M) : \varepsilon \updownarrow 0,

\Biggl[ 

M

\varepsilon dx= 1,

\Biggl[ 

M

|x|2\varepsilon dx<\nearrow 
\Biggl\lfloor 
,(3.1)

and its tangent space at \varepsilon \uparrow P(M),

T\varepsilon P(M) =

\Biggr] 
\varrho \uparrow C

\uparrow (M) :

\Biggl[ 

M

\varrho dx= 0

\Biggl\lfloor 
.(3.2)

We introduce the tangent and cotangent bundles of P and denote them respec-
tively by

(3.3) T P =
\Biggr\rfloor 

\varepsilon \downarrow P
{\varepsilon }\searrow T\varepsilon P, T \updownarrow P =

\Biggr\rfloor 

\varepsilon \downarrow P
{\varepsilon }\searrow T

\updownarrow 
\varepsilon 
P.

Here for each \varepsilon the cotangent space T
\updownarrow 
\varepsilon 
P is taken as

C
\uparrow (Rd)/R= {[!] :!\uparrow C

\uparrow (Rd)},

where [!] is the equivalent class of functions that are identical to ! up to a constant,
i.e., [!] = {!+ c : c \uparrow R}. In the following discussion, we always write the equivalent
class [!] as ! for simplicity. It is clear that \downarrow \varsigma = \downarrow ! for any \varsigma \uparrow [!]; thus we also
denote \downarrow [!] as \downarrow ! for convenience.

The space P(M) becomes a metric space when equipped with the Wasserstein
distance. For any \varepsilon 1,\varepsilon 2 \uparrow P(M), the 2-Wasserstein distance (we call it Wasserstein
distance for short hereafter) between \varepsilon 1 and \varepsilon 2 is given by [49]

W2(\varepsilon 1,\varepsilon 2) =

\Biggl\lceil 
inf

\varrho \downarrow !(\varepsilon 1,\varepsilon 2)

\Biggl[ \Biggl[ 
|x\rightarrow y|2d\varphi (x, y)

\Biggr\rceil 1/2

,

where \%(\varepsilon 1,\varepsilon 2) is the set of joint distributions on Rd \searrow Rd with \varepsilon 1 and \varepsilon 2 as the
marginals. This distance naturally induces a metric on P(M). In fact, for any \varepsilon \uparrow 
P(M) and \varrho \uparrow T\varepsilon P(M), let us denote \&\varepsilon :=\downarrow · (\varepsilon \downarrow ) and let \&†

\varepsilon 
be its pseudoinverse

operator, i.e., != (\rightarrow \&\varepsilon )†\varrho implies \varrho =\rightarrow \&\varepsilon !.
It is shown that ! is unique up to a constant for any given \varrho [12]. Then the

Wasserstein metric is defined by g
W (\varepsilon )(·, ·) : T\varepsilon P(M)\searrow T\varepsilon P(M)\simeq R as follows:

g
W (\varepsilon )(\varrho 1,\varrho 2) =

\Biggl[ 

M

\varrho 1(x)(\rightarrow \&\varepsilon )
†
\varrho 2(x)dx=

\Biggl[ 

M

\downarrow !1(x) ·\downarrow !2(x)\varepsilon (x)dx,(3.4)

where \rightarrow \&\varepsilon !i(x) =\rightarrow \downarrow · (\varepsilon (x)\downarrow !i(x)) = \varrho i(x) for any x\uparrow M and i= 1,2.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 365

It is known that, equipped with the Wasserstein distance, the density manifold
P(M) becomes a Riemannian manifold on which various di\#erential operators and
geometric flows can be established. In particular, WHF is derived by considering the
variational problem

I(\varepsilon ) = inf
\varepsilon 

\Biggl\{ \Biggl[ 
T

0
L(\varepsilon ,\omega t\varepsilon )dt : \varepsilon (t, ·) = \varepsilon 0(·), \varepsilon (T, ·) = \varepsilon T (·)

\Biggr\} 
,(3.5)

where L(\varepsilon ,\omega t\varepsilon ) = 1
2g

W (\varepsilon )(\omega t\varepsilon ,\omega t\varepsilon ) \rightarrow F(\varepsilon ) is a functional defined on T P known as
the Lagrangian, and \varepsilon 0 and \varepsilon T are some given initial and terminal densities, re-
spectively. The solution of (3.5) satisfies the Euler–Lagrange equation, which can be
reformulated as the system of first-order PDEs (1.1) given in the following proposition
[12, Proposition 1].

Proposition 3.1 (Proposition 1 of [12], Hamiltonian flow in dual coordinates).
Consider the dual ! = (\rightarrow \&\varepsilon )†\omega t\varepsilon \uparrow T \updownarrow 

\varepsilon 
P; the Euler–Lagrange equation to (3.5) is

equivalent to (1.1) which can be treated as a Hamiltonian system on T \updownarrow P.

WHF (1.1) describes the evolution of density \varepsilon as a function of space and time.
This can be viewed as the Eulerian formulation if using the language of classical fluid
mechanics. Likewise, the dynamics can be written in the Lagrangian formulation,
which describes the particle motion, i.e., the evolution of particle position, X as a
function of time t. X is a random variable whose distribution follows the density \varepsilon 

governed by (1.1). The connections between two formulations are summarized in the
following proposition.

Proposition 3.2 (Proposition 2 of [12], WHF as density transition equation).
Let (X(t))0\nearrow t<t0 be a random process in Td with density \varepsilon . Suppose X(t) satisfies

d
2

dt2
X(t) =\rightarrow \downarrow \vargamma 

\vargamma \varepsilon 
F(\varepsilon t(X),X) for any X0 \uparrow Td

,

Ẋ(0) =\downarrow !0(0,X0).

(3.6)

Then the density \varepsilon (t, ·) of X is a solution of the WHF (1.1).

For simplicity, this proposition was presented with periodic boundary condition
or the underlying manifold being Td to avoid extra boundary formulations. It can be
generalized to other manifold with nominal changes. By introducing a new momentum
variable v(t,X), (3.6) is converted into a system of first-order equations:

d

dt
X = v(t,X), X(0) =X0,(3.7a)

d

dt
v(t,X) =\rightarrow \downarrow \vargamma 

\vargamma \varepsilon 
F(\varepsilon t(X),X), v(0,X0) =\downarrow !(0,X0).(3.7b)

For convenience, we call the system (3.7) the particle WHF.

3.2. Parameterized WHF. As one of the main goals of this paper, we intro-
duce the PWHF in this subsection. The adopted strategy is to project the Lagrangian
L in (3.5) onto a parameter space defined by the push-forward maps, and then derive
the corresponding Euler–Lagrange equation in the parameter space.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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366 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

3.2.1. Parameter space defined by push-forward maps. Let T : Rd \simeq Rd

be a measurable map, also called a push-forward map in Rd. Fixing any reference
probability distribution \leftharpoonup that is absolutely continuous with respect to the standard
Lebesgue measure µ on Rd, we use \leftharpoondown = d\leftharpoonup /dµ, the Radon–Nikodym deriviative of \leftharpoonup 
with respect to µ, to denote the reference density determined by \leftharpoonup . Then T induces
a new probability density T\varsigma \leftharpoondown on Rd:

\Biggl[ 

E

T\varsigma \leftharpoondown (x)dµ(x) =

\Biggl[ 

T\rightarrow 1(E)
\leftharpoondown (z)dµ(z) =

\Biggl[ 

T\rightarrow 1(E)
d\leftharpoonup (z)

= \leftharpoonup (T\searrow 1(E)) for all measurable E \Leftarrow Rd
,

where T
\searrow 1(E) is the preimage of E. Hereafter we use dx instead of dµ(x) to reduce

notation complexity.
Let us take T as a parameterized map, namely for any \rightharpoonup \uparrow ', T\vargamma : Rd \simeq Rd is

a parametric function with parameter \rightharpoonup . Here ', as a subset of Rm, is called the
parameter space, where m is the number of parameters of T\vargamma (i.e., the dimension of
\rightharpoonup ). Typical examples of T\vargamma include Fourier expansion, finite element approximation,
and (deep) neural networks.

The map T·# : ' \simeq P given by \rightharpoonup \Rightarrow \simeq T\vargamma \varsigma \leftharpoondown naturally defines an immersion from
' to the probability manifold P. Collecting all parameterized distributions together,
i.e.,

P"" = {\varepsilon \vargamma = T\vargamma \varsigma \leftharpoondown : \rightharpoonup \uparrow '} ,

we obtain a finite-dimensional submanifold P"" of P. We can define the tangent space
of P"" at each \rightharpoonup = (\rightharpoonup 1, . . . ,\rightharpoonup m)\uparrow '\Leftarrow Rm as T\varepsilon \omega P"" = span{\varphi \varepsilon \omega 

\varphi \vargamma 1
, . . . ,

\varphi \varepsilon \omega 

\varphi \vargamma m
}. The tangent

bundle is then T P"" = \Uparrow \vargamma \downarrow ""{\varepsilon \vargamma } \searrow T\varepsilon \omega P"". On the other hand, the cotangent space
T

\updownarrow 
\varepsilon \omega 
P"" is the dual space of T\varepsilon \omega P"", and the cotangent bundle is T \updownarrow P"" = \Uparrow \vargamma \downarrow ""{\varepsilon \vargamma }\searrow 

T
\updownarrow 
\varepsilon \omega 
P"".

A counterpart to the Wasserstein metric defined on P can be introduced on the
parameter space ' \uparrow Rm by using the pullback operator through T\vargamma , i.e., G(\rightharpoonup ) =
T\vargamma \varsigma 

\updownarrow 
g
W , where gW is the Wasserstein metric tensor given in (3.4). This is the pullback

Wasserstein metric on the parameter space. It turns out that G(\rightharpoonup ) is an m \searrow m

positive semidefinite matrix which defines a bilinear form on the tangent space of '
at \rightharpoonup , T\vargamma '\Downarrow Rm (rigorously, T\vargamma ' is a subspace of Rm depending on the choice of T\vargamma ,
as addressed in Remark 3.5). For any \rightharpoonup \uparrow ' and \rightharpoondown 1, \rightharpoondown 2 \uparrow T\vargamma ', we have

(3.8) G(\rightharpoonup )(\rightharpoondown 1, \rightharpoondown 2) = g
W (\varepsilon \vargamma )((T\vargamma \varsigma )\updownarrow \rightharpoondown 1, (T\vargamma \varsigma )\updownarrow \rightharpoondown 2),

where (T\vargamma \varsigma )\updownarrow \rightharpoondown i is the tangent vector at T\vargamma \varsigma \leftharpoondown on the Wasserstein manifold due to the
push-forward of \rightharpoondown i by the map T\vargamma \varsigma for i = 1,2. It requires solving elliptic PDEs to
evaluate G(\rightharpoonup ). Interested readers are referred to section 3.1 of [40] for further details.

3.2.2. Parameterization of WHF. We introduce the parameterization of WHF
in this section, which is the first contribution of this work. Our treatment is outlined
in the following flowchart:
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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 367

Starting with a given Hamiltonian H(\varepsilon ,!)
\leftrightarrow 

By taking Legendre transform of H, we obtain Lagrangian L(\varepsilon , \̇varepsilon )
\leftrightarrow 

Using L, we can define L on T ' as L(\rightharpoonup ,\rightharpoonup ) =L((T·\varsigma \leftharpoonup )(\rightharpoonup ), (T\vargamma \varsigma \leftharpoondown )\updownarrow \rightharpoonup )
\leftrightarrow 

By applying Legendre transform to L, we obtain the Hamiltonian
in parameter space H(\rightharpoonup , p)

\leftrightarrow 
We formulate the PWHF as

\rightharpoonup (t) = \omega pH(\rightharpoonup (t), p(t)),
ṗ(t) =\rightarrow \omega \vargamma H(\rightharpoonup (t), p(t)).

Following the procedure in the above flowchart, we derive the PWHF by leveraging
the perspective of the Lagrangian mechanics. To be more specific, as introduced in
section 3.1, we consider the Lagrangian:

L(\varepsilon , \̇varepsilon ) = 1

2
g
W (\̇varepsilon , \̇varepsilon )\rightarrow F(\varepsilon ),

where g
W is defined in (3.4) and F(\varepsilon ) takes the general form in (1.4). We define the

Lagrangian L as the parameterized counterpart of L on T ' as

L(\rightharpoonup ,\rightharpoonup ) =L(T\vargamma \varsigma \leftharpoondown , (T\vargamma \varsigma )\updownarrow \rightharpoonup ).

More precisely, for any vectors \rightharpoonup \uparrow ' and \rightharpoonup \uparrow Rm (we assume all vectors are column
vectors unless otherwise noted), we denote \varepsilon \vargamma = T\vargamma \varsigma \leftharpoondown , then (T\vargamma \varsigma )\updownarrow \rightharpoonup = \varphi \varepsilon \omega 

\varphi \vargamma 
\rightharpoonup , and the

Lagrangian L takes the following form:

(3.9) L(\rightharpoonup ,\rightharpoonup ) =L
\Biggl\langle 
\varepsilon \vargamma ,

\omega \varepsilon \vargamma 

\omega \rightharpoonup 
\rightharpoonup 

\Biggr\rangle 
=

1

2
\rightharpoonup 
\simeq 
G(\rightharpoonup )\rightharpoonup \rightarrow F (\rightharpoonup ),

where F (\rightharpoonup ) := F(\varepsilon \vargamma ) and \simeq stands for the transpose of a vector or matrix. Detailed
calculation of (3.9) is given in section SM1.1 in the supplementary material.

Theorem 3.3 (Euler–Lagrange equation in parameter space). Consider the La-
grangian L defined in (3.9) and given initial density \varepsilon 0 and terminal density \varepsilon T

at some prescribed terminal time T , as well as the variational problem of a curve
\rightharpoonup = {\rightharpoonup (t)\uparrow Rm : t\uparrow [0, T ]}\Leftarrow ' and its time derivative \rightharpoonup = { ˙\rightharpoonup (t)\uparrow Rm : t\uparrow [0, T ]}:

I""(\rightharpoonup ) = inf
\vargamma 

\Biggl\{ \Biggl[ 
T

0
L(\rightharpoonup (t),\rightharpoonup (t))dt : \varepsilon \vargamma (0) = \varepsilon 0,\varepsilon \vargamma (T ) = \varepsilon T

\Biggr\} 
.(3.10)

Its Euler–Lagrange equation is the following second-order ODE:

(3.11) G(\rightharpoonup )\rightharpoonup +
m\Bigg/ 

k=1

\rightharpoonup k\omega \vargamma kG(\rightharpoonup )\rightharpoonup \rightarrow 1

2
[\rightharpoonup \simeq \omega \vargamma kG(\rightharpoonup )\rightharpoonup ]m

k=1 =\rightarrow \downarrow \vargamma F (\rightharpoonup )

with \rightharpoonup = [\rightharpoonup k]mk=1. Here [ak]mk=1 represents an m-dimensional vector with ak as its kth
component. From (3.11) and hereafter, we drop (t) and just write \rightharpoonup and \rightharpoonup to indicate
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368 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

\rightharpoonup (t) and \rightharpoonup (t) at any time point t for notation simplicity when no danger of confusion
may occur.

The proof of Theorem 3.3 follows the standard procedure in Lagrangian mechan-
ics, and it is given in supplementary material section SM1.2.

Let us assume that G(\rightharpoonup ) is nonsingular for any \rightharpoonup \uparrow ' (the more general case where
G(\rightharpoonup ) can be singular is discussed in Remark 3.5); then we can introduce the associated
Hamiltonian via Legendre transform with any fixed \rightharpoonup . Specifically, we denote T \updownarrow '
the phase space (cotangent bundle) of ' and then define H(·, ·) : T \updownarrow '\simeq R as

(3.12) H(\rightharpoonup , p) = sup
\̇vargamma 

{\rightharpoonup \simeq p\rightarrow L(\rightharpoonup ,\rightharpoonup )}= 1

2
p
\simeq 
G(\rightharpoonup )\searrow 1

p+ F (\rightharpoonup ).

Following the convention in classical mechanics [22], we introduce the momentum

(3.13) p=
\omega 

\omega \rightharpoonup 
L(\rightharpoonup ,\rightharpoonup ) =G(\rightharpoonup )\rightharpoonup .

Then the Hamiltonian system associated with (3.11) can be formulated as

\rightharpoonup = \omega pH(\rightharpoonup , p) =G(\rightharpoonup )\searrow 1
p,(3.14a)

ṗ=\rightarrow \omega \vargamma H(\rightharpoonup , p) =
1

2
[p\simeq G(\rightharpoonup )\searrow 1

\omega \vargamma kG(\rightharpoonup )G(\rightharpoonup )\searrow 1
p]m

k=1 \rightarrow \downarrow \vargamma F (\rightharpoonup ).(3.14b)

We call the ODE system (3.14) the parameterized Wasserstein Hamiltonian flow
(PWHF).

Remark 3.4 (existence and uniqueness of PWHF). Under the assumption that
G(\rightharpoonup ) is nonsingular on ', one can verify that both \varphi H(\vargamma ,p)

\varphi \vargamma 
and \varphi H(\vargamma ,p)

\varphi p
are locally

Lipschitz. Thus by the standard ODE theory, the PWHF (3.14) must have a unique
solution over a finite time interval [0, t\updownarrow ) for some t

\updownarrow 
> 0 from any given initial value.

However, determining t
\updownarrow is a challenging problem due to the complex structure of T\vargamma 

and geometry of P"". We leave this for future investigations.

Remark 3.5 (singular G(\rightharpoonup )). In our derivation of the PWHF (3.14), the metric
tensor G is assumed to be nonsingular. This assumption can be relaxed. If G is
singular, the PWHF can be derived similarly with the following modifications: we
restrict T\vargamma ' = T \updownarrow 

\vargamma 
' = R(G(\rightharpoonup )) \Leftarrow Rm at each \rightharpoonup , where R(·) denotes the range (i.e.,

column space) of its argument matrix. Then G(\rightharpoonup ) is positive definite, hence a non-
degenerate inner product, on the tangent and cotangent spaces with corresponding
bundles denoted by {(\rightharpoonup ,T\vargamma ') : \rightharpoonup \uparrow '} and {(\rightharpoonup ,T \updownarrow 

\vargamma 
') : \rightharpoonup \uparrow '}, respectively. We can

define H(·, ·) : T \updownarrow '\simeq R by

(3.15) H(\rightharpoonup , p) = sup
\̇vargamma \downarrow R(G)

{\rightharpoonup \simeq p\rightarrow L(\rightharpoonup ,\rightharpoonup )}= 1

2
p
\simeq 
G(\rightharpoonup )†p+ F (\rightharpoonup ),

where G(\rightharpoonup )† is the Penrose–Moore pseudoinverse of G(\rightharpoonup ). In this case, the Legendre
transform is well-defined, because the maximizer \rightharpoonup =G(\rightharpoonup )†p can be attained as long
as p \uparrow T \updownarrow 

\vargamma 
' = R(G(\rightharpoonup )), which is always true given the definition of momentum

p = G(\rightharpoonup )\rightharpoonup \uparrow R(G(\rightharpoonup )). The resulting Hamiltonian system on (\rightharpoonup , p) is the same as
(3.14a) and (3.14b) except for two modifications: G\searrow 1 is replaced by G

†, and (3.14b)
will have an additional term due to the derivative of the pseudoinverse G(\rightharpoonup )†; see
Proposition 3.12 below.
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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 369

3.3. PWHF with a simplified metric. Theorem 3.3 reduces the PDE in den-
sity space to a parameterized system in finite-dimensional space, hence potentially
providing a way to compute the WHF by numerical algorithms. However, the compu-
tational cost to solve (3.11), as well as (3.14), is still high. The main di\$culty comes
from the computation of the metric tensor G. More precisely, directly evaluating G

requires solving m di\#erent elliptic PDEs where m is the number of parameters in the
push-forward map T\vargamma , whereas m can be large if we choose T\vargamma to be neural networks.
In [40], a bilevel minimization scheme is proposed to circumvent this challenge. By
introducing several auxiliary functions, the term G(\rightharpoonup )\searrow 1

\rightharpoonup is calculated as the criti-
cal point of a min-max problem. However, it may still be expensive to solve such
optimization problems in general.

In this paper, we develop a new strategy by introducing a simplified metric \Bigg\backslash G and
use it to replace G in the derivation. This new metric not only yields much simpler
implementation and more e\#ective computations, but also enables us to establish a
theoretical estimate in the Wasserstein metric to quantify the error of the approx-
imation. Furthermore, our investigation shows that both the computation and the
theory can be extended to the general case where \Bigg\backslash G is positive semidefinite with con-
stant rank but not necessarily invertible. Numerical results also demonstrate excellent
approximation accuracy of this new metric, as we will show below.

Definition 3.6 (simplified pullback Wasserstein metric in '). Letting T\vargamma be the
push-forward map and \leftharpoonup be the reference distribution, we define the simplified pullback
Wasserstein metric on P"" as

\Bigg\backslash G(\rightharpoonup ) =

\Biggl[ 
\omega \vargamma T\vargamma (z)

\simeq 
\omega \vargamma T\vargamma (z) d\leftharpoonup (z).(3.16)

It is worth mentioning that this definition is directly inspired by G(\rightharpoonup ). A more
in-depth motivation is influenced by the work of Otto [41], where the Wasserstein
metric is defined through an isometric submersion from the space of push-forward
operators O onto the Wasserstein manifold of density P(Rd). Here by the space of
push-forward operators we mean that O is the set of smooth transformations T on
Rd. Let us consider the map T :' \nwarrow \rightharpoonup \Rightarrow \simeq T\vargamma \uparrow O. We define the pullback metric on
' as

\Bigg\backslash G(\rightharpoonup ) =T \updownarrow 
gL2(\leftharpoonup ),

where T \updownarrow is the pullback operation induced by T and gL2(\leftharpoonup ) is the metric on the

tangent space of O. To evaluate \Bigg\backslash G(\rightharpoonup ), we consider any curve {\rightharpoonup (t)}\searrow \leftharpoondown \nearrow t\nearrow \leftharpoondown in ', and
denote \rightharpoonup (0) = d

dt
\rightharpoonup (t)|t=0. By the definition of pullback operation, we have

\Bigg\backslash G(\rightharpoonup (0),\rightharpoonup (0)) = gL2(\leftharpoonup )

\Biggl\langle 
d

dt
T\vargamma (t)|t=0,

d

dt
T\vargamma (t)|t=0

\Biggr\rangle 

= \rightharpoonup (0)\simeq 
\Biggl\langle \Biggl[ 

Rd

\omega \vargamma T\vargamma (z)
\simeq 
\omega \vargamma T\vargamma (z)d\leftharpoonup (z)

\Biggr\rangle 
\rightharpoonup (0).

Thus we obtain (3.16). More precisely, we have \Bigg\backslash G(\rightharpoonup ) = ( \Bigg\backslash G(\rightharpoonup )ij)1\nearrow i,j\nearrow m, and the
(i, j)th entry is

\Bigg\backslash G(\rightharpoonup )ij =
d\Bigg/ 

k=1

\Biggl[ 

Rd

\omega \vargamma iT
(k)
\vargamma 

(z) · \omega \vargamma jT
(k)
\vargamma 

(z)d\leftharpoonup (z),
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370 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

where T
(k)
\vargamma 

:Rd \simeq R is the kth component of the mapping T\vargamma :Rd \simeq Rd. The form of
\Bigg\backslash G(\rightharpoonup ) indicates it as an m\searrow m semipositive definite matrix for any \rightharpoonup \uparrow '. It is shown
that \Bigg\backslash G coincides with G when d = 1 [40], but not necessarily so when d > 1. The
following theorems state conditions for the matrix \Bigg\backslash G to be invertible.

Theorem 3.7 (positive definiteness of \Bigg\backslash G). The metric \Bigg\backslash G(\rightharpoonup ) defined in (3.16)
is positive definite if and only if the m vectors {\omega \vargamma kT\vargamma : k = 1, . . . ,m} are linearly
independent in L

2(Rd;Rd
,\leftharpoonup ).

Theorem 3.8. If the metric G(\rightharpoonup ) defined in (3.8) is positive definite, then \Bigg\backslash G(\rightharpoonup )
is positive definite.

The proof of Theorem 3.7 is trivial and hence omitted. The proof of Theorem 3.8
is provided in the supplementary material section SM1.3. However, we remark that
the converse of Theorem 3.8 is not necessarily true, and a counterexample is given
in section SM3.1. Replacing G by \Bigg\backslash G in the expression of L, we can establish similar
results as those stated in Theorem 3.3, as given in the following theorem.

Theorem 3.9. Consider the variational problem

\Bigg\backslash I""(\rightharpoonup ) = inf
\vargamma 

\Biggl\{ \Biggl[ 
T

0

\Bigg\backslash L(\rightharpoonup (t),\rightharpoonup (t))dt : \varepsilon \vargamma (0) = \varepsilon 0,\varepsilon \vargamma (T ) = \varepsilon T

\Biggr\} 
,(3.17)

where \Bigg\backslash L is defined as

(3.18) \Bigg\backslash L(\rightharpoonup ,\rightharpoonup ) = 1

2
\rightharpoonup 
\simeq \Bigg\backslash G(\rightharpoonup )\rightharpoonup \rightarrow F (\rightharpoonup ).

The Euler–Lagrange equation for the variation formulation is

(3.19) \Bigg\backslash G(\rightharpoonup )\rightharpoonup +
m\Bigg/ 

k=1

\rightharpoonup k\omega \vargamma k
\Bigg\backslash G(\rightharpoonup )\rightharpoonup \rightarrow 1

2
[\rightharpoonup \simeq \omega \vargamma k \Bigg\backslash G(\rightharpoonup )\rightharpoonup ]m

k=1 =\rightarrow \downarrow \vargamma F (\rightharpoonup ).

3.4. Error bound for the continuous time PWHF. In this subsection, we
give error estimates on the continuous time dynamics (3.19). We assume that the
matrix \Bigg\backslash G has a constant rank (could be less than m) over '. The main results are
Theorem 3.23 (error bound on \varepsilon ) and Theorem 3.25 (error bound on !). Before doing
so, we shall first express (3.19) as a Hamiltonian system.

Let us begin by recalling some properties of the pseudoinverse operator for a
positive semidefinite matrix. As introduced before, \Bigg\backslash G(\rightharpoonup )† is the Penrose–Moore pseu-
doinverse of the matrix \Bigg\backslash G(\rightharpoonup ). We write them as \Bigg\backslash G† and \Bigg\backslash G, respectively, for notation
simplicity below. The Penrose–Moore pseudoinverse operator is a well-defined, one-
to-one linear mapping. In addition, by [23, Theorem 4.3], we know that if \Bigg\backslash G has
constant rank, then

\omega \vargamma k
\Bigg\backslash G† =\rightarrow \Bigg\backslash G†(\omega \vargamma k \Bigg\backslash G) \Bigg\backslash G† + \Bigg\backslash G† \Bigg\backslash G†(\omega \vargamma k \Bigg\backslash G)(I \rightarrow \Bigg\backslash G \Bigg\backslash G†) + (I \rightarrow \Bigg\backslash G† \Bigg\backslash G)(\omega \vargamma k \Bigg\backslash G) \Bigg\backslash G† \Bigg\backslash G†

.(3.20)

Moreover, \Bigg\backslash G† satisfies the following estimate for any \lhook \uparrow Rm:

| \Bigg\backslash G(\rightharpoonup )†\lhook |\swarrow 1

\leftharpoonup min( \Bigg\backslash G(\rightharpoonup ))
|\lhook |,(3.21)

where | · | is the standard Euclidean norm of vectors and \leftharpoonup min( \Bigg\backslash G(\rightharpoonup )) is the smallest
positive eigenvalue of \Bigg\backslash G(\rightharpoonup ).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

04
/1

0/
25

 to
 1

08
.6

9.
91

.1
81

 . 
R

ed
is

tri
bu

tio
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.si
am

.o
rg

/te
rm

s-
pr

iv
ac

y



PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 371

3.4.1. Simplified Hamiltonian dynamics with the pseudoinverse opera-
tor. In this part, we study properties of the parameterized dynamics (3.19) in detail.
From the equivalence between the Lagrange and Hamiltonian mechanics, the second-
order ODE (3.19) is equivalent to a first-order Hamiltonian system with Hamiltonian

H(\rightharpoonup , p) =
1

2
p
\simeq \Bigg\backslash G†(\rightharpoonup )p+ F (\rightharpoonup ).(3.22)

Remark 3.10. To derive the Hamiltonian system from the Lagrange mechanics,
we require \rightharpoonup \uparrow R( \Bigg\backslash G). This condition can be verified as long as the initial value \rightharpoonup (0)
lies in the range \Bigg\backslash G(\rightharpoonup (0)), which will be justified in Lemma 3.17 below.

In the remainder of this section, we make the following assumption.

Assumption 1. Assume that \Bigg\backslash G(\rightharpoonup ) is a smooth function of \rightharpoonup and

\leftharpoonup min,"" := inf
\vargamma \downarrow ""

\leftharpoonup min( \Bigg\backslash G(\rightharpoonup ))> 0,

where \leftharpoonup min( \Bigg\backslash G(\rightharpoonup )) is the smallest positive eigenvalue of matrix \Bigg\backslash G(\rightharpoonup ). We also assume

C"" := sup
\vargamma \downarrow ""

max
k

\propto \omega \vargamma k \Bigg\backslash G(\rightharpoonup )\propto <\nearrow ,

where \propto \omega \vargamma k \Bigg\backslash G(\rightharpoonup )\propto is the standard matrix 2-norm of \omega \vargamma k \Bigg\backslash G(\rightharpoonup ).

Remark 3.11. Under Assumption 1, the smallest positive eigenvalue of \Bigg\backslash G(\rightharpoonup ) is a
smooth function of \rightharpoonup , and \leftharpoonup min,"" > 0 implies that \Bigg\backslash G(\rightharpoonup ) is constant rank; hence (3.20)
holds.

Proposition 3.12. Under Assumption 1, the following is the Hamiltonian dy-
namics of (3.22):

\rightharpoonup = \Bigg\backslash G†
p,(3.23a)

ṗ=
1

2
[( \Bigg\backslash G†

p)\simeq (\omega \vargamma k \Bigg\backslash G) \Bigg\backslash G†
p]m

k=1 \rightarrow \downarrow \vargamma F (\rightharpoonup )\rightarrow S(\rightharpoonup , p),(3.23b)

where

S(\rightharpoonup , p) =
1

2

\Big/ 
p
\simeq \Bigg\backslash G† \Bigg\backslash G†(\omega \vargamma k \Bigg\backslash G)(I \rightarrow \Bigg\backslash G \Bigg\backslash G†)p+ p

\simeq (I \rightarrow \Bigg\backslash G† \Bigg\backslash G)(\omega \vargamma k \Bigg\backslash G) \Bigg\backslash G† \Bigg\backslash G†
p

\Big\backslash m
k=1

.(3.24)

Moreover, (3.23) is equivalent to (3.19).

Similarly, we can also prove that the dynamics (3.11) is equivalent to the Hamil-
tonian system (3.23) (with every \Bigg\backslash G/ \Bigg\backslash G† replaced by G/G

† in (3.23), assuming G has a
constant rank on '). We note that the term S(\rightharpoonup , p) in (3.24) (again, with every \Bigg\backslash G/ \Bigg\backslash G†

replaced by G/G
† in (3.24), assuming G has a constant rank on ') is also the extra

term mentioned in Remark 3.5: it is due to using pseudoinverse G
† in place of G\searrow 1

when the rank of G is not full. Note that S in (3.24) vanishes if \Bigg\backslash G is invertible (simi-
larly, if we use G in place of \Bigg\backslash G in (3.24), then S also vanishes when G is invertible).
Moreover, the Hamiltonian structure guarantees the boundedness of |\rightharpoonup |, as shown in
the following lemma, which further allows us to give a prior estimation on the error.

Lemma 3.13. Assume the potential F (\rightharpoonup ) can be bounded from below, i.e., Fmin :=
inf\vargamma \downarrow ""F (\rightharpoonup )>\rightarrow \nearrow . Suppose (\rightharpoonup , p) is solved from (3.23) with initial values (\rightharpoonup (0), p(0)),
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372 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

and we denote H0 :=H(\rightharpoonup (0), p(0)). Under Assumption 1, |\rightharpoonup | can be uniformly upper
bounded by

(3.25) |\rightharpoonup |\swarrow 

\left( 
2(H0 \rightarrow Fmin)

\leftharpoonup min,""
.

Proof. Since the value of the Hamiltonian H(\rightharpoonup , p) is conserved for any time t

when (\rightharpoonup , p) solves the Hamiltonian system (3.23), we have

(3.26)
1

2
\rightharpoonup 
\simeq \Bigg\backslash G(\rightharpoonup )\rightharpoonup + F (\rightharpoonup ) =H(\rightharpoonup (0), p(0)) =H0 for any t\updownarrow 0.

By (3.21) and the fact that \rightharpoonup = \Bigg\backslash G(\rightharpoonup )†p\uparrow R( \Bigg\backslash G), we have

(3.27)
1

2
\rightharpoonup 
\simeq \Bigg\backslash G(\rightharpoonup )\rightharpoonup + F (\rightharpoonup )\updownarrow 1

2
\leftharpoonup min( \Bigg\backslash G(\rightharpoonup ))|\rightharpoonup |2 + Fmin \updownarrow 

1

2
\leftharpoonup min,""|\rightharpoonup |2 + Fmin.

Combining (3.26) and (3.27) yields (3.25).

3.4.2. Parameterization of the potential energy. To obtain the error es-
timates, we need to express the potential energy in terms of the push-forward map,
which is given in this subsection. If we have \varepsilon = T\varsigma \leftharpoondown for some reference density \leftharpoondown and
push-forward map T , the connection between \varepsilon and T is known to be explicitly given
by

\varepsilon (x) = (\leftharpoondown \prime T\searrow 1)(x)det

\Biggl\langle 
d

dx
T

\searrow 1(x)

\Biggr\rangle 
.(3.28)

Considering the parameterized push-forward map T\vargamma as well as the density function
\varepsilon \vargamma = T\vargamma \varsigma \leftharpoondown , we can verify

\downarrow \vargamma F (\rightharpoonup ) =

\Biggl[ 
\omega \vargamma T\vargamma (z)

\simeq \downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma (z) d\leftharpoonup (z).(3.29)

Details of the derivation can be found in supplementary material section SM1.4.

3.4.3. Simplification of PWHFs. In this subsection, we show that the Hamil-
tonian system (3.23) can be simplified even when \Bigg\backslash G is not invertible. Specifically, we
shall show that \Bigg\backslash G(\rightharpoonup (t))\rightharpoonup (t)\rightarrow p(t) remains zero for all t as long as its initial value is
zero at t= 0. In this case, we can also show that the term S(\rightharpoonup (t), p(t)) = 0 for all t. To
this end, we need to investigate properties of the metric \Bigg\backslash G. From its definition (3.16),
we can see that \Bigg\backslash G is the inner product matrix for the functions {\omega \vargamma kT\vargamma : k= 1, . . . ,m}
in the L

2(Rd;Rd
,\leftharpoonup ) space. We define Q\vargamma := span{\omega \vargamma kT\vargamma (·) : k = 1, . . . ,m} to be

the subspace of L2(Rd;Rd
,\leftharpoonup ). The following lemma gives the orthogonal projection

operator from L
2(Rd;Rd

,\leftharpoonup ) onto Q\vargamma .

Lemma 3.14. Define kernel K\vargamma (·, ·) : Rd \searrow Rd \simeq M(Rd), where M(Rd) is the
space of d\searrow d matrices,

K\vargamma (z
\Leftarrow 
, z) = \omega \vargamma T\vargamma (z

\Leftarrow ) \Bigg\backslash G†(\rightharpoonup )\omega \vargamma T\vargamma (z)
\simeq 
,(3.30)

and the linear operator K\vargamma on L
2(Rd;Rd

,\leftharpoonup ) as

K\vargamma [f ](·) := \omega \vargamma T\vargamma (·) \Bigg\backslash G†(\rightharpoonup )

\Biggl[ 
\omega \vargamma T\vargamma (z)

\simeq 
f(z) d\leftharpoonup (z) =

\Biggl[ 
K\vargamma (·, z)f(z) d\leftharpoonup (z),(3.31)

where f \uparrow L
2(Rd;Rd

,\leftharpoonup ). Then the operator K\vargamma is the orthogonal projection from
L
2(Rd;Rd

,\leftharpoonup ) onto Q\vargamma .

The following proposition is a direct result of Lemma 3.14.
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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 373

Proposition 3.15. For any f \uparrow L
2(Rd;Rd

,\leftharpoonup ), we have
\Biggl[ 

\omega \vargamma T\vargamma (z)
\simeq 
f(z) d\leftharpoonup (z)\uparrow R( \Bigg\backslash G).(3.32)

Lemma 3.14 and Proposition 3.15 can be proved through standard linear algebra
arguments, and we put the details in sections SM1.5 and SM1.6. With Proposi-
tion 3.15 and the integral form (3.29) of \downarrow \vargamma F (\rightharpoonup ), we conclude with the following
proposition.

Proposition 3.16. For energy F with smooth L
2 first variation, we always have

\downarrow \vargamma F (\rightharpoonup )\uparrow R( \Bigg\backslash G(\rightharpoonup )).

Under Assumption 1, {\rightharpoonup (t)} determined by (3.23) is a C
2 curve on '; hence we

can define the following function (\vargamma (·, t)\uparrow L
2(\leftharpoonup ) associated to \rightharpoonup :

(3.33) (\vargamma (z, t) =
m\Bigg/ 

k=1

\rightharpoonup k\omega \vargamma k\omega \vargamma T\vargamma (z)\rightharpoonup + \omega \vargamma T\vargamma (z)\rightharpoonup .

The following lemma provides an explicit expression on the time derivative of \Bigg\backslash G(\rightharpoonup )\rightharpoonup \rightarrow 
p, and the proof can be found in section SM1.7.

Lemma 3.17. If (\rightharpoonup , p) solves the parameterized system (3.23), then there is

d

dt
[ \Bigg\backslash G(\rightharpoonup )\rightharpoonup \rightarrow p] =

\Biggl[ 
\omega \vargamma T\vargamma (z)

\simeq 
\right) 
(\vargamma (z, t) +\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma (z)

\left[ 
d\leftharpoonup (z) + S(\rightharpoonup , p).

(3.34)

We are ready to establish the estimation on the magnitude of \Bigg\backslash G(\rightharpoonup (t))\rightharpoonup (t)\rightarrow p(t).

Theorem 3.18. Let (\rightharpoonup , p) be the solution of (3.23) and denote r(t) := \Bigg\backslash G(\rightharpoonup (t))\rightharpoonup (t)\rightarrow 
p(t) and R(t) := |r(t)|2; then there is

R(t)\swarrow R(0)eCSt
,(3.35)

where CS := 2
\right] 
2m(H0 \rightarrow Fmin)C""\leftharpoonup 

\searrow 3/2
min,"".

Proof. Taking the time derivative of R(t), we obtain (we temperorily write \Bigg\backslash G(\rightharpoonup )
and \Bigg\backslash G(\rightharpoonup )† as \Bigg\backslash G and \Bigg\backslash G†, respectively, for notation simplicity in this proof)

d

dt
R(t) = 2

 
r(t),

d

dt
r(t)

 (3.36)

= 2

 
\Bigg\backslash G\rightharpoonup \rightarrow p,

\Biggl[ 
\omega \vargamma T\vargamma (z)

\simeq 
\right) 
(\vargamma (z, t) +\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma (z)

\left[ 
d\leftharpoonup (z) + S(\rightharpoonup , p)

 

= 2

 
\Bigg\backslash G\rightharpoonup \rightarrow p,

\Biggl[ 
\omega \vargamma T\vargamma (z)

\simeq 
\right) 
(\vargamma (z, t) +\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma (z)

\left[ 
d\leftharpoonup (z)

 

+ 2\infty \Bigg\backslash G\rightharpoonup \rightarrow p,S(\rightharpoonup , p)\in .

By Proposition 3.15, we know that
\Biggr) 
\omega \vargamma T\vargamma (z)\simeq [(\vargamma (z, t)+\downarrow \omega 

\omega \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·)\prime T\vargamma (z)] d\leftharpoonup (z)\uparrow 

R( \Bigg\backslash G(\rightharpoonup )). Due to the property of a pseudoinverse operator, \Bigg\backslash G(\rightharpoonup (t))\rightharpoonup (t)\rightarrow p(t) is or-
thogonal to the subspace R( \Bigg\backslash G(\rightharpoonup )); hence the first inner product on the right-hand
side of (3.36) vanishes. As a result, we can simply write

d

dt
R(t) = 2\infty \Bigg\backslash G\rightharpoonup \rightarrow p,S(\rightharpoonup , p)\in .(3.37)
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374 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

By Lemma 3.13, we know that \rightharpoonup is uniformly bounded, so we can show that
   [p\simeq \Bigg\backslash G† \Bigg\backslash G†(\omega \vargamma k \Bigg\backslash G)(I \rightarrow \Bigg\backslash G \Bigg\backslash G†)p]m

k=1

   =
   [\rightharpoonup \Bigg\backslash G†(\omega \vargamma k \Bigg\backslash G)(p\rightarrow \Bigg\backslash G\rightharpoonup )]m

k=1

   

\swarrow 
\ni 
m|\rightharpoonup |

\leftharpoonup min( \Bigg\backslash G)
max

k

\propto \omega \vargamma k \Bigg\backslash G\propto · | \Bigg\backslash G\rightharpoonup \rightarrow p|\swarrow 1

2
CS · | \Bigg\backslash G\rightharpoonup \rightarrow p|.

Similarly, we can also bound |[p\simeq (I\rightarrow \Bigg\backslash G† \Bigg\backslash G)(\omega \vargamma k \Bigg\backslash G) \Bigg\backslash G† \Bigg\backslash G†
p]m

k=1| by 1
2CS · | \Bigg\backslash G\rightharpoonup \rightarrow p|. These

two bounds and the definition of S(\rightharpoonup , p) in (3.24) yield

|S(\rightharpoonup , p)|\swarrow 1

2
CS · | \Bigg\backslash G\rightharpoonup \rightarrow p|.(3.38)

Combining (3.37) and (3.38), we get

d

dt
R(t)\swarrow 2| \Bigg\backslash G\rightharpoonup \rightarrow p| · |S(\rightharpoonup , p)|\swarrow CS · | \Bigg\backslash G\rightharpoonup \rightarrow p|2 =CSR(t).

Applying Grönwall’s inequality yields (3.35).

A consequence of Theorem 3.18 is that \Bigg\backslash G(\rightharpoonup (t))\rightharpoonup (t)\rightarrow p(t) = 0 for all t as long as
p(0) = \Bigg\backslash G(\rightharpoonup (0))\rightharpoonup (0), which implies R(0) = 0. This result is summarized in the following
proposition, whose proof is omitted.

Proposition 3.19. Under the same assumption as in Theorem 3.18, and setting
p(0) = \Bigg\backslash G(\rightharpoonup (0))\rightharpoonup (0) for any \rightharpoonup (0)\uparrow Rm, system (3.23) is equivalent to

\rightharpoonup = \Bigg\backslash G†
p,(3.39a)

ṗ=
1

2
[( \Bigg\backslash G†

p)\simeq (\omega \vargamma k \Bigg\backslash G) \Bigg\backslash G†
p]m

k=1 \rightarrow \downarrow \vargamma F (\rightharpoonup ).(3.39b)

We denote the ODE system (3.39) as parameterized Wasserstein Hamiltonian
flow with simplified metric, or PWHF.

3.4.4. Error analysis on the PWHF. In section 3.1, we discussed the particle
WHF. Here we consider its counterpart for the PWHF, i.e., the particle level dynamics
induced by our parameterized dynamics in parameter space:

(3.40) Ÿ
""
=

d

dt

 
\omega \vargamma T\vargamma (z0)\rightharpoonup 

\left\{ 
=

m\Bigg/ 

k=1

\rightharpoonup k\omega \vargamma k\omega \vargamma T\vargamma (z)\rightharpoonup + \omega \vargamma T\vargamma (z)\rightharpoonup = (\vargamma (T\searrow 1
\vargamma 

(Y ""), t),

where \rightharpoonup satisfies the ODE (3.39). This Lagrangian perspective enables us to carry out
the error analysis results of PWHF. To be more specific, for a fixed initial position
z0, we first estimate the di\#erence between the vector fields that drive X and Y "".
The result leads to an estimation on the l2 distance between X and Y "" for t > 0. To
achieve this goal, we introduce several useful lemmas. Here we assume the function
\omega 

\omega \varepsilon 
F to be Lipschitz continuous in the L

2(Rd;Rd
,\leftharpoonup ) sense as follows.

Assumption 2. There exists a constant CF such that for any two push-forward
maps T and T̃ there is

\Biggl[    \downarrow 
\vargamma 

\vargamma \varepsilon 
F(T\varsigma \leftharpoonup (·), ·) \prime T (z)\rightarrow \downarrow \vargamma 

\vargamma \varepsilon 
F(T̃\varsigma \leftharpoonup (·), ·) \prime T̃ (z)

   
2
d\leftharpoonup (z)

\swarrow CF

\Biggl[ 
|T (z)\rightarrow T̃ (z)|2 d\leftharpoonup (z).

(3.41)
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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 375

Remark 3.20. Assumption 2 can be verified if \downarrow \omega 

\omega \varepsilon 
F is Lipschitz. As a special

case, for the linear potential F(\varepsilon ) =
\Biggr) 
V (x) d\varepsilon (x), Assumption 2 holds true if \downarrow V is

Lipschitz continuous.

Lemma 3.21 (second-order dynamic of Y ""). Let {\rightharpoonup } be a C
2 curve on '. Assume

(3.42) Ÿ
""
(t) = (\vargamma (T\searrow 1

\vargamma (t)(Y
""(t)), t), Y ""(0) = T\vargamma (0)(z0), Ẏ

""
(0) = \omega T\vargamma (0)(z0)\rightharpoonup (0)

admits a unique solution for any z0 \uparrow Rd. Then Y ""(t) = T\vargamma (t)(z0) for t\updownarrow 0.

Proof of Lemma 3.21. We denote X""(t) = T\vargamma (t)(z0). Taking the time derivative
of X"" twice, we obtain

(3.43) Ẍ
""
=

d

dt

 
\omega \vargamma T\vargamma (t)(z0)\rightharpoonup (t)

\left\{ 
= (\vargamma (T\searrow 1

\vargamma (t)(X
""), t).

We can verify that X""(0) = T\vargamma (0)(z0) and Ẋ
""
(0) = \omega \vargamma T\vargamma (0)(z0)\rightharpoonup (0). According to the

uniqueness of the ODE solution, we know Y ""(t) =X""(t) = T\vargamma (t)(z0) for any t\updownarrow 0.

The following lemma decomposes the dynamics (3.42) into three parts, which are
used to estimate the di\#erence between the particle level dynamics (3.7) and (3.42).

Lemma 3.22. Under the same assumptions as in Theorem 3.18 with initial p(0) =
\Bigg\backslash G(\rightharpoonup (0))\rightharpoonup (0), we can decompose the second-order particle level dynamics (3.42) as

(3.44)

Ÿ
""
=
 
(\vargamma (T\searrow 1

\vargamma 
(Y ""), t)\rightarrow K\vargamma [(

\vargamma (·, t)](T\searrow 1
\vargamma 

(Y ""))
\left\{ 

+

\Biggl\langle 
\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (Y

""),Y "")\rightarrow K\vargamma 

\Big/ 
\vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma 

\Big\backslash 
(T\searrow 1

\vargamma 
(Y ""))

\Biggr\rangle 

\rightarrow \downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (Y

""),Y ""),

which can also be written as a second-order system

(3.45)

Ẏ
""
=P""

,

Ṗ
""
= (Id\rightarrow K\vargamma )

\right) 
(\vargamma (·, t) +\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma (·)

\left[ 
(T\searrow 1

\vargamma 
(Y ""))

\rightarrow \downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (Y

""),Y "").

Proof. We can rewrite Ÿ
""
as

Ÿ
""
=
 
(\vargamma (T\searrow 1

\vargamma 
(Y ""), t)\rightarrow K\vargamma [(

\vargamma (·, t)](T\searrow 1
\vargamma 

(Y ""))
\left\{ 

+

\Biggl\langle 
K\vargamma 

\right) 
(\vargamma (·, t) +\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma 

\left[ 
(T\searrow 1

\vargamma 
(Y ""))

\Biggr\rangle 

+

\Biggl\langle 
\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (Y

""),Y "")\rightarrow K\vargamma 

\right) 
\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma 

\left[ 
(T\searrow 1

\vargamma 
(Y ""))

\Biggr\rangle 

\rightarrow \downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (Y

""),Y "").

(3.46)
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By Lemma 3.17, we know that
\Biggl[ 

\omega \vargamma T\vargamma (z)
\simeq 
\right) 
(\vargamma (z, t) +\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma (z)

\left[ 
d\leftharpoonup (z) =

d

dt
[ \Bigg\backslash G(\rightharpoonup )\rightharpoonup \rightarrow p]\rightarrow S(\rightharpoonup , p).

By Theorem 3.18, we have that both d

dt
[ \Bigg\backslash G(\rightharpoonup )\rightharpoonup \rightarrow p] and S(\rightharpoonup , p) equal to zero. Thus,

\Biggl[ 
\omega \vargamma T\vargamma (z)

\simeq 
\right) 
(\vargamma (z, t) +\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma (z)

\left[ 
d\leftharpoonup (z) = 0.

Then we can compute

K\vargamma 

\right) 
(\vargamma (·, t) +\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma 

\left[ 
(T\searrow 1

\vargamma 
(Y ""))

= \omega \vargamma T\vargamma (T
\searrow 1
\vargamma 

(Y "")) \Bigg\backslash G†
\Biggl[ 

\omega \vargamma T\vargamma (z)
\simeq 
\right) 
(\vargamma (z, t) +\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma (z)

\left[ 
d\leftharpoonup (z) = 0.

Plugging the above identity into (3.46), we obtain (3.44).

To measure the first two terms in (3.44), we introduce two quantities that char-
acterize the approximation power of the push-forward map T\vargamma :

\vargamma 0 = sup
\vargamma \downarrow ""

min
\rightharpoonup \downarrow T \uparrow 

\omega ""

\Biggl\{ \Biggl[     \downarrow 
\vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma (z)\rightarrow \omega \vargamma T\vargamma (z)\rhook 

    
2

d\leftharpoonup (z)

\Biggr\} 

= sup
\vargamma \downarrow ""

\Biggl\{ \Biggl[     \downarrow 
\vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma (z)\rightarrow K\vargamma 

\right) 
\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma 

\left[ 
(z)

    
2

d\leftharpoonup (z)

\Biggr\} (3.47)

and

\vargamma 1 =
\Bigg/ 

1\nearrow i,j\nearrow m

sup
\vargamma \downarrow ""

min
\rightharpoonup \downarrow T \uparrow 

\omega ""

\Biggr] \Biggl[ 
|\omega \vargamma i\omega \vargamma jT\vargamma (z)\rightarrow \omega \vargamma T\vargamma (z)\rhook |2 d\leftharpoonup (z)

\Biggl\lfloor 

=
\Bigg/ 

1\nearrow i,j\nearrow m

sup
\vargamma \downarrow ""

\Biggr] \Biggl[ 
|\omega \vargamma i\omega \vargamma jT\vargamma (z)\rightarrow K\vargamma [\omega \vargamma i\omega \vargamma jT\vargamma ](z)|2 d\leftharpoonup (z)

\Biggl\lfloor 
.(3.48)

Another quantity \vargamma 2 measures how well the initial tangent space Q\vargamma approximates
the initial velocity:

\vargamma 2 = min
\rightharpoonup \downarrow T \uparrow 

\omega ""

\Biggl[   \downarrow !(0, T\vargamma (0)(z))\rightarrow \omega \vargamma T\vargamma (0)(z)\rhook 
  2 d\leftharpoonup (z)

=

\Biggl[   \downarrow !(0, T\vargamma (0)(z))\rightarrow K\vargamma (0)[\downarrow !(0, T\vargamma (0)(·))](z)
  2 d\leftharpoonup (z).(3.49)

Now we are ready to provide an upper bound on the di\#erence between \varepsilon \vargamma of the
PWHF and \varepsilon of the original WHF in the W2 sense based on the values of \vargamma 0, \vargamma 1,
and \vargamma 2.

Theorem 3.23 (error estimation on \varepsilon ). Let (\varepsilon ,!) be the solution of WHF (1.1)
with given initial value (\varepsilon 0,!0) on time interval [0, t0) for any time horizon t0 > 0.
Suppose p(0) =

\Biggr) 
\omega \vargamma T

\simeq 
\vargamma (0)(z)\downarrow !(0, T\vargamma (0)(z))d\leftharpoonup (z) and (\rightharpoonup , p) is the solution of PWHF
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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 377

(3.23) with initial value (\rightharpoonup (0), p(0)). Assume C\Rightarrow \#0 := Lip(\downarrow !0) < \nearrow and denote
 \triangleleft \varepsilon := W

2
2 (\varepsilon \vargamma (0),\varepsilon 0) as the initial approximation error. Then under Assumptions 1

and 2, there is

(3.50)

W
2
2 (\varepsilon \vargamma (t),\varepsilon t)\swarrow e

Ct
\right\} 
(1 + 2C2

\Rightarrow \#0
) \triangleleft \varepsilon + 2\vargamma 2

 

+

\Biggl\lceil 
3\vargamma 0
C

+
12\vargamma 1(H0 \rightarrow Fmin)2

C\leftharpoonup 
2
min,""

\Biggr\rceil 
(eCt \rightarrow 1) for 0\swarrow t < t0,

where C := 2 + 3C2
F , \vargamma 0 and \vargamma 1 are defined in (3.47) and (3.48), respectively, and H0

and Fmin are defined in Lemma 3.13.

Proof. Let X be the process satisfying the system (3.7), i.e., X solves the ODE

(3.51)
Ẍ =\rightarrow \downarrow X

\vargamma 

\vargamma \varepsilon (t,X)
F(\varepsilon ), X(0)\bigtriangleup \varepsilon 0,

Ẋ(0) =\downarrow pH(X(0),\downarrow !(0,X(0))) =\downarrow !(0,X(0)),

where \varepsilon 0(·) and !0(·) = !(0, ·) are the initial conditions of the WHF. We can verify
that Law(X(t)) = \varepsilon (t, ·) for all t.

On the other hand, for {\rightharpoonup }t\downarrow [0,t0), we consider the vector field (\vargamma (·, t) defined in
(3.33) and another dynamic

(3.52) Ÿ (t) = (\vargamma (T\searrow 1
\vargamma (t)(Y (t)), t), Y (0) = T\vargamma (0)(x0), Ẏ (0) = \omega \vargamma T\vargamma (0)(x0)\rightharpoonup (0),

where x0 = X(0). From the definition of p(0) and Proposition 3.15, we know that
p(0)\uparrow R( \Bigg\backslash G(\rightharpoonup (0))); hence we can apply the decomposition (3.44) for Y .

Suppose the Monge map from \varepsilon \vargamma (0) = T\vargamma (0)\varsigma \leftharpoonup to \varepsilon 0, which exists and is unique
under the 2-Wasserstein metric, is given by  \triangleright and we assume the random variables
X,Y are coupled via X(0) =  \triangleright (Y (0)).

Now consider the expected l
2 distance between (X,Ẋ) and (Y , Ẏ ),

(3.53) E(t) :=E|(X,Ẋ)\rightarrow (Y , Ẏ )|2.

Taking the time derivative gives us

d

dt
E(t) = 2E((X,Ẋ)\rightarrow (Y , Ẏ )) · ((Ẋ,Ẍ)\rightarrow (Ẏ , Ÿ ))

\swarrow 2
 
E|(X,Ẋ)\rightarrow (Y , Ẏ )|2

 
E|Ẋ \rightarrow Ẏ |2 +E|Ẍ \rightarrow Ÿ |2

\swarrow 2
\right] 
E(t)

 
E(t) +E|Ẍ \rightarrow Ÿ |2 \swarrow 2E(t) +E|Ẍ \rightarrow Ÿ |2.(3.54)

From the fact that K\vargamma [\omega \vargamma T\vargamma \rightharpoonup ](z) = \omega \vargamma T\vargamma (z)\rightharpoonup , we can check

E|(\vargamma (T\searrow 1
\vargamma 

(Y ), t)\rightarrow K\vargamma [(
\vargamma (·, t)](T\searrow 1

\vargamma 
(Y ))|2

=

\Biggl[      

m\Bigg/ 

k=1

\rightharpoonup k\omega \vargamma k\omega \vargamma T\vargamma (z)\rightharpoonup + \omega \vargamma T\vargamma (z)\rightharpoonup \rightarrow K\vargamma 

 
m\Bigg/ 

k=1

\rightharpoonup k\omega \vargamma k\omega \vargamma T\vargamma (z)\rightharpoonup + \omega \vargamma T\vargamma (z)\rightharpoonup 

 
(z)

     

2

d\leftharpoonup (z)

=

\Biggl[      

m\Bigg/ 

k=1

\rightharpoonup k\omega \vargamma k\omega \vargamma T\vargamma (z)\rightharpoonup \rightarrow K\vargamma 

 
m\Bigg/ 

k=1

\rightharpoonup k\omega \vargamma k\omega \vargamma T\vargamma (z)\rightharpoonup 

 
(z)

     

2

d\leftharpoonup (z)

\swarrow |\rightharpoonup |4
\Bigg/ 

1\nearrow i,j\nearrow m

\Biggl[ 
|\omega \vargamma i\omega \vargamma jT\vargamma (z)\rightarrow K\vargamma [\omega i\omega \vargamma jT\vargamma ](z)|2 d\leftharpoonup (z) = \vargamma 1|\rightharpoonup |4.
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378 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

By the definition of \vargamma 0, we have

E
    \downarrow 

\vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (Y ),Y )\rightarrow K\vargamma 

\right) 
\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma 

\left[ 
(T\searrow 1

\vargamma 
(Y ))

    
2

=

\Biggl[     \downarrow 
\vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma (z)\rightarrow K\vargamma 

\right) 
\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma 

\left[ 
(z)

    
2

d\leftharpoonup (z)\swarrow \vargamma 0.

By Assumption 2 on the potential F(\varepsilon ), and noticing that X is a push-forward of
X(0) through the dynamics (3.51), we have

E
    \downarrow 

\vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (Y ),Y )\rightarrow \downarrow \vargamma 

\vargamma \varepsilon 
F(\varepsilon (X),X)

    
2

\swarrow CFE|Y \rightarrow X|2.(3.55)

Combining the last three inequalities and applying the decomposition in Lemma 3.22,
we obtain

E|Ẍ \rightarrow Ÿ |2 =E
     
\right\} 
(\vargamma (T\searrow 1

\vargamma 
(Y ), t)\rightarrow K\vargamma [(

\vargamma (·, t)](T\searrow 1
\vargamma 

(Y ))
 

+

\Biggl\lceil 
\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (Y ),Y )\rightarrow K\vargamma 

 
\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (·), ·) \prime T\vargamma 

 
(T\searrow 1

\vargamma 
(Y ))

\Biggr\rceil 

\rightarrow 
\Biggl\langle 
\downarrow \vargamma 

\vargamma \varepsilon 
F(T\vargamma \varsigma \leftharpoondown (Y ),Y )\rightarrow \downarrow \vargamma 

\vargamma \varepsilon 
F(\varepsilon (X),X)

\Biggr\rangle      

2

\swarrow 3
 
\vargamma 0 + \vargamma 1|\rightharpoonup |4 +CFE|Y \rightarrow X|2

\left\{ 

\swarrow 3

\Biggl\lceil 
\vargamma 0 + 4\vargamma 1

(H0 \rightarrow Fmin)2

\leftharpoonup 
2
min,""

+CFE|Y \rightarrow X|2
\Biggr\rceil 
.

Continuing from (3.54), we compute

d

dt
E(t)\swarrow 2E(t) + 3

\Biggl\lceil 
\vargamma 0 + 4\vargamma 1

(H0 \rightarrow Fmin)2

\leftharpoonup 
2
min,""

+CFE|Y \rightarrow X|2
\Biggr\rceil 

(3.56)

\swarrow 3\vargamma 0 + 12\vargamma 1
(H0 \rightarrow Fmin)2

\leftharpoonup 
2
min,""

+ (2+ 3CF )E(t).(3.57)

Recalling C = 2+ 3CF and applying Gronwall’s inequality, we arrive at

(3.58) E(t)\swarrow e
Ct
E(0) +

\Biggl\lceil 
3\vargamma 0
C

+
12\vargamma 1(H0 \rightarrow Fmin)2

C\leftharpoonup 
2
min,""

\Biggr\rceil 
(eCt \rightarrow 1).

Now we estimate the initial error

E(0) =E|X(0)\rightarrow Y (0)|2 +E|Ẋ(0)\rightarrow Ẏ (0)|2
(3.59)

=Ez0\Uparrow \leftharpoonup | \triangleright (T\vargamma (0)(z0))\rightarrow T\vargamma (0)(z0)|2+Ez0\Uparrow \leftharpoonup 

   \downarrow !(0, \triangleright (T\vargamma (0)(z0)))\rightarrow \omega \vargamma T\vargamma (0)(z0)\rightharpoonup (0)
   
2
.

(3.60)
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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 379

Since  \triangleright is the Monge map from \varepsilon \vargamma (0) to \varepsilon 0, the term E| \triangleright (T\vargamma (0)(z0)) \rightarrow T\vargamma (0)(z0)|2 =
W

2
2 (\varepsilon \vargamma (0),\varepsilon 0) =  \triangleleft \varepsilon . For the second term above, we have

Ez0\Uparrow \leftharpoonup 

   \downarrow !(0, \triangleright (T\vargamma (0)(z0)))\rightarrow \omega \vargamma T\vargamma (0)(z0)\rightharpoonup (0)
   
2

=Ez0\Uparrow \leftharpoonup 

   \downarrow !(0, \triangleright (T\vargamma (0)(z0)))\rightarrow \downarrow !(0, T\vargamma (0)(z0)) +\downarrow !(0, T\vargamma (0)(z0))\rightarrow \omega \vargamma T\vargamma (0)(z0)\rightharpoonup (0)
   
2

\swarrow 2Ez0\Uparrow \leftharpoonup 

  \downarrow !(0, \triangleright (T\vargamma (0)(z0)))\rightarrow \downarrow !(0, T\vargamma (0)(z0))
  2

+ 2Ez0\Uparrow \leftharpoonup 

   \downarrow !(0, T\vargamma (0)(z0))\rightarrow \omega \vargamma T\vargamma (0)(z0)\rightharpoonup (0)
   
2

\swarrow 2C2
\Rightarrow \#0

W
2
2 (\varepsilon \vargamma (0),\varepsilon 0) + 2Ez0\Uparrow \leftharpoonup 

   \downarrow !(0, T\vargamma (0)(z0))\rightarrow \omega \vargamma T\vargamma (0)(z0)\rightharpoonup (0)
   
2

and

Ez0\Uparrow \leftharpoonup 

   \downarrow !(0, T\vargamma (0)(z0))\rightarrow \omega \vargamma T\vargamma (0)(z0)\rightharpoonup (0)
   
2

=E
    \downarrow !(0, T\vargamma (0)(z0))\rightarrow \omega \vargamma T\vargamma (0)(z0) \Bigg\backslash G(\rightharpoonup (0))†

\Biggl[ 
\omega \vargamma T

\simeq 
\vargamma (0)(z)\downarrow !(0, T\vargamma (0)(z))d\leftharpoonup (z)

    
2

=E
  \downarrow !(0, T\vargamma (0)(z0))\rightarrow K\vargamma (0)[\downarrow !(0, T\vargamma (0)(·))](z0)

  2 = \vargamma 2.

Thus the initial error

(3.61) E(0)\swarrow (1 + 2C2
\Rightarrow \#0

) \triangleleft \varepsilon + 2\vargamma 2.

Combining (3.58) and (3.61), we get

(3.62) E(t)\swarrow e
Ct

\right\} 
(1 + 2C2

\Rightarrow \#0
) \triangleleft \varepsilon + 2\vargamma 2

 
+

\Biggl\lceil 
3\vargamma 0
C

+
12\vargamma 1(H0 \rightarrow Fmin)2

C\leftharpoonup 
2
min,""

\Biggr\rceil 
(eCt \rightarrow 1).

Since

W
2
2 (Law(Y ),Law(X))\swarrow E|Y \rightarrow X|2 \swarrow E(t),

and Law(Y (t)) = \varepsilon \vargamma (t) = T\vargamma (t)\varsigma \leftharpoonup and Law(X(t)) = \varepsilon (t, ·), we obtain (3.50).

Theorem 3.23 provides an upper bound of the approximation error of \varepsilon \vargamma (t) to the

true solution \varepsilon t using the simplified metric \Bigg\backslash G. This bound, as shown on the right-hand
side of (3.50), appears to be linearly dependent on the initial error  \triangleleft \varepsilon , the quantities
\vargamma 0, \vargamma 1, and \vargamma 2 for any t. However, the coe\$cient is an exponential factor e

Ct, which
is typical for such dynamics.

Remark 3.24. From the proof of Theorem 3.23, we can see that there is a trade-
o\# between {\vargamma i : i = 0,1,2} and \leftharpoonup min,"". In fact, if we choose  G as the inner product
matrix of a subspace  Q \Leftarrow Q\vargamma , the arguments in this section still hold true. In this
case, the smallest positive eigenvalue \leftharpoonup min(  G) may be larger than \leftharpoonup min( \Bigg\backslash G), while the
corresponding approximation errors {\vargamma i : i = 0,1,2} may be larger than the original
ones. A more detailed analysis of the relationship among these quantities may serve
as a future research direction.

Theorem 3.25 (error estimation on !). Denote \oldstyle{0}u""(t, ·) := \omega \vargamma T\vargamma (t) \prime T\searrow 1
\vargamma (t)(·)\rightharpoonup (t) :

Rd \simeq Rd. If the Hamilton–Jacobi equation

(3.63)
\omega !(t, x)

\omega t
+

1

2
|\downarrow !(t, x)|2 =\rightarrow \downarrow \vargamma 

\vargamma \varepsilon 
F(\varepsilon (x), x), !(0, ·) =!0(·),
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380 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

admits a C
1([0, t1)\searrow Rd) solution on a time interval [0, t1), then there is

\Biggl[ 

Rd

|\oldstyle{0}u""(t, x)\rightarrow \downarrow !(t, x)|2\varepsilon \vargamma (t)(x)dx\swarrow 2(1 + Lip(\downarrow !(t, ·))) C(F ,\varepsilon 0,!0,\rightharpoonup 0, p0, T\vargamma )

(3.64)

for all 0\swarrow t <min{t0, t1}, where \varepsilon \vargamma (t) = T\vargamma (t)\varsigma \leftharpoonup , C(F ,\varepsilon 0,!0,\rightharpoonup 0,\leftharpoonup , T\vargamma , t) is the bound on
the right-hand side of (3.50) and depends on potential F , the initial values \varepsilon 0,!0,\rightharpoonup (0),
p(0), the push-forward map T\vargamma , and time t.

The proof of Theorem 3.25 is a continuation of inequality (3.50) and can be found
in supplementary material section SM1.7.

Remark 3.26. The time intervals [0, t0) and [0, t1) used in Theorems 3.23 and 3.25
are determined by the singularity development of \varepsilon and ! in the WHF (1.1), respec-
tively. However, we would like to highlight that the solutions of PWHF (3.23) and
(3.39) may exist beyond these singularities. The same is true for the solution of the
particle WHF (3.7) due to the solution existence and uniqueness of ODEs. When this
happens, we may use X and v to define \varepsilon and ! beyond the singularity of (1.1). The
error estimates obtained in both theorems still hold as long as both the solutions of
(3.7) and (3.39) exist. The examples on Wasserstein geodesic and harmonic oscilla-
tors given in section 5 can illustrate this situation. In both examples, the solutions
of PWHF exist on [0,\nearrow ) while finite time singularities are developed in \varepsilon and ! in
(1.1).

3.5. Harmonic oscillator with a!ne transform as push-forward map.
To better convey our idea on how PWHF is proposed and formulated, we present an
illustrative example that have exact solutions for (3.39). Additional examples can be
found in section SM3.2.1.

Let us use a\$ne transform T\vargamma (z) = (z+b, \rightharpoonup = ((, b), z \uparrow Rd as the parameterized
push-forward map. Here ( is a d\searrow d invertible matrix and b is a d dimensional vector.
We consider a Hamiltonian system with Hamiltonian H(x, v) = 1

2 |v|
2+ 1

2x
\simeq 
Ux, where

U is d\searrow d self-adjoint and positive definite matrix. The corresponding WHF is

\omega \varepsilon (t, x)

\omega t
=\rightarrow \downarrow · (\varepsilon (t, x)\downarrow !(t, x)),

\omega !(t, x)

\omega t
=\rightarrow 1

2
|\downarrow !(t, x)|2 \rightarrow 1

2
x
\simeq 
Ux,

with F =
\Biggr) 

1
2x

\simeq 
Ux\varepsilon (x)dx.

We take the initial values as Gaussian distribution and quadratic function, re-
spectively, i.e., \varepsilon 0 = N (µ,)), and !(0, x) = 1

2x
\simeq 
Mx, where ) is the covariance and

M is a symmetric positive definite matrix. We choose the reference distribution \leftharpoonup to
be the standard normal distribution N (0, I). The proposed PWHF is formulated as

\rightharpoonup = \Bigg\backslash G(\rightharpoonup )\searrow 1
p= p,(3.65a)

ṗ=
1

2
\rightharpoonup 
\simeq \downarrow \vargamma 

\Bigg\backslash G(\rightharpoonup )\rightharpoonup \rightarrow \downarrow \vargamma F (\rightharpoonup ) =\rightarrow \downarrow \vargamma F (\rightharpoonup ),(3.65b)

\rightharpoonup (0) = (
\ni 
), µ), p(0) = (M

\ni 
),Mµ).(3.65c)

As shown in section SM3.2, the solution to the parameterized system is

((t) = (cos(t
\ni 
U) + sin(t

\ni 
U)

\ni 
U

\searrow 1
M)

\ni 
),

b(t) = (cos(t
\ni 
U) + sin(t

\ni 
U)

\ni 
U

\searrow 1
M)µ.
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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 381

One can tell that the parameterized Hamiltonian flow {(((t), b(t))} yields the exact
flow {\varepsilon (t, ·),!(t, ·)}. Figure SM1 also shows that our numerical solution matches the
true solution.

4. Numerical scheme. In this section, we develop a numerical scheme to solve
the PWHF (3.39) in general cases. Since (3.39) is a Hamiltonian system, it is desirable
that the scheme has a symplectic structure. For clarity, we denote the iteration
number of variables as superscripts in this section.

4.1. Symplectic scheme. We solve the general PWHF (3.39) following the
sympletic Euler scheme [27]:

\rightharpoonup 
l+1 \rightarrow \rightharpoonup 

l

h
=\downarrow pH(\rightharpoonup l+1

, p
l) = \Bigg\backslash G(\rightharpoonup l+1)†pl,(4.1a)

p
l+1 \rightarrow p

l

h
=\rightarrow \downarrow \vargamma H(\rightharpoonup l+1

, p
l)(4.1b)

=
1

2
[( \Bigg\backslash G(\rightharpoonup l+1)†pl)\simeq (\omega \vargamma k \Bigg\backslash G(\rightharpoonup l+1)) \Bigg\backslash G(\rightharpoonup l+1)†pl]m

k=1 \rightarrow \downarrow \vargamma F (\rightharpoonup l+1),

where h> 0 is the time step size and l \uparrow N is the (outer) iteration number. Note that
(4.1a) is implicit in \rightharpoonup 

l+1, which needs to be solved from this equation for fixed (\rightharpoonup l, pl).
To this end, we employ a fixed point iteration method given by

\rightharpoondown 
l,j+1 = argmin

\rightharpoondown 

 1

2
\rightharpoondown 
\simeq \Bigg\backslash G(\oldstyle{1}l,j)\rightharpoondown \rightarrow \rightharpoondown 

\simeq 
p
l

 
,(4.2a)

\oldstyle{1}
l,j+1 = \rightharpoonup 

l + h\rightharpoondown 
l,j+1

,(4.2b)

for j = 0,1,2, . . . , where j is the (inner) iteration number of the fixed point iteration
(4.2) for solving (4.1a) with fixed l. Then upon convergence as j \simeq \nearrow , there are

(4.3) \oldstyle{1}
l,j \simeq \rightharpoonup 

l+1 and \rightharpoondown 
l,j \simeq \Bigg\backslash G(\rightharpoonup l+1)†pl.

We have two choices to initialize (\rightharpoondown l,0,\oldstyle{1}l,0) in the above fixed point iterations (4.2).
Note that we need not only \oldstyle{1}

l,0 but also \rightharpoondown 
l,0 since (4.2a) is itself a linear least squares

problem that requires an initial \rightharpoondown l,0 when being solved. The first one is to set \oldstyle{1}l,0 =
\rightharpoonup 
l and \rightharpoondown 

l,0 = (\rightharpoonup l \rightarrow \rightharpoonup 
l\searrow 1)/h, and the second choice is to set \oldstyle{1}

l,0 = \rightharpoonup 
l and \rightharpoondown 

l,0 =
\Bigg\backslash G(\rightharpoonup l)†pl. The first choice utilizes information from a previous time step and is more
computationally e\$cient, while the second choice requires solving a linear system, but
generally performs better than the first one empiricially. We adopt the second choice
to initialize \oldstyle{1}, \rightharpoondown in all of our experiments. If (\oldstyle{1}l,j

, \rightharpoondown 
l,j)\simeq (\oldstyle{1}l,\updownarrow 

, \rightharpoondown 
l,\updownarrow ) as j \simeq \nearrow , then

we set \rightharpoonup 
l+1 = \oldstyle{1}

l,\updownarrow and p
l+1 = p

l + h
1
2 (\rightharpoondown 

l,\updownarrow )\simeq \downarrow \vargamma 
\Bigg\backslash G(\rightharpoonup l+1)\rightharpoondown l,\updownarrow \rightarrow h\downarrow \vargamma F (\rightharpoonup l+1) because of

(4.3).
It can be shown that the inner iteration converges if \leftharpoonup min( \Bigg\backslash G(\rightharpoonup )) is bounded away

from 0. In our experiments, the minimization of \rightharpoondown in (4.2a) is approximated by a
one-step gradient descent with step size \oldstyle{2},

\rightharpoondown 
l,j+1 = \rightharpoondown 

l,j \rightarrow \oldstyle{2}( \Bigg\backslash G(\oldstyle{1}l,j)\rightharpoondown l,j \rightarrow p
l),

and the inner iteration (4.2) reduces to

(4.4) \rightharpoondown 
l,j+1 = \rightharpoondown 

l,j \rightarrow \oldstyle{2}( \Bigg\backslash G(\rightharpoonup l + h\rightharpoondown 
l,j)\rightharpoondown l,j \rightarrow p

l),

which is the fixed point iteration applied to solving \rightharpoondown from J(\rightharpoondown ) := ( \Bigg\backslash G(\rightharpoonup l+h\rightharpoondown )\rightharpoondown \rightarrow p
l = 0.

Since\downarrow \rightharpoondown J(\rightharpoondown ) = h\downarrow \Bigg\backslash G(\rightharpoonup l+h\rightharpoondown )\rightharpoondown + \Bigg\backslash G(\rightharpoonup l+h\rightharpoondown ), for certain choices of T\vargamma (e.g., T\vargamma (z) = (z+b
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382 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

and z \bigtriangleup \leftharpoonup =N (0, I), or T\vargamma (z) = z+\varrho ((z+ b), or deeper ResNet, or normalizing flows
with bounded \varrho ,\varrho 

\Leftarrow 
,\varrho 

\Leftarrow \Leftarrow where \varrho is the activation function), we can show that there
exists M > 0 such that \propto \downarrow \rightharpoondown J(\rightharpoondown )\propto \swarrow M for all \rightharpoondown . Then \varpi \uparrow (0,1/M) guarantees that
the fixed point iteration is linearly convergent since I \rightarrow \varpi J is a contraction.

4.2. Evaluate \Bigg\backslash G†p by solving linear system. We have determined on solv-
ing (3.39) numerically using (4.1), where the implicit update step (4.1a) is done by
applying the fixed point iteration (4.4). The only question is on obtaining the initial
\oldstyle{1}
l,0 = \rightharpoonup 

l and \rightharpoondown 
l,0 = \Bigg\backslash G(\rightharpoonup l)†pl of (4.4) for each l. Thus the key computation is on finding

\Bigg\backslash G(\rightharpoonup l)†pl, for which we employ the algorithm MINRES [45] as the solver.
While the simplified metric tensor \Bigg\backslash G is defined through the push-forward map

via (3.16), which can be evaluated through samples, the computational cost grows
fast when the number of parameters increases. Therefore, we should avoid directly
computing and storing \Bigg\backslash G, but instead treat it as a linear operator in the matrix-
vector product (mvp). Detailed discussion on the numerical implementation of the
mvp operator is included in section SM4. In this case, we essentially apply MINRES
as a linear system solver which only requires mvp in each iteration. The accuracy of
MINRES is determined by a user-chosen parameter called tolerence, which yields a
unique solution to the linear system \Bigg\backslash G(\rightharpoonup l)\rightharpoondown = p

l as the orthogonal projection of pl onto
the subspace spanned by the eigenvectors of \Bigg\backslash G(\rightharpoonup l) whose corresponding eigenvalues
are greater than or equal to the tolerance parameter. This is the only place we apply
MINRES in each iteration l.

4.3. Initialization. In numerical implementations of PWHF (4.1), it is impor-
tant to initialize \rightharpoonup and p properly. The initializations of these two variables are done
di\#erently, and we provide the details as follows.

4.3.1. Initialization of \bfitomega . It is natural to initialize \rightharpoonup 
0 such that \varepsilon \vargamma 0 is equal

or close to the given initial value \varepsilon 0. In practice, we need a number of N\vargamma or Np

(see Algorithm 4.1) samples of \varepsilon \vargamma 0 to estimate all relevant terms and implement the
iterative scheme of PWHF in (4.1). There are di\#erent ways to achieve this. In what
follows, we describe two common cases where this is done. The first method results
in an exact matching \varepsilon \vargamma 0 = \varepsilon 0 for any given initial \varepsilon 0, whereas the second one can
generate \rightharpoonup 

0 such that \varepsilon \vargamma 0 approximates \varepsilon 0 in the sense of the Kullback–Leibler (KL)
divergence, which is not exact. More methods to finding \rightharpoonup 

0 minimizing the di\#erence
between \varepsilon \vargamma 0 and \varepsilon 0 in the KL divergence and Stein’s discrepancy can be found in [43].

In the first case, which is the one we consider in this work, we set our reference
density \leftharpoondown to be the given initial \varepsilon 0 and set the initial \rightharpoonup 0 such that T\vargamma 0 is the identity
map (this can be done, for example, by setting T\vargamma = Id+ f\vargamma , where Id is the identity
map and f\vargamma is some neural network satisfying f\vargamma 0 \bigtriangledown 0 when the initial parameter
\rightharpoonup 
0 = 0). In this case, \varepsilon \vargamma 0 = T\vargamma 0\varsigma \leftharpoondown = \leftharpoondown = \varepsilon 0, which is exact. In many real-world
applications, \varepsilon 0 is directly given as samples, in which case we can simply use these
samples because they are drawn from \varepsilon \vargamma 0 = \varepsilon 0. If the given initial \varepsilon 0 is provided in
an (possibly unnormalized) analytic form, then one can apply any standard Monte
Carlo sampling approach, such as those based on the well-known Metropolis–Hasting
algorithm, to draw samples from \varepsilon 0.

In the second case, a practitioner may prefer to specify his/her own naive reference
density \leftharpoondown on Rd, such as the standard Gaussian, as long as \leftharpoondown is easy to sample from
and has an analytic form. We can perform a standard maximum likelihood formula-
tion to obtain a desired approximation to the initial as \rightharpoonup 

0 = argmin\vargamma DKL(\varepsilon 0\propto \varepsilon \vargamma ) =
argmax\vargamma Ex\Uparrow \varepsilon 0 [log\varepsilon \vargamma (x)]. Similarly as before, we either have the samples of \varepsilon 0 di-
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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 383

rectly or can generate samples of \varepsilon 0 using the Monte Carlo method when \varepsilon 0 is given
in its (possibly unnormalized) analytic form. Then we can replace Ex\Uparrow \varepsilon 0 [log\varepsilon \vargamma (x)]
with the empirical expectation and \varepsilon \vargamma with (3.28). This results in an optimization
problem for network parameter \rightharpoonup that has been addressed by many machine learning
techniques, such as [10]. In this case not only does T\vargamma \varsigma \leftharpoondown have an analytic form but
its samples can be trivially obtained by pushing forward the samples of \leftharpoondown using T\vargamma .
We note that other probability distances and generative models can be used too. For
example, the Wasserstein generative adversarial network [4] and many followup works
were developed to learn a generative network T\vargamma such that T\vargamma \varsigma \leftharpoondown is close to \varepsilon 0 in the
sense of 1-Wasserstein distance. In practical implementations, it is possible that the
learned \rightharpoonup 

0 has undesired properties, for example, its values have very di\#erent scales,
which may cause the evolution of PWHF (4.1) to be unstable. A remedy to this
issue is that we build a separate preconditioning network \Bigg\backslash T and train it to satisfy
\varepsilon 0 := \Bigg\backslash T\varsigma \leftharpoondown = \varepsilon 0 (or approximately equal), and set a network  T\vargamma to be the same as the
one in the first case with initial \rightharpoonup 0 = 0. Then the overall push-forward map can be
set to T\vargamma :=  T\vargamma \prime \Bigg\backslash T . Such T\vargamma has a trivial initial value to start and may stabilize the
entire computation of PWHF (4.1). We omit further discussions as they are out of
the scope of this paper.

4.3.2. Initialization of p. From the particle interpretation of !, we can derive

p
0 = \Bigg\backslash G(\rightharpoonup 0)\rightharpoonup 0 =

\Biggl[ 

Rd

\omega \vargamma T
\simeq 
\vargamma 
(z)\downarrow !(0, T\vargamma (z))d\leftharpoonup (z) =Ez\Uparrow \lhook [\omega \vargamma T

\simeq 
\vargamma 
(z)\downarrow \vargamma !(0, T\vargamma (z))].(4.5)

The above identity suggests to approximate p
0 using the empirical expectation on

the given initial value !(0, ·). More specifically, we can draw Np samples {zi}Np

i=1
from the reference distribution \leftharpoonup with the associated density \leftharpoondown , and set p

0 to be
(1/Np) ·

 Np

i=1\downarrow \vargamma !(0, T\vargamma (zi)).

4.4. Overall algorithm. In summary, we suggest the numerical algorithm, Al-
gorithm 4.1, to solve the PWHF. In Algorithm 4.1, nin is the user-chosen number of
inner iterations. In each iteration indexed by l, we generate the particles {X1,

. . . ,XN\omega }
(line 4) by pushing forward the initial particles x1, . . . , xN\omega \bigtriangleup \varepsilon 0 using the current T\vargamma .
Note that this step is simple as we are considering the first case as given in section 4.3.1
where \leftharpoondown = \varepsilon 0. If we consider the second case in section 4.3.1, then this step should be
modified accordingly. Lines 5–10 solve the implicit update equation of \rightharpoonup l+1 in (4.1a)
using the variant fixed point iteration (4.4). Specifically, line 5 computes the initial
\rightharpoondown 
l,0 and \oldstyle{1}

l,0, and lines 6–9 implement the fixed point iteration (4.4). Lines 11–12
update p

l+1 using the explicit rule in (4.1b). Details are given in section 4.1.

5. Numerical results. In this section, we demonstrate the performance of Al-
gorithm 4.1 by solving several examples of WHFs with di\#erent potential energy F .
We first present some details of our experiment settings, and then show the numerical
results.

5.1. Experiment settings. We first provide details of the structure of the neu-
ral network we used to represent the push-forward mapping T\vargamma . Then we provide
some other important parameters in our implementation and test. We also discuss
the strategy we used to measure the quality of the solution T\vargamma . Finally, we provide
an empirical estimate of the error \vargamma 0.
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384 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

Algorithm 4.1. Parameterized WHF solver.

1: Set neural network structure T\vargamma . Set terminal time t1 and number of steps K.
Set step size h= t1/K.

2: Initialize \rightharpoonup 
0 and p

0 as in sections 4.3.1 and 4.3.2, respectively.
3: for l= 0, . . . ,K \rightarrow 1 do
4: Set Xi = T\vargamma l(xi) and xi \bigtriangleup \varepsilon 0 for i= 1, . . . ,N\vargamma 

5: Apply MINRES to solve \rightharpoondown 
l,0 from \Bigg\backslash G(\rightharpoonup l)\rightharpoondown l,0 = p

l. Set \oldstyle{1}l,0 = \rightharpoonup 
l

6: for j = 1, . . . , nin do
7: Update \oldstyle{1}

l,j = \rightharpoonup 
l + h\rightharpoondown 

l,j

8: Update \rightharpoondown 
l,j+1 = \rightharpoondown 

l,j \rightarrow \oldstyle{2}( \Bigg\backslash G(\oldstyle{1}l,j)\rightharpoondown l,j \rightarrow p
l)

9: end for
10: Set \rightharpoonup l+1 = \oldstyle{1}

l,nin ,\lhook 
l+1 = \rightharpoondown 

l,nin

11: Set Xi = T\vargamma l+1(zi) and zi \bigtriangleup \varepsilon 0 for i= 1, . . . ,Np and evaluate \downarrow \vargamma F (\rightharpoonup l+1)

12: Set pl+1 = p
l + h

2 [(\lhook 
l+1)\simeq \omega \vargamma k \Bigg\backslash G(\rightharpoonup l+1)\lhook l+1]m

k=1 \rightarrow h\downarrow \vargamma F (\rightharpoonup l+1)
13: end for
14: Output: Solution (\rightharpoonup (t), p(t)) to PWHF (3.14) and T\vargamma (t) at t= lh for

l= 0, . . . ,K.

5.1.1. Structure of push-forward map. In our experiments, we use neural
networks as the push-forward map T\vargamma unless stated otherwise. There are multiple
choices for the neural networks structure to represent T\vargamma . We can use the invertible
neural networks (e.g., normalizing flow [43], Real NVP [16], and neural ODE [10]) or
noninvertible neural networks (e.g., the multilayer perceptron or ResNet [28]), each
having its own advantages. Normalizing flow simplifies the computation of the log
determinant of the Jacobian matrix of the map, so we can easily compute the density
function. In some cases, the potential function explicitly depends on the value of
density \varepsilon \vargamma , and invertible neural networks provide an e\#ective way to evaluate it. In
this work, we use the residual neural network as a push-forward map if not specified:

T\vargamma = Id+ f\vargamma ,(5.1)

where Id is the identity map and f\vargamma : Rd \simeq Rd is a standard multilayer perceptron
with two hidden layers, and each hidden layer contains 50 and 80 neurons for the
two-dimensional (2D) and 10D examples, respectively. We take the hyperbolic tan-
gent function as the activation since we require the second-order derivative in the
computation. The bias for the output layer in f\vargamma is set to be none.

5.1.2. Parameter settings. In Algorithm 4.1, MINRES is applied to solve the
linear system \Bigg\backslash G(\rightharpoonup )\rightharpoonup = p with tolerance 3 \searrow 10\searrow 4. We chose this number manually,
which appears to yield satisfactory accuracy in all of our experiments. In fact, the
tolerence value for MINRES has a subtle e\#ect on the current setting of Algorithm 4.1
(PWHF): a smaller tolerence may yield a more accurate solution to \Bigg\backslash G(\rightharpoonup )\rightharpoonup = p, but the
resulting ODE \rightharpoonup = \Bigg\backslash G(\rightharpoonup )†p may su\#er sti\#ness due to the smaller truncation threshold
of eigenvalues of \Bigg\backslash G(\rightharpoonup ) in MINRES and consequently large condition number (ratio of
largest and smallest positive eigenvalues) of \Bigg\backslash G(\rightharpoonup )†. This may cause instability of the
numerical ODE solver even with smaller step size h. Therefore, it requires calibrations
between accuracy of a linear system solution and stability of the numerical ODE
solver when choosing the tolerence. This is an interesting property and worth further
investigation but out of the scope of the present paper. Another parameter we set
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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 385

in Algorithm 4.1 is the iteration number nin of the fixed point iteration (4.3). In all
our experiments, we found that setting nin to 2 or 3, sometimes even 1, is enough to
generate promising results.

For all the experiments, we choose the reference distribution \leftharpoonup with density \leftharpoondown to
be the standard Gaussian N (0, Id). We take \rightharpoonup 

0 such that \varepsilon 0 = T\vargamma 0\varsigma \leftharpoondown . We set the
initial \rightharpoonup randomly with zero mean and tiny variation, which results in T\vargamma being close
to the identity map and \varepsilon 0 close to the standard Gaussian. Note that we did not really
choose \rightharpoonup 

0 = 9 because in that case the Jacobian is \downarrow T\vargamma 0 =\downarrow f\vargamma 0 = 0 with our choice
of f\vargamma (a standard mulitlayer perceptron without bias). For the computation, 50,000
samples are generated from the reference distribution to evaluate the mvp. For those
cases with potential energy in the form F(\varepsilon ) =E\varepsilon [V (x)], we use the same sample size
to evaluate F (\rightharpoonup ). For other cases, we only use 12,000 samples for the computation of
F (\rightharpoonup ) due to our machine memory limitation.

It is possible that Hamiltonian-type PDEs develop singularity in finite time. This
means that, at some time t0, the density may become a delta function and/or ! is no
longer well-defined. Our method can handle this singularity since the push-forward is
still well-defined and smooth at time t0. See the geodesic equation (section 5.2) and
harmonic oscillator (section 5.3.1) as examples.

5.1.3. Evaluation strategy. To validate the solution obtained by Algorithm 4.1
(PWHF), we measure the di\#erence between its generated density \varepsilon \vargamma (t)(= T\vargamma (t)\varsigma \leftharpoondown ) and
the true density \varepsilon t when the ground truth push-forward Tt is available, i.e., \varepsilon t = Tt\varsigma \varepsilon 0.
While there are di\#erent metrics to quantify the distance/divergence between two
densities, we choose to measure the di\#erence between \varepsilon \vargamma (t) and \varepsilon t by the maximal
di\#erence between the particles pushed forward by T\vargamma (t) and Tt, respectively. More
precisely, we use the error defined by

(5.2) \Bigg\backslash  \triangleleft (T\vargamma , T ) :=max

\Biggl\{ 
1

N\vargamma 

N\omega \Bigg/ 

i=1

|T\vargamma (lh)(xi)\rightarrow Tlh(xi)| : l= 0,1, . . . ,K

\Biggr\} 
,

where the initials of the particles {xi : i= 1, . . . ,N\vargamma } are samples of \varepsilon 0.
When the analytic form of Tt is not available, we can consider using a numerical

ODE solver to directly push forward a number of initial particles (we use 10,000
particles in our experiments) by following the particle dynamics (3.7). Whether this
is feasible or not relies on the feasibility of approximating \downarrow \omega 

\omega \varepsilon 
F(\varepsilon t(X),X) using

samples only, since we do not have the analytic form of \varepsilon t. In the case of interactive
potential F as given in section 5.4, the variation of F has an integral linear in \varepsilon t and
thus can be well approximated by the particles. We conduct our evaluation in this
case. However, for more general cases, such approximations may not be feasible and
alternative ways must be sought for evaluation. We will not consider those cases in
the present work. Nevertheless, it does not a\#ect the proposed Algorithm 4.1.

5.2. Geodesic equation as Wasserstein Hamiltonian flow. We first con-
sider the geodesic equation on R2 as a WHF, which corresponds to the zero potential
case, i.e., F(\varepsilon )\bigtriangledown 0. The WHF is given by

\omega 

\omega t
\varepsilon +\downarrow · (\varepsilon \downarrow !) = 0,

\omega 

\omega t
!+

1

2
|\downarrow !|2 = 0.

The Wasserstein geodesic equation plays an important role in the optimal transport
theory. The trajectory of the corresponding particle level dynamics is a straight line,
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386 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

Fig. 1. Numerical results of the geodesic equation example in section 5.2. Plots on the left and
right show the projections of the trajectories T\omega (t)(x) onto the x1 and x2 axes, respectively, for five

di!erent initial positions x= (x1, x2)\uparrow R2 (shown by di!erent colors) sampled from \omega 0. The results
match exactly to the true push-forward map Tt(x) = ((1 \downarrow t)x1, x2). Note that this approach does
not su!er the singularity of \omega t at t= 1.

i.e., the true push-forward map is Tt(x) = x+\downarrow !(0, x)t where x is an arbitrary initial
position following the reference density \leftharpoondown . Note that Tt(x) is only determined by the
initial velocity \downarrow !(0, x) in this case. For some choices of !, the system may develop a
singularity (e.g., the density function \varepsilon t reduces to one on a low-dimesional subset of
Rd) in finite time. The numerical experiments, which are presented next, show that
our method can approximate the solution very well, even beyond the singularity. The
PWHF (3.39) corresponding to the Wasserstein geodesic equation reduces to

(5.3)
\rightharpoonup = \Bigg\backslash G(\rightharpoonup )†p,

ṗ=
1

2
( \Bigg\backslash G(\rightharpoonup )†p)\simeq (\downarrow \vargamma 

\Bigg\backslash G(\rightharpoonup )) \Bigg\backslash G(\rightharpoonup )†p.

To demonstrate that our method can overcome singularity, we set !(0, x) =\rightarrow 1
2x

2
1

with x = (x1, x2) \uparrow R2, in which case \downarrow !(0, x) = (\rightarrow x1,0). Therefore the true push-
forward is Tt(x) = ((1 \rightarrow t)x1, x2). As we can see, under such a push-forward, all
particles will arrive at the x2-axis, and the density \varepsilon t degenerates to a Gaussian
density supported on the x2-axis only, at time t = 1. Then we solve the parameter
dynamics (5.3) using Algorithm 4.1 (PWHF) and compare the result T\vargamma (t) with the
true solution Tt using their particle level dynamics.

To illustrate the solution T\vargamma (t) of Algorithm 4.1, we choose five points (shown by
di\#erent colors) sampled randomly from \varepsilon 0 and plot the projections of their trajec-
tories onto x1 and x2 axes in the left and right panels of Figure 1. As we can see,
their trajectories obtained by push-forward T\vargamma (t) match the true solution Tt exactly.
To qualitatively evaluate the approximation accuracy of \varepsilon \vargamma (t) to the true \varepsilon \vargamma , we draw
2,000 samples from reference distribution \leftharpoonup and then push-forward them using T\vargamma (t)

obtained by Algorithm 4.1. The densities \varepsilon \vargamma (t) at di\#erent times are shown in sec-
tion SM3.3. Note that T1(x) = (0, x2) for all x = (x1, x2) \uparrow R2, which results in the
singularity of \varepsilon \vargamma (t), matching the actual behavior of \varepsilon t, at time t= 1.

5.3. Wasserstein Hamiltonian flow with quadratic potential. In the sec-
ond experiment, we consider a set of three examples where the potential F is set to
be the quadratic function of the position variable, i.e., F(\varepsilon ) =

\Biggr) 
Rd V (x)\varepsilon (x)dx, where

V is a quadratic function of x. The problem can be solved explicitly in this case as
shown in section 3.5, and the approximation errors \vargamma 0 and \vargamma 1 vanish if we set the
push-forward map T\vargamma as an a\$ne transform.
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In our experiments, the potential function V and initial condition of ! are set to
have the following form:

(5.4) V (x) =
d\Bigg/ 

i=1

1

2
aix

2
i

and !(0, x) =
d\Bigg/ 

i=1

1

2
bix

2
i
,

where ai > 0 and bi \uparrow R for all i. We can write the WHF as

\omega 

\omega t
\varepsilon +\downarrow · (\varepsilon \downarrow !) = 0,(5.5a)

\omega 

\omega t
!+

1

2
|\downarrow !|2 =\rightarrow 

\Bigg/ 

i

1

2
aix

2
i

(5.5b)

with initial \varepsilon 0 = N (0, I) and !(0, x) =
 

d

i=1
1
2bix

2
i
. From the particle version of

equations, we know that both the position and the velocity can be expressed explicitly:
the ith component of the solution X(t, x) (location of the particle at time t started
from x at time 0) given by

(5.6) Xi(t, x) =
 
1 + b

2
i
· xi · cos(

\ni 
ai · t\rightarrow arctan(bi)),

where x = (x1, . . . , xd) \uparrow Rd and Xi(t, x). The true push-forward map can be shown
to satisfy

Tt(x) =A(t)x, where A(t) = diag

\Biggl\lceil \right)  
1 + b

2
i
cos(

\ni 
ai · t\rightarrow arctan(bi))

\left[ d

i=1

\Biggr\rceil 
.

(5.7)

We can see that ai determines the frequency, while bi determines the amplitude and
initial phase. In what follows, we will consider a set of three examples with di\#erent
dimension d and values of ai’s and bi’s.

5.3.1. 2D harmonic oscillator. We consdier a 2D harmonic oscillator with po-
tential energy F(\varepsilon ) =

\Biggr) 
R2

1
2 (2.25x

2
1+0.36x2

2)\varepsilon (x)dx and initial dual function !(0, x) =
\rightarrow 1

2x
2
1 as in section 3.5. We choose a\$ne transform as the push-forward map, i.e.,

T\vargamma (x) = (z + b, \rightharpoonup := ((, b), where (\uparrow R2\rightarrow 2
, b\uparrow R2

.(5.8)

In this case, the true push-forward map Tt is the same as in (5.7) and T\vargamma (t) \bigtriangledown Tt for
all t. We also observe a linear dependence between the error \Bigg\backslash  \triangleleft defined in (5.2) and
the time step size h empirically, as shown in the left panel of Figure 2.

We also confirm that the symplectic Euler (or alike) is necessary to preserve the
Hamiltonian H(\rightharpoonup , p) in our numerical scheme. In the right panel of Figure 2, we plot
the change of Hamiltionian H(\rightharpoonup l+1

, p
l+1) \rightarrow H(\rightharpoonup l, pl) for l = 0, . . . ,K \rightarrow 1 obtained

by Algorithm 4.1 (PWHF) in the orange curve. In comparison, if we replace the
symplectic Euler with a standard forward Euler step, the change of the Hamilton-
ian is significantly deviated from zero, as shown by the blue curve, suggesting the
Hamiltonian is not preserved.

5.3.2. 2D Lissajous curves. For a single point x = (x1, x2) \uparrow R2, its motion
under the Hamiltonian flow (5.5) is a 2D harmonic oscillator. We again consider
quadratic potential and initial dual in the form given in (5.4) for d = 2. Denot-
ing \&\oldstyle{3}0 = arctan(b1) \rightarrow arctan(b2) as the initial phase di\#erence and r =

\right] 
a1/a2
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388 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

Fig. 2. Numerical results of 2D harmonic oscillator example in section 5.3.1. (Left) Error of
push-forward mapping \Biggr) \varepsilon (T\omega , T ) versus di!erent step sizes h. Blue line is a linear regression line
fitting the errors. (Right) Change of Hamiltonian H(\vargamma l+1

, p
l+1)\downarrow H(\vargamma l, pl) obtained by Algorithm

4.1 (orange curve) by a standard Euler scheme to (3.14) (blue curve) versus iteration number l.

Fig. 3. Numerical results of 2D Lissajous curves in section 5.3.2. The three plots show the
ground truth Lissajous curves (orange curves) and the push-forward trajectories obtained by Algo-
rithm 4.1 (blue curves) corresponding to di!erent combinations of (""\varpi 0, r).

as the ratio of frequency for two components, it is well-known that we may have
interesting periodic patterns known as the Lissajous curves for some combination
of (\&\oldstyle{3}0, r).

We run Algorithm 4.1 (PWHF) where T\vargamma is the same as in section 5.2 for several
di\#erent combinations of (\&\oldstyle{3}0, r) with suitable initial positions, and plot their tra-
jectories under the map T\vargamma (t) obtained by the algorithm in Figure 3. To show the full
structure of the Lissajous curve, we run 20,000 steps, which corresponds to a physical
time t1 = 40 and step size h = 0.002. From Figure 3, we can see that the trajectory
obtained by Algorithm 4.1 (blue curve) follows the true Lissajous curve (orange curve)
closely, demonstrating promising accuracy of the proposed approach.

In addition to the verification of accurate position tracking above, we can also
show the accuracy of velocity of our method. Specifically, we consider a particular
choice of quadratic potential function and initial value of "" as follows:

F(\varepsilon ) =

\Biggl[ 

R2

\Biggl\langle 
1

2
x
2
1 +

1

3
x
2
2

\Biggr\rangle 
\varepsilon (x) dx, !(0, x) =\rightarrow 1

2
x
2
1.(5.9)

For a fixed initial point x = T\vargamma 0(z) where z is from the reference density \leftharpoondown , its true
velocity at time t is v(t, x) = d

dt
X(t, x), where X(t, x) is given in (5.6), and the velocity

from our model can be evaluated through ṽ(t, x) := \varphi 

\varphi \vargamma 
T\vargamma (t)(z) · \rightharpoonup (t). We choose 20

initial points and plot their positions as well as the velocities on the (x1, x2) plane as
in Figure 4 at di\#erent times t, where v are shown in red arrows and ṽ in blue arrows.
The starting point of each arrow represents the position, and the arrow (length and
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PARAMETERIZED WASSERSTEIN HAMILTONIAN FLOW 389

Fig. 4. Evolution of position and velocity in a 2D Lissajous curve example given in section
5.3.2. There are 20 position-velocity pairs (X(t), v(t,X(t)) shown as arrows at 6 di!erent times t.
Tails of arrows show the positions and the direction and length of arrows show the corresponding
velocity. Red arrows are ground truth position-velocity pairs, and blue arrows are position-velocity
pairs obtained by Algorithm 4.1 (PWHF).

direction) itself represents the velocity. We can see close matching of the computed
velocity ṽ and the true one v. Note that the true trajectories for di\#erent initial
positions may intersect, which leads to the singularity of density function \varepsilon t. The
velocity ṽ is still close to the true velocity v despite the singularity.

5.3.3. 10D harmonic oscillator. One of the major advantages of our approach
is that it can be applied to high-dimensional PDEs. Note that classical numerical
schemes su\#er the so-called curse of dimensionality as their computation complexity
grows exponentially fast in problem dimension d and thus often become infeasible for
d> 3. In contrast, our method is sample-based and can handle the issue e\#ectively. In
this example, we test Algorithm 4.1 (PWHF) on a 10D harmonic oscillator problem
with potential function and initial dual variable given by

F(\varepsilon ) =

\Biggl[ 

R10

\Biggl\lceil 
3

8
x
2
1 +

1

2

10\Bigg/ 

i=2

x
2
i

\Biggr\rceil 
\varepsilon (x) dx, !(0, x) =

1

2

10\Bigg/ 

i=2

x
2
i
.

We set T\vargamma to the residual neural network as in (5.1) with 80 neurons in each hidden
layer. We solve the system up to t1 = 2\varphi with step size h= 0.001. We generate 10,000
samples from \varepsilon \vargamma (t) and plot the sample histograms (orange bars) projected to the
x2-axis and compare them with the true density \varepsilon t (blue curve) in Figure 5. The
projection of the true density \varepsilon t onto the x2-axis is a Gaussian distribution with
mean zero and variance a cosine function of time t, as shown by the blue curve in this
figure. Similar to the geodesic equation example, \varepsilon t develops a singularity in finite
time in this case, while numerical results show that our approach handles the problem
well despite the singularity and high dimension. We plot the empirical Hamiltonian
from these samples in the left panel of Figure 6. We emphasize that the value of the
Hamiltonian is concentrated around 9.35 with rather small variations. This indicates
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390 HAO WU, SHU LIU, XIAOJING YE, AND HAOMIN ZHOU

Fig. 5. Numerical result of 10D harmonic oscillator in section 5.3.3. The plots show the evo-
lution of the histogram of the push-forward density \omega \omega (t) (orange bars) and the true density \omega t (blue
curves), both projected onto the x2-axis, at di!erent times t.

Fig. 6. Numerical result of 10D harmonic oscillator in section 5.3.3. The plots show the evo-
lutions of Hamiltonian (left), kinetic energy (middle), and potential energy (right) versus iteration
number. The range in the vertical axis on the left plot is small, indicating the conservation of
Hamiltonian.

that the Hamiltonian is essentially preserved. The kinetic (middle) and potential
(right) energy oscillate in the opposite phase as shown in Figure 6, respectively.

5.4. Wasserstein Hamiltonian flow with quadratic nonlinear interaction
potential. We show that our method can also be applied to more challenging cases
with nonlinear potential fucntions such as the interaction potential or entropy in
the remainder of this section. The nonlinear terms are generally hard to evaluate
directly through the traditional methods, although some algorithms such as kernel
density estimation [7, 47] can be used for it. On the contrary, push-forward maps
may provide a good alternative for this purpose. Interaction potential is described
through the following potential energy F :

(5.10) F(\varepsilon ) =

\Biggl[ \Biggl[ 

R\rightarrow R
C(x, y)\varepsilon (x)\varepsilon (y)dxdy.

As we can see, F involves a double integral of \varepsilon and introduces nonlinearity, which
makes the problem much more di\$cult to solve in general. In physics, C(x, y) = a

|x\searrow y|2
is often used to model gravity or Coulomb force. To avoid numerical instability we
will use a modified Cb(x, y) =

1
b+|x\searrow y|2 with b= 0.1 in the following experiment.

We choose the push-forward map T\vargamma to be the neural network described in sec-
tion 5.2. For this problem we do not have an analytic form of the true push-forward
Tt, so we compare the result with particle level numerical simulations. More pre-
cisely, we generate 10,000 random samples and run the particle level dynamics (3.7)
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Fig. 7. Numerical result on nonlinear interactive potential in section 5.4. The plot shows the
projections onto the x1- and x2-axes (denoted by x and y in the plots, respectively) of the trajec-
tories T\omega (t)(x) obtained by Algorithm 4.1 and Tt(x) obtained by solving the particle level dynamics
(3.7). Specifically, the blue and orange curves are the projections of T\omega (t)(x) onto the x1- and x2-
axes, respectively. The green and red curves are the projections of Tt(x) onto the x1- and x2-axes,
respectively.

to obtain the numerical approximation to Tt(x) for all x from those samples and then
we compare T\vargamma (t)(x) obtained by Algorithm 4.1 (PWHF) with Tt(x). We randomly
select an initial point x and plot the projections onto the x1- and x2-axes of these two
trajectories, which are shown in Figure 7. This plot shows a close matching between
the two trajectories.

5.5. Empirical bound on \bfitvarepsilon 0. In section 3.4, we showed the convergence result
of \rightharpoonup (t). There are two crucial terms \vargamma 0 and \vargamma 1, which show up in the error estimation
(3.50) as well as (3.25). It is generally di\$cult to give a sharp bound on these values,
although one may resort to the well-known universal approximation theorem stating
that they are small if proper neural networks are used. Here we provide an empirical
estimation of \vargamma 0 in some of the experiments we discussed above. To this end, we
denote the approximation error at \rightharpoonup as

\vargamma (\rightharpoonup ) =

\Biggl[     \downarrow 
\vargamma 

\vargamma \varepsilon 
F \prime T\vargamma (z)\rightarrow K\vargamma 

\right) 
\downarrow \vargamma 

\vargamma \varepsilon 
F \prime T\vargamma 

\left[ 
(z)

    
2

d\leftharpoonup (z)

= \lhook 
\simeq \Bigg\backslash G(\rightharpoonup )\lhook \rightarrow 2\downarrow \vargamma F (\rightharpoonup )\simeq \lhook +E\varepsilon \omega 

\right)     \downarrow 
\vargamma 

\vargamma \varepsilon 
F \prime T\vargamma (z)

    
2\left[ 
,

where \lhook = \Bigg\backslash G(\rightharpoonup )†\downarrow \vargamma F (\rightharpoonup ). It is easy to see that \vargamma 0 can be replaced by \Bigg\backslash \vargamma 0 = sup
t\downarrow [0,T ]

\vargamma (\rightharpoonup (t)) in our error estimation, since only the information of \vargamma (\rightharpoonup ) along the solution
curve {\rightharpoonup (t) : t\uparrow [0, T ]} is used in the proof.

Assume {\rightharpoonup l : 0 \swarrow l \swarrow K} is the numerical solution generated by Algorithm 4.1,
where K = t1/h is the number of iterations and t1 is the terminal physical time.
Denote the empirical bound on \Bigg\backslash \vargamma 0 as

\vargamma 0 = max
0\nearrow k\nearrow K

\vargamma (\rightharpoonup k).(5.11)

Then we report \vargamma 0, which is an empirical estimation of \vargamma 0 for several experiments with
quadratic potential V (x) in Table 1. It can be seen that \vargamma 0 is generally small in these
experiments.
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Table 1
Empirical estimation \varrho 0 (defined in (5.11)) of \varrho 0 in the cases of 2D geodesic equation (section

5.2), 2D harmonic oscillator (section 5.3.1), and 10D harmonic oscillator (section 5.3.3).

Experiment Terminal time t1 # iterations K \varrho 0

2D geodesic equation 4 2,000 0
2D harmonic oscillator 40 20,000 0.0035
10D harmonic oscillator 10 10,000 0.0908

6. Discussion. The proposed method is also potentially applicable to many
other important topics, for example, the nonlinear Schrödinger equation, the
Schrödinger bridge problem, and the geodesic between two points on the Wasser-
stein manifold. However, it needs further investigation to extend our algorithm to
them, which is beyond the scope of this paper. We only provide a brief discussion
here.

Geodesic between two points on Wasserstein manifold. In the numerical
experiments, we consider the initial value problem for the Wasserstein geodesic equa-
tion with given \varepsilon 0,!0. The commonly encountered geodesic problem is a two-point
boundary value problem, i.e., with given \varepsilon 0,\varepsilon T but no prior knowledge about the ini-
tial !0. In this case, there is not enough information for us to initialize the p variable.
A possible attempt is to choose an initial guess !(0, ·) and then apply the shooting
method on the ODE dynamics. Collocation or finite di\#erence can be other options
too. They deserve careful study in the future.

Schrödinger equation. With the Madelung transform, the Schrödinger equa-
tion can be reformulated as a WHF with Hamiltonian [12]:

H(\varepsilon ,!)

=

\Biggl[ 

Rd

1

2
|\downarrow !(x)|2\varepsilon (x)dx+

\Biggl[ 

Rd

V (x)\varepsilon (x)dx+F1(\varepsilon ) +
1

8

\Biggl[ 

Rd

|\downarrow log \varepsilon (x)|2\varepsilon (x)dx.

(6.1)

Possible challenges may arise due to the nonlinear potential
\Biggr) 
Rd |\downarrow log \varepsilon (x)|2\varepsilon (x)dx.

This term involves the computation of a space derivative of the log density function,
which is generally unavailable for a multilayer perceptron or the normalizing flow.
One strategy is to use the neural ODE as the push-forward map [10, 24], which sup-
ports such a computation. Another possible solution is to reformulate this functional
as a minimization problem and estimate it via optimization techniques.

Schrödinger bridge problem. Similar to the Schrödinger equation, the
Schrödinger bridge problem can also be reformulated as WHF through the Hopf–
Cole transform. The challenge in this problem is the combination of the di\$culties
in the two aforementioned examples. On the one side, we need to handle the compu-
tational challenge of \downarrow log \varepsilon term as mentioned in the Schrödinger equation. On the
other side, the Schrödinger bridge problem is a two-point boundary value problem
with given \varepsilon 0,\varepsilon T but no prior knowledge about !0.

7. Conclusion. We close the discussion by summarizing that we developed a
sampling-based approach called PWHF for solving WHF in this work. PWHF is
derived by applying Hamiltonian mechanics in the parameter space equipped with
the pullback Wasserstein metric. Error estimates show that PWHF can approximate
WHF with provable accuracy provided the push-forward map is e\$cient in approxima-
tion. Numerical examples demonstrate that our method is robust to the singularity of
the equation and can scale up to high-dimensional problems. There is still much work
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to be done about the WHF, which includes the application of PWHF to other Hamil-
tonian systems such as the Schrödinger equation or the Schrödinger bridge system;
theoretical analysis on the quantities \vargamma 0, \vargamma 1, \vargamma 2,\leftharpoonup min,""( \Bigg\backslash G); and extension of PWHF
to general Hamiltonian flow with on-quadratic kinetic energy. We hope the current
study may serve as a starting point for furthering those investigations.
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