A RECIPROCITY RELATION FOR THE TWISTED SECOND MOMENT OF
THE RIEMANN ZETA FUNCTION

RIZWANUR KHAN

ABSTRACT. We prove a reciprocity relation for the twisted second moment of the Riemann Zeta
function. This provides an analogue to a formula of Conrey for Dirichlet L-functions.

1. INTRODUCTION

Gauss’s famous Law of Quadratic Reciprocity relates the Legendre symbol (£) to (). Somewhat
reminiscent of this, a reciprocity relation for L-functions is a relation connectlng a (tw1sted) moment,
of L-functions (on the central line or at the central point) to a dual moment, where certain parameters
are ‘inverted’ on both sides. In an unpublished 2007 preprint, Conrey [6] proved an elegant reciprocity
relation for the twisted second moment of Dirichlet L-functions at the central point. This result
garnered a lot of interest and was later extended by Young [15], Bettin [2], Nordentoft [13], and
Djankovié [9]. The relation is of the following shape. For primes p < g, we have

* . 1 *
(1.1) T Z X()|L(3,X)|* = main term + — Z x(=q)|L(3, x)|* + error term,
q2xmodq pzxmodp

where the sums are restricted to primitive characters, the main term is roughly of size (2 )2 log(1)
and the error term is roughly of size O( q) Thus the roles of p and ¢ are inverted on both 51des The
reciprocity relation (1.1) is not an exact formula, unlike the so called spectral reciprocity relations
referenced in [11]. Although Bettin [2, Theorem 2] did extend (1.1) to a remarkable exact formula,
it involved L-values off the central point.

In this paper we consider the twisted second moment of the Riemann Zeta function. Such a device
has been extensively studied and has applications to our understanding of the zeros and size of the
Riemann Zeta function. Some of the pioneering works in this regard are [7], [8], [14]. Asymptotics
for the twisted second moment of the Riemann Zeta function (on average over the twists) have been
given by Balasubramanian, Conrey, Heath-Brown [1] and Bettin, Chandee, Radziwilt [3]. Our goal
in this paper is to develop a reciprocity relation for the twisted second moment of the Riemann Zeta
function. This sheds some light on the structure of the twisted second moment and provides an
analogue to Conrey’s relation for Dirichlet L-functions. We also mention that Bettin and Conrey [4]
proved a reciprocity relation for a certain sum involving cotangents which is related to the twisted
second moment of the Riemann Zeta function.

Our twisted moment and dual moment do not have as symmetric of a relation to each other as
(1.1) does. However, this is to be expected. We recall the following spectral reciprocity identity,
which can be obtained by the method in [5]:

( f)4 . 1 L(l7f)4 7
Z Ar(p I, df)¢(tf)+...:maln term—|—p€ Z m¢(t]“)+....
JE€Bo(1) f€Bo(p)
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where ¢(t) is a nice weight function with a transform o, Bo(N) is an orthonormal basis of cuspidal
Maass newforms f on I'g(N)\H with spectral parameter 7, A¢(n) is the n't Hecke eigenvalue, and
the ellipsis denotes analogous contributions from the holomorphic and Eisenstein series spectrum.
The family on the left hand side has an archimedean parametrization, but as a result of the twisting,
the dual moment family has an arithmetic aspect. Following the same pattern, we might expect a
twisted second moment of the Riemann Zeta function to be associated with a dual twisted second
moment of Dirichlet L-functions, and this is what we find.

Theorem 1. Let p and q be distinct odd primes. Let T > 1. We have
(1.2)

[ ) et esn (- )
1
= (72) (s () + 2+ 37(3))

+ (%)% & > x@ /OO F<1 _4%) (2%)“@(% +it, X)[* dt

Since T'(+=2%) decays exponentially fast as || — oo, we should think of the dual moment integral
as essentially being of finite length. We can also see that the dual moment is real, by pairing the
contributions of ¢t and —t and using that the complex conjugate of F(%)(%)“ is F(%)(%)*”,
and pairing the contributions of x and Y when x is not real.

Observe that the moment on the left hand side of (1.2) remains invariant if we interchange p and

q, by the substitution ¢ — —t and the fact that exp(—%) is an even function. All other terms on
the right hand side are also clearly symmetric in p < ¢, except, at first glance, the dual moment.
However we are reassured by the reciprocity relation (1.1) which tells us that such expressions may
be symmetric in p <+ ¢. In fact, this must be the case as a direct consequence of our reciprocity
relation (1.2). So our reciprocity relation contains another one for free.

Corollary 2. Let p and q be distinct odd primes. Let T > 1. We have

p2 x 12ty /T it ,
(1.3) _1X§dpx(q)/ F( - )(2@) IL(L + it, x)[? dt

P o
x(—1)=1
q: x o1 —2it\ TN a3 S/ PN\?
= 1 X%;qu(p) /_OOF( 1 )(%) |L(3+it,x)|” dt+O ((qu) (ﬁ) + (pgT) (qu> )
x(—=1)—1

Unlike (1.1), we do not have a main term because of the extra oscillation arising from the integral.
Also note that the error term O((qu)E(qiT)%) is the expected order of magnitude for the moment

on the left hand side of (1.3), while O((qu)E(If—T)%) is the expected order of magnitude for the dual
moment on the right hand side. Such expectations however are known in only limited ranges, as we
discuss in the next paragraph, so (1.3) is non-trivial.

Going back to the reciprocity relation (1.1), one interesting consequence is the following. While
an asymptotic is known [2, Corollary 2| for the moment on the left hand side for p < q%’ﬁ, by
(1.1) we have an asymptotic for the difference between the moment on the left hand side and the
dual moment on the right hand side in the wider range p < ¢'~¢. To see that we get the analogue
of this for the Riemann Zeta function, suppose that p < ¢q. While an asymptotic is known for the
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moment on left hand side of (1.2) only for p < T%*E, we get an asymptotic for the difference between
the moment on the left hand side and the dual moment on the right hand side in the wider range
p<Ti=e.

We have tried to present the reciprocity relation in a straightforward form, and therefore opted
to make some simplifications. We have worked with prime twists in Theorem 1, although this
restriction is not a serious one. For general integer value twists, the entire proof would go through
in the same way but the orthogonality property of primitive Dirichlet characters, used in (3.8) and
(3.9), would be more complicated than the prime case. We have also worked with the specific weight
function exp( —%) on the left hand side of (1.2) so that all transforms which arise can be explicitly
evaluated.

Instead of considering a second moment of the Riemann Zeta function along a dyadic interval with
twists as long as possible, one may consider the opposite scenario of an untwisted second moment

along as short an interval as possible, say using a weight function exp(—(t;g)Q) with H < T.
The dual moment in this case would be a second moment of the Riemann Zeta function against a
transform function with (inverted) support of size % We do not pursue this as it may already be
derivable from an Atkinson type formula [12, Theorem 4.1].

Acknowledgement. I thank Matt Young and Joseph Leung for some illuminating discussions,
and the anonymous referee for their helpful comments.

2. SKETCH

To illustrate our idea for Theorem 1, we sketch a new proof of (1.1) which is amenable to gener-
alization. We will use this blueprint to derive an analogous relation for the Riemann Zeta function.

Start with N
> xOILG, X))

x mod g
and apply the functional equation to one of the central values, to get something involving
* - * X(nm)

ST XTLG R = D xpr) Y. -

(n

1o
2
x mod g x mod ¢q n,m>1

after expanding L(3,%)? as a Dirichlet series, where 7(x) is the Gauss sum. Exchanging the order
of summation, opening the Gauss sum by writing

)= Y e(g)x(a),

a mod g

executing the sum over x and sum over a, leads to something involving

> (M) —.

n,m>1

Similarly, if we start with

S X)L 0

x mod p
we would end up with
n,m>1 p nm

where g denotes the multiplicative inverse of ¢ modulo p. The two expressions are ‘approximately’
equal, using the additive reciprocity identity (which follows from the Chinese Remainder Theorem),

(22 = () (22)
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We can take the Taylor series expansion of e(%), and use only the first term to get the reciprocity
formula with an error term. Thus the steps are: applying the functional equation, opening the
oscillatory factor from the functional equation, averaging over the family, an approximation step,
and then repeating the preceding steps in reverse.

3. PROOF OF THEOREM 1
3.1. Set up. Define, for R(s) > —%, where R denotes the real part,
_ [Nt ; 1 ; 1 -1 £
F(s) = P (3 —s—it)({(5+s+it) —(s—5 +it)" " )exp T dt,

and note that this is analytic in the specified domain. Note that F'(0) is essentially the moment on
the left hand side of (1.2). More precisely, we have

TNt 1 a2 t? e
F(0) = (5) 6 +it)Pexp (= 75 )dt +O(T).

— 00

The plan now is to obtain a different expression for F(s) through analytic continuation, then to set
s = 0 in that new expression.

3.2. Functional equation. By the functional equation,
o\t T +s+ % t?
F(s) = / (g) fﬂtwc(é + s+ it) (C(% +s+it) - (s— 1+ z’t)*l) exp ( - ﬁ)dt
—o0 1 2
and by the reflection and duplication formulae of the gamma function, we have
F(s) =2 - pit2 —1-s—it Ly s ityy(L ; 1 : 1 . 1\ —1
(s) = (6) (27) cos(m(3+5+%5))L(5+s+it)((5+s+it) (C(§+s+zt)—(s—§+zt) )

— 00
t2

X exp ( — ﬁ>dt.

3.3. Opening an oscillatory factor. For |R(s)| < 3, we write cos(m(3 + £ + 4))I'(5 + s + it) as
a Mellin transform using [10, 17.43.3] to get

(3.1)
Fe=2 [ [ amirrteossdr (B) em e parin (G +arin - - +in )
t2

X exp ( — ﬁ>dt.

Integrating by parts and using |sinz| < min{1, ||}, we have

oo . it )
F(s) = —2/ / a3 i sing da (g) 2m)"E T (=L b s at)C(L + s+ it)
—o0 J0

X (g(% ts4it)—(s— L+ z‘t)*l) exp ( - %)dt.
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This x-integral conditionally converges for f% <R(s) < % Next we write
2
1

00 00 ) it ) ¢
F(s)=— 2/ / a2 gin g da (B> (2m) 27" (s — )3 (% + s+ it) exp ( - ﬁ>dt

0 q

o oo .
— 2/ / ettt gin 0 dy (
—o0 JO
o0 o0 3 .
+ 2/ / x 2T gin g da (
0

::Fl(S) + FQ(S) + Fs(S)

om0t o+ e ()

ISk~

)Zt(zw)“‘s (3 +s+lt)exp( tz)dt

ESE kS

Integrating by parts, we write
s LT > 5L
/ a2 ts Tt gin ¢ de = / 2t Gin o da +/ (_% + s+ Z’t)x—é-‘rs-i-zt cosz dr,
0 0 z
where both integrals on the right hand side are absolutely convergent for —l < R(s) < 3 Now we

restrict to % < R(s) < 5 and expand ¢ ( + s +4t) into an absolutely convergent D1r1chlet series.

After exchanging the order of integration and summation, we get

3.2 )= -2 - anmwsinxdx—l—/ Is pm(z)cosz dx |,
52 ZMW (/ e [ ) )

2

= -2 Z ; (/2 I (2) sinx dx+/ Is ym(x) cosz d:c),
0 s

2

z 00
)=2 Inmsinxdx+/ Irn(x)cosz dx |,
ZQM </0 e e )

2

where
2

o0 it t
Io(x) = / x_%+s(2:2q) exp ( - ﬁ)dt,

— 00
oo ) 5., xp it t2
Ipq(x) = /_ (=3 +s+it)a 2" (27raq> exp ( - ﬁ)dt.

We first consider F(s). We integrate by parts the second a-integral in (3.2), by differentiating
cosz and integrating Is .., (x) (under the ¢-integral sign). This gives

s— 1 e
Fi(s) = -2 72/ I m(x) sinx dz
1 (s) Z (zmmw [ 1)

2

T /”( p )“ (_L>dtd
27Tnm % /0 T simax . 27rnmq exp T2 Z.

At this point we return to Fi(s) and F3(s) before proceeding further. By the same integration
by parts step, we have

R S oo xp N\ t2
(3.3) )=-2 Z @)} /0 x 2 smx/_ Zt(27mmq) exp(—ﬁ)dt dz,

[ee)

2

Fy(s) =2 Z 71 /Oogg_g+ssinm/oc ( P )ite ( ! )dt dz
= X - Jo .
’ (2mn)2ts Jo oo \2TNQ P T2
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3.4. Averaging over the family (evaluating the integral on the critical line). Using the
Fourier transform [10, 17.23.13]

— 00
with £ = log(zmmq) we get
00 . T2 2
Fi(s) = 27T Z 1 / x—%+“’sinaﬁexp ——<log 2 ) dz,
(2mnm) 2t J 4 2mnmgq
n, m>1
and note that the x-integral here converges absolutely. Making the substitution y = % log (52— q)7

we get
1 00 1
s—1 2 y\—h+s 2 .
Fi(s) = — 4n3 E —2 ( anqGQTy) * sin (( anq)ez]y)e_f dy
S @2rm)z Tt oo P P

1

—1l.s 1 [e%e]
:_4W%(g> chl 2: S e%( 1+9) ((M)ezy)e v dy.
p n,m>1 2mnm - p

The sum converges absolutely after integration by parts of the integral. In fact, up to an error of
Oc((pqgT)~1%9), the sum may be restricted to nm < (qu)ET” . Thus we can analytically continue
F1(s) to an entire function, and at s = 0 we have

]. _% ]. ° Y 2 Y
Fi(0) = T(g> Z %/ e T sin (( anq)e%)e,yz dy,
T2 \P > —00 p

n,m>1

and the bound

[N

€ p
IF(0)] < (aT)*(7)
The treatment for F5(s) is similar: we can continue it to s = 0 and we get the bound |F5(0)| <
1
(pgT)*(5)z.
Now we turn to Fy(s). This time we insert
3

(3.4) 2 /_Z ite™ exp ( ;Q)dt T—f exp ( — %252)

with = log(5;72.-) into the definition (3.3), and after the same substitution y =
continuing to s = 0, we get

2T -3 1 o y 2 Y
RS0 Y L / ()
p >1nm > p

% log(rﬁnq) and

T2 n,m
2T -3 nm
(3.5) =9 71<g> i / q %>y6*y2*% dy,
T2 \Pp nm
where e(r) = e2™ and S denotes the imaginary part.

3.5. An approximation. Up to an error of O((pgT)~1?), by repeated integration by parts, the

sum in (3.5) may be restricted to nm < (qu)E%, and the integral may be restricted to |y| < (pgT)e.
Then, we can make the Taylor approximations

et =1+0(7) =1+o((quT>€),

(720)60) = () (202 oY),
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to get
(3.6)

T)e it i
R0)=S g n%l n1ne<%> /((]:T))e (%) i (%%)ye v dy+0((qu)6(B)2>

nm<(pgT) &-

The integral and sum may now be extended back to infinity, up to a negligible error, after which
we can evaluate the integral (which completes the averaging over the family because this integral
originated from opening the oscillatory factor) using (3.4) with & = 2Z%74  We get

F0)=%* 4%(3))% n%;e(n?q) exp ( _ (2%;177;71(])2) . O((qu>€(§) %)
=in(,) n%‘glcos () e (- (%;fq)Q) +o(ary (%)),

Now to get to the dual moment, we repeat the preceding steps, in reverse. Thus the titles of
following subsections indicate the reverse of what is done.

3.6. Averaging over the family (evaluating the character sum and integral on the critical
line). Splitting the sum according to the residue class of nm mod p, we have

< Z e ( ( 27rnmq> 2)
XP —
n,m>1 pT
nm=0 mod p

) CY ()Y exp(_(%;;qf))+o(<qu>f(§)

r mod p p n,m>1
nm=r mod p

N

Fy(0) = 4w(%)

=

).

where >_* indicates that the sum is over the non-zero residue classes. We rewrite the sum with
the condition nm = 0 mod p as a sum with n = pn’/ plus a sum with m = pm’ minus a sum with
nm = p*n’m’. For the other sum in (3.7), we use the orthogonality of Dirichlet characters to pick
out the condition nm = r mod p. We get

i =n()’ (2 35 (- () - 5 (- (220

n,m>1 n,m>1

N
N—

+ % Z* cos (27Zq) Z X(r) Z x(nm) eXp<— (2727?(1)2)) +O((qu)6<§)

r mod p x mod p n,m>1

Next, replacing r with rg, using the Mellin transform pair [10, 17.43.2], writing

L < X0 s ol _ 1y
Z (nm)w_c( )72 (nm)w_L( ,X),Z (nm)® (1 )C( )%

n,m>1 n,m>1 n,m>1
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2nr

where R(w) > 1 and ¥ is the trivial character, and using >.* cos( -

7 mod p

0 (2 [ G e~
)
(3.9) —i—(q)é;m_/%rf‘(z;) (%)wﬁ Z* x(q) Z* cos (@)Y(T)L(M,X)Q dw

p ) x mod p r mod p p

+0<(qu)E(1q)>é)-

For the first integral, we move the line of integration to (w) = ¢, crossing a double pole of ((w)?
at w = 1. The residue from this pole is the main term displayed in (1.2) and the shifted integral is

of size O((pqT)<( %)%). The second integeral will be moved to the critical line.

) = —1, we get

3.7. Opening the oscillatory factor (Gauss sum). In the second integeral (3.9), we have

Z* cos (?)Y(r) =0

7 mod p
if x(—1) = —1, by pairing up the contributions of r and —r and using that cosine is an even function,
and
* 2rrN * 2rr 2T\ * r\_ .
Z cos (—)x(r) = Z (cos (—) + isin (—))X(r) = Z e(f)x(r) =7(X)
r mod p p r mod p p p r mod p p
if x(—1) = 1, by pairing up the contributions of r and —r to see that >_* sin(%)i(r) vanishes.
r mod p

3.8. Applying the functional equation. Moving the second integral (3.9) to the line R(w) = %,

writing w = % + it so that dw = idt, applying the functional equation of the Dirichlet L-functions,

and using |7(x)|? = p, we get that it equals
Tyz 1 * 142ty Tpyit ,
(%) p—1 Z X(Q)/ F( 1 )<%> T(X)L(%+Zt,x)2 dt
x mod p -
x(=1)=1
T\% p3 * % 120ty T\ _
=(3:) 501 © x<q>/ P ) () 12 + 0P
x mod p -
x(=1)=1
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