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Position Regulation of a Conductive
Nonmagnetic Object With Two Stationary
Rotating-Magnetic-Dipole Field Sources

Devin K. Dalton , Member, IEEE, Griffin F. Tabor , Member, IEEE, Tucker Hermans , Senior Member, IEEE,
and Jake J. Abbott , Senior Member, IEEE

Abstract—Eddy currents induced by rotating magnetic dipole
fields can produce forces and torques that enable dexterous manip-
ulation of conductive nonmagnetic objects. This paradigm shows
promise for application in the remediation of space debris. The in-
duced force from each rotating-magnetic-dipole field source always
includes a repulsive component, suggesting that the object should
be surrounded by field sources to some degree to ensure the object
does not leave the dexterous workspace during manipulation. In
this article, we show that it is possible to fully control the position
of an object in a workspace near the midpoint between just two
stationary field sources. A given position controller requires a low-
level force controller. We propose two new force controllers, and
compare themwith the state-of-the-art method from the literature.
One of the new force controllers is particularly good at not induc-
ing parasitic torques, which is hypothesized to be beneficial for
future tasks manipulating and detumbling rotating resident space
objects.We perform experimental verification using numerical and
physical simulators of microgravity.

Index Terms—Manipulation planning, motion control, space
robotics and automation.

I. INTRODUCTION

S IX-DEGREE-OF-FREEDOM (6-DOF) manipulation of
electrically conductive, nonmagnetic objectsmade ofmate-

rials such as aluminum is possible usingmultiple staticmagnetic
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field sources generating rotating dipole fields with controllable
speeds about controllable axes [1]. Such magnetic field sources
can be omnidirectional electromagnets or robot-positioned ro-
tating permanent magnets [2]. The method works by using
dynamic magnetic fields to induce eddy currents in an ob-
ject, which in turn interact with the applied magnetic field
and induce forces and torques on the object. We focused our
force–torque modeling and initial manipulation experiments on
conductive spheres [1], which we hypothesized could serve as
first-order approximations for other objects. We then actively
adapted the radius and conductivity of the spherical model
based on the observed object motion to enable manipulation of
unknown and nonspherical objects [3]. We found that each field
source always generates a repulsive force component, regardless
of any other force and torque components, with the result being
that position control of an object requires at least two field
sources [1]. In our most recent contribution on this topic, we
showed that two or more fields sources working together in a
purely open-loop fashion can pull an object, from a limited set
of initial conditions, into the central workspace between the field
sources [4].
We are primarily interested in applications of this phe-

nomenon in the microgravity environment of space, for which
eddy-current-based actuation has received substantial attention
in recent years. The motivation for eddy-current-based actu-
ation is the reduction of the chance of destructive collision,
compared to traditional contact-basedmethods, with engineered
space objects that contain large quantities of aluminum [5].
Importantly, the relatively weak induced forces and torques of
the eddy currents are potentially sufficient in microgravity, as
they need not overcome the object’s weight or other distur-
bances. The induced accelerations may be small, but long time
scales may be acceptable for certain applications in space. Prior
work in eddy-current-based actuation for space applications has
largely considered detumbling of objects using static magnetic
fields [6], [7], [8], [9] or rotating Halbach arrays [10], [11]. This
work has been motivated by the remediation of space debris,
which is a major problem facing humanity [12], [13]; this is our
primary motivation as well. Other prior work in eddy-current-
based actuation has considered the use of rotating magnets [14],
rotating Halbach arrays [15], or electromagnets [16] housed
within a robotic spacecraft to enable it to traverse the exterior of
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Fi g. 1. S c h e m ati c d e pi cti n g t w o st ati o n ar y r ot ati n g- m a g n eti c- di p ol e fi el d
s o ur c es t h at cr e at e e d d y- c urr e nt-i n d u c e d f or c es o n a c o n d u cti v e n o n m a g n eti c
o bj e ct t o c o ntr ol its p ositi o n.

a l ar g er c o n d u cti v e n o n m a g n eti c str u ct ur e, s u c h as t h e I nt er n a-
ti o n al S p a c e St ati o n.

A t w o- ar m e d r o b ot e q ui p p e d  wit h  m a g n eti c e n d- eff e ct ors
[ 6] c o ul d r e n d e z v o us  wit h a n o bj e ct [ 1 7] a n d pl a c e t h e t w o
e n d- eff e ct ors o n o p p osit e si d es of t h e o bj e ct t o  m a ni p ul at e it. I n
t his arti cl e,  w e ar e p arti c ul arl y i nt er est e d i n p ositi o n r e g ul ati o n
of a n o bj e ct t o t h e  mi d p oi nt b et w e e n t h e t w o fi el d s o ur c es, t o b e
d et u m bl e d b y a s e c o n d ar y  m et h o d t h at a p pli es t or q u e c o u nt er
t o t h e a n g ul ar v el o cit y of t h e o bj e ct b ut  w hi c h  will als o i n d u c e
d est a bili zi n g f or c es; t his s e c o n d ar y  m et h o d c o ul d us e o ur s a m e
r ot ati n g- m a g n eti c- di p ol e fi el d s o ur c es or it c o ul d us e o n e of
t h e ot h er t e c h n ol o gi es t h at h a v e b e e n pr o p os e d f or d et u m bli n g.
F or s u c h a n a p pli c ati o n, it  m a y b e d esir a bl e t o i n d u c e t h e
s m all est p ar asiti c t or q u e p ossi bl e d uri n g t h e p ositi o n-r e g ul ati o n
p h as e, s o as t o n ot p ert ur b t h e a xis of r ot ati o n of t h e o bj e ct.
H o w e v er, o ur pr e vi o us cl os e d-l o o p p ositi o n c o ntr oll ers s ol v e a
gr e e d y o pti mi z ati o n pr o bl e m t o fi n d t h e si n gl e fi el d s o ur c e t h at
i nst a nt a n e o usl y  mi ni mi z es t h e err or b et w e e n t h e d esir e d a n d
i n d u c e d f or c e –t or q u e  wr e n c h [ 1], [ 3],  wit h t h e ass u m pti o n t h at
ot h er fi el d s o ur c es c a n c orr e ct f or err ors i n f ut ur e c o ntr ol c y cl es;
t h e a c c ur a c y of t his ass u m pti o n is r e d u c e d as t h e n u m b er of fi el d
s o ur c es is r e d u c e d t o j ust t w o.

I n t his arti cl e,  w e i m pl e m e nt a b asi c t hr e e- d e gr e e- of-fr e e d o m
( 3- D O F) p ositi o n c o ntr oll er, n o mi n all y at t h e  mi d p oi nt b et w e e n
t w o fi el d s o ur c es (s e e Fi g. 1 ).  T his r e q uir es a l o w-l e v el 3- D O F
f or c e c o ntr oll er, f or  w hi c h  w e pr es e nt t w o: o n e  mi ni mi z es p ar-
asiti c a p pli e d t or q u e, b ut oft e n h as a n arti fi ci all y l o w s at ur ati o n
o n f or c e  m a g nit u d e; t h e ot h er c a n oft e n a c hi e v e hi g h er f or c e
m a g nit u d es, or c a n a c hi e v e a gi v e n f or c e  m or e ef fi ci e ntl y, b ut
m a y als o i n d u c e p ar asiti c t or q u es.  O ur a n al yti c al d e v el o p m e nts
e x pli citl y c o nsi d er s p h eri c al o bj e cts, as i n [ 1], [ 3], a n d [ 4]. I n
n u m eri c al a n d e x p eri m e nt al si m ul ati o ns of  mi cr o gr a vit y,  w e
s h o w t h at it is, i n f a ct, al w a ys p ossi bl e t o p erf or m 3- D O F
p ositi o n c o ntr ol usi n g j ust t w o st ati o n ar y fi el d s o ur c es, pr o vi d e d
t h e o bj e ct is i n a n o mi n al  w or ks p a c e n e ar t h e  mi d p oi nt b et w e e n
t h e t w o fi el d s o ur c es.  We c o m p ar e t h e t w o n e w f or c e c o ntr oll ers
wit h e a c h ot h er a n d  wit h t h e st at e- of-t h e- art c o ntr oll er fr o m [ 3]
( w hi c h is a n i m pr o v e m e nt o v er t h e c o ntr oll er i n [ 1]).

II.  RE VI E W  O F  T H E F O R C E – T O R Q U E M O D E L

We b e gi n b y s u m m ari zi n g o ur  m o d el of i n d u c e d f or c e –
t or q u e o n a s oli d s p h eri c al c o n d u cti v e o bj e ct d u e t o a r ot ati n g
m a g n eti c di p ol e fi el d. It b e gi ns  wit h t h e  m o d el fr o m [ 1],  w hi c h
c o nsi d er e d t h e o bj e ct i n t hr e e c a n o ni c al p ositi o ns r el ati v e t o

Fi g. 2.  E d d y- c urr e nt-i n d u c e d f or c es a n d t or q u es s h o w n i n a s p h eri c al
c o or di n at e s yst e m t o d es cri b e ar bitr ar y p ositi o ns of a c o n d u cti v e n o n m a g n eti c
o bj e ct r el ati v e t o a r ot ati n g  m a g n eti c di p ol e ( wit h t h e di p ol e fi el d d e pi ct e d at
a gi v e n i nst a nt).  T h e ort h o n or m al b asis v e ct ors at a gi v e n l o c ati o n ar e d e fi n e d

as s h o w n,  wit h î φ = î ρ × î θ .  T h e t hr e e c a n o ni c al p ositi o ns i n [ 1], a n d t h eir
r es p e cti v e f or c es a n d t or q u es, ar e r e c ast i n t h e s p h eri c al c o or di n at e s yst e m as
i n [ 3].  T h e arr o w h e a d o n τ ρ at θ = 1 8 0 ◦ d e pi cts t h e p ositi v e si g n c o n v e nti o n,
w hi c h is o p p osit e t o t h e a ct u al t or q u e dir e cti o n f or t h e ω s h o w n.  All ot h er
f or c e/t or q u e arr o w h e a ds d e pi ct b ot h t h e p ositi v e si g n c o n v e nti o n a n d t h e a ct u al

f or c e/t or q u e dir e cti o n f or t h e ω s h o w n. I n t his i m a g e, î φ a n d f φ p oi nt i nt o t h e
p a g e.

t h e r ot ati n g di p ol e. It t h e n i n c or p or at es t h e e xt e nsi o n of [ 3],
w hi c h c o nsi d er e d ot h er l o c ati o ns of t h e o bj e ct  wit h r es p e ct t o
t h e r ot ati n g di p ol e, usi n g s p h eri c al c o or di n at es (s e e Fi g. 2 ).
T h e  m a g n eti c di p ol e c a n b e a bstr a ct e d as a p oi nt di p ol e m
at p ositi o n P m , r ot ati n g  wit h a n g ul ar v el o cit y ω , s u c h t h at
m is ort h o g o n al t o ω .  We c a n d es cri b e t h e p ositi o n of t h e
c e nt er of t h e c o n d u cti v e o bj e ct as P o a n d c o nstr u ct a r el ati v e
dis pl a c e m e nt v e ct or ρ = P o − P m .  T h e r el ati v e p ositi o n of
t h e c o n d u cti v e o bj e ct is d es cri b e d b y t hr e e c o or di n at es  wit h
r es p e ct t o t h e r ot ati n g  m a g n eti c di p ol e: a dist a n c e ρ = ρ , a
p ol ar a n gl e θ m e as ur e d fr o m t h e di p ol e’s r ot ati o n v e ct or ω , a n d
a n a zi m ut h al a n gl e φ m e as uri n g a ri g ht- h a n d e d r ot ati o n a b o ut
ω . I n t his c o or di n at e s yst e m, t h e t hr e e c a n o ni c al p ositi o ns ar e
d es cri b e d b y θ = 0 ◦ , θ = 9 0 ◦ , a n d θ = 1 8 0 ◦ .

T h e st e a d y-st at e ti m e- a v er a g e d e d d y- c urr e nt-i n d u c e d f or c e f
a n d t or q u e τ w er e  m o d el e d p ar a m etri c all y, at t h e t hr e e c a n o ni c al
p ositi o ns, as a f u n cti o n of t h e el e ctri c al c o n d u cti vit y σ of t h e
s p h er e, t h e dist a n c e ρ fr o m t h e di p ol e ( m o d el e d as a p oi nt,
w hi c h  w o ul d b e at t h e c e nt er of a p h ysi c al s o ur c e) t o t h e c e nt er
of t h e s p h er e, t h e r a di us r of t h e c o n d u cti v e s p h er e, t h e  m a g-
n eti c di p ol e str e n gt h m = m , t h e di p ol e r ot ati o n fr e q u e n c y
ω = ω , a n d t h e p er m e a bilit y of t h e e n vir o n m e nt μ . Usi n g t h e
B u c ki n g h a m Π t h e or e m,  w e f o u n d t h at e a c h of t h e f or c es a n d
t or q u es c o ul d b e c h ar a ct eri z e d usi n g j ust t w o i n d e p e n d e nt di-
m e nsi o nl ess Π gr o u ps (s e e  Ta bl e I).  T h e r es ulti n g  m o d el t o o k t h e
f or m

f, τ =
μ 0 m 2 c 0 σ μ 0 ω r 2 c 1 ( σ μ 0 ω r 2 )

c 2

1 0 c 3

ρ
r

c 4 r c 5
( 1)

A ut h ori z e d li c e n s e d u s e li mit e d t o: T h e U ni v er sit y of Ut a h. D o w nl o a d e d o n O ct o b er 1 7, 2 0 2 4 at 2 1: 3 1: 5 1 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y. 
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T A B L E I
IN D U C E D F O R C E  A N D T O R Q U E , A N D  T H E S I X IN D E P E N D E N T

P A R A M E T E R S T H A T A F F E C T T H E M , AD A P T E D F R O M [ 1]

T A B L E II
C O E F FI CI E N T S F O R  T H E M O D E L S I N ( 1) F O R T W O C A N O NI C A L P O SI TI O N S ,

B A S E D  O N F I NI T E- EL E M E N T - AN A L Y SI S ( F E A) SI M U L A TI O N S  A N D

E X P E RI M E N T S [ 1], RE C A S T I N S P H E RI C A L  C O O R DI N A T E S [ 3]

f or e a c h of t h e f or c e a n d t or q u e c o m p o n e nts,  w h er e μ 0 = 4 π ×
1 0 − 7 N · A − 2 i s t h e p er m e a bilit y of fr e e s p a c e (μ 0 i s t h e o nl y
v al u e of μ of a n y pr a cti c al i nt er est).  T h e c o ef fi ci e nts f or t h e
θ = 0 ◦ a n d θ = 9 0 ◦ p ositi o ns — w hi c h is all t h at  w e  will n e e d
g oi n g f or w ar d, d u e t o t h e s y m m etr y of θ = 0 ◦ a n d θ = 1 8 0 ◦ —
ar e pr o vi d e d i n  Ta bl e II.  T h e  m o d el ( 1) is a f ar- fi el d  m o d el,
w hi c h  m a y u n d er pr e di ct t h e  m a g nit u d e of f or c e a n d t or q u e  w h e n
ρ < 1 .5 r , a p pr o xi m at el y.  T h e  m o d el  w as als o d e v el o p e d usi n g
d at a i n t h e r a n g e 0 ≤ Π 1 ≤ 2 0 , s o e xtr a p ol ati o n b e y o n d t his
r a n g e s h o ul d b e d o n e  wit h c a uti o n.

Gi v e n t h e f or c e a n d t or q u e v al u es at θ = 0 ◦ a n d θ = 9 0 ◦ , w e
ar e a bl e t o c o nstr u ct t h e f or c e a n d t or q u e at ot h er v al u es of θ
usi n g a s et of si m pl e tri g o n o m etri c f u n cti o ns,  w hi c h e m b o d y
t h e t y p e of s y m m etri es t h at  w e  mi g ht e x p e ct.  T h e e q u ati o ns
t h at d es cri b e t h e f or c e a n d t or q u e c o m p o n e nts i n s p h eri c al
c o or di n at es — at ar bitr ar y v al u es of ρ a n d θ , a n d n ot r e q uiri n g φ
d u e t o s y m m etr y — w hi c h c all t h e c a n o ni c al- p ositi o n  m o d el ( 1),
ar e as f oll o ws:

f ρ ( ρ, θ ) =
f ρ ( ρ, 9 0 ◦ ) + f ρ ( ρ, 0 ◦ )

2

−
f ρ ( ρ, 9 0 ◦ ) − f ρ ( ρ, 0 ◦ )

2
c o s( 2 θ ) ( 2)

Fi g. 3.  O pti m al attr a cti o n al o n g a xis of s y m m etr y of t w o d ut y- c y cl e d r ot ati n g
m a g n eti c di p ol e fi el ds [ 4]. ( a)  D e fi niti o n of p ar a m et ers. ( b) Π 1 v al u e t o  m a xi mi z e
F f or a gi v e n Π 3 v al u e.

f θ ( ρ, θ ) ≈ 0 ( 3)

f φ ( ρ, θ ) = f φ ( ρ, 9 0 ◦ ) si n( θ ) ( 4)

τ ρ ( ρ, θ ) = τ ρ ( ρ, 0 ◦ ) c o s( θ ) ( 5)

τ θ ( ρ, θ ) = τ θ ( ρ, 9 0 ◦ ) si n( θ ) ( 6)

τ φ ( ρ, θ ) = 0 . ( 7)

G oi n g b e y o n d t h e f or c e –t or q u e i n d u c e d b y a si n gl e r ot ati n g
di p ol e, i n [ 4] w e c o nsi d er e d t h e o p e n-l o o p attr a cti o n of c o n-
d u cti v e n o n m a g n eti c o bj e cts b y t w o di p ol es r ot ati n g at t h e s a m e
s p e e d i n o p p osit e dir e cti o ns.  We c h ar a ct eri z e d attr a cti o n al o n g
t h e a xis of s y m m etr y ( e. g., y - a xis) d e pi ct e d a n d p ar a m et eri z e d
i n Fi g. 3( a) . Si n c e o ur f or c e –t or q u e  m o d el d es cri b e d pr e vi o usl y
d o es n ot c urr e ntl y all o w f or s u p er p ositi o n,  w e d o n ot a ct u all y
a ct u at e b ot h fi el d s o ur c es si m ult a n e o usl y.  R at h er,  w e d ut y c y cl e
t h e m s u c h t h at t h e y ar e e a c h a ct u at e d f or h alf of t h e ti m e.  T h e
r es ult a nt attr a cti v e f or c e (i. e., i n t h e − y dir e cti o n) is

F = f φ ( ρ, 9 0 ◦ ) c o s( φ ) − f ρ ( ρ, 9 0 ◦ ) si n( φ ). ( 8)

We f or m e d a n e w n o n di m e nsi o n al d e p e n d e nt p ar a m et er t o c h ar-
a ct eri z e F , Π 0 = F r 4 μ − 1 m − 2 , a n al o g o us t o h o w  w e pr e vi o usl y
n o n di m e nsi o n ali z e d f or c es.  We als o h a d t o i ntr o d u c e a n e w
n o n di m e nsi o n al i n d e p e n d e nt p ar a m et er: Π 3 = y / λ = t a n( φ ),
w h er e Π 3 c a n t a k e o n a n y p ositi v e v al u e.  We f o u n d t h at t h e v al u e
of Π 1 t h at  m a xi mi z es Π 0 (i. e.,  m a xi mi z es F ) is o nl y a f u n cti o n
of Π 3 [ s e e Fi g. 3( b) ], alt h o u g h t h e  m a g nit u d e of t h e r es ulti n g Π 0

i s als o a f u n cti o n of Π 2 .  We o bs er v e t h at Π 1 = 3 .0 0 is o pti m al
i n t h e li mit as Π 3 → 0 (i. e., at t h e  mi d p oi nt b et w e e n t h e r ot ati n g
di p ol es); t his ass u m es t h at t h e ( m a xi m u m)  m a g nit u d e of m is
i n v ari a nt t o ω ,  w hi c h  will n ot b e t h e c as e f or el e ctr o m a g n eti c

A ut h ori z e d li c e n s e d u s e li mit e d t o: T h e U ni v er sit y of Ut a h. D o w nl o a d e d o n O ct o b er 1 7, 2 0 2 4 at 2 1: 3 1: 5 1 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y. 
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fi el d s o ur c es. It is  w ort h n oti n g t h at, i n [ 1],  w hi c h c o nsi d er e d
d e xt er o us  m a ni p ul ati o n of c o n d u cti v e n o n m a g n eti c o bj e cts s ur-
r o u n d e d b y di p ol e fi el d s o ur c es, it  w as pr o p os e d t h at Π 1 ≈ 3
w as n e ar o pti m al, b as e d o n si m plif yi n g ass u m pti o ns.

III. PO SI TI O N C O N T R O L

A s d e pi ct e d i n Fi g. 1 ,  w e ar e i nt er est e d i n c o ntr olli n g t h e
p ositi o n of c o n d u cti v e n o n m a g n eti c o bj e cts i n a  w or ks p a c e
c e nt er e d at t h e  mi d p oi nt b et w e e n t w o fi el d s o ur c es.  We d e fi n e a
c o or di n at e fr a m e s u c h t h at t h e x - a xis is p oi nti n g t o w ar d o n e of
t h e fi el d s o ur c es,  w hi c h  w e d esi g n at e as b ei n g at t h e + x p ositi o n,
a n d a w a y fr o m t h e ot h er fi el d s o ur c e,  w hi c h  w e d esi g n at e as
b ei n g at t h e − x p ositi o n.  T h e y - a xis a n d z - a xis s h o ul d f or m a
ri g ht- h a n d e d c o or di n at e fr a m e  wit h t h e x - a xis, b ut t h eir c h oi c e
is ot h er wis e ar bitr ar y.

B e c a us e  w e ar e i nt er est e d i n c o ntr olli n g t h e p ositi o n x of a
fr e e- fl o ati n g  m ass M , o ur pl a nt h as si m pl e d y n a mi cs

ẋ ( t)
ẍ ( t)

=
0 I
0 0

x (t)
ẋ ( t)

+
0
1

M I
f (t) ( 9)

w h er e 0 is a 3 × 3 z er o  m atri x, I is a 3 × 3 i d e ntit y  m atri x, a n d
w e us e t h e d ot n ot ati o n t o d e n ot e ti m e d eri v ati v es. If  w e ass u m e
t h at o ur i n p ut f or c e f (t) is u p d at e d  wit h a s a m pli n g p eri o d T
a n d h el d a p pr o xi m at el y c o nst a nt f or a gi v e n s a m pli n g p eri o d,
w e arri v e at a s a m pl e d- d at a a p pr o xi m ati o n of o ur pl a nt

x [k + 1]
ẋ [k + 1]

=
I T I
0 I

x [k ]
ẋ [k ]

+
T 2

2 M I
T
M I

f [k ]. ( 1 0)

We  will i m pl e m e nt a si m pl e c o ntr oll er b as e d o n t h e err or b e-
t w e e n t h e d esir e d p ositi o n x d es a n d t h e c urr e nt p ositi o n,  wit h
t h e a d diti o n of virt u al d a m pi n g,  w hi c h is e q ui v al e nt t o st at e
f e e d b a c k  wit h a r ef er e n c e i n p ut [ 1 8]

f [k ] = k p ( x d es [k ] − x [k ]) − k d ẋ [k ]

= k p x d es [k ] − k p k d
x [k ]
ẋ [k ]

. ( 1 1)

T h e r es ulti n g cl os e d-l o o p d y n a mi cs ar e

x [k + 1]
ẋ [k + 1]

=
1 −

k p T 2

2 M I T − k d T 2

2 M I

−
k p T
M I 1 − k d T

M I

x [k ]
ẋ [k ]

+
k p T 2

2 M I
k p T
M I

x d es [k ] ( 1 2)

w hi c h h as a c h ar a ct eristi c e q u ati o n of t h e f or m

z 2 +
k p T 2 + 2 k d T − 4 M

2 M
z +

k p T 2 − 2 k d T + 2 M

2 M

= 0 ( 1 3)

w hi c h  w e c a n c o ntr ol t hr o u g h t h e c h oi c e of t h e c o ntr oll er g ai ns
k p a n d k d . F or e x a m pl e, f or a d y n a mi c r es p o ns e  wit h n o o v er-
s h o ot,  w e  w o ul d li k e p ositi v e r e al p ol es/ ei g e n v al u es α at t h e
s a m e l o c ati o n,  wit h 0 ≤ α < 1 f or st a bilit y a n d  wit h α as s m all
as p ossi bl e f or a f ast r es p o ns e,  wit h a r es ulti n g c h ar a ct eristi c

e q u ati o n

(z − α )(z − α ) = z 2 − 2 α z + α 2 = 0 . ( 1 4)

T his d esi g n c h oi c e c o nstr ai ns o ur c h oi c e of k p a n d k d a s

k p ( α ) =
M

T 2
α 2 − 2 α + 1 ( 1 5)

k d ( α ) =
M

2 T
− α 2 − 2 α + 3 . ( 1 6)

I V. FO R C E C O N T R O L

T h e cl os e d-l o o p d y n a mi cs i n ( 1 2) a n d ( 1 3) ass u m es t h at  w e
ar e a bl e t o a c hi e v e t h e d esir e d f or c e fr o m ( 1 1).  A c hi e vi n g a
d esir e d f or c e f d es i s t h e c or e c o ntri b uti o n of t his arti cl e,  w hi c h
w e a d dr ess i n t h e f oll o wi n g.  T hr o u g h o ut, if f d es i s u n a c hi e v a bl e,
o ur g o al  will b e t o i n d u c e t h e f or c e f wit h  mi ni m al err or.
Als o,  w e  will d e v el o p o ur f or c e c o ntr oll ers at t h e n o mi n al
o p er ati n g p oi nt x d es = 0 (i. e., at t h e  mi d p oi nt b et w e e n t h e fi el d
s o ur c es).

A.  F or c e  C o ntr oll er 1:  Mi ni miz e T or q u e

Gi v e n s o m e d esir e d f or c e f d es ,  w e c a n al w a ys d e c o m p os e it
as t h e c o m p o n e nts p ar all el t o, a n d ort h o g o n al t o, t h e x - a xis

f d es = f d es + f d es ⊥ ( 1 7)

w h er e

f d es = ( f d es · î x ) î x ( 1 8)

f d es ⊥ = f d es − f d es . ( 1 9)

N ot e t h at t h er e is n o n e e d t o of fi ci all y assi g n a n ar bitr ar y y -
a n d z - dir e cti o n f or t h e  w or ks p a c e c o or di n at e fr a m e.  We c a n
d e v el o p i n d e p e n d e nt s ol v ers f or t h e p ar all el a n d ort h o g o n al f or c e
c o m p o n e nts, a n d t h e n s u p eri m p os e t h e r es ults.  We  will s h o w
t h at it is p ossi bl e t o i n d u c e t h es e f or c es  wit h o ut i n d u ci n g a n et
p ar asiti c t or q u e o n t h e o bj e ct.  As i n o ur pri or  w or ks,  w e  will n ot
o p er at e  m ulti pl e  m a g n eti c c o m m a n ds si m ult a n e o usl y, r at h er,  w e
will d ut y c y cl e t h e c o m m a n ds s o t h at e a c h us es a fr a cti o n of t h e
c o ntr ol c y cl e,  wit h t h e r es ult b ei n g t h at  w e a c hi e v e t h e d esir e d
f or c e i n a ti m e- a v er a g e d s e ns e.

1)  F or c es  P ar all el t o t h e x - A xis: We b e gi n b y a n al y zi n g t h e
a bilit y of o ur s yst e m t o i n d u c e a f or c e p ar all el t o t h e x - a xis
(i. e., f d es ).  B e c a us e e a c h a cti v e fi el d s o ur c e al w a ys g e n er at es a
r e p ulsi v e f or c e c o m p o n e nt, t h er e ar e e x a ctl y t w o  w a ys t o i n d u c e
a f or c e i n t h e + x dir e cti o n (i. e.,  w h e n f d es · î x > 0 ), as d e pi ct e d
i n Fi g. 4 .  B ot h us e t h e fi el d s o ur c e at t h e − x p ositi o n, b ut r es ult
i n p ar asiti c t or q u es i n diff er e nt dir e cti o ns

ω̂ − x = î x ⇒ τ̂ = î x ( 2 0)

ω̂ − x = − î x ⇒ τ̂ = − î x . ( 2 1)

B y usi n g ( 2 0) f or 5 0 % of t h e ti m e all o c at e d t o f d es , a n d usi n g
( 2 1) f or t h e ot h er 5 0 %, t h e p ar asiti c t or q u es  will c a n c el if t h e
o bj e ct st a y e d i n t h e s a m e l o c ati o n d uri n g t h e e ntir e d ut y c y cl e.
Si n c e t h e o bj e ct d o es  m o v e sli g htl y d uri n g o n e d ut y c y cl e,
t h e p ar asiti c t or q u es  will o nl y a p pr o xi m at el y c a n c el. It f oll o ws
t h at n et t or q u e is a p pr o xi m at el y z er o.

A ut h ori z e d li c e n s e d u s e li mit e d t o: T h e U ni v er sit y of Ut a h. D o w nl o a d e d o n O ct o b er 1 7, 2 0 2 4 at 2 1: 3 1: 5 1 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y. 
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Fi g. 4.  T w o c o n fi g ur ati o ns of r ot ati n g  m a g n eti c di p ol e fi el ds t o i n d u c e a f or c e
i n t h e + x dir e cti o n; e a c h i n d u c es a p ar asiti c t or q u e, b ut i n o p p osit e dir e cti o ns.
I n d u ci n g f or c es i n t h e − x dir e cti o n is d o n e a n al o g o usl y, usi n g t h e ot h er fi el d
s o ur c e. ( a) P ar asiti c t or q u e a b o ut + x a xis. ( b) P ar asiti c t or q u e a b o ut − x a xis.

Fi g. 5.  C o n fi g ur ati o n of r ot ati n g  m a g n eti c di p ol e fi el ds t o i n d u c e a f or c e i n
a n y dir e cti o n ort h o g o n al t o t h e x - a xis (s h o w n h er e i n t h e − y dir e cti o n,  wit h o ut
l oss of g e n er alit y).  T his c o n fi g ur ati o n r es ults i n n o n et t or q u e.

A n al o g o usl y, if  w e  w a nt t o i n d u c e a f or c e i n t h e − x dir e cti o n
(i. e., f d es · î x < 0 ),  w e us e t h e fi el d s o ur c e at t h e + x p ositi o n

ω̂ + x = î x ⇒ τ̂ = î x ( 2 2)

ω̂ + x = − î x ⇒ τ̂ = − î x . ( 2 3)

2)  F or c es  Ort h o g o n al t o t h e x - A xis: N e xt,  w e c o nsi d er t h e
a bilit y of o ur s yst e m t o i n d u c e a f or c e ort h o g o n al t o t h e x - a xis
(i. e., f d es ⊥ ), as d e pi ct e d i n Fi g. 5 .  T his c a n b e t h o u g ht of as a
s p e ci al c as e of o ur pri or  w or k [ 4] [s e e Fi g. 3( a) ], fr o m  w hi c h  w e
k n o w fr o m s y m m etr y t h at s etti n g t h e t w o fi el d s o ur c es t o h a v e
e q u al di p ol e  m a g nit u d es a n d a nti p ar all el a n g ul ar v el o citi es of
e q u al  m a g nit u d e  will i n d u c e a f or c e ort h o g o n al t o t h e x - a xis

ω̂ − x = î x × f̂ d es ⊥ ( 2 4)

ω̂ + x = f̂ d es ⊥ × î x . ( 2 5)

B y usi n g ( 2 4) f or 5 0 % of t h e ti m e all o c at e d t o f d es ⊥ , a n d usi n g
( 2 5) f or t h e ot h er 5 0 %, t h e p ar asiti c t or q u es  will c a n c el, s u c h
t h at t h e n et t or q u e is z er o.

3)  A c hi e vi n g a  D esir e d ( N et)  F or c e: We  will d e n ot e t h e
a ct u al f or c es t h at o ur s yst e m i n d u c es as f a n d f ⊥ .  We  will
d e n ot e t h e d ut y c y cl e f or e a c h f or c e c o m p o n e nt as δ a n d δ ⊥ ,
w h er e δ + δ ⊥ = 1 a n d it is u n d erst o o d t h at e a c h of t h es e d ut y
c y cl es  will b e f urt h er di vi d e d i n h alf t o i m pl e m e nt t h e r es p e cti v e
f or c e c o m p o n e nt as alr e a d y d es cri b e d.  T h e r es ult a nt n et f or c e is
t h e n

f = f δ + f ⊥ δ ⊥ . ( 2 6)

As d es cri b e d i n S e cti o n II, t h e  m a g nit u d e of t h e i n d u c e d f or c e
is a f u n cti o n of t h e str e n gt h m a n d r ot ati o n fr e q u e n c y ω of
t h e di p ol e fi el ds. F or el e ctr o m a g n ets,  w e c a n c o ntr ol b ot h of
t h es e t er ms i n d e p e n d e ntl y, b ut t h eir  m a xi m u m v al u es ar e c o u-
pl e d f or a n y r e al el e ctr o m a g n eti c fi el d s o ur c e.  We c a n d esi g n
t h e (m , ω ) p air t h at  will i n d u c e t h e  m a xi m u m a c hi e v a bl e f or c e
i n a gi v e n dir e cti o n, or t h at  will a c hi e v e a d esir e d f or c e  m ost
ef fi ci e ntl y (i. e., t h at  mi ni mi z es m ,  w hi c h is g e n er at e d  wit h
el e ctri cit y); r e g ar dl ess, t his is a r el ati v el y si m pl e s e ar c h o v er
t h e  m o d el.  We c a n als o si m pl y us e s o m e c o nst a nt ω a n d tr e at m
as t h e c o ntr ol v ari a bl e, as  w e h a v e i n o ur pri or  w or ks [ 1], [ 3],
a n d [ 4], i n  w hi c h c as e t h e l ar g est f or c es ar e si m pl y i n d u c e d b y
t h e l ar g est m t h at is a c hi e v a bl e at t h at ω .  L et us si m pl y ass u m e
t h at  w e h a v e d et er mi n e d t h e  m a xi m u m f or c e  m a g nit u d es t h at
w e c a n a c hi e v e i n t h e t w o ort h o g o n al dir e cti o ns, a n d d e n ot e t h e
r es ulti n g f or c es as f a n d f ⊥ .

T o s ol v e f or t h e d ut y c y cl es, l et us i m a gi n e a c as e i n  w hi c h
o ur i n d u c e d f or c e is i n t h e c orr e ct dir e cti o n (i. e., f̂ = f̂ d es ), a n d
its  m a g nit u d e is s o l ar g e t h at it is  m a xi mi zi n g b ot h of t h e f or c e
c o m p o n e nts si m ult a n e o usl y.  T h e r es ult is t h e l ar g est f or c e t h at
w e c o ul d p ossi bl y a c hi e v e i n t h e d esir e d dir e cti o n

f = f δ + f ⊥ δ ⊥ w h er e f̂ = f̂ d es . ( 2 7)

T h e ass o ci at e d d ut y c y cl es ar e u ni q u e, a n d t h e y ar e o pti m al i n
t h e s e ns e of b al a n ci n g t h e f or c e c o m p o n e nts  wit h r es p e ct t o  w h at
is a c hi e v a bl e.  C o nti n ui n g  wit h t his t h o u g ht e x p eri m e nt,  w e c a n
s ol v e f or t h es e d ut y c y cl es as

δ =
f d es f ⊥

f d es ⊥ f + f d es f ⊥

( 2 8)

δ ⊥ = 1 − δ ( 2 9)

fr o m  w hi c h  w e c a n n o w s ol v e ( 2 7) e x pli citl y.
I n g e n er al,  w e  will n ot b e r e q u esti n g e x a ctl y f d es = f . If

f d es > f ,  w e  will h a v e t o cli p it t o f d es = f , si n c e t h e
r e q u est e d v al u e is u n a c hi e v a bl e. If f d es < f , o ur d e cisi o n
will d e p e n d o n if o ur fi el d s o ur c es ar e el e ctr o m a g n ets or p er-
m a n e nt  m a g n ets. I n t h e c as e of el e ctr o m a g n ets,  w e  will si m pl y
r e d u c e t h e v al u es of m t h at  w o ul d b e us e d t o a c hi e v e t h e t w o
c o m p o n e nts of f , ass u mi n g ω r e m ai ns c o nst a nt, si n c e m aff e cts
f or c es q u a dr ati c all y

m = m
f d es

f
, m⊥ = m ⊥

f d es

f
. ( 3 0)

A ut h ori z e d li c e n s e d u s e li mit e d t o: T h e U ni v er sit y of Ut a h. D o w nl o a d e d o n O ct o b er 1 7, 2 0 2 4 at 2 1: 3 1: 5 1 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y. 
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Fi g. 6.  C o n e r e pr es e nti n g all p ossi bl e f or c e dir e cti o ns t h at c a n b e i n d u c e d b y
t h e fi el d s o ur c e at t h e − x p ositi o n (r e pr es e nt e d b y a n ∗ ) o n a c o n d u cti v e o bj e ct
at t h e c e nt er of t h e  w or ks p a c e.  T h e c o n e a n gl e is d e p e n d e nt o nl y o n Π 1 .

I n t h e c as e of p er m a n e nt  m a g n ets, m is c o nst a nt, a n d  w e  m ust
r e d u c e ω b y a n a p pr o pri at e a m o u nt usi n g n u m eri c al t e c h ni q u es
wit h t h e  m o d el of S e cti o n II.

B.  F or c e  C o ntr oll er 2:  M a xi miz e  F or c e

L et us ass u m e t h at  w e h a v e d et er mi n e d t h e  m a xi m u m f or c e
m a g nit u d e t h at  w e c a n a c hi e v e i n t h e x dir e cti o n, a n d d e n ot e t h e
r es ulti n g f or c e as f . If  w e utili z e t h e s a m e (m , ω ) t h at pr o d u c es
t his f or c e, b ut ori e nt ω ort h o g o n al t o t h e x - a xis r at h er t h a n t h e
p ar all el t o it,  w e  will i n d u c e a f or c e t h at c a n b e d e c o m p os e d
i nt o a p ar all el c o m p o n e nt a n d a n ort h o g o n al c o m p o n e nt si mil ar
t o  w h at  w as d o n e t o a d esir e d f or c e i n ( 1 7). F or r e as o ns t h at
will b e c o m e cl e ar,  w e  will d e n ot e t his f or c e as f c o n e . I n t his
c o n fi g ur ati o n,  w e ar e o p er ati n g at θ = 9 0 ◦ ( s e e Fi g. 2 ). It t h e n
f oll o ws fr o m ( 2) a n d ( 4) t h at:

f c o n e = f ρ ( ρ, 9 0 ◦ ) ( 3 1)

f c o n e ⊥ = f φ ( ρ, 9 0 ◦ ) . ( 3 2)

If ω is t h e n r ot at e d a b o ut t h e x - a xis, f c o n e ⊥ will r ot at e a b o ut
t h e x - a xis b y a n e q u al a m o u nt.  T h e t ot al s et of p ossi bl e f or c e
v e ct ors cr e at e d b y t his pr o c ess d e fi n es t h e o utsi d e of a c o n e, as
s h o w n i n Fi g. 6 ,  wit h a n a n gl e

ψ θ = 9 0 ◦ = t a n − 1 f c o n e ⊥

f c o n e
( 3 3)

m e as ur e d fr o m î x . If ω is r ot at e d t o w ar d î x (i. e., if θ v ari es fr o m
9 0 ◦ t o 0 ◦ ) or if ω is r ot at e d t o w ar d − î x (i. e., if θ v ari es fr o m
9 0 ◦ t o 1 8 0 ◦ ), b ot h f c o n e ⊥ a n d ψ g o t o 0, as s h o w n i n Fi g. 7 .
T his eff e cti v el y fills i n t h e r est of t h e c o n e.  T h er ef or e, t h e fi el d
s o ur c e at t h e − x p ositi o n c a n g e n er at e a f or c e  wit h a n y 0 ≤
ψ ≤ ψ θ = 9 0 ◦ m e a s ur e d fr o m î x .  A n al o g o usl y, t h e fi el d s o ur c e at
t h e + x p ositi o n c a n g e n er at e a f or c e  wit h a n y 0 ≤ ψ ≤ ψ θ = 9 0 ◦

m e a s ur e d fr o m − î x .
If  w e a g ai n d e c o m p os e s o m e d esir e d f or c e i nt o its c o m p o n e nts

p ar all el t o, a n d ort h o g o n al t o, t h e x - a xis as i n ( 1 7),  w e c a n

Fi g. 7.  R es ult a nt f or c es cr e at e d b y a si n gl e  m a g n eti c di p ol e r ot ati n g at t hr e e
diff er e nt θ v al u es.  Arr o ws o n t h e s p h eri c al o bj e ct d e pi ct f or c es ( w hi c h ar e all
i n t h e x – y pl a n e), a n d c orr es p o n di n g c ol or e d arr o ws o n t h e fi el d s o ur c e d e pi ct
t h e ass o ci at e d ω ( w hi c h ar e all i n t h e x – z pl a n e, s h o w n  wit h p ers p e cti v e).  T h e
f or c e cr e at e d  w h e n θ = 9 0 ◦ , d e pi ct e d  wit h a y ell o w arr o w, is at a n a n gl e ψ θ = 9 0 ◦

m e as ur e d fr o m î x .

c o n cl u d e t h at o ur s yst e m is c a p a bl e of pr o d u ci n g a f or c e i n t h e
dir e cti o n of f d es u si n g o nl y a si n gl e r ot ati n g  m a g n eti c di p ol e
s o ur c e if

f d e s ⊥

f d e s
<

f c o n e ⊥

f c o n e
. ( 3 4)

T h e f o u n d ati o n of t h e f or c e c o ntr oll er of t his s e cti o n is as f ol-
l o ws: if t h e d esir e d f or c e f d es i s  wit hi n o n e of t h e t w o a c hi e v a bl e
c o n es, t h e n  w e s h o ul d us e t h e r es p e cti v e fi el d s o ur c e  wit h a 1 0 0 %
d ut y c y cl e t o a c hi e v e it.  T his str at e g y  will b e v er y ef fi ci e nt at
g e n er ati n g f or c es b y c a pit ali zi n g o n t h e n at ur al f or c e- g e n er ati o n
pr o p erti es of a si n gl e r ot ati n g  m a g n eti c di p ol e.  H o w e v er, it  will
li k el y g e n er at e s o m e p ar asiti c t or q u e o n t h e o bj e ct as  w ell.

1)  F or c es I nsi d e t h e  A c hi e v a bl e  C o n e: If  w e k e e p ω a n d m
c o nst a nt at t h e p airi n g t h at pr o d u c es o ur  m a xi m u m p ar all el f or c e,
ψ will b e a f u n cti o n of o nl y θ . If  w e c a n pr o d u c e a f or c e i n t h e
d esir e d dir e cti o n [i. e., if ( 3 4) is tr u e] t h e n  w e us e a si m pl e s ol v er
t o d et er mi n e t h e θ fr o m ( 2) a n d ( 4) t h at s ol v es

f φ ( ρ, θ )

f ρ ( ρ, θ )
=

f d e s ⊥

f d e s
. ( 3 5)

B y utili zi n g a si n gl e fi el d s o ur c e r ot ati n g at a n a n gl e θ d et er-
mi n e d fr o m ( 3 4), t h e r es ult a nt f or c e f will b e i n t h e d esir e d
dir e cti o n. If f d es > f w e  will a g ai n h a v e t o cli p it. If
f d es < f t h e n o ur d e cisi o n  will a g ai n d e p e n d o n if o ur

fi el d s o ur c es ar e el e ctr o m a g n ets or p er m a n e nt  m a g n ets.
F or el e ctr o m a g n ets, m is v ari a bl e a n d eff e cts o nl y t h e r es ul-

t a nt f or c e  m a g nit u d e, n ot its dir e cti o n. If f d es > f ,  w e  will
h a v e t o cli p o ur d esir e d f or c e t o f d es = f . If f d es < f ,
w e  will si m pl y r e d u c e t h e v al u e of m t o a c hi e v e t h e d esir e d f or c e

m = m
f d es

f
. ( 3 6)

A ut h ori z e d li c e n s e d u s e li mit e d t o: T h e U ni v er sit y of Ut a h. D o w nl o a d e d o n O ct o b er 1 7, 2 0 2 4 at 2 1: 3 1: 5 1 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y. 
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Fi g. 8.  Eff e ct o n t h e r es ult a nt f or c e v e ct or as t h e d ut y c y cl e of t h e t w o fi el d
s o ur c es is v ari e d fr o m 5 0 %/ 5 0 % t o 1 0 0 %/ 0 %.  Arr o ws o n t h e s p h eri c al o bj e ct
d e pi ct f or c es ( w hi c h ar e all i n t h e x – y pl a n e).  Arr o ws o n t h e fi el d s o ur c es d e pi ct
t h e ass o ci at e d ω ( w hi c h ar e al w a ys p ar all el or a nti p ar all el t o t h e z - a xis).  T h e
f or c e cr e at e d  w h e n t h e d ut y c y cl e is 1 0 0 %/ 0 %, d e pi ct e d  wit h a y ell o w arr o w, is

at a n a n gl e ψ θ = 9 0 ◦ m e as ur e d fr o m î x .

F or p er m a n e nt  m a g n ets t h e o nl y v ari a bl e  w e c a n  m o dif y is ω .
T h e a n gl e  wit h r es p e ct t o î x of o ur r es ult a nt f or c e is

ψ (ω, θ ) = t a n − 1 f φ ( ρ, θ )

f ρ ( ρ, θ )
( 3 7)

w hi c h is a f u n cti o n of ω a n d θ .  T h er ef or e, if  w e s c al e b a c k t h e
fr e q u e n c y i n or d er t o l o w er o ur f or c e  m a g nit u d e t o s o m e d esir e d
f or c e  m a g nit u d e t h e r es ult a nt f or c e dir e cti o n  will als o c h a n g e.
We  w o ul d t h er ef or e n e e d t o s e ar c h o v er t h e ( ω, θ ) s e ar c h-s p a c e
f or a s ol uti o n t h at  will e ns ur e t h e r es ult a nt f or c e  m at c h es
t h e d esir e d f or c e i n b ot h dir e cti o n a n d  m a g nit u d e.

2)  F or c es  O utsi d e t h e  A c hi e v a bl e  C o n e: A r ot ati n g di p ol e
fi el d  will al w a ys cr e at e a f or c e i n t h e ρ dir e cti o n, t h er ef or e,
ψ θ = 9 0 ◦ i s al w a ys l ess t h a n 9 0 ◦ . F or c es i n a dir e cti o n b e y o n d
ψ θ = 9 0 ◦ (i. e., ψ θ = 9 0 ◦ < ψ ≤ 9 0 ◦ ) ar e n ot a c hi e v a bl e  wit h a si n gl e
r ot ati n g di p ol e fi el d.  H o w e v er,  w e k n o w t h at if  w e r ot at e t h e t w o
di p ol es a c c or di n g t o ( 2 4) a n d ( 2 5) wit h a 5 0 %/ 5 0 % d ut y c y cl e t h e
r es ulti n g f or c e  will b e e ntir el y ort h o g o n al t o t h e x - a xis (i. e.,  will
a c hi e v e ψ = 9 0 ◦ ) .  B y v ar yi n g t h e d ut y c y cl e,  w e c a n pr o d u c e
f or c es o utsi d e t h e c o n e cr e at e d b y a si n gl e r ot ati n g di p ol e fi el d,
as s h o w n i n Fi g. 8 .  D et er mi ni n g t h e c orr e ct d ut y c y cl e δ − x

a n d δ + x f or t h e fi el d s o ur c es at t h e − x a n d + x p ositi o ns,
r es p e cti v el y,  w h er e δ − x + δ + x = 1 , d e p e n ds o n  w h et h er t h e
s yst e m is utili zi n g el e ctr o m a g n ets or p er m a n e nt  m a g n ets.

F or el e ctr o m a g n ets, m is v ari a bl e a n d eff e cts o nl y t h e r es ul-
t a nt f or c e  m a g nit u d e, n ot its dir e cti o n.  We c a n t h er ef or e d et er-
mi n e t h e d ut y c y cl e t h at r es ults i n a f or c e i n t h e d esir e d dir e cti o n,
i n d e p e n d e nt of  m a g nit u d e.  We us e a n u m eri c o pti mi z er t o s ol v e
a pr o bl e m of t h e f or m

ar g  mi n
δ − x

f̂ d e s − f̂
2

s.t. f = δ − x f − x + ( 1 − δ − x ) f + x ( 3 8)

w h er e f − x a n d f + x ar e t h e r es ult a nt f or c es fr o m t h e fi el d
s o ur c es at t h e − x a n d + x p ositi o ns, r es p e cti v el y,  w hi c h ar e
pr e c o m p ut e d of fli n e b y i m pl e m e nti n g t h e di p ol e r ot ati o n a x es
d e fi n e d b y ( 2 4) a n d ( 2 5) usi n g t h e ( m , ω ) p air t h at  will i n d u c e
t h e  m a xi m u m a c hi e v a bl e f or c e.  T h e r es ulti n g o pti m al d ut y
c y cl e  will r es ult i n f = f , t h e  m a xi m u m a c hi e v a bl e f or c e i n
t h e d esir e d dir e cti o n. If f d es > f ,  w e  will h a v e t o cli p it
t o f d es = f . If f d es < f , a n d ass u mi n g ω r e m ai ns
c o nst a nt,  w e si m pl y r e d u c e m as i n ( 3 6).

F or p er m a n e nt  m a g n ets, t h e di p ol e str e n gt h is s et, b ut ω c a n
b e  m o di fi e d.  We  will still c h o os e t h e dir e cti o n of ω d e fi n e d b y
( 2 4) a n d ( 2 5).  B e c a us e ω eff e cts n ot o nl y t h e r es ult a nt f or c e
m a g nit u d e b ut als o t h e r es ult a nt f or c e dir e cti o n,  w e n e e d t o
c o u pl e t h es e i n t h e o pti mi z ati o n

ar g  mi n
ω, δ − x

f d es − f 2

s.t. f = δ − x f − x + ( 1 − δ − x ) f + x

ω ≤ ω m a x ( 3 9)

w h er e f − x a n d f + x ar e t h e r es ult a nt f or c es fr o m t h e fi el d
s o ur c es at t h e − x a n d + x p ositi o ns, r es p e cti v el y, c al c ul at e d
o nli n e usi n g ( 2) a n d ( 4) f or t h e p arti c ul ar (m , ω ) p air.

3)  P ar asiti c T or q u e: B y  mi ni mi zi n g t h e n u m b er of disti n ct
r ot ati n g- di p ol e- fi el d a cti o ns t o g e n er at e a d esir e d f or c e,  w e
mi ni mi z e t h e g e n er ati o n of  w ast e d o p p osi n g f or c es  w h os e s ol e
p ur p os e is t o c a n c el e a c h ot h er o ut.  T his e n a bl es t h e s yst e m
t o a c hi e v e a l ar g er  m a xi m u m f or c e, b ut at t h e c ost of p ar asiti c
t or q u e. F or c es a n d t or q u es f or a si n gl e r ot ati n g di p ol e fi el d as
a f u n cti o n of θ ar e s h o w n i n Fi g. 9 .  B e c a us e t h e f or c es ar e
s y m m etri c a b o ut θ = 9 0 ◦ , t h e r es ult a nt f or c e g e n er at e d at s o m e
θ is t h e s a m e if  w e i nst e a d r ot at e t h e di p ol e fi el d s o ur c e at
θ ∗ = 1 8 0 ◦ − θ . F or f or c es pr o d u c e d i nsi d e of ψ θ = 9 0 ◦ (i. e., i nsi d e
t h e c o n e), si n c e t h e t or q u e i n t h e x - dir e cti o n is  mirr or e d a b o ut
θ = 9 0 ◦ ,  w e c a n alt er n at e t h e fi el d r ot ati o n b et w e e n θ a n d θ ∗

wit h a 5 0 %/ 5 0 % d ut y c y cl e t o c a n c el o ut t h e x - c o m p o n e nt of
t or q u e.  H o w e v er, t h e t or q u e pr o d u c e d i n t h e ρ × f̂ d e s ⊥ dir e cti o n
c a n n ot b e r e m o v e d  wit h s u c h a pr o c ess, a n d is c o nsi d er e d
p ar asiti c t or q u e. F or f or c es pr o d u c e d o utsi d e of ψ θ = 9 0 ◦ , t h e
t or q u es pr o d u c e d b y e a c h r ot ati n g di p ol e fi el d ar e i n e q u al
a n d o p p osit e dir e cti o ns a n d ar e b ot h ort h o g o n al t o t h e x - a xis,
h o w e v er b e c a us e o n e is gi v e n a l ar g er p orti o n of t h e d ut y c y cl e,
t h e t or q u es  will n ot b e e q u al i n  m a g nit u d e t h us l e a vi n g s o m e
p ar asiti c t or q u e,  w hi c h is a g ai n i n t h e ρ × f̂ d e s ⊥ dir e cti o n of
t h e r ot ati n g di p ol e fi el d.

C.  C o m p aris o n of  F or c e  C o ntr oll ers

T h e t w o f or c e c o ntr oll ers d es cri b e d pr e vi o usl y, e a c h off er
t h eir o w n a d v a nt a g es a n d dis a d v a nt a g es.  T h e  mi ni mi z e-t or q u e
c o ntr oll er is str ai g htf or w ar d t o s ol v e n u m eri c all y, it is ef fi ci e nt i n
t h at it utili z es t h e e ntir e c o ntr ol c y cl e t o p erf or m  m a ni p ul ati o n,
a n d it r es ults i n n o n et t or q u e ( at l e ast n o mi n all y).  H o w e v er,
it arti fi ci all y li mits o ur c h oi c e of ω t o b ei n g eit h er p ar all el
or ort h o g o n al t o t h e x - a xis.  Alt er n ati v el y, t h e  m a xi mi z e-f or c e
c o ntr oll er is v er y g o o d at a c hi e vi n g a d esir e d f or c e usi n g a si n gl e
fi el d s o ur c e  w h e n p ossi bl e,  w hi c h is e n er g y- ef fi ci e nt.

A ut h ori z e d li c e n s e d u s e li mit e d t o: T h e U ni v er sit y of Ut a h. D o w nl o a d e d o n O ct o b er 1 7, 2 0 2 4 at 2 1: 3 1: 5 1 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y. 
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Fi g. 9.  M a g nit u d e of t h e r es ult a nt ( a) f or c e a n d ( b) t or q u e c o m p o n e nts as
a f u n cti o n of θ f or a 2 5  m m r a di us c o p p er s p h er e pl a c e d 8 0  m m a w a y fr o m
a si n gl e di p ol e fi el d r ot ati n g at ω = 1 5 H z  wit h m = 4 0 A · m 2 . ( a) F or c es.
( b)  T or q u es.

Fi g. 1 0 pr o vi d es a c o m p aris o n of t h e f or c es a n d t or q u es
pr o d u c e d as a f u n cti o n of t h e a n gl e ψ of f d es m e as ur e d fr o m
t h e x - a xis

ψ = t a n − 1 f d es ⊥

f d es
. ( 4 0)

F or d esir e d f or c es t h at ar e eit h er p ar all el or ort h o g o n al t o t h e
x - a xis, t h e t w o  m et h o ds r es ult i n t h e s a m e  m a xi m u m a c hi e v a bl e
f or c e a n d t h e s a m e c orr es p o n di n g p ar asiti c t or q u e. F or ot h er
f or c e dir e cti o ns, t h e  m a xi mi z e-f or c e c o ntr oll er is c a p a bl e of
pr o d u ci n g l ar g er f or c es —i n s o m e c as es, s u bst a nti all y l ar g er.  T h e
mi ni mi z e-t or q u e c o ntr oll er is c a p a bl e of pr o d u ci n g a f or c e i n
a n y dir e cti o n  wit h o ut t h e g e n er ati o n of a n y p ar asiti c t or q u e.
It is  w ort h n oti n g t h at t h e dis c o nti n uit y i n t h e r es ults f or
t h e  m a xi mi z e-f or c e c o ntr oll er o c c urs at ψ θ = 9 0 ◦ a n d, at l e ast
f or o ur p ar a m et er v al u es, it  w as at t his dis c o nti n uit y t h at  w e
o bs er v e d t h e l ar g est diff er e n c e b et w e e n t h e t w o  m et h o ds.

V. E X P E RI M E N T A L V E RI FI C A TI O N

A.  N u m eri c al Si m ul ati o ns

1)  M et h o ds: I n or d er t o v erif y t h e a bilit y of o ur pr o p os e d
c o ntr oll ers t o r e g ul at e t h e p ositi o n of a n o bj e ct t o t h e  mi d p oi nt
b et w e e n t w o fi el d s o ur c es,  w e cr e at e d a 6- D O F n u m eri c al si m-
ul ati o n of a fr e e- fl o ati n g s p h er e d es cri b e d b y d y n a mi cs

M ẍ = f ( 4 1)

Fi g. 1 0.  C o m p aris o n of ( a) t h e  m a xi m u m p ossi bl e f or c e pr o d u c e d a n d ( b)
t h e c orr es p o n di n g p ar asiti c t or q u e, f or t h e  mi ni mi z e-t or q u e c o ntr oll er a n d t h e
m a xi mi z e-f or c e c o ntr oll er, as a f u n cti o n of ψ m e as ur e d fr o m t h e x - a xis f or a
2 0  m m r a di us c o p p er s p h er e pl a c e d λ = 2 2 2 .5 m m a w a y fr o m t w o di p ol e fi el ds
r ot ati n g at ω = 1 5 H z  wit h m = 4 0 A · m 2 .

J ω̇ + ω × J ω = τ ( 4 2)

w h er e f a n d τ ar e t h e e d d y- c urr e nt-i n d u c e d f or c e a n d t or q u e,
r es p e cti v el y, as d es cri b e d i n S e cti o n II, a n d

J =
2

5
M r 2 I ( 4 3)

is t h e  m o m e nt- of-i n erti a t e ns or of a s oli d s p h er e.  T h e  C ori olis
t er m i n ( 4 2) h as n o eff e ct d u e t o t h e s y m m etr y of J , s o w e
eli mi n at e it g oi n g f or w ar d.  We n u m eri c all y i nt e gr at e  wit h a
p eri o d of T ni

⎡

⎣
x [k + 1]
ẋ [k + 1]
ω [k + 1]

⎤

⎦ =

⎡

⎣
I T ni I 0
0 I 0
0 0 I

⎤

⎦

⎡

⎣
x [k ]
ẋ [k ]
ω [k ]

⎤

⎦

+

⎡

⎢
⎣

T 2
ni

2 M I 0
T ni

M I 0

0 T ni J
− 1

⎤

⎥
⎦

f [k ]
τ [k ]

. ( 4 4)

We c h os e p ar a m et ers t h at a p pr o xi m at e t h os e of o ur p h ysi c al e x-
p eri m e nts (s e e S e cti o n V- B ).  T h e t w o fi el d s o ur c es ar e  m o d el e d
as p oi nt di p ol es t h at r ot at e  wit h a n a n g ul ar v el o cit y ω = 1 5 H z
wit h a  m a xi m u m str e n gt h of m = 4 0 A · m 2 , a n d ar e pl a c e d
4 4 5  m m a p art (i. e., at λ = ± 2 2 2 .5 m m al o n g t h e x - a xis).  A n
al u mi n u m s p h er e ( c o n d u cti vit y σ = 3 .6 9 × 1 0 7 S/ m a n d d e nsit y
ρ = 2 7 1 0 k g/ m 3 )  wit h a r a di us of 2 0  m m is pl a c e d a dist a n c e
λ / 4 = 5 5 m m a w a y fr o m t h e ori gi n of t h e c o or di n at e s yst e m
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TABLE III
COMPARISON OF THE MEDIAN SIMULATED SETTLING TIME, NORMALIZED PATH LENGTH, AND FINAL ANGULAR VELOCITY OF

THE MINIMIZE-TORQUE CONTROLLER, MAXIMIZE-FORCE CONTROLLER, AND GREEDY CONTROLLER WITH q = 0, q = 1, AND q = 3,
USING A GENTLE POSITION CONTROLLER (α = 0.99) AND ONE THAT IS APPROXIMATELY 3× MORE AGGRESSIVE (α = 0.97)

(which is located at the midpoint between the field sources)
along the ±x, y, and z axes, as well as toward the corners of
the eight octants made by the coordinate system, for a total of
14 initial conditions distributed around the surface of a sphere.
Starting from rest, the object is commanded tomove to the origin
of the coordinate system (i.e., xdes = 0). The control law from
(11) is used,wherekp andkd are functions of the pole/eigenvalue
α as in (15) and (16). We performed simulations with α = 0.99,
which provides a gentle dynamic response, as well as with
α = 0.97, which is approximately three times more aggressive.
We implemented a sampling period of T = 1 s: each controller
measures the state of the object once every second, uses that
state to determine a desired force, then attempts to create that
force by subdividing the next second in whole increments of Tni

using its own particular algorithm. We numerically integrated
with Tni = 1 ms.

We also wanted to critically compare the performance of
our proposed controllers to our current state-of-the-art wrench
solver [3], which is a greedy optimization method that solves for
the instantaneous wrench that most closely matches the desired
wrench in terms of minimizing a weighted norm of the wrench
error. The weighting matrix is of the form diag{1, 1, 1, q, q, q},
where q = 0 results in no weighting of the error in the torque
vector (i.e., pure force control), and an increase in q corresponds
to an increase in the importance of torque error relative to
force error. We explicitly consider q = 0, q = 1, and q = 3. We
solve for the actuation commands to achieve a desired wrench
with a sampling period of T = 1 s. The desired force is set
by the same position controller described previously, and the
desired torque is always set to zero. This method also requires
initial estimates to seed the solver; we chose 14 different initial
estimates to help ensure that we found an optimal solution using
an off-the-shelf least-squares solver. With this solver we found
the two initial estimates indicated by Tabor et al. [3] to be
insufficient, this is likely highly dependent on their choice of
optimization algorithm.
We use three metrics to quantify the quality of the responses:

settling time, normalized path length, and final angular velocity.
The settling time gives a sense for how quickly the controller
is able to move an object to a position setpoint. We define the
settling time as the time at which the center of the object enters
a spherical region that has a radius that is 1% of the total step
size of 111.25 mm, and then never leaves that spherical region.
The normalized path length is defined as the distance traveled by
the object from the start of the trial to the settling time, normal-
ized by the shortest possible distance (i.e., 99% of the total step

size of 111.25 mm). This metric captures both nonstraight paths
and overshoot. The final angular velocity captures the amount of
net parasitic torque induced on the object, given that, in all cases,
the goal was to induce no torque during the position-regulation
task. For all three metrics, smaller values are better.
2) Results and Discussion: The results of our simulations

are presented in Fig. 11 in the form of box-whisker plots of the
14 trials per controller. We present a critical comparison of the
median results in Table III and Supplemental Video 1.
As we make our position controller more aggressive by

decreasing α, the settling time decreases by a factor of three
(approximately); this is as expected. As we make our position
controller more aggressive, we also observe an increase in the
final angular velocity and the average normalized path length.
The increase to path length is due to some slight overshoot
when trying to reach the goal more aggressively. The increase
in the final angular velocity is due to the controller asking for
larger forces,which leads to a corresponding increase in parasitic
torque.
Theminimize-torque controller is an order-of-magnitude bet-

ter than the other controllers at not inducing parasitic torque on
the object, measured via its final angular velocity. This comes at
the cost of longer settling times and slightly longer path lengths.
With the greedy controller, as we increase q (i.e., penalize

torque more) there is a decrease in the final angular velocity
as expected, but with a ceiling effect. However, increasing q
too high substantially harms the performance of the position
control. We found that q = 3 gives similar median performance
as the minimize-torque controller in terms of settling time and
normalized path length. Further increases in q only led to nega-
tive changes in performance without any corresponding positive
changes.
The maximize-force controller and the greedy controller with

q = 0 perform equally well in terms of moving objects from
across the workspace along the shortest-possible straight-line
path to the setpoint. However, the maximize-force controller
performs slightly better in terms of both settling time and not
inducing parasitic torque.
One thing that we observed that was unexpected was that

setting q = 1 with the greedy controller resulted in a median
settling time that is slightly lower (i.e., faster) than with q = 0,
with some trials that are much lower. This is best explained as
follows. The greedy solver with q = 1 sometimes struggles to
exactly produce the desired force because it is also explicitly
trying to create no torque, which leads to a dynamic response
that deviates from the idealized response anticipated by the
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Fig. 11. Box-whisker plots comparing the simulated settling time, normalized path length, and final angular velocity of the minimize-torque controller, the
maximize-force controller, and the greedy controllerwith q = 0, q = 1, and q = 3, using (b) a gentle position controller (α = 0.99) and (a) one that is approximately
3× more aggressive (α = 0.97). Each box-whisker plot comprises 14 trials with starting locations that are all at a distance ρ = λ/4 from the setpoint.

position controller. In some cases, this actually leads to a more
aggressive response that overshoots the setpoint (which explains
the increase in normalized path length); if the overshoot is not
sufficient to leave the 1%sphere around the setpoint, this actually
results in a decrease in 1%settling time.Thus,we are not inclined
to interpret the faster response in a positiveway, since it indicates
a lack of control.

B. Physical Experiments

1) Methods: For an experimental verification of the position
controllers performance, we created an experimental setup com-
prising twoOmnimagnets [19] of the design originally described
in [20]; these are the same Omnimagnets used in our previous
works on this topic [1], [3]. We placed the Omnimagnets 0.4 m
apart (λ = 0.2 m), adjacent to a pool of water, as shown in

in Fig. 12. We placed a solid aluminum sphere with a radius
r = 0.02 m and mass 0.091 kg in a 3-D-printed (nonmagnetic
and nonconductive) raft of diameter 88 mm floating on the
surface of the water, which has a depth of 190 mm. The raft
itself adds another 0.061 kg to the object’s mass. The pose
of the raft, and thus the aluminum sphere, was tracked using
a fiducial marker. This setup provides a 3-DOF simulation of
microgravity (two-degree-of-freedom translation in the horizon-
tal plane and one-degree-of-freedom rotation about the vertical
axis). The center of each Omnimagnet, which is the location
of the magnetic dipole that it creates, was placed at the same
vertical height as the center of the aluminum sphere, which is
just below the surface of the water, such that experiments are
conducted in the z = 0 plane depicted in Fig. 1.
The aluminum spherewas commanded to one of three starting

locations located 50 mm away from the center of the workspace
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T A B L E I V
C O M P A RI S O N  O F  T H E M E DI A N E X P E RI M E N T A L S E T T LI N G T I M E, NO R M A LI Z E D P A T  H L E N G T H , A N D F I N A L A N G U L A R V E L O CI T Y  O F  T H E M I NI MI Z E- TO R Q U E

C O N T R O L L E R , T H E M A XI MI Z E - FO R C E C O N T R O L L E R , A N D  T H E G R E E D Y C O N T R O L L E R W I T H q = 0 A N D q = 1 , WI T H α = 0 .9 7

Fi g. 1 2.  T o p- d o w n vi e w of t h e e x p eri m e nt al s et u p c o m prisi n g t w o  O m ni m a g-
n ets  wit h c e nt ers pl a c e d 0. 4  m a p art s urr o u n di n g a p o ol of  w at er,  wit h a r aft c ar-
r yi n g a 2 0  m m r a di us al u mi n u m s p h er e, e q ui p p e d  wit h a fi d u ci al  m ar k er.  T h e l eft
i m a g e s h o ws t h e i niti al c o n diti o n, a n d t h e ri g ht i m a g e s h o ws t h e fi n al c o n diti o n
wit h t h e p at h t a k e n d e pi ct e d i n r e d, f or t y pi c al r u ns. ( a) x ( 0 )  = [ 5 0 0] m m.

( b) x ( 0 )  = [ 0 − 5 0] m m. ( c) x ( 0 )  = [ 2 5
√

2 − 2 5
√

2] m m.

(x = y = 0 ) al o n g t h e x - a xis, t h e − y - a xis a n d t h e a xis 4 5 ° b e-
t w e e n t h e t w o, usi n g t h e  m et h o d d es cri b e d i n [ 3].  O n c e t h e o bj e ct
w as at r est i n t h e gi v e n st arti n g l o c ati o n, it  w as c o m m a n d e d t o
m o v e t o t h e c e nt er usi n g t h e  mi ni mi z e-t or q u e c o ntr oll er, t h e
m a xi mi z e-f or c e c o ntr oll er, a n d t h e gr e e d y c o ntr oll er fr o m [ 3]
wit h q = 0 a n d q = 1 .  Usi n g t h e c o m bi n e d  m ass,  w e c al c ul at e d
t h e p ositi o n c o ntr oll er g ai ns as i n ( 1 5) a n d ( 1 6), usi n g α = 0 .9 7 .

T his e x p eri m e nt al s et u p pr o vi d es a r e as o n a bl e a p pr o xi m ati o n
of t h e  mi cr o gr a vit y e n vir o n m e nt of s p a c e, b ut t h e r es ults  will
b e sli g htl y diff er e nt d u e t o v ari o us i n erti al a n d dr a g eff e cts of
t h e  w at er.  We c h os e t h e  m or e a g gr essi v e c o ntr oll er (α = 0 .9 7 )
d u e t o t h e pr es e n c e of u n m o d el e d dr a g fr o m t h e  w at er.  We
h e uristi c all y f o u n d t h at r e d u ci n g k d (fr o m t h e v al u e c al c ul at e d
pr e vi o usl y) b y 2 5 % t o a c c o u nt f or t h e u n m o d el e d dr a g l e d t o
r es ults t h at  m ost cl os el y  m at c h e d o ur si m ul ati o ns.

2)  E x p eri m e nt al  R es ults: T y pi c al tri als of o ur e x p eri m e nt ar e
s h o w n i n Fi g. 1 3 .  T h e c o m pl et e r es ults ar e pr es e nt e d i n Fi g. 1 4
as a b o x- w his k er pl ot of t h e ni n e tri als p er c o ntr oll er.  A g ai n,
w e pr es e nt a criti c al c o m p aris o n of t h e  m e di a n e x p eri m e nt al

Fi g. 1 3.  T y pi c al e x p eri m e nt al r u ns f or t h e  mi ni mi z e-t or q u e c o ntr oll er, t h e
m a xi mi z e-f or c e c o ntr oll er, a n d t h e gr e e d y c o ntr oll er  wit h q = 0 a n d q = 1 , all
usi n g α = 0 .9 7 .  R es ults s h o w p ositi o n r e g ul ati o n f or a 2 0  m m r a di us al u mi n u m
s p h er e st arti n g fr o m r est at a 5 0  m m dist a n c e al o n g t h e x - a xis, t h e − y - a xis, a n d
a di a g o n al a xis. S e e S u p pl e m e nt al  Vi d e o 2.

r e s ults i n  Ta bl e I V.  Alt h o u g h t h e p arti c ul ar n u m eri c al v al u es
v ar y sli g htl y fr o m t h e si m ul ati o n r es ults d u e t o t h e u n m o d-
el e d eff e cts of  w at er,  w e o bs er v e t h e s a m e g e n er al tr e n ds t h at
w e di d i n t h e si m ul ati o ns.  T h e  mi ni mi z e-t or q u e c o ntr oll er is
a g ai n a n or d er of  m a g nit u d e b ett er t h a n t h e ot h er  m et h o ds at
n ot i n d u ci n g p ar asiti c t or q u e o n t h e o bj e ct; t his a g ai n c o m es
at t h e c ost of l o n g er s ettli n g ti m es a n d sli g htl y l o n g er p at h
l e n gt hs.  T h e  m a xi mi z e-f or c e c o ntr oll er a n d gr e e d y c o ntr oll er
wit h q = 0 b ot h h a v e t h e s h ort est p at h l e n gt h a n d c o m p ar a bl e
s ettli n g ti m es. I n cr e asi n g t h e v al u e of q a g ai n l o w ers t h e fi n al
a n g ul ar v el o cit y b ut c o m e at t h e c ost of hi g h er s ettli n g ti m es
a n d p at h l e n gt hs.  C o nsi d eri n g t h e r es ults i n  Ta bl e I V cl os el y
m at c h t h os e i n  Ta bl e III,  w e ar e c o n fi d e nt t h at, alt h o u g h o ur
w at er- b as e d  mi cr o gr a vit y si m ul at or a d ds s o m e p ar asiti c eff e cts,
o ur p h ysi c al e x p eri m e nts r ei nf or c e t h e c o n cl usi o ns dr a w n fr o m
o ur si m ul ati o ns.

VI.  D I S C U S SI O N

A s dis c uss e d e arli er, o ur pri m ar y  m oti v ati o n f or t his  w or k is
t h e t as k of r e g ul ati n g t h e p ositi o n of a r esi d e nt s p a c e o bj e ct at
t h e  mi d p oi nt b et w e e n t w o fi el d s o ur c es, t o b e d et u m bl e d b y a
s e c o n d ar y c o ntr oll er.  W h e n t h e o bj e ct is alr e a d y v er y n e ar t o
t h e  mi d p oi nt, it s e e ms cl e ar t h at t h e pr o p os e d  mi ni mi z e-t or q u e
c o ntr oll er is  m ost d esir a bl e, i n t h at it cr e at es v er y littl e p ar asiti c
t or q u e t h at  m a y dist ur b t h e a xis of r ot ati o n of t h e o bj e ct.  W h e n
t h e o bj e ct is r el ati v el y f ar fr o m t h e  mi d p oi nt, t h e pr o p os e d
m a xi mi z e-f or c e c o ntr oll er s e e ms t o b e t h e b est c h oi c e, alt h o u g h
it p erf or ms q uit e c o m p ar a bl y t o o ur pri or o pti mi z ati o n- b as e d
gr e e d y  m et h o d.

A ut h ori z e d li c e n s e d u s e li mit e d t o: T h e U ni v er sit y of Ut a h. D o w nl o a d e d o n O ct o b er 1 7, 2 0 2 4 at 2 1: 3 1: 5 1 U T C fr o m I E E E X pl or e.  R e stri cti o n s a p pl y. 
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Fig. 14. Box-whisker plots comparing the experimental settling time, normalized path length, and final angular velocity of the minimize-torque controller, the
maximize-force controller, and the greedy controller with q = 0 and q = 1, with α = 0.97. Each box-whisker plot comprises nine trials with starting locations
that are all at a distance ρ = λ/4 from the setpoint.

It is important to note that both the minimize-torque and
maximize-force controllers were developed for the structured
environment near the midpoint between two field sources; they
are highly specialized for that configuration (which is important
in our motivating application). There is no reason to believe that
the positive results that we found will translate to other location
outside of this nominal workspace.
We assumed a point dipole model for our field sources. This

model is perfect for a spherical permanent magnets [21]. For
cubic and cylindrical permanent magnets [21], as well as om-
nidirectional electromagnets [19], the model is accurate outside
of approximately 1.5 minimum-bounding-sphere radii.

VII. CONCLUSION

In this article, we developed two new low-level 3-DOF force
controllers, whichwe named theminimize-torque controller and
the maximize-force controller, for the manipulation of conduc-
tive nonmagnetic objects in the nominal workspace between two
rotating-magnetic-dipole field sources. We compared the two
new force controllers with each other and with the state-of-the-
art greedy controller from [3] (which is an improvement of the
original controller in [1]), using the same high-level position
controller, in the task of position regulation to the midpoint
between the field sources. We found that the minimize-torque
controller performs best (by an order of magnitude) in terms of
not inducing parasitic angular momentum on the object, but at
the cost of modestly longer settling times. We put a premium on
not inducing parasitic angular momentum on the object because
we are ultimately interested in applying this position regulator to
the task of detumbling objects in space for on-orbit servicing or
deorbiting.
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