
The Matrix Equation X3 + Y 3 = 2Z3

The diophantine equation

x3 + y3 = 2z3 (1)

arises when one considers cubes in arithmetic progression: if x3 < z3 < y3 are in
arithmetic progression, then y3 − z3 = z3 − x3, which yields (1). Euler [1, Art. 247],
Mordell [2, Ch. 15, Thm. 3], and Sierpiński [3, Ch. 2, p.79] showed that (1) has no
solutions in integers except for the trivial solutions x = −y and z = 0; or x = y = z.
In particular, one cannot find three positive cubes in arithmetic progression.

We consider the matrix analogue X3 + Y 3 = 2Z3 of (1), where X, Y,Z are n × n

matrices with integer entries. Whereas the corresponding scalar diophantine equation
has no nontrivial solutions, we construct two families of nontrivial solutions to the
matrix analogue.

We look for solutions of the form X = P + Q, Y = P − Q, and Z = P . This
yields the matrix equation T (P ) = Q2P + QPQ + PQ2 = 0.

We first take Q = [ 0 1
0 0 ], the companion matrix of the polynomial x2, so that

Q2 = 0. A calculation shows that T (P ) = 0 if and only if P is upper triangular.
We next take Q = [ 0 −1

1 −1 ], the companion matrix of x2 + x + 1, which has eigen-
values λ = e2π i/3 and µ = e4π i/3. If Qx = λx with x #= 0 and y∗Q = µy∗ with
y #= 0, then xy∗ #= 0 and T (xy∗) = (λ2 + λµ + µ2)xy∗ = 0. Then, since Q has
integer entries, there must be a nonzero matrix P with integer entries such that
T (P ) = 0. A direct calculation shows that T (P ) = 0 if and only if P is of the
form [ a b

a+b −a ].

ACKNOWLEDGMENTS. SRG supported by NSF Grant DMS-2054002. JR supported by CSIR
GRANT NUMBER 09/0796(17070)/2023-EMR-I.

ORCID
Stephan Ramon Garcia http://orcid.org/0000-0001-8971-5448
Juganta Rajkhowa http://orcid.org/0009-0009-9368-9022
Kuldeep Sarma http://orcid.org/0000-0002-1865-7540

REFERENCES
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[3] Sierpiński W. Elementary theory of numbers. 2nd ed. Amsterdam: North-Holland Publishing Co.;
1988. (North-Holland Mathematical Library; 31).

—Submitted by Stephan Ramon Garcia (Pomona College),
Juganta Rajkhowa (Tezpur University), and

Kuldeep Sarma (Tezpur University)

doi.org/10.1080/00029890.2024.2409065
MSC: Primary 15A24, Secondary 11D25; 11D99

62 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 132

http://orcid.org/0000-0001-8971-5448
http://orcid.org/0009-0009-9368-9022
http://orcid.org/0000-0002-1865-7540
http://orcid.org/0000-0001-8971-5448
http://orcid.org/0009-0009-9368-9022
http://orcid.org/0000-0002-1865-7540
http://dx.doi.org/10.1080/00029890.2024.2409065

