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1. Introduction

A longstanding folkloric question in harmonic analysis is to construct a measure p on
the real line that is n-adic doubling for every n, yet not doubling overall (see Section 2
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for definitions). Analogous, and similarly longstanding, analogues of this question exist
for other ubiquitous objects in analysis, such as the reverse Holder weight classes, Muck-
enhoupt A, weight classes, bounded mean oscillation (BMO) function classes, Hardy
spaces (H') and the vanishing mean oscillation (VMO) function class. These classes
have been extensively studied and we refer the reader to [8], [7], [12], [11], [15], [16], and
[18], among others, for the requisite background.

Outside of unpublished lecture notes of Peter Jones from 1978 showing that BMOsN
BMOs # BMO, the authors are aware of little progress toward these questions until
2019. (The only reference to these notes that we are aware of in the literature comes
from a paper of Krantz [14]; a sketch of Jones’s results is given, but details are sparse.)
Then in 2019, Boylan, Mills and Ward explicitly constructed a measure on [0, 1] that was
dyadic and triadic doubling, yet not doubling overall. This involved a careful re-weighting
procedure and technical calculations; moreover the result relied on number theory that
did not generalize beyond the primes 2 and 3 (corresponding to the bases 2 and 3 for
dyadic and triadic intervals). In 2022, Anderson and Hu were able to extend the Boylan-
Mills-Ward construction to any distinct prime bases p and g, which required several new
ideas. Notably, the number theory behind the bases, though elementary, was significantly
more intricate, along with the geometry behind selecting intervals on which to re-weight
the measure. Additionally, a new procedure to avoid the specific calculations of [6] was
developed. Anderson, Travesset, and Veltri extended this construction to coprime bases,
which only involved changing the number theoretic part of the construction [4]. However,
there was still a significant gap in resolving the folkloric question about measures. Here,
we tighten this gap as well as provide a wide-range of new applications for all the weight
and function classes mentioned above. Namely, we are able to extend the results of [2] to
any finite set of arbitrary bases (which includes any two bases, greatly generalizing [4]).
Moreover, our proofs use a novel interplay of number theory, topology, group theory,
measure theory, geometry, harmonic and functional analysis. Finally we make precise
an analogy to the Hasse principle from arithmetic geometry in this harmonic analytic
setting.

Our first contribution is to extend the Anderson-Hu construction to any two bases,
which relies in part on lemmas from [2] that are generalized herein, rather than the
more technical machinery from [4]. However, the main contribution is not from the more
general elementary number theory developed here, but on the interval selection used to
re-weight the measure. A key part of [2] involved showing that specific distinguished
points Y (J) on p-adic intervals J and Z(I) on g-adic intervals I were extremely close.
That is, for any € > 0 we have

0<Y(J)—2Z(I) < e[l (1.1)
While this inequality can be shown to hold for coprime bases, it does not extend to

the general two bases case; our insight is to replace Y (J) with a revolving distinguished
point ¢ that may change from interval to interval, yet still satisfies the closeness rela-
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tionship. Moreover, our new interval selection and re-weighting procedure automatically
generalizes to a finite list of multiples of the larger base. This variant shows that there
is a dyadic, triadic and 6-adic doubling measure that is not doubling, as an example,
complimenting results in [3], [15], [17], [20] [21]. In attempting to extend this construc-
tion to three arbitrary bases we discovered an observation connected with far numbers
that illustrates the limit of this construction and justifies the need for a new one. A de-
tailed number theoretic explanation that our construction would be difficult to generalize
farther is given in the appendix.

This leads to our second main contribution — constructing a measure that is n-adic
doubling for any finite list of n, yet not overall. This result generalizes all previous
described work, while using a significantly different argument.

Theorem 1.1. There exists an infinite family of measures that are simultaneously n;-adic
doubling for any finite list of positive integers ny,...,ng, but not doubling overall.

The new process involves firstly using the whole real line, instead of just [0, 1] to select
distinguished dyadic intervals on which to reweight our measure (though later on we are
able to compactify our results). This process stems from relaxing the restriction (1.1) by
adding absolute values. Namely, let o € N and ¢ < 272%, We show that inside [, a + 1]
there exists some arbitrarily large x € N such that

1 1

2¢  [elog, 2]
2 n, i

<_
2£U

for all n; in our finite list, where the brackets denote the closest integer function. In this
new construction we are choosing the sizes of each interval simultaneously, as opposed
to [2] where they are chosen independently. The proof of the existence of such an x
involves an intricate interplay of topology, number theory and geometry, and has deep
connections with Schanuel’s conjecture (an outstanding open problem in transcendental
number theory [5]).

Both of these constructions lead to our third contribution of applications to weight
and function classes. Notably, we are able to weave previous progress initiated in [2] with
both functional analysis and our new constructions to show that any finite intersection
of corresponding weight and function classes is never the whole class. We show

Theorem 1.2. Let S C N be finite. Then we have:

(1) Nyes RH;' # RH,

(2) Nnes Ap 7 Ap

3) Nyes BMO, # BMO
(4) Xpes Hy # H!

(5) Nyes VMO, # VMO
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Precise definitions of all classes are given in Section 4. All these results hold over both
R and T = [0,1]. In particular, these results hold for sums and intersections involving
two arbitrary natural numbers.

These results are different from, and complimentary to, the array of results in [15],
where the authors show that the intersection (or sum) of two generalized dyadic function
classes is indeed the full function class (see also [1] for discussion and extension of their
results). Thus, our results illustrate the subtle difference among generalized n-adic grids
for a single n and intersections of standard n-adic grids. Finally, the proofs revolve around
a construction stemming from our measure, which is modified and interwoven with key
relationships between the weight and function classes, both specifically and in a general
functional analysis sense.

We write toward a broad audience and do not assume any deep familiarity with the
techniques in [2], but rather introduce tools and concepts as we go. Several times we
simultaneously give details of intermediate steps in [2] while generalizing them, while
other times we opt for a non-technical description of steps which are essentially identical
here. Armed with this big picture, the interested reader can then refer to [2] for more
details. We include several remarks to put the wide array of results and techniques in
context, as well as to provide intuition.

This paper is organized as follows. In Section 2 we simultaneously generalize and
streamline the argument in [2] as to apply to a wider range of cases, including the general
two bases case. The next section, Section 3, begins with a connection to far numbers,
indicating that our general construction in the previous section does not generalize. From
there we outline our new construction to get Theorem 1.1. Finally, we briefly discuss the
relationship with this line of work and the Hasse principle. The final section, Section 4,
contains all the applications to weight and function classes, proving Theorem 1.2.

1.1. Acknowledgments

This research, and authors Anderson, Markman, Pollard and Zeitlin, were partially
supported by NSF DMS-2231990 and NSF CAREER DMS-2237937 (T.C. Anderson).
In addition, Markman, Pollard and Zeitlin benefited from funding from Carnegie Mel-
lon’s SUAMI program. The authors also thank David Cruz-Uribe for providing several
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2. Extension of the Anderson-Hu construction

Our main goal in this section will be to extend the Anderson-Hu construction to the
general two bases case. We first recall several definitions and set some notation.

Definition 2.1. A doubling measure p is a measure for which there exists a positive ab-
solute constant C' such that for every interval I C R we have
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n(2I) < Cu(l),

where 21 is the interval which shares the same midpoint of I and twice the length of I.
Equivalently, © is doubling if and only if there is a positive absolute constant C so that

1
— <
o<

=

(I)
@ <°

=

for any two adjacent intervals I; and I of equal length.

Definition 2.2. For a positive integer n, the standard n-adic system D(n) is the collection
of n-adic intervals in R of the form

nm ' pm

I= {E i) m,k € Z. (2.1)

For an n-adic interval I defined as in (2.1), the n-adic children of I are given by

k-1 7—-1 k-1 J .
Ij:[nm nm+l’ pm nm+1)’ l<jsn
We say that n-adic intervals J; and Jy are m-adic siblings if they are the children of
some common n-adic interval I. Note that an arbitrary pair of n-adic intervals are not
necessarily n-adic siblings.

Definition 2.3. A measure p is an n-adic doubling measure if there exists a positive
absolute constant C' so that

1 (/1)
c= 1(J2)

=

<C

for any two n-adic siblings J; and Js.

It should be noted that any doubling measure is automatically n-adic doubling for
every n € N. Furthermore, it can be quickly checked that a measure is n-adically doubling
if and only if it is n*-adically doubling for every positive integer k. Further details on
doubling and related concepts can be found in [2].

Finally, we set some notation. Given an n-adic interval I as in (2.1), we write Y (1)
be the right endpoint of I, that is

Y(I) = L (2.2)

nm nm+1 ’

and Z(I) be the left endpoint of I,,, that is
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I I

\ v, ko | T
{ * T T * \

L Y (I) Z(I) L

Fig. 1. Illustration of distinguished points Y (I) and Z([I).

2=kt n-l (2.3)

nm nm-‘rl .

as illustrated in Fig. 1.
Our main result of this section extends the Anderson-Hu construction to show the
following.

Theorem 2.4. There exists an infinite family of measures that are both u-adic and v-adic
doubling for any pair of positive integers u and v, but not doubling overall.

Our key insight in proving Theorem 2 is a new interval selection procedure to that in
[2], where the intervals that are selected will be given a modified measure, with all other
intervals given Lebesgue measure. The modified measure is an iterative reweighting,
which is unchanged from the construction of Anderson-Hu (having its genesis in [6]).
Therefore, before describing our new contributions, we begin with a description of the
re-weighting procedure from [2], in nontechnical terms, so that the reader can build
intuition without having to read [2] and also convince themselves that this procedure
will give the desired results on our selected intervals.

2.1. Description of the Anderson-Hu construction

In [2], the authors construct a measure which is p-adic and g-adic doubling for distinct
primes p and g but not doubling overall. To do this, they select an infinite family of ¢g-adic
intervals I indexed by parameters o € N. Then they re-weight the Lebesgue measure
on the g-adic children of I* to the right and left of the distinguished point Z(I%), as
defined in (2.3).

We give a description of the reweighting procedure here. Choose any a < 1 and b > 1
satisfying a(¢—1)+b = q. We reweight each interval I¢ iteratively in 2« steps as follows.
For convenience, set I = I“. First, redistribute the Lebesgue measure on the ¢ children
of I by setting

b|I all

for j=1,...,q— 1. Next, set H() := I,—1 and G .= I, and redistribute the measure
to the children of HM) and G as in the previous step. That is, set
bu(HM) ap(HD)

1
p(H®) = p

and u(Hj(l)) =
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E(2a-3) E(a-2) Ea-1) HE
aotlpa—3 aoFlpa—2 aotlpa—1 a® b
- VA
a*(g — 1) a(g — 1) q—1 1
E(a=2) Ela—1) H(@)
B
f—/%
ba“—2 a1 bao—1 a® Qo+
® Z
qott “ (g - 2) q* a“(q—2)
q°T (g —1) q°(qg—1) q¢* (g —1)

Fig. 2. Illustrated is p on the left hand side of Z. Weightings are listed in red and lengths in blue.

and similarly

_ bu(GW)

ap(GM)
u(Gi) = E (el -

a q

for j =1,...,q— 1. Next, set H®? := Hél) and G?) .= Ggl) and repeat the reweighting
procedure on H® and G from the previous step. We then iterate in this way for o

steps. That is, we set

(k) (k)
(k) (k)

for j =1,...,q — 1 and then define H*+1 .= ngk) and GF+1) .= G(lk) fork=1,...,«
as illustrated in Fig. 2.
Observe that the first « steps of this procedure give

b ||

and u(G) = =2

p(H')

_ a?|l]

> )
as calculated in [2]. Note further that the intervals H(®) and G(®) are adjacent and of
equal length. Hence, if we perform this process on infinitely many intervals I indexed by
infinitely many positive integers «, we see that there is no universal constant bounding
the ratio of p(G(®)) and u(H) for all , thus breaking the doubling property as defined
in 2.1. However, re-weighting the ¢g-adic intervals in this way preserves g-adic doubling
as the ratio of the measures of any g-adic siblings is either 1,  or g. Note here that G(®)
and H(® are not g-adic siblings, but they are adjacent g-adic intervals of equal length.
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After « steps, we now have a measure which is g-adic doubling, but not doubling
overall. To allow for a measure which is simultaneously p-adic doubling, we reverse
the above procedure on each interval I for an additional « steps. That is, for & =

a+1,...,2a we set
H &) H (k)
M(H[gk)) = ap(H') and u(H](k)) = bu(HT)
q
(k—1) (k)
q q

Observe that these additional « steps do not have any effect on the g-adic doubling
(as the ratio of g-adic intervals are still either 1, § or 2) or the failure of doubling overall
(since the measures of H (@) and G(®) are unchanged) but it does help to guarantee p-adic
doubling. In [2], the authors select intervals I so that the difference between Y (J%) and
Z(I%) is suitably bounded, where J¢ is the smallest p-adic interval containing 7*. The
reverse weighting procedure from steps a+1 to 2a guarantees p-adic doubling due to the
exhaustion procedure in [2], where the closeness of Y (J%) and Z(I?%) is key: essentially
on these scales the p-adic interval must not span too many g-adic children with differing
weights.

The existence of a family of intervals I® on [0,1] so that the difference between
Y (J*) and Z(I®) is suitably bounded, and thus the existence of the desired measure, is
guaranteed by the following Proposition.

Proposition 2.5 (Proposition 8.5 in [2]). Given any interval J C [0,1] and any € > 0,
there exists a q-adic interval I C J such that

0<Y(J)—Z(I) < el
where J is the smallest p-adic interval containing I.

The existence of such a pair of intervals in Proposition 3.5 relies on the number theory
explored in [2] which guarantees that given some sufficiently nice p-adic point of the form

£ there exists an infinite sequence of points q% such that

P
k j 1
I

If we let J = kpjl, k 7pa+p ) be a p-adic interval, then we can choose a large enough b

such that

y
qb b

) — 1 5+1
1:[&9+ )CJ
q
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and J is the largest p-adic interval containing I. This framework was extended in [4] to
allow for such a sequence of m and n-adic points with ged(m,n) = 1. Extending and
simplifying this framework is thus our starting point.

2.2. Extending the construction

Before proving our main result of this section, we first show how a simple general-
ization of [2] can extend the construction to the ¢ and ¢"p™ bases case, where p, ¢ are
distinet primes. Beginning here allows us to recall the techniques of [2] which we will
alter to prove Theorem 2.4. Due to the discussion above, the existence of a measure
which is g-adic and ¢"p™-adic doubling, for distinct primes g and p, follows immediately
from the construction of the measure outlined in Subsection 2.1 on the selected intervals
I®) and the following proposition.

Proposition 2.6. Let p and q be primes with p > q. Given any interval J C [0,1] and any
e > 0, there exists a q-adic interval I C J such that 0 <Y (J) — Z(I) < e|I|, where J is
the smallest p™q™-adic interval that contains I, for any fixed positive integers m and n.

Proof. Fix integers m,n, interval J C [0,1], and € > 0, and let J’ be the largest g-adic

interval contained in J. Say that J’ has length . As in [2] let m(p,q) denote the

W

smallest positive integer satisfying
¢! # 1(mod p™ PO+

and let Oy(p, q) denote the order of ¢P~! in (Z/p’Z)* for any nonnegative integer £. By
Proposition 2.1 of [2], when ¢ is sufficiently large there exists a constant C(p, ¢) so that

O@(pv Q) _ 1
P e

Choose a large enough integer m; so that all of the following hold

'+ C 1
m1>max{m(p’q) m, +COp.a) + }7

g—1""" p—1

m | my and — < e. Next, choose a positive integer k with

p 1(g—1)
k= l(mod(pmq")c(p’Q)H)
so that for m4 large enough we have k/(p™q™)® € J' where s = m1(q — 1)/m, and let

k—1 k_1+p77zqn
(pmqn)s’ (pmqn)s

J:
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Observe that J is a p™g¢"-adic interval of length 1/(p™¢")*~!. Indeed, if we write
k=k- (pmqn)c(p,q)H +1
for some k € Z, then

k—1 K - (pmqn)c(p7Q)+1 + 1—1 _ K- (pmqn)c(pvq)

(p™q™)s (p™qn)s (pmqr)s—1

and

k=1+4pm¢"  w-(pm¢")°PO 41 —14pm¢" k- (pmg")“PP 41

(pmq)s (pmqn)s (pmq™)s!

Also note that

k
Y(J)=——¢€J
(p™q")*
by choice of k. Since we chose p > ¢ and m; large enough, we see that Y (J) is in the
interior of J'. So, if we choose m; sufficiently large, we can make the interval J arbitrarily
small to ensure that J C J'. By Proposition 2.3 of [2], there are infinitely many pairs
ms,j € N such that
k j 1

pml(‘I*l) - qm2(P*1) o pml(Q*l)qu(iﬂ*l)

with j = —1(mod ¢q). We now choose such an mgy subject to the additional constraint
that

qmz(pfl) > 10q - pml(qfl)’

and set
- j+1l—g Jj+1
- qns-l-mg(p—l)’ qns+m2(p—1) :
By our choice of j = —1(mod ¢) we can see that I is a g-adic interval. Furthermore, we
have

J

Z(I) = qns+m2(p—1) :

We are left to show that our intervals I and J satisfy the following conditions.
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(1) Y(J) > 2(I)

To see this, we have

V) -2 = oo (- L)

1 1
- qns pml(qfl)me(pfl) )

which is greater than 0 by construction.
(2) IcJ

Let I(I) denote the left most endpoint of I. Then we have

(D), Y ()] = (D), Z(D][ + [[Z(1), Y (J)]]
q—1 1

qns+m2(p71) pml(Q*l)qm2(P*1)

o 1 .
- qns+m2(p71) q+ pml(qfl) -

7
q7ls+7n2 (p—1)

q
< -
loqns+1pms
1 < 1

(3) J is the smallest pg-adic interval containing I.

Note that Y(J) is again an interior point of I, as

1 1 1
YD =2 = <pm1(q1)qm2(p1)> = gnstma(p=1) =12, (D],

where 7(I) denotes the right endpoint of I. Furthermore, all other pg-adic intervals
with side-length less than or equal to |J| are either disjoint from Y (J) or contain
Y (J) as an endpoint.

4) Y(J) = 2(I) <elI|

This follows from our choice of my, that is:

Y(J) = Z(I) = i ( ! )

pml (qfl)me (pil)
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1 eq
S (qm2(P‘1)>

=ell|.
By the same methodology used in [2] this completes the proof. O
2.3. Proof of Theorem 2.}

In order to prove our main result of this section, we take advantage of the insight
that the methods used in [2] to show the original measure is p-adic doubling (i.e. the
exhaustion procedure) only requires (1.1) for some Y and Z. That is, that the endpoint
of some child of a p-adic interval can be made arbitrarily close to some “distinguished
point” on the selected g-adic intervals.

In [2], these distinguished points are chosen to be Y'(J) and Z(I). Given u,v € N with
u > v, in our extensions we will keep Z(I) as the “distinguished point” on every v-adic
interval I, but replace Y (J) by a “revolving” interior endpoint. As may be expected, this
makes the initial framework much more amenable to generalization.

We first generalize the number-theoretic framework developed by [2] to its full power,
and afterwards we will detail the changes which must be made to their interval selection
procedure in order to complete our extensions.

Proposition 2.7. (Generalization of Proposition 2.1 in [2]) Let p be prime and u = p* for
an integer k > 1, and let v be any integer with ged(u,v) = 1. Let further Oy, (u,v) denote
the order of v?(") in (Z/ (umZ))* for each m > 1, where p(u) denotes the Euler-totient
function. Then there exists some integer C'(u,v) > 0, such that

O (u,v) 1

um—1 wCuv) "
when m is sufficiently large.
Proof. Let m(u,v) be the smallest integer such that
v?W £ 1 (mod u™*V)+1),

This implies that there exists some Ny € {1,2,...,m(u,v)} such that

No
(v%@(u))“ =1 (mod w1, (2.4)

since by Euler’s theorem (applied to v), it is always true that

m(u,v)

(v“"(“))u =1 (mod u™w¥+1),
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In slightly more detail, recall that if v = p* then ¢(u) = p*~1(p — 1). We see
uNop(u) = pMNetEl(p — 1),

and as pFm (W) HE=1(p _ 1) = p(pFm(w0)+F) we see that such an Ny must indeed exist.
Without loss of generality, we assume that the Ny fixed above is the smallest, namely

No—1

(MW)“ £ 1 (mod u™(w+1y, (2.5)

We claim that for any ¢ > 0, we have

wNo+e—1

(v“o(“)) # 1 (mod ymwv)++L (2.6)

We prove the claim by induction. The case when ¢ = 0 is exactly (2.5). Assume (2.6)
holds when ¢ = k, that is

wNo+k—1

(Mu)) #1 (mod umwv)+h+1y, (2.7)

By raising both sides of equation ((2.4)) to u*~! we have

wNo+k—1

(v“’”) =1 (mod y™®V)+k), (2.8)

which, together with (2.7), implies that we can write

wNo+k—1

(Mu)) — )k g

where u 1 s.
Taking the u-th power on both sides of the above equation, we have

uN0+k uN0+lc—1 U
()" = ((ku)) )
= (um(u,v)-‘rk S5+ l)u

= um(u,v)+k+1 Ss4+1
%1 (mod um(“’”)+k+2);
in the last line above, we use the fact that w t s. In particular, we have used that

m(u,v) +k > 1, to show (via the binomial theorem) 2(m(u,v) + k > m(u,v) + k + 1.
Therefore, (2.6) is proved.
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With this, for any ¢ > 0 we have

wNo+e—1

(v“’(“)) + 1(m0dum(”’“)+€+1),

which implies that

_ ,,No+¢
Om(u,v)+€+l(u7v) =u0T

Rewriting m as m(u,v) + (m — m(u,v) — 1) + 1 = m(u,v) + £+ 1, as in [2] this yields
O (1, 0) = u ()=o),
and setting C'(u,v) = (m(u,v) — Np) gives u=¢(?) | as desired. O

After the next Proposition, we will have the necessary tools to generalize the interval
selection procedure, namely, Theorem 3.4 and Proposition 3.5 of [2].

Proposition 2.8. (Generalization of Proposition 2.3 in [2]) Let p be prime, and u = p*
for an integer k > 1. Let v be coprime with C(u,v) and m(u,v) be defined as above.

Then for any mq > m(/;(&’;)

and

ke {1, 14 uC@+L 1 4 0 Cluw)+l  ymip(v) _ g, Cluv)+l 1}
= {x € [1,um1“’(“)} cx=1 (mod uc(“’”)+1>} , (2.9)
there exists infinitely many pairs j and ms, where mo € N, and
je {v— 1,20 —1,...,0m2el) _ 1}
= {y € [1,1)7”2“’(“)} cy =—1 (mod v)} , (2.10)
such that
k J 1

- (2.11)

wnie®) | pmee(®) | ymie() gmae()

Proof. Note that (2.11) is equivalent to find infinitely many pairs mo and j which satisfies
(2.10) for the equation

kvmggp(u) _ jumlﬁp(v) — 17 (212)

where my > mcp(&;)) and k satisfies (2.9).

To begin with, we note that if (2.12) holds, then j automatically satisfies (2.11), which
follows by taking the modulus v on both sides of (2.12) and Euler’s theorem.
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Therefore, it suffices for us to solve (2.12) for infinitely many pairs my and j. Taking
modulus ™ () on both sides of (2.12), we see that it suffices to solve

ko2 =1 (mod ™ #()) (2.13)
where
befoe[Lume®] =1 (mod uCe 1)),
Denote
Gm, (u,v) := {m € [1,umw(u>} r=1 (mod uC(u,v)+1>} .

The solubility of (2.13) will again follow if we show that

*

(a) The set G, (u,v) is a subgroup of (Z/ (w™¥™)Z)";
(b) v¥() is a generator of the group G, (u,v).

We now show (a) and (b). To begin, we note that
P =1 (mod uC(“’”)H) ) (2.14)
such that v#(") € G,,, (u,v). This is because m(u,v) is the smallest integer such that
p# (W) # 1 (mod um(“’”)H)

and C(u,v) = m(u,v) — Ny for some Ny € {1,...,m(u,v)}. Next, it follows from (2.14)
that

(v“”(“)y € G, (u,v), VL>1,
and hence
<v“’(“)> C G, (u,v).
Therefore, both assertions (a) and (b) will follow if we can show
<v”(“)> = G, (u,v).
This equality follows from the fact that
@)

mlﬁp(’U) = umup(v)—C(u,v)—l = |Gm1 (U,U)|

which again hinges on Proposition 2.7. O
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We can now move on to generalizing the interval selection. Given the previous results,
let {pci,...,pc} be a finite set of multiples of some prime p, where we have ¢; € N for
all i € [1,k]. Now, given some v coprime to p, we can always find n € N such that
v < p" = u, and proceed to build our measure off of v, u. Also note that from this point
we will work with the finite set of n* multiples {(pc1)™, ..., (pcx)"} = {uc}, ..., uc}} (such
that ¢; = ¢I). As mentioned earlier, this will give us an equivalent result.

Theorem 2.9 (Generalization of Theorem 8.4 in [2]). There exists a collection of v-adic
intervals {1;*}¢>1 on [0,1), where oy > 1 is a positive integer associated to ¢, such that

e collection of pc;-adic intervals 1 y>1 is pairwise disjoint and contained in
1) Th llecti dic Is {Jj}e> d d d
1), where Ji is the smallest pc;-adic interval that contains or all i € |1, k|.
0,1 here J; is th llest d t [ that t I ll 1,k
In particular, the collection {I;*}o>1 is also pairwise disjoint;
or each o > 1, € N, there are only finitely many £ > 1, such that oy = «;
2) F ha>1 N, th l itel {>1 h that
(3) For each > 1,

0< ¢ (Ji) = Z (Ig) < g~ | 13| (2.15)

where C(Jé) is an interior endpoint of some child of Jéi, Note that since Jé is the
smallest pc;-adic interval which contains I, condition (2.15) in particular guaran-
tees that the right endpoint of I, is to the right of ¢(Jh.

Remark 2.10. As mentioned above, the measure created via this method will always also
be v and p-adic doubling, and if we let ¢; = 1 such that Jel is our largest p-adic interval
containing I;*, then ((J}) will always equal Y (J}).

As before, this theorem’s proof relies on a generalized Proposition 3.5 of [2] (Propo-
sition 2.11 below); however, while in the original construction the work was essentially
done after the proof of Proposition 3.5, we have to take more care. After the proof of
the following proposition we will go into more detail regarding how our intervals are to
be selected.

Proposition 2.11 (Generalized Proposition 3.5). Given any interval J C [0,1] and any
e > 0, there exists a v-adic interval I C J such that

0< ()~ Z(1) < el
for all integer i € [1,k], where J* is the smallest pc;-adic interval that contains I.

Remark 2.12. Note in particular that we do not require J* C .J (or even J* C [0,1]) —
however we will necessarily have I ¢ J and I C J*.
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Proof. We start with fixing an interval J C [0,1] and some ¢ > 0, and we let J' be
the largest v-adic interval which is contained in J with sidelength 1/vt/1. We choose

t1 > max{

m(u,v)
p(v)

th } and —L— < ev, and we choose

k = 1(moduC®)+1)

and note that choosing ¢; large enough we can find a k such that ;s € J'. Fix such

a pair of ¢; and k, and let tW(U
g k—1 k4+u-—-1
’ utre(@)’ tie(v)
We then have
V()= s
and J C J' C J due to the choice of ¢; and the fact u = p" > .
Note that
k ke, 1120
ute® ~ (uc)he®)
is also the endpoint of some uc}-adic interval. It follows, writing
kc;tup(v)
in lowest terms, that there must exist some y € [1,uc; — 1] such that ,;%;:; is the

(
right endpoint of the y*" child of some uc/-adic interval J?, denoted ((J?) — for example

kc/fltp(v)

Tacyie® is in lowest terms (which occurs when u, ¢} are coprime as u { k), then ¢(J?)

will be the right endpoint of the y** child of

if

_ kc{tw(v) —y kc{tlw(v) —y+ud,
P = T dyme® T (e )

Henceforth we will let J* denote the smallest uci-adic interval such that ¢(J?) is the
endpoint of the y"* child.
By Proposition 2.8, there exists infinitely many pairs t; € N and
j = —1(modwv)

such that
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k j 1

utre(v) N ptze(u) - utrp(v) ytap(u) (216)

We choose such a pair t; and j, with to sufficiently large such that

v—1 1 . 1

v T gnegae@ < ik { (ucg)tw(m} (217)
and let

j j+1—v j+1
T ptee(w) 7 gtze(u) |
such that
__J
Z(I) = gl

We now proceed to check items (1) through (4) in the proof of Proposition 3.5 of [2],
and in doing so complete the proof.

(1) The inequality ¢(J%) > Z(I) follows because ((J) =Y (J) > Z(I) for all i € [i, k].
(2) To show I C J?, consider

(D), ¢TI = (D), Z(D)] + |12 (1), ¢ (T

_v—1 1
- thS"(u) utlﬂo(v)fuﬁ(c*l)
1

< (ucg)twp(”

< [T, <IN

by our choice of to. Explicitly, this tells us that I(I) > [(J?) and Z(J?) > ((J?) > Z(I)
which gives r(J%) > r(I), so we do have that I C J* for all 4.

(3) As before I contains ((J?) as an interior point (this is obvious considering just I, .J),
so indeed J* must be the smallest uc}-adic interval containing I.

(4) The inequality ¢(J*) — Z(I) < ¢|I| again follows exactly as before by our choice of
t1, as

() — 2(1) = — J___ ! < EU)=£|I|. o

ut1e(v) B ptae(u) ut1p(v)ytae(u) ptae(u

With the proof complete, we can detail the additional complications that arise when
applying the above result to prove Theorem 2.9.
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To begin, consider uc; such that u,c; are coprime, where

. kc;tuo(v) _y kcgtw(v) oyt ucé)

(ucg)tlw(v) ’ (ucg)tw(“)

Recalling that ((J%) = Y (J), we see that it is possible that such a J* could possibly
extend to the left of [(J) (for example this may happen if ((J%) = Z(J%)).

In the application of Proposition 3.5 to Theorem 3.4 in [2], the authors began by
choosing p-adic intervals, and then selecting J, and I;** within each of these intervals.
We also want to begin by choosing p™-adic intervals, but if we choose our intervals
carelessly (not paying attention to the initial J in which our interval selection begins)
it seems possible that one of our JZ could intersect some J7, and the corresponding Iy,
which would be problematic.

To avoid this, we note that for wu, ¢, coprime, J* will always have total length less
than J; thus it suffices to choose u-adic intervals J at least twice their length apart. In
other words, if we choose to find J; and I, within a u-adic J of length u=?, we would
want our next .J’ to be at least «~% units right of 7(J). As we can make all of our
intervals arbitrarily small, this can clearly be accomplished (an alternate way to look
at it is that, given our largest J has length u=%, d can clearly be chosen such that
20~ + 2072 + 2473 + ... = —2 becomes arbitrarily small)

Now we deal with the case where u,c, are not coprime. As alluded to earlier, the
trouble here is that we a priori don’t have any bounds on the size of J* chosen within an
arbitrary J. However, if we choose an uc/-adic point contained strictly inside an uc/-adic
interval J;, then this ucj-adic must be the endpoint of some descendant of Ji.

With this insight, we choose our intervals as follows:

(1) choose a sequence of u-adic intervals Ji, spaced apart as described above

(2) begin with the least ¢} not coprime to u, and choose some ucj-adic interval contained
within each .J, (for all £) — denote this interval jl%

(3) repeat this process for the next largest c;» not coprime to u, choosing some uc}—adic

interval contained within each .Ji denoted .J
(4) iterate steps (2) and (3) until there are no more ¢; which are not coprime to u
(5) let ¢,

w

denote the largest ¢} not coprime to u, such that we end up with infinitely
many disjoint ¢/ -adic intervals J*

Choosing t; large enough, we can always find Y (J;) = ((J}) contained within each of
our J;w, and by the reasoning given above, all of our ucj-adic intervals J, ; will be disjoint,
and each will be the largest uc-adic interval containing our v-adic interval I, as desired.
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From the comments in the introduction in [2] and from a careful reading of those
results, we verify that we have generalized all steps needed to prove Theorem 2.4. Indeed,
the construction of the measure by re-weighting the chosen intervals is the same as [2]
(and as described above) once we have selected our intervals 1(®). Therefore, the proofs
that this measure constructed on the chosen I® is not doubling but is v and v-adic
doubling remain carry through without change.

3. A new construction for any finite list of bases: interplay of number theory, topology,
and analysis

We begin by giving some intuition as to why the construction given above fails to
admit a generalization to arbitrary finite lists of natural numbers. While details are
outlined in the appendix, essentially it relies on the properties discussed in [2] and [3].

Definition 3.1. (Definition 2.7 in [2]) A real number ¢ is n-far if the distance from ¢
to each given rational of the form k/n™ is at least some fixed multiple of 1/n™, where
m >0, k € Z. That is, if there exists C > 0 such that

5

nm

k
‘ > n% Ym >0,k € Z. (3.1)

where C' depends on ¢ but is independent of m and k.

With this definition in mind, we now attempt to extend the framework of [2] in the
setting of primes p and ¢, to the setting of three distinct primes. Naively, given three
distinct primes p, ¢, and r one might try to extend the construction in [2] by finding a
p-adic interval J, and a g-adic interval J, which are the largest p and g-adic intervals
(respectively) containing some r-adic interval I, and simultaneously satisfy

Y (Jp) = Z(1;) < ell;|
and
Y (Jq) = Z(I) < ell,]

for some given arbitrarily small € > 0. Observe that all p-adic points contained in (0, 1)
are ¢-far, and similarly all g-adic points contained in (0,1) are p-far. More concretely,
if we have Y (J,) = z% and Y (J,) = # for some k,j,m,n € N, then it can be easily
verified that [Y'(J,) — Y (Jg)| > s (see [1]). The triangle inequality then yields

Y (Jp) =Y ()| <Y (Jp) = Z(I:)| + Y (Jq) — Z(1)| < 2e|L,

such that anm < 2¢l|I,| for any arbitrarily small e. This would imply that at least one
_ 1Jpl

J
of q}n, = ‘Tq or 1% = “F was of order much smaller than |I.| = rlk for some k£ € N.
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Recalling that we would want J,, J, to both contain I, this seems inherently problematic,
and motivates us to try and find a new approach in order to select intervals which are
sufficiently “close” for multiple primes. This new approach is outlined throughout the
rest of this section.

Theorem 3.2. Let {n1,...,nt} C N be a finite set of natural numbers which are not
powers of 2. Then, there exists an infinite family of measures which are n;-adic doubling
for all i but not doubling overall.

Note that for technical reasons, we will always exclude the set of bases that only
consists of 1 € N, otherwise we would tautologically claim the existence of a measure
that is both non-doubling and doubling.

Remark 3.3. It suffices to assume that no n is a power of 2 because we will construct
a dyadic doubling measure, which is equivalent to a 2™-adic doubling measure for each
n € N. We choose to make it dyadic doubling only out of convenience to guarantee the
proper containment relations from the intervals that will be constructed.

By a careful reading of [2], in particular, Sections 5 and 6 (and as discussed in Section 2
here), it suffices to find an infinite family of disjoint intervals I®) (with a € N), where
each contains a dyadic interval Iéa) satisfying (1.1). Namely, for all 1 < i < m we want

that

V(1) = Z(I{™)] < 27100 5]

i

) is the smallest n;-adic interval in 7(®) containing Iéa). We will construct our

where I,(Lf‘
measure through dyadic intervals and apply the weighting procedure from Section 4 of
[2] (and outlined in Section 2 here) to these intervals. Then, we get a measure which
is dyadic doubling and n;-adic doubling but not doubling overall. However, as related
above, guaranteeing the closeness relationship is problematic. Therefore, we will permit

a key relaxation of (1.1) by allowing
Y(IE) - 2| < 27|
rather than trying to get
0< YD) - Z(I{M) < 272 1{"].

As discussed in Section 5 and 6 in [2], this bound on the absolute value is all that is really
needed. Indeed, the same proof holds just with us having to switch directions in running
through the outlined exhaustion procedure; the authors in [2] choose the specific interior
points to be in the given orientation for number theoretic purposes. Our replacement for
this stems from the closeness relationship below.
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Lemma 3.4. Let {n1,...,n} C N, o € N and ¢ = 27192 > 0. Then, there exists
infinitely many x € N such that for all 1 < i < k that

1 1

9w [zlog,,, (2)} Sfo

n;

(3.2)

The significance of the a here is that in the measure construction we will choose our
x such that e = 271000 << 2729 just as done in [2].

Remark 3.5. Upon showing the existence of such an & we can construct dyadic intervals
I$ in [o, +1] such that if J& is the smallest n;-adic interval containing I§' then |Y (J&) —
Z(1$)] < €|I§| which is sufficient to guarantee the existence of a measure which is dyadic
doubling and n;-adic doubling for each n;. Alternatively, we could construct this measure
on any n-adic intervals where n is at most the smallest of our list of natural numbers
with only minor modifications in the proofs below.

Proof. Re-arranging Equation (3.2) is equivalent to finding values of x so that

R
[210g,,, ()] c

i
for all 4. Note that the orbit of rationally independent points (61, ...,0,,) € T™ under
multiplication by an integer is dense in T™. It is an open problem as to whether

S = {log,, ()1 <i <k}

is a rationally independent set — this is equivalent to asking whether {m;m [1 <i<k}is
rationally independent, which the Schaunel conjecture (if true) would imply. Hence we
will consider two cases without casting any aspersions on the validity of either case.

If S is rationally independent, then the orbit of these points is dense in T*. If the set
S is rationally dependent, then the orbit under the Z-action will be dense in some linear
subspace of T* (as proven below in Proposition 3.6).

Thus in either case, for % > § > 0, there exist infinitely many z such that
{zlog,. 2}| < ¢ and given ¢, we can pick 0 small enough such that |1 — n| < e.

For any such x we then get that

2 +5
1—m S’lfnl ’<€ O

g

Proposition 3.6. Let {61,...,0;} C R\ Q be rationally independent. Then, the orbit of
(01,...,0k) under the action of 7 is dense in some linear subspace of T*.
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Proof. Because 61, ...,0; are rationally independent there is some minimal Q-spanning

set. Without loss of generality say

{917 . 79k} - SpanQ{Hl, .. .,Hj}

with j < k and 64, ...,0; rationally independent. Consider the linear subspace
01 0 0
0 0 0
0 0 0
V := Span : , : e : ZF C T*.
pang 4 g 0 o, | (/2" S
041 0j+1 01
9.]{ e.k ék
We aim to show that the orbit of (6y,...,60;) is dense in this j-dimensional subspace

V C T*. Take (21,...,2x) € V and £ > 0. Since (61, ...,0;) is rationally independent,
the Z-orbit is dense in T7. Hence, there is some 2 € Z such that for all 1 < § < J we
have |z; — 26;| < & where

J
C:j:{%zzk{@“ fe=nh *'“”ﬁﬂ}'

This constant is well defined because 61, ..., 6; are rationally independent, so for each
0, with € > j, there are unique 71, ...,7; such that 6, = r16; 4+ --- 4+ r;0;. Then, for all
j+ 1<t <k we get that

Tp=7rT1T1+ -+ 7575

and
Op = 1101 + -+ +1;0;.
This gives
J c J
e — x| = ; 7l s — 28] < 5(; Iril) <.
Hence, for each (z1,...,z;) € V we have an x € N such that

(@b, ..., 20k) — (21, .., 2k)||o < &;

thus the Z-orbit of (6, ...,0}) is dense in T*. O
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Remark 3.7. If the Schanuel conjecture [5] were true then {log, (2)|1 < i < k} would
be rationally independent and thus we could guarantee that the orbit would be dense in
the torus. Hence, we would be able to choose points in the orbit in any neighborhood of
0. In particular we could guarantee that {xlog, (2)} < % and arbitrarily close to 0. we
could then choose x such that [xlog, 2] = |xlog, (2)] giving

1 < 1
oz 1
2 n[x 0g,, (2)]

K2

for all n;. this would guarantee that the intervals we construct would have Z (1. 2(a)) would
be to the left of the Y(Iy(fi‘)) for each n; which would mimic the construction in [2].
This alignment would give a nice interpretation as to why the original number theoretic
construction of [2] does not carry over in this setting. Explicit details related to this are
given in the appendix. The relationship to the Schanuel conjecture connects many areas
in our setting.

Now, we prove Theorem 1.1.

Proof of Theorem 1.1. We begin by selecting the collection of intervals on which to alter
our measure. For each o € N find a requisite x as constructed Lemma 3.4 for ¢ := 271002,
Then, define

1
Iéa) = {a,aJr 2x—1>

and

I =

1
@ ot [mlogni@)]l) :
n.

7

This gives
Y (1) — Z(I{M)] < el 1),

Hence it suffices to show that for all n; we have the containment Iéa) C I,(L?) as the prox-
imity of Y(Ir(f)) and Z (Iz(a)) guarantees that this is the smallest such interval containing
it. We enclose a picture of what nested n-adic intervals would look like for n = 2, 3,5,6 in
Fig. 3. Set the following notation: for an interval I = [a,b) C R, let [(I) = aand r(I) = b
denote the left and right-most endpoints of the closure of I, respectively. Containment
follows from looking at the relative position of the endpoints. Indeed, Z(IQ(O’)) = l(L(ff )
and we will show that

r(Ii) = a+ny
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is to the right of
T(I(Q)) =a+2z
2

where y = m and z = 2% Because n; > 2 we have that
n;

(1) = r(I$) = (n; — 2)y +2(y — 2) > 0

as 2(y — z) > —2¢ez and € is much smaller than n, —2 > 1.

As discussed earlier, one can follow the procedure in Sections 4, 5 and 6 of [2] to get
the main result. In particular, the proof of n-adic doubling for each n is essentially the
same as in [2] but with some of the details slightly changed. First off, the “trivial” cases

of finding the ratio for % for children of the n-adic interval J containing 12(a)
J2

exact same in this case{i(
In the other cases, the proof is slightly different. This is because Y(IT(LO‘)) may be to
the right or the left of Z(I{*)). We run through these cases.
Suppose that J = I,(La) for some n € N and large enough «. Let Jy, ..., J, denote the
n-adic children of J. First, suppose that Y (J) > Z(I) where I = Iéa). In that case we

get that

are the

=1Vj,52 € {3,...,n}

as on those intervals we’ll just get the Lebesgue measure as they are outside of I.
Then, for J; for : = 1,2 we get

all

W< uimy <
and

b|I

% < u(Je) < 21|

=1Vj17j2€{4,...7n}

as on those intervals we’ll just get the Lebesgue measure as they are outside of I. Then,
for J; for i =1,2,3 we get

and



26 T.C. Anderson et al. / Journal of Functional Analysis 287 (2024) 110573

Y (Is)
0 Yls)  2(1) Y(Is)
Fig. 3. I, I3, ..., I,. Not to scale.
blI
U < wmy <
and
all| 31|
— < < —.
4 u(Jsz) < 9

The case discussed above is the only one that is essentially different (and only in a
small way). When it comes to the exhaustion procedure most of the details are then
identical with the exception of replacing p by n. Thus there exists a family of measures
which is n;-adic doubling for each n; but not doubling overall. 0O

Now, with an eye towards applications, we will compactify the construction of this
measure. That way we will get applications to weight and function classes over compact
sets.

Here is the adjusted procedure. Given an initial « take an x such that

2710001

29:

1 1
27 B n[x log,, 2]

Then, we choose

(@) _ 1 (@) _ 1
I, = [0, 21_1> and I, = |0, Clos, 21 )

We keep the same re-weighting procedure on IQ(O‘) but with the exception of re-weighting

the first step as follows: give the interval [0, 5] the weight 1, the interval [5, 5]

with the weight a, and [55, 57=1] the weight b — 1. Then for each successive iteration go

back to the original re-weighting procedure of multiplying by b on the right half and a

on the left half. Then for any successive « take x such that

2—100a

2@ 7

1 1
2¢  plrlog, 2]

with z sufficiently larger than the z associated to the previous a. This can be done
since there are infinitely many z of this form associated to this a.. This re-weighting still
provides us with a measure as we still get

S
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“r{om]) (e w]) oo ]
{
1 (2%) + (a) (2—1+1> T+ -1 (2i> =t

Repeating the same procedure then compactifies the measure to [0, 1], which is n-adic

doubling for all n in our list but not doubling overall.
3.1. Obstacles to extending to an infinite set of bases

It remains an open question to construct a measure that is doubling on an infinite set
of bases, yet not doubling overall. Though certain topological considerations do extend
(see the Appendix), in attempting to solve this question we run into a key obstacle. This
is because the constants chosen to ensure doubling cannot be made uniform under the
given exhaustion procedure in [2]. In particular, all of the constants for n-adic doubling
depend on N = [log, n] + 1 which becomes arbitrarily large, so we cannot “exhaust” all
n-adic children (in the language of [2]) for infinitely many n uniformly. This indicates
a logarithmic growth in the doubling constant, dependent on the base n. Making this
constant uniform does not seem possible under this construction.

3.2. Relationship to Hasse principle

Finally, we comment about an analogy of our progress toward a Hasse principle. In
general terms, the Hasse principle states that if a system of equations has a solution
mod p for all primes p and a real solution (which can be viewed as mod p., or the prime
at infinity), then it has an integer solution. In [2], we introduced an analogue of the Hasse
principle with the “solution mod p” being replaced by “p-adic doubling” and an “integer
solution” being replaced by “doubling”. Thus, being able to construct a measure that is
doubling for all primes yet not overall would be an analogue of the Hasse principle in
this harmonic analysis setting. Here we amplify this analogy by additionally connecting
the existence of a real solution to our setting. In our setup, the real solution corresponds
to the measure being doubling on any interval around 0. Since 0 is never an interior
point for any n-adic interval, capturing the behavior of intervals containing 0 cannot
be done by the n-adic framework and needs to be considered separately, just as real
solutions do for the Hasse principle. Indeed, the failure of doubling for our examples
stems from intervals not including 0, so all of our measures on R satisfy doubling “at 0”.
Interestingly, in the next section we show that for the function class VMO, the infinite
intersection of m-adic VMO is never equal to the full VMO; however in this example,
the failure occurs around the point 0 (and thus this example would not show the failure
of the Hasse principle, since there would be no “real solution”). Either finding a new
construction or showing one cannot exist to demonstrate or break the Hasse principle in
this setting would be an exciting development.
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4. Applications

We are now ready to show a variety of applications to weight and function classes. We
begin with definitions and short remarks, segway into an observation about the VMO
function class involving infinite intersections, and closing with the proof of Theorem 1.2.

Let w,, be the weight associated to the measure 1 in Section 4, that is

w(l) = /w#dx, for any interval I.
T

Definition 4.1. Let 1 < r < co. We say w € RH,., the r-reverse Hélder class, if
1/r
fwr < C’][w
I I

for all intervals I, where C is an absolute constant. Moreover, we say w € RH; if
w € RH, for some r > 1, that is

RH, = U RH,.
r>1

Definition 4.2. Let 1 < r < co. We say w € RH? if

1/r
][wT SC’][w
P

P

for all p-adic intervals P, where C is an absolute constant and w is p-adic doubling.

Definition 4.3. Let 1 < r < co. We say a weight w € A,., the Muckenhoupt A, class if
r—1

sup fw(z)dx ][w(x)%dx < 00

I
I I

where the supremum is taken over all intervals I. Moreover, we say w € A, if w € A,
for some r > 1, that is

A= J Ar.
r>1
Definition 4.4. Let 1 < r < co. We say a weight w € AP if

r—1

sup ][w(ac)dx ][w(:c)r%lldx < o0

P
P P
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where the supremum is taken over all p-adic intervals P. Moreover, we say w € A if
w € AP for some r > 1, that is

A = ] Az

r>1

Definition 4.5. We say a function is in BMO if and only if

IIfllBmo = Sl}p][If—][ﬂ < oo
I I

where [ is any interval and fI gives the average over I with respect to Lebesgue measure.
A function is similarly in BMO, if and only if it satisfies the above condition when
restricted to p-adic intervals I.

The class VMO, or functions of vanishing mean oscillation, was introduced by Sarason
on the torus [18]. However, Coifman and Weiss [9] modified Saranson’s definition when
they extended it to the real line so as to have a duality relationship with the Hardy space
H' (see discussion below). We list the definition on the real line first.

Definition 4.6. A function f in BMO(R) is said to be in VMO(R) if it satisfies the
following conditions:

(1) lims—osupy,zj<s f; 1f — £, f1 = 0;
(2> limpy 00 SUPr:|11>N f] ‘f - JCI f‘ =0; and
(3) Uimp— o0 SUP;.1np(0,R)=0 f7 |f — £ F1 = 0.

where B(0, R) is the ball centered at zero of radius R.

With this definition, VMO is the closure in the BM O norm of the class Cy (continuous
functions with compact support). The definition on the torus is the same, but without
the second and third conditions.

Definition 4.7. A function f in BMO,(R) is said to be in VMO,(R) if it satisfies the
following conditions:

(1) lims—o SUPr:|11<6 JCI |f - f] fI=0;
(2) limpy 00 SUPr.|1|>N f] ‘f - f[ f‘ = 0; and
(3) limp oo SUPr.1nB(0,R)=0 f] If — f[ fl=0,

where I is always a p-adic interval.

We will also work with the Hardy spaces H' and n-adic Hardy spaces H,}. The classical
Hardy space H' is a subspace of L', and has several useful and equivalent definitions.
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We refer the reader to [13] for a description of these spaces. Since we will not be using
the particulars of the definitions and only duality in our proofs, we will content ourselves
with using the duality relationships as a definition. Note that with Hardy spaces we use
sums instead of intersections; this can be seen as stemming from the role of the maximal
functions in the definitions.

We will make use of the following duality relationships shortly.

Proposition 4.8. The dual of H' is BMO, and the dual of VMO is H'. That is

(1) H* = BMO
(2) VMO* = H'.

These hold true both on R and T. They also hold in the n-adic setting.

The proof of H! duality is due to Fefferman-Stein [10] and VMO duality is due to
Coifman-Weiss [9].

We first show, via a simple construction, that the infinite intersection of the n-adic
VMO spaces on the real line is never VMO. The structure of VMO permits such a
claim, showing how different it is from the other function classes.

Theorem 4.9. (), .n VMO, # VMO

Proof. Define f such that:

ﬂ@:{Qx<0

1,z >0

We observe 0 is an endpoint of all n-adic intervals. So, when restricting to n-adic intervals,
f will be constant and thus VMO, for all n € N. We show lims o supy. <5 f; |f—f; f >
0. Fix 6 > 0 to be arbitrarily small. Then let J be the interval (—r,r) such that |J| < d.
Noting that f, f = 5 [, f = %, we compute:

ffrO |0_%|+f0r|1_%| 1

swp FI5= o1z f 18- f 1= ent75 _1

I:|I|<6 2r 2
T I J J

Since this estimate holds as § — 0, then f ¢ VMO. O

Remark 4.10. The exact same proof also shows that for any finite set S C N that
NnesVMO,, #VMO.

Now we can prove Theorem 1.2. This proof includes an alternative proof of the VMO
result in the above remark and actually much more, since it uses a much more expansive
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framework. Indeed this proof ties all the weight and function cases together with the
measures constructed earlier via a functional analysis framework.

Proof of Theorem 1.2. We construct the function w, to be the weight associated with
our measure /i, defined at the top of this section. Then w, € U,,cg RH;", and w, ¢ RH,,
by the remarks in the introduction and the fact that the construction of the measure
is the same as in [2]. Note that the proof of this result for two distinct primes appears
in the final section of [2], including carefully computing bounds on the reverse Holder
constants. The computations therein only rely on the construction of the measure, and
the exhaustion procedure, and as these remain unchanged, the proof also follows through
in this setting. We leave the details to the interested reader. Thus, RH Z .4 RH".

We select our r such that max,cg 1 — 1113_3 < 1 < 0. By replacing all instances of r
in the reverse Holder weights case with %, we get an identical argument, such that
Ar Z(,es A7 See [2] for details.

We then apply the fact that for any A, weight w, log|w| € BMO (the same holds in
the n-adic case). Let f(x) = logw, (). Since w, € (), cg A7, we know f € (), cg BMO,,.
We then apply an identical argument to [4] to observe that w, ¢ BMO. Observe that
our measure construction differs slightly from [4], but not in a way that substantially
alters our proof. In particular, we get that ||f|[prm0 > § log % Since a can be made to
be arbitrarily large, we get that || f||paro is unbounded. Also in a similar manner as [4],
we see that f ¢ BMO,, for any n € S.

Now to show the Hardy space result we use duality. A standard theorem from func-
tional analysis says that if X, X1,..., X,Y,Y7,...,Y, are Banach spaces with X* =Y
and X, =Y;, and if Y # N;Y;, then X # >, X;. We apply this result first with X = ot
X;=H}, Y = BMO and Y; = BMO; to conclude that

> H) #H.

n; ES

Note that the functional analysis result also holds under the following modification: if
Y # 3, Y;, then X # NM; X;. We then apply this functional analysis result for a second
time with X = VMO, X; = VMO;,Y = H', and Y; = H} to conclude that

> VMO, #VMO.

n; €S

These results hold on R and T since duality is the same in both cases, and we gave a
compact version of our measure, originally defined on R, in Section 3. O
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5. Appendix: description of necessity of new construction and intermediate lemmas
5.1. Number theory behind need for a new construction in Section 3

Here we show, given points k;/p;"* for primes p1, ..., py satisfying the criterion estab-
lished in [2], there is only a finite number of g-adic points j/¢™ such that
k; J 1

p;ni qn - p;niqn

for all i. In [2], it was shown that there are infinitely many ¢-adic points qi satisfying
the inequality above for a single prime p;, which guaranteed the existence of at least one
g-adic interval sitting completely inside of the chosen p-adic interval. As the existence
of such a g-adic interval was necessary for the construction of the measure in [2], the
number theory process developed in [2] and [4] would be difficult to generalize to more
than two bases.

The main criterion for interval selection in [2] is that inside any interval J and a
chosen € > 0 we can choose a g-adic interval I C J such that 0 < Y (J) — Z(I) < ¢|I|
where J is the smallest p-adic interval containing I. Now, in order to generalize the
construction of this measure for finitely many primes (and then finitely many natural
numbers altogether) we want to be able to select a g-adic interval I inside any J such
that 0 < Y'(J;) — Z(I) < e|I| with J; denoting the largest p;-adic interval containing I
for any collection of primes p; > ¢. In Proposition 3.5 in [2], the method for constructing
these intervals is to start with a p-adic interval J defined by Y (J) = 1% and k = ¢/(P—1
mod p™. The authors assume k = ¢~V mod p™ for the convenience of applying their
number theoretic results. From there, they construct an infinite sequence of n and a
corresponding j for each n such that

1

so by choosing P

< eq and n they get that

j—q+1 541 - k—1 k—1+p
g ¢" )~ Lpm pm '

The difficulty in extending this number theoretic procedure is then due to the need to

find infinitely many solutions n to a system of equations. That is, if given

Y(Jh) = 1% and Y (J2) = Z%
1 2

with k; = ¢ P =D®2=1) mod p"* and ky = ¢"2P1=D®P2=1) mod pi** (the proper ana-

logue to the k = ¢!(P=1) criterion) then if
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k j 1

1711 - % R (5:1)
and

ky 1

py? 4" pyPa
solving for j gives

kgqnfl - ]flqnf].

p5” Py
S0
ko k1 n 1 1
(W_W)q e
and thus

n =lo —pvlnl — P
— = k)

Since q, p1, p2 are fixed primes, and the remaining variables on the right-hand side of the
equation above are fixed by the intervals J; and Jo, there is at most one integer solution
n satisfying the equations (5.1) and (5.2). From our discussion above, we see that the
argument in [2] cannot be directly extended to more than two prime bases.

5.2. Topological lemmas

Proposition 5.1. Let T := T¥ denote the countable direct product of the torus R/Z.
Then T“ is metrizable and in particular the induced product topology is equivalent to the
topology generated by the metric

|7k — Y
o) = 3120
k=1

Proof. This metric is likely well-known — we found it in [19]. There the fact that the
open balls from this metric are equivalent to the product topology on T* is presented
without proof. For completeness, we give a proof.

First, let z € T“ and € > 0 and take the open ball B.(x) under the metric topology.
We show that we can find some open set under the product topology which fits inside

B.(x)., by taking the open intervals inside the first n tori such that "zi < ¢ with the
2i

n+51 .

Next, take some open set under the product topology. These are going to be a count-

open ball |z; — ;| <

able union of finite products of open sets as these form a sub-basis of the product
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topology. Hence, it is sufficient to consider finite products of open sets. That is, we
want to show that given some U = U;, x ---U;, where U;, is an open set of the i;h
copy of T we can find an open ball B.(z) C U. Suppose without loss of generality that
U= B, (1) x -~ x B, (x). Then, choose y € U and J > 0 small enough such that if
|z —yi] < k%‘sl then |z; — x;| < g; for all 4. Hence, Bs(y) CU. O

Proposition 5.2. Suppose S C T% has the property that 0 is a limit point of S inside any
finite torus. Then, 0 € S.

Proof. Consider B.(0), the open ball of radius € under d. We show that there are in-
finitely many points of S inside B.(0).

Take n such that ";;1 < &. Then, by the hypothesis there exists infinitely many points

of z € S such that |z;] < 2t nil for 1 <i<n as S is dense in any finite torus. Thus, for

the chosen z we get

n &S] [eS)
€ 2] € |2
d ,O < 2 — < n—- -
=1 1=n-+1 1=n—+1
<n +i <n c + = =€
n+1 2 n+l n+1

Hence we have infinitely many points inside this ball so we have that 0 is a limit point
of S inside the infinite torus. O

Remark 5.3. In effect all we are using in these two lemmas is the existence of a metric.
We do not need to explicitly use the one given, only the triangle inequality.
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