STABILITY AND LARGE-TIME BEHAVIOR ON 3D INCOMPRESSIBLE
MHD EQUATIONS WITH PARTIAL DISSIPATION NEAR A BACKGROUND
MAGNETIC FIELD

HONGXIA LIN!, JIAHONG WU? AND YI ZHU?

ABsTrACT. Physical experiments and numerical simulations have observed a remarkable
stabilizing phenomenon: a background magnetic field stabilizes and damps electrically
conducting fluids. This paper intends to establish this phenomenon as a mathematically
rigorous fact on a magnetohydrodynamic (MHD) system with anisotropic dissipation in
R3. The velocity equation in this system is the 3D Navier-Stokes equation with dissipa-
tion only in the x;-direction while the magnetic field obeys the induction equation with
magnetic diffusion in two horizontal directions. We establish that any perturbation near
the background magnetic field (0, 1, 0) is globally stable in the Sobolev setting H3(R3).
In addition, explicit decay rates in H>(R?) are also obtained. When there is no presence
of the magnetic field, the 3D anisotropic Navier-Stokes equation is not well understood
and the small data global well-posedness in R? remains an intriguing open problem. This
paper reveals the mechanism of how the magnetic field generates enhanced dissipation
and helps stabilize the fluid.

1. INTRODUCTION

This paper deals with the stability and large-time behavior problem on a system of 3D
anisotropic MHD equations near a background magnetic field. To shed some light on the
potential difficulties of this problem, we briefly review several facts on the behavior of
solutions to the Euler and the anisotropic Navier-Stokes equations.

It is well-known that solutions of the incompressible Euler equations

ou+ w-Vyu=-VP,
V-u=0

can grow rather rapidly in time. In fact, Kiselev and Sverak are able to construct a vorticity
solution of the 2D Euler equations in a disk whose gradient grows double exponentially
in time [54]. In the periodic setting, an example of Zlatos shows that the vorticity gradient
can grow at least exponentially [111]. Choi and Jeong obtain linear in time growth for the
vorticity gradient for certain smooth and compactly supported initial vorticity in R? [22].
Classical solutions to the 3D Euler equations could develop finite-time singularities (
[20,38]). Many more results in this direction can be found in a review paper by Drivas and
Elgindi [35]. As a special consequence, perturbations governed by the Euler equations
near the trivial solution are generally not stable. How much dissipation does one really
need in order to achieve the stability? Adding the full Laplacian dissipation is certainly

2010 Mathematics Subject Classification. 35A05, 35Q35, 76D03.
Key words and phrases. Background magnetic field; magnetohydrodynamic equation; partial dissipa-
tion; stability; decay rate.
1



2 LIN, WU, ZHU

sufficient. As demonstrated by Schonbek and others (see, e.g., [75-77, 89]), solutions of
the Navier-Stokes equations

ou+ (u-Vyu=-VP + uAu,
V-u=0

are asymptotically stable and decay in time with explicit decay rates. When the dissipation
is anisotropic and only in two directions, the Navier-Stokes equations become

(1.1)

ou+ (u-Vyu=-VP + uAyu,
V-u=0.

where A, = 97 + 0; is the horizontal Laplacian. Due to its physical applications and
special mathematical properties, (1.1) has attracted considerable interests and an array of
beautiful small data global well-posedness results have been obtained (see, e.g., [18, 19,
50, 65, 69,70, 104, 105]). New approaches have very recently been developed to tackle
the large-time behavior problem and explicit decay rates have been extracted for (1.1)
(see [52,97]). If we further reduce the dissipation to be in just one direction, the resulting
3D anisotropic Navier-Stokes equations

(1.2)

du+w-Vu=-VP+udu, xeR’, t>0,
V-u=90

is not well-understood. In particular, the small data global well-posedness problem re-
mains open. In addition, very little is known on the stability properties and the large-time
behavior.

This paper focuses on the following system of the 3D MHD equations with anisotropic
dissipation

6tu+(u-V)u:—VP+,u§%u+(B-V)B, xeR3 >0,
0B+ w-V)B=nA,B+ (B-V)u, (1.3)

V-u=V-B=0

with the initial data
u(x,0) = ug, B(x,0)=By.

Here u = (uy,uy,u3)", B = (By, By, B3)" and P represent the velocity field of the fluid, the
magnetic field and the scalar pressure, respectively. The constants ¢ > 0 and n > 0 are
the viscosity coefficient and the magnetic diffusivity. The MHD system (1.3) focused
here is relevant in the modeling of reconnecting plasmas (see, e.g., [23-25,72]). In fusion
plasmas there is extreme anisotropy due to the high temperature and large magnetic field
strength. This causes diffusive processes, heat diffusion and energy/momentum loss due
to viscous friction, to effectively be aligned with the magnetic field lines. This alignment
leads to different values for the respective diffusive coefficients in the magnetic field (see,
e.g., [31,46,66,84]).
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The motivation for studying (1.3) comes from two distinct sources. The first is the sta-
bilizing phenomenon observed in physical experiments involving electrically conducting
fluids. The experiments exhibit a remarkable phenomenon: a background magnetic field
actually stabilizes and damps turbulent MHD fluids (see, e.g., [2—4,26-28,43,44]). We
intend to establish this phenomenon as a mathematically rigorous fact on (1.3). The sec-
ond is to initiate new strategies and develop innovative tools for stability and large-time
behavior problems on anisotropic models.

We remark that anisotropic diffusion is a common physical phenomenon and describes
processes where the diffusion is directionally dependent. Anisotropic diffusive processes
occur in Darcy’s flow for porous media, large scale turbulence where turbulence scales
are anisotropic in size, and heat conduction and momentum dissipation in fusion plas-
mas. Many mathematically rigorous studies have been devoted to understanding such
anisotropic flows. For example, there is a very large literature on the primitive and the
Boussinesq equations with anisotropic dissipation. Various partial dissipation cases on the
primitive equations have been examined by Cao, Li and Titi (see, e.g., [11-13]). Their
main focus has been on the global existence and regularity problem. It may be interesting
to understand the stability of perturbations near physically relevant steady states such as
shear flows and hydrostatic balance.

To understand the stabilizing mechanism of a background magnetic field
u? =0, BY=e;:=(0,1,0),

which is obviously a steady-state of (1.3), we study the dynamics of the perturbation (i, b)
with b = B — B©. Clearly (u, b) satisfies the MHD equations

u+ - -Vu=-VP+udtu+b-Vb+db, xeR’ >0,

Ob+ (u-VYb=nAb+ b -Vu+ou,
(1.4)

V-u=V-b=0,

u(x,0) = up(x), b(x,0) = by(x).

Our main result asserts the global well-posedness and stability of (u, b), and provides
precise decay rates for various Sobolev norms of (u,b). The precise statement of these
results is presented in the following theorem. To simplify the notation, we use || f||rzez»

for the norm || || 1flusco cand Ifllg g, for | 1Az, e oy

Li®R) || r ®) 12

Theorem 1.1. Assume (uy, by) € H*(R*) with V - uy = 0 and V - by = 0 satisfies
(o, bo), (3110, 03by), (3u0, B3bo) € L7 Ly . (R).

X3TTX1X2

Then there exists a sufficiently small constant 6 > 0 such that, if
10, Lol ey + 1o, bollz2 11 ) + (@310, O3b0)iz 11 w3

+ @0, Bbo)liz 1y, o) < 6. (15)

X
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then (1.4) admits a unique global solution (u,b) € C([0, 00); H*(R?)). In addition, (u, b)
is stable in the sense that, for an absolute constant C > (),

!
1, DO s, + f 01, + 102D, + VDO ) dr < €62
0

forany t > 0.

Furthermore, (u, b) obeys the following time decay estimates, for 0 < & < +

36’

I, D)llzeay < CA+072, (Ve Vib)llzay < €L+ )7,

@514, Bsb)l2ey < CL+ 0752, [(310,u,0,10,b)l|2esy < C(L+ 1734, j= 1,2,
101831, 9103b)l2e) < CAL+ D7, 11@20,, 920,)l|i2esy < C(1+ 1734, j=2,3,
1@3u, B2y < C(A+ )7,

Theorem 1.1 rigorously confirms the smoothing and stabilizing effect of the magnetic
field on the electrically conducting fluids. Without the magnetic field, the fluid motion
is governed by the 3D anisotropic Navier-Stokes equation (1.2) alone and whether or
not the velocity is stable in Sobolev spaces remains an outstanding open problem. When
coupled with magnetic field, Theorem 1.1 ensures that any perturbation near a background
magnetic is stable and decays to zero at explicit rates as ¢t — co.

We clarify the differences between Theorem 1.1 and some of the closely related re-
sults. Wu and Zhu [95] solved the stability problem for the MHD system with horizontal
dissipation A,u and vertical magnetic diffusion d3b. It appears that the situation consid-
ered here is more difficult. This is due to the handling of the velocity nonlinearity (u - V)u.
When the velocity dissipation is only in one direction, the triple-product term ((u-V)u, u)ys
is much more difficult to control than any triple product terms generated for the MHD sys-
tem considered in [95]. In fact, this term is exactly the reason why the well-posedness
problem on the 3D anisotropic Navier-Stokes (1.2) is open. One main contribution of this
paper is the handling of the Navier-Stokes nonlinearity when the dissipation of the veloc-
ity is only in a single direction. The smoothing and stabilizing effect of the magnetic field
on the fluids, and the elaborate construction of time-weighted energy functional are the
key ingredients of this successful story. We remark that there is a very large mathematical
literature on the incompressible MHD equations. In particular, there have been substan-
tial recent developments on the well-posedness and stability problems, and significant
progress has been made (see, e.g., [1,8-10,14-16,21,29,33,34,36,37,40-42,45,47-49,
51,53,55,56,58-64,71,73,74,78-80, 86-88,91-93,96,98-100, 102, 103, 106—108]).

We explain the proof of Theorem 1.1. Due to the lack of velocity dissipation in two
directions, we take the functional setting to be the Sobolev space H? in order to guarantee
the uniqueness. The local existence follows from a standard procedure (see, e.g., [67]), so
we focus on the global a priori bounds of (u, b). This is accomplished via the bootstrap-
ping argument (see, e.g., [83]). A crucial step is to construct a suitable energy functional.
Naturally it should include the H3-norm together with the time integral pieces from the



STABILITY ON THE 3D MHD EQUTIONS 5

dissipative terms
| t
EY(@) = sup (o), b + fo (191U, + 194b@IE, ). (1.6)
However, due to the lack of velocity dissipation in two directions, the triple product gen-

erated by the nonlinearity, namely ((# - V)u, u)ys can not be bounded in terms of E(()l)(t).
The most difficult piece is the following triple product

f@g(u - Vu) - Audsx.

Here we have used f to denote the integral in x over R?. To distinguish the derivatives in
different directions, we further write it as

f@g(u -Vu) - 8gu dx
=3 f@wh . Vhagu . 0§udx +3 fﬁ%uh - V,03u - Bgudx + f@guh -Vu - 0§udx

+3f63u36§u.agudx+3fa§u3a§u-a§udx+fa§u3a3u.agudx. (1.7)

Clearly we need to seek enhanced dissipation in the x, or the x3 direction to complement
the existing dissipation in the x;-direction. The background magnetic field is along the
x, direction and it is in this direction that the extra regularization is generated. Mathe-
matically this is reflected in the wave structure. We explain this. To avoid unnecessary
complications, we look at the linearized system of (1.4), namely
ou = ,u&%u + 01D,
0:b = nApb + 0,u, (1.8)
V-u=V-b=0.
By differentiating the first equation of (1.8) in # and making several substitutions, we
obtain
Oyt = PO B,u + 020,b = ud>du + d,(MALb + Out)
= udi0.u + nAy(Ou — pdiu) + Oju
= (yaf + nAp)ou — unéﬁAhu + 6%14.
Similarly, we have for b
Oub = (UOT + nA)Ob — undi Ayb + O5b.
Therefore, (1.8) is converted into the following system of wave equations

Oyt — (/18% + nAp)ou + ,unB%Ahu - 8§u =0,
Oub — (UOT + DO + undAb — 83b = 0, (1.9)
V-u=V-b=0.

(1.9) is a system of anisotropic and degenerate wave equations. In comparison with

(1.8), (1.9) exhibits much more smoothing and stabilizing properties. In particular, the
two terms aéu and é%b in (1.9), emerged from the interaction of the velocity and the
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magnetic field, generates the dissipation in the x,-direction. This confirms the stabilizing
effect of the background magnetic field. In fact, by energy estimates, we can show that,
any solution (u, b) of the wave equations (1.9) satisfies

1d

5 27 (2000l = 21%u + nAy, D) + 1 + Ayl + O VyallZ; + 102l )

+ ulldr Dl + VD ully, + (P nlldVaully, + 10y Viully,

+ 0102}y + V4Dl = 0. (1.10)
Clearly,

1
200,ully, = 2(udiu + nAyu, du) + judiu + nAull}, > Z(Ilazulliz + |8 u + nAyull,)-

Integrating (1.10) in time yields an upper bound on various norms of u. The upper bound
for b is the same. These upper bounds reflect the smoothing and stabilizing effect of
the wave structure. In particular, we gain a regularization in the x,-direction. As we
shall see in the proof of Theorem 1.1, this regularization can be realized via a Lyapunov
functional with a mixed scalar product. However, as we can see from the simple energy
estimate above, the wave structure provides much more regularization. When we prove
the decay estimates of Theorem 1.1, we need to take full advantage of all these smoothing
properties. This is done through the integral representation in (5.5) and (5.6), which
involves typical kernels for wave equations.

We remark that the stabilizing phenomenon and the wave structure appear to be uni-
versal for perturbations near steady states of many fluids. In particular, the Boussinesq
system governing the perturbations near the hydrostatic equilibrium share many common
features with the MHD systems such as the anisotropy and the wave structure. The stabil-
ity problems on the Boussinesq systems near the hydrostatic equilibrium and/or the shear
flow have recently attracted considerable interests and important progress has been made
(see, e.g., [5-7,17,30,32,39,57,68,81,82,86,94,101, 109, 110]). The Boussinesq wave
structure reveals the smoothing and stabilizing effect of the buoyancy on the fluids near
the hydrostatic equilibrium. The stabilizing effect in the Boussinesq systems is weaker
than the corresponding one for the MHD systems.

To include this regularizing property in the energy functional, we define

EQP@) = f 10,u(7)| 2 d7. (1.11)
0

We emphasize that the extra dissipative effect in the x,-direction is one-derivative lower
than what a standard dissipation term du provides. This is due to the fact that such
(partial) Laplace term is inside a wave-like equation (of second order in time). As a
consequence, this energy functional only allows the time integrability of ||(92u||§{2, not
10,ull?,,. Combining E(()l) and E(()z) gives

Eo0) = E + E;)

= sup [|(u(), b + fo (19111 + 121D + V4D ).

0<r<t
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However, there are still two terms in (1.7) (the third term and the fourth term) that can
not be bounded in terms of Ey(¢). After invoking the divergence-free condition dsu; =
—01u; — O Uy, these terms are reduced to the difficult term

f |0,ul |03ul |B3uldx. (1.12)

Due to the aforementioned weaker smoothing effect in the x,-direction, (1.12) can not
be bounded by E((#). Extra maneuvers are necessary. Our idea is to include two extra
time-weighted energy functionals

Ey(1) = sup (1 + D)l[(Vau(7), V,b(0))II7,

0<7<t

!
4lfﬂ+ﬂm&WMﬂ%dw&WMﬂ%+MﬁMﬂ%&h
0

Es(t) = sup ((1 + DlI(), b, + (1 + D(Vpu(r), Vab(O)II7,

0<r<t

+ (1 + 1) 7(85u(1), 3:b(D)II2,

2
+ > 1+ DT(010,u(7), 19D,

j=1

3
+1(1+7)32(@:0,u(r), 29 ()R,

j=2
+(1+D7(0105u(r), 9, 05bT)IL + (1 + D)2 (@Bu(r), Bb)IL.)

We shall show that the time-weighted terms involving the x,-derivatives in E;(f) and E,(¢)
enables us to bound the term in (1.12) suitably and thus establish a closed energy inequal-
ity. The definition of E,(7) is certainly not simple. It takes into account of the precise time
decay rate of each norm involved in E,(¢). We will resort to the integral representation of
(1.4) and spectral analysis to control the terms in E,(f). Having obtained the necessary
components of the energy functional, we sum them up to form our total energy functional

E(t) = Eo(t) + E1(t) + Ex(2).
Our main efforts are devoted to proving the following estimate
E(1) < C1F(u, bo) + Co(E (1) + EX(1)), (1.13)
where C, and C, are constants, and

2 2 2 2 2 2
F(uo, bo) = liCuo, bolllys + liCwo, Lo)llzz 11+ 1100, 3oz g1+ (15040, 3Bl 11 -
X3 x X3 xq X3 x

Verifying (1.13) is a very lengthy process. For the sake of clarity, we divide the whole
process into the proofs of the following inequalities

Eo(1) < CE(0) + CE3(p), (1.14)
E\(t) < CE(0) + CEy(t) + CE%(t), (1.15)
Ex(t) < C(E* (1) + E*(®)) + C(II(uo, Do)l + o, b

2 7l
L.x'3 Lxl X



8 LIN, WU, ZHU

+ 103140, A3b0)II* + 1(A5u0, A5bo)II? ) (1.16)

2 7l 2 7l
LX3 Lxl X L.¥3 Lxl X

To prove (1.14), we realize that Ey(f) consists of two different types of terms E(()l)(t) and

E(()z)(t), as aforementioned in (1.6) and (1.11). The boundedness of E(()z)(t) relies on the
enhanced dissipation from the wave structure. Naturally the proof of (1.14) is further
split into two parts,

(@)l + Ib@E) + 2f0 (,ulléhu(T)Ilfp + nIIVhb(T)Ilip)dT < CE(0) + CE3(1)

and
1 ! !
= Oau(), bO)i + 5 fo 182u(DIl7. fo (1026 + @ + MNABI. )dr

< CE(0) + CEX(p).

The detailed estimates are provided in Section 3. To prove (1.15), we also need to divide
the terms in E;(¢) into two parts,

t
f(l + DAVl dr
0

and the rest of the terms. The regularization from the wave structure in (1.9) is used to
gain the time integrability of the vertical derivative. More technical details are left in
Section 4.

The proof of (1.16) is extremely elaborate and relies on the precise decay rates of
the norms involved in E,(f). Direct energy estimates are not sufficient for this purpose.
Instead we solve the system of linear equations (1.8) and recast the nonlinear system (1.4)
into an integral form. This form relies on three kernel functions. They are degenerate and
anisotropic in the frequency space. We first perform a detailed spectral analysis in suitably
divided subdomains of the frequency space to obtain sharp and precise upper bounds for
the kernel functions. The terms in E;(f) are then estimated according to the orders and
directions of their derivatives. After a lengthy process, we finally obtain (1.16).

Once (1.13) is at our disposal, a direct application of the bootstrapping argument yields
the desired global bounds and Theorem 1.1 then follows.

The rest of this paper is divided into four sections. Section 2 applies the bootstrapping
argument to the a priori inequality (1.13) to establish Theorem 1.1. In addition, several
anisotropic inequalities for products and triple products are provided here as well. They
will be used in the subsequent sections. Section 3 details the proof of (1.14). Section 4
proves (1.15) while Section 5 is devoted to (1.16).

2. PrROOF OF THEOREM 1.1 AND ANISOTROPIC SOBOLEV INEQUALITIES

This section serves two purposes. The first is to prove Theorem 1.1 by applying the
bootstrapping argument to the a priori inequality in (1.13). The second is to provide
anisotropic inequalities for several products and triple products, which will be used in the
proofs in subsequent sections.
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Proof of Theorem 1.1. The local (in time) well-posedness of (1.4) in H> can be shown via
standard procedures (see, e.g., [67]). It suffices to establish the global bounds stated in
Theorem 1.1 in order to obtain the global existence. This is accomplished by applying
the bootstrapping argument to (1.13), namely

E(1) < C1F(ug, bo) + Co(E> (1) + EX(1)), (2.1)
where
F(ug, bo) = |l(uto, bo)ll3s + II(uo, b0)||i§3Lim + (030, 33bo)||i§3ulx2
+ @0, B0, 4y
A useful description of the bootstrapping argument can be found in [83, p.21]. In order to
apply the bootstrapping argument, we make the ansatz that

E(t) < M := min {1 (2.2)

=
(4GP
We then verify that E(¢) actually admits a smaller bound,

M
E@) < —.
(1< >
Inserting (2.2) in (2.1) and recalling the initial assumption (1.5), we have
E(1) < CF(ug, bo) + Co(M?* + M)E(r)
< C16% + 2C, M3 E(1)

1
<C6+ zE(r),

or
E(t) <2C6°.
If the initial data is sufficiently small, say
8 < ﬁ’
4C,

then we derive
M
E(r) <2C,6* < >

The bootstrapping argument then implies 7 = oo and asserts that for any time ¢ > 0,
E(1) < C&°,

which, in particular, implies the desired global bound on the solution (u, b). As a conse-
quence, we obtain the global existence of solutions. The uniqueness is obvious due to the
high regularity of the solution. The global bound on E, () yields the desired decay rates
stated in Theorem 1.1. This completes the proof of Theorem 1.1. O

In the second part of this section, we provide several anisotropic upper bounds for
products and triple products. The bounds stated in the following lemma are powerful
tools in controlling the nonlinearity in terms of the anisotropic dissipation.
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Lemma 2.1. For some constants C > 0, i, j,k = 1,2,3 and i # j # k, we have
flfghldx < C“f”LZ(R’s ”alf“LZ(RS)”g”LZ(R% ||62g||L2(R3 ||h||L2(R3 ||a3h||L2(R’s)’ (2'3)

f'fghldx < (j“.f||L2(R3)”a f”LZ(R3 ||a]f”L2(R3 ”a ajf‘”LZ R3)

x ||g||L2(R3)||akg||Lz(R3 Al 2, (2.4)
1 1 1

1f 8l < cnfuzz(w 1o f||L2(R; 1031 10501 o N8l 18 g (225)

1 glliz 1 < AL o 10511 g gl (2.6)

Proof. The first two estimates have been stated and proven in [95]. Here we give the proof
of (2.5) and (2.6). Without loss of generality, we assume i = 2, j = 3,k = 1 in (2.5). Now
we prove (2.5). By Holder’s inequality, for / = 1,2, 3, we have the simple fact

Il < VZIAL, g I0LF1, 2.7)

By (2.7),

Ifgllizs < || 111z, glles; ||,
x2X3

1 1
<C| 2 gl ||
< W st e, U,

< Cliflleg, 22 ”g”Lz(R3 |I5‘1gIILz(R3

X X3
By Minkowski’s inequality, (2.7) and Holder’s inequality,
1 1
2 2
ANy 22, < [0z, ]2 4 < €l 11 10211 Iz 1
1 1
j’% zg(z || ||(92f||L;§ erz 12

1 1
2 (002l I3

< C”f”[}(]&? ||83f||L2(R3 ||02f||L2(R3 ||6283f||L2(R3

< || 1less

Therefore,

To prove (2.6), we apply Holder’s inequality, Minkowski’s inequality and (2.7) to obtain

If 8z, < €|z, gz,

, <

llgll 2 (ra
iz, ®3)

< Clf I 1951 zz(R3)||g||Lz<R3).

This completes the proof of Lemma 2.1. O
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3. ESTIMATE FOR Ey(1)

This section is devoted to proving the a priori estimate (1.14) for E(¢). More precisely,
we prove the following proposition. We exploit the extra smoothing reflected in the wave
structure (1.9) to make up for the lack of vertical dissipation in the velocity equation. The
idea is to consider a Lyapunov functional involving an inner product besides the standard
H?-norm.

Proposition 3.1. Let (u,b) be a solution of the system (1.4). Then, for some constant
C > 0, we have

Eo(f) < CE(0) + CE2 (). (3.1)

To prove (3.1), we work with the Lyapunov functional defined by
L(u, b)(1) = ||(u(2), bO)I32 + ABoua(0), b(2))

where 0 < A < 2 is a small parameter. Next we show the bound of L(u, b). We evaluate
the time evolution of each part in this Lyapunov functional. For the sake of clarity, we
divide this process into two lemmas. The first focuses on bounding ||(u(%), b(t))lli,3 while
the second handles the inner product (0,u(t), b(1)) ..

Lemma 3.2. Assume (u, b) is a solution to (1.4). Then we have
t
()R + IbOIE) +2 f (1B ()R + nllV4b@IE )dT < CE(0) + CEX ().
0
Proof of Lemma 3.2. First we take the L?-inner product of (1.4) with (u, b) to obtain

1d

EE(Ilu(t)lliz +[1bOIZ.) + (ulldyullz, + 7llV,bll7.) = 0. (3.2)
Due to the equivalence of the norm ||(u(t), b(¢))||zs with ||(u(t), b(O))||2 + ||(u(?), D)) 53,
it suffices to bound ||(u(?), b(¥))||z. Applying (?f (i = 1,2,3) to the equations (1.4) and
taking the L*-inner product of the resulting equations with (&u, 87b), we have

3 3
d
2 (18I +18360E) + ) (630, + nl6; Vbl )
i=1 =1

1
2 :

1

3 3
:—Zfa?(u-Vu)-(??udx+Zfﬁ?(b-Vb)-(??udx

i=1 i=1

3 3
—Zfaf(u-w))-a?bdﬁzfa?(b.vu)-a?bdx

i=1 i=1

=L+L+5L+ 1. (33)

By Leibniz formula, integration by parts and V - u = 0, we have
2 3 3
L=-) > ch faffu VO - Pudx -y C fagu VO U - Budx
i=1 k=1 k=1
=1+ o,
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where C’3‘ is the standard binomial coeflicient. By Holder’s inequality and Sobolev’s in-
equality,

2
111:—Z(3f§iu-Vaizu-6?udx+3f6?u-vaiu~6?udx+f@?u-Vuﬁ?udx)
i=1

< C(IVull =11V Viull 2 + 1V5ull IV Vatll cON Vil 2
< C(IVull 2|V Viull + IV 3ull i 195Vl g )NV ull2
< ClIVull I V3ully, (3.4)

Rewriting the terms /1, in components, we have

I, <4 f |03u] |03V ul |O3u| dx + 6 f IV03ul |03ul |63u| dx
-3 f(93u3 8§u . 8§u dx — fﬁguh -Vyu - 8§udx
<4 f 031/ |03V ul |03u| dx + 6 f IV 03ul |05ul |3u| dx

+8 f |ul 103ul 10,03u] dx + 4 f |02ul |03ul* dx
=Ty + Lo + Loz + Lo,
where we have used the divergence-free condition, d;u3 = —0,u;—0,u,. By the anisotropic
inequalities (2.3) and (2.4),
1 1 1 1 1 1
Ty + I < Cl0sull, 10050l 1030l 19300l 1639 a2 163l 2, 10360 el
1 1 1 1 1 1
+ ClIV135l V302l 10302, 11050302, | 3l 110, Bl
< ClIVull2(IV,Vull2y + 101 V2ull7).
Applying (2.4) again, /},3 can be bounded by
1 1 1 1 1 3
Tz < Cllull 1050l 18513110050l | a2, 16, el
< Cllull (10:ull2,, + 10, V2 ull?).
Therefore,
Iy < Cllullgs (V572 + 101V ull2) + Tioas (3.5)

where I14 will be estimated at the end of the proof. Consequently, (3.4), together with
(3.5), leads to

I < Cllullgs (Va2 + 101V ull7) + Loa (3.6)
Since b has better dissipation than u, it is simpler to bound /,. By Leibniz’s formula,
2 3 3
L= >} f bV b Gludx+ ) C f 8 -V b - Fudx
i=1 k=1 k=1

+fb-va§b~a§udx
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=Dy + I + fb V&b - Budx.

As in I, we first have
Ly < C(IVbl-IVV3bl2 + V581141V a VDl ) Vyull 2
< C(IVbll Vbl + Vbl 1V VDl ) Vyull 2
< CIIVDll (V58I + IV5ull2.). (3.7)

For I,,, we further split it into two parts and then apply (2.3) to get

3 3
Ly = ch f &by, -V, 035 b - Budx + Z Ch f 0yb3 037 b - Fiu dx

k=1 k=1

3k%k%3—k% 3kp(Z 1A3..12 114, 2312
< CZ||53bh||Lz||32(93bh||L2||Vh@3 blI;, 1105V 05 "Dl L1105 ull 110105 ull
=1

3

1 1 1 1 1 1

k 2 k+1 2 4—k1.112 d—k1.112 3112 3112

+C 3 NI 105 DAl 194 DI 1020% Bl 1930l 16, Bl
k=1

< C(IVbllz + IV ull )V bl + 116,03ull7.). (3.8)
Therefore, (3.7) and (3.8) yield

L < C(IVDllge + IVull 2)IV3bI, + IV3ullz, + 118, Vull7,) + fb V&b - Fudx. (3.9)

We proceed to deal with I3. I3 is firstly divided into three parts,

2 3 3
L=-) > Ch f Ou- VoI b - ibdx - Ch f & uy - V40 b - 93 dx
i=1 k=1 k=1
3
- > C f dsus 037D - 33b dx
k=1

=3 + 132 + 133.

By (2.3),

1 1 1 1 1 1
1052l 1010 ull LIV S, BII 2 10: Vb2, Bl 110307 b,

M

2
I+ <C
=1

1

>~
Il

]
3klkl3—k% 3kp12 (193 (12 3,013

+CZ||(93Mh||zz||8153Mh||22||vh<93 DI, 1105V ,0; 77Dl L 1105Dl, 110205011,
=1

< C(IVully + IVl ) (101 Va7 + 11V3bI1 ). (3.10)

For I53, we further decompose it, integrate by parts and use (2.4) to get

3
Ly = _ch f Ouz 837*b - 03bdx + 6 f uy - 3Vyb - 03b dx
k=2
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3
< € ) 105uslla 103 Bl 10103 b1 1050 D1 11010503 bl L N3BIIE10263B17,

k=2
+ Cllull N0ull 950ll 101 D51l 12 bl 2 1311 1,031
< Clllull + 19Bll) Ul + 195l + 199,120),
where we have used V - u = 0. Combining (3.10) and (3.11) yields
I < Cllulls + 9Bl) IV Vel + 1015 + IV4BIE).

We now bound /. As in I, we decompose I, into three parts,
2 3

3
I = C4 f af?b-V&?_ku-G?bdx+ZC’§ f A5 - V33 u - d3bdx
1

i=1 k= k=1

+fb-va§u~a§bdx

;=141+142+fb-va?u-a§bdx.

By Holder’s inequality and Sobolev’s inequality,
3
Iy < CZ Vbl IV, ull2lIVblls < ClIVull2l| Vb1,
k=1
The estimate for I, is more subtle. We first further split it into three terms,

3
Ip=3 f a3bh-vha§u-agbdx+20§ f &by, - V03 *u - 33b dx

k=2

3

+ ¢ f b3 0y u - b dx
k=1

= Doy + Lygo + Iyps.

Applying (2.4) to 141, and (2.3) to 14, and I3, respectively, we obtain
Lot < ClOsbll 1020545 102041 10203415, 19383l 2 103D, 10, 53B 1,
< CIVBl(IVViully, + VYD),

and

(3.11)

(3.12)

3
1 1 1 1 1 1
k 2 k 2 3-k_ 112 3—k 112 371112 37112
L + Ly < C 108l 110, 04bill V403 ull2, 195 9,03 w1031 19203011

k=2
3
+C Y 108B3II 195 bl Il 101 B4l 16301 N10:203D
k=1
< CAVullye + IVl YA VullZ + (195l + IV 451E).

Thus,
L < C(IVullgz + IVl IV sull7. + 101 Vull + IV4B117,5).

(3.13)
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Inserting (3.6), (3.9), (3.12) and (3.13) in (3.3) and combining with (3.2), we conclude

1d 3
EE[”("(’)’ b7, + le 1@ u(t), afb(t))”iz] + [u||81 ullZ, + 71Vl

3
£ @G0 ull, + o} V4bIR)]
i=1

< C(llullgs + 161l ) D2l + 1010l + IVADIIGs) + Tioa. (3.14)
Integrating (3.14) over [0, 7] yields

[l (uu(t), DI + 2fot(,u||5‘1u(7')llf,3 + Vb (D7) dr

< C\[(ll”(ﬂllm + bl ) (10267 + 101617 + Vi) )dT
+ C(lluoll7s + lIoll2) + Cﬁtlm(ﬂdT

< CEX(t) + CE(0) + C fo (e dr.

It remains to bound the integral of /;,4. By means of (2.4), we have

1 1 1 1 3 1
1 2 112 by 2 i 3112 3112
Tias < Cl0ull3 03l 11850ull 3, 18300l |83 2, 116, B3

Then applying Holder’s inequality leads to

t 1 1 3
f La()dt < € sup (1 + D)3 0u(0)II?, (1 + 1)352,05u(0)||, 103017,
0

0<r<t
! | 1 1 1 .
x f (1 + B, 1BOsul 0l (L + 1) 8
0

< CE}(0E (1) f (1 + DIBuRdr)" ( f 1B0su(Dldr)’
0 0

f | ' ,
X(f(; ||51(9§M(T)|Ii2d7)4(f0(1+~r)‘}§+§d~r)

< CE: (DES (DEL (1) < CE3 (0.

=

Therefore,

1Cu(2), @)l +2 f 01Uy + VbR dT < CE (1) + CE(0).
0

This completes the proof of Lemma 3.2. O

Next we evaluate the inner product (0,u(t), b(t));2 and prove the following lemma.

Lemma 3.3. Assume (u, b) is a solution to (1.4). Then

1 ! !
= Oau(), bO)i + 5 fo 182u(DII7. fo (1026 + @ + MM )dr
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< CE(0) + CE*(1).
Proof of Lemma 3.3. Invoking the equations of # and b in (1.4), we have
= L@, DOV + 10l ~ 10201
= (02(u - Vu),b)g2 — (02(b - Vb),b)2 + (Oou,u - Vb)r — (Oru, b - V) 2
- /J((?z(?%u, D)z — m(Oru, Apb) 2
=1+ -+ L.

By integration by parts, /s can be rewritten as

Is :—fu-Vu-(azb—ﬁzAb)dx+fV(u-Vu)-62V3bdx
:—fu-Vu-(ﬁzb—azAb)dx+f(Vu-V)u-02V3bdx

+ f (u-V)Vu-8,Vbdx.
Applying (2.3) and (2.4) leads to
Is < Cllull,1:ull 2, IVl 2, 10, VullZ, 11926 + D A5, 103025 + 3:0,b117,
1 1 1 1 1 1
+ ClIVull, 18, Vull 2, 185 Vul 2, 10,85 Va3, [Vl 2, 18, Vil 18, Vb .
1 1 1 1 1 1
+ Cllull, 10yl 105l1, 1101 030l - 1V ul| 2,102 Va2, 10, VB 2
< Cllull(IVaullz + 1V5Bl150)-
Similarly,
Is < Clbll2IVabIlZ,s.
For I, we split it into two parts
I; = fu -Vb - (Ou — 0,Au) dx + fA(u -Vb) - ,Audx = I + Ir,.
By (2.4),

1 1 1 1 1 1
Iy < Cllull,101ull ), 1105ull;,110105ull L IV, 10 VDI 102 + d2Aull 2
< C(lullgr + 11VBIl) IV uellyy + 1102 VD7)

Similarly, making use of the inequality (2.4) again, we get
I, = f(Au Vb +2Vu-V?b +u-VAb) - ,Audx

1 1 1 1 1 1
< ClIAUL, 10 Aull, IV I 182V B, 185 VA1 1820 VB, 10> Al
1 1 1 1 1 1
+ CIVUL 10 Vadl 2 185Vl 182605 Vil VI 18, V2B 105 Al

o+ Cllull 0ol G501 182050l IV ABIL 10, VABIL, 10, Audl 2
< Cllulle + VBl AV el + IV VBIE),

(3.15)

(3.16)
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which, together with the estimate of 15, gives
I < C(lullgz + VBl IV hully, + V4 VDI ).
I3 can be estimated with the same process as I;. Firstly,

Iy = - fb - Vu - (0hu — 0:Au)dx - fA(b -Vu) - OrAudx = Iy + Iy

Then we can derive

Is; < C(IVull> + 1Bl )102ully, + 1015117,)-

and
Iy = — f(Ab -Vu+2Vh-Vu+b-VAu) - 0,Audx
< CIIABIZ, 110y ABIL, IVl 182Vl 105 Vil £, 1320 Val 162 Al
+ CIIVBIL 10> VB, 18 VBI 3205 VBIL 12wl 2,110, V2l |82l
+ CIBIIE NI N9l 10505 bILE IV Al 10y V Aull, 10> Aul
< CAIVulle + 1Bl 105Vl + 10,20l + 1V1BI20).
Thus,

Iy < C(|[Vullge + 1Bll2)(182ully + 1101V ully, + 11VabI7,0).
By Holder’s inequality and Young’s inequality,
1
Iy + g = —(0ru, O1b) 2 — (Out, Apb)pe < 5”6214”,2112 + 1218l + I ARDIG,..
In summary, we have obtained
d 1
= 2 (@), b + 1020l = (10215 + G2 + lIABI)

< C(llullgs + 161l ) 1022 32 + 10v2all3s + IVaDIGs)- (3.17)

Then integrating (3.17) leads to the desired estimate (3.15). This completes the proof of
Lemma 3.3. O

Now we ready to prove Proposition 3.1.

Proof of Proposition 3.1. According to Lemma 3.2 and 3.3, we have
!
(@55 + 1DON3 — ABu(t), bD))s2) + f [2/1||51u(7)||i,3
0

A
+ (27 = A0+ 17+ )V + S0 ]
< CE(0) + CE (1),

where A is a parameter. Now we select A to be sufficiently small to obtain

!
(Ol + 6@l + f (II31M(T)II§3 + [[02u()ll7 + IIVhb(T)IIfL,a)dT
0
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< CE(0) + CE3(p).

This completes the proof of Proposition 3.1. O

4. ESTIMATE FOR E ()

The section proves the a priori inequality (1.15) for E;(¢). That is, we establish the fol-
lowing proposition. Since the velocity equation does not have the vertical dissipation, we
need to make use of the extra smoothing and stabilization revealed by the wave structure
in (1.9). Our idea is to use the inner product (1+17)(0,V,u, V,b) to decode this regularizing
property. As a consequence, we obtain the time integrability of (1 + 1) ||62th||i2. More
details are given in Lemma 4.3 and its proof.

Proposition 4.1. For some constants C > 0, it holds

E\(t) < CE(0) + CEy(t) + CEX(p). 4.1)

We shall divide the proof of (4.1) into two main parts. The first one bounds the time-
weighted energy (1 + 1)||(V,u, Vhb)lli,1 while the second handles the inner product (1 +

1)(0,V,u, V,b) to generate the time-weighted dissipation (1 + £) ||02th||i2.
Lemma 4.2. Assume (u, b) solves (1.4). Then we have
!
(1 + (Va7 + IVOI17,) + 2f(1 + D)Wl V@7, + nllAbI, )dT
0
< Ey(t) + EQ0) + CE%(I). 4.2)

Proof of Lemma 4.2. Taking the H'-inner product of (1.4) with (A,u, A,b), and multiply-
ing by (1 + #), we obtain

1d
CPTA DUVau@I3, + IVab@IIF) + (1 + D @lld) Vaully, + nllAnblz)

H
1
= E(IIthlli,l +IVibll7,) = (1 + D)(Valu - V), Vi) g + (1 + D)(Vi(b - Vb), Vyut)
— (1 + (Vi - VD), Vyb)y + (1 + )(Vi(b - Vu), Vi) i
1
= E(”th”ip +IV4bIG) + Ji + Ja + T3 + s (4.3)
To bound J;, we split J; into three parts

Ji =—(1+t)(fvh(u-w)-thdx+fvi(u-Vu)-viudx

+ f Vi3 (u - Vu) - Vjd3u dx)
== +0)(J +J12 + J13).
By the anisotropic inequality (2.3),

Ji = thuh-th-thdx+thu363u~thdx
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1 1 1 1 1 1
< ClIV 4l 182 4aal 2V 50 21105V a2 IV sl 116, Va2
1 1 1 1 1 1
+ CIV s 21105 Vit 2, |80l 2, 182850l 2, [V el 2, 10, Vel
1 1
2 2 2 2
< CIV IV 2ull 2 IV el + CIV st 10wl IVl Vil (44)

Therefore,

t t
f(l +1)J11(1)dr < C sup (1 +7)2|Vu(T)| 2 f(l + D2Vl 2IV (Dl de
0 0

0<r<t

1 1!
+ C sup(l + T)%”th(T)”zz”(%u(T)”Zz f (I+ T)%”Viu(T)”LZ”th(T)”HldT
0

0<r<t
< CE;(DE](DE; (1) + ES(DE; (DE] (DE, (1)
< CEA (1. (4.5)
Applying (2.3) again and using Sobolev’s inequality, J;, can be bounded as
Jip = fv,iu -Vu - Viudx + 2thu - VVyu - Viudx

1 1 1 1 1 1
2112 7 7 3 3 o212 2 12
< |IVull=IVyullys + ClIVaull L1102V aull IV V il L1105V V | 1V ull 1101 Vil
1 1
2112 7 1e2 3 2
< ClIVullel|Vyullys + ClIVaull LIV ull 2V V gl 1V VEull 2. (4.6)
Thus,

! !
(1 + 1) J1a(t)dt < C sup ||Vu(t)||z f (1 + DIVuliy,dr
0 0

0<r<t

1 (!
+ C sup (1 + T)%”th(T)”zz”VVhM(T)”Zz f (I+ T)%”V]%M(T)”LZ”thzu(T)”BdT
0

0<r<t
< CE2(DE\(1) + CE: (DE: (DE! (DEL (1)
< CE3 (). 4.7)

The bound for J;3 is more complicated. We first decompose it as follows,

Jiz3 = th03u -Vu - Vh03u dx + thu . V03M . Vh83udx + f63u -VV,u - Vh(93l/t dx

<3 f IVl |03V pul* dx + 2 f |03l |V3ul 103V u| dx + f V3] 03u] |03V ul dx
= Jizt + Ji32 + Ji33.
By means of (2.3) and (2.4),
i3t < CIVA 105Vl 105 Va4 110105V paal10 Vel 2,162V el
< CIVl 10V el 2,105V sl 2,105V el (4.8)

1 1 1 1 1 1
1 I 2 114 2 114 2 2 2
Ji32 < Cll0sull ) 10203ull ), 105ull , [10205ull 1 Viul 221103V aull 110103V jull
1 1 1 1
1 TR 1 1
< Cll0sull, 10205ull [V ull 2103Vl 110105V |, (4.9)
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and
1 1 1 1 1 1
Ji33 < ClIV3utsl| 21103V ias| 2, 1105ull 2, 102050l 2,105V el 110185V
1 1 1 1
< CIIthllzzIIVﬁulliz|I3§ulli2||33thllH1||(91(93th||22- (4.10)
Thereby, applying Holder’s inequality gives

!
f (1+ s (dr < € sup (1 + D V@I (1 + D10Vl
0

0<r<t
! 1 3
X f (1 + D)0V 4u ()|, 1105 Vsu(OlI2,, dv
0
< CE; (0DE'(NES (1) < CE (1), @.11)

! 1 1 !
f(l +7)J132(7)d7 < C sup [|0zu(7)|I}, (1 + T)illé‘thu(T)llzz f (1 + D2 V2u(0)ll.2
0 0

0<t<t
1 1
X (1 + D150, V(DL [0:85u(OI1, de (4.12)
< CEX(DE\(DES (1) < CE3 (1),

! | 1 I s 1
(1 +1)J133(0)dt < C sup (1 + 7)2||V,u(0)||L1185u(DI, f (1 +)3Vau@ll%,
0

0 0<r<t
1 1
X (1 + 1) 410301 V(DI 03V puu(0)l e d
< CE; (0E: (VEX (DEL (1) < CE3 (1), (4.13)
Adding (4.11), (4.12) and (4.13) yields

f
f (1 + 7)J3(t)dr < CEX(p). (4.14)

0

Consequently, according to the estimates (4.5), (4.7) and (4.14), we derive

f J1(t)dt < CEX(p). (4.15)
0

In the following, we handle J5. The terms J, and J4; will be estimated together later.
Firstly,

J3 :—(1+t)(th(u-Vb)-Vhbdx+fol(u-Vb)-Vflbdx

+ f Vi0s(u - Vb) - V03 dx)
= —(1 + l)(J31 + J32 + ]33).
Invoking (4.4) and (4.6), we have

J31 = fvhuh Vb - Vb dx + fvhu3 d3b - Vpbdx

1 1 1 1 1 1

< ClIV4Ul 102 4tdl IV 4BI, 185 V4l VI, 16, Vb,
1 1 1 1 1 1

+ CIV 32,1105 Va5 12, 18311 18,0511, 1V, 10, Vb1

2’
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Jy = fvgu Vb - Vibdx + 2thu - VVub - Vibdx

1 1 1 1 1 1
< CIIVBl IVl V3B 2 + ClIV ] 102V el LIV VI L1185 VY4 LIV L 110, V3D,

2
Then a similar argument to (4.5) and (4.7) gives

f (1 +7)(J3; + Jp)(T)dt < CE3 (2).
0

For J33, we still reformulate it into several integrals

J53 < 2,b[q|‘7hu||83‘7hb|2¢1x +—L[“|‘7hb||83‘7huh|k93Y7hb|¢1x

+ f 03] |V2ul |03V ,,b] dx + f |03u| |V7b| |05V ,,b| dx + f IV us| |03b] 105V ,b| dx

= 2l]331 + - 4'.]335.

Going through a similar process as in Jy3, we are able to establish the bound for J33.
Recalling (4.8), we have

1 1 1 1 1 1
Jsa1 < CIV 2,185Vl 1185 V112,110, 85 Vb1, 185 V112, 183V 41
Then

1 1 1
f (1 + D)J31(0)dt < C sup (1 + D)2 [Vu(lI%,(1 + D)3 Vi@,
0

0<r<t
!
x f (1 + D0V N5 Vb, dr < CEX (1),
0

As in (4.9) and (4.12), J333 can be bounded by

A 1 ' 1 A |
[ @t < € swp 1o, + 00O [ 1+ ITuO:
0 0

0<r<t
1 1
X (1 + 131030, Vib(DII2,118:0:b (D12, dt < CE3(0),
Also, from (4.10) and (4.13), we get

0<r<t

! ! 1 1! | 1
f(l + 7)J335(7)dT < C sup (1 +7)2||VhM(T)||zzll<9§b(T)llizf(l + 1) 4[Vd3u3 (DI,
0 0

X (1 + 1) 11850, V(D)2 10 Vb (Dl dt < CE3 ().

The rest terms J33, and J334 can be handled as J33; and J333, respectively. Thus, we have

f (1 + 7)(J332(7) + J3s4(1)) dr < CE3 ().
0

Consequently, we derive

f (1 + T)Jy(t)dt < CEX (2.
0

Combining all estimates above for J3; through J33, we conclude

f Jx(1)dt < CEX(1). (4.16)
0
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Finally we bound J;, and J4. J, and J; can be estimated with a nearly same argument
as J; and J3, respectively. We shall just sketch the proof. By integration by parts and the
divergence-free condition, we split J, and J, into three parts as follows.

Jo+Jy = (o + I + J23)(1 + 1),

where

Jo1 = f(Vhb Vb -Vu+Vyb-Vu-V,b)dx,

Jn = f[(VVhb V)b - VV,u+ (Vb -V)Vyb - VVuu + (Vb - V)VD - Vth] dx,

Jys = f[(VVhb -V)u-VV,b+ (Vb -V)Vu - VV,b + (Vb - V)Vu - VVhb] dx.
It is easy to verify that

LI(JZ(T) + Ju(1))dt < CE%(t). (4.17)
According to (4.4) and (4.5),
fo (14 Dn(n)dr < CEX 0.
For J;,, we further divide it into two parts
Iy = f (Vib-Vb-Vu+2V,b-VV,b - Viu)dx

+ f(Vh(93b -Vb - Vh(93u + (93[7 . VVhb . Vh83u + Vhb . V(93b . Vhaggu) dx
= Jo1 + o

Asin (4.6) and (4.7) for J»,

A
f (1 + T)Ja (T)dr < CEX(1).
0
For J55,, we have

1222S3f|vhb| |03V ,b] |83th|dx+2f|63b| |Vib| |03V ,ul dx

+ flvhb3| |8§b| |(93th| dx.

Using the similarities between J»y, and Jy31, J13; and Jy33, we can easily find

f (1 + T)Jon(t)dr < CEX(1).
0

Therefore,

f (1 + T)Jpn(t)dr < CEX(p).
0



STABILITY ON THE 3D MHD EQUTIONS 23

To bound J,3, we decompose it into

Jx < f (V2b-Vu-Vib+2V,b - VVyu - Vib) dx

+ J331 + 20330 + J333 + 334 + f|Vhba| |03ul |05V ,b| dx.

The first term and the last term are similar to J3, and J335, respectively. Thus,

f (1 + T)Jpu(t)dr < CE3 (2.
0

Integrating (4.3) over [0, #] and invoking (4.15), (4.16) and (4.17), we derive the desired
estimate (4.2). This competes the proof of Lemma 4.2. m|

‘We now turn to the second lemma.

Lemma 4.3. Assume (u, b) is a solution to (1.4). Then we have

1 !
_(1+t)(02th(t),Vhb(t))+§ f (1 + DO Vhuu(7)|[7.dT
0

1 !
-3 f 1+ T)(3||32Vhb(f)lliz + 12 IVadiu()ll7, + nzlthAhb(T)Iliz)dT
0

1 3
< CE0) + EEO(I) + CE2(2). (4.18)
Proof of Lemma 4.3. Asin (3.16), we have

- dit(l + 002V, Vib) + (1 + D10, Vull;, — (1 + 0)l|62 V017

= —(0:Vou, Vib) + (1 + 0)(0,V4(u - Vi), Vb)) — (1 + £)(0,V (b - VD), V,b)
+ (1 + 0(0:Vout, Vi(ue - Vb)) = (1 + 0)(0:Vut, V(b - Vr))
— u(1 + 1)(0,V,03u, Vb)) — (1 + £)(0,Vu, Vi Apb)

=Js+ -+ i,

where (F, G) denotes the L2-inner product of F and G. It is clear that

! 1 (" 1
f Js(T)dt < Ef(”aZth(T)”%z +IVib(DlI7)dr < EEo(f),
0 0

2

1
Jio = p(1 + 1)(V407u, 0,V,b) < %(1 + D107V ull7, + 5(1 + D10, V,4bl17,

1 2
Ji < 5(1 + D10, Vull;, + %(1 + DALV DI,

Next we bound the nonlinear integral terms. We mainly focus on Jg4 and Jg. The estimates
for J; and Jy can be established similarly. By integration by parts and (2.3), we have

Jo = —(1 + t)thu -Vu - 62Vhbdx— (1 + t)fu -VV,u - 62Vhbdx

1 1 1 1 1 1
< C(L+ DNIVaull L0 Vaull LIV ull 102V ull 102 Vabll 110302V bl
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1 1 1 1 1 1
+ C(1 + Dllull L |02ul | LIV aull 101V aull L1102V bl 110302V ibl -

Furthermore,

t ! 1 1 !
f Jo(r)dt < C sup(l +T)ZIIth(T)Illequ(T)llzzf IVaVu(o)ll 2
0 0

0<t<t

x (1 + 7)2|0,V,b(T)|| g dT

1 1 g
+C sup (1 + D 8u@I L @Il f IV, Vue (Ol
0

0<t<t

X (1 +7)2[10,V,b(0)l| g dT
< CE:(DEZ(DEX (1) < CE} (0.

Similarly, we can bound J; as

t
f J(t)dr < CE3(1).
0
For Jg, applying the anisotropic inequality (2.4) yields
Js=(1+ t)thu Vb - 0,Vudx+ (1 + t)fu -VV,b - 0,Vudx

1 1 1 1 1 1
< C(1+ DIVl 1V 5l 2, IVBII 10, VDI 185 VB 10,3V, 182 V a2
1 1 1 1 1 1
+ C(1 + DIl 10l 105l 10203 ull 7,V V4B, 10, V4B, 182V il 2.
Thus,

! 1 1 ! 3 1
f Js(t)dt < € sup (1 + 0% V(0|2 IVHDII2, f (1 + D)3 10V 2,110, VoI, d
0 0

0<t<t

1 1 ! 1
+C sup (1 + D)3 IVV,b @)1, I, f (1 + 03110, V, Vo),
0

0<t<t
1
x (1 + 0210V 4u(ll 21020, dT
< CE\(DEX (1) < CE(1).
Also,

f Jo(t)dt < CE(1).
0

Collecting all the estimates for Js through J;;, and integrating over [0, ¢], we derive the
desired bound (4.18). This completes the proof of lemma 4.3. O

We now putting together the two lemmas above to obtain Proposition 4.1.

Proof of Proposition 4.1. According to Lemma 4.2 and 4.3, the combination (4.2)+41,(4.18)
yields

(1 + DIVl + IVabOI, = 4182V, Vb))
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f 2
M 2
+jYHwa—EJM&WMﬂm
0

A 3 2
+ A+ DBV + (20 = 4 = TAAbEI, |dr

< CE(0) + CEy(t) + CE*(¢),

where A, is a parameter. If A, is sufficiently small, then

(A + (V@I + IVib@I1, )
4:[0+ﬂ@&%%ﬂ%ﬁ%%%ﬂﬂﬁﬁ%ﬁ%ﬂ%&h
0

< CE(0) + CE,y(t) + CE3 (2.

This completes the proof of Proposition 4.1. O

5. ESTIMATE FOR E,(t)

This section establishes the a priori inequality (1.16) for E,(¢). That is, we prove the
following proposition.

Proposition 5.1. Let (u, b) be a solution to the system (1.4). Then it holds
Ex(t) < C(EX(®) + E*(0) + (1o, bl + o, bl ;-

+1@stt0, D500}, 4y + 11Bu0. 00N, ) (5.1)

We remark that energy estimates are no longer sufficient for the proof of (5.1). We
resort to the integral representation of (1.4). To convert (1.4) into an integral represen-
tation, we take the Fourier transform of (1.4), solve the linearized system and represent
the nonlinear system into an integral form via Duhamel’s principle. The integral repre-
sentation involves three key kernel functions, which are degenerate and anisotropic. Due
to the anisotropic nature, we divide the frequency space into subdomains to obtain sharp
upper bounds on the kernel functions. This is done in Proposition 5.4. Once these bounds
are at our disposal, we then estimate the L?>-norms of (u, b) and its derivatives via the
integral representation. For the sake of clarity, we divide the rest of this section into two
subsections.

5.1. Integral representation and bounds for the kernels. The subsection derives the
integral representation of (1.4) and establishes optimal upper bounds for the kernel func-
tions. First we recall two basic tools. The first one specifies the decay rate of a general
heat operator associated with a fractional Laplacian operator. Here the fractional Lapla-
cian operator can be defined through the Fourier transform

AT () = [E°F ().

The decay rate is stated in the following lemma, whose proof can be found in many
references (see, e.g., [90]).
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Lemma 5.2. Assume a > 0 and 8 > 0 are real numbers. Let 1 < p < g < oo. Then there
exists a constant C > 0 such that, for any t > 0,

1_1

_AB _a_dl_1
IA“e™ Fllpomay < C 1737550 || fllpaa).

The second tool is an elementary inequality providing upper bounds for a convolution
type integral. Its proof is straightforward.

Lemma 5.3. Assume 0 < s; < s5. Then, for some constant C > 0,

CA+67,  if 55> 1,

fo(l +1-D) A +D)™dr <y CA+) In(l +0), if s5=1, (5.2)

C(1+ D)= if 5, < 1.

Now we derive an integral representation of (1.4). Applying the Leray-Hopf projection
operator P = I — VA~!V. to the velocity equation in (1.4) and taking the Fourier transform
of the resulting equations, we have

(505 (3)

where

—uEl &
A= . , Ny =Pb-Vb—-u-Vu), N,=b-Vu—-u-Vb
( i&  —nlél? : ( u: Vi) g o

with |&,1* = € + &. To diagonalize A, we compute the eigenvalues of A,

_ W miah - T g+ gP) + NT
- 2 ’ 2 = D) ’

A

where
T = (e + &) — 4umélléan? + £).

The corresponding eigenvectors are

_ (/11+77|fh|2) _ (/12+77|§h|2)
i& ) P i&, )

Therefore, the matrix A can be diagonalized as

A0

,00) L 5.4
0 ﬂz](pllh) (5.4)

A= (pl’pZ) (
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We can now represent (5.3) as

— — f X7
u\_ a [Uo A [ N1(T)
—|=e =+ | e —, {|dt.
(b) (bo) fo (Nz(T)
By making e’ more explicit via (5.4), we obtain the integral representation

WE 1) = 011 + Oa(t)bo + f (01t = DNY(T) + Qa1 = DNy(T))dT,  (5.5)
0

b, 1) = Q)1 + Os(t)bo + fo (02t = DNY(T) + Q3 = DNy(T))dT,  (5.6)
where

Q1(1) = &l Gi() + Go(t),  Qa(t) = i&Gi(1),  Q3(t) = =il Ga(®) + Ga(1),  (5.7)
with
e/lzt _ e/ht /lze/lzt _ ﬂ]e/llt
— Gty = ————— ="+ 1,G\(0),
1 — A 2(9) L — A 4 1G1()
/lze/llt - /heﬂ” 1
Gs(t) = ———— ="' = 1,G(v).
3(0) b — e 1G1(D)
We remark that when A, = A, the representation in (5.5) and (5.6) remains valid if we
replace G by its limiting form

Gi(n) =

At At

. e e
Gi(t) = lim ——— = el
Lo Ay — A4

Next we investigate the behaviors of the kernels Q(f, 1) (i = 1,2,3), which play a
crucial role in the estimate of E,(#). There kernels are anisotropic and degenerate. To
obtain precise and sharp upper bounds, we divide the frequency space into subdomains
and classify the behavior of the kernel functions in each subdomain.

Proposition 5.4. The domain R? is split into two subdomains, R? = A U A, with

2 2
A= {f e : V< B0 o 3 s P < 16l + f%)},

2 2
Ay = {f eR’: VT > w or (& +niél’) > 16(unéIél” + f%)}-

Then we have
(1) There exist two constants C > 0 and co > 0 such that, for any & € A,

2+ 2 2 + 2
Re/h < _/lgl nlfhl ’ Re/lz < _/-161 77|§h| ,
2 4
&2 +plép, 2 —
Gi(Ol < te 1, |0(E D < Ce P =123,

(2) There is a constant C > 0 such that, for any & € A,,
_3(/1§% +nl&) b < _Mﬂ§f|§h|2 +&

A < , A S ,
4 Nf% + nlénl?
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2 30 22
|G1(t)| < — e_Z(:uff"nlfhl i + e pf%+m5h|2

e+ ,
,Llé:% +7n |§h |2 ]

20612142
nedie, 23

104 < Ce 0l 4 o wivil Ty i = 1,2, 3.
If we further divide A, into three subdomains A1, Az, Ass,

Ay ={E €Ay, &l ~ &l
Ap ={£ €A, |&] >> 6]},
Ay ={E €A, [&] <<I|&l}

then, for some constants C > 0,c; > 0,c, > 0,c3 >0andi=1,2,3,
0] < Ce™ Pt if ge Ay,
10Dl < Ce Pt if £e Ay,
101D < C (e 1Mo 1 gmexéiaty - if &€ A,

2 2
Proof of Proposition 5.4. (1) For & € A;, V[ < w Through the direct estimates
and the mean-value theorem, we have

Rz 2 2 2
_3wé 6l Red, < _HET + 1l ’
4 2
2 + 2 #Efmlé 2
Red; < —w, Gi(®)] <te” 7 = (5.8)

To bound the kernel functions Ql(t) and §3(l), we consider two cases: A; is a real number
and A, is an imaginary number. If A, is a real number, for some pure constant ¢, dependent
of u and n, we have
10101 = MIELGI() + LG (1) + e
‘2

e+, 2 HE2 gy ,
- 3

< Cé +nléPte = '+e
< Ce—Colé“hlzl

where we have used the simple fact that x e™ < C for x > 0. If A, is an imaginary number,
namely I' < 0, then

P = mmEllal + &, T =44 — ué + nlé?.
Clearly, (5.8) implies

2
’U|§11|2G1(t) + V| < Cemcolénlt

Now we bound |1;G(?)|. we further divide the consideration into two subcases: |1;]| <
| VT | and || > | VT'| . In the case when |4;| < | VT, by the definition of G, we obtain

A g2
4G ()] = Ml et — e < Ce T !
|VI|

In the case when |4;| > | VT |, we have
P = 4P = e +nlél)?,
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or
V3I4,| < ué? + nléP.
Thus,

@2 +niépl)

1
|1G1(0)] < @(#512 +EPIG| < CE + niéPyte 5 ' < Ceokil™,

Consequently, if 4, is an imaginary number, we derive
|§1 ()| < Ceolénl’t.
In summary, for & € A,
10,()| < Ce0én,
Similarly, we have

10501 = |~ PG (1) = 1,G1 () + €| < Ceoi,

Now we bound Qz(t). As in the estimate of Ql (1), we consider the following two cases:
1&] < | VT| and |&] > | VT. In the first case |&] < | VT |, by the definition of Q,(¢) in (5.7),

0. 2
10x()] = ’%2_' ettt — el < € emcolénl,
r

In the second case, |&| > | VT |,
et + ey — dumElal + )| < &,

or
—& < (Ut + &) — AunENal® + &) < &,
which implies
36 + 4mENEN < (el + i)’
In particular,
V3l&| < st + mlél.

Therefore,

— 1 )
12:(0)] < @wéf% + i) 1G1 ()] < C e,

(2) For & € A,, we have ‘w < VI < pé& + nlél*. Tt then follows that
3
= (g} + i) < A< =7 (e + mél),
U — (ué} + &) - _#Ufﬂfhlz +&

A = < .
2t +migP + ND) T g+l
Therefore,
20 2,02
1 ANty Mot 2 et _ el 3
|G1(t)| < 1 1 (e 4 e™ ) < W(e MG 1SR +e el )
2o HEY + 11&n
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Asa consequence,

1010 = [l Gi() + LG (1) + ™
< 2(uél + nlaPIG (D) + e

e
< C(e—%(ﬂé’,zmlfhlz)t Lo M )

Similarly,

gy P +¢3

— 3 - t
10501 = | = 1EPGI0) = 1 Gi(0) + M| < Clem Ui ln 4 it

2 2
Due to VI > ‘w we find

3
JUE +ERY > dunglle + &) 2 &,

Therefore,
e+

10201 < CuET + i) [G1 (D] < Cle¥HTD ¢ vifil ),

Finally, according to the upper bound for |§,~(t)| (i = 1,2,3), by further division of A,
into Ay, Ay, and A,3, we can establish more definite upper bound. For € € A,y, .ff ~ fg ,
we have

ENEL + &

,Uf% + 1lénl?
For & € Ay, & >> &, there exists a ¢; > 0 small sufficiently such that
HENELS + &

HET + lénl?

The behavior € € A,; can be similarly identified. This completes the proof of Proposition
54. O

él® + 1.

2
> c11&nl”

5.2. Proof of Proposition 5.1. With these preparations at our disposal, we are now ready
to prove Proposition 5.1. Since the process is complicated and long, the proof is divided
into three lemmas. To do so, we make the following decomposition for E(t),

Ex(t) = Ey (1) + Exp(t) + Ex(2),

where
Exi(1) = sup (1+ Dl @(r), b
<7<t
Ex(t) = sup (1 + DPI(Viu(0), Vi)l + sup (1 +0)' @30, 95z
<7<t <7<t
2 5
Exs(t) = sup Y (1+7)7(@0.u(r), hdeb (D)2,
0<r<t 45

+ sup (1 +7)*79/(8103u(7), 01:b(T)I[7.

0<r<t
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3
+sup Y (1 +7)7|(0o0,u(1), Do (D)2,

0<r<t =2

1
+ sup (1 + 7)2[[(85u(r), B3b(D)II7.
0<t<t

Without loss of generality, we assume ¢ > 1. In fact, if 0 < ¢ < 1, Proposition 3.1

implies
E>(r) < C sup ||(u(7'),b(r))||i,2 < CEy(t) < CEQ) + CE%(t). 5.9
0<t<t

Next we present the estimates for E, (f), Ex(f) and E»;(¢), which will be shown in three
lemmas. Proposition 5.1 then follows as an immediate consequence.

Lemma 5.5. Assume that (u, b) is a solution to (1.4). Then we have
Ey (1) < CE*(1) + C(ll(uo, bo)lI? + Il(uo, bo)II7,). (5.10)

2 7l
LX3 LX] X

Proof of Lemma 5.5. Recalling (5.5) and (5.6), and applying Plancherel’ theorem, we
have

()l 23y = Ol 2y < 101 Otoll ) + 1020boll2@s,
! !
+ f 101t = TN, (D)l 2y dT + f 102t = DN, (Dllp2sy dr., (5.11)
0 0
16|23y = 1Bl 2y < 1020l 2@s) + 103(Dboll2@s),

+ f 102(t = TN/ (Dl sy dT + f 103 = DN, (Dl p@sydr. (5.12)
0 0

We shall only provide the estimates for |[ull;2g3). [1bll;2®3) can be estimated in a similar
way and admits the same bound as u due to the similarity of (5.12) with (5.11) . We focus
on the first term and the third term on the right side in (5.11). The estimates for the rest
can be established similarly. By Proposition 5.4 and Lemma 5.2,

- — _= 24~ _ —
1Q1(®)upll2r3) < Clle ol 7z, ll2g3) + Clle et uollr2r3)

— C” “e—a)(AfH\g)z

i
tollz,,, ||z, + Clle™ Tl

< COL+ 073 luollzz 1y, + lollz2), (5.13)

where we have used the fact e“‘ﬂg + 1)" < C(c3,m) for any m > 0. For the third term,
according to the upper bound for Q; (%),

! !
f||Ql(t_T)N1(T)”L2(R3)dTSf||Ql(t_T)M1(T)”L2(]R3)dT
0 ! 0 !
<C f lle™ 0 M ()| 2y dir + € f e M (D)l 2, dT
Ot—l ‘ !
-C f e 0 M ()| 2y dT + C f lle™ 0 M ()| 2oy dT
0 t—1

t
+C f e UM ()| e d, (5.14)
0
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where M| = b - Vb — u - Vu and we have used the fact that the projection operator P is
bounded in L2. Observing the simple facts, for any positive number m,

(I+t—-7)">2"forte[t—1,¢f] and e “(1+1)" < C(c3,m) fort >0,

we have
! A
-~ 2 - —
f lle™ kDM ()| 2 sy dT < 2 f (1 +1=7)"IM (Dl 2@ dr.
-1 -1

Then (5.14) can be further bounded as

A
f 101(t = TN (D23 dT
0

r—1 f
<C f ||e—60‘fh'2<f—T)M1(T)||L2(R3) dr+C f (1 +t ="M (Dl 2g3) dr. (5.15)
0 0

Next we bound the terms on the right side in (5.15). It suffices to estimate the integral
involving u - Vu. The integral of b - Vb admits the same bound. As in (5.13), we have

r—1 t
f lle™ =Dy N u(r) || sy d < C f (1+t—7)2||u- Vu@)lz 1, dr.
0 0 ‘ ‘
By (2.6),
1 1 1 1
lle - Vaullpz 1y < Clluall L 03unll LIV aullz + Cllus]| 1103031 1030l (5.16)
By Lemma 5.3,

i—1
= 207 — o
f ||~ Colr" =)y, Vu(t)ll 2@ dt
0

1 1 1_1g i
< Csup (1 + D) *lun(l (1 + 1)+ 21050, (1 + DIV pu(T)| 2

0<r<t
!
x f(l +r-1) 2 (1 + 1) dr
0

+C sup (1 + ) [lus (@), (1 + D)2 (133OI 5 (1 + )2 1850l 2

O<r<t

!
xf(l +r-1) (1 + 1) dr
0

< CE,()(1 + )2, (5.17)

Applying Holder’s inequality and Sobolev’s inequality, the second integral involving u-Vu
in (5.15) can be bounded as

! !
f(l +1—7)"lu- Vu()|l 2@ dr < C f (1 +t =) ""|u()||2||Vu()|| 2 dT
0 0
! 1 3
<C f (I+z1- T)_m”u(T)sz||VM(T)||L2||VZM(T)||22 dr
0

t
< CEy(1) f (1+1—1)"(1 + 1) 1" dr < CE(1)(1 + 1) 72,
0
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where m > 1. As a consequence, we have

f 101 (t — Dt - V(0|2 dr < C(1 + 172 Ex().
0

Thereby, we infer

f 101(t = DNy (Dl 2y d < C(1 + 1) 2 Es(2). (5.18)
0

The second term and the fourth term admit the similar bound as (5.13) and (5.18), respec-
tively. Therefore, we can conclude

(1 + 02 lu(®)ll2 < C(E@ + o, bo)llzz 1, + uto, bo)llz2),
which means
(1 + Dl < C(E0) + o, bo)l, 1+ lCuo. bo)I2).

Also, ||b||;2 obeys the same bound. This complete the proof of Lemma 5.5. |

Lemma 5.6. Let (u, b) be a solution to (1.4). Then we have
En(t) < CE* () + C(ll(uo,bo)llizuﬂ2 + ||(‘93”0"93b°)||i§3L11x2 +1(Vuo, Vho)ll7).  (5.19)
Proof of Lemma 5.6. By differentiating (5.5) and (5.6), we have, fori = 1,2, 3,
du(,n) = 01Dy + 02Dy
+ fo (@it - DN + Dot — DN d,
0x(0ug + Ox(1diby
+ fo (Dot — DN (0) + st — DN

Bib(£, 1)

As in the proof of Lemma 5.5, we focus on the ||0;u(?)||;2. Clearly,

10:u(Oll w3y = 10:u(Dll 23y < 101Dl 2wy + |Q2(D)Diboll 2w

! !
+ f 101t = T)O;N (Dl 12r3) dT + f 102t — T)O;N (Tl 12 r3) dT
0 0
= +H,'2 +H,'3 +H,'4. (520)

It suffices to bound H;; and H;; in (5.20). H;; and H;, share similar estimates as H;; and
Hj, respectively.

MHi=1lori=2.

We focus on the case i = 2. The case i = 1 is similar. By Proposition 5.4, Lemma 5.2
and Minkowski’s inequality,

— 2, = L —
Hyy < Clle™ %" doug || 2wy + Clle™" daugll2we)

_ A2 _ A2
— C” ”e CoAzte COA]t&Z”O”L)Z(Z

.+ Ce™ | Qqul2
X143
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—Co A%t

+ C(1 + 1) 10auoll 2

X1 X3

-3 —CoA? -1
< CA+ 077 lle™ uollpz ||, + CA+ ) 1Bauoll.2
.\'3 X2

<C +1)73

lle MO”L}2

<C(+ l)_1(||u0||L§3L,1(1X2 + [|02u40]112)- (5.21)
Similarly,
Hay < C(L+ 07 (bollz 1y, + 192bollz2). (5.22)
For H,3, similarly to (5.15), we first bound it by

—1
= 206\ 2
Hy; < Cf lle ol e 7)82M1(T)”L2(R3) dr
0

f
+C f (I +1=1) "0 M (D123 dT, (5.23)
0

where M| = b - Vb — u - Vu. We consider the first term involving u - Vu in (5.23). Firstly,
from the estimates (5.16) and (5.17), we obtain

1—1 t
f ||€_COI§IZIZ(t_T)az(ﬁM)(TN|L2(R3) dr < f (L+t—7)"u- VM(T)”L%@ , dr
0 0 r

< CEx(1) f (1+1- T)_l[(l + )2t 4 (] + T)—%+s] dr
0

< CE,(H)(1 +1)7 L.

For the second term in (5.23), it follows from Hoélder’s inequality and Sobolev’s inequality
that

162G - Vi)l < 0oull 2 Vel + oty 10 Vel 2 + sl 411625l
1 1 1 1
2 .12 3 2 2 2 2
< CUull IVl LIVl + Vel LIVl 1102V a2
1 3 1 3
sl Va1 18850l IV 8,850 ). (5.24)

Therefore, for m > 2, we derive
!
f (I +1=7)"10(u - Vu)(T)ll 123 dT
0

!
< C sup (1 + DBl (1 + DIVU@IL IV, f (41— + 1) dr
0

0<t<t

1 1
+C sup (1 + 22 Vag 12, (1 + DNVl (1 + )70Vl 2

O<t<t
! 25,3
X f(l +t—1)"(1+7) #"2%dr
0

1 3 1 3
+C sup (1 + 0¥ lus (@5 (1 + D3 IVus@IE (1 + D3 2Y0,05u(0 LIV u@)ll,

0<t<t

!
x f(l +1—7) (1 + 1) B dr
0
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< CEXWEI D1+ 17} + CEx()(1 + 1y 53 4 CEL(0E} (1)(1 + 1y e
<CE(Mn(1+n7" (5.25)

Consequently,

f 101t = 1)d2(u - Vi) ()|l 2y dT < CE@)(1 + 1),
0

Similarly,
;
fo 181t = DB Il d < CE@)(1 + ).
Hence,
Hy; <CE(@®)(1+0)7", (5.26)
Similarly,
Hy, <CE@®)(1+1)7". (5.27)

(5.21), (5.22), (5.26) and (5.27) yield

(1+ llB2u(ll2 < CE@) + CAltuo bo)lzz, 11, + 1@atto. 2bo)lz2):
Similarly,

(1+ ll62bDll> < CE®) + CAltwo, bo)lzz, 11, + 1@stto, Drbo)llz2).

For i = 1, ||[(O u, 0,b)||;> obeys a similar bound to ||(0,u, d,b)||;» with only a minor modi-
fication of (5.24) and (5.25),

(I +Dll01u(1), :b))ll> < CE®) + C(ll(uo, bo)llz 11, + 1101140, 01bo)l|12).
2)i=3
Invoking the estimate (5.13), we have
Hy < C||€_Z°|’fh|2t5;uo 2@y + Clle™ 53\MOIIL2(R3)
< CA+ 072 (10suollz 1, + 1910ll2), (5.28)

Hj; can be similarly estimated as Hos,

t—1
—_ 2 —_—
Hy <C f e OGN (Ol dT
0

!
+C f (1 + 1= 1) "85 M, (D)l 2 d. (5.29)
0

Firstly, we have

-1 -1
[ e @ @i dr < € [ @ i-n o Vol dr
0 0 3T
Applying the estimate (2.6) yields

1 1 1 1
Lo Lo
103G - Vi)llzz 11 < CUIOsunll 11050l LIV auell 2 + 1103l L 1103ull 5 103usll 2



36 LIN, WU, ZHU

1 1 1 1
2 2 2 2 2
+ llunll 11030l | 103V a2 + sl 1030311105l 2). (5.30)

Asa consequence, we arrive at
t—1 i o
f lle™ D03 - Vu) (0l 2 d
0

!
SCEQ(r)f(l+r—r)-%[(1+T)-lx’+%8+(1+r)-2+38+(1+r)-‘]dr
0

< CE(t)(1 +1)72*, (5.31)

To bound the second term in (5.29), we apply Holder’s and Sobolev’s inequalities to
obtain

f (1+1 =105 - Vi)(Dllp2es) dt

0

<C f (I + 1 =) " (103u@l 2 [Vu@lles + (@)= IVO3u(D)l|2) dT
0

t . 1
<C f (1 + 1 =) "(33ul 2V ul LIV u)ll?,
0
+ V()| 1IV ()| L1 VOsu(T)|2) dT
3 1 ! 5
< C(E3 (OE{ (1) + Ex(0)) f (1+t-D)"1 +1) 3" dr
0

<CE@)(1 +1)72. (5.32)
The estimates (5.31) and (5.32) then lead to

fot 101(r = V)33 - V) (Dll 2y dT < CED)(1 + 1727,
Therefore,
Hy < CE(D)(1 +1)2%, (5.33)
Similarly,
Hs, + Hsq < C(|103boll;2 1y, + 1103boll> + E@)(1 + 72 (5.34)
Finally, by the estimates (5.28), (5.33) and (5.34), we conclude
(1 + D2 dsu®ll2 < CE() + C (@310, 93bo)llpz, 13, + (D310, I3bo)llL2).

This completes the proof of Lemma 5.6. O

Next we bound E,3(¢), which involves the second-order derivatives of (i, b).
Lemma 5.7. Let (u, b) be a solution to (1.4). Then it holds
Ex(t) < CE*(1) + C(|I(uo, bo)lI? ot (1(Bsu0, B3bo)II;

2 7l 2 7l
L)C3 Lxl X L)C3 Lxl X9

+ |10, 33b0); + |(Auo, Abo)I[7). (5.35)

2 7l
LX3 Lxl X
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Proof of Theorem 5.7. First of all, we have, for i, j = 1,2, 3,

FAuE ) = Q08 u, + 0x(08:0;b,
+ f (01t — 1)30,N, (1) + Oa(t — 1)3,0,N, (1)) df, (5.36)
0
FObE D = 0x0)3:0;u, + 0:3(N3,D;b,

+ f (Oa(t — 1)30;N (1) + 03(t — 1)3,0,N, (7)) dr.
0

Throughout the proof, we only show the bound of ||9;0,u(?)||;2. The estimates for [|0;0;b(¢)||,2
can be obtained similarly. Taking the L? norm on both side of (5.36), we have

10,0102y = 10D juDllz2ey < 1Q1 (DT g2z + 102D Byl
1 !
+ f 101t = 7)0;0;N (D)l 2r3) dT + f 102t = 7)0;0 ;N (D)l 123 dT.
0 0
= Kiji + Kijp + Kij3 + Kija.
We focus on K;;; and K;;3. The bound for the other terms can be established in a similar

way. The proof will be split into fourcases: i = 1,j=1,2;i=1,j=3; i =2,j=2,3;
i=j=3.

Mi=1j=12.

It suffices to investigate the case i = 1, j = 2. The case i = 1, j = 1 can be dealt with
similarly. By Lemma 5.2,

Ky < Cl|€_FO|§h|2t|§h|274\0”L2(R3) +Clle™" GEMOHLZ(R%
< C(+ 07 (luollz 11, + 1910atoll12). (5.37)
Similarly,
Kin < C(L+ 072 (Ibollzz, 11, + 10102boll:2)- (5.38)

For K,3, we first give a different bound from the ones in Lemma 5.5 and Lemma 5.6.

r—1 t
= e 2 = 2
K < Cf lle Coleal e T)6132M1(7)||L2(R3) dr + Cf lle ol T)3182M1(T)||L2(R3) dr
0 t—1

!
_ _ &2 (1— —
+C f e )40 G10, M (7)| 23 AT
0
For 7 € [t — 1, 1], we have e 3¢ > ¢~ and thus
! !
= 204 — . o (f— = 204 —
f ||€_LOISC”| ¢ T)alale(T)||L2(R3) dr < e”f e T)||€ ol T)5152M1(T)||L2(R3) dr.
-1 =1
As a consequence, for a constant ¢4 > 0,

t—1
_= 21— —
Kix < Cf lle™ B =DG,0, My ()| 2 g3y dT
0

t
o (f— e &2 (— —
+C f e e 0G0, M (Tl 2@ dT
0
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= K231 + K32

Invoking (5.37), (5.16) and (5.17), we have
-
f ||€_—50|§h|2(1_7)31aﬁvu)(T)HLZ(R% dr
0
!
<C f (1+t- T)_%Ilu . V”(T)”L%BL}(I\.Z dr
o L

< CE>(v) f 1+zr- T)_%((l + T)‘%*’%E +(1+ T)—%H:) dr
0

< CE(t)(1 +1)73%,

Hence,

Koz < CE(D)(1 + )37, (5.39)

For Ki,3,, according to Lemma 5.2, we have
t
K <C f et — 1) 2|0y(u - Vi = b - VD)D)l ey dT.
0
By the anisotropic inequality (2.5),

1 1 1 1 1 1
. Loy )
1020t - Var)lli2es, < Cll@ull 1830l 10050l 102050l Va2, 16, V.
1 1 1 1 1 1
& Cllull 19112100l 101 Bl [V Dot 2, 10205 Vil .

Hence,
A
f e—cs(t—r)(t — T)_%”az(u . Vu)(T)lle(R3) dr
0
7 1 4
< CE,(DE; (1) f et - 1) (1 + 1) 20 dr
0
3 1 !
+ CE;(NES (D) j(; e — Ty (1 4+ T) R gr
' i 1
< CE(f)f e TG Ty (1t — T+ T) i d,
0

where we have used the simple fact: e™'(1+¢)" < C(m) for any ¢t > 0, m > 0. Furthermore,
selecting m > 2, and then applying Holder inequality with 1 < p < 2 and % + é =1, we
infer

t
f et = 1) 10 - Vi) (Ol 2z, dT
0

f 1 1 X i
< CE()( f e -1y Rdr) f (1+1-1)™(1 + 1) Fdr)’
0 0
< CE()(1 +1)7i*e, (5.40)
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where we have used fact that the integration fom x*le~*dx(s > 0) converges to I'(s).
Consequently,

Kip < CE()(1 + 173, (5.41)
(5.39) and (5.41) lead to

Kins < CE()(1 + 1)75, (5.42)
With a similar argument, we obtain

Kios < CE()(1 + 1)73*°, (5.43)

Combining the estimates (5.37), (5.38), (5.43) and (5.42), we derive
(1+ 01 1010,u®ll> < CE@) + C(l(wo, bo)llz, 11, + 10182140, 102b0)I12)-
Similarly, we can also obtain
(1 + 03 dtu®lle < CE®) + Ciuo, bolllz 1y, + 1@ uo, 8bo)li2)-
2)i=1j=3.
Firstly, from (5.21), we have
Kisi < C(L+ 07 9suollzz, s+ 19105toll2): (5.44)

For K33, similarly to Kj,3, we first bound it as

r—1
—Colé P(t—T) a7 X
K33 < Cf lle ol T)6163M1(7)||L2(R3) dr
0
1 ) o
+C f e e G0 M (T)]| 2 dT
0
t
< Cf(l +1 =) N0M (Dllz 11, dT
0

!
+C f e (¢ — 1)72)10, M, 2@y dr
0
= Kj331 + Kj33:.
Invoking (5.30) and (5.31), we get
!
Kiz31 < CEx(f) f A+t-0 A+ 52+ A+ 1)+ (1 + 1) |ar
0

< CE@)(1 +1)'*. (5.45)
For K33, by Holder’s inequality and Sobolev’s inequality, we first have

105 - Villiz < @31 l410 ull s + N 1110 00l 2
1 3 1 3
< Clsupl 105 gl IV el V'V a3
1 3 1 3
+ CllBsusl, 105 Va1, sl Vsl

1 1 1 1
2 2 2 2 2 2 2
+ ClIVupll LIV unl | IVAOsullz + ClIVusll L1V sl 050l 2.
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Then, form > 1,
!
f e (1 — )7 2|33(u - Vi) (D)l 2 d
0
A

< CEx(1) f e = [+ o B (1 B (1B ar
0
!

< CE®) f e — 1) (1 + 1) e

0

t ~,
< CE() f e G-y 1+t - 1)1+ 1) edr
0
< CE(M(1 +1)7'*,
where we have used a similar derivation with (5.40) for the last inequality. Thus, we get

Kz < CE((1 + 1) 1%,
which, together with (5.45), gives

K33 < CE(H)(1 + 1)1, (5.46)
Therefore, by (5.44) and (5.46), we conclude
(1 +0'2N16105u()ll» < CE(r) + Cll@3u0, 0300z, 13, + 1010310, 0193b0)||12)-
B)i=2,j=2,3.
It suffices to bound ||0,05ul|;2. Firstly, a similar argument with (5.21) yields
K1 < Clle™™5518,85u, 2@ + Clle™ G205t

< C(L+ 07 (10suollz, 11, + CllGDs10ll12). (5.47)
As in Hj3, Kj33 is firstly bounded by

1—1
Ky3 < C f le™ 5 9205 M (D) 2qey diT
0
t
+ Cf (1 +1t- T)_m||32(93M1(T)||Lz(R3) dr
0
!
<C f (L+ 1= 0 M (Dl 1y, dT
0 3 X1 X/

’
+ Cj; (1 + 1= 1) "020: M (Dl 23 dT
= Kosz1 + Koszo.
Now we estimate K33;. Recalling the bound (5.45) gives
Ka331 < CEx(0)(1 + 1), (5.48)
By Holder’s inequality and Sobolev’s inequality,
10203(u - Vu)ll2 < |0205u - Vullpz + 102 - VOsullrz + 103 - Vdullr2 + llu - VO05ullr
< IVulloolVOaullz2 + l02ull 4|V Osullps + [lu - VO05ullr2
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1 1 1 3 1 3
2112 3112 7 I 7 2 1
< ClIV7ull LIV ul| L IVOull 2 + 102ull 1102 Vall IV Osull IV 95ull
1

1 1 1 1 1
+ ) 1021 1051 10205017, IV 30 2, |V 01 055

where we have used the anisotropic inequality (2.5) for ||u - VO,05u|;2. Thus,

!
f (I +t=1)"10205(u - Vu)(T)ll12m3) dT
0

2
L*’

! 1 1 1 3 1 3
<C f (1 + 1= o (9l VUl V00l + 0102Vl IV Osull V205l ) de
0

! 1 1 1 1 1 |
+C f (1 + 1= )" lull ,102ull ), 1103ull ), 110203ull |, IV 0205 ull,1IV010205ul|, dt
0
=L+ L,.

By means of (5.2), for m > 1, we infer

t
Ly < C sup (1 + 73 IV Ou@)l a1V ()l f (1+1-0™"(1 + 1) idr
0

0<r<t

1 3
+ sup (1 + D) 0u@I,(1 + D30, Vu(lI L IV u(0)]n

0<r<t

X fot(l +1—7) (1 + 1) i
< EZ(DEZ(D(1 + 17 < CE((1 + 1),
For L,, applying Holder’s inequality yields, for m > 1,
L=< Csup(l+ DI+ D@1+ 18 ¥ 1suol,
s
X (1+ 1) 40,05u(0)
X [IVa35u(D)2, fo Aty + ) V8, 0,050, dr
< CE}(DE; o) fo t(1 +—1) (1 + T)-%+%€dr)%( fo t ||V818263u(7)||i2d7)%

< CEZ(DEZ(D(1 + 1755 < CE@)(1 + 1y 3,
Therefore,

t
f (I +1—=1)"10205(u - Vu)(7)ll2r3) dT < CE()(1 + B
0
Thus,

Ky < CE()(1 + 1737,
which, together with (5.48), gives

Koss < CE()(1 + )73, (5.49)
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K>3, and K534 can be bounded with similar arguments as those for K>3, and K533, respec-
tively. Therefore, by (5.47) and (5.49), we conclude

(1 + 07 2:05u(Dll2 < CE@) + C(l(@suo, 93bo)lliz 11, + (020310, 0203b0)|12).-

Similarly,
(1+ 03 83ullz < CE() + C(lwo, bo)llz 11 + 1N@Zu0. Bbo)l.2).
4i=j=3.
Firstly, we have
Kust < Clle ™5 020, |25 + Clle™" B2ugllpzqes
< COL+ 074 (13uollz 11, + 13wl (5.50)

K533 can be bounded as

1—1 . t
K33 < C f e DM (D)l 2@, dT + C f (1+1 =DM (Dl 2@ dT
0 0

! !
< Cf(l 1= HIBMDl gy, T+ Cf(l 1= 1) EEM (D)2, dT
0 0
= K3331 + K3332.

We consider the integral

fo U+ - 8. Vi)l dr. (5.51)
It follows from (2.6) that
103G - Vallpz 11, = 1050 @ u + 203u;0;05u + u; 8,03ull2 11
< OO NBUIL Bl + 1V el 2,105Vl 12004
+ 1105161121023 2,162l + 195102 10200412, 10Vl
sl 105312, 11630l 2 + Nl 10510412, 162 Va2
< COIV 12,1105Vl 2,162l 2 + 11051l 1020 1105 V el
+ 21033 2,103l + el 2 151000 12l 2. (5.52)
Inserting (5.52) in (5.51), and using Lemma 5.3, the first three terms can be bounded by
fo 4+ 1= D Il 10Vl (o)l

1 1
+105u()I1 1056103 Vi)l 2
1 1
+ s (@Il 110303 (OIl 030Nl 2)dT

t
< CEz(l)f(l + 1 — T)_%((l + T)—%+%d7_ " (1 +T)_%+%)d7-
0
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+CEj(z)E§(r)f(1 ri—o 1+ o) ide
0
<CE@O((1+072 +(1+079).

The last term needs more subtle estimates. We resort to Holder’s inequality and the inte-
grability of ||(9§th|| 2.

! 1 1
f (1 + 1= D @I LI O NV e 2l
0
!
< CEX1) f (1 +1= 071+ RVl dr
0

! 1 ! 1

< CE} @) f (1 +1=0)7'(1+ 1) "dr)’( f 163V,u(7)12.d7)”

0 0

< CEX(DE()(1 + 1)+,

Combining all the estimates above, we get
t
f (1+1=7) 210w - Vi)l 2,y dr < CE@(1+1)7+.
; ,
Thus,
K331 < CE(f)(1 + )77, (5.53)

Finally, applying Holder’s inequality and Sobolev’s inequality, for m > 1, we infer

I) (I1+1- T)_’"Ilag(u - Vu) (Ol 2@ dT
<C f (1 +t =) "IV u@)l| 2 IVu @)l + @)= IVO3u()l2) dr
0

f s f
<C f (1 + =)V u@ 2 IV u@)IL Vull,
0
1 1
+ VU@L IV, IVEu(o)l2) dr
t t
< CE;OE; (0 f (1+1=0)™"(1 + 1) dr + f(l Fr—T (14T )
0 0

< CE()(1 +1)75.
Thus,

Ks332 < CE(D)(1 + )77
which, together with (5.53), yields

Ky < CE(t)(1 + )%, (5.54)
As a consequence of (5.50) and (5.54),

(1+ 07 |Bu)l2 < CE@®) + C(lI@uo, Bbo)llz2, 11 + 110310, 33b0)112)-
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Combining all the estimates for the four cases above, we derive the desired estimate
(5.35). This completes the proof of Lemma 5.7. O

Proposition 5.1 then follows from the estimates (5.9), (5.10), (5.19) and (5.35). This
completes the proof of Proposition 5.1.
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