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ABSTRACT. This paper develops an effective approach to establishing the optimal de-
cay estimates on solutions of the 3D anisotropic magnetohydrodynamic (MHD) equa-
tions with only horizontal dissipation. As our first step, we prove the global existence
and stability of solutions to the aforementioned MHD system emanating from any ini-
tial data with small H'-norm. Due to the lack of dissipation in the vertical direction,
the large-time behavior does not follow from the classical approaches. The analysis
of the nonlinear terms are much more difficult than in the case of full dissipation. In
particular, we need to represent the MHD equations in an integral form, exploit can-
cellations and other properties such as the incompressibility in order to control terms
involving vertical derivatives.

1. INTRODUCTION

Stability and large time behavior are among the most essential properties of partial
differential equations (PDEs) modeling incompressible fluids. This paper intends to un-
derstand these crucial properties for the following 3D anisotropic magnetohydrodynamic
(MHD) system with only horizontal dissipation

ou+u-Vu=-VP+vAu+b-Vb, zcR3 t>0,
Ob+u-Vb=nAb+0b-Vu, (1.1)
Vou=0, V-b=0, '
u(z,0) = ug(x), b(z,0) = by(z),

where u and b represent the fluid velocity and the magnetic field, respectively, P =
p+ %]b\Q denotes the total pressure, and v > 0 and n > 0 are the viscosity and magnetic
diffusivity, respectively. Here A, = 07 + 95 denotes the horizontal Laplacian.

Anisotropic dissipation arises in the modeling of various fluids and geophysical fluids
such as in the Prandtl equation as well as in the study of turbulent flows in Ekman
layer [31]. Anisotropic magnetic diffusion is relevant in the study of several astrophysical
phenomenon such as the modeling of magnetic reconnection (see, e.g., [32,33]).

The main goal of this paper is to provide optimal upper bounds on the decay rates
of solutions (u, b) to (1.1). In addition, we will also reveal some remarkable large-time
behavior of (u,b) such as the accelerated decay rates for the vertical components uz and
bs of u and b, respectively.
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The lack of full dissipation in (1.1) prevents us from applying the powerful tools
designed for PDEs with full dissipation. The Fourier splitting method of Schonbek has
been very successful in understanding the large-time behavior of various fully dissipative
PDEs modeling fluids (see, e.g., [1,36,37]). But unfortunately this method does not
appear to apply to the anisotropic dissipation case.

This paper presents a new approach that can effectively extract the large-time behav-
ior of solutions to (1.1). Inspired by a recent work of Ji, Wu and Yang [19] on the 3D
anisotropic Navier-Stokes equations, the approach and techniques of this paper are not
merely a parallel extension from the Navier-Stokes to the MHD equations. This paper
offers several improvements. For example, the smallness requirement on the initial data
in this paper is imposed only on the H'-norm instead of higher regularity norm as in [19].
Furthermore, this paper reveals some unusual decay properties of (u,b) to (1.1). The
third components uz and b3 of u and b, respectively, actually decay faster than the corre-
sponding horizontal ones in the Sobolev setting. This phenomenon was first remarkably
observed by Xu and Zhang in the Besov setting [47]. It reflects the enhanced dissipation
in the vertical components due to their special evolution structures of us and b3. We
are able to recover this property in the Sobolev setting with no elaborated conditions
on the initial data.

The main result established in this paper is summarized in the following theorem.

Theorem 1.1. Let k > 1 be an integer. Assume (ug,by) € H*(R3) with V - ug = 0 and
V - by = 0. Then there exists a constant € > 0 such that, if

[uoll ey + [|boll ey < e, (1.2)
then system (1.1) has a unique global solution (u,b) satisfying
(u,b) € L*(0,00; H*(R?)), Vju, Vb € L*(0,00; H*(R?))
and, for any t > 0,

t
() [z + 1D() 1170 +/0 IV r(m) g + IVRb(T) [0 )dr
< C(J|uollFze + [Iboll70),
where C' > 0 is a constant proportional to the initial norm ||uo |3 + [|bol/%-
Furthermore, if (uo,bo) € H*(R®) with s > 3 satisfies, for 3 <o <1,
Ay uo, Ay%bo, A% Bsuo, Ay7Bsbo, A7 Fug, A7y Phy € LA(R?), (1.3)
then the global solution (u,b) of (1.1) satisfies
[ 1 sy + 11601 gsy < Ce.
[ ()] s sy + [16(8)]
1AL Tu() | 2s) + (1A, 7(0) | 2qrsy + (|4, O5ut) || L2 es) + |4, 7 Osb(t) || 23y < C.

Hs (R3) S C

()| 2oy + 10 z2re) + 105u(t) | r2grey + 103D (E)|2ey < CA+1)72. (1.4)

IVnu()l ) + [Vab(t) | 2es) < C1L+)7 57, (1.5)
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3o

[us(E)] 22 + [[bs(B)]| 2 < C(1+1)" . (1.6)

IVnus()2 + IV abs ()22 < C(1+ 1)~ 52, (1.7)

Theorem 1.1 reflects the enhanced regularity and decay rates in the vertical compo-
nents of u and b. The decay rate for the L?-norm of the vertical components us and bs
in (1.6) is higher than that for (u,b) in (1.4). Similarly the rate for Vjuz and Vb3 in
(1.7) is also higher than that for V,u and Vb in (1.5). In addition, the rates for (u,b)
in (1.4) and (1.5) are the same as those for the anisotropic heat equation

OF = ALF, xeR3 t>0,
F(x,0) = Fy(x)

with Fp satisfying similar assumptions as those for (ug,by). Consequently the rates
obtained in Theorem 1.1 are optimal.

Well-posedness and stability problems on the MHD systems have recently attracted
considerable interests and significant progress has been made (see, e.g., [3-18,20-24,26—
28,34, 35,39-42, 44, 45, 48-52, 54-58]). The references listed here are by no means ex-
haustive. We shall not attempt to detail these results, but instead describe two closely
related work on the 3D MHD equations with anisotropic dissipation. Wu and Zhu [46]
investigated the 3D MHD equations with horizontal dissipation and vertical magnetic
diffusion, and were able to establish the global well-posedness and stability near a back-
ground magnetic field. In a preprint submitted for publication [29], Lin, Wu and Zhu
considered the 3D MHD equations with velocity dissipation in only one direction and
magnetic diffusion in two directions. They showed that any perturbation near a suitable
background magnetic field is globally stable. When the dissipation is only in one direc-
tion, the velocity nonlinearity does not appear to admit a suitable upper bound when
the spatial domain is R?. By exploiting the symmetric structures in the vorticity for-
mulation to encounter the derivative loss problem as well as the stabilizing effect of the
background magnetic field, [29] was able to solve this difficult well-posedness and sta-
bility problem. The large-time behavior of the global solutions obtained in [29] and [46]
remains open. It is hoped that the method developed in this paper will help solve the
large-time behavior problem on the MHD systems considered in [29] and [46].

We outline the main steps in the proof of Theorem 1.1. The proof is naturally divided
into two main parts: the stability part and the part for the decay estimates. Assuming
that the initial H'-norm is small, we show that the H'-norm of the solution is uniformly
bounded by the initial H'-norm. Through an inductive process of controlling the H*-
norm via the H*~'-norm, we further show that any H”*-norm is bounded uniformly and
proportional to the initial H*-norm. We remark that the initial H*-norm with k& > 2 is
not assumed to be small. The decay estimates are shown via the bootstrapping argument
(see [38, p.21]). We assume the smallness of the initial H'-norm as well as the negative
Sobolev setting, namely (1.2) and (1.3). Especially, we have

10 = 1A woll3 + 177 Boll3 + 1A Bauoll3 + (1A Bsboll3 < oo.
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We note that -y is not assumed to be small. Let (u,b) be the corresponding solution.
We make the ansatz that, for ¢t € [0,7] with T' > 0,

1A w17 + 1AL 7b@)IZe + A, O5ut)][Z2 + (A7 9sb(t)][72 < 3%0.

The initial time interval [0,7] is guaranteed by the local well-posedness. Our main
efforts are then devoted to proving the improved inequality, for all ¢ € [0, T,

1AL a2z + 1A, 7b)IZ: + 1A, Osu(®) 72 + A, 70sb() 72 < 270 (1.8)

Then the bootstrapping argument implies T = oo and that (1.8) actually holds for
any t < oo. The proof of (1.8) requires considerable efforts and is divided into five
steps. The first step computes the decay rate for Vu(t) and Vb(t) while the second step
estimates |Vyu(t)||z2 and |[[Vyb(t)||z2. The third step reveals enhanced dissipation and
higher decay rates for the vertical components u3 and b3 and their horizontal derivatives
Vyus and Vibs. The fourth step obtains upper bounds on ||[A~7u||?, + [|A~7b]|3. and
|A=785ul|3, + ||A=705b||3, in terms of the derivatives of u and b. The final step invokes
the decay rates for the derivatives from the first three steps to establish (1.8).

The rest of this paper is divided into two sections. Section 2 proves the stability part
of Theorem 1.1 while Section 3 presents the decay estimates in Theorem 1.1, as outlined
in the previous paragraph.

2. PROOF OF THE STABILITY PART IN THEOREM 1.1

We split the proof of Theorem 1.1 into two main parts. The first part establishes the
stability result, and is presented in this section. The second part verifies the decay rates
and will be given in the subsequent section.

First, we state two lemmas to be used in the proof. The first lemma provides an
upper bound for the LP-norm of a one-dimensional function, which serves as a basic
ingredient for anisotropic upper bounds. A proof can be found in [53].

Lemma 2.1. Let 2 < p < oco. Let s > % — L. Then, there exists a constant C' = C(p, s)
such that, for any 1D functions f € H*(R),

hS]

1-1(3-3) (3
Wl < C I ) jaspale s,

R) L2(R)
In particular, if p= oo and s = 1, then any f = f(x3) € H*(R) satisfies

1 1
[l ooy < C SN2y 190511 £ ry-

The second lemma provides an anisotropic upper bound for the integral of a triple
product. It is a very powerful tool in dealing with anisotropic equations. A simple proof
of this lemma can be found in [46].

Lemma 2.2. The following estimates hold when the right-hand sides are all bounded.

1 1 1 1 1 1
| rahide S 11510115 gl Noug 1 ol

/Rg |[fghlde S AN 100 1| 2102 F 122 10102 f11 2 19 221 D59l 2 I ol -
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With these two lemmas at our disposal, we are ready to prove the stability part of
Theorem 1.1.

Proof of the stability result in Theorem 1.1. Since the local well-posedness of (1.1) in H*
with any k& > 1 follows from a standard approach such as Friedrichs” method (see,
e.g., [2,30]), this proof focuses on the global a priori bounds.

Taking the inner product of (u,b) with the first two equations, integrating by parts
and using V- u =V - b = 0, we obtain

1d

2dt

Integrating in time yields, for ¢y = min{v, n},

(lullZz + 11Bll72) + v Vrullz: + 0l Vab]z2 = 0. (2.1)

t
lu(@)I[Z2 + 16()I1Z2 + 60/0 (IVru(m)I[Z2 + [Vab(7)[I12)dr

< lluollZ> + [1bol[Z--

Applying 0;(i = 1,2, 3) to the first two equations of (1.1), dotting the results by 0;u and
0;b, respectively, integrating over R and adding them up, we obtain
3

1d 3
52 2 10sulZz + 19b]132) + Y _(wl0:Vnullzz +nl0:nb]72)
i=1 i=1

3 3
= —Z/@Z-(u V) - 8iudx+2/8i(b-Vb) - Dyudz
i=1 i=1
3 3
—Z/&(wa)~8ibda:+Z/8i(b-Vu)~8ibdx
=1 =1

= A1—|—A2—|—A3—|—A4
Using V - u = 0, we have

3 3
A= —Z/ai(u-Vu)-aiudx: —Z/@m-Vtr@iudx
i=1 i=1
3 3
= — Z / Osuy, - Vyu - Oyudr — Z / O;uz03u - O;udx
i=1 i=1

= All + A12~
By Lemma 2.1,
3 1 1 1 1 1 1
A <O 03110005 7 |V w22 1105V | 22 1050 72 10205 7
=1
< Cllullan || Vaul -

To bound Ay, we further divide it into two parts and then apply Lemma 2.1 to obtain

3
Alg = — Z/&ﬂég@gu : dudx
i=1
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2
= — Z / O;uz0su - O;udx — /83U383u - Ozudx
i=1

2
= — Z / O;ug0su - O;udx + /Vh - upOsu - Ozudx
i=1

1 1 1 1 1 1
< Cl|Vhus|[ 12|05V nusl| 22 105l 2 10195l | Lo [ Vil 2211 0: Vil £

1 1 1 1 1 1
+ ClIViun| 721105V nunl 12| Osul| 21|01 Osu| 72 |5 ul| L. || 0205ul| -
< Cllullan | Vaullg-

Therefore,
Ay < Cllullp [ Vaul.

Similarly,

3 3

Ay = Z/@i(u-Vb)-&-bdx — Z/@iu-Vb-aibda:
i=1 i=1
3 3

= Z/@iuh Vb - 8ibda + Z/@iug,@;;b-@ibda:
i=1 =1

3
< O Y 10unlZl|0:0unl| 22 Vabl 7 105V 10 7211001172 110:0:0 22

=1
3
+ O 10us||7 195053 721105011 7 91930 22 1901 3102030 -
=1
< C(llullzs + (1Bl ) IV nullz + [Vabl7n).
Due to

we have

3 3
i=1 =1
3 3
:Z/@'b'Vb-&-uderZ/8ib~Vu~8Z-bdx
i=1 i=1
3 3
— Z / Oiby, - Vb - Oudx + Z / Oib30sb - Ou dx
i=1 =1
3 3
+ Z / Oiby, - Vi - O;bdx + Z / OibsOsu - O;bda
i=1 i=1
3

1 1 1 1 1 1
< O 11012 110:0:n]1 22 1V ab 72 1105V ab 7 |05 721102050

i=1
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3
+ O ||0ibs || 2.1|050:bs | 22| 9sb|| 221|101 Osb|| 22 |05 22| 020re| 22

=1

3
+ Y 10l 10:0:0n]1 22 [ Vil 72 1105V nl 72 1100111102030 22

=1

3
+ O ||0ibs || 2211 050:bs | 22| O] 22|01 O] 22| Dib | 22| D203 22
=1

< C(llullmr + 110l ) NVl F + 1V aDl[0)-
Combining the estimates above, we obtain

1d
5 g7 el + 1015) + IV ael + nll Vbl

< Cllullm + 1Bl ) IVl + V3Bl E)-

(2.2)

Adding (2.2) and (2.1) up yields
s + 1030 + 273+ 2011 9bl
< C(llullms + 110l )NV rullz + [1VabllF)-
Integrating in time, and choosing € in (1.2) small enough such that
[wollzr + [|boller < C7leo,  co = min{w, n},
we obtain

t
lu()E + 16170 + 00/0 IV nu(m) 5 + 20l Vb (7) |3 dr

< lluollzr + l1boll -
Next we prove by induction on k that

()17 + 1) 7 +/O IV () Iz + Vb () [7)dr

< C(Jluollzx + l1boll7),

(2.3)

where C(||uol|3 + [|bol|3;+) is & constant depending on the initial norm ||(ug, bo)|| z+ only.
Clearly, (2.3) holds for k = 1. Assume that for any integer k& > 2, we have

t
() [ + 1D 15— +/ IV () s + I Vab(r) [s-1)dT
0

< C(lluollzze-r + l1bollzze)-

(2.4)
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Applying 9%(i = 1,2,3) to the first two equations of (1.1), dotting the results by 9*u
and OFb, respectively, integrating over R? and adding them up, we obtain

3

3
oD (0kullEe + 1970172) + (105 Vil 32 + nll0FVnb]72)

i=1

N —
&lg‘

=1
3 3
_ Z/am V) - OFudz + Z/&f(b - Vb) - Ouda
i=1 i=1

3 3
- Z/af(u.Vb)afbdw+2/af(b-vu) - 9" bdx
i=1 =1
= K1—|—K2+K3—|—K4.

Set C,{zﬁ. By V- u =0,
3
K, = —Z/@f(u-Vu)~8fuda:
i=1

3k
= —ZZCi/agu-Vﬁf_ju-afudx

i=1 j=1

3k 3k
e DIl ETR N SIS 3 Sy LT ST
i=1 j=1 =1 j=1
= Kll + Klg.
By Lemma 2.1,

3

k
KH = —ZZC{C/@”W Vhaf_]uafudx

i=1 j=1

3k
.1 -1 o1 1 1 1
<O > N0 unlFollond unllz 1V u0; ~ ull 2105V a0) 7 ull 2. |0Full 2 0208 ul

i=1 j=1
< Cllull g IVl e[V au| e

C
< %HVWH?{k + Cllull eV nullz-

and
3

k
Kp=-) > C / Fusds0F T - OFudr

i=1 j=1

3k
| | o1 o1 1 1
<CY D> N0usllza110:0]us | 7110507 ull 2211010508 ull 2. 10Full 2 | 020F ul

i=1 j=1
< Cllull el Vaull e [V iul| g

C
< 1—06||th||§,k + CllalPon |V ntl s
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where we have used the fact, due to V - u =0,

3
> N0lusliz < OV usllze + [10usl2)

i=1

< C(IViuslle + 1105~ Vi - unll2)-

Similarly,

3
K = Z/af(u - Vb) - OFbda
=1

3 k
= Zch/agu-vaf—jb-afbda;

i=1 j=1
3 k . . . 3 k . . .

> Y o / Olun - Vi0; b Ofbdr+> > Y / Ous0s0; b - Ofbd
i=1 j=1 i=1 j=1

3
| P | o1 1 1 1
<O 0 w1 211000 un | 2V a0 b 21105V 105 7] 22| OF || 22110200 2

ij=1

3
+C ) 107 usl| 2. 11050]us 7211050 7017211010587 bl 2. 1050 72 102050

ij=1
< %HVWII%k + %Ilvhbllék + Cllulls + 1005 IV nullz— + [ VablFes).
Due to
/b-vafb-afudwr/b.vafu.afbdx =0,
we have
Ky + K,

3 3
:Z/ﬁf(b-Vb) -8fudx+2/af(b-Vu)-8fbdx
=1 =1

3 k 3 k
= ZZCg/agb-vafjb-afudw+ZZCg/agb.vafju-ﬁfbdx

i=1 j=1 i=1 j=1
3 k 3 k
=N / Olby, - Va0; b Ofudr + Y > Y / & b30507 b - Orudz
i=1 j=1 i=1 j=1
3 k 3 k
+y > A / by, V0w Ofbdr +> > / & b3050F T - OFb du
i=1 j=1 i=1 j=1

o1 . § o1 o1 1 1
<Y 0704125 110107b4 ] 22|V 40E B\ 251105V 40E B[ 2, ]| 0F ul| 2, ]| 0208w 2,

2y

3

1
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3
+C ) 1070312110587 b5 1721050 7011 721101058; bl 2. 10F w2 10208l

3,j=1

3
N | | o1 PR 1 1
+ > 1000wl 10007Bal1 22V n0F 721105V 4 0] wll 221051 721102050

ij=1
3 1 1 o 1 PR oyt
+CZ||0Zb3||)§z||335553||22||333i Tul| 721101050 ul| 72|07 b[| 72 102070 72
ij=1

Co Co
< 76 Vnull + 7p IVl + Ol + 1015 ) IV nel s + [Vl ).

Combining the estimates above, we derive that

d
E(Hunipe + ||b||§{k) + CO(thuHi‘m + thbH?{k)

(2.5)
< C(llullzps + 1015 Vel s + Vbl ).
Adding (2.5) to (2.1) gives
d
— (el + 11617) + colllVaullf + Vb7
dt
< C(llullzps + 1015 Vel s + 1VRbl ).
By Gronwall’s inequality and (2.4),
t
ull 27 + (1117 +/0 (IVnu() e + 1Vab(7) [ )dr
< (fluoll%e + ||b0||%Ik)€cfot(thu(T)”i,k—l+||Vhb(T)HZk—1)dT
< (ol + 1ol peC el i
< C(J|uoll3ze + [1oll7)-
We have thus established (2.3). This finishes the proof of the stability part. O

3. DECAY ESTIMATES

This section establishes the decay estimates in Theorem 1.1. First we state two
lemmas to be used in the proof.

We need two elementary facts. The first fact, stated in Lemma 3.1, is Minkowski’s
inequality. It is an extremely useful tool that allows us to estimate the Lebesgue norm
with larger index first followed by the Lebesgue norm with a smaller index. The following
version is taken from [2, p.4] and a more general statement can be found in [25, p.47].

Lemma 3.1. Let (Xi, 1) and (Xa, o) be two measure spaces. Let f be a nonnegative
measurable function over X1 x Xs. For all 1 < p < q < oo, we have

H ”f(a xQ)HL?’(XLM)HLQ(XQ,M) < HHf(xla ')”L‘I(Xz,uz)HLp(Xl,m) :
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In particular, for a nonnegative measurable function f over R™ x R™ and for 1 < p <
q < o0,
H“fHLP(Rm)”Lq(Rn) < ””f”Lq(R”)HLP(Rm)‘

The second fact provides an exact LP — L? decay estimate for the generalized heat
operator associated with a fractional Laplacian. The following lemma and its proof can
be found in [43].

Lemma 3.2. Letc >0, a>0,vr>0,1<p<qg<oo. Then

a 1 1

a —Z-Z(i-1
|A° e V(=R tf”Lq(Rd) <(Ct 2a 3 (5 q)HfHLP(Rd)'

We are now ready to prove the decay estimates in Theorem 1.1.

Proof of the decay estimates in Theorem 1.1. The framework of the proof is the boot-
strapping argument. The H!'-norm of the initial data (ug, ) is assumed to be small,
namely
[uoll e + [[boll i < &
for some sufficiently small € > 0. Due to the condition (1.3) on (ug, by), we write
Y0 = (1A, 7uoll72 + 1A, 7boll7> + 1A, 7 Osuoll7> + 1A, 7 Dsbollz> < oo. (3.1)

We note that ~y, is not assumed to be small. Let (u,b) be the corresponding solution.
We make the ansatz that, for ¢ € [0,T] with 7" > 0,

1AL a7z + 1A, D)7 + A, Osu(®)I72 + A7 0sb(1)] 72 < 370.  (3.2)

We remark that the initial time interval [0, 7] is guaranteed by the local well-posedness.
Our main efforts are then devoted to proving the improved inequality, for all ¢ € [0, 7],

1AL 7u®) 72 + 1A, b7 + 1A, Osu(®) 172 + A7 0sb(t) ][22 < 290, (3.3)

Then the bootstrapping argument then implies ' = oo and that (3.3) actually holds for
any t < oo.

The rest of proof is devoted to showing (3.3). The proof is very long and thus divided
into five steps for the sake of clarity.

Step 1. Decay rate for Vu and Vb.  More precisely, we show that
[u(®)l|zz + 1622 + 105u@) ]| L2 + [|05b()]] 2
I Vau() 2 + [ Vab(D)]| 2 < C(1+14)7%. (3.4)

Applying 03 to the first two equations in (1.1), and then taking the inner product with
(Osu, O5b), we have

1d
5 77 (19sullZ2 + 1958I1Z2) + v Vsl 72 + 0| Vadsb] 12

= —/ag(u-Vu) -agudx+/83(b-Vb) - Osudx

I:M1+M2+M3+M4.
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We now bound M; through M,. By V -u =0,

M1:/83(U-Vu)-83udx:/83u-Vu-83udx

= /83uh -Vyu - Osudr + /ﬁgugﬁgu - Osudx
= My + M.
By Lemma 2.1,

M = /83uh -Vyu - Osudr

1 1 1 1 1 1
< C|Osunl| 72 110195unl| 72 |V nul| 721|105V hul| 22| Osul| 22| 020l £

1 3
< Cl|0sull 2 Vaull 22 [V rOsull -
< O 0sull 2 (IVhul|72 + [[Vidsull72).
By V-u=0,

M12 == /83U383U . 83u dr = —/Vh . uh83u . 83u dx

1 1 1 1 1 1
< Ol Vaun| 721105V aun || ;2 ||0su|| 72 [|0105ul| ;2 || Osul| 7 2 || 0205w ]| ; -
1 3
< C|0sul| 2| Viul| 72| ViOsul] ;-
< Cll0sull 2 (| Vhul|7> + ([ Vadsull72).-
Thus
My < Cl|0sul| 2 ([[Viull 72 + (| ViOsull72).

Similarly,

= /aguh - Vpb - 0sbdr + /83U383b - Osbdx

< O115un |2 10195unll 22 V12105 Vbl 22 1 95b] 22 1920501
+ C0sus |2, 05D |22 19D 221101 35D 22 19D 2:11825b £
< 105219011 | Vabl| . | Vo sl . | V405D 2
+ 0Bz [Vl 221 0Dl 2 | Vs 1.
< O(||0sul| % 105D ]2 + 195l 2)
< (IVhul[22 + [IV3b22 + | Vadsull2z + [ Vdsblf2):
Due to
/b-Vﬁgb-@gud:ﬁ+ /b-Vagu -Osbdx =0,
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we get

< C10ubn12: 1191 Bsbn | 2 |V 41122 105 Vb 2. 9l 2. | 0o
- C9sbs | 2. 105Dsbs | 2. 105Dl 22119185 2. | D 2118205
- 110501191 Dbi | 22 2219 22 | 9l 2 118250 2
e A A R A A A eReNATT A

< C|05uu] 2| sbl| . |V abl| . | Vst 22 |V B5b 2
+ C0sb| 2V al| 2| Vs 4 | V485D 2

< C(||Osul[ 2 + ||03b|| 2)

% (IVhul2e + [IV3bl3 + [ Vadsull2e + [ V4dsbl3a):

Combining the estimates above yields

Nl + 10sb132) + v Fdsulys + nll Vbl

< C((10sull 2 + 95 £2110sb] £z + 195 .2)
X ([Vaullzz + 1Vabll7z + IVadsullz: + [ Vadsb]|72).

Adding this to (2.1), together with the Young inequality, we obtain
ld
2dt
+ || Vaulf2 + 0l Vibl|7: + v Vadsull72 + 1l Vadsb]7:

< O(10sull 2 + 10sb]| ) (IVhull 72 + [ Vrbl 72 + [ Vadsul 72 + [[Vadsb]|72).

Then, for sufficiently small ¢,

(fullZ> + 1BIIZ> + 195ullZ> + [19sbII72)

d
(Ul + bl + 19522 + 110s]3:)

+ o[ Vatul2s + [[Vabl2s + |V rdstl22 + [|Vdsb]22) (3.5)
<0,

where ¢ = min{v, n}. Applying the Gagliardo-Nirenberg inequality, together with (3.2),
we obtain
[ullz2 = (el 22,
1 _o_
< OlIALTull 2o IV aull 27 22
L L (3.6)
< Ol Tull 2 [ Vaul 127
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Similarly, we have

Ibll2 < ClIVADII 3.
1052 < CVhdsul| 5,

1050]| 2 < O V403|157 .

Inserting these estimates in (3.5), we obtain, for a positive constant Cy > 0,

d
77 (lullze + 161122 + 19sullZ2 + [19501172)
140
+ Co(llullz + [1bl172 + [105ull7> + 1|05b]|7) =
< 0.

Integrating in time yields

lu(@)IIZ2 + 6@ + 10su(®)|Z2 + 10sb(B)][ 72 < C(L+1)77

Applying V,, to the first two equations in (1.1), and dotting with (V,u, V;,b) yield

d
—(IVnullzz +11Vadllz2) + I Viullzz + 0l ViblIza

N

= —/Vh(u-Vu)-thdx—l—/vh(b-Vb)-thda:

I:[1+IQ—|—]3+I4.

By V-u=0,
]1:/Vh(u~Vu)-thdx:/vhu-Vu~thdx
:/thh-th-thdx+/th3-03u-thdx
= Iy + L.
By Lemma 2.1,

111 = /thh . th . th dx

1 1 1 1 1 1
< ClIVhunl 2100V hun| 22 |V aul| 22 102V il L[V hul| 22|05V iul

3 1
< ClIVaullzIViunlz2|0sVaul 72
< ClIVnulle2 (IVnullz> + 105 Vaullz: + [ Viullz)-

(3.7)

(3.8)
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By V-u =0 and Lemma 2.1,
= /thg -Osu - Vyudr

< OV s | 2105V s 22 | 9sul| 21101 35| 2. |V | 2 105V a2,
< OV ull 2V 2un | 2 |95l . |91 Dy 2
< OVl 2 |9sull 2 (I V nul22 + 9:9ull3e + [ V3ull):
Thus
I < CIVull 2 (IVsull2e + [Vadsulle + [ V3ull22).

Similarly,
15 = /Vh(u -Vb) - Vpbdx = /th -Vb-Vybdr
= /thh -Vpb - Vipbdx + /VhU3 - 03b - Vbdx

< CVaunll72110sV un| 72 [V rbl| 721101V Rb| 721 Vb 2|02 VDI 72
+ C||Vhusl| 721105V hus|| 2 [|0b]| 72101056 7| Vb ;2|02 Vb 7
< C([|Vul| g2 + [ VD[ 12)
X ([Vaullzz + IVadsull 72 + [ ViulZe + [Vabl|72 + [[Vadsbl|7 + [[Vib]1Z2).
Due to
/b -VVub-Vyudx + /b -VVpu-Vibde =0,
we infer that

I+ 1,

:/Vh(b~Vb)-thdx+/Vh(b~Vu)~Vhbdx
:/V;J)-Vb-thdx—i—/vhb-Vu-Vhbdx

< )|V abil| 22100V a2 Vb2 192V bl 22 1V | 221185V a2,
+ OV ol 221105V b |22 195b1| 221181351 22 |V a2 19 Vv
+ OV ol 221105V wbs |22 1 sul| 221101350 2. 170 22192V b
< 1105l 05D 2V abllZs [V 45l 4 V45 12

+ Cl10sbl| 2 |V nul| 22 |V nOsul 721 Va0sb]| 2
< C([Vullz2 +[1V0] 2)
x (IVnullZe + [IVhsullz + [ VhullZ: + VablZ2 + [IVrdsbl 72 + [ VADIIZ:).
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Therefore,

1d
S IVnullEs + [ 9ubl32) + v V3ullZ: + ][ Vbl

< C(IVullz2 + V0] 2)
< (IVaullzs + IVadsull7> + I Viullzz + IViblIZe + I Va0sblz + [ V3DIZ2).
Adding this to (3.5) and using [Jul|g1 + ||b]| 1 < Ce with e < &, we have

d
—(lullze + [1bl22 + [10sulz2 + 105022 + [Vaullzz + [IVadllz2)

+ ([ Vnul2s + [ Vabl22 + [ Vadsull% + [IVadsbll3s + [ V3ullfs + [V30[32) (9
<0,

where ¢y = min{v, n}. Applying the Gagliardo-Nirenberg inequality, together with (3.2),
we obtain
IVhul[r2 = [IVaullzz 2,

< O ul 7 IV 30l 5 s,

< ClIATul 57 IVl 35 (3.10)
< C|V2ul|%’

< C|V3ul}i7

L2 )l

where we have used the fact 32 > % and || Vjul|> < C' in the last inequality. Inserting
(3.10) with (3.6)-(3.7) in (3.9), we find, for a positive constant Cy > 0,

%(HUIliz +1IBIIZ> + 19sullZ2 + 10501172 + [V aullZz + [ VabllZ2)
+ Ca(l[ullfe + 672 + 195ull 3= + 13sbl172 + | Vaulliz + [ VablF2) ="
<0.
Integrating in time gives
IVau®)||7: + (IVb(@)||7: < C(1+1)7°. (3.11)
We have thus obtained (3.4).

Step 2. Improved decay rates for ||V,u(t)||,> and ||V,b(t)| 2. More precisely,
we show, for % <o <1,

IVau(®)| 12 + ([ Vrb(®) |2 < C(1+8) 2. (3.12)

To this end, we rewrite the first equation in (1.1) in the integral form
t
u(x,t) = e’Artug + / VARETIP(b - Vb — - V) (T)dT, (3.13)
0

where P = I — VA~1V- denotes the Leray projection onto divergence-free vector fields.
Applying V;, to (3.13) yields

t
Vau(z, t) = Vie"  ug + / Ve 20 EDIP(b - Vb — - V) (1)dr.
0
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Taking the L? norm, we obtain

t

| Vau(t)|| 2 < |[Vie"  ug|| 2 + / Ve 22 EDP(b - Vb — w - Vu)(7)|| 2dT
0
t

< vARt ) vApL(t—T) b-Vbh 2d
] P e R TP _

¢
+/ ||Vhe”Ah(t_T)(u -NVu)(7)||z2dr
0
= Ll + L2 + Lg.

By Lemma 3.2,

Ly = | Vae" " ug|l 2 < [[|Vae"  uol 2 |12,
< O+ F (A7 wollzz + luollz2)l 2,
< CL+ )72 (||A; 7 woll 2 + lluoll )
<C(1+1) 7"

Foro <4 <1,

t
L, = / |V rer22 D (b Vb (7) || 2 dr
0
t
S/ ||Vhe”Ah(t_T)(bh V) (7)|| 2
° t
- / |V he” 20 (b305b) (7) || 2dr
0
t
= [ e Vb))l iz, i
0
t
[ TP P
0
t
_ 146
< [t=r - Vo, s, 0r

h

t
_14s
+ C/O (t—7) 2 ||||b333b(7-)||L}1% ||L§3d7-~
To proceed, we need to provide suitable bounds for

Loy = [[[[bn - Vhb(T)HL;%,;HL%S and - Lyz == [[[bs05b(T)Il 12, ez, -

h
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We provide a detailed estimate of Lg; and Lgs. By Lemma 2.1,
L = Il Vbl

25 llzz,

h

< Cllbull 2 1¥abll sz,
h

< CllllthIL% 255 [V Rbl| 2
h

< Ol || 31930l
h

< 1l 7z N0sbllz || 2 IV5D|[ 2
z3 3 Ly
(3.15)

26—1
h

1 1
< IMBellzz Nl s 10s0mll 22 [l Vbl 22

26—1
h

1 1
< Monll 2 1122 1050n]l 2 Vil 2

1 1
< ClNealze IVaballZa* 1172 110508171 Vab 22

L L
s—1 _ 1
< Cllonll 2 Vaballz2°[1050n 1 72| Vad | 12

-3 25 3
< bl 2 [IVRbli72" [l Osbll 72
Similarly,
Lz = [[||b30sb]| 2 12,
Lh

§—1 _ 1
< Clbsll 2 * [V nbsI72" 19sbsll 72 |05 2

§—1 _ 1
< Clbsl 2 * [Vnbs ]| 72" [ Vbl 721958l 2

5-1 85
< C[b] 22 Vbl 72 [|030]| 2

Incorporating these upper bounds, we obtain

146 s—1

t 1
L<C / (£ — ) bl Vbl 23105l 2 dr
0

t
_148 o 6—2 L
+0/(t—7) B0l 2 Vbl 22 058l 2
0
Similarly,

t
Ly = / | Ve’ 20 (4 - NTu) (1) || podr
0
t t
< [ IVae - Dra(r) [ 1962 asd) ()]
0 0
t
- / Ve 2 (uy - ) (7) | 2] 22, d
0

t
+ [ NIV dua (7 1z,
0
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HL2 dT

t
<C [t lun- Vi)
0

L1+6

t
€ [ (=) Mustsa(r)] iz, dr
0 L °

1+6
h

t 1+5 5_7 5 %
<C [ (t=7)7% llunllp* IVaunll 2 105un 72 | Vil 2dr
0

t
146 =
€ [ (¢ =7 % sl Vil O s s
0

t
_1+5 -1
SC/(t—T) a2 [Vl 9au

t
1+§ 51
e / (6 — 1) ) [l 22 Bl
0

Inserting these estimates in (3.14) leads to

1+6

e e el R R [ P A

t
_145,0-1 3.5
e N e L N AT
t (3.16)
T s 3
+0 [ =0l IVl ol

+0 [ =7l IVl ol
Now we turn to bound V;b. We rewrite the second equation in (1.1) in the integral form
b(z,t) = e"2nthy + / =) (b-Vu—u-Vb)(r)dr. (3.17)
0
Applying V;, to (3.17) yields

t
Vib(x,t) = Vie by + / Ve’ 2 =(b . Vu — u - Vb)(7)dr.
0

As in (3.16), we have

146, 6—1

t
IVib(Oll < €+ )75 4 [ (=) % 5 IVl foubl L Vol o
_1+8 5—1 7—6
+C/ (t—1) 1+6||b||L22HVhb||L2 | Osul| L2dT
+0 [ 6= 7 a2 9l sl e bl

t
_ 146 -1
+C/(t—7) 2 lul 32 [Vl 72 9] o

(3.18)
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Adding (3.16) and (3.18) gives

IV hu(®)] 2 + | Vab(t)||2 < C(1+ )%

t
_1£8 _1 _
+C/0 (t = 7)7 = (lullze + 10 22) "2 (IVhullz2 + V5]l 22)

% (1|05l g2 + || 9sb||2) 2 dr (3.19)
t
+ C/o (t— T)_%S(HUHH + 10l122)° "2 (|| Vaull 2 + | Vabl|z2)2™°

X (||0sul[2 + ||Ob]| 12)dT.
Invoking (3.8) and (3.11) implies, for o < § < 1
IVau)|z2 + [[Vib(®)]] 2

t
<C(+1t)"7 +O/ (t—7)" 2 (14 7)50-2)(1 4 7) 50 (1 4 7)~Fdr

+C/ (t—7)" 5 (147) 50214 7) 560

<SCA+1) 2 +C1+1t)"Gros)
<C(1L+1) Gtoa),

(1 +7)Edr (3:20)

To improve the decay rate, we implement an iterative procedure. For notational conve-
nience, we set

6 N 1
Qp = 2 o 27
Inserting (3.20) in (3.19) and using (3.8), we derive that

Vsl + [1Vrb®)l2 < C(1+8)7 2" + C(1+¢) ™t

7HTJ}
where

a1 = o + (a0 - 2)(E — ).

272
Repeating this procedure n times leads to

IVhu(®)lz2 + [1Vab(t)]|2 < C(

14 6)775 + O(1 + ¢) minlen 573 (3.21)
where
an = o+ (@ 1—%)(2—5).
We claim that, by choosing n > 1 sufficiently large and § > o close to o
a, > Lt c
In fact, by the iterative formula
o\ (3 3 9 3
an:ao+<ao—§> 5—54—(5—5)4— ++(§—5)”)
§ 1 6 o 1.3 1—(2—0o)
R R R
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Since % <o <6 <1, we have

3
0<=-—-0<1
<3 <1,
Therefore, as n — oo,
a, — a(9)
with 5 5 13 1
o
0) == — et (=== (== - )
0d) =5 +o—5+(5+ 230G -6 - 3)
Note that o
a(a):1+§.

Thus, if § is close to o, then a(d) would be close to a(o) and a(5) > 1£2. Therefore, for
sufficiently large n, a,, > 2. Then (3.21) implies

IVau(®)||z2 + [IVab(£)] 2 < C(1+ 1) 5,
which is (3.12).

Step 3. Enhanced dissipation for the vertical components. We show in this
step that

30
4

[us (Bl 22 + [|bs(B)]| 2 < C(1+ 1)+, (3.22)

IV hus (8|2 + [|Vabs(8)]| 2 < C(1 4 )~CF+2), (3.23)

To this end, we rewrite the equation of u3 in (1.1) in the integral form
ug(w,t) = e’ lugs + /t /A=) (. Wby — u - Vug — 03 P)(7)dr. (3.24)
0
Multiplying (3.24) by us and integrating over R?, we have
s < f s st
+ / t / AT (b by — u - Vug — 03 P)(7) - ug(t)dxdr.
By the Young inequality,0

t
b0 < 1ol +2 1 f 5800 V)(e) vttt
t
+ 2/0 /e”Ah(t_T) (u- Vug)(7) - us(t)dxdr (3.25)

¢
— 2/ /e”Ah(t_T)ﬁgP(T) -ug(t)dxdr
0
=+ A+ F+ By
We estimate F} through F;. By Plancherel’s Theorem,

Fy = [le i) 72

:/ eIt G5 (€) |2deE
RS
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= / e 26 g (€)2dE + / ™21 G (€)| 2de
1£31< 1€ | |€3]> &R

—2v 2 - - U
_ e 2,127 | 5171 €] 72 €| Litos (€) €
|€31<I€n|

b g g e R | ()P
€3> 1€

< e 21| £, 37| €4 27| 5] 77 g3 (€) [2dE
1€3]<|&n ]

/ e PG P16 20| lion (€) P
1€31>€n

+

<c+07f [ ol el lin(@ P

+O0+07F [ el el (O Pdg

<O+ F|A;A; a2,

where we have used the divergence free condition &3ug3 = —&p, - g, and the fact
et (|€,]2)F < C. By V-u =V -b=0, Hélder’s inequality and (3.12),

Fy = Q/t / A=) (b . Vbs) (1) us(t)dxdr
0
— 9 /O t / AETI, - (buby) (7) us(t)ddr
+2 /O t / e2r=T) 95 (bsbs ) (7) ug (t)dadT
_ /0 t / /B (4 b (7) - Vs (£ dadr
—Q/t/GVAh(t_T)(bgbg)(T) Osus(t)dzdr
tO
= 2/0 [l 224D (bybs) () | L2 | Vs (£)]| 2
+2 /0 t 2747 (bgbs ) (1) || L2 dr ||V un (t) | 2
<C(+t) / e B By (7)o
0

t
e / €85 (g (7) | po
0

= Foy + Fy.
By (3.4) and (3.12),

t t
[ e ) Dl < € [ (€= 7 bl iz, dr
0 0
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<c1/ (£ =705 1l gz, sl 2 s
SC/@—ﬂ4MMW%h@mw
0
t 3 1 1
SC/U—ﬂﬂMMW%M@@M@JWh
0
t 1 1 1
sc/@—ﬂzmmmwmm@wmm
0
t 1 1 1
SC/@—ﬂZMMMMMNWMMAT
0

t L 1
sc/a—ﬂ%MNMMMﬁmmmmT
0

C(1+1t)" 1), if L<o<3,
< Cl+t)z2ln(1+t), ifo=3,
C(1+1)z, if o>3,
<C(1+t):
Therefore,
Fp <C(L4+4)"72° <C+1)%.
Similarly,
Fy <C(1 +t)_370.
Thus

F<Cl+1t)7.

F3 has the same bound as F5, namely

3o

F; < C(l +t)_l7.

Since

03P = 0sA'V - (b- Vb — u - V),
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t
Fi= 2 / / VA1), P(r) ug (1) dzdr
0

t
=2 / / AN ATV - (b - VD) (T) us(t)dadr
0

we have

t
+ 2/ /e”Ah(t_T)agA_IV (u - Vu)(7) - ug(t)dxdr
0
t
=2 / / /A= AL (b V) (1) Dsus(t)dxdr
0
t
— 2/ /e”Ah(tT)VAl (u - Vu)(7) Ozus(t)dzdr
0

= F41 —|—F42.
By V-b=0,

3 3
(b-Vb) =" 09;0:(bib;)

=1 j=1
3 2 3

0;0;(bib;) + Y  030;(bibs).

i=1 j=1 i=1

Then

3 2
Fy < 2/ e+ =N " 0,007 (biby ) ()| 2| Osus (t) || p2dlr

=1 ]:1

t
+ 2 / ||€VAh(t_T) Z 838¢A_1(bibg)(7') ”L2 ||(93U3(t) HLQdT

]_—|—t_/ H vAp(t— T)ZZ@&A bb )HdeT

11]1

t
HO4 0 [ e S 040,07 (i) (7)o
0 i=1

= Fu1 + Fao.
By Planchrel’s theorem, together with (3.4) and (3.12), then for 20 — < < 3,

3 2

/ e P e S5 (i) (7) [ ed
=1 j=1
t 3 2 —
<c / [lle8 = e[ el 35 b (7l s
=1 3

Il
w =

2

—

t
<C [ I N el 305 Bz lgdr
0

i=1 j=1
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t 2
—|&n 2 (t—1 1
sc/ e &g, 2 373 (biby) ez 2 dr
0

i=1 j=1
3 2 —_—
<c / (t =)l PI S S B () s iz
=1 j=1
3 2
< [= S A P00yl o
i=1 j=1
3 2
<c [-nI3 el s s 7
=1 j=1

t
<C [=nHIE g Ny

h

¢ - 1+ 3-24
<c = Bl 19 s dr

¢ y 142y 32y
SC/O(t—T)_zllb(T)HLf IVab(r) 2" dr

o(14+2y) (1+0)(3—27)

t
< C/ (t — T)’%(l +7) "« (147)" + dr
0
<O +t) 9,
Here we have used the simple fact
_ _1
el ez, = lnl 2.
Thus

1

Fin <C(1+6)"F D <c+6)7
By (3.4) and (3.12),

/t “euAh(t—T) Z?:1 aSai(bz'b?))
0 A

(7)|| 2dT

t
<0 [= O 2 Ny e

T+

S C/ (t = 1) 2 sl 72 * 1 Vbs 12 105Dl D] o

< [=n T vl e

(1+0)(3-v)

t
< C/ t—7)2(1+t) 20t (1442 dr
0

C(1L+)~=3), if o <3+
<< C(l+1t)” zln(l+t), if o=72+41
Cl+1t)"z, if o>3+1
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for any % < 7 < 1. By choosing 7 near 1, we obtain

Fio <C(+ )" F+0) 4 C(1+1)"

Loty

In(l14+¢) <C(1+ t)

Therefore,
Fy<C(l+1t)7.
Inserting the bounds for F; through Fy in (3.25), we obtain

30

lus(l12: < C(1+ )%

To bound ||b3(t)|| 2, we rewrite the equation of b3 in (1.1) in the integral form
t
bs(z,t) = e"“*lhys + / A=) (b - Vug — u - Vbs)(7)dr.
0

This equation is similar as (3.24). It is simpler than (3.24) since it doesn’t have the
pressure term. Therefore, a similar process leads to

lbs(t)[132 < C(1+1)7 %
We have thus obtained (3.22).
Now we turn to (3.23). Applying V}, to (3.24) yields

¢
Viwus(z,t) = Ve 2 tugs + / Vhe”Ah(t_T)(b - Vbs —u - Vug — 03P)(7)dr,
0

Taking the L? norm, we obtain

”VhUg(t)“%z = /Vh@VAhtU()g . th3(t)d;1:

t
+ / /Vhe”Ah(t_T)(b -Vbs —u - Vug — BP)(7) - Vyus(t)dxdr.
0

By Young’s and Hélder’s inequalities,

¢
IVhus ()72 < [IVne > uos|7 + 2/ /Vhe”A”(t_T)(b - Vbs)(7) - Vyus(t)dedr
0
t
. l/Ah(t—T) . .
2/0 /Vhe (u-Vuz)(T) - Vyus(t)dzdr (3.26)

t
—2 / / Ve’ 20, P(7) - Vyus(t)dedr
0
= Bl+BQ+Bg+B4.
As in the estimate of F7,
By = || Vae"  ugs | 72
S C(l + t)_IHGVAhtU()g,”%Q

R [

(1+1)
< OO+ 075
(1+)7 (D,

+1
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Similar estimates as those for Ly and Fy; above, together with (3.8) and (3.11) yield
t
By =2 / / Ve 21T (b Nbs) (1) - Vius(t)dadr
0
t
: 2/ IVae" 22D (b - V) (7)| 2d7 || Vs (1) 22
0
%
B 2/ IVhe" 22 (b - Vby) (1) | p2dr || Vs (1) 2
0

t
*2/HVW“WﬂNhV@xﬂMMﬂVmem2
2

t

s [2 1 1
sca+wJ¥/ﬁa—TVWmmm&mmmvmﬂww
0

o~

2

o 1 1
+ O+ )75 [ (6 =) bl 19sbsll 22 1 9sbs | 2

t 1 1
FOA+0) [ (t—=71) bl 2 VAl 527 || 9sbal 2|V abs | podr

t

t 1 1
FO+0)3 [ (t—71) 2 ||bs]| T2 2 ([ Vabs||E27 (| Osbs]| 2 || Dsbs | o dr

t

<C(1+1t) 5+,

T— o, o—

Similarly,
By < C(1+1)" (541,
To estimate By, we replace P = —A™'V - (u - Vu) and divide it into four parts,

By = -2 /t / Vhe”Ah(t_T)83P(7') - Vyus(t)dxdr
0
= -2 /Ot / Ape’2 T P(r) Ny, - g () dadT
=2 /0 t / Ape" 2 AT (- V) (1) V- up (t)dedr
9 /0 t / Ape AT (b V) (7) Vi - () daddr
=2 /O / Npe2r ATV - (w0 V) (7) Vi - (t)dedr

t
+ 2/ /Ahe”Ah(t_T)A_lv (u - Vu)(r) Vy, - up(t)dedr

—2 / ’ / A" EIATI (b - Vb)Y () V), - up (t)dadr
0

t
-2 / / Ape"21 AT (b V) (1) Vi, - up (t)dadT
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= By1 + Bas + Bys + Bua. (3.27)

To estimate By;, we further distinguish the horizontal derivatives from the vertical ones
to write

By = 2/ /V2 VAR ATIY - (0 - V) (T) - Vi (t)dzdT
3 2
—2/ /V2 vA(t=T ZZ@@ZA Yuiuy) (1) - Viyuy (t)dodr
1=1 ]:1

) / / V2 eran(tr ZagaA usug)(7) - Vpun(t)dzdr

+ 2/ /V2 VARET) 0305 A (usug) (T) - Vi (t)dedr
:= Ba11 + Ba12 + Buas.

As in the proof of Fj;1, we have, for 20 — % <y < %,

By11 + Byio

|

3 2

§2||thh(t)]|,;z/ 1Ae 30 S S 0,0, s (7) | 2l
0

lel

+2|\thh(t)HL2/ | Aerantt=r Zagm g ) ()| 2T

=1
3. 2
el A T T S e eI
i=1 j=1
3. 2
<CO4HF / el S0 5 ) (D, gl
=1 j=1
t 3 2
_140 [2 - iR (bt
<cr % [T N le R 30 S ) )z g
0 i=1 j=1
) 3
+ bt 4 T 5 —
< ct [ e S g s
i=1 j5=1
t 3 2
lto 2 —
<c % [M-n Dl 0P Y Y )l lydr
0 i=1 j=1

< O(l + t)—(%a-*'%).
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By Lemma 3.2,

B413 =2 /2 /AheyAh(tT)agag,A1(U3U3)(T) . Vh . uh(t)d:ch
0

S 2||thh(t) ||L2 / ||Ahe”Ah(t_T)ﬁgﬁgA_l(u3u3)(7) HdeT
0

N+

_3
<2 Viun(t)li [ (=) Hlusual iz, o

0

|+

_ 140 2 _3 1 1
SCA+1) = /(t—T) ?[lusll 72 || Osusl| 22l us]| 2T
0

<O+t FHD,
Therefore,
By <C(1+ t)_(%“r%).
Similarly,

Big < C(1+1)"(5+1),

¢
By = 2/ /Ahe”Ah(t_T)A_lv (u-Vu)(r) - Vi, - up(t)dzdr
¢

< 2[|Vaus(t)|| Lz ||Ahe”Ah(t_T)A_1V (u - Vu)(7)||p2dr

AV IES

2
2,

<c+i [ FIIViwe )@l g,
ia h

2

_ 140 t _ 140 o-,l . 1
<O+t F / (t—7)" = ull 7, 2 V]| 557 1 0sul| 2| Vil r2dr

<O +1) (540,
Similarly,
Bu < C(1+t)~(F+D),
Inserting the estimates above in (3.27), we obtain
By < C(141)"F+D 4 01 4 )~ (F+Y

<O +1)~FH,

Substituting the bounds of By, By, B3 and By into (3.26), we have
IV hus(8)]22 < C(1+ )T+,

Similarly, we have
IVRbs ()12 < C(1+8)~(F+D),
This completes the proof of (3.23).
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Step 4. Estimates of ||A; 7ul|7, + ||A;b]|7.. More precisely, we show that (u,b)
obeys, for % <o <1,

d —o, |12 —op 2 U_% 2—0 % —0

— (1A ullze + [[A,70l72) < Clbll e *[[Vabll72 (1050l 72 | A, “ull 22

dt

o—1 3 o s
+Clbll 2 * [V abll L2 1080l 2 | Ay 7| 2

o—=

1 1
+ Cllull 72 2 | Vhul| 357 |05l 22| Ay Tul| 2
_1 3_
+ Cllull7z 211V aul 25 7 (| Osul 2| Ag, “ul 22 (3.28)
_1 1
+ Cllull7z 2 [V aul 1211 05ul| 22 | Vb 2] A}, 7] 22
_1 3_
+ Cllull7s 21V aul| 25 7 (1050 2 | A, 70| 2
_1 1
+ C|b]|7 2 Vbl 127 1056122 | V]| 2 | A, 7)) 12
_1 3_
+ C||b]|7 21 V3bl 22 [|0sul| 2 || Ay, 7] 12,
d,. ._
AL dsul3:
0_7% 1+ (s—1)(1—0) o 1—0o S+1 QL —
< Cl|0sb|| 2 > [ Vabll 2 ° ([ VaO3D[ 5 [[05770] 25| AL 7 Osul| 22
_1 9 g1 1 P
+ C|bl|72 2 (IVabll 2" * |03 221V n 05| 52 1A, 7 O] 2
_1 5_ 1 1
+ Cb)| T 2 IVRDl 22 7 T 1057 0] 5. | Ay 7 D 2 (3.29)
oL 1+ (s—1)(1—0) o l1—0o s+l 1 —
+ Cl|Osull 2 > | Vhull,e ° [IVaOsull 5 (|05 ul| 72 ||A,° Osul| 2
_1 9 g1 1 I
+ Cllul|7 2 Vaull 12" *|0sul| 2 | ViOsull5a | Ay 7 Osul| 2
_1 5_ 41 1
+ Ollull 2 21V aull 257 1105wl ;21| Ay T Osul| 2
and
d.
SN2
oL (s=1)(1-0) TR E R B
< CllOsull 2 * (IVaull 2 = ([ Vebl| 2| VaOsu|| 5 |03 |75 [| Ay, 7050 12
_1 1 s—1 1
+ Cllull7z 2 [IVaul|1271105ul| 2| Vbl 5 [|[VR5b]| 52 (| A, O5b] 12
_1 3_ s—1 1
+ Cllull 7 2 [Vnull 2 T IVabl 5 [1057]1 5.1 A77 5] 2 (3.30)
1 (s=1)(1-0) 1o N
OB T IVabll s * IVullolI Va3l 2 105 blIZa 1A, sl o2

o—=

1 1 s=1 1
+ COlbll L 2 Vbl 2710801122 1V aull 5 1Va05ull ;2 1AL OsD]| 2
+ Ol 2 2 1Vabll 7 [[ Vil A7 0l 2.

s

’anglu i

s—
s
L2
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We first prove (3.28). Applying A, “ to the first two equations of (1.1), and taking the
L*inner products with A; 7u and A, ?b, respectively, we obtain

1d
2dt
= /Aho(b -Vb) - A Cudr — /Ah”(u -Vu) - A Tudx

(1AL 7ullZ + 1A 7Bl Z2) + v AL ullZ + mll Ay 7BIIZ

(3.31)
— /A;”(u -Vb) - A, 7bdx + /A;"(b -Vu) - A °bdx
= J1+J2+J3+J4.
Using Holder’s inequality and the Hardy-Littlewood-Sobolev inequality, we have

Jy = / A% (b-Vb) - A;%u
< A6 VO) |2 | Ay ull 2
= AL (6 VO) Iz Il 2z, 1A, 7wl 2
< Oon - Vabll 2, ez, + 11bs0sBI 2 llez A 7ull 2

I+o I+o
h

= C(JH + le)HA,:"uHLz.
As in the estimate of (3.15), we have, for 1 <o <1,
Jin = lon - Vbl 2 s,

1+o
h

< Clllbnll 2 Vabllzzllzz,
< CllIball 2 llesg IV nbll 2
< Clliballzgg I 2 1V abll 2

1 1
< ONlbnll72 1030all72 [ 2 [[Vibl|ze
z3 z3 Ly

1 1
< 1ol 2, HLgf;g1 H10s0nl 22 lla Va2

1 1
< Monll r 122, 110508122 1V 1B 22
h
1 1
< ClballZ3 IVl * (172 [10bn ]2l Vbl 2

o—1 . 1
< C|lbnl 72 2 1V Rball 27| 05bn |22 | Vbl 12

o1 Y 1
< O||b||L2 ’ ||Vhb||iz ||83b|]22.
Similarly, we have

Jiz = [[1bs0sbl] 2, iz,

I+o
h

o—=

1 1

< Clbsllz * 1V nbs|l 27 [195bs 17211050l .2
o-3 —o 3

< Cllbsll 2 * 11V nbsll 727 Vaball 7211050l 2
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o—1 2o
< ClIbllp2 2 IVabl[ 72 [0l 2
Therefore,

o—=

Ji < Clbll 2 * 1Vabll 271050 22 1 Vil 2 | Ay 7] 2

3_
5—0

+CJ0lI 72 2 IVabll 72 " [19sbl] 2 [| Ay ul 2.
Similarly,

Jy = — /Ag”(u -Vu) - A, %u

o—=

< Cllull 2> 1 Vaul 327 195wl 22|45 “ull 2
o—% 3o i
+ Cllullye * [ Vaull 72 | 0sull 2 [ A, 7ull 22
Js3 can be similarly bounded as Ji,
Jy = —/A;U(u VB - A7

< (|7 (- VO)[| 22| Ay 7]l 22

= AR (u - VO) 2 [l 2, 1A 7| 2

< C(HHUh'VthILg%IILz:), + [llusdsbll 22, )IA, 70l 2

+o
Lh

= C(ng —|— Jgg)”AgabHLL
J31 and J35 are bounded as follows.

o = - Vbl s,

< Cllflunll 2 1Vnbllz llzz,
h

< Cllllunll 2 zgg IVabl 2
h

< Cllllunlleg Il 2 Vbl 2
h

1 1
2 2
< Cllunl by Wosunll 193

1 1
< |||IUh||233||L§(,4_1 I10unllZz [lzg 1Vl 2

1 1
< ||Huh||L}%HngHaSUhHi?HVhbHLZ

1 1
< Clllunll 3 IV nullz2* 12, 105unll 22l Vbl 2

o—=

1 1
< Cllunll 2 * IVhun|l 127 |05unll 72 |V abl 22

o—=

1 1
< Cllullzz * [IVaull 27 |0sul| 2 [ Vabl| 2
and

J32 = ||||U3(33b||Lé+%, L2,
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_1 1
< Clluslzz [V wusll 127 195usll7 11050 2
_1 1
< Cllusllzz 1 Vausll 27 Vaunll 72 1950 2
3
2

o—3 5—0

< Cllull 2 *[[Vhull 7o |05 22
Thus

o—=

1 1
Js < COllull 7 2 IVaull 27 105wl 22| Vbl 2 1A, 70 2
3
2

o—1 S—0o .
+ Cllull e * [ VhullZ 11950 2 A7 0]l 22

Similarly,
Jy = —/Ah”(b -Vu) - A, %bdx

< CIblI7z * IV bl 27 105Dl 72 [Vl 2| A, 7]l 2
o—1 3 o o
+ Clbll 2 * 1VablIZe  195ul] 2| Ay 70l 2
Inserting the bounds for Jy, Jo, J3 and Jy in (3.31), we obtain (3.28).

Now we prove (3.29). Applying A, °0s to the first two equations of (1.1), and taking
the L-inner products with A, “d3u, we obtain

1d, . B
5 77 1A% Asul| 72 + v||A, 7 Osul|7

= [ A7785(b- V) - A 7Oude — | A78s(u- V) - A7dud (3.32)
- h 3 h U axr h 3(“ U) h 3U AT

= N1+N2.

By Holder’s inequality and the Hardy-Littlewood-Sobolev inequality,
N1 = /A;"@g(b . Vb) . A;U(%,u
< AL 05(b - Vb)|[ 2| A, 7 D5l 12
= (1A, 7(0b - V)| 2 + [[A,7 (b - VOsb) || L2) | A, 7 D5 2
< C([[A,7(9sbr - Vib) |12 + [ A, (D3b305b) || L2 + (| A, (br - VaDsb) || 2
+ [[A7 (03050) || 22) [| A7, O 2
= C(N11 —|— N12 —I— N13 —|— N14)||A;083U||L2.
As in the estimate of Jiq,
N11 = HA}:U(agbh * Vhb)HLQ
o1 Y 1
< Cl105bnl 2 * 1V r0sbn| 27 1056172 Vbl 22
Further invoking the interpolation inequalities,
s=1 1
IVOsbullr2 < ClIVaball 3 [[VaO5bnllz,
s—1
1050112 < C1Dsball 15 1105 bn

L2

1
S
L2




34 HAIFENG SHANG, JJAHONG WU AND QIAN ZHANG

we obtain
o1 (s=1)(1—0) 1-0 S R
Ny < CHai%bhHLQQHVhbhHL2 thﬁé’bhHLs HaSbh|L225 O3 | 75 Vbl L2
o—f% 1+ (s—=1)(1—0) s 1—0o s—|—1 QL
< Cl0sbll . *[IVabll e * [IVRO3[l 5 11057017
Similarly,
Nz = || A7 (95b305D) | -

o1

1
< C193dIl 2 * 1V 10sb]| 127 19501 (| 050l 2

_1 (s=1)(1=0) 10 s—1 a1
< Cl10sbll 72 2 (IVabll 2 = IIVa85ball 5 11050l 5 118510 2511V abal 2
oo ORI o st s
< CHaSme . Vhb”/;2 ° thGSb’L; ‘83 b LS%

ng — ”A;U(bh . Vhagb)HLz
< Ollball 72 * 1V nball 27110501 721V 1 sbl 2

o—=

1 1 s—1 1
< ONonll 2 2 IV rbnll 127 [|0sbnl| 2211V bl 15 (VR 0501 7

1
o—5 20;

1 1 1
< Cl0l 2 *[IVRbl e = 110sbll 2l VR30Il -,
Niy = || A7 (05050) | 2

< Clbsll e * 1V nbsll 12" 19551211050 ] 2

< Olbs 727 [V nbs |17 105bsl| 22105051115 1105+ 0515
< Ol IV absll 2" 195 0ol
< CIBlIS 21V abl2 " 105+ bl
Incorporating these upper bounds yield
Ny < Clabl Vbl IVu03bl,E 105 bl 22l A O
BN 2 b5 1055125 V05011 | Ay g
+ IO 2 19mblE 7 1105 12 1Ayl .
Similarly,
N, = —/Ah"ag(u -Vu) - A, °Osude
< Closul 5 F IVl IV a05ulsE 1105+ ul A Ol oo
-l 2 Il 105l 22Vl 5 A7 Dol 1

_1 5_ 51 1
+ Cllull e * IVnullz2 " 1057 ul 72 1A, 7 sl 2

Inserting the above bounds into (3.32), we obtain (3.29). Since (3.30) can be proven
similarly, we omit the details.
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Step 5. Completion of the bootstrapping argument. This step finishes the
bootstrapping argument and proves (3.3). Integrating (3.28) over [0,¢] with 0 <t < T,
together with (3.4) and (3.12), we obtain

1AL 7u(®)IIZ2 + AL b7
< 1A, 7uollZ2 + 1A “boll 2 + Coiugt(HAEUU(T)Hiz + AL 7b(7)]172)

t o2 o —0o
X 660/ ((1 4+ 7)"(F (1 4 7‘)_%
0

o2 (403 -)
)dT

+ (L) )T (3.33)

< 1A, w0l + 1A, b0l + Coiugt(HAE"U(T)Hiz

3+20

t
I [ (147
0

< IAZ uollZ2 + A3 bollZe + Ce™ Oiugt(llAEUU(T)lliz + 1A, 7b(7)][22),

where we have used the fact ||u(t)||zz+|6(t)]|z2 < Ce, and dy > 0 is chosen small enough
such that % — 0o > 1, which is certainly achievable due to the assumption % <o<l1.
Integrating (3.29) over [0, ¢], together with (3.4) and (3.12), we obtain, for s > 3,

1A7 7 Osu(t) |22
< AR Osu0l|72 + C sup (A, 705u(7)]Z2)
0<r<t

t
x €% / <<1 + T)_(é—i‘éo)(l + T)_(HTGJFi(S_U(;_“Q))
0

o2 (1+o)(2—0-1)
(L) F (] )T

o2 o (14+0)(5—0-1) (3.34)
() E (1 g

< A0l + € sup (13" Buu (7))

2 1-‘-70_"_(3—1)(1—02))

t
« 650/ (14 7)(F 501 4+ )3
0

< [|AZ 7 Osuol[7> + Ce™ Oiugt(llf\;"asuv)lliz)’

T

where dg > 0 is chosen small enough such that %2 - &+ HT” + %1_02) —dp > 1.
Similarly, we have

1A 7050(t) |22 < [|A 7 Osuol[7> + Ce™ Oiugt(llf\;"asb(ﬂlﬁz) (3.35)

with 3 < o <1 and s > 3. Adding (3.33), (3.34) and (3.35), together with (3.1), we
obtain

1AL 7w + 1AL 7022 + A, Osu®)l[Z2 + A, 0sb(t)II7:
< o+ Ce” Oiugt(HAE%(T)Hiz + AL B2z + 14,7 O5u(7) 172 + [[A57 Osb(T)IZ2)-
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By choosing ¢ sufficiently small such that Ce% < min{%7 %70}, then this inequality,
together with the Young inequality, yields (3.3) for all ¢ € [0,T]. Then the bootstrapping
argument implies that T = oo and (3.3) holds for all ¢ < co. This completes the proof
of Theorem 1.1. 0
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