






























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Slit-slide-sew bijections for constellations and quasiconstellations 7

3 Bijective interpretation

3.1 Slit slide sew

Let us first describe the operation at the heart of our construction. See Figure 6. Assume
that, on some p-hypermap m, we have a simple path } = (e1, e2, . . . , ek) linking some
corner c in some light face f to a different corner c′ in some light face f ′ (which may
possibly be equal to f ), that is, such that e−1 = c+ and e+k = c′+. We may then follow } ,
entering from the corner c and exiting through the corner c′. This creates a simple
path on the sphere, starting inside the face f and finishing inside f ′. We may slit the
sphere along this path, thus doubling the sides of the path. In the hypermap m, this
doubles the path } , making up two copies, one incident to light faces and the slit, and
one incident to dark faces and the slit. We denote by ` = (ℓ1, . . . , ℓk) the former and by
d = (d1, . . . , dk) the latter.
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Figure 6: The slit-slide-sew operation on a p-hypermap.

Note that the data of } is not suf�cient to properly de�ne this operation; one needs to
know from which corner to enter } in order to decide if an edge incident to e�

1 becomes
incident whether to ‘�

1 or to d�
1 . Similarly, one needs to know through which corner to

exit }.
We then sew back ‘ onto d but only after sliding by one unit, in the sense that we

match ‘i+1 with di, for every 1 � i � k � 1. For further reference, we denote by ‘i+1 ⋊⋉ di
the resulting edge. Observe that, except from f and f 0, the faces are not altered by the
process. Observe also that ‘1 and dk are not matched with anything:

� dk is still incident to the original dark face and is now also incident to f 0;

� ‘1 is still incident to the original light face and is now also incident to f .

Figure 6: The slit-slide-sew operation on a p-hypermap.

Note that the data of } is not sufficient to properly define this operation; one needs to
know from which corner to enter } in order to decide if an edge incident to e−1 becomes
incident whether to ℓ−1 or to d−1 . Similarly, one needs to know through which corner to
exit } .

We then sew back ` onto d but only after sliding by one unit, in the sense that we
match ℓi+1 with di, for every 1 ≤ i ≤ k − 1. For further reference, we denote by ℓi+1 on di
the resulting edge. Observe that, except from f and f ′, the faces are not altered by the
process. Observe also that ℓ1 and dk are not matched with anything:

• dk is still incident to the original dark face and is now also incident to f ′;

• ℓ1 is still incident to the original light face and is now also incident to f .
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Consequently, the result is no longer a p-hypermap since ℓ1 is incident to light faces
from both sides. However, in the case where ℓ1 is actually a dangling edge (an edge
with one extremity of degree 1), removing it provides a p-hypermap. This happens if
and only if c is the corner preceding e1 ; this will always be the case in the present work.

3.2 Face of degree two or more

We now present the bijective interpretation for the identity (1.2) of Proposition 1.

Involution. We define a mapping Φ on the set H of quadruples (O, m, c, e), where

• O is an orientation (either light-left or light-right);

• m is a p-hypermap;

• c is a distinguished corner of some light face;

• e is a distinguished edge leaving c+ in the orientation O.

We break down the process into the following steps. See Figure 7.

1. Reorientation
From now on, we convene to use the reverse orientation, which we denote by Õ.

2. Sliding path
We consider the corner ce preceding e and the lightest geodesic γ from ce to c+.

3. Slitting, sliding, sewing
We slit, slide, sew along γ from ce to c as described in the previous section: along γ,
the light side of an edge is now matched with the dark side of the previous edge.

4. Output
The unmatched light side of the first edge of γ yields a dangling edge; we remove
it and denote the resulting corner by c̃. We denote the edge corresponding to the
unmatched dark side of the final edge of γ by ẽ. We let m̃ be the resulting map.
Finally, the output of the construction is the quadruple Φ(O, m, c, e) := (Õ, m̃, c̃, ẽ).

Theorem 4. The mapping Φ : H → H is an involution.

We refer the reader to the extended version of this work for the proof of Theorem 4.
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cc ee ce

ẽ c̃

γ

Figure 7: The involution Φ : H → H. Only the orientation around the faces of interest
and along γ are depicted. Top left. The input. Top right. We changed the orientation
and defined the sliding path γ. Bottom left. We slit along the path. The dashed lines
indicate to sew back after sliding. Bottom right. The output.

Specialization. We now see how Φ specializes into a bijection interpreting (1.2). We let

a = (a1, . . . , ar) and ã = (ã1, . . . , ãr) := (a1 − 1, a2 + 1, a3, . . . , ar)

be as in the statement of Proposition 1. Note that this means that p-hypermaps of type a

are either p-constellations or quasi-p-constellations whose first face is flawed. Similarly,
p-hypermaps of type ã are either p-constellations or quasi-p-constellations whose second

face is flawed.
We fix an orientation O and define the following sets, whose cardinalities are respec-

tively the left-hand side and the right-hand side of (1.2), by Proposition 3 (recall also the
convention at the begining of Section 2 for distinguishing corners).

• We let M be the set of p-hypermaps
of type a carrying

– one distinguished corner c in
the second face,

– one distinguished edge e inci-
dent to the first face and leav-
ing c+, for the orientation O.

• We let M̃ be the set of p-hypermaps of
type ã carrying

– one distinguished corner c̃ in the
first face,

– one distinguished edge ẽ incident
to the second face and leaving c̃+,
for Õ.
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Specialization. We now see how Φ specializes into a bijection interpreting (1.2). We let

a = (a1, . . . , ar) and ã = (ã1, . . . , ãr) := (a1 − 1, a2 + 1, a3, . . . , ar)

be as in the statement of Proposition 1. Note that this means that p-hypermaps of type a
are either p-constellations or quasi-p-constellations whose first face is flawed. Similarly,
p-hypermaps of type ã are either p-constellations or quasi-p-constellations whose second
face is flawed.

We fix an orientation O and define the following sets, whose cardinalities are respec-
tively the left-hand side and the right-hand side of (1.2), by Proposition 3 (recall also the
convention at the begining of Section 2 for distinguishing corners).

• We let M be the set of p-hypermaps
of type a carrying

– one distinguished corner c in
the second face,

– one distinguished edge e inci-
dent to the first face and leav-
ing c+, for the orientation O.

• We let M̃ be the set of p-hypermaps of
type ã carrying

– one distinguished corner c̃ in the
first face,

– one distinguished edge ẽ incident
to the second face and leaving c̃+,
for Õ.
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f̃2 +1

−1

M̃
M

c

e

ẽ
c̃

Here, p = 3, we are in the case (ii) of Proposition 1, and O = light-left.

The pictograph above summarizes the definitions of M and M̃. The red ±1 on the
right shows the increase or decrease of the degree of the face in M̃ in comparison with
the one of the corresponding face in M. In order to avoid confusion, we denote the first
and second faces of maps in M by f1 and f2 as before, and use f̃1 and f̃2 instead, for
maps in M̃. The paths symbolize the fact that the edges are leaving the corners.

Remark 1. Note that the convention on the orientation of edges is not the same in the
definitions of the sets M and M̃. This clearly bears no effects from an enumeration
point of view but is of crucial importance for our bijections.

Corollary 5. The mapping Φ specializes into a bijection from {(O, m, c, e) : (m, c, e) ∈ M}
onto {(Õ, m̃, c̃, ẽ) : (m̃, c̃, ẽ) ∈ M̃}, thus providing a bijection between M and M̃.

3.3 Face of degree one

We proceed to the bijective interpretation for the identity (1.3) of Proposition 2, which
works in a similar fashion as before.

Setting. Let a = (1, a2, . . . , ar) and ã = (ã2, . . . , ãr) := (a2 + 1, a3, . . . , ar) be tuples of
positive integers, both with at most two coordinates not lying in pN. In order not to
be confused by the index shift in ã2, we denote the faces of p-hypermaps of type ã

by f̃2, . . . , f̃r. In particular, p-hypermaps of type ã are either p-constellations, or are
quasi-p-constellations whose face f̃2 (the one with degree ã2) is flawed. We fix an orien-
tation O and define the following sets, whose cardinalities are the sides of (1.3), again by
Proposition 3 for the right-hand side.

• We let N be the set of p-hypermaps
of type a carrying

– one distinguished corner c in
the face f2.

• We let Ñ be the set of p-hypermaps of
type ã carrying

– one distinguished vertex ṽ,

– one distinguished edge ẽ incident
to f̃2 and leaving ṽ for Õ.

Here, p = 3, we are in the case (ii) of Proposition 1, and O = light-left.

The pictograph above summarizes the definitions of M and M̃. The red ±1 on the
right shows the increase or decrease of the degree of the face in M̃ in comparison with
the one of the corresponding face in M. In order to avoid confusion, we denote the first
and second faces of maps in M by f1 and f2 as before, and use f̃1 and f̃2 instead, for
maps in M̃. The paths symbolize the fact that the edges are leaving the corners.

Remark 1. Note that the convention on the orientation of edges is not the same in the
definitions of the sets M and M̃. This clearly bears no effects from an enumeration
point of view but is of crucial importance for our bijections.

Corollary 5. The mapping Φ specializes into a bijection from {(O, m, c, e) : (m, c, e) ∈ M}
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f1

f2 f̃2 +1

ÑN

c

ẽ
ṽ

We put f1 on the pictograph since we think of it as the “missing” distinguished
element for N . Note that we do not need to specify an orientation for maps in N ; we
will however use the orientation O for these maps in due time. The bijections between N
and Ñ can be thought of as degenerate versions of the one of the previous section. Here,
we do not have an involution; we need to describe both mappings. We break them down
into similar steps as above. See Figure 8.

Suppressing a face. We consider (m, c) ∈ N .

1. From this point on, we use the reverse orientation Õ.

2. We consider the lightest geodesic γ from the unique corner of f1 to c+.

3. We denote by d0 the unique edge incident to f1. We slit, slide, sew along γ from the
unique corner of f1 to c as described in Section 3.1, while furthermore matching
the unmatched light side of the first edge with d0.

4. We set Ψ
−
(m, c) := (m̃, ṽ, ẽ), where m̃ is the resulting map, ẽ is the edge correspond-

ing to the unmatched dark side of the final edge of γ, and ṽ is the origin of γ.

f1f1 f2f2

f̃2

m 1.–2.

3. m̃

cc

ẽ

d0

ṽ

γ

Figure 8: The bijection in the case of a degree 1-face, from N to Ñ .
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and Ñ can be thought of as degenerate versions of the one of the previous section. Here,
we do not have an involution; we need to describe both mappings. We break them down
into similar steps as above. See Figure 8.
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1. From this point on, we use the reverse orientation Õ.

2. We consider the lightest geodesic γ from the unique corner of f1 to c+.

3. We denote by d0 the unique edge incident to f1. We slit, slide, sew along γ from the
unique corner of f1 to c as described in Section 3.1, while furthermore matching
the unmatched light side of the first edge with d0.

4. We set Ψ−(m, c) := (m̃, ṽ, ẽ), where m̃ is the resulting map, ẽ is the edge correspond-
ing to the unmatched dark side of the final edge of γ, and ṽ is the origin of γ.
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Adding a face. We consider (m̃, ṽ, ẽ) ∈ Ñ .

1. From this point on, we use the orientation O.

2. We consider the lightest geodesic γ̃ from the corner cẽ preceding ẽ to ṽ.

3. We slit m̃ along γ̃, entering from cẽ and stopping at ṽ, without disconnecting the
map at ṽ, slide by one unit, and sew back as before. Now the unmatched dark side
of the final edge creates a loop enclosing an extra face, which we denote by f1 and
mark at its unique corner.

4. We replace ℓ̃1 with a corner c, let m be the resulting map, and set Ψ+(m̃, ṽ, ẽ) := (m, c).

Theorem 6. The mappings Ψ− : N → Ñ and Ψ+ : Ñ → N are well defined and inverse
bijections.
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Abstract. Schubert polynomials represent a basis for the cohomology of the com-
plete flag variety and thus play a central role in geometry and combinatorics. In this
context, Schubert polynomials are generating functions over various combinatorial ob-
jects, such as rc-graphs or reduced pipe dreams. By restricting Bergeron and Billey’s
chute moves on rc-graphs, we define a Demazure crystal structure on the monomials
of a Schubert polynomial. As a consequence, we provide a method for decomposing
Schubert polynomials as sums of key polynomials, complementing related work of
Assaf and Schilling via reduced factorizations with cutoff, as well as Lenart’s coplactic
operators on biwords.

Keywords: Schubert polynomial, pipe dream, rc-graph, chute move, Demazure crystal

1 Introduction

Schubert polynomials are fundamental objects which lie at the intersection of geometry,
representation theory, and algebraic combinatorics. By a classical theorem of Borel, the
cohomology of the manifold of complete flags in Cn with integer coefficients is canoni-
cally isomorphic to the quotient of Z[x1, . . . , xn] by the ideal generated by the symmetric
polynomials without constant term [5]. The geometry of the flag variety is best captured
by the cohomology classes of the Schubert varieties, which correspond to Schubert poly-
nomials under Borel’s isomorphism, generalizing the role of the Schur polynomials in
the cohomology of the Grassmannian. In addition to encoding geometric information
about the flag variety, individual Schubert polynomials also exhibit rich combinatorial
and representation theoretic structures, as developed in [16, 14, 21, 17, 1] and explored
further in the present work.

1.1 Schubert and key polynomials

Given any permutation w ∈ Sn, the Schubert polynomial Sw ∈ Z[x1, . . . , xn] can be cal-
culated recursively using a sequence of divided difference operators, by the original

*sun00816@umn.edu
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definition of Lascoux and Schützenberger [15], inspired by the work of Demazure [7]
and Bernstein–Gel′fand–Gel′fand [3]. Based on a conjecture of Stanley, the first combi-
natorial formula for Schubert polynomials was given by Billey, Jockusch, and Stanley
using the language of rc-graphs [4], with an alternate proof by Fomin and Stanley [9].
An equivalent combinatorial description for Schubert polynomials was later provided
by Fomin and Kirillov [10], rebranded by Knutson and Miller as reduced pipe dreams [13],
following the conventions of Bergeron and Billey [2]. Besides being attractive ways to vi-
sually represent Schubert polynomials, pipe dreams generalize to flag manifolds the role
of the semistandard Young tableaux for Grassmannians, while admitting generalizations
to other cohomological contexts.

Many combinatorial models for Schubert polynomials also involve a family of op-
erators, which permute the individual monomials. To highlight several examples most
closely related to this work, Bergeron and Billey define chute and ladder moves on rc-
graphs [2], the inspiration for which they attribute to Kohnert’s thesis [14]. Miller pro-
vides a mitosis algorithm which lists reduced pipe dreams recursively by induction on
the weak order on Sn [19]. Lenart develops operations on biwords which correspond to
the coplactic operators on tableaux [17]. Morse and Schilling define a family of operators
on reduced factorizations in [20], which restricts to an action on Schubert polynomials via
the semi-standard key tableaux of Assaf and Schilling [1].

All of the operators mentioned above encode useful combinatorics about Schubert
polynomials; however, some of them additionally carry representation-theoretic infor-
mation. The most natural approach to track the representation theory is often through
Kashiwara’s crystals [11], which are graphical models for the irreducible representations
of a complex semisimple Lie algebra. Lenart summarizes many results in [17] using the
language of crystal operators rooted in a pairing process on rc-graphs, though the details
are carried out via jeu de tacquin on biwords, most naturally associated with the com-
binatorics of semistandard Young tableaux. More explicitly, Assaf and Schilling prove
in [1, Theorem 5.11] that the set of all reduced factorizations for w ∈ Sn satisfying an
additional cutoff criterion decomposes as a union of Demazure crystals.

The decomposition of a combinatorial model for Schubert polynomials into a union
of Demazure crystals thus also yields a description of how Sw is expressed as a sum
of key polynomials κa, as in [1, Corollary 5.12]. Tableaux versions of such formulas
include the original of Lascoux and Schützenberger [16], a related result of Reiner and
Shimozono [21] on factorized row-frank words, and so on. The main goal of this paper is
to provide such a decomposition for Schubert polynomials as sums of key polynomials,
expressed in terms of reduced pipe dreams.
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1.2 Main results

Inspired by the chute moves of [2] on rc-graphs, we develop a crystal structure on the
monomials of a Schubert polynomial, giving a method for decomposing Schubert poly-
nomials as sums of key polynomials, complementing the closely related works [1, 17].
Our crystal chute moves on reduced pipe dreams are either raising or lowering operators,
denoted ei and fi, respectively. If the raising operator ei(D) applied to a reduced pipe
dream D for the given permutation w ∈ Sn equals zero for all 1 ≤ i < n, then we say
D ∈ RP(w) is a highest weight pipe dream. We direct the reader to Section 2 for precise
definitions of all relevant terminology.

The highest weight pipe dreams naturally index the key polynomials in the decom-
position below, as they are in bijection with a pair consisting of a partition λD having n
parts and a permutation πD ∈ Sn, such that aD = πD(λD) for a unique composition aD.

Theorem 1. Given any w ∈ Sn, the Schubert polynomial may be expressed as

Sw(x1, . . . , xn) = ∑
D∈RP(w)

ei(D)=0, ∀1≤i<n

κaD(x1, . . . , xn),

where the composition aD = wt(D̃) for a diagram D̃ constructed from the highest weight pipe
dream D; see Algorithm 1 for details.

Figure 1 on the next page shows how S[21543] decomposes as the sum of three key
polynomials, indexed by the three pipe dreams with no incoming lowering edges, having
weights λD ∈ {(2, 1, 1, 0), (2, 2, 0, 0), (3, 1, 0, 0)} recording the number of crosses in each
row, with respective truncating permutations πD ∈ {s2s1s3, s2, s3s2} read from the edges.

2 A Crystal Structure on Pipe Dreams

In this section, we review the combinatorics of Schubert polynomials in the language of
reduced pipe dreams. We then define crystal chute moves by restricting the chute moves
of [2] on rc-graphs via a pairing process.

2.1 Schubert polynomials and pipe dreams

Reduced pipe dreams index the monomials of Schubert polynomials, as we review in
Theorem 2. Fix an n ∈ N and consider the n × n grid, indexed such that the box in row
i from the top and column j from the left is labeled by (i, j), as for matrix entries. A pipe
dream is a diagram D obtained by covering each box on the grid with one of two square
tiles: a cross or an elbow . Further, crosses are only permitted in boxes (i, j) such
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f1f2

f2

f3 f2

f2

f3 f1

f3

Figure 1: The Demazure crystal structure on reduced pipe dreams for w = [21543].
Crosses that will be moved by the lowering operators fi are in shown green.
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that i + j ≤ n, so we will typically only draw the portion of D which lies on or above the
main anti-diagonal.

By connecting the crosses and elbows on each tile in the unique possible way, as
shown in Figure 1, we can view the resulting diagram as a network of pipes moving
north and east, with water flowing in from the left of the grid and out at the top. The
water in each pipe enters and exits from a unique pair of row and column indices, so
that each pipe dream corresponds to a permutation on the set [n] = {1, . . . , n} as follows.
The one-line notation for a permutation w ∈ Sn records the action of w on [n] in the form
w = [w1 · · · wn], where we write wi = w(i) for brevity. A diagram D is a pipe dream
for the permutation w = [w1 · · · wn] if the pipe entering row i exits from column wi for all
i ∈ [n]. For example, each of the diagrams in Figure 2 below is a pipe dream for the
same permutation w = [21543] ∈ S5.

1 2 3 4 5
1
2
3
4
5

1 2 3 4 5
1
2
3
4
5

1 2 3 4 5
1
2
3
4
5

Figure 2: Several reduced pipe dreams for w = [21543] ∈ S5.

A pipe dream is reduced if each pair of pipes crosses at most once, as in Figure 2.
Denote by RP(w) the set of all reduced pipe dreams for a given permutation w. We
denote by D+ the set of all boxes of D which are covered by a cross; note that D+

uniquely determines D. Provided that the pipe dream is reduced, [13, Lemma 1.4.5]
says that the number of crosses in D ∈ RP(w) equals the length of the permutation, or
the number of its inversions, given by |D+| = ℓ(w) = #{i < j | wi > wj}.

The weight of a pipe dream D ∈ RP(w), denoted by wt(D), is the weak composition
of ℓ(w) whose ith coordinate equals the number of crosses in row i of D. For example,
the three weight vectors corresponding to the pipe dreams from Figure 2 below are
(2, 1, 1, 0), (2, 2, 0, 0), and (3, 1, 0, 0) recorded from left to right, all of which happen to be
partitions in this example.

Schubert polynomials are generating functions over reduced pipe dreams, as illus-
trated by the following result, originally proved by Billey, Jockusch and Stanley [4], later
reproved by Fomin and Stanley [9], and recorded here in the language of pipe dreams.

Theorem 2 (Corollary 2.1.3 [13]). Let w ∈ Sn. Then

Sw(x1, . . . , xn) = ∑
D∈RP(w)

xwt(D). (2.1)

We use x to denote a monomial in the variables x1, . . . , xn. Given any vector v =
(v1, . . . , vn) ∈ Zn

≥0, the notation xv = xv1
1 · · · xvn

n is used throughout.
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2.2 Crystal chute moves

In this section, we describe a family of operators on the set RP(w) of reduced pipe
dreams for a given permutation, which we show in our main theorem produces a De-
mazure crystal structure on the monomials of Sw.

Definition 1. Given a reduced pipe dream D for a permutation in Sn, fix a row index i ∈ [n].
Denote the rightmost cross in row i by c. (Since crosses only occur in boxes (i, j) such that
i + j ≤ n, then D has no crosses in row n.) We define a pairing process on row 1 ≤ i < n of
D as follows:

1. Look for an unpaired cross c+ in row i + 1 such that c+ lies weakly to the right of c in D.
If there are multiple such c+, choose the leftmost c+.

(a) If such c+ exists, we say that c and c+ are paired.

(b) If no such c+ exists, we say that c is unpaired.

2. Denote by c′ the cross in row i which is both closest to c and lies to the left of c.

(a) If such c′ exists, we reset c := c′ and start again from step (1).

(b) If no such c′ exists, the pairing process on row i is complete.

We illustrate the pairing process on the righthand pipe dream from Figure 2 below.

Example 1. Fix i = 1 and identify c = (1, 4) as the rightmost cross in row 1. Since there are no
crosses in row 2 which lie weakly right of c, then c+ does not exist and c is unpaired in step (1b).

1 2 3 4 5
1
2
3
4
5

1 2 3 4 5
1
2
3
4
5

1 2 3 4 5
1
2
3
4
5

Figure 3: The pairing process applied to row 1 of a reduced pipe dream. We color
paired crosses green and unpaired crosses red.

In step (2), we identify c′ = (1, 3) as the cross in row 1 closest to and left of the original
c = (1, 4). We thus return to step (1) applied to c = (1, 3). We identify c+ = (2, 3) as a cross
in row 2 which is weakly right of c = (1, 3), and so these crosses get paired in step (1a).

The only remaining cross c′ = (1, 1) is unpaired since all crosses in row 2 are now paired.
The pairing process is complete, having analyzed all crosses in row 1.

After running the pairing process on row i of D ∈ RP(w), we define an operator fi
on D which produces another element of RP(w) whenever it is nonzero.
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Definition 2. Let D ∈ RP(w) for w ∈ Sn. Fix an 1 ≤ i < n and run the pairing process on row
i of D. If all crosses in row i are paired, then set fi(D) = 0. Otherwise, denote by (i, j) ∈ D+

the leftmost unpaired cross in row i.
If (i, k) ∈ D+ for all 1 ≤ k ≤ j, then set fi(D) = 0. Otherwise, define m ∈ N such that:

(a) (i, j − m), (i + 1, j − m) /∈ D+ and

(b) (i, j − k), (i + 1, j − k) ∈ D+ for all 1 ≤ k < m.

Define a new diagram fi(D) by

fi(D)+ = {D+\(i, j)} ∪ {(i + 1, j − m)}.

The family of operators fi for 1 ≤ i < n are called (lowering) crystal chute moves.

In words, the crystal chute move fi exchanges the leftmost unpaired cross at (i, j) and
the elbow at (i + 1, j − m), where m is chosen such that the rectangle strictly between
this pair of tiles is filled by crosses.

We now illustrate how to apply the crystal chute moves on a reduced pipe dream.

Example 2. Consider the sequence shown in Figure 4, in which we instead begin with the
lefthand pipe dream D for w = [21543] from Figure 2. If we run the pairing process on row
1, the leftmost unpaired cross is (1, 4) ∈ D+. Properties (a) and (b) hold for m = 1, and the
corresponding rectangle of crosses between (1, 4) ∈ D+ and the elbow at (2, 3) is empty in this
case. To apply f1, the red cross in (1, 4) moves to the blue elbow in position (2, 3), resulting in
the middle diagram in Figure 4.

1 2 3 4 5
1
2
3
4
5

f1−→

1 2 3 4 5
1
2
3
4
5

f2−→

1 2 3 4 5
1
2
3
4
5

Figure 4: Applying a sequence of crystal chute moves to a reduced pipe dream.

Running the pairing process next on row 2 of the middle pipe dream, (2, 3) is the leftmost
unpaired cross, and m = 2, corresponding to the tile of paired crosses in rows 2 and 3 which are
preserved under applying f2. Here instead, the red cross at (2, 3) jumps over this rectangle of
crosses to the blue elbow in position (3, 1), resulting in the third diagram in Figure 4.

We now define a second family of operators ei to be precisely the inverse of the crystal
chute moves from Definition 2.
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Definition 3. Let D ∈ RP(w) for w ∈ Sn. Fix an 1 ≤ i < n and run the pairing process
on row i of D. If all crosses in row i + 1 are paired, then set ei(D) = 0. Otherwise, denote by
(i + 1, ℓ) ∈ D+ the rightmost unpaired cross in row i + 1.

Let n > ℓ be minimal such that (i + 1, n) /∈ D+. Define a new diagram ei(D) by

ei(D)+ = {D+\(i + 1, ℓ)} ∪ {(i, n)}.

The family of operators ei for 1 ≤ i < n are called (raising) crystal chute moves.

We now have well-defined raising and lowering operators on reduced pipe dreams.

Proposition 1. The raising crystal chute move ei : RP(w) → RP(w) ∪ {0} is well-defined for
all 1 ≤ i < n, satisfying wt(ei(D)) = wt(D) + αi for any D ∈ RP(w). Moreover, the raising
and lowering crystal chute moves are mutually inverse.

The pipe dreams D on which ei(D) = 0 for all 1 ≤ i < n play a distinguished role in
the statement of Theorem 3 below, so we highlight them here.

Definition 4. If ei(D) = 0 for all 1 ≤ i < n, then D is a highest weight pipe dream.

2.3 Demazure crystals and the main theorem

We refer the reader to [6] for more background on crystals. Given a partition λ with n
parts, the type An−1 crystal of highest weight λ is denoted by B(λ), and the character of
the crystal B(λ) is the Schur polynomial sλ(x1, . . . , xn).

Demazure crystals are subsets of B(λ) truncated by a permutation which restricts the
set of raising and lowering operators. More precisely, for any subset X ⊆ B(λ) and any
index 1 ≤ i < n, we define Di in terms of lowering operators as

Di(X) = {b ∈ B(λ) | b ∈ f k
i (X) for some k ≥ 0}.

Now given any π ∈ Sn, write π = si1 · · · sip as a product of simple transpositions si =
(i, i + 1) where the expression for π is reduced, meaning that p = ℓ(π) is minimal. If uλ

denotes the highest weight element of B(λ), the Demazure crystal associated to the pair
(λ, π) is defined by

Bπ(λ) = Di1 · · ·Dip(uλ).

The character of the Demazure crystal Bπ(λ) generalizes the Demazure characters of
[8], as conjectured by Littelmann [18] and proved by Kashiwara [12]. Moreover, the
character of the Demazure crystal Bπ(λ) is the key polynomial κa(x1, . . . , xn) indexed by
the composition a such that a = π(λ).

Our main theorem says that the set of reduced pipe dreams for a permutation admits
a Demazure crystal structure determined by the crystal chute moves from Section 2.2.
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Theorem 3. Given any w ∈ Sn, the operators ei and fi for 1 ≤ i < n define a type An−1
Demazure crystal structure on RP(w). That is,

RP(w) ∼=
⋃

D∈RP(w)
ei(D)=0, ∀1≤i<n

BπD(wt(D)),

where the truncating permutation πD is the shortest permutation such that wt(D̃) = πD(wt(D)),
for a diagram D̃ constructed algorithmically from the highest weight pipe dream D; see Theorem 4.

Theorem 3 is the pipe dream analog of [1, Theorem 5.11], phrased there in terms of
reduced factorizations for w meeting a cutoff condition. Refer to Figure 1 in the intro-
duction to see how RP([21543]) decomposes into the union of three Demazure crystals.

3 Permutation Indexing the Demazure Crystal

This section explains the algorithm for identifying the truncating permutation from a
highest weight pipe dream, equivalently the composition defining the corresponding
key polynomial. We begin by describing how to obtain a new diagram D̃ from any
highest weight pipe dream D.

Algorithm 1. Let D be a highest weight pipe dream.

1. For each cross in row i, shift it to the right by i − 1.

2. For each row, beginning in the lowest row, move the leftmost cross down to the row such
that its row and column index match. Fix these crosses.

3. Set ℓ = 2.

(a) Beginning at the bottom row containing unfixed crosses, consider the leftmost unfixed
cross. Move that cross down to the lowest possible row, remaining in its current
column, such that:

i. The cross may not move through other crosses;
ii. The cross is the ℓth cross from the left in its new row; and

iii. The cross does not have any previously fixed crosses to its right in the new row.

(b) Fix this moved cross.

(c) Repeat steps (a) and (b) untill all rows with unfixed crosses have been considered.

4. Increment ℓ by 1, and repeat step (3).

Once all crosses are fixed, the algorithm terminates. Denote the resulting diagram by D̃.
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We illustrate Algorithm 1 on an example.

Example 3. Consider the permutation w = [4726315] ∈ S7. One of its highest weight pipe
dreams D is depicted in Figure 5. The result after applying steps (1) and (2) of Algorithm 1 to D
is in Figure 6, with fixed crosses marked in red.

1

1

2

2

3

3

4

4

5

5

6

6

7

7

+ + + + +

+ + +

+ + +

+

+

· ·

· · ·

· ·

· · ·

· ·

· ·

·

Figure 5: A highest weight pipe
dream D for w = [4726315] ∈ S7.

1
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4

4

5

5

6

6

7

7

+ + + ++

+ ++

+ ++

+

+

Figure 6: The result of applying steps
(1) and (2) of Algorithm 1 to D.

We now move to the iterative step (3). Set ℓ = 2. We begin on the lowest row with an unfixed
cross, that being row 3. We move the leftmost unfixed cross in this row, that being the cross at
(3, 5), down in its column to a position that meets criteria (i) through (iii). We first observe that
there is a cross at (5, 5), meaning that we are unable to move our cross to row 5 or any row below
it. Our only option is to move this cross to row 4. Observe that a cross at (4, 5) would be the
second cross in its row. Thus, we move the cross at (3, 5) to (4, 5) and fix it there.

The two crosses at (2, 3) and (1, 2) cannot move lower without violating (i). These two crosses
are thus also fixed, completing the round of moves for ℓ = 2. At the end of this round, we obtain
the diagram shown in Figure 7. We then increment ℓ to 3, and repeat the process. We omit the
details, but the final result D̃ is shown in Figure 8.

Finally, the truncating permutation πD is obtained from the diagram D̃ as follows.

Theorem 4. Let D ∈ RP(w) be a highest weight pipe dream for w ∈ Sn. Then πD ∈ Sn from
Theorem 3 is the unique shortest permutation such that wt(D̃) = πD(wt(D)). In addition,
the composition aD = wt(D̃) from Theorem 1 indexes the key polynomial corresponding to
(πD, wt(D)).

We conclude by extracting the truncating permutation πD and the composition aD
from Example 3 via Theorem 4.
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Figure 7: The diagram after complet-
ing the first iteration of step (3).
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Figure 8: The diagram D̃ after com-
pleting Algorithm 1.

Example 4. For the highest weight pipe dream D in Example 3, we have wt(D) = (5, 3, 3, 1, 1, 0).
After applying Algorithm 1, we obtained the diagram D̃ in Figure 8 such that aD = wt(D̃) =
(3, 5, 1, 3, 1, 0). The shortest permutation πD such that aD = πD(wt(D)) equals πD = s1s3,
since (3, 5, 1, 3, 1, 0) = s1s3(5, 3, 3, 1, 1, 0).
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Matroid Base Polytope
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Abstract. We produce the first regular unimodular triangulation of an arbitrary ma-
troid base polytope. We then extend our triangulation to integral generalized per-
mutahedra. Prior to this work it was unknown whether each matroid base polytope
admitted a unimodular cover.

Keywords: matroid, polytope, triangulation

1 Introduction

Despite considerable interest, very little is known about triangulations of matroid base
polytopes. There are a few motivations for wanting to have nice triangulations of ma-
troid base polytopes. The first motivation comes from White’s conjecture whose weakest
version states that the toric ideal of a matroid base polytope is quadratically generated
[34][26]. Herzog and Hibi asked whether the toric ideal of every matroid base polytope
has a quadratic Gröbner basis [20]. It follows by a result of Sturmfels [33] combined
with an observation of Ohsugi and Hibi [27] that the existence of a quadratic Gröbner
basis is equivalent to the existence of a quadratic triangulation, i.e. a regular unimodular
flag triangulation. The existence of a quadratic triangulation is known for base sortable
matroids, e.g. positroids [31, 33, 6, 24, 25]. For transversal matroids, a result of Conca
[9] establishes that the toric ring is Koszul, which is stronger than quadratic generation
of the toric ideal but weaker than a quadratic triangulation.

The second motivation comes from Ehrhart theory. A formula for the volume of a
matroid base polytope was calculated by Ardila–Doker–Benedetti [1], but no formula is
currently known which is cancellation free, i.e. involves no subtraction. If a polytope
P admits a unimodular triangulation T , then the volume of P is equal to the number
of maximal simplices in T . The volume of a polytope occurs as the leading coefficient
of the Ehrhart polynomial. Several researchers have investigated Ehrhart polynomials

*sbackman@uvm.edu
†gakuliu@uw.edu
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for matroid base polytopes [8][21] [16] largely motivated by the conjecture of De Loera–
Haws–Köppe [11] that matroid base polytopes are Ehrhart positive—this conjecture was
recently disproven by Ferroni [13], but various other questions about these polynomials
remain open. The volume of a polytope P is also given by the evaluation of the h∗-
polynomial at 1. Another conjecture by De Loera–Haws–Köppe, which remains open, is
that the h∗-vectors of matroid base polytopes are unimodal [11]. Ferroni further conjec-
tures that the h∗-polynomial of a matroid polytope (more generally an integral general-
ized permutahedron) is real-rooted [16, 14]. It has been conjectured that if a polytope P
has the integer decomposition property (is IDP), then P has a unimodal h∗-vector [30],
and it is known that every matroid base polytope is IDP [20]. We note that the property
of admitting a unimodular triangulation is strictly stronger than the property of being
IDP [7]. We refer the reader to [15] for a comprehensive survey of results in this area. It
is known that the h∗-vector of a polytope is equal to the h-vector of any unimodular tri-
angulation of the polytope [32][5], thus one might hope that such a triangulation could
shed some light on this conjecture.

A natural question which sits in between these various results and conjectures is
whether each matroid base polytope admits a (not necessarily flag) regular unimodular
triangulation. That the matroid base polytope admits a (not necessarily regular) uni-
modular triangulation was conjectured by Haws in their 2009 thesis [19]. In this paper
we give an affirmative answer to this question by providing a regular unimodular tri-
angulation of an arbitrary matroid base polytope. We then apply this result to produce
a regular unimodular triangulation of an arbitrary integral generalized permutahedron,
and explain how this gives a regular unimodular triangulation of the matroid indepen-
dence polytope. We emphasize that prior to this work it was unknown whether every
matroid base polytope admitted a unimodular cover (this was also conjectured by Haws
[19]) let alone a unimodular triangulation. Our construction produces many different
triangulations, but at the time of writing we do not know if any of them are flag. We in-
vite other researchers to try their hand at applying our triangulation to the topics above.
See Remark 3.6.

2 Preliminaries

We recommend the following texts for an introduction to matroids [28], polytope theory
[35], and triangulations [10][18]. Let [n] denote the set of integers {1, . . . , n}. Given
S ⊆ [n] we will employ the notation xS := ∑i∈S xi. We identify {0, 1}n with the collection
of all subsets of [n]. We denote the standard basis vectors for Rn by ei for 1 ≤ i ≤ n.

Definition 2.1. A matroid is a pair M = (E,B) where E is a finite set called the ground
set, and B is a nonempty collection of subsets of E called the bases which satisfy the
following basis exchange condition:
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• For any B1, B2 ∈ B and x ∈ B1 \ B2, there exists some y ∈ B2 \ B1 such that
(B1 \ {x}) ∪ {y} ∈ B.

A set I ⊆ E is independent if there exists some basis B ∈ B such that I ⊆ B. The
collection of independent sets is denoted I . The rank of a set S ⊆ E, written r(S), is the
maximum cardinality of an independent set contained in S.

Matroid independence polytopes and the matroid base polytopes were introduced
by Edmonds [12].

Definition 2.2. Given a matroid M on ground set E = [n], the matroid base polytope PM is
the convex hull of the indicator vectors for the bases of M, and the matroid independence
polytope PI is the convex hull of the indicator vectors of the independent sets. More
explicitly, given S ⊆ E, we define the indicator vector χS ∈ Rn by

χS(i) =

{
1 i ∈ S
0 i /∈ S

Thus PM = conv{χB : B ∈ B} and PI = conv{χI : I ∈ I}.

The matroid base polytope is the distinguished face of the matroid independence
polytope where the sum of the coordinates is maximized. The matroid independence
polytope will be discussed at the end of this article (see Corollary 3.4).

Gelfand–Goresky–MacPherson–Serganova uncovered a connection between matroid
base polytopes and the geometry of the Grassmannian [17]. They showed that torus orbit
closure of a linear space L in the Grassmannian is a normal toric variety whose weight
polytope is the matroid base polytope PM(L), where M(L) is the matroid determined
by L. See Katz [22] for an overview of this story. By standard toric theory, our regular
unimodular triangulation of PM gives a projective Crepant resolution of the toric variety
associated to the cone over a matroid base polytope.

Matroid bases polytopes allow for a polytopal characterization of matroids.

Theorem 2.3. [12][17] A polytope P is a matroid base polytope for some matroid M if and only
if P is a 0-1 polytope whose edge directions are of the form ei − ej.

Polymatroids are a generalization of matroids described by monotonic submodular
fuctions taking values in the nonnegative reals. Their base polytopes are equivalent
by translation to the generalized permutahedra of Postnikov [29]. See [2] for a careful
treatment of the following definition.

Definition 2.4. A generalized permutahedron P ⊆ Rn is a polytope defined by any one of
the following equivalent conditions:

1. The edge directions for P are all of the form ei − ej,
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2. The normal fan of P is a coarsening of the braid arrangement,

3. P is defined by inequalities xS ≤ f (S) where f : {0, 1}n → R is a submodular
function, together with a single equation x[n] = f ([n]).

An integral generalized permutahedron P is a generalized permutahedron whose vertices
have integer coordinates. The following is well-known, and follows from the unimodu-
larity of the set of primitive ray generators of each chamber in the braid arrangement.

Lemma 2.5. Let P be a generalized permutahedron determined by a submodular function f as in
condition (3) of Definition 2.4. If f is an integer-valued function then P is an integral generalized
permutahedron. Moreover, if P is an integral generalized permutahedron then f may be chosen
to be integer-valued.

In our proof, we will use condition (2) from Definition 2.4 as this allows us to describe
the affine span of a face of a matroid base polytope.

Lemma 2.6. Let P be an integral generalized permutahedron and aff(P) its affine span. Then

aff(P) =
j⋂

i=1

{xSi = bi}

for some flag of subsets ∅ = S0 ⊊ S1 ⊊ · · · ⊊ Sj = [n] and some bi ∈ Z.

We note that when P is a matroid base polytope, the bi in the lemma above is equal
to the rank of the set Si viewed as a subset of the ground set of the matroid.

Definition 2.7. A subdivision of a polytope P is a collection of polytopes S = {P1, . . . , Pk}
such that

1.
⋃k

i=1 Pi = P

2. for each Pi ∈ S and F a face of Pi, there exists some j such that F = Pj

3. for any i and j with 1 ≤ i, j ≤ k, the intersection Pi ∩ Pj is a face of both Pi and Pj.

A maximal polytope in S is a cell of S .

Definition 2.8. A triangulation of a polytope P is a subdivision T = {T1, . . . , Tk} of P
such that each polytope Ti is a simplex.

Definition 2.9. Let P ⊂ Rn be a polytope and S a finite subset of P containing the vertices
of P. Given a function f : S → R, the subdivision induced by f is the subdivision of P
formed by projecting the lower faces of the polytope

conv{(x, f (x)) : x ∈ S} ⊂ Rn+1.

A subdivision is regular if it is induced by some function f .
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Given a set S ⊆ Rn, let aff(S) denote the affine span of S. Let lin(S) denote the linear
subspace of Rn with the same dimension and parallel to aff(S).

Definition 2.10. A lattice simplex T is unimodular if it has normalized volume 1. Equiv-
alently, if T has vertices v0, . . . , vn ∈ Zn, then T is unimodular whenever a maximal
linearly independent set of edge vectors {vi − vj} form a lattice basis for lin(T) ∩ Zn.

Definition 2.11. The resonance arrangement An is the hyperplane arrangement in Rn con-
sisting of all hyperplanes HS = {x ∈ Rn : xS = 0} where ∅ ⊊ S ⊆ [n].

For an introduction to the resonance arrangement (also called the all subsets arrange-
ment) we refer the reader to [23]. A flat of a hyperplane arrangement H is an intersection
of hyperplanes in H.

Definition 2.12. We say that an affine functional ℓ : Rn → R is generic if it is non constant
on each positive dimensional flat of the resonance arrangement.

We note that a generic point p on the n-th moment curve

Cn = {(t, t2, . . . , tn) : t ∈ R}

produces a generic linear functional x 7→ ⟨x, p⟩.

3 A deletion-contraction triangulation

In this section we establish the main result of this paper.

Theorem 3.1. Every matroid base polytope has a regular unimodular triangulation.

Before providing a proof, we briefly give some context for our construction. Two
fundamental operations on a matroid are the deletion and contraction of an element,
and many important constructions in matroid theory proceed by an inductive appeal to
these operations. If e is a loop or coloop, then the matroid base polytope PM is translation
equivalent to PM/e and PM\e. If e is neither a loop nor a coloop then PM is the convex
hull of PM/e and PM\e. In this way, our recursive construction fits into the paradigm of
deletion-contraction.

Let M = (E,B) be a matroid with ground set E = [n], and PM ⊂ Rn its matroid
base polytope. We will use verti(PM) to denote the vertices of PM. We show PM has a
unimodular triangulation by induction on n. If n = 1, then PM is a point and we are
done.

Assume n ≥ 2. Let P0 and P1 be the polytopes in Rn−1 such that P0 × {0} = PM ∩
{x1 = 0} and P1 × {1} = PM ∩ {x1 = 1}. Note that P0 or P1 may be empty, which occurs
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if 1 is a loop or coloop. If P0 is nonempty then it is the matroid base polytope of M \ 1,
and if P1 is nonempty then it is the matroid base polytope of M/1.

By the inductive hypothesis, P0 and P1 have regular unimodular triangulations. (We
assume an empty polytope has a regular unimodular triangulation induced by a function
with empty domain.) Let f0 : verti(P0) → R and f1 : verti(P1) → R be functions which
induce these triangulations. Let ℓ0, ℓ1 : Rn−1 → R be affine functionals such that ℓ0 − ℓ1
is generic. Let ϵ > 0 be sufficiently small, and define f : verti(PM) → R to be the
function

f (x) =

{
ℓ0(x2, . . . , xn) + ϵ f0(x2, . . . , xn) if x1 = 0
ℓ1(x2, . . . , xn) + ϵ f1(x2, . . . , xn) if x1 = 1.

In our full paper [4], we prove that f induces a unimodular triangulation of PM.
The following theorem is more explicit version of Theorem 3.1.

Theorem 3.2. Let P ∈ Rn be a matroid base polytope. For each string s ∈ ⊔n−1
k=1{0, 1}k, let ℓs :

Rn−|s| → R be an affine functional, where |s| is the length of s. Assume that ℓs′0 − ℓs′1 is generic
for all strings s′. Then for 1 ≫ ϵ1 ≫ ϵ2 ≫ · · · ≫ ϵn−1 > 0, the function f : verti(P) → R

defined by

f (x) =
n−1

∑
k=1

ϵkℓx1...xk(xk+1, . . . , xn)

induces a regular unimodular triangulation on PM.

Proof. This is obtained by unwinding the induction in the proof of Theorem 3.1.

We now explain how to extend our triangulation to all integral generalized permuta-
hedra.

Corollary 3.3. Every integral generalized permutahedron has a regular unimodular triangula-
tion.

Proof. Let P ∈ Rn be an integral generalized permutahedron. By translating P if nec-
essary, we may assume without loss of generality that there is some positive integer R
such that P ⊂ {x : 0 ≤ xk ≤ R for all 1 ≤ k ≤ n}. It is known that dicing P by the
hyperplanes {xk = c} where c and k are integers with 1 ≤ k ≤ n and 0 ≤ c ≤ R gives a
regular integral subdivision X of P, and every cell of the subdivision is a translation of
a matroid base polytope1. Let g : P ∩ Zn → R be a function which induces X .

For each s ∈ ⊔n−1
k=1{0, . . . , R}k, choose an affine functional ℓs : Rn−|s| → R so that

ℓs′i − ℓs′(i+1) is generic for all strings s′ and integers i. For 1 ≫ ϵ1 ≫ ϵ2 ≫ · · · ≫ ϵn−1 >
0, define the function f : P ∩ Zn → R by

f (x) = g(x) +
n−1

∑
k=1

ϵkℓx1...xk(xk+1, . . . , xn).

1 This can be verified by appealing to the submodularity description of generalized permutahedra,
Lemma 2.5, and Theorem 2.3.
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Then f induces a subdivision of P which refines X . Moreover, by Theorem 3.2, the
restriction of f to each cell of X induces a unimodular triangulation.

Corollary 3.4. Every matroid independence polytope has a regular unimodular triangulation.

Proof. Each matroid independence polytope PI is unimodularily equivalent to an in-
tegral generalized permutahedron: given a point v = (v1, . . . vn) ∈ PI , let ψ(v) =
(v0, v1, . . . vn) ∈ Rn+1, where v0 = r(E) − ∑n

i=1 vi. The map ψ is unimodular and its
image is an integral generalized permutahedron2. We can apply our triangulation to
ψ(PI) and then map this triangulation back to PI to obtain a regular unimodular trian-
gulation of the latter.

Example 3.5. We provide an example of our triangulation for the cycle matroid of the
complete graph K4. Let verti(K4) = {v0, v1, v2, v3}. To simplify notation we denote the
edges of K4 by integers:

v0v1 = 0, v1v2 = 1, v0v1 = 2, v1v3 = 3, v0v3 = 4, v2v3 = 5.

The bases are in the following order:

0. {0 1 3}

1. {1 2 3}

2. {1 3 4}

3. {0 1 4}

4. {0 1 5}

5. {1 2 5}

6. {1 4 5}

7. {1 2 4}

8. {0 2 4}

9. {2 3 4}

10. {0 2 3}

11. {0 2 5}

12. {2 3 5}

13. {0 3 5}

14. {3 4 5}

15. {0 4 5}

We take the height function described in Theorem 3.2 as follows: if s is a string ending
is 0, the function ℓs is 0. If a string ends in 1, and the string has length k, the function
ℓs = (−3n−k−1,−3n−k−2, . . . , 1). The cells of the associated triangulation are

{3 7 8 9 12 14}
{3 5 7 8 12 14}
{3 5 6 7 8 14}
{3 5 8 11 12 14}
{3 5 6 8 11 14}
{3 4 6 11 14 15}

{3 4 5 6 11 14}
{3 4 5 11 12 14}
{3 6 8 11 14 15}
{0 3 8 11 14 15}
{0 3 4 5 11 12}
{0 3 4 5 12 14}

{0 3 4 11 12 14}
{0 3 4 5 6 14}
{0 3 4 11 14 15}
{0 4 11 12 13 14}
{0 4 11 13 14 15}
{0 3 5 8 11 12}

2 It is implicit in [3] that the independence polytope is unimodularily equivalent to a generalized per-
mutahedron.
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{0 3 8 11 12 14}
{0 3 5 6 7 14}
{0 10 11 12 13 14}
{0 8 10 11 14 15}
{0 8 10 11 12 14}
{0 8 9 10 12 14}
{0 10 11 13 14 15}
{0 3 5 7 12 14}

{0 3 5 7 8 12}
{0 2 3 6 7 14}
{0 2 3 7 9 14}
{0 1 7 9 10 12}
{0 1 5 7 10 12}
{0 5 8 10 11 12}
{0 7 8 9 10 12}
{0 5 7 8 10 12}

{0 1 2 6 7 14}
{0 1 2 7 9 14}
{0 1 7 9 12 14}
{0 1 5 7 12 14}
{0 1 5 6 7 14}
{0 3 7 9 12 14}
{0 3 8 9 12 14}
{0 3 7 8 9 12}.

Remark 3.6. The authors, Matt Larson, and Sam Payne attempted to apply the construc-
tion of this article to produce quadratic triangulations of graphic matroid base polytopes,
i.e. spanning tree polytopes. We convinced ourselves that it not possible to do so us-
ing only ℓs above which are exponential. We welcome others to attempt to apply our
triangulation to White’s conjecture.
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Abstract. Schubert polynomials are distinguished representatives of Schubert cycles in
the cohomology of the flag variety. Pipedreams (PD) and bumpless pipedreams (BPD)
are two combinatorial models of Schubert polynomials. There are many classical results
on PDs. For instance, Fomin and Stanley represented each PD as an element in the
nil-Coexter algebra. Lenart and Sottile converted each PD into certain chains in the
Bruhat order. This paper establishes the BPD analogues of both viewpoints. Our results
lead to a bijection between PDs and BPDs via Lenart’s growth diagram.

1 Introduction

Fix n P Zě0. For a permutation w P Sn, Lascoux and Schützenberger [12] recursively
define the Schubert polynomial Sw. The base case is Sw0 :“ xn´1

1 xn´2
2 ¨ ¨ ¨ xn´1 where w0

is the permutation with one-line notation rn, n ´ 1, ¨ ¨ ¨ , 1s. To compute Sw for other
w P Sn, we need the divided difference operator Bip f q :“ f´ f p¨¨¨ ,xi`1,xi,¨¨¨ q

xi´xi`1
. Let si P Sn denote

the transposition that swaps i and i ` 1. Then for any w P Sn and i P rn ´ 1s:

BipSwq “

#

Swsi if wpiq ą wpi ` 1q,
0 if wpiq ă wpi ` 1q.

The Schubert polynomials represent Schubert cycles in flag varieties and have been
extensively investigated. Schubert polynomials have two distinct combinatorial formulas
involving “pipes”: pipedreams (PD) [1, 3] and bumpless pipedreams (BPD) [11]. Both
are fillings of grids with certain tiles. When we refer to cells of a grid, we use the matrix
coordinates: row 1 is the topmost row and column 1 is the leftmost column. A pipedream
is a filling of a staircase grid: The grid has a cell in row i column j for each i ` j ď n ` 1.
The rightmost cell in each row is . The rest of the cells can be (crossing) or
(bump), but two pipes cannot cross more than once. A bumpless pipedream (BPD) is a
consistent filling of an n ˆ n grid with six types of cells: , , , , and (blank).
Pipes enter from each cell on the bottom and exit on the right edge. In addition, two

*tiy059@ucsd.edu

tiy059@ucsd.edu
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pipes cannot cross more than once. The permutation associated to each PD (resp. BPD)
can be read off as follows: Label the pipes 1, 2, . . . , n along the top (resp. bottom) edge,
follow the pipes, and read the labels from top to bottom on the left (resp. right) edge.

Example 1.1. When n “ 5, we present a PD and a BPD associated with r2, 5, 1, 4, 3s:

Let PDpwq (resp. BPDpwq) be the set of all PDs (resp. BPDs) associated with w P Sn.
For P P PDpwq (resp. P P BPDpwq), the weight of P, denoted as wtpPq, is a sequence of
n ´ 1 integers where the ith entry is the number of (resp. ) on row i. For instance,
the PD and BPD in Example 1.1 both have weight p2, 2, 0, 1q. If α “ pα1, ¨ ¨ ¨ , αn´1q is a
sequence of n ´ 1 non-negative integers, we use xα to denote the monomial xα1

1 ¨ ¨ ¨ xαn´1
n´1 .

Theorem 1.2. [1, 3, 11] For w P Sn, Sw “
ř

PPPDpwq xwtpPq “
ř

DPBPDpwq xwtpDq.

There is a recent surge of research connecting BPDs with PDs and finding BPD
analogue of classical PD apparatus [7, 10, 8, 17]. This paper establishes the BPD analogue
of two classical stories on PDs:

• The nil-Coexter algebra Nn is generated by u1, ¨ ¨ ¨ , un´1. Fomin and Stanley [6]
defined the following elements in Qrx1, ¨ ¨ ¨ , xn´1s bNn:

Aipxiq :“ p1 ` xiun´1qp1 ` xiun´2q ¨ ¨ ¨ p1 ` xiuiq and SPD :“ A1px1q ¨ ¨ ¨ An´1pxn´1q.

Combinatorially, after expanding SPD, each term xαui1 ¨ ¨ ¨ uik naturally corresponds
to a P P PDpwq with α “ wtpPq and i1 ¨ ¨ ¨ ik is a reduced word of w. Algebraically,
Fomin and Stanley proved SPD “

ř

wPSn
Swui1 ¨ ¨ ¨ uil where i1 ¨ ¨ ¨ il is any reduced

word of w. Consequently, they obtain an operator theoretic proof of the PD fomula.

• The Bruhat order is a partial order on Sn. Lenart and Sottile [14] defined a bijection
from PDpwq to chains pw1, w2, ¨ ¨ ¨ , wnq in the Bruhat order where w1 “ w, wn “ w0
and there is an increasing i-chain from wi to wi`1 for i P rn ´ 1s (See Section 2.2).

Since the introduction of BPDs, finding a BPD analogue of the Fomin-Stanley con-
struction has been an open problem. Instead of the nil-Coexter algebra, we consider the
Fomin-Kirillov algebra En [4]. It is generated by di,j for 1 ď i ă j ď n and has a right
action on QrSns denoted as d. Define the following elements in Qrx1, ¨ ¨ ¨ , xn´1s b En:

Ripxiq :“ pxi ` d1,i`1 ` ¨ ¨ ¨ ` di,i`1qpxi ` d1,i`2 ` ¨ ¨ ¨ ` di,i`2q ¨ ¨ ¨ pxi ` d1,n ` ¨ ¨ ¨ ` di,nq, and
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SBPD :“ w0 d pR1px1qR2px2q ¨ ¨ ¨ Rn´1pxn´1qq.

Combinatorially, after expanding SBPD, we show each term xαw naturally corresponds
to a D P BPDpwq with α “ wtpDq. Algebraically, we establish Theorem 4.3, obtaining an
operator theoretic proof of the BPD formula.

Theorem 4.3. We have SBPD “
ř

wPSn
Sww.

A crucial tool to understand SBPD is a novel encoding algorithm Φ that encodes each
element of BPDpwq as partial fillings of a staircase grid which we call flagged tableaux. We
denote the image of BPDpwq under Φ as FTpwq. Each T P FTpwq corresponds to a chain
in the Bruhat order denoted as chainpTq “ pwn, ¨ ¨ ¨ , w1q. Then we establish Theorem 3.9,
obtaining a BPD analogue of Lenart and Sottile’s work.

Theorem 3.9. The map chainp¨q is a bijection from FTpwq to chains pwn, ¨ ¨ ¨ , w1q in the Bruhat
order where wn “ w, w1 “ w0 and there is an increasing i-chain from wi`1 to wi. Consequently,
chain ˝ Φ is a bijection from BPDpwq to such chains.

In other words, PDs and BPDs can both be viewed as certain chains in the Bruhat
order, exhibiting a duality. Finally, we use Lenart’s growth diagram [13] to obtain a
bijection between these chains, obtaining a bijection between PDpwq and BPDpwq. We
conjecture this bijection agrees with the existing bijection of Gao and Huang [7]. This
conjecture has been verified on S7.

Organization: In §2, we cover some necessary background. In §3, we define the
encoding map Φ : BPDpwq Ñ FTpwq and establish Theorem 3.9. In §4, we construct our
BPD analogue of the Fomin-Stanley construction. In §5, we use Lenart’s growth diagram
to build a bijection between PDpwq and BPDpwq. In §6, we describe one conjecture that
extends the chain formulas of Sw to double Schubert polynomials.

2 Background

2.1 Fomin-Stanley construction

A reduced word of w P Sn is a word i1i2 ¨ ¨ ¨ il such that w “ si1 ¨ ¨ ¨ sil and l is minimized.
One can read off a reduced word of w from every P P PDpwq as follows: Go through its
crossings from top to bottom and right to left in each row. For a crossing in row r column
c, read off r ` c ´ 1. For instance, the PD in Example 1.1 gives 41324 which is a reduced
word of r2, 5, 1, 4, 3s.
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The nil-Coexter algebra Nn is generated by u1, ¨ ¨ ¨ , un´1 satisfying:

$

’

&

’

%

u2
i “ 0,

uiuj “ ujui if |i ´ j| ě 2 ,
uiui`1ui “ ui`1uiui`1 if i P rn ´ 2s.

Consider a “ ui1 ¨ ¨ ¨ uil P Nn, we have a ‰ 0 if and only if i1 ¨ ¨ ¨ il is a reduced word of
some w P Sn. In this case, a “ uj1 ¨ ¨ ¨ ujl1 if and only if j1 ¨ ¨ ¨ jl1 is a reduced word for the
same w. Fomin and Stanley [6] defined the following elements in Qrx1, ¨ ¨ ¨ , xn´1s bNn:

Aipxiq :“ p1 ` xiun´1qp1 ` xiun´2q ¨ ¨ ¨ p1 ` xiuiq for i P rn ´ 1s, and

SPD :“ A1px1qA2px2q ¨ ¨ ¨ An´1pxn´1q.

Combinatorially, SPD “
ř

P xwtpPqui1 ¨ ¨ ¨ uil where the sum runs over all PD and i1 ¨ ¨ ¨ il is
the reduced word read off from the PD. Algebraically, Fomin and Stanley showed that

SPD
“

ÿ

wPSn

Swui1 ¨ ¨ ¨ uil , (2.1)

where i1 ¨ ¨ ¨ il is an arbitrary reduced word of w. This formula would imply the PD
formula in Theorem 1.2. Fomin and Stanley proved (2.1) by showing BipS

PDq “ SPDui for
any i P rn ´ 1s. This equation then reduces to BipRipxiqRi`1pxi`1qq “ RipxiqRi`1pxi`1qui.
In §4, we present the BPD analogue of (2.1) and establish our equation in a similar way.

2.2 Bruhat order

For 1 ď i ă j ď n, we use ti,j to denote the permutation that swaps i and j. For w P Sn,
let ℓpwq :“ |tpi, jq : i ă j, wpiq ą wpjq|. Let ď be the Bruhat order on Sn, where the cover
relation is given by u Ì w if w “ uti,j and ℓpwq “ ℓpuq ` 1. We say C “ pw1, w2, ¨ ¨ ¨ , wdq is
a Bruhat chain from w1 to wd if w1 ď w2 ď ¨ ¨ ¨ ď wd. The length of C is d ´ 1. The weight
of C, denoted as wtpCq, is a sequence of length d ´ 1 where the ith entry is ℓpwi`1q ´ ℓpwiq.
The chain is saturated if w1 Ì w2 Ì ¨ ¨ ¨ Ì wd. We may represent a saturated chain as

w1
ta1,b1
ÝÝÝÑ w2

ta2,b2
ÝÝÝÑ ¨ ¨ ¨

tad´1,bd´1
ÝÝÝÝÝÝÑ wd,

where ai ă bi and wi`1 “ witai,bi .
Take k P rn ´ 1s. We use ďk to denote the k-Bruhat order on Sn. Its cover relation

is given by u Ìk w if u Ì w and w “ uti,j for some i ď k ă j. Similarly, we can define
k-Bruhat chains and saturated k-Bruhat chains. For simplicity, we say “k-chains” in place
of “k-Bruhat chains”. The k-Bruhat order can be used to describe the Monk’s rule [15]:
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Swpx1 ` ¨ ¨ ¨ ` xkq “
ř

wÌku Su for any w P Sn and k P rn ´ 1s such that wpjq “ n for some
j ą k. Sottile generalized the Monk’s rule by considering multiplying Sw with

hdpx1, ¨ ¨ ¨ , xkq :“
ÿ

1ďi1ď¨¨¨ďidďk

xi1 ¨ ¨ ¨ xid ,

where k P rn ´ 1s and d P Zą0. Say a saturated k-chain w1
ta1,b1
ÝÝÝÑ w2

ta2,b2
ÝÝÝÑ ¨ ¨ ¨

tad´1,bd´1
ÝÝÝÝÝÝÑ wd

is increasing if w1pa1q ă w2pa2q ă ¨ ¨ ¨ ă wd´1pad´1q. In other words, the smaller number
swapped is increasing. It is not hard to show for any u, w P Sn and k P rn ´ 1s, there is at
most one increasing k-chain from u to w.

Theorem 2.1. [16] Take u P Sn and d P Zě0. For any k P rn ´ 1s such that n, n ´ 1, ¨ ¨ ¨ , n ´

d ` 1 are among wpk ` 1q, ¨ ¨ ¨ , wpnq, then

Su ˆ hdpx1, ¨ ¨ ¨ , xkq “
ÿ

w
Sw.

The sum is over all w such that there is an increasing k-chain from u to w with length d.

Lenart and Sottile [14] view PDs as certain Bruhat chains. We introduce the following
definition to describe their chains in a more general way.

Definition 2.2. We say a Bruhat chain C “ pw1, w2, ¨ ¨ ¨ , wl, wl`1q is compatible with a
sequence pk1, ¨ ¨ ¨ , klq if there exists an increasing ki-chain from wi to wi`1 for each i P rls.

Lenart and Sottile [14] described a bijection from PDpwq to chains from w to w0
compatible with p1, 2, ¨ ¨ ¨ , n ´ 1q: Take P P PDpwq. For i P rns, let Pi be the pipedream
obtained from P by changing all bumps above row i into crossings. Let wi be the
permutation associated with Pi. Then pw1, ¨ ¨ ¨ , wnq is the resulting chain. In addition, if
we change bumps in row i of Pi into crossings from left to right, permutations of the
intermediate pipedreams will form the increasing i-chain from wi to wi`1.

Example 2.3. Let P be the pipedream in Example 1.1. Then its corresponding chain is
pr2, 5, 1, 4, 3s, r5, 3, 1, 4, 2s, r5, 4, 1, 3, 2s, r5, 4, 3, 2, 1s, r5, 4, 3, 2, 1sq. The increasing 1-chain from

r2, 5, 1, 4, 3s to r5, 3, 1, 4, 2s is given by: r2, 5, 1, 4, 3s
t1,5
ÝÝÑ r3, 5, 1, 4, 2s

t1,2
ÝÝÑ r5, 3, 1, 4, 2s.

If a pipedream P is sent to the chain C, then wtpCq “ pn ´ 1, ¨ ¨ ¨ , 1q ´wtpPq where the
subtraction is entry-wise. Thus, this bijection recovers a result of Bergeron and Sottile:

Corollary 2.4. [2] For w P Sn, Sw “
ř

C xpn´1,¨¨¨ ,1q´wtpCq, where the sum is over all chains
from w to w0 compatible with p1, 2, ¨ ¨ ¨ , n ´ 1q.

We end this section by extending Corollary 2.4 using the following observation:

Proposition 2.5. Pick u, w P Sn, k1, k2 P rn ´ 1s and d1, d2 P Zě0. The number of chains from
u to w compatible with pk1, k2q and has weight pd1, d2q matches the number of chains from u to w
compatible with pk2, k1q and has weight pd2, d1q.
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Proof. By Theorem 2.1, the number of chains pu, v, wq compatible with pk1, k2q and has
weight pd1, d2q is the coefficient of Sw in Su ˆ hd1px1, ¨ ¨ ¨ , xk1qˆ hd2px1, ¨ ¨ ¨ , xk2q. The proof
is finished by the commutativity of polynomial multiplication.

Since we have two sets with the same size, it would be natural to ask:
Problem 2.6. Find an explicit bijection between the two set of chains in Proposition 2.5.

In §5, we show Lenart’s growth diagram [13] solves Problem 2.6 in a special case.
Combining Corollary 2.4 and Proposition 2.5, we deduce:

Corollary 2.7. Take w P Sn and γ P Sn´1. If pd1, ¨ ¨ ¨ , dn´1q is a sequence of numbers, let
γ´1pd1, ¨ ¨ ¨ , dn´1q :“ pdγ´1p1q, ¨ ¨ ¨ , dγ´1pn´1qq. We also view γ as a sequence of numbers. Then

Sw “
ř

C xpn´1,¨¨¨ ,1q´γ´1pwtpCqq, summing over all chains from w to w0 compatible with γ.

This corollary implies that we have a combinatorial formula of Sw involving Bruhat
chains for each choice of γ P Sn´1. Under Lenart and Sottile’s bijection, the PD formula is
identified with the Bruhat chain formula when γ “ r1, 2, ¨ ¨ ¨ , n ´ 1s. In §3, we identify the
BPD formula with the Bruhat chain formula when γ “ rn ´ 1, n ´ 2, ¨ ¨ ¨ , 1s.

3 Encoding BPDs as flagged tableaux and chains

We first encode each BPD as the following combinatorial object.
Definition 3.1. A flagged tableau is a staircase grid with a cell in row i column j if i ` j ď n.
Moreover, each cell in row i is empty or filled with a number in ris.

We define an encoding map Φ from BPDpwq to the set of flagged tableaux.
Definition 3.2. Take D P BPDpwq for some w P Sn. For i P rns, there are pi ´ 1q pipes exiting
from the top from row i of D, so there are pi ´ 1q , and . We mark these cells, and
then mark the rightmost unmarked cell in row i. There will be n ´ i unmarked cells. To

fill the cell in row i column j of ΦpDq, we look at the j
th

leftmost unmarked cell in row i
of D. If it is a blank, we leave the cell in ΦpDq unfilled. Otherwise, it contains a pipe that
ends in row p for some p ď i. We fill the cell in ΦpDq by p.
Example 3.3. Assume n “ 6. Take D P BPDpr2, 1, 6, 5, 3, 4sq as depicted on the left. Then
we perform the encoding algorithm and mark certain cells red. Finally, we obtain ΦpDq.

ΦpDq =

1 1

1 2

2 2 2

1

5
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To precisely describe the image of BPDpwq under Φ, we need the following definition.
Definition 3.4. The reading word of a flagged tableau T, denoted as wordpTq, is a sequence
of pairs obtained as follows. Go through entries of T from top to bottom, and right to left
in each row. When we see the number i in column c, we write the pair pi, n ` 1 ´ cq.

By the definition of flagged tableaux, for each pair in the reading word, the first entry
is smaller than the second.
Example 3.5. In Example 3.3, wordpΦpDqq “ p1, 2qp1, 3qp2, 3qp1, 4qp2, 4qp2, 5qp2, 6qp1, 6qp5, 6q.

Let T be a flagged tableau with reading word pa1, b1q, ¨ ¨ ¨ , pad, bdq. For i P rds, we let
wi “ w0ta1,b1 ¨ ¨ ¨ tai,bi . Then we say T is associated with the permutation wd if

wd
tad ,bd
ÝÝÝÑ wd´1

tad´1,bd´1
ÝÝÝÝÝÝÑ ¨ ¨ ¨

ta2,b2
ÝÝÝÑ w1

ta1,b1
ÝÝÝÑ w0

is a saturated Bruhat chain. Let FTpwq consist of all flagged tableaux associated with w.
Example 3.6. In Example 3.3, ΦpDq is associated with r2, 1, 6, 5, 3, 4s because:

r2, 1, 6, 5, 3, 4s
t5,6
ÝÝÑ r2, 1, 6, 5, 4, 3s

t1,6
ÝÝÑ r3, 1, 6, 5, 4, 2s

t2,6
ÝÝÑ r3, 2, 6, 5, 4, 1s

t2,5
ÝÝÑ r3, 4, 6, 5, 2, 1s

t2,4
ÝÝÑr3, 5, 6, 4, 2, 1s

t1,4
ÝÝÑ r4, 5, 6, 3, 2, 1s

t2,3
ÝÝÑ r4, 6, 5, 3, 2, 1s

t1,3
ÝÝÑ r5, 6, 4, 3, 2, 1s

t1,2
ÝÝÑ r6, 5, 4, 3, 2, 1s

is a saturated Bruhat chain from r2, 1, 6, 5, 3, 4s to w0. Notice that D P BPDpr2, 1, 6, 5, 3, 4sq.
For a flagged tableau T, define the weight of T, denoted as wtpTq, to be a sequence of

n ´ 1 numbers whose ith entry is the number of blanks in row i. Then we have:

Proposition 3.7. For w P Sn, Φ is a weight-preserving bijection from BPDpwq to FTpwq.

We may turn T into a chain compatible with pn ´ 1, ¨ ¨ ¨ , 2, 1q as follows. Suppose
T has reading word pa1, b1q, ¨ ¨ ¨ , pad, bdq and set wi “ w0ta1,b1 ¨ ¨ ¨ tai,bi for i P rds. Let mi
be the number of non-empty cells above row i ` 1 of T for i “ 0, 1. ¨ ¨ ¨ , n ´ 1. Clearly,
pwmi , wmi´1, ¨ ¨ ¨ , wmi´1q is an i-chain. Moreover, we can check it is an increasing i-chain.
Then define chainpTq :“ pwmn´1 , ¨ ¨ ¨ , wm1 , w0q, which is compatible with pn ´ 1, ¨ ¨ ¨ , 2, 1q.
Example 3.8. Let T be the ΦpDq in Example 3.3. Then chainpTq is

pr2, 1, 6, 5, 3, 4s, r2, 1, 6, 5, 4, 3s, r3, 1, 6, 5, 4, 2s, r3, 5, 6, 4, 2, 1s, r4, 6, 5, 3, 2, 1s, r6, 5, 4, 3, 2, 1sq.

Theorem 3.9. The map chainp¨q is a bijection from FTpwq to Bruhat chains from w to w0
compatible with pn ´ 1, ¨ ¨ ¨ , 2, 1q. Consequently, chain ˝ Φ is a bijection from BPDpwq to such
chains.

The bijection chain ˝ Φ is an analogue of Lenart and Sottile’s bijection [14] on PDpwq.
Notice that for D P BPDpwq, if wtpDq “ pα1, ¨ ¨ ¨ , αn´1q then

wtpchainpΦpDqqq “ p1 ´ αn´1, ¨ ¨ ¨ , n ´ 2 ´ α2, n ´ 1 ´ α1q.

Thus, we have identified the BPD formula of Sw with the Bruhat chain formula in
Corollary 2.7 with γ “ rn ´ 1, ¨ ¨ ¨ , 2, 1s.
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4 Analogue of Fomin-Stanley construction on BPDs

We now construct SBPD, our analogue of SPD, as a generating function of the flagged
tableaux, or equivalently BPDs. Instead of the nil-Coexter algebra Nn, our construction
uses the Fomin-Kirillov algebra [5] En, generated by tdi,j : 1 ď i ă j ď nu satisfying:

$

’

’

’

’

&

’

’

’

’

%

d2
i,j “ 0 if i ă j ,

di,jdj,k “ di,kdi,j ` dj,kdi,k if i ă j ă k ,
dj,kdi,j “ di,jdi,k ` di,kdj,k if i ă j ă k ,
di,jdk,l “ dk,ldi,j if i ă j, k ă l and i, j, k, l distinct.

Fomin and Kirillov described an action of En on QrSns. In this paper, we adopt a
slightly different convention and consider a right action of En on QrSns. For w P Sn,

w d di,j :“

#

wti,j if wti,j Ì w
0 otherwise.

Define A :“ Qrx1, ¨ ¨ ¨ , xn´1s b En. It acts on Qrx1, ¨ ¨ ¨ , xn´1srSns from the right: p f wq d

pg b eq “ p f gqpw d eq for any f , g P Qrx1, ¨ ¨ ¨ , xn´1s, w P Sn and e P En. We may identify
En and Qrx1, ¨ ¨ ¨ , xn´1s as subalgebras of A.

Definition 4.1. Take i P rn ´ 1s. For i ă j, define Bi,j P En as Bi,j :“ d1,j ` ¨ ¨ ¨ ` di,j.
Define Ripxiq P A as Ripxiq :“ pxi ` Bi,i`1qpxi ` Bi,i`2q ¨ ¨ ¨ pxi ` Bi,nq. Finally, define SBPD

P Qrx1, ¨ ¨ ¨ xn´1srSns as SBPD :“ w0 d pR1px1qR2px2q ¨ ¨ ¨ Rn´1pxn´1qq.

We show SBPD is a generating function of flagged tableaux, or equivalently all BPDs:

Proposition 4.2. We have

SBPD
“

ÿ

wPSn

ÿ

TPFTpwq

xwtpTqw “
ÿ

wPSn

ÿ

DPBPDpwq

xwtpDqw.

Proof. If we expand Ripxiq, each term corresponds to one way of filling row i of a flagged
tableau. The expression pxi ` Bi,jq in Ripxiq corresponds to ways of filling the cell at row i
and column n ` 1 ´ j: xi means to leave the box empty and dp,j means to fill it with p. If
we expand R1px1q ¨ ¨ ¨ Rn´1pxn´1q, for each term xαda1,b1 ¨ ¨ ¨ dak,bk

, there is a flagged tableau
T with wtpTq “ xα and wordpTq “ pa1, b1q ¨ ¨ ¨ pak, bkq. Let w “ w0 d da1,b1 ¨ ¨ ¨ dak,bk

. If w “ 0,
we know T is not associated with any permutation. Otherwise, T P FTpwq. Thus, we have
the first equation. The second equation follows from Proposition 3.7.

Now we establish the BPD analogue of (2.1).

Theorem 4.3. We have SBPD “
ř

wPSn
Sww.
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Our proof is similar to the arguments of Fomin and Stanley. Consider a right action
of Nn on Sn with w d ui “ wti,i`1 if wpiq ă wpi ` 1q and w d ui “ 0 otherwise. We may
extend this action to Qrx1, ¨ ¨ ¨ , xn´1srSns by setting f d ui “ f for all f P Qrx1, ¨ ¨ ¨ , xn´1s.
Similar to Fomin and Stanley’s approach, Theorem 4.3 reduces to:

Proposition 4.4. For each i P rn ´ 1s, BipSq “ Sd ui.

Proof Sketch. The left hand side is just w0 d R1px1q ¨ ¨ ¨ BipRipxiqRi`1pxi`1qq ¨ ¨ ¨ Rn´1pxn´1q.
We turn the right hand side into w0 d R1px1q ¨ ¨ ¨ Ripxiq ui,i`1 Ri`1pxi`1q ¨ ¨ ¨ Rn´1pxn´1q.
Then we show w0 d R1px1q ¨ ¨ ¨ Ri´1pxi´1q is in the span of terms xαw where xα is a
monomial involving x1, ¨ ¨ ¨ , xi´1 and w P Sn satisfies wpi ` 1q ą ¨ ¨ ¨ ą wpnq. We just need

xαw d BippRipxiqRi`1pxi`1qq “ xαw d Ripxiq ui,i`1 Ri`1pxi`1q for such xαw.

We then establish this equation via a complicated but routine computation.

Fomin and Kirillov [4] defined the Dunkl element θi :“ ´
ř

jăi dj,i `
ř

jąi di,j P En for
i P rns. They showed the Dunkl elements θ1, ¨ ¨ ¨ , θn commute with each other. We end
this subsection by providing an alternative way to write SBPD using Dunkl elements.

Proposition 4.5. We have SBPD “ w0 d
ś

1ďiăjďnpxi ´ θjq. Notice that terms multiplied on
the right hand side commute with each other, so the

ś

notation makes sense.

Remark 4.6. Sergey Fomin kindly informed the author that w0 d
ś

1ďiăjďnpxi ´ θjq seems
related to the following variation of Cauchy identity of Schubert polynomials:

ź

1ďiăjďn

pxi ´ yjq “
ÿ

wPSn

Swpx1, ¨ ¨ ¨ , xn´1qSww0p´yn, ¨ ¨ ¨ ,´y2q. (4.1)

Indeed, by the Monk’s rule, (4.1) is equivalent to w0 d
ś

1ďiăjďnpxi ´ θjq “
ř

wPSn
Sww. In

other words, Theorem 4.3 and Proposition 4.5 form an alternative proof of (4.1).

5 Bijection between pipedreams and bumpless pipedreams

In this section, we present a weight preserving bijection between PDpwq and BPDpwq.
By [14] and Theorem 3.9, we just need a weight reversing bijection between chains from
w to w0 compatible with p1, ¨ ¨ ¨ , n ´ 1q and those compatible with pn ´ 1, ¨ ¨ ¨ , 1q.

This task can be done by Lenart’s growth diagram [13], which can be viewed as the
following algorithm. Given k1, k2 P rn ´ 1s and chains C1, C2, where C1 (resp. C2) is a
saturated k1-chain from u to v (resp. k2-chain from v to w), the algorithm outputs a
saturated k2-chain from u to v1 and a saturated k1-chain from v1 to w. Moreover, the
k1-chain (resp. k2-chain) in the output has the same length as C1 (resp. C2).
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Assume C1 “ pu1, ¨ ¨ ¨ , ud1q and C2 “ pw1, ¨ ¨ ¨ , wd2q where ud1 “ w1. We first draw:

u1
k1
ÝÑ u2

k1
ÝÑ ¨ ¨ ¨

k1
ÝÑ ud1´1

k1
ÝÑ w1

k2
ÝÑ w2

k2
ÝÑ ¨ ¨ ¨

k2
ÝÑ wd2 .

We start from this labeled chain and apply a local move: Find a part of the chain that

looks like a k1
ÝÑ b k2

ÝÑ c. We must have a Ìk1 b Ìk2 c. There exists a unique b1 P Sn such that

b1 ‰ b and a Ì b1 Ì c. If a Ìk2 b1 Ìk1 c, we replace this part of the chain by a k2
ÝÑ b1 k1

ÝÑ c.

Otherwise, we must have a Ìk2 b1 Ìk1 c and we replace this part by a k2
ÝÑ b k1

ÝÑ c. We keep
applying this local move until the labeled chain looks like:

u1
1

k2
ÝÑ u1

2
k2
ÝÑ ¨ ¨ ¨

k2
ÝÑ u1

d2´1
k2
ÝÑ w1

1
k1
ÝÑ w1

2
k1
ÝÑ ¨ ¨ ¨

k1
ÝÑ w1

d1
.

Then we output the k2-chain pu1
1, ¨ ¨ ¨ , u1

d2´1, w1
1q and the k1-chain pw1

1, ¨ ¨ ¨ , w1
d1
q.

Example 5.1. Say the inputs are: k1 “ 2, k2 “ 3, C1 “ pr2, 1, 4, 3s, r2, 4, 1, 3s, r3, 4, 1, 2sq, and
C2 “ pr3, 4, 1, 2s, r3, 4, 2, 1sq. We start from the following labeled chain and apply local
moves:

r2, 1, 4, 3s 2
ÝÑ r2, 4, 1, 3s 2

ÝÑ r3, 4, 1, 2s 3
ÝÑ r3, 4, 2, 1s.

r2, 1, 4, 3s 2
ÝÑ r2, 4, 1, 3s 3

ÝÑ r2, 4, 3, 1s 2
ÝÑ r3, 4, 2, 1s,

r2, 1, 4, 3s 3
ÝÑ r2, 3, 4, 1s 2

ÝÑ r2, 4, 3, 1s 2
ÝÑ r3, 4, 2, 1s.

Therefore, the outputs are pr2, 1, 4, 3s, r2, 3, 4, 1sq and pr2, 3, 4, 1s, r2, 4, 3, 1s, r3, 4, 2, 1sq.

We may use Lenart’s growth diagram to define a map growthk1,k2
.

Definition 5.2. Take a chain pu, v, wq that is compatible with pk1, k2q. Let C1 (resp. C2) be
the increasing k1-chain (resp. k2-chain) from u to v (resp. v to w). Input C1, C2, k1, k2 to
Lenart’s growth diagram, obtaining a k2-chain from u to v1 and a k1-chain from v1 to w.
Then define growthk1,k2

pu, v, wq as pu, v1, wq.

The map growthk1,k2
does not solve Problem 2.6. When pu, v, wq is compatible with

pk1, k2q, growthk1,k2
pu, v, wq might not be compatible with pk2, k1q: By Example 5.1, we have

growth2,3pr2, 1, 4, 3s, r3, 4, 1, 2s, r3, 4, 2, 1sq “ pr2, 1, 4, 3s, r2, 3, 4, 1s, r3, 4, 2, 1sq,

which is not compatible with p3, 2q, but pr2, 1, 4, 3s, r3, 4, 1, 2s, r3, 4, 2, 1sq is compatible with
p2, 3q. Nevertheless, growthk1,k2

solves Problem 2.6 in the following special case.

Lemma 5.3. Take 1 ď k2 ă k1 ď n ´ 1 and u, w P Sn such that wpk1 ` 1q ą wpk1 ` 2q ą ¨ ¨ ¨ ą

wpnq and wpjq “ n ` 1 ´ j for each j P rk2s. Then growthk1,k2
is a weight reversing bijection from

chains pu, v, wq compatible with pk1, k2q to chains pu, v1, wq compatible with pk2, k1q.
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Now we use growthk1,k2
to derive a map Growth. This map is defined on a chain

C “ pwn, ¨ ¨ ¨ , w1q from w to w0 compatible with pn ´ 1, ¨ ¨ ¨ , 2, 1q. It first applies growth2,1,
growth3,1, ¨ ¨ ¨ , growthn´1,1 to get a chain compatible with p1, n ´ 1, ¨ ¨ ¨ , 2q. Then it applies
growth3,2, ¨ ¨ ¨ , growthn´1,2 to get a chain compatible with p1, 2, n ´ 1, ¨ ¨ ¨ , 3q. Eventually, it
produces a chain compatible with p1, 2, ¨ ¨ ¨ , n ´ 1q defined as GrowthpCq. We can check
when we apply each growthk1,k2

, the condition in Lemma 5.3 is satisfied.

Proposition 5.4. For w P Sn, the map Growth is a weight-reversing bijection from tchains from
w to w0 compatible with pn ´ 1, ¨ ¨ ¨ , 1qu to tchains from w to w0 compatible with p1, ¨ ¨ ¨ , n ´ 1qu.

By [14] and Theorem 3.9, Growth leads to a weight preserving bijection between PDpwq

and BPDpwq, which we conjecture agrees with the bijection of Gao-Huang [7].

Example 5.5. Consider the chain pr2, 1, 4, 3s, r2, 3, 4, 1s, r2, 4, 3, 1s, r4, 3, 2, 1sq which is com-
patible with p3, 2, 1q and has weight p1, 1, 2q. We apply growth2,1 and then growth3,1 to
get pr2, 1, 4, 3s, r4, 1, 3, 2s, r4, 2, 3, 1s, r4, 3, 2, 1sq which is compatible with p1, 3, 2q and has
weight p2, 1, 1q. Finally, use growth3,2 to get pr2, 1, 4, 3s, r4, 1, 3, 2s, r4, 3, 1, 2s, r4, 3, 2, 1sq which
is compatible with p1, 2, 3q and has weight p2, 1, 1q.

6 Extending Corollary 2.7 to double Schubert polynomials

The double Schubert polynomial Swpx, yq is in x1, ¨ ¨ ¨ , xn´1 and y1, ¨ ¨ ¨ , yn´1. It recovers Sw
after setting each yi to 0 and can be computed using PDs and BPDs: For P P PDpwq (resp.
BPDpwq), let WTpPq be the product over (resp. ) in P, where the tile in row i column
j gives pxi ´ yjq. By [9, 17], Swpx, yq “

ř

PPPDpwqWTpPq “
ř

PPBPDpwqWTpPq.
Take γ P Sn´1 and let C “ pw1, ¨ ¨ ¨ , wnq be a chain compatible with γ. Define WTγpCq

as
śn´1

i“1
ś

tpxγi ´ ywiptqq, where t runs over all t ą γi such that wiptq “ wi`1ptq. After
setting all yi to 0, WTγpCq recovers xpn´1,¨¨¨ ,1q´γ´1pwtpCqq. The following conjecture extends
Corollary 2.7 and has been checked for all w P Sn for n ď 8 and all γ P Sn´1:

Conjecture 6.1. For γ P Sn´1, we have Sw px, yq “
ř

C:chain from w to w0 compatible with γ WTγpCq.

This conjecture agrees with the PD and BPD formula when γ “ r1, ¨ ¨ ¨ , n ´ 1s and
γ “ rn ´ 1, ¨ ¨ ¨ , 1s respectively via the bijections in [14] and Theorem 3.9.
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Abstract. Björner and Ekedahl [Ann. of Math. (2), 170.2(2009), pp. 799-817] pioneered
the study of length-counting sequences associated with parabolic lower Bruhat inter-
vals in crystallographic Coxeter groups. In this extended abstract, we study the asymp-
totic behavior of these sequences in affine Weyl groups. Let W be an affine Weyl group
with corresponding Weyl group W f , and f W be the set of minimal representatives for
the right cosets W f \W. Let tλ be the translation by a dominant coroot lattice element
λ and f btλ

i be the number of elements of length i below tλ in the Bruhat order on
f W, which is the 2i-dimensional Betti number of a Schubert variety in a certain affine
Grassmannian. We show that the sequence { f btλ

i }i is “asymptotically log-concave” in
the following sense: the “shape” of the k-fold dilated sequence { f btkλ

i }i, as k tends to
infinity, converges to a continuous function obtained from a certain polytope Pλ; by
the Brunn–Minkowski inequality, this function is log-concave.

Keywords: asymptotic log-concavity, affine Weyl group, dominant Bruhat intervals,
dominant lattice formula, Brunn–Minkowski inequality

1 Background

Studying classes of Schubert varieties in the cohomology ring of the generalized flag
variety leads to important results in enumerative geometry (the classical “Schubert cal-
culus”), while the study of their intersection cohomology plays a fundamental role in
representation theory (the “Kazhdan–Lusztig theory”). Following Björner and Ekedahl
[1], we are interested in the behavior of the Betti numbers of Schubert varieties.

More precisely, consider a complex Kac–Moody group G with Borel subgroup B and
maximal torus T. The corresponding Weyl group W has the structure of a crystallo-
graphic Coxeter system (W, S), where S is the generating set, and we denote by ` : W →
N the length function. For any J ⊂ S, there is a parabolic subgroup WJ := 〈s ∈ J〉 of W
and a corresponding subgroup PJ := BWJ B of G.

The quotient PJ\G is a projective (ind-)variety called the generalized (partial) flag va-
riety. We have the well-known Bruhat decomposition PJ\G =

⊔
w∈JW PJ\PJwB, where

∗huhongsheng@amss.ac.cn

mailto:huhongsheng@amss.ac.cn
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JW is the set of minimal representatives for the right cosets WJ\W. The component
Cw := PJ\PJwB is called the Schubert cell associated with w ∈ JW. Topologically, Cw is an
`(w)-dimensional affine space A`(w). Its closure Xw := Cw is called the Schubert variety
associated with w. There is a partial order ≤ on JW called the Bruhat–Chevalley order
defined by v ≤ w if Cv ⊆ Xw. Furthermore, we have the decomposition

Xw =
⊔

v∈JW,v≤w
PJ\PJvB. (1.1)

Question 1. How many complex i-dimensional cells occur in the decomposition (1.1) of Xw?

Let us denote this number by Jbw
i . Equation (1.1) gives the equality

Jbw
i = Card

{
v ∈ JW

∣∣ v ≤ w and `(v) = i
}

, (1.2)

which also equals the 2i-dimensional Betti number of Xw (the odd dimensional Betti
numbers of Xw are 0).

Question 1 is difficult to answer in general. If Xw is smooth, the Poincaré duality
implies that Jbw

i = Jbw
`(w)−i. While the hard Lefschetz theorem implies that the sequence

{Jbw
i }i is unimodal, that is, it goes up and then goes down. But Xw is singular in general,

hence Poincaré duality and hard Lefschetz theorem usually fail. By means of deep re-
sults in Hodge theory, Björner and Ekedahl [1] showed that the sequence {Jbw

i }i satisfies
the following two sets of inequalities

Jbw
i ≤

Jbw
`(w)−i for i ≤ `(w)

2
, and Jbw

0 ≤ Jbw
1 ≤ · · · ≤

Jbw⌈
`(w)

2

⌉
−1
≤ Jbw⌈

`(w)
2

⌉. (1.3)

The first set of inequalities is rephrased as the sequence being top-heavy, while the second
is the fact that the sequence is weakly increasing in the “lower half part”.

Some variants of Question 1 have been studied. By Equation (1.2), one can formulate
an analog of Question 1 for general Coxeter groups. Using Soergel bimodules and the
Hodge theory established by Elias and Williamson in [11], it is proven that the inequali-
ties in (1.3) hold for a general Coxeter group W in the non-parabolic case (that is, J = ∅,
see [15]). For the parabolic case, we believe that a proof of these inequalities should
follow from the Hodge theory of singular Soergel bimodules [18]. On the other hand, in
the context of Schubert varieties of hyperplane arrangements, Huh and Wang [14], and
Braden et al. [3] proved Dowling and Wilson’s “Top-Heavy conjecture” for matroids.

Despite these great achievements, the unimodality of {Jbw
i }i for the “upper half part”

remains an interesting open problem. To the best of our knowledge, there is no partial
result yet. However, conjectures related to this problem have been made. Before we get
into these, let us recall that a sequence a0, a1, . . . , an of positive real numbers is said to be
log-concave if

ai−1ai+1 ≤ a2
i for all 0 < i < n.
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This notion is stronger than unimodality: a log-concave sequence is always unimodal.
Regarding log-concavity of Bruhat intervals, Brenti conjectured the following:

Conjecture 2 ([4, Conjecture 2.11]). Let W be a (finite) Weyl group, and u, v ∈ W. The
sequence {b[u,v]

i }i is log-concave, where b[u,v]
i := Card {w ∈W | u ≤ w ≤ v and `(w) = i}.

It is known that the parabolic analog of Conjecture 2 does not hold. For example, the
Betti numbers of the Schubert variety X(8,8,4,4) inside the Grassmannian Gr(4, 12) gives
a non-unimodal sequence. See [20] for details.

2 Our results

Let W = ZΦ∨oW f be an affine Weyl group with finite Weyl group W f and root system
Φ of rank r. Let (E, (−|−)) be the r-dimensional Euclidean space where Φ lives in. Let
f W be the set of minimal representatives for the right cosets W f \W. Denote by C+ the
dominant Weyl chamber. Let λ ∈ ZΦ∨ ∩ C+ be a dominant coroot lattice element, and
tλ ∈ W be the translation by λ. Let f [e, tλ] := {w ∈ f W | w ≤ tλ} be the dominant lower
Bruhat interval. For 0 ≤ i ≤ `(tλ), we define

f btλ
i := Card

{
w ∈ f [e, tλ]

∣∣ `(w) = i
}

.

This is the 2i-dimensional Betti number of a (spherical) Schubert variety in the affine
Grassmannian Gr := G(F)/G(O), where F = C((t)), O = C[[t]], and G is the semisim-
ple and simply connected complex algebraic group with root system Φ. We prove that
the sequence { f btλ

i }i is asymptotically log-concave in the following sense:

• The “shape” of the length-counting sequences of the dilated intervals f [e, tkλ] con-
verges to a continuous function when k tends to infinity (Theorem 3).

• This continuous function is log-concave (Corollary 7).

2.1 Asymptotic convergence

Let λ ∈ ZΦ∨ ∩ C+ be a fixed dominant lattice element. We define the convex polytope

Pλ := Conv{wλ | w ∈W f } ∩ C+ ⊂ E,

where Conv{−} is the convex hull of a set of points. Let ht : Pλ → R be the height
function ht(x) := (2ρ|x), where ρ is the half sum of positive roots. In particular, ht(λ) =
`(tλ). We denote by Volr the Lebesgue measure on E and by ht∗Volr the corresponding
push-forward measure on R. That is, for any Borel set U ⊆ R,

(ht∗Volr)(U) := Volr(ht−1 U) = Volr
({

x ∈ Pλ
∣∣ (2ρ|x) ∈ U

})
.
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We also denote by Volr−1 the Lebesgue measure on affine hyperplanes of E. Then, the
density function of ht∗Volr is

g(z) = ‖2ρ‖−1 Volr−1(ht−1(z)).

Let δx denote the Dirac measure (that is, point mass) at the point x ∈ R. For any
positive integer k, we define a discrete measure mk supported on [0, `(tλ)] by

mk := k−r ∑0≤i≤k`(tλ)
f btkλ

i δ i
k
. (2.1)

Intuitively, we distribute the sequence { f btkλ
i }i evenly on the interval [0, `(tλ)]. We also

define a step function Sk : [0, `(tλ)] → R as follows. For any x ∈ [0, `(tλ)], there exists a
unique i ∈ {0, 1, . . . , k`(tλ)} such that x ∈ [ i

k , i+1
k ). We define

Sk(x) := k−(r−1) · f btkλ
i .

The function Sk records the numbers { f btkλ
i }i and behaves like the “density function” of

mk. The following is our main theorem.

Theorem 3. Let Volr(A+) be the volume of the fundamental alcove A+.

(1) (Weak convergence of measures) The sequence of measures {mk}k, as k tends to infinity,
converges weakly to 1

Volr(A+)
ht∗Volr.

(2) (Uniform convergence of functions) The sequence of functions {Sk}k, as k tends to
infinity, converges uniformly to the function 1

Volr(A+)
g.

See Section 3 for an explicit example.

Remark 4. If λ is strongly dominant, that is, λ ∈ C+, then Pλ is combinatorially equivalent to
a hypercube (see [5]).

2.2 The dominant lattice formula

We define the Poincaré polynomial πtλ(q) of the sequence { f btλ
i }i by

πtλ(q) := ∑0≤i≤`(tλ)
f btλ

i qi = ∑w∈ f [e,tλ]
q`(w).

Let {α1, . . . , αr} be the set of simple roots of Φ, and {s1, . . . , sr} be the set of correspond-
ing simple reflections. For any µ ∈ ZΦ∨, we denote by Wµ the standard parabolic
subgroup of W f generated by {si | 1 ≤ i ≤ r, (µ|αi) = 0} and by µW f the set of minimal
representatives for the right cosets Wµ\W f . We also define the Poincaré polynomial µπ f (q)
of the set µW f by µπ f (q) := ∑w∈µW f

q`(w).
The following theorem is one of our most important results, and plays an important

role in the proof of Theorem 3.



Asymptotic log-concavity of dominant lower Bruhat intervals 5

Theorem 5 (Dominant lattice formula). Let λ ∈ ZΦ∨ ∩ C+ as before. Then

πtλ(q) = ∑µ∈Pλ∩ZΦ∨ q(2ρ|µ) · µπ f (q−1). (2.2)

This formula serves as a bridge between the discrete nature of { f btλ
i }i and the con-

tinuous nature of the geometry of Pλ. See Figure 1 for an illustration.

Description of two of the summands of the dominant lat-
tice formula when W is of affine type A2 and λ = 2α+ 3β,
where α := α∨1 and β := α∨2 . The yellow points are the lat-
tice points inside Pλ. The alcoves of the interval f [e, tλ]
are colored with dark blue. There are 6 dominant alcoves
arranged around the strongly dominant lattice point µ :=
2α + 2β, and 3 around ν := α + 2β which is on the wall.
The summand corresponding to µ in the formula is given
by q8 · µπ f (q−1) = q5 + 2q6 + 2q7 + q8. The terms of this
polynomial are colored orange and placed inside their
corresponding alcoves in the picture. The summand cor-
responding to ν is given by q6 · νπ f (q−1) = q4 + q5 + q6,
whose terms are colored with brown.

Figure 1: Illustration for the dominant lattice formula.

2.3 Log-concavity and a conjecture on unimodality

The following theorem taken from [17, p. 270] can be deduced from the classical Brunn–
Minkowski inequality.

Theorem 6 (Brunn–Minkowski, see [17, p. 270]). Let L1 be a real vector space and let M ⊂ L1
be a convex body. Let p : L1 → L2 be a linear transformation. Then

x 7→
(
Vol
(

p−1(x) ∩M
))1/(dim M−dim p(M))

is a concave function on p(M).

Applying the above theorem to the map ht : Pλ → R and taking logarithm (which is
a concave function), we have immediately the following corollary.

Corollary 7. The density function g of the measure ht∗Volr is log-concave, that is, log g is a
concave function.

Remark 8. The sequence { f btλ
i }i is not necessarily log-concave. For example, from the step

function in Figure 2a, we observe that the sequence contains the consecutive terms (4, 4, 5).
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We propose the following conjecture:

Conjecture 9. The sequence { f btλ
i }i is unimodal.

This conjecture has been tested for different choices of λ in affine Weyl groups of
rank ≤ 4 (and also type Ã5) with the help of SageMath.

3 An example of Theorem 3

Let W be the affine Weyl group associated with the root system Φ of type C3 and simple
roots ∆ = {α1, α2, α3}. Then, r = 3. Following [2, Plate III], we write α1 = ε1 − ε2,
α2 = ε2 − ε3, and α3 = 2ε3. Let

λ = 3α∨1 + 6α∨2 + 7α∨3 .

We have that ht(λ) = 32. For convenience, we define (a, b, c)Φ := aα∨1 + bα∨2 + cα∨3 . The
polytope Pλ is the convex polyhedron with six vertices given by

{(0, 0, 0)Φ, (3, 3, 3)Φ, (3, 5, 7)Φ, (3, 6, 6)Φ, (7/3, 14/3, 7)Φ, (3, 6, 7)Φ},

which is an example of a non-lattice polytope. Since ρ = (3, 5, 3)Φ, we get ||ρ|| =√
14. From [8, Equation 2.4], or by direct computations, we have that Vol3(A+) = 1/48.

In view of Theorem 3, the only missing ingredient to compute the limit function is
to determine the area function Vol2(ht−1(x)). From the theory of convex polytopes,
this function is a piece-wise quadratic polynomial and its exact form can be obtained
by Lagrange interpolation. We omit the details and just give a graph of the function
g/ Vol3(A+) in Figure 2d.

We can use Theorem 3 to give quick estimates of the terms in the sequence { f btkλ
i }i

when k is big enough. For instance, when k = 8, the value of f bt8λ
196 is virtually impossible

to obtain in a computer directly from definitions. Let us pick x = 24.5(= 196/8). From
our theorem we have

S8(24.5) = f bt8λ
196/82 ∼ 48g(24.5) = 389/30

giving f bt8λ
196 ∼ 829.86.

On the other hand, Theorem 5 gives the exact values of the terms in the sequence
{ f btkλ

i }i. We can compute the value of the function S8 (which takes a considerable time
to get in a computer.) In particular, we have f bt8λ

196 = 863. Our quick estimate of 829.86
from before was off by 3.84%. In various examples, we observed that the error of the
estimation decreases roughly linearly with the growth of k. See Figure 2 for the graphs
of the step functions S1, S2, and S8.



Asymptotic log-concavity of dominant lower Bruhat intervals 7

(a) Graph of S1. (b) Graph of S2.

(c) Graph of S8. (d) Graph of g/ Volr(A+).

Figure 2: In the affine Weyl group W of affine type C3, we consider λ = 3α∨1 + 6α∨2 +

7α∨3 . These pictures illustrate how the sequence of step functions Sk : [0, `(tλ)] → R

converges uniformly to the continuous function g/ Volr(A+).

4 Connections with asymptotic representation theory

The formulation of Theorem 3(1) borrows ideas from the construction of the now-called
Duistermaat–Heckman measure [13] and Okounkov’s work [16] on the asymptotic log-
concavity for multiplicities of representations. Let G be a compact connected Lie group
and λ be a dominant weight. In [13], Heckman constructed a discrete measure

∑µ dim V(kλ)µδµ
k

∑µ dim V(kλ)µ

supported on the weight polytope Conv{wλ | w ∈W f }, where dim V(kλ)µ is the weight
multiplicity of the irreducible representation of G with highest weight kλ. He proved that
this sequence of discrete measures, as k tends to infinity, converges weakly to the push-
forward of the Liouville measure of the coadjoint orbit of λ under the moment map. The
density function of the limit measure is a piecewise polynomial function [9] and Graham
proved that it is log-concave via Hodge–Riemann inequalities [12]. Later, Okounkov [16]
introduced the now-called Newton–Okounkov bodies to prove, in a similar weak limit
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sense, that for any reductive group G and any representation V of G, the multiplicities
of irreducible G-modules in the homogeneous coordinate ring of a G-stable irreducible
subvariety of P(V) are log-concave.

It is not hard to see the similarity between our construction (2.1) and the one of
Heckman, and it is indeed similar to the one of Okounkov. However, our proof technique
is quite different from theirs. Moreover, it is not obvious that our original cell-counting
problem has such a critical relation to the geometry of a convex polytope. Theorem 3(1)
is the analog of theirs, while a result like Theorem 3(2) is novel in this kind of setting.

5 Relation with Ehrhart’s theory

For an r-dimensional lattice polytope P (that is, all vertices of P are points of a given
lattice L), the Ehrhart polynomial [10] is a polynomial in k that counts the number of lattice
points in the k-fold dilation kP of P. The leading coefficient is equal to the r-dimensional
volume Volr(P) of P, divided by the volume d(L) of the fundamental region of the lattice
L. This implies that

Volr(P) = lim
k→∞

d(L) ·Card{lattice points in kP}
kr . (5.1)

If X is the toric variety corresponding to the normal fan of P, then P defines an ample
line bundle on X. The Ehrhart polynomial of P coincides with the Hilbert polynomial
of this line bundle, and the asymptotic result (5.1) is a consequence of the asymptotic
Riemann-Roch theorem [19, Tag 0BJ8].

The problem in our work is analogous to the one in Ehrhart’s theory, while we count
alcoves in each length rather than all lattice points in the polytope Pλ. When the polytope
Pλ is not a lattice polytope, it has no Ehrhart polynomial. We want to raise the following
question related to Theorem 3(2):

Question 10. Is f btkλ
ki a quasi-polynomial in k of degree (r− 1) for k sufficiently large, with

Volr−1(ht−1(i))
Volr(A+) · ‖2ρ‖

as the leading coefficient?

6 Main ideas in the proofs of Theorem 3 and Theorem 5

For complete proofs, see [6].

https://stacks.math.columbia.edu/tag/0BJ8
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6.1 Theorem 5

Our cell-counting problem can be translated into “counting alcoves” thanks to the nat-
ural bijection between the affine Weyl group W and the set of alcoves. In particular,
w ∈ f W if and only if the corresponding alcove Aw is dominant, that is, it is contained
in C+. On the other hand, we have the following well-known result.

Lemma 11. Suppose λ, µ ∈ ZΦ∨ ∩ C+. The following are equivalent:

(1) tµ ≤ tλ in the Bruhat–Chevalley order.

(2) µ ∈ Conv{wλ | w ∈W f }.

These facts motivate the definition of the polytope Pλ = Conv{wλ | w ∈ W f } ∩ C+.
They also lead to a description of the interval f [e, tλ] in terms of the lattice points in Pλ:

f [e, tλ] = {tµw ∈W | µ ∈ Pλ ∩ZΦ∨, w ∈ µW f }.

Then, the dominant lattice formula (Theorem 5) follows from comparing the lengths of
the elements on both sides of this equality.

6.2 Theorem 3

The following is the main geometric intuition in our proof of Theorem 3: a dominant
Bruhat interval can be realized as a bounded region—a union of finitely many alcoves—
inside C+; after dilating the lattice element λ of the interval f [e, tλ] and re-scaling the
region back, the alcoves in the region get smaller and smaller, and the region approaches
Pλ. This is illustrated in Figure 3. Other works relating Euclidean geometry and Bruhat
intervals in affine Weyl groups can be found in [8, 7].

The following corollary of Theorem 5 is crucial in the proof of Theorem 3:

Corollary 12. We define

π f (q) := ∑w∈W f
q`(w), πλ(q) = ∑µ∈Pλ∩ZΦ∨ q(2ρ|µ), πλ

+(q) = ∑µ∈Pλ∩ZΦ∨∩C+
q(2ρ|µ).

Then we have
πλ
+(q) · π f (q−1) ≤ πtλ(q) ≤ πλ(q) · π f (q−1), (6.1)

where the inequalities between these Laurent polynomials mean to be coefficient-wise.

Considering the coefficients in the inequality (6.1), we are able to approximate f btkλ
i

using the numbers

Card
(

Pλ ∩ 1
k

ZΦ∨ ∩ ht−1(y)
)

, (6.2)
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(a) The interval f [e, t2λ]. (b) The interval f [e, t6λ]. (c) The polytope Pλ.

Figure 3: Behavior of the intervals f [e, tkλ] when W is of affine type A2 and λ = 3α+ 4β,
where α := α∨1 and β := α∨2 . In each picture, the set of small triangles corresponds to
the set of alcoves. The coroot lattice is indicated by black bullets and the dominant
Weyl chamber is colored blue. In the first two pictures, the alcoves corresponding to
the elements in the intervals are filled with darker blue. So is the polytope Pλ in the
third picture.

where y runs over a particular set of numbers near i/k. For these y, it turns out that
(1

k ZΦ∨) ∩ ht−1(y) is a lattice of rank r− 1 in the affine hyperplane ht−1(y).
We construct a Riemann sum using the numbers from (6.2). As k tends to infinity,

this sum converges to a quantity related to the volume of a part of Pλ. From basic results
about weak convergence, this leads to a proof of Theorem 3(1).

The proof of Theorem 3(2) is more technical than the proof of Theorem 3(1). First of
all, it suffices to prove that Sk(x) converges uniformly for x ∈ [0, `(tλ)] of the form i/k,
because of the definition of Sk and the continuity of g. For this, we need to estimate the
value of the step function Sk at those x = i/k, which is k1−r · f btkλ

i . As before, we switch
this estimation to the estimation of the numbers in (6.2). Let y be as before.

We choose a fundamental domain Bk of the lattice (1
k ZΦ∨) ∩ ht−1(0) containing the

origin point of 1
k ZΦ∨. If we join all the translations of Bk by points in Pλ ∩ (1

k ZΦ∨) ∩
ht−1(y), we obtain the region

R :=
⊔{

l + Bk

∣∣∣∣ l ∈ Pλ ∩ 1
k

ZΦ∨ ∩ ht−1(y)
}

in the hyperplane ht−1(y).
Because we can compute the volume of Bk directly from Φ, estimating the value of

(6.2) is equivalent to estimating the value of Volr−1(R). The proof of the convergence
is then achieved by comparing Volr−1(R) with Volr−1(Pλ ∩ ht−1(x)). This, as well as
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the uniformity, requires the use of some “Euclidean geometries” to carefully estimate
the volume of some open neighborhood of the boundary of Pλ ∩ ht−1(x) (see Figure
4 for an example of such a neighborhood). When k is large enough, for any x and y,
the boundary of R is contained in such a neighborhood. Because the volume of such a
neighborhood can be sufficiently small, this implies that Volr−1(R) is sufficiently close
to Volr−1(Pλ ∩ ht−1(x)). This leads to the proof of the uniform convergence.

δ
δ

Figure 4: A triangle T and the neighbourhood N (∂T, δ).
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Abstract. Boundary algebras are an important tool in the categorification, by Jensen–
King–Su and by Pressland, of cluster structures on positroid varieties, defined by Scott
and by Galashin–Lam. Each connected positroid has a corresponding boundary alge-
bra. We give a combinatorial way to recover a positroid from its boundary algebra.
We then describe the set of algebras which arise as the boundary algebra of some
positroid. Finally, we give the first complete description of the minimal relations in the
boundary algebra. We expect this description to be helpful in extending results known
for Grassmannian boundary algebras to more general settings.

Keywords: Categorification, Positroids, Cluster Algebras

1 Introduction

An open positroid variety, defined by Knutson–Lam–Speyer [8], is the variety of points in
the Grassmannian realizing a given positroid. They broaden the positroid stratification
of the nonnegative Grassmannian [11] to the full Grassmannian. As conjectured in [10,
9] and proven in [14, 15, 6], the coordinate ring of an open positroid variety has the
structure of a cluster algebra. Such a cluster structure is a combinatorially rich algebraic
structure that in particular interacts well with nonnegativity [5]. For instance, the posi-
tivity of the cluster variables in a single cluster is enough to guarantee the positivity of
all the other, possibly infinitely many, cluster variables.

Boundary algebras appear in the context of categorification of the cluster structure on
an open positroid variety. Categorification is a process by which structures from other
areas of math are realized using category theory, often through module categories. In
2006, Scott [14] showed that the Grassmannian has a cluster structure, which was cate-
gorified by Jensen–King–Su [7] as the category of Gorenstein-projective modules over the
circle algebra. In 2016, Baur–King–Marsh [4] connected this with dimer models by realiz-
ing the circle algebra as a completed boundary algebra of a Grassmannian dimer model.
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Pressland [12] extended this setup in 2022 by showing that the cluster structure defined
by Galashin–Lam on an arbitrary connected positroid variety [6] is categorified by the
Gorenstein-projective category of the completed boundary algebra of an appropriate
dimer model.

This categorification has proven useful in understanding the Galashin–Lam clus-
ter structure on positroid varieties. Pressland [13] used it to prove a conjecture of
Muller–Speyer that two a priori different cluster are closely related [10]. In particular,
he shows that the source-labelled and target-labelled cluster structures on a positroid
variety quasi-coincide. Much work is being done on the cluster structures on Grass-
mannians, including studying the Gorenstein-projective modules over the circle algebra
corresponding to rank 2 and 3 cluster variables [2, 3]. This work is difficult to extend to
all positroid varieties because there is no generators-and-relations description in the liter-
ature for boundary algebras of general positroid varieties. Forthcoming work of the first
author and Khrystyna Serhiyenko contains a combinatorial construction of the boundary
algebra, but only describes the relations up to an operation called cancellative closure. We
build on this construction and give a combinatorial description of the boundary algebra
of a connected positroid variety, including a minimal set of relations. We isolate com-
binatorial data which determines the boundary algebra, and call it a boundary chart.
We characterize boundary charts of connected positroids and provide an explicit bijec-
tion between realizable boundary charts and connected positroids. This gives us a new
cryptomorphism of connected positroids.

Our new description of boundary algebras gives additional tools for studying the
Gorenstein-projective modules over these algebras. We expect our results to be useful
in generalizing the work mentioned above from the Grassmannian setting to general
positroid varieties.

2 Background

2.1 Positroids

A positroid is a special type of realizable matroid which reflects the combinatorial struc-
ture of the totally nonnegative Grassmannian. See [11] for background on positroids. In
this section, we introduce perfect orientations and decorated permutations, which are two of
many equivalent descriptions of positroids.

Definition 2.1. A plabic graph (planar bi-colored graph) is an undirected planar graph embed-
ded in a disc with n vertices on the boundary, labelled bi for i ∈ [n] in clockwise order. Plabic
graphs may have additional vertices in the interior of the disc which are each assigned one of two
colors, either white ( ) or black ( ). Boundary vertices must be incident to exactly one edge. We
consider plabic graphs modulo homotopy.
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There are moves and reductions that can be applied to plabic graphs which preserve
the key combinatorial properties we are interested in. Using these, we may, and will, as-
sume that our plabic graphs are bipartite (for this purpose, we ignore boundary vertices)
and reduced [11, Def. 12.5]. An example of such a graph is illustrated in Figure 1.

We may define positroids in terms of perfect orientations of plabic graphs. These are
orientations O of the edges of the plabic graph such that each white internal vertex
is incident to exactly one incoming edge and each black internal vertex is incident to
exactly one outgoing edge. The source set of O is then {i | bi is a source in O}. Fix a
plabic graph G on n boundary vertices. All perfect orientations have source sets of the
same size k. We say such a plabic graph is of type (k, n). The set consisting of the source
sets of all perfect orientations forms a positroid P(G) of rank k on [n] [11].

Move equivalent plabic graphs give the same positroid. One way to distinguish
move equivalence classes of plabic graphs is by using their trip permutations. These are
permutations π defined as follow: For each i ∈ [n], construct a trip which starts from bi
and follow the edges of the plabic graph according to the "rules of the road": At each
white vertex turn right, and at each black vertex turn left. This trip will end at some
boundary vertex bj and we define π(i) = j. We obtain a fixed point π(i) = i if and
only if bi is connected by a single edge to a leaf. At fixed points, we additionally keep
track of the color of this leaf. With this additional data, we refer to π as a decorated
permutation. Decorated permutations of [n] are in bijection with positroids on [n]. We
denote by Pπ the positroid corresponding to a decorated permutation π. In this abstract,
we will be primarily concerned with connected positroids, in which case the decorated
permutations are stabilized-interval-free permutations [1]. These have no fixed points and
so, in particular, are undecorated permutations.

Consider Grk,n, the Grassmannian of k-planes in Cn, embedded in CP(n
k)−1 by Plücker

coordinates ∆I , where I is a k-element subset of [n]. To define open positroid varieties, we
will need to label faces F of a plabic graph G of type (k, n) by the set of i ∈ [n] such that
F lies to the left of the trip terminating at i. One can show that each such label will have
size k and, if P(G) = P(G′), then the boundary faces of G and G′ will have the same
labels [10].

Definition 2.2. Fix a positroid P of rank k on [n]. Let G be a reduced plabic graph such that
P = P(G). Label the faces of G as above. The open positroid variety Π◦

P is the subset of Grk,n
where ∆I = 0 for all I /∈ P and ∆I ̸= 0 for all I which label a boundary face of G.

Finally, we construct the quiver of a plabic graph.

Definition 2.3. A quiver Q = (Q0, Q1) is a directed graph with vertices Q0 and arrows Q1,
with no loops or oriented 2-cycles. Some vertices F0 ⊂ Q0 may be marked as frozen.

For a bipartite plabic graph G, define the quiver Q(G) as follows: Place a vertex at
each internal face of the plabic graph. Faces incident to the boundary contain frozen
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3

21

5 4

Figure 1: A plabic graph on 5 boundary vertices, with its quiver indicated in red,
where frozen vertices are squares and unfrozen vertices are circles. The decorated
permutation, obtained by following the rules of the road, is π = 45123.

vertices. For each edge e of G which is incident to a white vertex, add an arrow α to the
quiver between the faces on either side of e such that the white endpoint of e is to the
right of α. The only other edges of G are those which connect boundary vertices to black
vertices. In this case, add an arrow α such that the black vertex is to the left of α. The
quiver of a plabic graph is illustrated in Figure 1.

Galashin and Lam have shown that the coordinate ring of an open positroid variety
Π◦

P(G) is isomorphic to the cluster algebra with quiver Q(G) [6].

2.2 Boundary Algebras

We now introduce the boundary algebra, which is important for the categorification of the
cluster structure on an open positroid variety introduced by Pressland [12].

Definition 2.4. For a quiver Q, the path algebra CQ is spanned by finite paths in Q, including
empty paths at each vertex. The product in the algebra between paths p and q is the concatenation
of p and q, if p ends at the start of q, and 0 otherwise.

Fix a stabilized-interval-free permutation π. Let G be any plabic graph with trip
permutation π, and let Q = Q(G). Each internal face of Q is bounded by an oriented
cycle. Each edge d not between two frozen boundary vertices is incident to two faces
and thus part of oriented cycles c+d and c−d bounding those faces. Say c+d factors as dp+d
and c−d factors as dp−d . Let ei be the empty path at the boundary vertex vi of Q(G), and
let e = ∑n

i=1 ei.

Definition 2.5. The dimer algebra AQ is CQ modulo the relations p+d = p−d for all edges d of
Q which are not between two frozen vertices.

Definition 2.6. The boundary algebra of the positroid Pπ is Bπ = eAQ(G)e for any G such
that P = P(G).

It is not obvious, but if P(G) = P(G′), then eAQ(G)e = eAQ(G′)e, so this is well
defined. Multiplication by e on both sides discards each path which neither originates
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from nor terminates at a boundary vertex. Thus, Bπ can be thought of as the algebra of
paths between boundary vertices, modulo the relations p+d = p−d .

We define the following elements of Bπ: For each i ∈ [n], let xi be a minimal path
from vi to vi+1 and let yi be a minimal path from vi+1 to vi, where all indices are taken
modulo n. Let x = ∑n

i=1 xi and y = ∑n
i=1 yi. Let t = xy; then t is central in Bπ. Let p be a

path in Bπ between two nonadjacent vertices. Define τ(p) and η(p) by the condition that
p is directed from vτ(p) to vη(p). Suppose p does not factor as a product of other paths.
We then say p is a nonadjacent arrow and define reachp = η(p)− τ(p) taken modulo n
so that reachp ∈ [n]. One can show that p satisfies ptXp = xτ(p)xτ(p)+1 · · · xη(p)−1 for a
suitable positive integer Xp. We represent the boundary algebra by putting the vertices vi
in clockwise order around a circle and drawing in the nonadjacent arrows. For example,
the second subfigure of Figure 2 shows the representation of a boundary algebra. with a
nonadjacent arrow from v4 to v1 in black. In this figure, the arrows xi and yi are shown
in gray.

In forthcoming work, the first author and Khrystyna Serhiyenko prove the following
two results showing how to calculate the boundary algebra Bπ directly from a stabilized-
interval-free permutation π. In order to state these results, we must represent the per-
mutation π as a directed graph on vertices wi with directed edges from wi to wπ(i)
for i ∈ [n]. We will draw the permutation graph such that wi lies between vertices vi
and vi+1. We refer to edges of the permutation graph as strands. Figure 2 shows three
examples of permutation graphs, in red.

Definition 2.7. For i ∈ [n], we define the i-shifted linear order <i on [n] by i <i i + 1 <i
· · · <i n <i 1 <i · · · <i i − 1. We say (a1 ≤ · · · ≤ am) ∈ [n]m is a cyclic ordering if there
exists some i ∈ [n] such that a1 ≤i a2 ≤i · · · ≤i am. We will allow ourselves to replace some or
all of the inequalities with strict inequalities if consecutive terms are not allowed to be equal.

Definition 2.8. Define [i, j] = {l | (i ≤ l ≤ j) is a clockwise ordering} to be the (closed)
clockwise interval between i and j. We similarly define the clockwise intervals (vi, vj], [vi, vj),
and (vi, vj) by excluding one or both of the endpoints.

Definition 2.9. Let vj be a boundary vertex of Q. Consider a strand α from r to π(r) in the
permutation graph of π. We say that vj is to the right of α if j ∈ [π(r), r) and otherwise vj
is to the left of α. Let p be an arrow between nonadjacent vertices vi and vj. We say that α is
left-supporting to p if (π(r) ≤ r ≤ η(p) ≤ τ(p)) is a cyclic ordering. We say that the strand
α is right-supporting to p if (r ≤ π(r) ≤ τ(p) ≤ η(p)) is a cyclic ordering. In either case, we
say that this strand is supporting to p.

Informally, a strand left (resp. right) supports an arrow p if it points in the opposite
direction of p and lies to its left (resp. right).

Theorem 2.10. Fix a connected positroid P with permutation π. Fix distinct nonadjacent
boundary vertices vi and vj. The arrow p from vi to vj is a nonadjacet arrow of Bπ if and only if
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1. for all l ∈ (j, i), there is a right-supporting strand α of p with vl to its left, and

2. for all l ∈ (i, j), there is a left-supporting strand α of p with vl to its right.

In this case, the relations ptXp = xixi+1 · · · xj−1 and ptYp = yi−1yi−2 · · · yj hold in Bπ, where
Xp is the number of left-supporting strands and Yp is the number of right-supporting strands of
p. We call Xp the left relation number of p, and we call Yp the right relation number of p.

Definition 2.11. An ideal I of a path algebra CQ (generated by commutation relations) is can-
cellative if, for any a, p, q, b ∈ I with η(a) = τ(p) = τ(q) and η(p) = η(q) = τ(b), we have
apb − aqb ∈ I ⇐⇒ p − q ∈ I. The cancellative closure of an ideal I, denoted CancClos(I),
is the smallest cancellative ideal containing I.

Theorem 2.12. Let Q◦
π be the quiver on vi, for i ∈ [n], whose arrows are xi, yi and the nonadja-

cent arrows of Bπ. Let I◦π be the cancellative closure of the ideal I generated by the relations given
in Theorem 2.10, the relations xy − yx and xk − yn−k:

I◦π = CancClos

(〈
xy − yx, xk − yn−k, ∑

p nonadjacent arrow
ptXp − xτ(p)xτ(p)+1 · · · xη(p)−1

〉)
.

Then Bπ ≡ CQ◦
π/I◦π.

Together, Theorem 2.10 and Theorem 2.12 give a way to calculate the boundary al-
gebra of a positroid from its decorated permutation. However, this is obfuscated by the
necessity of taking a cancellative closure. We address this in Section 3.3.

Example 2.13. Let π be the permutation depicted in the middle of Figure 2. We see that there
is an arrow p from v1 to v4. Since p has one left-supporting strand (from 6 to 4) and one right-
supporting strand (from 1 to 3), it is labelled with Xp : Yp = 1 : 1. By Theorem 2.12, the
boundary algebra is Bπ

∼= CQ◦
π/I◦π, where the arrows of Q◦

π are p along with the greyed-out
arrows (representing xi and yi) and the ideal I◦π is generated up to cancellative closure by

{xy − yx, xk − yn−k, pt − x4x5x6}.

3 Combinatorial construction of the boundary algebra

3.1 From Boundary Algebras to Permutations

Our work involves a new combinatorial object, which we call a boundary chart.

Definition 3.1. A boundary chart consists of data C = (k, n, S, X) as follows, where k and n
are integers satisfying 1 ≤ k ≤ n and S is a set of arrows on vertices vi, for i ∈ [n], such that
arrows are not between vi and vi±1, with indices taken cyclically, and there is at most one arrow
from vi to vj for any i, j ∈ [n]. Finally, X ∈ Z

|S|
>0 gives a positive integer for each arrow.
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Figure 2: Three boundary charts on six vertices with k = 3 and their corresponding
decorated permutations depicted in red. The arrows xi and yi are greyed out. For
clarity, we use a red i in place of wi and a black i in place of vi.

Given a positroid, the boundary chart is precisely the data determined in Theo-
rem 2.10. Here, we start with a connected positroid of rank k on [n] with permutation
π, and the set S consists of the nonadjacent arrows of Bπ. The numbers Xp are as in
the theorem. Observe that it is implicit in Theorem 2.10 that there is at most one arrow
between any two vertices. By Theorem 2.12, this information fully determines Bπ.

Definition 3.2. A boundary chart is realizable if it is obtained from a positroid via this process.

We introduce the following auxiliary piece of data for a boundary chart: Let Y ∈ Z
|S|
>0

be a vector of positive integers, indexed by the arrows in S, such that Yp = Xp + k −
reachp for each p ∈ S. Using xy = yx and xk = yn−k from Theorem 2.12, one can show
that the Yp here coincide with the Yp in Theorem 2.10.

We represent the data in a boundary chart by placing the vertices vi around a circle,
in clockwise order. We draw in the arrows and mark each arrow p ∈ S with the pair of
integers (Xp : Yp). We refer to these as the left and right relation numbers of p, respec-
tively. Note that knowing Xp and Yp suffices to recover k when the set S of nonadjacent
arrows is nonempty. Three examples are illustrated in black in Figure 2 (the red and grey
parts are not in the boundary chart). For the realizable boundary chart obtained from
P = Pπ, this coincides with the representation of Bπ described in section Section 2.2.
We will need the following terminology:

Definition 3.3. Let p and q be two arrows in S.

• If (τ(p) < τ(q) < η(p) < η(q)) is a cyclic ordering, we say p and q cross.

• If (τ(p) ≤ τ(q) < η(q) ≤ η(p)) is a cyclic ordering, then p lies to the right of q. We say
that p and q are parallel, with p right-parallel of q. Define left-parallel similarly.

• If (η(p) ≤ τ(q) < η(q) ≤ τ(p)) is a cyclic ordering, then p lies to the right of q. We
say p and q are antiparallel, with p right-antiparallel of q. Define left-antiparallel
similarly.
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Visually, crossing arrows are arrows that intersect on their interiors, like the arrow
from 9 to 4 and the arrow from 7 to 2 in Figure 3. Parallel arrows are, roughly, arrows
that go in the "same direction", like the arrow from 9 to 4 and the arrow from 10 to 1 in
Figure 3, while antiparallel arrows are arrows which neither cross nor are parallel.

Given a realizable boundary chart C = (k, n, S, X), we describe how to recover the
permutation of its associated boundary algebra. We will construct the permutation as a
permutation graph on vertices wi such that wi lies between vertices vi and vi+1. We refer
to the vertices wi as strand vertices. First, we must discuss the ideas of visibility and of
influence in a boundary chart. We do this inductively. We will give an example of these
definitions in Example 3.8. We start with a reformulation of the right and left relation
numbers which will make the following construction easier to state.

Definition 3.4. Let C be a boundary chart with left and right relation numbers X and Y, respec-
tively. For p ∈ S, let L(p) (resp. R(p)) be the set of arrows left-parallel (resp. right-parallel) to
p. Then the adjusted left relation numbers are defined inductively by X′

p = Xp − ∑q∈L(p) X′
q

and the adjusted right relation numbers are defined inductively by Y′
p = Yp − ∑q∈R(p) Y′

q.

Definition 3.5. Let α be an arrow of a realizable boundary chart C = (k, n, S, X). Inductively
define the following:

1. The right-head-visible strand vertices to α are those strand vertices to the right of α

which are not right-head-influenced by a right-parallel arrow of α or left-head-influenced by
a right-antiparallel arrow of α (this condition is vacuous if there are no arrows to the right
of α). The right-head-influenced strand vertices of α are the Y′

α right-head-visible strand
vertices most immediately clockwise of η(α).

2. The left-head-visible strand vertices of α are those strand vertices to the left of α which
are not left-head-influenced by a left-parallel arrow of α or right-head-influenced by a left-
antiparallel arrow of α. The left-head-influenced strand vertices of α are the X′

α left-head-
visible strand vertices most immediately counterclockwise of η(α).

We will use the phrase head-influenced to mean either left- or right-head-influenced. We define
left-tail visible and right-tail-visible strand vertices as above, swapping “head” with “tail,”
“η(α)” with “τ(α),” and “clockwise” with “counter-clockwise.”

Construction 3.6. Let C = (k, n, S, X) be a realizable boundary chart. Let α be an arrow of
C. Let wσ1 , . . . , wσX′(α) be the right-head-influenced strand vertices of α, ordered clockwise so
that wσ1 is most immediately clockwise of η(α). Let wσ′

1
, . . . , wσ′

X′(α)
be the right-tail-influenced

strand vertices of α, ordered clockwise so that wσX′(α) is most immediately counter-clockwise of
τ(α). Then define ϕα(σj) = σ′

j for j ∈ X′(α). Symmetrically define ϕα on the left-head-influenced
vertices of α. We define a function (indeed, we will see, a permutation) π on [n] by

π(j) =

{
ϕα(j) wj is head-influenced by an arrow α ∈ C
j − k otherwise.
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Figure 3: Application of Construction 3.6 to a boundary chart with 12 vertices and
k = 5. For clarity, we use a red i in place of wi and a black i in place of vi.

It is not immediately obvious that π is well-defined; for example, some strand vertex
wj may be head-influenced by two arrows α and β. In fact, whenever this happens,
ϕα(j) = ϕβ(j).

Theorem 3.7. The map π is a well-defined stable-interval-free permutation, and C is the bound-
ary chart of Bπ.

This process is most easily understood visually, in an example. We denote nonadja-
cent arrows in the boundary algebra from vi to vj by pi→j.

Example 3.8. We look at Figure 3. The first subfigure shows a boundary chart on 12 vertices.
We have Y′

p7→2
= 1, hence the only right-head-influenced strand vertex of p7→2 is w2 and its

only right-tail-influenced strand vertex is w6 and we see that π(2) = 6. Similarly, the right-
influence of p9→4 induces π(4) = 8. We have Y′

p10→1
= Yp10→1 − Yp7→2 − Yp9→4 = 2, so the

right-head-influence of p10→1 is {w1, w3} (skipping over w2, which is right-head-influenced by
the right-parallel arrow p7→2) and the right-tail-influence of p10→1 is {w7, w9} (skipping over
w8, which is right-tail-influenced by p9→4). Then we see π(1) = 7 and π(3) = 9. The middle
of Figure 3 shows in red all strands induced by the influence of an arrow; the right completes the
permutation graph by adding in blue the remaining strands from wj to wj−k.

3.2 Realizable Boundary Charts

We next classify realizable boundary charts.

Theorem 3.9. Let C = (k, n, S, X) be a boundary chart with left and right relation numbers X
and Y, respectively, and with adjusted left and right relation numbers X′ and Y′, respectively. For
p ∈ S, let R∦(p) and L∦(p) denote the sets of arrows right and left-antiparallel to p, respectively.
Then C is realizable if and only if the following hold.

1. For all p ∈ S, Xp + ∑q∈L∦(p) Y′
q < reachp and Yp + ∑q∈R∦(p) X′

q < n − reachp.
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Figure 4: Four nonrealizable boundary charts violating the conditions of Theorem 3.9.
For clarity, we use a red i in place of wi and a black i in place of vi.

2. For all p ∈ S, X′
p ≥ 0 and Y′

p ≥ 0.

(a) If X′
p = 0 (resp. Y′

p = 0), there must be crossing arrows q and r, both left (rep. right)
parallel to p, such that τ(p) = τ(q) and η(p) = η(r).

3. Let p, q ∈ S be crossing such that (vi = η(p) < vj = η(q) < τ(p) < τ(q)) is a cyclic or-
dering. Let Ap denote the set of arrows r right-parallel to p such that η(r) ∈ [η(p), η(q)).
Let Aq denote the set of arrows r left-parallel to q such that η(r) ∈ (η(p), η(q)]. Then
Y′

p + X′
q + ∑r∈Ap Y′

r + ∑r∈Aq X′
r ≤ j − i, where the right side is taken modulo n so that it

lies in [n].

4. If p, q ∈ S form an oriented digon, then Xp + Xq + Yp + Yq < n.

One may attempt to apply Construction 3.6 to general boundary algebras. However,
the conditions of Theorem 3.9 are necessary in order for the result to be a well-defined
stable-interval-free permutation. For example, condition 1 ensures that there are enough
strand vertices to the right of any p ∈ S to count out Y′

p right-influenced strand vertices.
In the first subfigure of Figure 4, there are not enough red vertices for p4→1 to have
three left-supporting strands. The second subfigure in Figure 4 violates condition 2, as
X′(p6→2) = −1. The left-supporting strands of p8→12 also left-support p6→2, so p6→2 has
too many left-supporting strands. Condition 3 ensures that, if p and q are arrows of C
which both influence wj, then ϕp(j) = ϕq(j). See the third subfigure of Figure 4, where
the two crossing arrows are pulling the strand starting at w1 in different directions.
Condition 4 ensures the permutation constructed in Construction 3.6 is stable-interval-
free; see the fourth subfigure of Figure 4, where the permutation fixes [1, 3].

The sufficiency of these conditions is more surprising. We prove sufficiency by show-
ing that Construction 3.6 and the map of Theorem 2.10 compose to the identity on the
boundary charts satisfying the conditions of Theorem 3.9. Hence, we may view the com-
binatorial conditions of Theorem 3.9 as a new cryptomorphism for connected positroids.
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3.3 Minimal relations

Recall the presentation of the boundary algebra Bπ
∼= CQ◦

π/I◦π given in Theorem 2.12,
which has the drawback of the ideal I◦π being defined using a cancellative closure. In
this section, we give a description of the minimal relations of the ideal I◦π using the
information of the permutation π and the boundary chart C = (k, n, S, X).

Definition 3.10. Given an arrow p ∈ S of C, let Rp (respectively Tp) be the vertex wi of the
permutation graph most immediately clockwise of η(p) (resp. τ(p)) which is the start (resp. end)
of a strand which crosses p (i.e., which starts to the right of p and ends to the left, or vice versa).

• Two (necessarily parallel) arrows p and q are stitch-equivalent if Rp = Rq and Tp = Tq.

• A strand is relation-defining if it does not travel from Rp to Tp for any arrow p.

Example 3.11. In Figure 3, the arrows p10→1 and p9→4 are stitch-equivalent to each other with
T10→1 = T9→4 = 12 and R10→1 = R9→4 = 5, but not to the arrow from 7 to 2, with T7→2 = 8
and R7→2 = 3. Every strand is relation-defining with the exception of the strand from 5 to 12.

Definition 3.12. For va and vb boundary vertices of Bπ, define the aggressive clockwise path
ACL(va, vb) from va to vb by starting at va and repeatedly taking the non-yj arrow which ends
most immediately counter-clockwise of vb. Similarly define the aggressive counter-clockwise
path ACC(va, vb). When these paths are equivalent, we say that the aggressive relation from
va to vb is [ACL(va, vb)]− [ACC(va, vb)].

Theorem 3.13. The following relations of CQ◦
π, along with the relation xiyi = yi−1xi−1 for each

i ∈ [n], form a minimal generating set for I◦π:

1. For every relation-defining strand from wa to wb, take the aggressive relation from vb to va.

2. Let {p1, . . . , pm} be a stitch-equivalence class, ordered left to right, with Tpi = T and
Rpi = R for all i ∈ [m]. Define vam+1 := T, vb0 := R, and vai := τ(pi), vbi := η(pi) for
i ∈ [m]. Then, take the aggressive relation from vai to vbi−1

for each i ∈ [m + 1].

Example 3.14. Consider the boundary chart of Figure 3. The strand from w1 to w7 is relation-
defining and yields the relation p7→2y1 = x7x8x9p10→1. All of the strands wj 7→ wj−k, drawn
in blue, give relations composed only of x’s and y’s. For example, the strand from w5 to w12
gives x12x1 · · · x4 = y11y10 · · · y5. There are two stitch-equivalence classes {p10→1, p9→4} and
{p7→2}. The former gives {y11y10p10→1 = x12, p10→1x1x2x3 = y9p9→4, p9→4x4 = y8y7y6}
and the latter gives {p7→2x2 = y6y5y4y3, x8x9p10→1x1 = y7p7→2}. These five relations and
those given by relation-defining strands make up all minimal relations of I◦π.

Note that Theorem 3.13 uses both the boundary chart and the permutation obtained
from it by Construction 3.6. It would be hard to rephrase the theorem in terms of one or
the other. This indicates that boundary charts and stabilized-interval-free permutations,
while both cryptomorphisms of connected positroids, highlight different information.
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Abstract. In [5, 12, 13] are studied certain operators on polynomials and power series
that commute with all divided difference operators ∂i. We introduce a second set
of “martial” operators ♂i that generate the full commutant, and show how a Hopf-
algebraic approach naturally reproduces the operators ξν from [12]. We then pause to
study Klyachko’s homomorphism H∗(Fl(n)) → H∗(the permutahedral toric variety),
and extract the part of it relevant to Schubert calculus, the “affine-linear genus”. This
genus is then re-obtained using Leibniz combinations of the ♂i. We use Nadeau-
Tewari’s q-analogue of Klyachko’s genus to study the equidistribution of ℓ and comaj
on ([n]k ), generalizing known results on Sn.

Keywords: divided difference operators, Schubert calculus, comaj statistic

1 The martial operators ♂π

1.1 The ring of Schubert symbols

Given a Dynkin diagram D with Weyl group W(D), define the ring of Schubert sym-
bols H(D) as the cohomology ring of the associated (possibly infinite-dimensional) flag
variety, with the usual Schubert basis {Sw : w ∈ W(D)}. The Dynkin diagrams that will
interest us are primarily the semi-infinite AZ+ and the biinfinite AZ. In these type A
cases W(D) is the group of finite permutations of Z+ or of Z. An important difference
between the two is that H(AZ+) is generated by {Sri : i ∈ Z+}, where ri is a sim-
ple transposition, so the multiplication is entirely determined by Monk’s rule, whereas
H(AZ) requires additional generators {Sr1r2···rk} and determining its multiplication in-
volves also the flag Pieri rule. With all that in mind we largely abandon the geometry
and work with these rings symbolically.
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For each vertex α of D hence generator rα ∈ W(D), we have an operator ∂α ⟳ H(D),
pronounced “partial α”:

∂α Sπ :=

{
Sπrα if πrα < π

0 if πrα > π

from which we can well-define ∂π for any π ∈W(D) using products.

Theorem 1 (Lascoux-Schützenberger). There is an isomorphism H(AZ+) → Z[x1, x2, . . .]
taking the Schubert symbol Sπ to its “Schubert polynomial” Sπ(x1, x2, . . .). On the target ring,
∂α acts by Newton’s divided difference operation.

Call a ring homomorphism from H(D) to some other ring a genus,1 making the
above isomorphism the Lascoux-Schützenberger genus.

It was observed in [5, 13] that the operator ∇ := ∑i
d

dxi
on the target ring has two nice

properties: it commutes with each ∂i, and its application to any Schubert polynomial is a
positive combination of Schubert polynomials. Our goal in this section is to characterize
operations of the first type, with an eye toward the second. To study this commutant it
will be handy to work with algebra actions.

1.2 Two commuting actions of the nil Hecke algebra

Let Nil(D) denote formal (potentially infinite) linear combinations of elements {dπ : π ∈

W(D)}, with a multiplication defined by dπdρ :=

{
dπρ if ℓ(πρ) = ℓ(π) + ℓ(ρ)

0 if ℓ(πρ) < ℓ(π) + ℓ(ρ).
This

multiplication extends to infinite sums in a well-defined way, insofar as any w ∈ W(D)
has only finitely many length-additive factorizations. Slightly abusing2 terminology, we
call this Nil(D) the nil Hecke algebra. The association dπ 7→ ∂π gives an action of the
opposite algebra Nil(D)op on H(D); the infinitude of the sums in Nil(D) is again not
problematic, because H(D)’s elements are finite sums of Schubert symbols.

Define ♂α (pronounced “martial α”) by

♂αSπ :=

{
Srαπ if rαπ < π

0 if rαπ > π

We can well-define ♂∏ Q := ∏q∈Q♂q for each reduced word Q.

1This terminology is stolen from the study of various cobordism rings of a point, e.g. the “Hirzebruch
genus” and “Witten genus” are ring homomorphisms to Z.

2One ordinarily considers only finite linear combinations, but we have need of certain infinite ones,
and this simplifies the statement of Theorem 2.
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Theorem 2. The map dπ 7→ ♂π defines an action of Nil(D) on H(D) (unspoiled by the
potential infinitude), commuting with the Nil(D)op-action by the operators ∂α. Conversely, each
operator on H(D) that commutes with all operators ∂α arises as the action of a unique element of
Nil(D).

In short, Nil(D) and Nil(D)op are one another’s commutants in their actions on H(D).

This then characterizes the operators that commute with all ∂i; we don’t know any
significance of the resulting algebra again being Nil(D).

Proof. For h ∈ H(D), let
∫

h denote the coefficient of Se in h. Each h = ∑π hπSπ is
determined by the values∫

(∂ρh) =
∫

∑
π

hπ∂ρSπ = ∑
π

hπ

∫
∂ρSπ = ∑

π

hπδπ,ρ = hρ

We’ll make use of the easy fact
∫
♂π ∂ρ Sσ =

{
1 if σ = π−1ρ and ℓ(σ) = ℓ(π) + ℓ(ρ)

0 otherwise.
Now let C be an operator on H(D) commuting with all ∂π. For each π ∈ W(D), let

cπ :=
∫

C(Sπ−1). We then confirm C = ∑π cπ♂π using the determination above:∫
∂ρC(Sσ) =

∫
C(∂ρSσ) =

∫
C
(
Sσρ−1

[
ℓ(σρ−1) = ℓ(σ)− ℓ(ρ)

])
=

[
ℓ(σρ−1) = ℓ(σ)− ℓ(ρ)

]
cρσ−1∫

∂ρ

(
∑
π

cπ♂π

)
(Sσ) = ∑

π

cπ

∫
♂π ∂ρ Sσ = ∑

π

cπ

[
σ = π−1ρ

] [
ℓ(σ) = ℓ(π) + ℓ(ρ)

]
= cρσ−1

[
ℓ(ρσ−1) = ℓ(σ)− ℓ(ρ)

]
Here [P] = 1 if P is true, [P] = 0 if P is false, for a statement P.

Example. The action of ∇ := ∑i
d

dxi
on polynomials, pulled back to an action on

H(AZ+), is given by the operator ∑n∈N+
n♂n. What is particularly special about ∇ is

that it is a differential (i.e. satisfies the Leibniz rule), and is of degree −1.

Theorem 3. Let ∑α cα♂α ∈ Nil(D) be an operator of degree −1. If it is a differential (and D is
simply-laced, for convenience) then each cα is 1

2 ∑β cβ where the βs are α’s neighbors in D.
In particular if D is of finite type ADE, the only system of coefficients (cα) is zero. If

D = AZ+ , the only options are multiples of ci ≡ i. If D = AZ, the space of such systems is
two-dimensional, spanned by ci ≡ i and ci ≡ 1.

Hence the ∇ discovered in [5] in the AZ+ case was the only such operator available.
In [12] it is explained that ξ = ∑i∈Z ♂i is special to the back-stable situation of AZ; here
we see that it is the only new option. (The result [12, Theorem 6] is very similar.)

Proof sketch. The proof amounts to applying ∑α cα♂α to (Srα)
2 = ∑β Srβrα (computed

using the Chevalley-Monk rule).
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2 Not-quite-Hopf algebras and Nenashev operators

2.1 The dual algebras

Define a pairing Nil(D)⊗Z H(D)→ Z by

p⊗ s 7→ coefficient of Se in p(s)

and from there a map Nil(D)→ H(D)∗ := HomZ(H(D), Z).
The following is well-known to the experts, if not usually expressed exactly this way

(see e.g. [2], [9, §7.2]).

Theorem 4. This map Nil(D) → H(D)∗ is an isomorphism. Unfortunately the induced co-
multiplication H(D) → H(D) ⊗ H(D) is not a ring homomorphism (example below), so the
two are not thereby dual Hopf algebras. (There is an alternative statement explored in [10].)

There is an analogue of Theorem 1 for H(AZ), taking each Sπ to its back-stable Schu-
bert function BSπ invented by the third author (and independently by Buch and by Lee),
which were studied in [9, 12]. Define a back-stable function p ∈ Z[[. . . , x−1, x0, x1, x2, . . .]]
to be a power series

• of finite degree, such that

• p depends only on the variables {xk, k < N} for some N ≫ 0, and

• for some M≪ 0, p is symmetric in the variables {xi, i ≤ M}.

One way (as appears in [12]) to think of the ring of back-stable functions is as the image
of the injection

Symm⊗Z Z[. . . , x−1, x0, x1, . . .] → Z[[. . . , x0, . . .]]/⟨elementary symmetric functions⟩
p⊗ q 7→ p(. . . , x−2, x−1, x0) q

For π ∈ W(AZ) considered as a finite permutation of Z, and shi f tN(i) := i + N,
observe for N ≫ 0 that π[N] := shi f tN(i) ◦ π ◦ shi f t−N(i) is a permutation of Z that
leaves −N in place, and thus has a well-defined Schubert polynomial. Define the back-
stable Schubert function

BSπ := lim
N→∞

Sπ[N](x1−N, x2−N, . . .)

where the limit is computed coefficient-wise (note that any single coefficient settles down
to a constant value for all large enough N).

Theorem 5. [9, Theorem 3.5] The back-stable Schubert functions lie in, and are a Z-basis of,
the ring of back-stable functions.
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In this coördinatization we can compute the comultiplication on H(AZ) and bound
its failure to be a ring homomorphism. Transposing the multiplication from §1.2 of dπdρ,
we obtain ∆(BSσ) = ∑{BSπ ⊗ BSρ : σ = πρ, ℓ(σ) = ℓ(π) + ℓ(ρ)}. Then, alas,

∆(BS2
r2
) = ∆(BSr1r2 + BSr3r2) = (BSr1r2⊗1) + (BSr1⊗BSr2) + (1⊗BSr1r2)

+(BSr3r2⊗1) + (BSr3⊗BSr2) + (1⊗BSr3r2)

̸= ∆(BSr2)∆(BSr2) = (BSr2⊗1 + 1⊗BSr2)
2 = (BSr1r2⊗1) + (BSr3r2⊗1) + (BSr2⊗BSr2)

+(BSr2⊗BSr2) + (1⊗BSr1r2) + (1⊗BSr3r2)

Luckily ∆(BSπBSρ[N]) = ∆(BSπ◦(ρ[N])) = ∆(BSπ)∆(BSρ[N]) for N ≫ 0. Call this prop-
erty “separated Hopfness”, to be used below.

2.2 The Fomin-Greene–Nenashev operators ξν

With these identifications, and the self-duality of the Hopf algebra Symm of symmetric
functions, we can interpret some results of Nenashev [12]:

H(AZ)
∼−→ {back-stable functions} ∼←− Symm⊗Z Z[. . . , x−1, x0, x1, . . .] ↠ Symm

Nil(AZ) ←− Symm

The map ↠ is the Stanley genus: it takes Sπ to its Stanley symmetric function
Stπ = ∑λ aλ

π Schurλ. The lower map, its transpose, takes Schurλ to ∑π aλ
π dπ. If we

let this operator act on H(AZ) under the dπ 7→ ♂π action, we get the Fomin-Greene–
Nenashev operator ξλ := ∑π aλ

π ♂π [3, 12]. (See also the jλ operators in the “Peterson
subalgebra” defined in [9, §9.3], which are a double version of the ξλ.)

Let m denote the kernel of the map H(AZ) ↠ Symm. Using the separated Hopfness
and the fact that BSπ[N] − BSπ ∈ m, one shows that each ∆(pq) − ∆(p)∆(q) (which
serves as a measure of non-Hopfness) lies in m⊗ H(AZ) + H(AZ)⊗m. Hence the map
H(AZ) → Symm factors through a map of Hopf algebras. Dually, the transpose map is
a Hopf map to a Hopf sub-bialgebra of Nil(AZ). In particular this Hopf map explains
Nenashev’s formulæ [12, §4.4]

ξλξµ = ∑
ν

cν
λµ ξν ξν(pq) = ∑

λ,µ
cν

λµ ξλ(p) ξµ(q)

2.3 Interlude (not used elsewhere): topological origin of the {BSπ}
The stability property underlying Lascoux-Schützenberger’s definition of Schubert poly-
nomials is the fact that each Sπ ∈ H∗(Fl(n)) is the pullback ι∗n+1(Sπ⊕1) along a map
ιn+1 : Fl(n) ↪→ Fl(n + 1) taking (E•) to (F• : Fi≤n = Ei ⊕ 0, Fn+1 = En ⊕ C). Chaining
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these together, one builds an element of the inverse limit of the cohomology rings, a ring
Z[[x1, x2, . . .]]/⟨elementary symmetric functions ei⟩. It was then Lascoux-Schützenberger’s
pleasant surprise that these “inverse limit Schubert classes” lie in (and exactly span) the
image of the injective ring homomorphism Z[x1, x2, . . .] into this algebra.

This admits of a parallel story, based on a different map ι1+2n+1 : Fl(2n) ↪→ Fl(2n+ 2)
taking (E•) to (F• : Fi∈[1,2n+1] = C ⊕ Ei−1 ⊕ 0, F2n+2 = C ⊕ C2n ⊕ C). Now, in order
to achieve a coherent labeling (as n varies) we index the classes in H∗(Fl(2n)) using
permutations of [1− n, n] rather than of [1, 2n]. Once again the inverse limit is a power
series ring modulo elementary symmetrics, but it is no longer true that the inverse limit
Schubert classes are representable by polynomials; rather, they can be represented by
back-stable functions. (And again, they form a basis thereof.)

One advantage of ι1+2n+1 is that it is equivariant w.r.t. the duality endomorphism of
Fl(2n), which takes (E•) to (E⊥• ), defined w.r.t. the symplectic form pairing coördinates i
and 1− i, for i ∈ [1, n]. On the level of classes, this takes BSπ 7→ BSw0πw0 where w0(i) :=
1− i. On the level of back-stable functions, it takes xi 7→ −x1−i, ei(x≤0) 7→ ei(x≤0).

Since this duality respects Schubert classes and the alphabet (xi), it takes Monk’s
rules to Monk’s rules. In particular it turns the transition formula (a specific Monk’s
rule)

BSπ = xiBSπ′ + ∑
certain π′′

BSπ′′ into BSρ = −xjBSρ′ + ∑
certain ρ′′

BSρ′′

which implies (unstably) the cotransition formula xjSρ′ = −��Sρ + ∑certain ρ′′ Sρ′′ of [8].

3 Relation to Klyachko’s genus

3.1 Klyachko’s ideal and its prime factors

Let T ≤ GLn(C) denote the group of diagonal matrices, and TVperm ⊆ Fl(n) be the
permutahedral toric variety obtained as the closure of a generic T-orbit on the flag
manifold Fl(n). This subvariety arises as a Hessenberg variety (see e.g. [1]) and is of key
importance in [6, 11].

The inclusion ι : TVperm ↪→ Fl(n) induces a map backwards on cohomology, which
is neither injective nor surjective. Klyachko [7] presented its image im(ι∗) (with rational
coefficients), and a formula for ι∗ evaluated on Schubert symbols:

H∗(Fl(n); Q) → im(ι∗) ∼= Q[k0, . . . , kn]

/〈
ki(−ki−1 + 2ki − ki+1) = 0, 1 ≤ i ≤ n− 1

k0 = kn = 0

〉
Sπ 7→ 1

ℓ(π)! ∑
Q∈RW(π)

∏
q∈Q

kq where RW(π) is the set of reduced words
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Taking forward- and back-stable limits, while leaving behind geometry, we get the

Klyachko genus H(AZ) → Q[. . . , k−1, k0, k1, . . .]
/
⟨ ki(−ki−1 + 2ki − ki+1) = 0 ∀i ∈ Z ⟩

whose map on Schubert symbols is given by the same formula. We use this to recover a
result of Nenashev, foreshadowing some results in §5:

Theorem 6. [12, Proposition 3 and discussion after] Let RW(π) denote the set of reduced words
for π. There must exist (but the proof doesn’t find one) a “rectification” map

{shuffles of any word in RW(π) with any word in RW(ρ)} →⨿
σ

RW(σ)

whose fiber over any reduced word for σ has size cσ
πρ, the coefficient from SπSρ = ∑σ cσ

πρ Sσ.

Proof. Apply the Klyachko genus to that last equation, then set all ki = 1, obtaining

1
ℓ(π)! ∑

P∈RW(π)
∏

P
1

1
ℓ(ρ)! ∑

R∈RW(ρ)
∏
R

1 = ∑
σ

cσ
πρ

1
ℓ(σ)! ∑

S∈RW(σ)
∏

S
1

Since cσ
πρ = 0 unless ℓ(σ) = ℓ(π) + ℓ(ρ), we can restrict to those σ. Multiplying through:

#RW(π) #RW(ρ)

(
ℓ(π) + ℓ(ρ)

ℓ(π)

)
= ∑

σ

cσ
πρ #RW(σ)

Let Cσ
πρ be a set with cardinality cσ

πρ (and wouldn’t you like to know one?). Then we can
interpret the above as

#{shuffles of any word in RW(π) with any word in RW(ρ)} = # ⨿
σ

(Cσ
πρ × RW(σ))

Hence there exists a bijection; compose it with the projection to ⨿σ RW(σ).

We can further simplify the target of this genus by modding out by each of the
minimal prime ideals that contain the Klyachko ideal. We get ahold of these using the
Nullstellensatz,3 i.e. by looking at the components of the solution set to Klyachko’s
equations.

Proposition 1. Consider Z-ary tuples (ki)i∈Z of complex numbers satisfying the Klyachko
equalities. This set is the (nondisjoint) union of the following countable set of 2-planes:

• For a, b ∈ C, let km = am + b.

• For i ≤ j each in Z, and x, y ∈ C a pair of “slopes”, let km =


x(m− i) if k ≤ i
0 if k ∈ [i, j]
y(m− j) if k ≥ j.

3This isn’t quite fair, in that we are working in infinite dimensions, but we won’t worry about it. All
we’re really trying to do here is choose, for each i, which factor of ki(−ki−1 + 2ki − ki+1) to mod out.
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After completing this work, we learned of a very similar calculation in [11, §3.4], so
we omit the proof of proposition 1 (obtainable as a sort of q→ 1 limit of theirs).

Each component defines a quotient of the Klyachko ring, namely

Q[. . . , k−1, k0, k1, . . .]
/
⟨−km−1 + 2km − km+1 = 0 ∀m ∈ Z⟩

∀i ≤ j, Q[. . . , k−1, k0, k1, . . .]
/〈

km = 0 ∀m ∈ [i, j]
−km−1 + 2km − km+1 = 0 ∀m /∈ [i, j]

〉
Call the map of H(AZ) to the first quotient the affine-linear genus.

There is a slight subtlety in that the Klyachko ideal is not radical, and as such, the
map from the Klyachko ring to the direct sum of these quotients is not injective. We will
return to this minor matter below.

3.2 Dropping the other genera

The other components (besides the one giving the affine-linear genus) are useless, in the
following senses. Say km = 0 for some m; then there are three situations.

1. Some reduced word for a permutation π uses the letter m. Then all reduced words do,
with the effect that Sπ 7→ 0 in the quotient ring.

2. Each reduced word for π uses some letters > m and some < m. Then π = π<mπ>m
where each uses only letters < m, > m respectively. In this case Sπ = Sπ<mSπ>m .

3. Each reduced word for π only uses letters on one side of m. At this point there is nothing
to be gained by setting km = 0; we could work with just the affine-linear genus.

Our principal interest in genera is to study Schubert calculus, the structure constants cσ
πρ

of the multiplication of Schubert symbols. That is hard to do if the symbols map to zero
(situation #1), silly to do directly if the symbols are are themselves products (situation
#2), and in situation #3 might as well be done using the affine-linear genus. As such, at
this point we cast aside the Klyachko genus in favor of the affine-linear genus γ:

γ : H(AZ) → Q[a, b], Sπ 7→
1

ℓ(π)! ∑
P∈RW(π)

∏
i∈P

(ai + b)

The assiduous reader might be guessing now that the information lost when passing
from the Klyachko ideal to its radical is similarly negligible for Schubert calculus pur-
poses. And indeed: if we factor the Klyachko ideal as an intersection of primary instead
of prime components, we run into the ideals

∀i ≤ j, Q[. . . , k−1, k0, k1, . . .]
/〈 k2

m = 0 ∀m ∈ [i + 1, j− 1]
ki = k j = 0

−km−1 + 2km − km+1 = 0 ∀m /∈ [i, j]

〉
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These would let us study π, ρ, σ whose reduced words use only the letters in the range
[i + 1, j− 1], and each at most once. This is an extremely limited case.

4 The affine-linear genus γ from the martial derivations

Recall the derivations
∇ = ∑

m
m♂m ξ = ∑

m
♂m

Being derivations, they exponentiate to automorphisms of Q⊗Z H(AZ) (where the Q is
necessitated by the denominators in the exponential series).

Theorem 7. The following triangle commutes:

H(AZ)
ea∇+bξ ↙ ↘ γ

Q[a, b]⊗Z H(AZ) ↠ Q[a, b]
Sπ 7→ δπ,e

Proof. The proof is not conceptual; we compute both sides and compare. Indeed, we find
the statement intriguing exactly because we know of no geometric reason the two maps
should be related.

ea∇+bξ · Sπ = ∑
n

1
n!
(a∇+ bξ)n · Sπ 7→

(a∇+ bξ)ℓ(π) · Sπ

ℓ(π)!
=

(
∑i(ai + b)♂i

)ℓ(π) · Sπ

ℓ(π)!

Expanding
(
∑i(ai + b)♂i

)ℓ(π), the nonvanishing terms correspond to reduced words of
length ℓ(π), and only those that multiply to π−1 survive application to Sπ.

In particular the proof of Theorem 6 essentially amounts to applying exp(ξ). (Oddly,
the original proof in [12] is closer to an application of exp(∇).)

There is a fascinating q-Klyachko genus introduced in [11, §3.4]:

γq : H(AZ) → Q(q)[α, β]

Sπ 7→ 1
ℓ(π)q

•
∑

Q: ∏ Q=π

qcomaj(Q) ∏
i∈Q

(
αqi + β

)
Here mq

• is the q-torial ∏m
j=1[j]q, and comaj(Q) is the sum of the positions of the ascents.

We looked for a long time for a q-analogue of Theorem 7, to no avail: it would provide
an automorphism of H(AZ)(q)[α, β] whose ℓ = 0 part is the q-Klyachko genus.
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5 Rectification and the q-statistic

We pursue a q-analogue of (Nenashev’s) Theorem 6. Applying Nadeau-Tewari’s q-
Klyachko genus to SπSρ = ∑σ cσ

πρ Sσ we get

1
ℓ(π)q

•
∑

P∈RW(π)

qcomaj(P) ∏
i∈P

(αqi + β)
1

ℓ(ρ)q
•

∑
R∈RW(ρ)

qcomaj(Q) ∏
i∈R

(αqi + β)

= ∑
σ

cσ
πρ

1
ℓ(σ)q

•
∑

S∈RW(σ)

qcomaj(S) ∏
i∈S

(αqi + β)

Multiplying through, we get(
ℓ(π) + ℓ(ρ)

ℓ(π)

)
q

∑
P∈RW(π)
R∈RW(ρ)

q
comaj(P)
+comaj(R) ∏

i∈P ⨿ R
(αqi + β) = ∑

σ

cσ
πρ ∑

S∈RW(σ)

qcomaj(S) ∏
i∈S

(αqi + β)

Let’s interpret both sides at α = β = q = 1, again using a mystery set Cσ
πρ with

cardinality cσ
πρ. Define a barred word for π as a reduced word in which some letters are

overlined, e.g. 121 for (13). Then the left side of the above equation counts pairs (P, R)
of barred words, shuffled together, where the barring indicates “use the αqi term” rather
than the β term. Meanwhile, the right side counts pairs (τ, S) where S is a barred word
for some σ, and τ is in Cσ

πρ.

Theorem 8. Define the q-statistic of a barred word as the sum of the locations of the ascents,
plus the sum of the barred letters.

Define the q-statistic of a shuffle x of a pair (P, R) of barred words as the sum of the two
q-statistics, plus the number of inversions in the shuffle (letters in R leftward of letters in P).

Then there exists (but the proof doesn’t find one) a “rectification” map

{shuffles of pairs (P, R) of barred words for π, ρ} → ⨿
σ

{barred words for σ}

preserving the number of bars and the q-statistic, whose fiber over each word for σ is of size cσ
πρ.

We note that the affine-linear genus doesn’t let one produce such a combinatorial
result, insofar as the factors ai + b can involve i < 0 (in the back-stable setting of AZ).

Example. These examples get large very quickly, so we restrict to the fully barred
case. Let π = ρ = 12463578, chosen to give a cσ

πρ > 1 (and chosen stably enough that
the terms in the product don’t move −N). Each of π and ρ have two reduced words
(354 and 534, comajs 1 and 2, each of total 12), and there are (6

3) ways to shuffle, for
a total of 2 · 2 · (6

3) = 80; the resulting q-statistics range from 26 = 1 + 12 + 1 + 12 + 0
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to 37 = 2 + 12 + 2 + 12 + 3 · 3. There are 7 terms Sσ in the product SπSρ (one with
coefficient 2) with various numbers of reduced words.

q-statistic: 26 27 28 29 30 31 32 33 34 35 36 37
1 3 5 8 11 12 12 11 8 5 3 1 total = 80

σ

23561478 1 1 2 1 2 1 1
14562378 1 1 1 1 1
13572468 1 2 2 3 3 2 2 1
13572468 1 2 2 3 3 2 2 1 again
23471568 1 1 2 2 2 1 1
13482567 1 1 2 2 2 1 1
12673458 1 1 1 1 1
12583467 1 1 2 1 2 1 1

In the line with “total = 80”, we count the number of fully barred shuffles with given
q-statistic. In each of the lower lines, we put σ on the left, and on the right we list the
number of fully barred words for it with given q-statistic. Then the theorem asserts that
each number atop a column is the sum of the numbers below. There is a silly rotational
near-symmetry tracing to the fact that π and ρ are Grassmannian permutations for self-
conjugate partitions.

6 Equidistribution of inversion number vs. comaj on ([n]m )

Let J ⊆ Z be a set of n numbers, no two adjacent. Then the product ∏j∈J rj is well-
defined i.e. is independent of the order; indeed, the reduced words for ∏j∈J rj are in
correspondence with permutations of J. The same holds when multiplying subsets of J.

Fix K ⊆ J and let ρ = ∏K rk, π = ∏J\K rj. Then SπSρ = Sπρ, and Theorem 8 (again
in the fully barred case) predicts a bijection

{insertions of reduced words R for ρ into reduced words P for π} → RW(πρ)

such that
[
comaj(P) + comaj(R) + the inversion number of the shuffle

]
matches comaj

of the resulting word x. Note that the obvious map (just insert R where the shuffle
suggests) does not correspond these two statistics!

If we break J not into two subsets, but all the way down into individual letters, this
recovers the equidistribution on Sn of the statistics ℓ and comaj (or maj); see e.g. [14,
Proposition 1.4.6].

This hints at a stronger result: that for any two strings P, R such that PR has no
repeats, on the set {shuffles x} the distributions of the statistic comaj(P) + comaj(R) +
ℓ(x) and the statistic comaj(x) match. (Theorem 8 only guarantees this after summing
over all P ∈ RW(π), R ∈ RW(ρ).) And indeed, this stronger claim holds [4].
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Abstract.

For each integer partition λ ⊢ n we give a simple combinatorial expression for the sum
of the Jack character θλ

α over the integer partitions of n with no singleton parts. For
α = 1, 2 this gives closed forms for the eigenvalues of the permutation and perfect
matching derangement graphs, resolving an open question in algebraic graph theory.
A byproduct of the latter is a simple combinatorial formula for the immanants of the
matrix J − I where J is the all-ones matrix, which might be of independent interest.
Our proofs center around a Jack analogue of a hook product related to Cayley’s Ω–
process in classical invariant theory, which we call the principal lower hook product.

Keywords: Symmetric Functions, Jack Polynomials, Derangements, Algebraic Graph
Theory, Young Tableaux, Umbral Calculus.

1 Introduction

Let λ ⊢ n be an integer partition and consider the power sum expansion of the Jack
polynomials, i.e., Jλ = ∑µ⊢n θλ

α (µ)pµ [32]. The θλ
α ’s are often called the Jack characters

because they are a deformation of a normalization of the irreducible characters χλ of the
symmetric group Sn. In particular, the Jack polynomials at α = 1, 2 recover the integral
forms of the Schur and Zonal polynomials respectively. These specializations have been
widely studied in algebraic combinatorics due to their connections with Sn and the set
M2n of perfect matchings of the complete graph K2n, but for arbitrary α ∈ R many open
questions remain [2, 32, 22]. This state of affairs has led to an investigation of the
Jack characters since they provide dual information about Jack polynomials that may
shed light on these open questions; however, the dual path towards understanding Jack
polynomials is paved with its own conjectures [10, 16, 17]. We make some progress in
this vein by taking sums of θλ

α (µ)’s rather than single θλ
α (µ)’s.

Let fp(µ) be the number of singleton parts of µ. Define the λ-Jack derangement sum

ηλ
α := ∑

µ⊢n
fp(µ)=0

θλ
α (µ)

*lindzeyn@gmail.com. For the full version of this extended abstract, see https://doi.org/10.48550/
arXiv.2304.06629. All proofs in this extended abstract have been deferred to the full version.
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https://doi.org/10.48550/arXiv.2304.06629
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to be the sum of the Jack character θλ
α over the derangements, i.e., partitions µ ⊢ n with

no singleton parts. To motivate this definition, recall that if λ ⊢ n is the cycle type of a
permutation π ∈ Sn, then π is a derangement if and only if fp(λ) = 0. Let Dn ⊆ Sn be the
set of derangements of Sn. One can show that ηλ

1 is a scaled character sum over Dn, i.e.,

ηλ
1 = ∑

µ⊢n
fp(µ)=0

θλ
1 (µ) = ∑

µ⊢n
fp(µ)=0

|Cµ|
χλ(1)

χλ(µ) =
1

χλ(1) ∑
π∈Dn

χλ(π)

where Cµ ⊆ Sn is the conjugacy class corresponding to µ ⊢ n. For α = 2, an analogous
result holds for the so-called perfect matching derangements of M2n (see [18], for example).
We are unaware of combinatorial models for α ̸= 1, 2, but it is natural to view ηλ

α as the
α-analogue of the character sum over derangements, which is our main focus.

While little is known about the Jack derangement sums for arbitrary α ∈ R, the α =
1, 2 cases have received special attention in algebraic graph theory because they are in
fact the eigenvalues of the so-called derangement graphs. The set {ηλ

1 }λ⊢n is the spectrum
of the permutation derangement graph: Γn,1 := (Sn, E) where πσ ∈ E ⇔ σπ−1 ∈ Dn, i.e.,
the normal Cayley graph of Sn generated by Dn. See [7, Ch. 14] or [29] for more details
on the permutation derangement graph. The set {ηλ

2 }λ⊢n is the spectrum of the perfect
matching derangement graph: Γn,2 := (M2n, E) where mm′ ∈ E ⇔ m ∩ m′ = ∅. For more
details on the perfect matching derangement graph, see [7, Ch. 15] or [18].

These graphs made their debut in Erdős–Ko–Rado combinatorics, a branch of extremal
combinatorics that studies how large families of combinatorial objects can be subject to
the restriction that any two of its members intersect. By design, the independent sets (sets
of vertices that are pairwise non-adjacent) of Γn,α are in one-to-one correspondence with
the so-called intersecting families of permutations and perfect matchings for α = 1, 2, and
the spectra of these graphs have been used to give tight upper bounds and characteriza-
tions of the largest intersecting families of Sn and M2n. We refer the reader to [7] for a
comprehensive account of algebraic techniques in Erdős–Ko–Rado combinatorics.

The derangement graphs are interesting in their own right since they are natural
analogues of the celebrated Kneser graph, a cornerstone of algebraic graph theory [9].
Because the algebraic combinatorics of permutations and perfect matchings are more
baroque than that of subsets, the eigenvalues of the derangement graphs have proven to
be far more challenging to understand. We briefly overview the results in this area.

The first non-trivial recursion for the eigenvalues of the permutation derangement
graph was derived by Renteln [29] using determinantal formulas for the shifted Schur
functions [26], which he used to calculate the minimum eigenvalue of the permutation
derangement graph. Using different techniques, Ellis [5] later computed the minimum
eigenvalue of the permutation derangement graph. Deng and Zhang [4] determined the
second largest eigenvalue. In [13], Ku and Wales investigated some interesting properties
of the eigenvalues of the permutation derangement graph. In particular, they proved
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The Alternating Sign Theorem, namely, that sgn ηλ
1 = (−1)|λ|−λ1 for all λ, and they offered

a conjecture on the magnitudes of the eigenvalues known as the Ku–Wales Conjecture.
In [14], Ku and Wong proved this conjecture by deriving another recursive formula using
shifted Schur functions that led to a simpler proof of the Alternating Sign Theorem.

It was soon noticed that the algebraic properties of the perfect matching derangement
graph parallel those of the permutation derangement graph. The minimum eigenvalue
of the perfect matching derangement graph was computed by Godsil and Meagher [8]
and later by Lindzey [19, 20]. An analogue of the Alternating Sign Theorem was conjec-
tured in [18, 7] which was recently proven by both Renteln [30] and Koh et al [12]. In
an earlier effort to prove this conjecture, Ku and Wong [15] give recursive formulas for
ηλ

2 and a few closed forms for select shapes. In [31], Srinivasan gives more computation-
ally efficient formulas for the eigenvalues of the perfect matching derangement graph.
Godsil and Meagher ask whether an analogue of the Ku–Wales conjecture holds for the
perfect matching derangement graph [7, pg. 316]. The latter has remained open since
the eigenvalues of the perfect matching derangement graph have defied nice recursive
expressions akin to permutation derangement graph. This is because the aforemen-
tioned determinantal formulas for shifted Schur functions do not exist for shifted Zonal
polynomials or shifted Jack polynomials.

The main shortcoming of the known eigenvalue formulas for the derangement graphs
is that they cannot be evaluated efficiently, i.e., they lack “good formulas". Indeed,
finding closed forms was deemed a difficult open problem [7, pg. 316], perhaps due to
the formal hardness of evaluating the irreducible characters of the symmetric group [28,
11, 27]. Our results show that good formulas do in fact exist.

To state our main results we need a few definitions. Let hλ
∗ (i, j) := αaλ(i, j) + lλ(i, j) +

1 be the lower hook length of the cell (i, j) ∈ λ where aλ(i, j) and lλ(i, j) denote arm length
and leg length respectively. We define H1

∗(λ) := hλ
∗ (1, 1)hλ

∗ (1, 2) · · · hλ
∗ (1, λ1) to be the

principal lower hook product of the integer partition λ. For α = 1, the lower hook length
is just the usual notion of hook length, in which case we call H1

∗(λ) the principal hook
product. Note that the principal hook product for λ = (n) is simply n!.

It turns out that the principal hook product for arbitrary λ arises naturally in classical
invariant theory, namely, in the evaluation of a differential operator known as Cayley’s Ω–
process (see [3]). Independently, Filmus and Lindzey [6] observe a similar phenomenon
in their study of harmonic polynomials on perfect matchings, wherein they show that
the principal lower hook product appears in the evaluation of a family of differential
operators acting polynomial spaces associated with perfect matchings. From the results
of [6], we show in Section 3 that the principal hook product H1

∗(λ) counts an interesting
class of colored permutations Sλ, defined as follows.

For each i ∈ [n] := {1, 2, . . . , n}, we assign a list of colors L(i) ⊆ [m] for some m ∈ N.
We define a colored permutation (c, σ) to be an assignment of colors c = c1, c2, . . . , cn such
that ci ∈ L(i) and a permutation σ ∈ Sym([n]) such that σ(i) = j ⇒ ci = cj, i.e., each
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cycle of the permutation is monochromatic. Any partition λ defines a color list on each
element i of the symbol set [λ1] by setting L(i) := [λ′

i] where λ′ denotes the transpose
or conjugate partition of λ. We define Sλ to be the set of all such colored permutations,
formally, Sλ := {(c ∈ [λ′

1]× · · · × [λ′
λ1
], σ ∈ Sλ1) : σ(i) = j ⇒ ci = cj for all i ∈ [λ1]}.

We say that a colored permutation (c, σ) ∈ Sλ is a derangement if σ(i) = i ⇒ ci ̸= 1
for all 1 ≤ i ≤ λ1. In other words, these are the colored permutations that have no
colored cycles in common with (1, . . . , 1, ()) ∈ Sλ. Let Dλ be the set of derangements
of Sλ, and let Dλ

k be the set of derangements of Sλ with exactly k disjoint cycles. We
define Dλ := |Dλ| and dλ

k := |Dλ
k |, so that Dλ = dλ

1 + dλ
2 + · · ·+ dλ

λ1
. For any α ∈ R, let

Dλ
α := ∑λ1

k=1 dλ
k αλ1−k be the λ-Jack derangement number. Our first main result is Theorem 1,

that the Jack derangement sums equal the Jack derangement numbers (up to sign).

Theorem 1. For all α ∈ R, we have ηλ
α = (−1)|λ|−λ1 Dλ

α

Theorem 1 gives cleaner and more general proofs of all the previous results on the
derangement graphs.

Corollary 1 (Alternating Sign Theorem). For all α ≥ 0, we have sgn ηλ
α = (−1)|λ|−λ1 .

Corollary 2 (Ku–Wales Theorem). For all µ, λ ⊢ n such that µ1 = λ1 and α ≥ 0, we have
µ ⊴ λ ⇒ |ηµ

α | ≤ |ηλ
α |.

Setting α = 2 in Corollary 2 answers Godsil and Meagher’s question on the Ku–Wales
conjecture for the perfect matching derangement graph [7, pg. 316].

Corollary 3. For all α ≥ 1 and n ≥ 6, we have (n) = arg maxλ⊢n ηλ
α , (n − 1, 1) =

arg minλ⊢n ηλ
α , and (n − 1, 1) = arg max λ⊢n

λ ̸=(n)
|ηλ

α |.

Our second main result is a closed-form expression for the eigenvalues of Γn,1 and Γn,2.

This work can be seen as a companion paper to [21], where less explicit but more general
formulas for a variety of different "disjointness" and derangement graphs are given.

2 Shifted Jack Polynomials

We overview standard terminology associated with Jack polynomials. For any cell
(i, j) ∈ λ, the leg length lλ(i, j) of (i, j) is the number of cells below (i, j) in the same col-
umn of λ, and the arm length aλ(i, j) of (i, j) is the number of cells to the right of (i, j) in
the same row of λ, i.e., aλ(i, j) = |{(i, k) ∈ λ : k > j}| and lλ(i, j) = |{(k, j) ∈ λ : k > i}|.
Note that arm length and leg length remain well-defined even when λ is replaced by a
set of cells that does not form an integer partition. Let hλ

∗ (i, j) := αaλ(i, j) + lλ(i, j) + 1
and h∗λ(i, j) := α(aλ(i, j) + 1) + lλ(i, j) be the lower hook length and upper hook length of
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α+1 1

α+1 1

1

1

Figure 1: Let µ = (4, 3, 2) ⊢ 9. The colored cells S = {(2, 1), (1, 2), (2, 3), (1, 4)} on
the left is a 4-transversal of µ with α-weight wα(S) = (α + 1)2. The colored cells
S′ = {(1, 1), (3, 2)} on the right is a 2-transversal of µ with α-weight wα(S′) = 1. Each
colored cell is labeled with its lower hook length with respect to S and S′.

(i, j) ∈ λ, respectively. Let Hλ
∗ = ∏(i,j)∈λ hλ

∗ (i, j) and H∗
λ = ∏(i,j)∈λ h∗λ(i, j) be the lower

hook product and upper hook product of λ, respectively. Note that the lower and upper
hook product remain well-defined even when λ is replaced by a set of cells that does not
form an integer partition.

Theorem 2 is a simple but opaque expression for ηλ
α in terms of the (integral form)

shifted Jack polynomials J⋆λ(x; α) (see [25], for example). These expressions are already
known for ηλ

1 and ηλ
2 in terms of the determinantal formula for the shifted Schur poly-

nomials [29] and more recently for the shifted Zonal polynomials [30]. Theorem 2 is
simply the Jack analogue of these results.

Theorem 2. For all λ and α ∈ R, we have ηλ
α = ∑|λ|

k=0(−1)|λ|−k J⋆k (λ)/k!.

3 Tableau Transversals and Principal Hook Products

We now leverage some combinatorial results of [1, 6] to give a more tractable combina-
torial formulation of Theorem 2, which we use to prove Theorem 1 for α = 1, 2.

A k-transversal T of λ is a set of k cells of T which forms a partial transversal of
the columns of λ, that is, no two cells of T lie in the same column of λ. Define the
α-weight of a k-transversal T to be the lower hook product of T, i.e., wα(T) = HT

∗ , with
the convention that wα(∅) = 1 (see Figure 1 for examples). Let T k

λ be the collection of
k-transversals of λ.

In [1, Theorem 5.12], Alexandersson and Féray show that J⋆k (λ)/k! = ∑T∈T k
λ

wα(T).
Independently, Filmus and Lindzey [6] prove the following identity: J⋆λ1

(λ)/λ1! =

∑T∈T λ1
λ

wα(T) = H1
∗(λ). For α = 1, we note that this identity can be deduced from

Naruse’s hook-length formula for standard skew-tableaux [23]. We write µ ⪯k λ if µ is
a subshape λ obtained by removing k columns of λ. There are (λ1

k ) such subshapes, and
we let the sigma notation ∑µ⪯kλ denote the sum over all (λ1

k ) subshapes µ of λ obtained
by removing k columns.
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Theorem 3. For any shape λ and α ∈ R, we have ηλ
α = (−1)|λ|−λ1 ∑λ1

k=0(−1)k ∑µ⪯kλ H1
∗(µ).

Theorem 3 and Theorem 4 can now already be used to give an elementary combinatorial
proof of Theorem 1 for α = 1, 2 via the principle of inclusion-exclusion. This is because
λ-colored permutations Sλ (see Section 1) and λ-colored perfect matchings Mλ (see full
version) are bona fide combinatorial objects, and their sizes are counted by the principal
hook product H1

∗(λ).

Theorem 4. [6] For any shape λ, we have |Sλ|, |Mλ| = H1
∗(λ) for α = 1, 2, respectively.

In Section 5 we generalize this proof of Theorem 1 to all α ∈ R, but along the way we
collect several results concerning principal lower hook products, perhaps of independent
interest, that allow us to give more explicit expressions of Theorem 1. Specializing these
expressions to α = 1, 2 yields closed-form expressions for the eigenvalues of derange-
ment graphs, our second main result.

4 Minors of the Principal Hook Product

In this section we prove a few technical lemmas concerning the principal hook product
that are needed for closed-form expressions of Theorem 1. Let λ−i be the shape obtained
by removing the ith column of λ. Let λ−i1−i2−···−ik be the shape obtained by removing
(distinct) columns i1, i2, . . . , ik of λ. It is useful to think of the H1

∗(λ
−i)’s as the first minors

of λ, and the H1
∗(λ

−i1−···−ik)’s as k-minors of λ. The ordering of the ij’s is immaterial,
i.e., λ−i1−i2−···−ik = λ−iσ(1)−iσ(2)−···−iσ(k) for all σ ∈ Sk. Let λk be the shape obtained by
removing the last k columns of λ. We adopt the shorthand hj := hλ

∗ (1, j) henceforth.
Lemma 1 gives a Laplace-like expansion that relates the principal lower hook product to
its first minors.

Lemma 1 (Laplace Expansion). We have ∑λ1
i=1 H1

∗(λ
−i) = 1

α

(
H1
∗(λ) + (α − hλ1)H1

∗(λ
1)
)
,

equivalently, H1
∗(λ) = ∑λ1−1

i=1 αH1
∗(λ

−i) + hλ1 H1
∗(λ

−λ1).

For α ≥ 1, we are now in a position to give a short proof of both the Alternating Sign
Theorem and a useful upper bound on the magnitudes of the Jack derangement sums.

Proposition 1. For all α ≥ 1, we have sgn ηλ
α = (−1)|λ|−λ1 . Moreover, |ηλ

α | ≤ H1
∗(λ).

For any λ and integer 0 ≤ j ≤ λ1 − 1, let f ∗λ(j) := ∏
j
i=0((j + 1)α − hλ1−i), and define

f ∗λ(j) := 1 for all negative integers j. Lemma 2 is a generalization of Lemma 1 that we
will be needed in order to give a more explicit version of [1, Theorem 5.12].

Lemma 2. For all shapes λ and 0 ≤ j ≤ λ1 − 1, we have ∑λ1
i=1 f ∗

λ−i(j − 1) H1
∗((λ

−i)j) =
1
α

(
f ∗λ(j − 1) H1

∗(λ
j) + f ∗λ(j) H1

∗(λ
j+1)

)
.
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Theorem 5 is a more explicit form for [1, Theorem 5.12], perhaps of independent interest.

Theorem 5. For all α ∈ R, we have
J⋆λ1−k(λ)

(λ1−k)! = ∑µ⪯kλ H1
∗(µ) = 1

αk ∑k
j=0(−1)j ∏

λ1
i=1(hi−jα)
(k−j)!j! ,

equivalently, H∗
k

(λ1−k)! J⋆λ1−k(λ) = ∑k
j=0(−1)j(k

j)∏λ1
i=1(hi − jα).

Those familiar with the umbral calculus or the calculus of finite differences may recog-
nize the right-hand side of the second equation in Theorem 5 as essentially the kth-order
forward difference ∆k of the univariate degree-λ1 polynomial H1

∗(λ, x) := ∏λ1
i=1(hi − xα)

in x at the origin, i.e., H∗
(k) J⋆λ1−k(λ)/(λ1 − k)! = (−1)k∆k[H1

∗(λ, x)](0) where we de-

fine ∆k[ f ](x) := ∑k
i=0(−1)k−i(k

i) f (x + i) for any function f (x). Forward differences
of this kind are connected to polynomial interpolation in the falling factorial basis
xk := x(x − 1)(x − 2) · · · (x − k + 1), in particular, the Newton (interpolation) polynomial
N(x) of a set of points S = {(xi, p(xi))}d

i=0:

N(x) := [p(x0)]x0 + [p(x0), p(x1)]x1 + · · ·+ [p(x0), p(x1), . . . , p(xd)]xd

where [p(x0), . . . , p(xj)] is the notation for the so-called jth divided difference. Note that if
p(x) is a degree-d polynomial and |S| > d + 1, then [p(x0), . . . , p(xj)] = 0 for all j > d.

Finally, we recall the fact that if xi = i for all 0 ≤ i ≤ d, then [p(x0), p(x1), . . . , p(xj)] =

∆j[p](0)/j!, and the Newton interpolation polynomial is of the form

N(x) =
p(0)
0!

x0 +
∆1[p](0)

1!
x1 + · · ·+ ∆d[p](0)

d!
xd. (4.1)

See Stanley [33, Ch. 1.9] for a more in-depth discussion of the calculus of finite differ-
ences and its connections to combinatorics. In the next section, we show that each Jack
derangement number is the sum of the coefficients of a Newton polynomial (Theorem 6).

5 Proof of Theorem 1

Building off the results of the previous sections, we sketch a proof of Theorem 1 in this
section. For all j > 0, define H1

∗(λ, j) := ∏λ1
i=1(hi − jα) to be the j-shifted principal lower

hook product. It will be convenient to think of the shifted principal lower hook product
as a univariate polynomial in x, i.e., H1

∗(λ, x) := ∏λ1
i=1(hi − xα). We let d(α)n,k denote the

α-generalization of the rencontres numbers, that is, d(α)n,k := αnn!
αkk! ∑n−k

i=0
(−1)i

αii! .

Theorem 6. For all λ, α ∈ R, and n ≥ λ1, we have ηλ
α = (−1)|λ|−λ1 1

αnn! ∑n
j=0 d(α)n,j H1

∗(λ, j).

Theorem 6 allows us to connect the Jack derangement sums to the Poisson distribution.
For all α ∈ R, a simple induction shows that ∑n

j=0 d(α)n,j /αnn! = 1, and moreover, that
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limn→∞ d(α)n,k /αnn! = e−1/α/αkk!. For α > 0, the limiting distribution is the Poisson
distribution with expected value 1/α. After taking limits, for all α ∈ R, we have

ηλ
α = (−1)|λ|−λ1e−1/α

∞

∑
x=0

H1
∗(λ, x)
αxx!

. (5.1)

For α > 0, we may interpret the Jack derangement sum as some type of “generalized fac-
torial moment" of the Poisson distribution (up to sign), i.e., ηλ

α = (−1)|λ|−λ1E[H1
∗(λ, x)].

A combinatorial interpretation of these moments will follow as a corollary of Theorem 1.
Recall that the factorial moments of the Poisson distribution have a remarkably simple
form, namely, for all α ∈ R, we have limx→∞ xkα /αxx! = e1/α where xkα := αkxk. In light
of Equation (5.1), the foregoing suggests that we should express the polynomial H1

∗(λ, x)
in the α-falling factorial basis {xkα}, which we determine below for λ such that λ1 = 1, 2, 3.
Let λ′ denote the transpose of λ. If λ1 = 1, then we have H1

∗(λ, x) = −x1α + λ′
1x0α . If

λ1 = 2, then we have H1
∗(λ, x) = x2α − (λ′

2 + λ′
1)x1α + λ′

2(α + λ′
1)x0α . If λ1 = 3, then we

may write H1
∗(λ, x) as

-x3α +(λ′
3 +λ′

2 +λ′
1)x2α-((α+λ′

1)λ
′
3 +(α+λ′

1)λ
′
2 +(α+λ′

2)λ
′
3)x1α +λ′

3(α+λ′
2)(2α+λ′

1).

Indeed, the following proposition shows that each coefficient of H1
∗(λ, x) expressed in the

α-falling factorial basis is a polynomial cλ
k (α) that admits a combinatorial interpretation.

Proposition 2. Let λ̂ be the partition obtained by removing the first column of λ, and let #cyc(σ)
denote the number of cycles of a permutation σ. For all shapes λ and α ∈ R, we have H1

∗(λ, x) =
∑λ1

k=0 cλ
k (α)xkα where cλ

k (α) = (α(λ1 − 1 − k) + λ′
1)c

λ̂
k (α) − cλ̂

k−1(α), cλ
k (α) := 0 if k > λ1,

cλ
−1(α) := 0. Moreover, we have

(−1)k[αλ1−k−j]cλ
k (α) = ∑

I⊆[λ1]
|I|=k

| {(c, σ) ∈ Sλ : #cyc(σ) = k + j and ci = 1, σ(i) = i ∀i ∈ I} |.

Upon expressing Equation (5.1) in the α-falling factorial basis via the Proposition 2, the
proof of Theorem 1 becomes straightforward (see the full version for more details).

6 Eigenvalues of the Permutation Derangement Graph

The known recursive expressions for the eigenvalues of the permutation derangement
graph originate from [34, Ex. 7.63a], where Stanley considers the sum dλ := ∑π∈Dn χλ(π)
and shows it can be written in terms of the complete homogeneous symmetric functions:

∑
λ⊢n

dλsλ =
n

∑
k=0

(−1)n−knkhn−k
1 hn−k.
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For hook shapes, both Stanley [34, Ex. 7.63b] and Okazaki [24, Corollary 1.3] prove that

d(j,1n−j) = (−1)n−j
(

n
j

)
|Dj|+ (−1)n−1

(
n − 1

j

)
= (−1)n−j

(
n − 1

j

)
((n − j)|Dj−1|+ |Dj|).

Recalling that ηλ
1 = dλ/ f λ where f λ := χλ(1) is the number of standard Young tableaux

of shape λ, the following generalizes Stanley and Okazaki’s results to all partitions λ.

Corollary 4. dλ = (−1)|λ|−λ1 f λDλ.

This suggests a natural combinatorial interpretation of |dλ| in terms of standard
Young tableaux t of shape λ and colored derangements (c, σ) ∈ Dλ. Indeed, the set
Dλ is in bijection with permutations σ′ defined on λ1 cells of a fixed Young diagram
t of shape λ that satisfy the following criteria: if σ′(i) = j, then the cells containing
i and j belong to the same row of t; no two cells involved in the permutation σ′ lie
in the same column of t; and if σ′(i) = i, then the cell containing i does not belong
to the first row of t. We obtain the desired count by letting t vary over all standard
Young tableaux of shape λ. For λ = (1n) this gives a notably different proof of the well-
known identity d1n = ∑π∈Dn sgn(π) = ∑π∈Dn(−1)inv(π) = (−1)n−1(n − 1), i.e., that the
number of odd derangements versus even derangements differ by ±(n − 1). More gen-
erally, for any integer partition λ ⊢ n, we define the immanant of a n × n matrix A to
be Immλ(A) := ∑π∈Sn χλ(π)Ai,π(i). If we consider the adjacency matrix of the complete
graph Kn = Jn − In where Jn is the n × n all-ones matrix, then we see that the immanants
of the complete graph admit an elegant combinatorial interpretation:

Immλ(Kn) = ∑
π∈Sn

χλ(π)
n

∏
i=1

(Kn)i,π(i) = ∑
π∈Dn

χλ(π) = dλ.

Recall that Theorem 1 gives an expression for the Jack derangement numbers as
a polynomial in α with non-negative coefficients Dλ

α = dλ
1 αλ1−1 + dλ

2 αλ1−2 + · · · + dλ
λ1

where dλ
k is the number of colored permutations of Dλ that have precisely k disjoint

cycles. One issue with this formula is that the dλ
k ’s are hard to compute for general

shapes λ, as they are at least as difficult as the associated Stirling numbers of the first
kind. Theorem 6 offers a more concrete but less combinatorial form, which for arbitrary
α seems to be as good as it gets; however, for α = 1, 2, we show that Theorem 6 can be
massaged into an explicit combinatorial closed form in terms of what we call extended
hook products. Before we begin, we require a few more tableau-theoretic definitions.

Let λc := (λ1 − λ1, λ1 − λ2, · · · , λ1 − λℓ(λ)) be the complement of λ. In other words,
the complement of λ is the subset of cells of the shape (λ1)

ℓ(λ) that do not lie in λ. For
λ = (10, 6, 3, 1), the complement λc = (0, 4, 7, 9) is the set of dots below:

0
◦ ◦ ◦ ◦ 4

◦ ◦ ◦ ◦ ◦ ◦ ◦ 7
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ 9.
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Let rev(λc) be the partition obtained by reversing the order of the rows of λc. We also
let rev : λc → rev(λc) denote the natural bijection defined on their cells, e.g.,

rev

(
u t s r

q p o n m l k
j i h g f e d c b a

)
= a b c d e f g h i j

k l m n o p q
r s t u

.

For any cell □ ∈ λc, we define its upper hook length to be h∗λc(□) = h∗rev(λc)(rev(□)),
and similarly for lower hook lengths. For example, we have the following upper hook
lengths for α = 1 and µ = (10, 6, 3, 1):

13 11 10 8 7 6 4 3 2 1

8 6 5 3 2 1 1 2 3 4

4 2 1 1 2 3 5 6 7 8

1 1 2 4 5 6 8 9 10 11

.

Let H∗
i (λ) be the ith principal upper hook product, i.e., the product of the upper hook

lengths along the ith row of λ. We define the extended ith principal upper hook product
to be H+

i (λ) := H∗
i (λ)H∗

i (λ
c). Continuing the example above, we see that H+

3 (µ) =
4 · 2 · 1 · 8!/4 = 80640. Note that H∗

1 (λ) = H+
1 (λ) for all λ since (λc)1 = 0.

Let dn,k be the kth rencontres number, i.e., the number of permutations of Sn with
precisely k fixed points. Let pn,k = dn,k/n! be the probability of drawing a permutation
(uniformly at random) from Sn with precisely k fixed points. The Frobenius coordinates
of λ are given by λ = (a1, . . . , ad | b1, . . . , bd) where ai := λi − i is the number of boxes
to the right of the diagonal in row i, and bi := λ′

i − i is the number of boxes below the
diagonal in column i. By default, we define ad+1 := −1. We are finally in a position to
state our second main result, namely, good closed forms for the eigenvalues of Γn,1.

Theorem 7 (Eigenvalues of Γn,1). For all λ = (λ1, . . . , λℓ) = (a1, . . . , ad | b1, . . . , bd) ⊢ n,
we have ηλ

1 = (−1)n ∑i≤λi+1(−1)λi pλ1,a1−ai H+
i (λ).

Explicit closed-form expressions for the eigenvalues of the perfect matching derange-
ment graph Γn,2 can be derived in a similar manner, which we defer to the full version.
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Framing lattices and flow polytopes
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Abstract. We introduce the framing lattice of a framed graph, a new lattice whose
Hasse diagram is the dual graph of a framed triangulation of a flow polytope. We
show that every framing lattice is an HH lattice, hence polygonal, semidistributive,
and congruence uniform. We also study lattice congruences determined by simple
operations called M-moves. Framing lattices provide a unifying framework for the
study of many remarkable lattice structures, and several well known results about
them are straight forward corollaries of our results.

Keywords: Flow polytope, framed triangulation, Tamari lattice, weak order, Cambrian
lattice, cross-Tamari lattice.

1 Introduction

Flow polytopes of acyclic oriented graphs are fundamental objects in the study of com-
binatorial optimization. In recent years, there has been an explosion of interest in these
objects due to their connections with other areas such as representation theory [1], di-
agonal harmonics [7], and Grothendieck polynomials [8]. From the combinatorial and
geometric perspective, a special focus on flow polytopes concentrates on their volumes
and triangulations. A novel method for triangulating flow polytopes using a framing of
the graph was developed in [4].

Since then, various families of combinatorial objects have revealed tight connections
with triangulations of flow polytopes. Examples of this include the Boolean lattice,
the Tamari lattice, and the weak order on permutations, each of which is a partially
ordered set whose Hasse diagram appears as the dual graphs of a framed triangulation
of a flow polytope. On the other hand, flow polytopes serve as a powerful tool to
approach open problems about the combinatorial objects involved. For instance, certain
framed triangulations of flow polytopes were used in [5] to solve an open conjecture
about geometric realizations of s-permutahedra. These recent developments motivate
the following question:

Is the dual graph of any framed triangulation the Hasse diagram of a lattice?

*matias.vonbell@gmail.com. Both authors were supported by the Austrian Science Fund FWF,
Project P 33278, and by the ANR-FWF International Cooperation Project PAGCAP, FWF Project I 5788.
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2 Matias von Bell and Cesar Ceballos

In this paper, we give a positive answer to this question. For any directed graph G and
any framing F of G, we define a lattice structure called the framing lattice LG,F, whose
Hasse diagram is the dual graph of the corresponding framed triangulation. The family
of framing lattices captures many important lattices appearing in the literature, including
those shown in Figure 1. Four explicit examples are shown in Figure 2, including a new
family of lattices that we call cross-Tamari lattices.

Framing lattices

Boolean lattices
Multipermutation

lattices

The s-weak order

The weak order on Sn

Grid-Tamari
lattices

Grassmann-Tamari
lattices

(ε, I, J)−Cambrian
lattices

Type A
Cambrian
lattices

Alt ν-Tamari lattices

ν-Tamari
lattices

Tamari lattices

ν-Dyck
lattices

Dyck lattices

Figure 1: Some lattices captured by the theory of framing lattices.

We prove several structural results about framing lattices. We show that every fram-
ing lattice is an HH lattice, hence polygonal, semidistributive, and congruence uniform,
and study lattice congruences determined by simple operations on framed graphs called
M-moves. We remark that these properties are usually non-trivial results proven in sev-
eral research works for the special classes outlined in Figure 1; and they all follow from
our global uniform results.

2 Framed triangulations of flow polytopes

Let G be a directed acyclic graph on vertex set V(G) = [n] and edge multiset E(G) such
that all edges are directed from smaller vertices to larger vertices and G has a unique
source s = 1 and sink t = n. We call such a graph G a flow graph. A path from the
source to the sink is said to be a route. For a vertex v in a flow graph G with vertex
set [n], let In(v) and Out(v) respectively denote the (possibly empty) incoming and
outgoing edges at v. A unit flow on G is then a tuple (xe)e∈E(G) ∈ R

|E(G)|
≥0 satisfying
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Figure 2: Four framed graphs and the Hasse diagrams of their framing lattices. The
first is the Boolean lattice B3. The second is the lattice of multipermutations of 12223.
The third is the ε-cambrian lattice with ε = − − +−. The fourth is a cross-Tamari
lattice of the cross-shaped grid shown below the right-most graph.

∑e∈Out(j) xe − ∑e∈In(j) xe = uj, where u1 = 1, un = −1, and uj = 0 for 1 < j < n.
The flow polytope of G is the set FG of unit flows on G and its dimension is given by
|E(G)| − |V(G)| + 1. The vertices of FG can be characterized as the unit flows on G
which have value one on the edges of a route and value zero on the remaining edges.
Thus FG can be described as the convex hull of the indicator vectors of the routes of G.

Example 2.1 (The oruga graph and the cube). Let Gn = Oruga(n) be the oruga graph on
the vertex set [n + 1] containing two edges e2i−1 and e2i between i and i + 1 for i ∈ [n].

e1

e2

e3

e4

G2 = Oruga(2) FG2

1010 1001

0110 0101

Figure 3: An example of the oruga graph, its flow polytope, and a framed triangula-
tion.

The flow polytope FGn is combinatorially a cube of dimension n, whose vertices are of
the form ei1 + · · ·+ ein , where ei ∈ R2n denote the standard basis vectors and ik = 2k − 1
or ik = 2k, for each value k ∈ [n]. These are the indicator vectors of the routes of Gn.

We now recall the framed triangulations of flow polytopes introduced in [4]. A
framing at the vertex v is a pair of linear orders (≤In(v),≤Out(v)) on the incoming and
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outgoing edges at v. A framed graph, denoted (G, F), is a flow graph with a framing F
at every vertex. An example of a framing of the Oruga(2) graph is shown in Figure 4,
where the labels indicate the order of the incoming and outgoing edges at every vertex.

For a path P containing a vertex v, let Pv (resp. vP) denote the maximal subpath
of P ending (resp. beginning) at v. Furthermore, let I (v) (resp. O(v)) denote the set of
paths in G ending (resp. beginning) at v. Our notation I stands for “incoming” and O
for “outgoing”. We define the relations ≤I (v) and ≤O(v) on I (v) and O(v) as follows.

Given paths Pv, Qv ∈ I (v), let w ≤ v be the first vertex after which Pv and Qv
coincide. If w is the first vertex of Pv or Qv, we say that Pv =I (v) Qv. Otherwise let eP
be the edge of P entering w and let eQ be the edge of Q entering w. Then Pv <I (v) Qv
if and only if eP <In(w) eQ. The relation O(v) is defined similarly.

Note that if Pv is a subpath of Qv, then Pv =I (v) Qv. But, if they do not start at the
same vertex, then they are different paths. Therefore, the relation ≤I (v) is not even a
partial order. However, if we restrict ≤I (v) (resp. ≤O(v)) to the set of paths starting at
the source s (resp. v) and ending at v (resp. the sink t), then it is a linear order.

We say that a vertex v of a path P is an inner vertex if v is not the first or last vertex
of the path. If v is an inner vertex of paths P and Q, we say that P and Q are incoherent
at v if Pv <I (v) Qv and vQ <O(v) vP, or if Qv <I (v) Pv and vP <O(v) vQ, and we say
that they are coherent at v otherwise. Paths P and Q are then said to be coherent if they
are coherent at each common inner vertex and they are incoherent otherwise. A set of
pairwise coherent routes is called a clique. We denote by C the collection of maximal
cliques. Examples of these concepts are illustrated in Figure 4.

1

2

1

2

1

2

1

2

Coherent Incoherent
A maximal clique

Figure 4: Examples of coherent and incoherent routes, and a maximal clique for the
given framing of the Oruga(2) graph.

The motivation for the definition of a framed graph is that the maximal cliques de-
termined by the framing induce a triangulation of the flow polytope. We denote by ∆C
the convex hull of the indicator vectors of the routes in a maximal clique C.

Proposition 2.2 (Danilov et al. [4]). Let (G, F) be a framed graph. The set {∆C | C ∈ C} is
the set of the top-dimensional simplices in a regular unimodular triangulation of FG.

A triangulation of FG whose facets are the maximal cliques of (G, F) for some fram-
ing F is called a framed triangulation of FG. The framed triangulation of the framing
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in Figure 4 is shown in Figure 3. The following lemma gives properties about adjacent
facets of the triangulation.

Lemma 2.3. Let C ̸= C′ be maximal cliques satisfying C ∖ {R} = C′ ∖ {R′}. Then,

(i) The routes R and R′ incoherent at some vertex v. Furthermore, they are incoherent at every
vertex in the maximal path Pv in R ∩ R′ that contains v, and coherent everywhere else.

(ii) The routes RvR′ and R′vR are contained in C ∩ C′.

From now on, unless otherwise specified, we draw the framed graphs (G, F) in such
a way that the order of the framing of the incoming and outgoing edges at every vertex is
increasing from top to bottom. This has two advantages: we do not need to include the
labels of a framing for the incoming and outgoing edges to the figure, and the coherence
relation becomes very intuitive because two paths are coherent at a vertex v if they “do
not cross” at v, as illustrated in Figure 5.

v

R

R′

R

R′

coherent at v

v

R

R′

R′

R

incoherent at v = crossing at v

R is cw from R′ at v

Figure 5: The coherence and cw relation between two routes at v.

This convention motivates the following definition. We say that a route R is clock-
wise (cw) from R′ at v if Rv <I (v) R′v and vR′ <O(v) vR. We use the notation R <cw

v R′

when R is cw from R′ at v. In particular, R and R′ are incoherent at v if and only if
R <cw

v R′ or R′ <cw
v R. Note also that <cw

v is a transitive relation, i.e. if R <cw
v R′ and

R′ <cw
v R′′, then R <cw

v R′′.

Example 2.4 (A framed triangulation of the oruga graph). Let Gn = Oruga(n) be the
oruga graph from Example 2.1, and let F be the framing that orders the incoming and
outgoing edges of Gn from top to bottom. The maximal cliques of (G, F) are in bijective
correspondence with permutations of [n] as follows.

Given a permutation [i1, . . . , in] of [n], construct a maximal clique consisting of n + 1
routes R0, . . . , Rn, where Rk is the route containing the top edges e2ij−1 for 1 ≤ j ≤ k, and
the bottom edges e2ij for k < j ≤ n. That is, Rk is the route with top edges at positions
i1, . . . , ik and bottom edges at the positions ik+1, . . . , in.

The resulting set of routes is a maximal clique, and all the maximal cliques are of this
form. Moreover, two facets are adjacent if and only if the corresponding permutations
can be obtained from each other by swapping two consecutive numbers. Thus, the dual
graph of this framed triangulation of FGn is the Hasse diagram of the classical weak
order of permutations of [n].
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3 Framing lattices

The weak order from the previous example is known to be a lattice. The purpose of this
section is to introduce a lattice structure whose Hasse diagram is the dual graph of a
framed triangulation of a flow polytope for any framed graph.

Let C ̸= C′ be maximal cliques satisfying C ∖ {R} = C′ ∖ {R′}. By Lemma 2.3, the
routes R and R′ are incoherent at some point v. If R <cw

v R′, then we say that R′ is
obtained from R by a ccw rotation at v. In this case, we say that C′ is obtained from C
by a ccw rotation. The framing poset LG,F = (C,≤ccw

rot ) is the poset on maximal cliques
where C ≤ccw

rot C′ if C′ can be obtained from C by a sequence of ccw rotations. We simply
write C ≤ C′ when the partial order is clear from context.

A polygon in a lattice is an interval [x, y] that is the union of two finite maximal
chains from x to y that are disjoint except at x and y. A lattice is said to be polygonal
if the following two conditions hold: (1) If y1 and y2 are distinct and cover an element
x, then [x, y1 ∨ y2] is a polygon; and (2) if y1 and y2 are distinct and are covered by an
element x, then [y1 ∧ y2, x] is a polygon.

Theorem 3.1. If (G, F) be a framed graph then LG,F is a poset. Moreover, it is a polygonal
lattice whose polygons consist of squares, pentagons, or hexagons.

Given a lattice L , let E(L ) denote the set of covering relations of L . We say that
L is an HH-lattice if it is finite, semidistributive, polygonal, and there exist a labeling
function ℓ : E(L ) → L where L is a set of labels, and a ranking function r : L → N

satisfying the following condition on every polygon [x, y] of L . Let x1 and x2 denote
the two elements covering x, and let y1 and y2 denote the two elements covered by y,
such that x1 and y1 (resp. x2 and y2) belong to the same maximal chain. The labeling ℓ
and rank function r must satisfy: (1) ℓ(x, x1) = ℓ(y2, y) and ℓ(x, x2) = ℓ(y1, y); and (2) if
t1, . . . , tk is a maximal chain in a polygon, then

r(t1), r(tk) < r(t2), r(tk−1) < · · · < r(t k+1
2
) if k is odd; and

r(t1), r(tk) < r(t2), r(tk−1) < · · · < r(t k
2
), r(t k

2+1) if k is even.

It is known that every HH-lattice is congruence uniform [2], i.e. it can be obtained
from the one element lattice by a sequence of doublings of intervals, a simple operation
introduced by Alan Day in the seventies, see [2] and the references therein.

Theorem 3.2. The framing poset LG,F is an HH lattice. In particular, it is semidistributive and
congruence uniform.

The following lemma due to Björner, Edelman, and Ziegler and the tools developed
below are central to prove the above results. We skip most of the details due to space
constraints.
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Lemma 3.3. (BEZ Lemma [6, Lemma 9-2.2]) Let P be a finite poset with 0̂. If the join x ∨ y
exists for every x, y ∈ P such that x and y cover a common element z, then P is a lattice.

To apply the BEZ lemma, we need a characterization of comparability in LG,F. We
say that C is cw from C′ if for all R ∈ C, R′ ∈ C′, and v ∈ R ∩ R′ we have that R and R′

are coherent at v or R <cw
v R′.

Proposition 3.4. Let C and C′ be maximal cliques. Then C ≤ C′ if and only if C is cw from C′.

Given two maximal cliques covering a common maximal clique, we construct their
join algorithmically. Given a set S of pairwise coherent routes, we construct a maximal
clique Cmax(S) containing S and the ccw-most routes that are coherent with the routes
in S. Informally, Cmax(S) is obtained by adding the ccw-most routes at each vertex
until a maximal clique is formed. The formal construction is described in Algorithm 1,
where ≤rev

I (v) denotes the reverse order of the linear order ≤I (v). Similarly, we construct
a maximal clique Cmin(S) containing S whose routes are as clockwise as possible.

Algorithm 1 The construction of Cmax(S)
1: Cmax(S) := S
2: for v ∈ V(G) (in increasing order) do
3: for Pv ∈ I (v) (in the order ≤rev

I (v)) do ▷ Pv possibly empty
4: for vQ ∈ O(v) (in the order ≤O(v)) do ▷ vQ possibly empty
5: if PvQ is coherent with all routes of Cmax(S) then
6: Cmax(S) := Cmax(S) ∪ {PvQ}
7: break ▷ This terminates the innermost loop
8: end if
9: end for

10: end for
11: end for

Lemma 3.5. The clique Cmax(S) is the unique maximal clique with the following property. If a
route R /∈ S is coherent with all routes in S, then for any R′ ∈ Cmax(S) and v ∈ R ∩ R′ either
R and R′ are coherent at v or R′ <cw

v R. The dual statement holds for Cmin(S).

When S = ∅, we abbreviate Cmin = Cmin(∅) and Cmax = Cmax(∅). The maximal
cliques Cmin and Cmax are respectively the 0̂ and 1̂ of LG,F. The proof of Theorem 3.1
follows from the next lemma together with the BEZ lemma.

Lemma 3.6. Let C1 and C2 be distinct maximal cliques covering a maximal clique Q in LG,F
and let S = C1 ∩ C2. Then, the following statements hold.

(i) The set of maximal cliques containing S is an interval IS = [Cmin(S), Cmax(S)], with
Q = Cmin(S), C1 ̸= Cmax(S), and C2 ̸= Cmax(S).
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(ii) The interval IS is a square, pentagon, or a hexagon.

(iii) C1 ∨ C2 exists and is Cmax(S).

Remark 3.7. The join of two arbitrary maximal cliques C and C′ in LG,F is not Cmax(S) for
S = C ∩C′. However, it is possible to compute it with a modified version of Algorithm 1.

Our proof of Theorem 3.2 relies on a characterization of semidistributive lattices and
HH lattices based on the polygons of the lattice. The congruence uniform property
follows from being an HH lattice.

The following result concerns lattice quotients of the framing lattice. It is based on
an operation discovered by Yip called an M-move, and was proved independently by
González D’León and Yip1. Given a framed graph (G, F) and an oriented edge (v, w)
such that v ̸= s and w ̸= t, an M-move applied to (v, w) is the framed graph (Gv,w, Fv,w)
obtained by replacing the edge (v, w) by the two edges (s, w) and (v, t), while keeping
the order of the incoming edges at w and the outgoing edges at v.

Theorem 3.8. The framing lattice LGv,w,Fv,w is a lattice quotient of LG,F.

We finish this section with the following enumerative conjecture, which is motivated
by Section 4.4 and a result in [3], and is supported by computational evidence.

Conjecture 3.9. Let F1 and F2 be two framings of G. Then, the framing lattices LG,F1

and LG,F2 have the same number of linear intervals of length k for every k ≥ 0.

4 Examples

4.1 The Boolean lattice

The Boolean lattice Bn is the lattice on the subsets of [n] ordered by inclusion. We now
describe how to obtain Bn as a framing lattice. Let GBn be the flow graph with vertex
set {s, t} ∪ [n] and edge set constructed as follows. For each vertex i ∈ [n] we add a pair
of edges (s, i) and (s, i)′ and a pair of edges (i, t) and (i, t)′. All framing lattices of GBn

will be isomorphic, so the choice of framing does not matter. However, for convenience
we choose F to be a framing with (s, i) <I (i) (s, i)′ and (s, i) <O(i) (s, i)′ at each i ∈ [n].
See the left-most graph and lattice in Figure 2 for an example of GB3 and B3.

A maximal clique of (GBn , F) contains the routes {(s, i), (i, t)} and {(s, i)′, (i, t)′}, and
either the route Ri := {(s, i), (i, t)′} or the route R′

i := {(s, i)′, (i, t)} for each i ∈ [n]. For a
set S ⊆ [n], define the maximal clique CS to be the unique maximal clique with routes R′

i
with i ∈ S, and Ri with i /∈ S. The map S 7→ CS is an order preserving bijection between
Bn and LGBn ,F. Therefore, the framing lattice LGBn ,F is the Boolean lattice Bn.

1Personal communication.
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4.2 The lattice of multipermutations

Given n positive integers m1, . . . , mn, the set of multipermutations [a1, . . . , am1+···+mn ] of
1m1 · · · nmn forms a lattice whose cover relations are given by interchanging two consec-
utive values ak < ak+1. The special case mi = 1 for all i recovers the classical weak order
on permutations.

We define the multioruga graph Gm1,...,mn as the graph on the vertex set [n + 1] con-
taining mi + 1 edges ei,0, . . . , ei,mi which are drawn from bottom to top between i and i+ 1
for i ∈ [n]. The framing F is induced by this drawing (edges ordered from top to bottom).

The associated flow polytope is a product of simplices FGm1,...,mn
= ∆m1 × · · · × ∆mn

where ∆mi = conv{ei,0, . . . , ei,mi}. Maximal cliques of the framed triangulation are in
bijection with multipermutation as follows.

Given a multipermutation [a1, . . . , am1+···+mn ] of 1m1 · · · nmn and an integer k satisfying
0 ≤ k ≤ m1 + · · ·+ mn, we let Rk be the route consisting of the edges e1,j1(k), . . . , en,jn(k),
where ji(k) := |{k′ ≤ k : ak′ = i}|. In other words, ji(k) counts the number of ap-
pearances of i up to position k in the multipermutation. The collection of routes R0,. . . ,
Rm1+···+mn is a maximal clique, and all maximal cliques are of this form. A counterclock-
wise rotation of a route Rk in a maximal clique corresponds to interchanging two con-
secutive values ak < ak+1 in the multipermutation. Thus, the framing lattice LGm1,...,mn ,F
is the lattice of multipermutations of 1m1 · · · nmn . An example is shown in Figure 2.

4.3 The Cambrian lattice

Reading’s type A ε-Cambrian lattices [10] are lattices on triangulations of a polygon.
The parameter ε is a map ε : [n] → {±} that assigns a positive or negative sign to
each element of [n]. We define the polygon Pε(n) as a convex (n + 2)-gon with vertices
0, 1, . . . , n+ 1 ordered from left to right, such that 0 and n+ 1 are on a horizontal line and
i is above this line if ε(i) = +, or below if ε(i) = −. The ε-Cambrian lattice is the poset
on triangulations of Pε(n) whose cover relations are increasing slope diagonal flips.

0

1−

2+

3−

4

s 0 1 2 3 t

−
+

−

Figure 6: The polygon Pε(3) and the Cambrian caracol graph Gε for ε = −+−.

Let the Cambrian caracol graph Gε be the graph with vertex set {s, 0, 1, . . . , n, t} and
the following three kinds of edges:
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• horizontal edges (s, 0), (0, 1), (1, 2), . . . , (n − 1, n), (n, t),

• positive edges (s, a)+, (a − 1, t)+ when ε(a) = + (above the horizontal line), and

• negative edges (s, a)−, (a − 1, t)− when ε(a) = − (below the horizontal line).

The graph Gε is independent of ε. The framing Fε is the one induced by the drawing,
which depends on ε. The routes of Gε are in bijection with the diagonals of the poly-
gon Pε(n). More precisely, diagonal ij corresponds to the route entering at i exiting
at j − 1. Under this bijection, two routes are coherent if and only if the corresponding di-
agonals do not cross; see Figure 6. Moreover, the framing lattice LGε,Fε

is the ε-Cambrian
lattice. An example is shown in Figure 2.

4.4 The cross-Tamari lattice

The cross-Tamari lattice is a new poset structure introduced in this paper which gener-
alizes the alt ν-Tamari lattices of Ceballos and Chenevière [3].

Let D be a set lattice points in Z2. We say that D is horizontally connected if for any
pair of points (x, y) and (x′, y) in D we have (z, y) ∈ D for all x < z < x′. Let rowD(z)
denote the set of points in D with y-coordinate z. We say that D is horizontally nested
if the x-coordinates of the points in rowD(v) are a subset of the x-coordinates of the
points in rowD(w) whenever | rowD(v)| ≤ | rowD(w)|. Similarly, we define vertically
connected and vertically nested. A set of lattice points D ⊆ Z2 is a cross-shaped grid if
it is both horizontally and vertically connected, and horizontally and vertically nested.

If D has a columns and b rows, it is convenient to assign positions to the points in D
according to a relabeling of the columns with the numbers 1, . . . , a and the rows with
1, . . . , b, in some order. We identify a point p ∈ D with its position p = (v, w) where
v is the label of column and w is the label of the row of the point. We denote by ℓ(v)
(resp. ℓ(w)) the number of elements of D in column v (resp. row w). A proper labeling
of the rows and columns of D is a labeling satisfying the following conditions:

• the column labels form a unimodular sequence2 and ℓ(v) < ℓ(v′) implies v < v′

• the row labels form a unimodular sequence and ℓ(w) < ℓ(w′) implies w < w′

Intuitively, this means that we label the rows and columns from shortest to longest
from the outside towards the center. Such a labeling is not unique if D has rows or
columns of the same length, but any proper labeling will be good for our purposes. An
example of a cross-shaped grid and a proper labeling of its rows and columns is shown
in Figure 7. In this example, the bottom-left corner (colored blue) has position (4, 2).

2increases and then decreases
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3 4 5 6 2 1

2

4

5

3

1

b

b

b

−→ s 6 5 1 4 2 3 3 2 4 1 5 t

Figure 7: A cross-shaped grid D with a proper labeling L of its rows and columns (left).
The (D, L)-caracol graph GD,L with the routes corresponding to the marked points in
D highlighted (right).

Let D be a cross-shaped grid. Two distinct points p, p′ ∈ D are incompatible if one
of them is strictly north-east of the other and every lattice point in the smallest rectangle
containing p and p′ belongs to D. Two points are compatible if they are not incompatible.
A maximal filling of a cross-shaped grid is a maximal set of pairwise compatible points.
If two maximal fillings M ̸= M′ differ by one single element M ∖ {p} = M′ ∖ {p′}
where p′ is located strictly north-east of p, then we say the M′ is obtainable from M by
an increasing flip. The cross-Tamari order Tam(D) is the poset of maximal fillings of D
where M ⪯D M′ if M′ can be obtained from M by a sequence of increasing flips.

The case where D is the set of lattice points weakly above a staircase shape recovers
the classical Tamari lattice. If D is the set of lattice points weakly above a given lattice
path ν then we recover of ν-Tamari lattice of Préville-Ratelle and Viennot [9]. Cross-
Tamari lattices also include the alt ν-Tamari lattices [3] and the ε-Cambrian lattices [10].

Next, we will show that the cross-Tamari order can be obtained as a framing lattice.
In particular, this implies that it is a lattice, a non-trivial fact.

Let D be a cross-shaped grid and L be a proper labeling of its columns and rows with
the numbers [a] and [b]. We define the (D, L)-caracol graph GD,L as the graph on the
vertex set {s, t} ⊔ [a] ⊔ [b], whose edges are given as follows.

First we define a linear order ≺ on the vertices, whose minimal element is s, maximal
element is t, and the following three relations hold: i2 ≺ i1 when i1 < i2, j1 ≺ j2
when j1 < j2, and x ≺ y when (x, y) ∈ D. The fact that ≺ is a linear order follows
from the conditions on D and L. We place the vertices {s, t} ⊔ [a] ⊔ [b] in a horizontal
line following the linear order ≺ and draw an edge between each pair of consecutive
elements. This looks like s − a − · · · − b − t. We add additional edges (s, i) and (j, t) as
follows. For i ∈ [a − 1], we draw an edge (s, i) below the horizontal line if column label
i is on the right of column label a, and above if it is on the left. For j ∈ [b − 1], we draw
an edge (j, t) below the horizontal line if row label j is below of row label b, and above
if it is above. The resulting graph is GD,L, and the framing FD,L is the framing induced
by our drawing; see Figure 7 for an example.
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The points in D are in bijection with the routes of GD,L. More precisely, the point (i, j)
corresponds to the route entering at i and exiting at j. Under this bijection, two points
in D are incompatible if and only if the corresponding routes are incoherent. Moreover,
the framing lattice LGD,L,FD,L is the cross-Tamari lattice Tam(D). An example is shown
in Figure 2.

4.5 Other examples

The previous examples are only a small selection of well studied lattices that appear as
examples of framing lattices. Other examples include the Grassmann-Tamari lattices of
Santos, Stump, and Welker, the grid Tamari lattices of McConville, the (ε, I, J)-Cambrian
lattices of Pilaud, the permutree lattices of Pilaud and Pons, the s-weak order of Ceballos
and Pons, and tau-Tilting posets for certain gentle algebras. The description of these
lattices as framing lattices essentially follows from bijections presented in other works,
and will be discussed in more detail in a longer version of this manuscript.

References

[1] W. Baldoni and M. Vergne. “Kostant partitions functions and flow polytopes”. Transform.
Groups 13.3-4 (2008), pp. 447–469.

[2] N. Caspard, C. L. C. de Poly-Barbut, and M. Morvan. “Cayley lattices of finite Coxeter
groups are bounded”. Advances in Applied Mathematics 33.1 (2004), pp. 71–94.

[3] C. Ceballos and C. Chenevière. “On linear intervals in the alt ν-Tamari lattices”. 2023.
arXiv:2305.02250.

[4] V. I. Danilov, A. V. Karzanov, and G. A. Koshevoy. “Coherent fans in the space of flows
in framed graphs”. 24th International Conference on Formal Power Series and Algebraic Com-
binatorics (FPSAC 2012). Discrete Math. Theor. Comput. Sci. Proc., AR. 2012, pp. 481–
490.

[5] R. S. González D’León, A. H. Morales, E. Philippe, D. Tamayo Jiménez, and M. Yip. “Real-
izing the s-permutahedron via flow polytopes” (2023). arXiv:2307.03474.

[6] G. A. Gratzer and F. Wehrung. Lattice theory: special topics and applications. Springer, 2016.

[7] R. I. Liu, A. H. Morales, and K. Mészáros. “Flow polytopes and the space of diagonal
harmonics”. Canad. J. Math. 71.6 (2019), pp. 1495–1521.

[8] K. Mészáros and A. St. Dizier. “From generalized permutahedra to Grothendieck polyno-
mials via flow polytopes”. Algebr. Comb. 3.5 (2020), pp. 1197–1229.

[9] L.-F. Préville-Ratelle and X. Viennot. “The enumeration of generalized Tamari intervals”.
Trans. Amer. Math. Soc. 369.7 (2017), pp. 5219–5239.

[10] N. Reading. “Cambrian lattices”. Advances in Mathematics 205.2 (2006), pp. 313–353.

https://arxiv.org/abs/2305.02250
https://arxiv.org/abs/2307.03474


Séminaire Lotharingien de Combinatoire 91B (2024) Proceedings of the 36th Conference on Formal Power
Article #99, 12 pp. Series and Algebraic Combinatorics (Bochum)

On the sum of the entries in a character table
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Abstract. In 1961, Solomon proved that the sum of all the entries in the character table
of a finite group does not exceed the cardinality of the group. We state a different and
incomparable property here – this sum is at most twice the sum of dimensions of the
irreducible characters. We establish the validity of this property for all finite irreducible
Coxeter groups. The main tool we use is that the sum of a column in the character
table of such a group is given by the number of square roots of the corresponding
conjugacy class representative. We then show that the asymptotics of character table
sums is the same as the number of involutions in symmetric, hyperoctahedral and
demihyperoctahedral groups. Finally, we derive generating functions for the character
table sums for these latter groups as well as generalized symmetric groups as infinite
products of continued fractions.

Keywords: finite group, irreducible Coxeter group, character table, symmetric group,
hyperoctahedral group, demihyperoctahedral group, absolute square roots, general-
ized symmetric group, asymptotics, continued fractions

1 Introduction

For any finite group, it is natural to consider the sum of the entries of the character table.
Solomon [18] proved that this is always a nonnegative integer by proving something
stronger, namely that all row sums are nonnegative integers. He did so by showing
that the sum of a row indexed by an irreducible representation is the multiplicity of
that representation in the group algebra with respect to the conjugacy action. He then
deduced that the sum of the entries in the character table of a finite group is at most the
cardinality of the group.

In this extended abstract, we take a different approach to estimating the sum of the
entries of the character table by considering column sums instead. It is well known that
the column sums are always integers, though not necessarily non-negative [10, Proposi-
tion 3.14]. However, for groups whose irreducible characters are real, the column sums

*arvind@iisc.ac.in. AA thanks the DST FIST program - 2021 [TPN - 700661] and SERB Core grant
CRG/2021/001592 for support.

†hiranyadey@iisc.ac.in. HKD thanks the DST FIST program - 2021 [TPN - 700661] and SERB-NPDF
fellowship PDF/2021/001899 for support.

‡digjoypaul@iisc.ac.in DP thanks the DST FIST program - 2021 [TPN - 700661] for support.

mailto:arvind@iisc.ac.in
mailto:hiranyadey@iisc.ac.in
mailto:digjoypaul@iisc.ac.in


2 Arvind Ayyer, Hiranya Kishore Dey, and Digjoy Paul

are given by the number of square roots of conjugacy class representatives by a classi-
cal result by Frobenius and Schur [11]. Weyl groups are well-known examples of such
groups. However, this is not the case for generalized symmetric groups G(r, 1, n), r ≥ 3.
For G(r, 1, n), column sums are given by so-called absolute square roots [2].

From extensive computations, we observe the following upper bound for the sum of
the entries of the character table for many but not all groups.

Property S . The sum of the the entries of the character table of a finite group is at most twice
the sum of dimensions of its irreducible representations.

We know Property S will not hold in general, but it seems to hold for a large class
of natural groups. The smallest counterexamples are of order 64. Our main result is for
the following important class of finite groups.

Theorem 1.1. Property S holds for all finite irreducible Coxeter groups.

Note that this also settles the issue for Weyl groups. The proof of Theorem 1.1 follows
by a case analysis. By analysing the square roots, it is easy to prove the result for
dihedral groups. We will prove Property S for the symmetric, hyperoctahedral and
demihyperoctahedral groups in the later sections. By explicit computations, we have
verified the result for exceptional irreducible finite Coxeter groups. Details will appear
in [4]. It is tempting to believe that Property S holds for all finite simple groups. We have
not yet done a systematic study in that direction, but we certainly believe the following.

Conjecture 1.2. Property S holds for all alternating groups.

Property S holds for abelian groups H because the orthogonality of rows in a charac-
ter table leads to the vanishing of row sums of all representations except the trivial one.
Using this fact, we prove that G × H satisfies the property if it is true for G. It turns out
that Property S holds for any finite group whose all irreducible representations have
dimensions at most 2. This class includes generalized dihedral groups and generalized
quaternion groups.

It is natural to consider the sequence of these sums for the infinite familes of irre-
ducible Coxeter groups. In Section 2, we consider this sum sn for the symmetric group
Sn. We compute its generating function in Section 2.1. In Section 2.2, we sketch the
proof of Property S for Sn and show that the asymptotics of sn is the same as the num-
ber of involutions in Sn. We state similar results for the hyperoctahedral groups Bn in
Section 3 and for the demihyperoctahedral groups Dn in Section 4. Since the main ideas
are similar, we only state the results. We then extend the generating function result to
the generalized symmetric groups G(r, 1, n) in two ways. We give generating functions
for the sum of the number of square roots as well as column sums for conjugacy class
representatives in Section 5. The proofs of these results will appear in an upcoming
article [4].
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2 Symmetric groups

2.1 Generating function for the total sum of character table

Let Sn be the symmetric group on n letters. The set of irreducible representations and
the conjugacy classes of Sn are indexed by the set of integer partitions λ = (λ1 ≥ λ2 ≥
· · · ≥ λn) of n, denoted λ ⊢ n. Write a partition in frequency notation as

λ = ⟨1m1 , . . . , nmn⟩, (2.1)

where mi denote the number of parts of length i in λ. We are interested in sn, the sum
of the entries of the character table of Sn [17, Sequence A082733]. The first few terms of
(sn) are given by

1, 2, 5, 13, 31, 89, 259, 842, 2810, 10020, 37266, 145373.

No formula is given for this sequence. Let Γλ be the sum of entries of the column
indexed by λ ⊢ n in the character table of Sn. By applying the following classical result
of Frobenius and Schur for the symmetric group, we obtain a formula for column sums
in terms of square root counting function.

Theorem 2.1 ([11, Theorem 4.5]). Given a finite group G, let Irr(G) denote the set of irreducible
characters of G. Then

|{x ∈ G | x2 = g}| = ∑
χ∈Irr(G)

σ(χ)χ(g) for each g ∈ G,

where σ(χ), known as the Frobenius-Schur indicator of χ, is 1, 0 or −1 if χ is real, complex
or quaternionic, respectively.

Remark 2.2. It is a standard fact [9, Section 8.10] that all irreducible characters of any Weyl
group (for example, symmetric, hyperoctahedral and demihyperoctahedral groups) have Frobenius-
Schur indicator 1. Thus, column sums of the character table of any Weyl group are given by the
number of square roots of conjugacy class representatives.

Therefore, Γλ = |{x ∈ Sn : x2 = wλ}|, where wλ is some fixed element of cycle type
λ. Recall that the double factorial of an integer n is given by n!! = n(n − 2) · · · ending at
either 2 or 1 depending on whether n is even or odd respectively. Define

or(m) =
⌊m/2⌋

∑
k=0

(
m
2k

)
(2k − 1)!! rk. (2.2)

Proposition 2.3 ([1, Corollary 3.2]). The column sum Γλ is 0 unless m2i is even for all i ∈
{1, . . . , ⌊n/2⌋}. If that is the case,

Γλ =
⌊n/2⌋

∏
i=1

(m2i − 1)!! (2i)m2i/2
⌊n/2⌋

∏
j=0

o2j+1(m2j+1).
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Let S(x) be the (ordinary) generating function of the sequence (sn), i.e.

S(x) = ∑
n≥0

snxn. (2.3)

To give a formula for S(x), we recall that generating functions which are expressed as
continued fractions have a long history beginning with the influential work of Flajolet [8].
There are two kinds of continued fractions which appear commonly. The Stieltjes contin-
ued fraction, or S-fraction has linear terms and the Jacobi continued fraction, or J-fraction has
quadratic terms.

Recall that an involution in Sn is a permutation w which squares to the identity. Let
in be the number of involutions in Sn. A well-known result due to Flajolet [8, Theorem
2(iia)] gives the generating function I(x) of involutions in Sn as the J-fraction

I(x) = ∑
n≥0

inxn =
1

1 − x − x2

1 − x − 2x2

. . .

. (2.4)

Flajolet also showed in the same theorem [8, Theorem 2(iib)] that the generating
function of odd double factorials is the S-fraction

D(x) = ∑
n≥0

(2n − 1)!! xn =
1

1 − x

1 − 2x
. . .

. (2.5)

The quantity or(m) (defined in (2.2)) and its generalizations have been studied in [12].
Setting t = 0, m = 0 and u1 = 1 in the same theorem [8, Theorem 2] we obtain the
generating function for or(m) as the J-fraction

Rr(x) = ∑
n≥0

or(n)xn =
1

1 − x − rx2

1 − x − 2rx2

. . .

. (2.6)

Bessenrodt–Olsson [5] found an explicit bijection between the number of columns in
the character table of Sn that have sum zero and the number of partitions of n with at
least one part congruent to 2 (mod 4). They also computed the generating function for
the number partitions whose associated column sum is nonzero.

Let x, x1, x2, . . . be a family of commuting indeterminates. The following result an-
swers a question of Amdeberhan [3].
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Theorem 2.4. The number of square roots of a permutation with cycle type λ written as (2.1) is
the coefficient of xm1

1 xm2
2 . . . xmn

n in

∏
i≥1

D(2ix2
2i)R2i−1(x2i−1).

Consequently, the generating function of the character table sum is

S(x) = ∏
i≥1

D(2ix4i)R2i−1(x2i−1).

2.2 Proof of Property S for Sn

Recall that derangements are permutations without fixed points. We define another se-
quence (gn) by

gn := ∑
λ⊢n

m1(λ)=0

Γλ, n ≥ 1 and g0 = 1.

Then gn counts the sum of those columns of the character table of Sn which are indexed
by the conjugacy classes corresponding to derangements. The next result is a convolution
type statement involving sn, gn, and in.

Proposition 2.5. For a positive integer n, we have

sn =
n

∑
k=0

ikgn−k.

We next prove the following lemma which gives us control over the sequence sn.

Lemma 2.6. For n ≥ 2, we have 2in−1 ≤ in ≤ nin−1. Further, for n ≥ 4, we have ikgn−k ≤
in−1/(n − 2) for all 0 ≤ k ≤ n − 3.

Using Lemma 2.6, we show that sn ≤ in + in−1, which helps to prove the following:

Theorem 2.7. Property S holds for all symmetric groups.

Using the asymptotics of (in) derived by Chowla–Herstein–Moore [6, Theorem 8], we
confirm the observation of user Lucia [3].

Corollary 2.8. The total sum sequence (sn) grows asymptotically as fast as (in) and hence

sn ∼
(n

e

)n/2 e
√

n−1/4
√

2
.
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3 Weyl groups of type B

The group Z2 ≀ Sn is called the hyperoctahedral group Bn. It can also be written as the
generalized symmetric group G(2, 1, n). But following [16], we can define it in a more
elementary way. But of course, some of these statements here can be seen directly from
Section 5 using that language.

Definition 3.1. Regard S2n as the group of permutations of the set {±1, . . . ,±n}. For an integer
n ≥ 2, the hyperoctahedral group of type Bn is defined as

Bn := {w ∈ S2n | w(i) + w(−i) = 0, for all i, 1 ≤ i ≤ n}

Every element w ∈ Bn can be uniquely expressed as a product of cycles

w = w1w1 · · · wrwrv1 · · · vs,

where for 1 ≤ j ≤ r, wjwj = (a1, . . . , aλj)(−a1, . . . ,−aλj) for some positive integer λj and
for 1 ≤ t ≤ s, vt = (b1, . . . , bµt ,−b1, . . . ,−bµt) for some positive integer µt. An element
wjwj is called a positive cycle of length λj and vt is called a negative cycle of length µt.
This cycle decomposition of w determines a unique pair of partitions (λ | µ) called the
cycle type of w, where λ = (λ1, . . . , λr) and µ = (µ1, . . . , µs).

Theorem 3.2 ([16, Theorem 7.2.5]). The set of conjugacy classes of Bn is in natural bijection
with the set of ordered pairs of partitions (λ | µ) such that |λ|+ |µ| = n.

Let sB
n denote the total sum of the entries of the character table of Bn. The generating

function of sB
n can be obtained from the more general results in Section 5; see Remark 5.9.

Let ΓB
(λ|µ) be the column sum corresponding to the conjugacy class (λ | µ). To find the

asymptotics of sB
n , we define the following

gB
n :=

′
∑
(λ|µ)

ΓB
(λ|µ)

where the sum runs over all ordered pairs of partitions (λ | µ) of total size n such that λ

has no part of size 1. Moreover, let iB
n denote the number of involutions in Bn. Here, we

have the following counterpart of Proposition 2.5.

Proposition 3.3. For positive integers n, we have

sB
n =

n

∑
k=0

iB
k gB

n−k.

Following similar ideas as in the case of the symmetric group, we prove the next two
results, where we use a result of Lin [13, Eq. (5)] for the asymptotics of iB

n .
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Theorem 3.4. Property S holds for all hyperoctahedral groups.

Corollary 3.5. The total sum sequence (sB
n) grows asymptotically as fast as (iB

n ) and hence

sB
n ∼ e

√
2n

√
2e

(
2n
e

)n/2

.

4 Weyl groups of type D

The Weyl group of type D, also known as the demihyperoctahedral group Dn, is defined as
the following index two subgroup of Bn:

Dn := {w ∈ Bn | w(1) · · · w(n) > 0}.

Proposition 4.1 ([15, Lemma 2.3]). Let π ∈ Bn have cycle type (λ | µ). Then π ∈ Dn if and
only if ℓ(µ) is even.

The following results gives a description of the conjugacy classes in Dn and charac-
terize the existence of square roots.

Proposition 4.2 ([16, Theorem 8.2.1]). Given a pair of partitions (λ | µ) of n, if an element
π ∈ Dn has cycle type (λ | µ), the associated conjugacy class Cλ,µ in Bn splits into two Dn
conjugacy classes if and only if µ = ∅ and all the parts of λ are even. The class Cλ,µ remains a
Dn conjugacy class if and only if either µ ̸= ∅ or else one of the parts of λ is odd. In particular,
for an odd n, any conjugacy class of Bn does not split.

Proposition 4.3. A pair of partitions (λ | µ) of n (such that ℓ(µ) is even) is the cycle type of a
square element of Dn if and only if the following holds:

1. all even parts of λ have even multiplicity,

2. all parts of µ have even multiplicity, and

3. either λ has an odd part or 4 | ℓ(µ).

Using Proposition 4.3, we then obtain the following.

Theorem 4.4. The generating function for the number of conjugacy classes in Dn with non-zero
column sum is

∞

∏
i=1

1
1 − q4i

[(
∞

∏
j=1

1
1 − q2j

)(
∞

∏
k=0

1
1 − q2k+1 − 1

)
+

1
2

(
∞

∏
j=1

1
1 − q2j +

∞

∏
k=1

1
1 + q2k

)
+ 1

]
− 1.
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Recall the generating function for double factorials in (2.5). To find the generating
function for the sum of the entries in the character table of Dn, we generalize Rr(x) by
the J-fraction

R′
r(x, y) =

1

1 − (1 + y)x − rx2

1 − (1 + y)x − 2rx2

. . .

. (4.1)

Theorem 4.5. The generating function of the sum of the entries in the character table of Dn is
obtained by setting all even powers of y to 1 and odd powers of y to 0 in the formal power series

∏
i≥0

(
D(4ix4i)D(2iyx2i)R′

2i+1(x2i+1, y)
)
+ ∏

i≥0
D(4ix4i)− 1.

Let sD
n denote the sum of the entries of the character table of Dn and iD

n denote the
number of involutions in Dn. The following lemma relates the quantities sD

n and iD
n .

Lemma 4.6. For positive integers n, sD
n ≤ iD

n + (sB
n − iB

n ) + gB
n . Moreover, for odd positive

integers n, iD
n = iB

n /2 and sB
n = 2sD

n . When n is even, 2iD
n − iB

n = 2n/2 (n − 1)!!. Therefore, for
all positive integers n, iD

n ≤ iB
n ≤ 2iD

n .

The main result here follows now from Lemma 4.6.

Theorem 4.7. Property S holds for all demihyperoctahedral groups.

Corollary 4.8. The total sum sequence (sD
n ) grows asymptotically as fast as (iD

n ) and hence

sD
n ∼ e

√
2n

2
√

2e

(
2n
e

)n/2

.

5 Generalized symmetric groups

We follow [15, Section 2] for the notational background used in this section. For non-
negative integers r, n, let Z/rZ ≡ Zr = {0, 1, . . . , r − 1} be the additive cyclic group of
order r, where we use bars to distinguish these elements from those in the symmetric
group. Then define the generalized symmetric group

G(r, 1, n) = Zr ≀ Sn := {(z1, . . . , zn; σ) | zi ∈ Zr, σ ∈ Sn}.

If π = (z1, z2, . . . , zn; σ) and π′ = (z′1, z′2, . . . , z′n; σ′), then their product is given by

π π′ = (z1 + z′σ−1(1), . . . , zn + z′σ−1(n); σσ′),

where σσ′ is the standard product of permutations in Sn.
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The group G(r, 1, n) can also be realized as a subgroup of the symmetric group Srn.
In this interpretation G(r, 1, n) consists of all permutations π of the set {k + i | 0 ≤ k ≤
r − 1, 1 ≤ i ≤ n} satisfying π(k + i) = k + π(i) for all allowed k and i. For convenience,
we identify the letters 0 + i with i for 1 ≤ i ≤ n. Given a permutation π ∈ G(r, 1, n), its
values at 1, . . . , n determine π uniquely.

The two definitions above are identified using the bijective map ϕ defined on the
window [1, . . . , n] by

ϕ((z1, . . . , zn; σ)) =

[
1 2 · · · n

zσ(1) + σ(1) zσ(2) + σ(2) · · · zσ(n) + σ(n).

]
This map satisfies ϕ(π π′) = ϕ(π) ◦ ϕ(π′), where ◦ is the usual composition of permu-
tations in Srn.

Let π = (z1, . . . , zn; σ) ∈ G(r, 1, n) and (u1), . . . , (ut) be the cycles of σ. Let (ui) =
(ui,1, . . . , ui,ℓi) where ℓi is the length of the cycle (ui). Define the color of the cycle (ui) as
z(ui) := zui,1 + zui,2 + . . . + zui,ℓi

∈ Zr. For j ∈ {0, . . . , r − 1}, let λj be the partition formed
by the lengths of cycles of color j of σ. Note that ∑j |λj| = n. The r-tuple of partitions
λ = (λ0 | λ1 | . . . | λr−1) is called the cycle type of π. We refer to such an r-tuple of
partitions as an r-partite partition of size n, denoted λ |=r n. For example, the cycle type
of the element

(2, 1, 1, 1, 0, 2; (123)(45)(6)) ∈ G(3, 1, 6)

is (∅ | (3, 2) | (1)). The following theorem asserts that the conjugacy classes of G(r, 1, n)
are indexed by r-partite partitions of n.

Theorem 5.1. [14, p. 170] Two elements π1 and π2 in G(r, 1, n) are conjugate if and only if
their corresponding cycle types are equal.

Recall the function D(x) from (2.5) and R(x) from (2.6). The following result gener-
alizes Theorem 2.4.

Theorem 5.2. The generating function (in n) for the sum of the number of square roots of all the
conjugacy class representatives in G(r, 1, n) is

∏
i≥0

(
D(2irx4i)r Rr(2i+1)(x2i+1)r

)
r odd,

∏
i≥0

(
D(2irx4i)r D((2i + 1)rx4i+2)r/2 R r(2i+1)

4
(2x2i+1)r/2

)
r even.

In contrast with the case of Sn, the square root function does not give column sums
for character table of G(r, 1, 3), r > 2 as the group has non-real irreducible charac-
ters [2]. Given π = (z1, z2, . . . , zn; σ) ∈ G(r, 1, n), define the bar operation as π :=
(−z1, . . . ,−zn; σ). An element g ∈ G(r, 1, n) is said to have an absolute square root if
there exists π ∈ G(r, 1, n) such that ππ = g. The next result describes columns sum for
G(r, 1, n) in terms of absolute square roots.
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Theorem 5.3. [2, Theorem 3.4] Let {χλ | λ is a r-partite partition of n} be the set of irreducible
characters of G(r, 1, n). Then

∑
λ

χλ(g) = |{π ∈ G(r, 1, n) | ππ = g}| ∀g ∈ G(r, 1, n),

where the sum runs over all r-partite partitions λ.

By analyzing the absolute square roots we will provide generating functions for num-
ber of columns with zero sums and the total sum of the character table of G(r, 1, n).

Lemma 5.4. 1. The absolute square of a cycle of odd length d (of any color) is a cycle of the
same length of color 0.

2. The absolute square of a cycle of even length d (of any color) is a product of two cycles, each
of length d/2, such that sum of their colors is zero.

The following results extend Bessenrodt–Olsson’s theorems [5] from Sn to G(r, 1, n).

Proposition 5.5. An r-partite partition λ = (λ0 | λ1 | . . . | λr−1) is the cycle-type of an
absolute square in G(r, 1, n) if and only if the following hold:

1. each even part in λ0 has even multiplicity,

2. λi = λr−i for all i ≥ 1, and

3. each part in λr/2 has even multiplicity when r is even.

Theorem 5.6. The generating function for r-partite partitions which are cycle-types of absolute
squares in G(r, 1, n) is:

(
∞

∏
i=0

1
1 − q2i+1

)(
∞

∏
j=1

1
1 − q4j

)(
∞

∏
k=1

1
1 − qk

)(r−1)/2

r odd,(
∞

∏
i=0

1
1 − q2i+1

)(
∞

∏
j=1

1
(1 − q4j)(1 − q2j)

)(
∞

∏
k=1

1
1 − qk

)(r−2)/2

r even.

Using [2, Observation 4.2], we obtain the number of absolute square roots for cycles
of a single length and color.

Proposition 5.7. Given a positive integer r, the following holds.

1. The number of absolute square roots of an element of cycle type λ0 = ((2k)2m2k) ( and all
other λi is zero) is (2m2k − 1)!! (2kr)m2k .
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2. The number of absolute square roots of an element of cycle type λ0 = ((2k + 1)m2k+1) ( and
all other λi is zero) is

⌊m2k+1
2 ⌋

∑
j=0

(
m2k+1

2j

)
(2j − 1)!! (2k + 1)j rm2k+1−j.

3. The number of absolute square roots of an element of cycle type λa = λr−a = (kmk) ( and
all other λi is zero) is mk! (kr)mk .

4. For even r, the number of absolute square roots of an element of cycle type λr/2 = (k2mk) (
and all other λt is zero) is (2mk − 1)!! (kr)mk .

Adin–Postnikov–Roichman [2, Corollary 4.3] also give a formula to count the number
of absolute square roots of any element in G(r, 1, n). Using Proposition 5.7, we generalize
their result to determine the sum of the character table in terms of generating functions.
To do so, we also need the classic generating function for the factorials due to Euler [7]
given by

F (x) = ∑
n≥0

n!xn =
1

1 − x

1 − x

1 − 2x
1 − 2x

. . .

. (5.1)

Theorem 5.8. The generating function (in n) of the total sum of the character table of G(r, 1, n)
is 

∏
i≥0

(
F (irx2i)(r−1)/2 D(2irx4i)R(2i+1)/r(rx2i+1)

)
r odd,

∏
i≥0

(
F (irx2i)(r−2)/2 D(2irx4i)D(rix2i)R(2i+1)/r(rx2i+1)

)
r even.

Remark 5.9. When r = 2, absolute square roots are exactly the usual square roots. Thus
the generating function for (sB

n) can be obtained by setting r = 2 in either Theorem 5.2 or
Theorem 5.8.
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Vertex models for the product of a Schur and
Demazure polynomial

Timothy C. Miller*1

1Department of Combinatorics and Optimization, University of Waterloo, Waterloo, ON N2L
3G1, Canada

Abstract. The product of a Schur polynomial and Demazure atom or character ex-
pands positively in Demazure atoms or characters, respectively. The structure coeffi-
cients in these expansions have known combinatorial rules in terms of skyline tableaux.
We develop alternative rules using the theory of integrable vertex models, inspired by
a technique introduced by Zinn-Justin. We apply this method to coloured vertex mod-
els for atoms and characters obtained from Borodin and Wheeler’s models for non-
symmetric Macdonald polynomials. The structure coefficients are then obtained as
partition functions of vertex models that are compatible with both Schur (uncoloured)
and Demazure (coloured) vertex models.

Keywords: Demazure atoms, Demazure characters, Schur polynomials, vertex models,
structure coefficients, key polynomials

1 Introduction

Demazure atoms, also called standard bases, are a family of non-symmetric polynomials
indexed by weak compositions. Demazure characters, also called key polynomials, are
a closely related family of polynomials which are also indexed by weak compositions;
they may be written as a sum of Demazure atoms. Denote the Demazure atom and
character on a weak composition α = (α1, . . . , αn) in the variables x = (x1, . . . , xn) by
Aα(x) and Kα(x), respectively. The set of Demazure atoms or characters over all weak
compositions of length n are a basis for Z[x1, . . . , xn]. It is known that the products of a
Schur polynomial sλ(x) and a Demazure polynomial have positive expansions:

sλ(x)Aα(x) = ∑
β

cβ
λ,αAβ(x),

sλ(x)Kα(x) = ∑
β

dβ
λ,αKβ(x),

where the structure coefficients cβ
λ,α and dβ

λ,α are non-negative integers.

*tcmiller@uwaterloo.ca

mailto:tcmiller@uwaterloo.ca
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In [3], Haglund, Luoto, Mason and van Willigenburg give formulas to calculate cβ
λ,α

and dβ
λ,α in terms of skyline tableaux. Here, we use the theory of integrable vertex models

to derive alternative rules where the structure coefficients are calculated as the number
of fillings of “diamond” vertex models. We emulate the technique developed in [11]
where Zinn-Justin reproves the puzzle rule of [4, 5] for the product of two double Schur
polynomials. Wheeler and Zinn-Justin later use the same technique to find structure
coefficients for double Grothendieck polynomials [10]. Knutson and Zinn-Justin also
employ techniques from integrability in a series of papers computing puzzle rules for
products of Schubert classes in d-step flag varieties (for d ≤ 4) [6, 7, 8].

The proofs in [10, 11] are completely combinatorial, gluing vertex models together in
two different ways and showing both are equivalent. One side of the equation is mani-
festly a product and the other side is manifestly a summation. Applying a Yang–Baxter
equation to the model for the product transforms it into the model for the summation.
Both of these results concern products of symmetric polynomials, whereas our results
involve the non-symmetric Demazure polynomials. Our results follow from a variant of
the Yang–Baxter equation stated in Lemma 1.

In this extended abstract, we define Demazure atoms and characters as the parti-
tion function of a vertex model. Our conventions for atoms match those of Mason [9]
who defines Aα(x) in terms of semi-skyline augmented fillings; reversing the order of
the composition and basement in Mason’s diagrams yields Kα(x). Our model is derived
from setting q = t = 0 in Borodin and Wheeler’s [1] vertex model for permuted basement
non-symmetric Macdonald polynomials f ρ

α (x; q, t), where ρ is a permutation. In our con-
ventions, we have Aα(x) = f id

(αn,...,α1)
(xn, . . . , x1; 0, 0) and Kα(x) = f w0

α (xn, . . . , x1; 0, 0).
Significant modifications are made to make the vertices compatible with the Schur poly-
nomial model in [11]. Our model for Aα(x) bears more resemblance to that of Brubaker,
Buciumas, Bump and Gustafsson [2] with differing weights and boundary.

A benefit of this approach is that vertex models may be developed independently
and then fit into this framework, allowing one to test rules assuming an analogue of
Lemma 1 holds. Our results are suggestive of further applications such as extensions to
the Grothendieck model in [10].

2 Vertex models for Schur and Demazure polynomials

A weak composition α = (α1, . . . , αn) is a sequence of non-negative integers. The integer
αi is the part of α at index i and the length of α is its number of parts; the largest part
in α is denoted max(α). A partition λ = (λ1, . . . , λn) is a weak composition sorted in
descending order. Throughout this extended abstract, α and β are weak compositions, λ

is a partition and all weak compositions have length n.
We describe two strings, αA and αK, that re-encode a weak composition α. Let λ =
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sort(α) be the partition with the same parts as α sorted in descending order. Enclose the
Young diagram of λ between the top left corner of a rectangle and a North-East lattice
path as depicted in Example 1. East steps are labelled 0 and North steps are labelled
with the integers 1 through n so that i occurs after precisely αi East steps. If North steps
occur in the same vertical, then moving North, we label them in descending order for αA
and ascending order for αK. We then obtain either string by reading labels off the lattice
path from South-West to North-East.

We also specify two strings, λ− and λ+, that re-encode a partition λ. For λ−, East
steps are labelled 0 and North steps are labelled 1. For λ+, East steps are labelled with
the symbol + and North steps are labelled 0. Strings are read off the lattice path as
before.

Example 1. We depict our labelling procedure below with α = (0, 3, 0, 1, 3) and λ = sort(α) =
(3, 3, 1, 0, 0), assigning each label a colour as a visual aid. Darker shades of blue correspond to
larger integers.

3

1

4

5

2

0

0 0

αA

1

3

4

2

5

0

0 0

αK

1

1

1

1

1

0

0 0

λ−

0

0

0

0

0

+

+ +

λ+

Reading the labels from South-West to North-East produces the strings:

αA = = 31040052
αK = = 13040025
λ− = = 11010011
λ+ = = 00+0++00

The model for Demazure atoms consists of a lattice filled with the tiles in Figure 1.
This is a coloured vertex model where the tiles are “vertices” much like those in [2].
Labels of tiles must match along adjacent edges and along the boundary of the lattice.
We label the left boundary with the string αA and label the bottom edges 1 through
n from left to right; the other boundary edges are labelled 0. All tiles in the model
have weight 1 except for the tiles of weight xc where c is the column number where the
tile occurs; columns are numbered 1 through n from left to right. A filling’s weight is
the product of its tile weights and the sum of all filling weights is called the partition
function.
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0

0

0

0

0

i

i

0

i

0

0

i

i

i

i

i

j

i

i

j

i

j

i

j

i

0

i

0

weight: xc

Figure 1: Tiles for the Demazure atom vertex model where 1 ≤ i < j. The rightmost
tile has weight xc where c is the column number where the tile occurs.

The partition function of this vertex model is the Demazure atom on n variables,
depicted diagrammatically:

αA

1 2 3 · · · n

Aα(x) =

Example 2. Let α = (0, 2, 2, 0), so that αA = 410032 = labels the left boundary.
There are three fillings of the atom model, showing Aα(x1, x2, x3, x4) = x1x2

2x3 + x1x2x2
3 + x2

2x2
3.

1 2 3 4
4

1

3
2

1 2 3 4
4

1

3
2

1 2 3 4
4

1

3
2

x1x2
2x3 x1x2x2

3 x2
2x2

3

+ +

Zinn-Justin considers a similar model for Schur polynomials in [11] which may be
thought of as the “uncoloured” version of the model for atoms. Using the same tiles
with only colour 1, we label the left boundary with the string λ− and label all bottom
edges with 1, which we denote as n = 1n:

λ−

n

sλ(x) =
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Example 3. Let λ = (2, 2, 1). There are three fillings of the Schur model, showing that
sλ(x1, x2, x3) = x2

1x2
2x3 + x2

1x2x2
3 + x1x2

2x2
3.

1

1
1

1 1 1

1

1
1

1 1 1

1

1
1

1 1 1

x2
1x2

2x3 x2
1x2x2

3 x1x2
2x2

3

+ +

Lastly, as noted in [2], Remark 4.5, the model for Demazure characters uses the same
tiles rotated 180 degrees, which only alters the fifth tile in Figure 1. We can obtain
Demazure characters as a partition function for the following vertex model filled with
these new tiles:

αK

1 2 3 · · · n

Kα(x) =

3 Vertex models for cβ
λ,α and dβ

λ,α

In this section we build two “diamond” vertex models filled with the tiles below where
1 ≤ i < j < k. If a blue line of shade b shares an edge with a red line, the edge is labelled
b+. Two shades of blue a and b with a < b may share an edge labelled ab. All tiles have
weight 1.

0 i

0i

+ i+

0i

0 i

+i+

+ i+

+i+

ij j

ijj

ik k

ijj

ij j

ikk

0 i

ijj

ij j

0i

0 0

00

+ 0

+0

i+ i

+0

+ 0

i+i

i+ i

i+i

j+ j

i+i

i+ i

j+j

+ i+

ijj

ij j

+i+

Further, we do not allow two adjacent tiles to form an internal banned rhombus as
depicted in Figure 2. These restrictions are still local and can be imposed with additional
labels, but we exclude them to avoid clutter. We may now state our theorem.
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i j i+ j+

(a) Banned rhombi for atom model.

j i j+ i+

(b) Banned rhombi for character model.

Figure 2: Restrictions on adjacent diamond tiles where 1 ≤ i < j.

Theorem 1. The structure coefficients cβ
λ,α and dβ

λ,α respectively count the number of fillings of
the vertex models

cβ
λ,α

αA

βAλ+

k n

dβ
λ,α

αK

βKλ+

k n

where k = max(β) and the restrictions in Figure 2a and Figure 2b apply respectively within each
model.

Example 4. For α = (1, 3, 1, 0), λ = (3, 1, 0, 0) and β = (1, 4, 3, 1), we have that k =

max(β) = 4. There are two fillings of the corresponding Schur–atom model and thus cβ
λ,α = 2.

1

2

3

4

1

2

3

4

+

+
+

+

+
+

+
+ 1

2

3

4

1

2

3

4

+

+
+

+

+
+

+
+
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We call the vertex model for cβ
λ,α the Schur–atom model and the vertex model for dβ

λ,α
the Schur–character model. Recall that we assume α, β and λ all have length n, but we
may append zeros to make their lengths match if needed. Similarly, we may append
zeros to the end of the strings αA, αK and λ− and append + symbols to the end of λ+

so that these strings all have length n + k and fit in the diagram.

4 Proof of Theorem 1

In this section, we only explain the proof of the Schur–atom model, but the proof of the
Schur–character model is analogous. In Figure 3, we have tiles in three orientations with
a new orientation in the second row containing a tile of weight −xc. We call the tiles in
the first row right-sheared and the tiles in the second row left-sheared. We again depict
vertex models with grey diagrams where tiles must have the same orientation as the
grey region they are placed within. In our configurations, right- and left-sheared tiles
are in the same column, say c, if one is on top of the other; hence these tiles may have
weight xc or −xc, respectively.

Note red lines may now share the same path as blue lines; these tiles facilitate the
proof and do not appear in the final Schur–atom model. We still ban rhombi between
diamond tiles as in Figure 2a, but there are no such restrictions between tiles that are not
both diamonds. The key to the proof is the following lemma equating columns of tiles.

Lemma 1. Let q1, . . . , qm, r, s, t1, . . . , tm, u and v be fixed labels where u and r are in { , } =
{0,+}. The following column configurations have the same weight:

q1

q2

qm

t1

t2

tm

v

s

r

u

q1

q2

qm

t1

t2

tm

v

s

r

u

=

Proof. Proving this lemma is the main difficulty of this work. The proof is by induction
with manual checking of several edge cases.

Remark 1. In [10, 11] the authors proceed similarly with a Yang–Baxter equation that equates
unit hexagons with unrestricted boundaries. In contrast, our equation requires that we restrict
the labels on the South-West and North-East edges, suggesting a more general framework to
explore.
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+
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+
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+
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+

0
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0
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weight: −xc
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00

+ 0

+0

i+ i

+0

+ 0

i+i

i+ i

i+i

j+ j

i+i

i+ i

j+j

0 i

0i

0 i

ijj

ij j

0i

ij j

ijj

ik k

ijj

ij j

ikk

+ i+

0i

+ i+

ijj

ij+ j+
0i

ij+ j+

ijj

ik+ k+

ijj

ij+ j+
ikk

0 i

+i+

0 i

ij+j+

ij j

+i+

ij j

ij+j+

ik k

ij+j+

ij j

ik+k+

+ i+

+i+

+ i+

ij+j+

ij+ j+

+i+

ij+ j+

ij+j+

ik+ k+

ij+j+

ij+ j+
ik+k+

Figure 3: The full set of tiles where 1 ≤ i < j < k.
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Example 5. We consider two examples of Lemma 1. In the first example, both sides of the
equation have weight xc. In the second example, there are two ways to fill the column on the
left-hand side which sum to a weight of 0 and there is no way to fill the column on the right-hand
side.

2+

3+5+

1

1

2

4 4
3

5

+

xc

=

2+

3+5+

1

1

2

4 4
3

5

+

xc

3+

3+

1

1

2
2

4 4

+

+

x3
c

+
3+

3+

1

1

2
2

4 4

+

+

−x3
c

= 0

Note that rotating columns 180 degrees gives an analogous column lemma used to
prove correctness of the Schur–character model. Interpreting the next lemma proves our
result.

Lemma 2. Set k = max(α) + max(λ). The configurations below have the same weight:

αA

λ+

1 2 3 · · · n

n

k n

k n
αA

λ+

1 2 3 · · · n

n

k n

k n=

Proof. Repeatedly applying Lemma 1 to internal columns transforms the left-hand side
into the right-hand side. First apply the lemma to the column of length 2(k + n) contain-
ing the left-sheared tile most to the North-East and then repeat with the next left-sheared
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1 1 1

1
1

11

2

3

1 2 3

+
+

+

+

+
+

+
+

A

B

C

D

E

1 1 1

1
1

11

2

3

1 2 3

+
+

+

+

+
+

+
+

K

I

J
G

H

Figure 4: Two fillings of weight x3
1x2

2x4
3 from the configurations in Lemma 2 where

λ = (2, 2, 1) and α = (2, 1, 2), so that n = 3 and k = 4. Regions are labelled to facilitate
exposition.

tile, moving right-to-left and top-to-bottom. The boundary conditions ensure that the
South-West and North-East labels of columns we equate are always in { , } at every
stage in this process.

The proof now follows from examining both sides of the equation in Lemma 2. In
short, the left-hand side is manifestly the product sλ(x)Aα(x) and the right-hand side
is manifestly the summation ∑β cβ

λ,αAα(x) where cβ
λ,α counts fillings of the Schur–atom

model.

Proof of Theorem 1. We examine both sides of the equation in Lemma 2, which is better
illustrated with the example fillings in Figure 4. Within region A, all red lines must
move East and blue lines must move North-West. Those red lines must move straight
North-East through B, transmitting the string λ+ to the South-West boundary of C.
From Lemma 9 in [11], there is only one way to fill C, which forces the shared boundary
between C and E to be the string λ− upside-down. Thus, regions A, B and C have
weight 1.

Next, we recognize region D as our vertex model for the Demazure atom Aα(x).
From the previous paragraph, we have that λ− is upside-down on the South-East bound-
ary of E. Rotating region E by 180 degrees, we see that it is the vertex model for sλ(x)
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with the variables in reverse order; since sλ(x) is symmetric, the weight of the left-hand
side is the product sλ(x)Aα(x). We summarize pictorially:

αA

λ+

1 2 3 · · · n

n

k n

k n

1

1

1
=

αA

1 2 3 · · · n

n

λ−sλ

Aα

= sλ(x)Aα(x)

Considering the right-hand side, we have that regions G, H and I always have weight
1 and follow the same pattern as in Figure 4, transmitting the string k n to the North-
East boundary of region K. Within region J, all blue lines must exit the North-West
boundary if they are to reach the North-West boundary of K. This follows from our
choice of k = max(λ) + max(α). The blue lines then travel through the boundary be-
tween J and K, varying over strings βA that encode weak compositions. Fixing a par-
ticular βA along this boundary, we recognize region J as Aβ(x) and region K as the
Schur–atom model from Theorem 1. Thus, the right-hand side is a summation over
compositions β where each summand is a product of our Schur–atom model and Aβ(x).
We give another pictorial summary:

αA

λ+

1 2 3 · · · n

n

k n

k n

1

1

1 = ∑
β

αA

λ+

1 2 3 · · · n

k n

Aβ

∑
β

αA

λ+

k n

βA

cβ
λ,α

Aβ(x)=

By Lemma 2, we can equate both sides, completing the proof. As a final note, we used
that k = max(λ) + max(α) in our proof, but when considering the filling of a particular
diamond where β is given, it suffices to set k = max(β) as we do in Theorem 1.
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On the f -vectors of flow polytopes
for the complete graph
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Abstract. The Chan-Robbins-Yuen polytope (CRYn) of order n is a face of the Birkhoff
polytope of doubly stochastic matrices that is also a flow polytope of the directed
complete graph Kn+1 with netflow (1, 0, 0, . . . , 0,−1). The volume and lattice points of
this polytope have been actively studied, however its face structure has received less
attention. We give generating functions and explicit formulas for computing the f -
vector by using Hille’s (2003) result bijecting faces of a flow polytope to certain graphs,
as well as Andresen-Kjeldsen’s (1976) result that enumerates certain subgraphs of the
directed complete graph. We extend our results to flow polytopes over the complete
graph having arbitrary (non-negative) netflow vectors and recover the f -vector of the
Tesler polytope of Mészáros–Morales–Rhoades (2017).

Keywords: Chan-Robbins-Yuen polytope, flow polytopes, complete graphs, Fishburn
matrices

1 Introduction

The Chan-Robbins-Yuen polytope (CRYn) of order n is defined as the convex hull of n
by n permutation matrices π for which πi,j = 0 for j ≥ i + 2 [6]. This polytope has been
the object of much interest in the research community, as it possesses many interesting
traits. For example, Zeilberger proved in [17] using a variation of the Morris constant
term identity that CRYn has normalized volume equal to the product of the first n − 2
Catalan numbers. A second algebraic proof was provided in [2], though a combinatorial
proof of this fact remains elusive. CRYn is also a face of the Birkhoff polytope of doubly
stochastic matrices having dimension (n2) and 2n−1 vertices [6].

CRYn is also an example of a more general family of polytopes, namely those which
are flow polytopes of the complete (transitively directed) graph Kn+1 on vertex set
{v1, . . . , vn+1}, which include the family of Tesler polytopes [11].

*wdugan@umass.edu. This project was partially supported by NSF grants DMS-1855536 and DMS-
2154019.

wdugan@umass.edu
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Definition 1.1. For n ∈ N and a ∈ Nn, we denote the flow polytope FKn+1(a,−∑n
i=1 ai)

as Flown(a). We will denote the f -vector of FKn+1(a,−∑n
i=1 ai) by f (n)(a) or ( f (n)(a; x)

if written as a Laurent polynomial, where the coefficient of xi gives the number of i-
dimensional faces for i ≥ −1).

In particular, CRYn is realized as an instance of Flown(a) by setting a = (1, 0, . . . , 0).
Flown(a) has also been studied by Mészáros–Morales–Rhoades [11] in the context of
Tesler polytopes, in which they show that the case of all ai > 0, such as a = (1, 1, . . . , 1),
is combinatorially equivalent to a product of simplices ∆n × ∆n−1 × . . . × ∆1. This was
later generalized to other graphs by Mészáros–Simpson–Wellner [12]. Part of the diffi-
culty in obtaining the f -vector of Flown(a) for more general a arises from the fact that
Flown(1, 1, . . . , 1) is simple, whereas general instances of Flown(a) (including the case of
CRYn) are not.

In this manuscript, we give an explicit formula for the f -vector of Flown(a) for any
non-negative a as a sum over certain compositions. Namely, given a netflow vector a, let
revcomp(a) be the composition obtained by reading the entries of a from right to left,
inductively creating blocks whenever a new nonzero entry is encountered, and recording
the tuple of sizes coming from the list of blocks (see Example 2.10). Furthermore, let ⪰
be the partial order of refinement on compositions, and let ℓ(α) be the number of parts
of composition α.

Theorem 1.2. Given a netflow vector (a,−∑n
i=1 ai) = (a1, . . . an,−∑n

i=1 ai) with ai ∈N, let α be
the integer composition of n given by α = revcomp(a). Then the f -vector Laurent polynomial of
Flown(a) is given by:

f (a; x) =
1
x
+

1
xn ∑

β⪰α

(−1)ℓ(α)−ℓ(β)πℓ(β)(x)xβ−1∣xi=(x+1)i−(x+1) (1.1)

where πn(x) ∶= xn[n]x+1! =∏n
i=1((x + 1)i − 1).

The reader may notice that equation (1.1) looks almost like an evaluation of a qua-
sisymmetric function. We will discuss this viewpoint in Section 2.2.

Note that in the case of ai > 0 for all i, we recover the results of [11, Thm 1.7] that
f (a; x) = [n]x+1!, a consequence of Flown(a) being combinatorially equivalent to a prod-
uct of simplices ∆n ×∆n−1 × . . . ×∆1 as referenced above. In the case that a = (1, 0, . . . , 0),
we obtain a succinct formula for the previously-unknown f -vector of CRYn as a sum
over complete homogeneous symmetric functions hm(x) ∶= ∑1≤i1≤...≤in xi1⋯xin .

Corollary 1.3. Let f (n)(x) be the f -vector of CRYn = Flown(1, 0, . . . , 0) written as a Laurent
polynomial. Then for all n ≥ 1:

f (n)(x) =
1
x
+

1
xn

n−2
∑
m=0
(−1)m(1+ x)mπn−m(x) ⋅ hm((x+1)1 −1, (x+1)2 −1, . . . , (x+1)n−m−1 −1)

(1.2)
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This is a direct generalization of a theorem due to Andresen–Kjeldsen [1, Prop. 3.3]
(which is recovered by setting x = 1) enumerating certain subgraphs of Kn+1. In their
paper, the authors of [1] study two families of subgraphs originating from their prior
work in automata theory:

Ωn ∶= {H ⊆ Kn+1 ∣ every v ∈ V(H) lies along a direct path from v1 to vn+1}

and the following set of primitive subgraphs:

Ω′n ∶= {H ∈ Ωn ∣V(H) = {v1, . . . , vn+1}} .

They then give formulas for the cardinalities ψn ∶= ∣Ωn∣ (c.f. [16, A005016]) and ξn ∶= ∣Ω′n∣
(c.f. [16, A005321]). For example, they show that:

ψn =
n−2
∑
m=0
(−2)mπn−m ⋅ hm(21 − 1, 22 − 1, . . . , 2n−m−1 − 1) (1.3)

where πn ∶=∏
n
i=1(2i −1). One may actually recover ψn from ξn (and vice versa), as shown

in [1, eq. 1], which is a special case of our Corollary 3.2.
The connection between Corollary 1.3 and equation (1.3) is made explicit via the

following powerful theorem of Hille [8], originally introduced in the context of quivers.
Here a subgraph H ⊆ G is a-valid if H is the support of an a-flow on G, and the first Betti
number of H is β1(H) ∶= ∣E(H)∣− ∣V(H)∣+ c(H), where c(H) is the number of connected
components of H. See also [7].

Theorem 1.4 ([8]). Let FG(a) be a flow polytope such that ai ≥ 0 for all i. Then for d ≥ 0, the
d-dimensional faces of FG(a) are in one-to-one correspondence with subgraphs H ⊆ G such that
H is a-valid and β1(H) = d. The empty face of FG(a) corresponds to the empty subgraph of G.

In this way, we see that the f -vector of CRYn is exactly a generating function over Ωn,
where variable x keeps track of the first Betti number of H ∈ Ωn. This connection leads
us to define the new notion of primitive f -vector of Flown(a) as follows.

Definition 1.5. The primitive f -vector of Flown(a), denoted f̃ (n)(a) (or as f̃ (n)(a; x) if
written as a polynomial) is a generating function over the set of a-valid subgraphs of
Kn+1 that are primitive (use the entire vertex set) keeping track of the first Betti number.

Note that it follows immediately from the definition that f̃ (n)(1, 0, . . . , 0; x)∣x=1 = ξn in
the same way that f (n)(1, 0, . . . , 0; x)∣x=1 = ψn from Theorem 1.4. See also Figure 1.

Later in the text, we describe closed-form expressions for the primitive f -vector of
Flown(a) (Lemma 2.5 and Lemma 2.11) and describe a relationship between f (n)(a) and
f̃ (n)(a) for arbitrary (non-negative) a (Lemma 2.6), as well as the special case of CRYn
(Corollary 3.2). Data for f (n)(1, 0 . . . , 0) and f̃ (n)(1, 0 . . . , 0) are included in Table 1 and
Table 2, respectively.

A second, special relationship exists between the f -vector and primitive f -vector in
the case of CRYn, and specializes to [1, Prop. 4.1 ] of Andresen–Kjeldsen by setting x = 1:

https://oeis.org/A005016
https://oeis.org/A005321
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Lemma 1.6. For all n ≥ 1, the f -vector and primitive f -vector of CRYn are related as:

x f (n)(x) = (1+ x)n−1 f̃ (n)(x). (1.4)

Finally, we remark that Jelínek [10] observed that Ω′n is in fact in bijection with the
set of primitive Fishburn matrices (upper triangular, 0-1 matrices such that no row nor
column is the zero vector) , and consequently is related to the enumeration of interval
orders [5], by interpreting H ∈ Ω′n as the upper-triangular matrix determined by its
edges. As discussed in [9], the bijections continue, as the more general notion of Fishburn
matrices are in bijection with Stoimenow matchings, ascent sequences, and more [5, 15].
See [9, 10] for a more comprehensive list of related combinatorial objects.

Either from Corollary 1.3 or from a multivariate generating function of Fishburn
matrices due to Jelínek [10, Thm. 2.1] one obtains the following nice generating function
for d-dimensional faces of CRYn for varying d and n.

Corollary 1.7. The number of d-dimensional faces of CRYn is given by the coefficient f (n)d =

[tnxd]F(t, x), where F(t, x) is defined by:

F(t, x) ∶=
1

x − xt
+
∞
∑
n=0

tnx−n
n
∏
i=1

(1+ x)i − 1
1+ ((1+ x)i − 1− x)tx−1 . (1.5)

The rest of this paper is organized as follows: In Section 2, we derive our main
result Theorem 1.2 as well as results for general primitive f -vectors (Lemma 2.5 and
Lemma 2.11) needed in the proof. We conclude in Section 3 by specializing our results
to CRYn.

2 Main Results

Remark 2.1. Notations and conventions: Our vector a used in this paper is often de-
noted ã in the flow polytope literature, as it does not account for the last vertex whose
netflow is predetermined by the first n entries. Moreover, we note that in the case of
ai ≥ 0 for all i as we are assuming in this manuscript, a consequence of Theorem 1.4 is
that the combinatorial equivalence class of FG (a,−∑n

i=1 ai) is completely determined by
the support of a. Hence we may assume for the rest of the paper that a ∈ {0, 1}n. An
excellent source for any other unexplained terms and notation is [3].

We now describe various results that build towards Theorem 1.2.

2.1 Formulas as sums over subsets

In [1], the authors define certain sequences of numbers which prove useful for the exact
enumeration of the sets Ωn and Ω′n (here we require a change of convention to non-
increasing sequences instead of non-decreasing sequences).
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Figure 1: The elements of Ω3 grouped by first Betti number, corresponding to the f -
vector (1, 4, 6, 4, 1) of CRY3 (but excluding the empty face which would correspond to
the empty graph). The primitive f -vector (0, 1, 4, 4, 1) corresponds to the number of
graphs in each grouping which use all vertices.

n f -vector of CRYn
1 1, 1
2 1, 2, 1
3 1, 4, 6, 4, 1
4 1, 8, 26, 45, 45, 26, 8, 1
5 1, 16, 98, 327, 681, 944, 897, 588, 262, 76, 13, 1
6 1, 32, 342, 1943, 6982, 17326, 31236, 42198, 43521, 34601, 21249, 10020, 3571, 933, 169, 19, 1

Table 1: The first few f -vectors of CRYn.

Definition 2.2 ([1]). Let Sn,m be the set of all sequences (i1, . . . in) having length n such
that:

(i) i1 = n −m, (ii) in = 1, (iii) ij ≥ ij+1 ≥ ij − 1 for all j < n.

For our purposes, it will be simpler to think of the sequences in Sn,m as subsets of
[n] ∶= {1, . . . , n} through the following correspondence, of which we omit the proof.

Lemma 2.3. The map desc ∶ Sn,m → (
[n−1]

m ) mapping a sequence in Sn,m to the set of indices of
its descents is a bijection.

From here on we will be more interested in the inverse bijection of Lemma 2.3, and
hence will denote by seqn ∶ [n] → ⊔

n
m=0 Sn+1,m the map that takes takes a subset of [n] to

its corresponding non-increasing sequence of length n + 1.

Example 2.4. The following is an example of seq4 applied to subsets of the set [4] of
cardinality 2:

seq4({1, 2}) = (3, 2, 1, 1, 1), seq4({1, 3}) = (3, 2, 2, 1, 1), seq4({1, 4}) = (3, 2, 2, 2, 1),
seq4({2, 3}) = (3, 3, 2, 1, 1), seq4({2, 4}) = (3, 3, 2, 2, 1), seq4({3, 4}) = (3, 3, 3, 2, 1).
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n f̃ -vector of CRYn
1 0, 1
2 0, 1, 1
3 0, 1, 4, 4, 1
4 0, 1, 11, 33, 42, 26, 8, 1
5 0, 1, 26, 171, 507, 840, 865, 584, 262, 76, 13, 1
6 0, 1, 57, 718, 4017, 12866, 26831, 39268, 42211, 34221, 21184, 10015, 3571, 933, 169, 19, 1

Table 2: The first few primitive f -vectors of CRYn.

These are all the ingredients we need to write down a first formula for f̃ (n)(a; x).

Lemma 2.5. For all n ∈N and non-negative a of length n, a formula for f̃ (n)(a; x) (that is, the
primitive f -vector of Flown(a) written as a polynomial in x) is given by:

f̃ (n)(a; x) =
1
xn ∑

S∈[supp(a′),[n−1]]
(−1)∣S∣+n+1

∏
j∈[n]
((x + 1)seqn−1(S)j − 1) (2.1)

where a′ = (a2, a3, . . . an), supp is the support function ( namely supp(a′) returns the set of
indices j such that aj+1 ≠ 0), and [supp(a′), [n − 1]] is the interval of the Boolean lattice from
supp(a′) to [n − 1].

Proof sketch. The idea of the proof is to start with the set of all primitive subgraphs of
Kn+1 (not just a-valid ones) and apply the principle of inclusion and exclusion in order
to obtain the set of primitive subgraphs that are also a-valid.

Associate to T ⊆ {v2, . . . vn} its indicator set ST ⊆ [n − 1] in the canonical way (namely
i ∈ ST if and only if vi+1 ∈ T). For each such S, define RS to be the set of primitive
subgraphs of Kn+1 such that i ∈ Sc implies indeg(vi+1) = 0, where indeg(vi+1) is the in-
degree of vertex vi+1. Then S1 ⊆ S2 implies RS1 ⊆ RS2 , and so the set Prima of a-valid
primitive subgraphs of Kn+1 may be found via inclusion-exclusion:

∣Prima∣ = ∑
S∈[supp(a′),[n−1]]

(−1)∣S∣+n+1∣RS∣, (2.2)

where the lowest set in the interval is supp(a′) since the elements of any subset of
Rsupp(a′) are a-valid. Finally, if we let rS(x) be the generating function over the set RS
that keeps track of the sum of all outdegrees of each graph in RS, then a modified
argument as that appearing in the proof of [1, Prop 3.2] gives that:

rS(x) = ∏
j∈[n]
((x + 1)seqn−1(S)j − 1). (2.3)
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Combining equations (2.2) and (2.3) gives a generating function over the set Prima keep-
ing track of the sum of all outdegrees of each graph. Finally, since our graphs are
primitive, the first Betti number of each graph is exactly the sum of all outdegrees minus
n, from which the final formula follows.

The next result describes how the f -vector of Flown(a) may be obtained easily as a
sum of primitive f -vectors.

Lemma 2.6. For all n ∈N and non-negative a of length n:

f (n)(a; x) =
1
x
+∑

b⪯a
f̃ (∣b∣)(b; x) (2.4)

where b ⪯ a if b can be obtained from a by deleting some subset (possibly empty) of the zeros in
a and where ∣b∣ is the length of b.

Proof sketch. Let F be a face of Flown(a). If F is the empty face, then it does not corre-
spond to a primitive graph and hence contributes a term of 1

x to f (n)(a; x). Otherwise, F
is non-empty and hence corresponds to an a-valid subgraph H ⊆ Kn+1 by Theorem 1.4.
Let SH ⊆ {v1, . . . , vn+1} be the set of vertices which are part of the support of a flow de-
termining H. Then H is a primitive graph when restricted to the vertex set SH, hence is
counted by f̃ (∣b∣)(b; x) for some b determined by SH. The possible b’s that can appear
are exactly those described in the lemma statement.

Example 2.7. As an example, Lemma 2.6 would give us the following equivalence:

f (6)(1, 0, 0, 1, 1, 0; x) =
1
x
+ f̃ (6)(1, 0, 0, 1, 1, 0; x)+ 2 f̃ (5)(1, 0, 1, 1, 0; x)+ f̃ (5)(1, 0, 0, 1, 1; x)

+ f̃ (4)(1, 1, 1, 0; x)+ 2 f̃ (4)(1, 0, 1, 1; x)+ f̃ (3)(1, 1, 1; x)

where the coefficient 2 arises in front of f̃ (5)(1, 0, 1, 1, 0; x), for example, as there are two
ways to delete zeros that result in this input vector.

2.2 Formulas as evaluations of sums of quasisymmetric polynomials

We can rewrite Lemma 2.5 as an evaluation of a certain polynomial by using the standard
bijection of subsets of [n−1]with integer compositions of n. Indeed, given a composition
α and corresponding set Sα we define the multivariate polynomial:

Pα(x1, . . . , xn) ∶= ∑
β⪰α

(−1)ℓ(β)−ℓ(α)xβ (2.5)

where xβ ∶= xβ1
1 ⋯x

βℓ(β)
ℓ(β) , and where the relation ⪰ is the standard relation of refinement on

compositions.
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Remark 2.8. The polynomial Pα may look familiar to the reader. Indeed, we recall that
the monomial quasisymmetric functions, Mα, and Gessel’s fundamental quasisymmetric
functions, Fα, are defined in infinitely many variables xi respectively via:

Mα ∶= ∑
i1<i2<...<ik

xα1
i1

xα2
i2
⋯xαk

ik
, Fα ∶= ∑

i1≤i2≤...≤ik
ij<ij+1 if j∈Sα

xi1 xi2⋯xik .

A standard result of quasisymmetric functions describes how to write the monomial
quasisymmetric functions in terms of Gessel’s fundamental quasisymmetric functions
and vice versa. Namely we have the equations (c.f. [14, 13]):

Fα = ∑
β⪰α

Mβ, Mα = ∑
β⪰α

(−1)ℓ(β)−ℓ(α)Fβ. (2.6)

Hence, the polynomial Pα(x1, . . . xn) from above is exactly the expansion of Mα into
the fundamental basis, except that we only keep the first term of each Fβ; that is:

Pα(x1, . . . , xn) = ∑
β⪰α

(−1)ℓ(β)−ℓ(α)Fβ(x1, . . . , xℓ(β)). (2.7)

The polynomials Pα capture all of the data needed to compute the primitive f -vector
f̃n(a; x).

Definition 2.9. For a subset S ⊆ [n − 1], let the reverse of S, denoted rev(S), be defined
as:

rev(S) = {n − i ∣ i ∈ S} (2.8)

For a natural number vector a ∶= (a1, . . . , an), we define the reverse composition, denoted
revcomp(a), as the composition corresponding to the set rev(supp(a)). Computation-
ally, revcomp(a) may be obtained quickly by reading the entries of a from right to left,
inductively creating blocks whenever a new nonzero entry is encountered, and recording
the tuple of sizes coming from the list of blocks.

Example 2.10. If a = (1, 1, 0, 0, 1, 0, 1, 0), then when we read a right to left, we first en-
counter the block (0, 1), followed by (0, 1), followed by (0, 0, 1) and finally (1). The
reverse composition of a is then obtained by writing down the sizes of these blocks,
hence revcomp(a) = (2, 2, 3, 1). For a non 0-1 vector, we may first replace every nonzero
entry with a 1 and then perform the same procedure described here.

Lemma 2.11. For all n ∈N and non-negative a of length n, let α be the composition of n given
by α = revcomp(a). Then the primitive f -vector of Flown(a) written as a polynomial is given
by:

f̃ (n)(a; x) =
1
xn Pα(x, (x + 1)2 − 1, . . . , (x + 1)n − 1) (2.9)



f -vectors of flow polytopes 9

Figure 2: The composition poset (C,≤) of [4] with lassos indicating the downsets de-
termined by ⩿1 (left) and the coarsening (C,≤1) (right).

Proof sketch. The proof follows from Lemma 2.5 by applying the standard bijection be-
tween sets of size n − 1 and compositions of n and interpreting all quantities involved.
Each term of equation (2.1) translates to a term of P, and subset inclusion translates
under this bijection to refinement of compositions.

We may combine Lemma 2.6 and Lemma 2.11 to obtain an explicit formula for the
f -vector of Flown(a) for a non-negative, but first we need one more definition.

Aside from the refinement partial order on the set of integer compositions for some
fixed n, recall that the set of all compositions (of all positive integers) forms a poset
C ∶= (C,≤) where there are two types of cover relations (which we will denote ⩿1 and ⩿2).
For compositions α and β, these are described by ([4]):

• α ⩿1 β if β can be obtained from α by adding 1 to a part, and
• α ⩿2 β if β can be obtained from α by adding 1 to a part and then splitting this part

into two parts.

Definition 2.12. Define C̃ ∶= (C,≤1) to be the coarsening of C by taking only the transitive
closure of ⩿1. See Figure 2 for an example.

Lemma 2.13. For all n ∈ N and non-negative a ∈ Nn, let α be the composition of n given by
α = revcomp(a). Then the f -vector of Flown(a) written as a Laurent polynomial is given by:

f (n)(a; x) =
1
x
+

1
xn ∑

β≤1α

x∣α∣−∣β∣
⎛

⎝

ℓ(α)
∏
i=1
(

αi − 1
αi − βi − 1

)
⎞

⎠
Pβ(x, (x + 1)2 − 1, . . . , (x + 1)∣β∣ − 1) (2.10)

Proof sketch. Combining the results of Lemma 2.6 and Lemma 2.11 we obtain:

f (n)(a; x) =
1
x
+∑

b⪯a

1
x∣b∣

Pβ(x, (x + 1)2 − 1, . . . , (x + 1)∣β∣−1)
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where ≤ is the partial order on 0-1 vectors described in Lemma 2.6 and β = revcomp(b).
Translating both a and b into compositions via revcomp, we find that the resulting partial
order is exactly that of (C,≤1) (see Figure 2). Indeed, the number of parts of revcomp(a)
corresponds to the number of 1’s appearing in a, and deleting a 0 in a corresponds
to decreasing the corresponding part of revcomp (a) by 1. In Lemma 2.6 we are only
able to delete 0’s and not 1’s, hence the number of parts of revcomp(b) must be the
same as the number of parts of revcomp(a). Finally, the product of binomial coefficients
(∏

ℓ(α)
i=1 (

αi−1
αi−βi−1)) keeps track of the number of ways of deleting 0’s from a that result in

the same b, and the factor of x∣α∣−∣β∣ arises as a result of taking the common denominator
of all terms.

All of the work has now been done in order to prove our main result, Theorem 1.2.

Proof sketch of Theorem 1.2. Lemma 2.13 gives f (n)(a; x) as a linear combination of Pβ’s
coming from downsets of the poset (C,≤1). However, each Pβ is also a sum over compo-
sitions (equation (2.5)). The result follows from expanding the Pβ’s, keeping track of all
indices, and cancelling sums that telescope; see the upcoming full version of this text for
more details.

3 Formulas for CRYn

Given the significance of CRYn in the research community, we dedicate this section to the
explicit formulas for CRYn obtained by specializing the results in the previous section.
We first obtain the following result by setting a = (1, 0, . . . , 0) in Lemma 2.11. We remark
that it is a generalization of [1, Prop. 3.2] which one can recover by setting x = 1.

Corollary 3.1. Let f̃ (n)(x) be the primitive f -vector of CRYn written as a polynomial. Then for
all n ≥ 1:

f̃ (n)(x) =
1
xn

n−1
∑
m=0
(−1)mπn−m(x) ⋅ hm((x + 1)1 − 1, (x + 1)2 − 1, . . . , (x + 1)n−m − 1). (3.1)

Proof sketch. In the case of CRYn, a = (1, 0, . . . , 0), hence revcomp(a) = (n). Hence
Pα(x1, . . . , xn) in Lemma 2.11 has a term for every integer composition of n. Factor-
ing out x1⋯xn−m from the terms coming from level n −m in the poset of compositions
by refinement leaves hm(x1, . . . , xn−m). We then evaluate each xi in the same way as
Lemma 2.11.

We omit the proof of Corollary 1.3, as it follows similarly, except by specializing to
a = (1, 0, . . . , 0) in Theorem 1.2 instead of Lemma 2.11.

The following result is a specialization of Lemma 2.6 to the case of a = (1, 0, . . . , 0)
and further gives [1, eq. (1)] by summing over all d:
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Corollary 3.2. The f -vector and primitive f -vector of CRYn satisfy f (n)d = ∑
n−1
i=0 (

n−1
i ) f̃ (n−i)

d .

Proof. By Lemma 2.6, we can obtain f (n)(a; x) from f̃ (n)(a; x) by summing over all sub-
sets of zeros in a. For CRYn, a = (1, 0, . . . , 0), so all possible subsets of 0’s occur.

We conclude with a proof sketch of the intriguing relationship between f (n) and f̃ (n)
described in Lemma 1.6.

Proof sketch of Lemma 1.6. The proof is analogous to that of [1, Prop. 4.1]. We have:

(1+ x)n
x

f̃ (n−1) − f (n)(x) = (1+ x)n
x

⋅ 1
xn−1

n−2

∑
m=0
(−1)mπn−m−1(x)hm((x + 1)1 − 1, . . . , (x + 1)n−m−1 − 1))

−1
x
− 1

xn

n−2

∑
m=0
(−1)m(1+ x)mπn−m(x)hm((x + 1)1 − 1, . . . , (x + 1)n−m−1 − 1).

Which after algebraic manipulations simplifies to:

(1+ x)n
x

f̃ (n−1) − f (n(x) = −1
x
+ 1

xn

n−2

∑
m=0

πn−m−1(x)hm(−(x + 1)2 + x + 1, . . . ,−(x + 1)n−m + x + 1)

We may use the path model for the complete homogeneous symmetric functions to rewrite this
expression as:

(1+ x)n
x

f̃ (n−1) − f (n(x) = −1
x
+ 1

xn

∞

∑
i=0
(N(x))n−1

1,i (3.2)

where N(x) is the weighted adjacency matrix for the infinite path graph having a self loop at
each vertex, with loop at vertex i (i ≥ 2) having weight (x + 1)i − 1 and with edge (i, i + 1) having
weight −(x + 1)i+1 + (x + 1). In other words, N(x) has the following form:

N(x) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 x 0 ⋯ 0
0 −(x + 1)2 + (x + 1) (x + 1)2 − 1 ⋯ 0 ⋯
⋮ ⋮ ⋮ ⋱ 0 ⋯
0 0 0 −(x + 1)i + (x + 1) (x + 1)i − 1 ⋯
⋮ ⋮ ⋮ ⋮ ⋱ ⋯

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

A simple induction shows that ∑∞i=0(N(x))n−1
1,i = xn−1, and after plugging into equation (3.2), gives

the result.

Acknowledgements

The author is indebted to Alejandro Morales for proposing this project and for many
insightful conversations and feedback, including suggesting the connection to quasisym-
metric functions appearing in Section 2.2. The author further wishes to thank Martha Yip
and Rafael González D’León for helpful conversations about flow polytopes generally,
and LACIM at UQAM for a productive work environment in October 2023.



12 William T. Dugan

References

[1] E. Andresen and K. Kjeldsen. “On certain subgraphs of a complete transitively directed
graph”. Discrete Mathematics 14.2 (1976), pp. 103–119. doi.

[2] W. Baldoni-Silva and M. Vergne. “Residues formulae for volumes and Ehrhart polynomials
of convex polytopes.” (2001). arXiv:math/0103097.

[3] C. Benedetti, R. S. G. D’León, C. R. H. Hanusa, P. E. Harris, A. Khare, A. H. Morales, and
M. Yip. “A combinatorial model for computing volumes of flow polytopes”. Transactions
of the American Mathematical Society (2018). Link.

[4] A. Bjorner and R. P. Stanley. “An Analogue of Young’s Lattice for Compositions” (2005).
arXiv:arXiv:math/0508043.

[5] M. Bousquet-Mélou, A. Claesson, M. Dukes, and S. Kitaev. “(2+2)-free posets, ascent se-
quences and pattern avoiding permutations”. Journal of Combinatorial Theory, Series A 117.7
(2010), pp. 884–909. doi.

[6] C. S. Chan, D. P. Robbins, and D. S. Yuen. “On the volume of a certain polytope”. Experi-
mental Mathematics 9.1 (2000), pp. 91 –99.

[7] W. Dugan, M. Hegarty, A. Morales, and A. Raymond. “Generalized Pitman-Stanley poly-
tope: vertices and faces”. July 2023. arXiv:2307.09925.

[8] L. Hille. “Quivers, cones and polytopes”. Linear Algebra and its Applications 365 (2003).
Special Issue on Linear Algebra Methods in Representation Theory, pp. 215–237. doi.

[9] H.-K. Hwang, E. Jin, and M. J. Schlosser. “Asymptotics and statistics on Fishburn Matrices:
dimension distribution and a conjecture of Stoimenow”. 2020. arXiv:2012.13570.

[10] V. Jelínek. “Counting general and self-dual interval orders”. Journal of Combinatorial Theory,
Series A 119.3 (2012), pp. 599–614. doi.

[11] K. Mészáros, A. Morales, and B. Rhoades. “The polytope of Tesler matrices”. Discrete
Mathematics & Theoretical Computer Science (Jan. 2015). doi.

[12] K. Mészáros, C. Simpson, and Z. Wellner. “Flow Polytopes of Partitions”. Electron. J. Comb.
26 (2017), p. 1. Link.

[13] K. Petersen. “A Note on Three Types of Quasisymmetric Functions”. Electronic Journal of
Combinatorics 12 (Sept. 2005). doi.

[14] R. P. Stanley. Enumerative combinatorics. Vol. 2. Vol. 62. Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, 1999, pp. xii+581.

[15] A. Stoimenow. “Enumeration of chord diagrams and an upper bound for Vassiliev invari-
ants”. Journal of Knot Theory and Its Ramifications 07.01 (1998), pp. 93–114. doi.

[16] The On-Line Encyclopedia of Integer Sequences. OEIS Foundation Inc. Link.

[17] D. Zeilberger. “Proof of a Conjecture of Chan, Robbins, and Yuen” (Nov. 19, 1998). arXiv:
math/9811108.

https://dx.doi.org/https://doi.org/10.1016/0012-365X(76)90054-6
https://arxiv.org/abs/math/0103097
https://api.semanticscholar.org/CorpusID:3351841
https://arxiv.org/abs/arXiv:math/0508043
https://dx.doi.org/https://doi.org/10.1016/j.jcta.2009.12.007
https://arxiv.org/abs/2307.09925
https://dx.doi.org/https://doi.org/10.1016/S0024-3795(02)00406-8
https://arxiv.org/abs/2012.13570
https://dx.doi.org/https://doi.org/10.1016/j.jcta.2011.11.010
https://dx.doi.org/10.46298/dmtcs.2475
https://api.semanticscholar.org/CorpusID:51730290
https://dx.doi.org/10.37236/1958
https://dx.doi.org/10.1142/S0218216598000073
http://oeis.org
https://arxiv.org/abs/math/9811108
https://arxiv.org/abs/math/9811108


Séminaire Lotharingien de Combinatoire 91B (2024) Proceedings of the 36th Conference on Formal Power
Article #102, 9 pp. Series and Algebraic Combinatorics (Bochum)

Counting unicellular maps under cyclic
symmetries

Theo Douvropoulos*1

1Department of Mathematics, Brandeis University, Waltham USA

Abstract. We count unicellular maps (matchings of the edges of a 2n-gon) of arbitrary
genus with respect to the 2n-rotation symmetries of the polygon. An associated gen-
erating function that keeps track of the number of symmetric vertices of the resulting
map generalizes the celebrated Harer-Zagier formula.

The answer to this enumerative question is not in the form of the usual cyclic siev-
ing phenomenon (CSP), but does recover in the leading terms (genus-0 maps) a well
known CSP for the Catalan numbers. The approach is representation theoretic, in that
we relate symmetric unicellular maps with factorizations of the Coxeter element in a
reflection group of type G(m, 1, n).

Keywords: Harer-Zagier formula, unicellular maps, reflection groups, cyclic sieving

1 Introduction

Unicellular maps are the 3-constellations of the form σαc = 1 where σ, α, c ∈ S2n, σ is a
fixed point free involution, α an arbitrary permutation, and c := (1, 2, . . . , 2n) the long
cycle. This corresponds to gluing the edges of a 2n-gon (the gluing pattern is encoded
in the involution σ).

The genus g of a unicellular map is given as 2g = n + 1 − cyc(α) (see also [6, p. 23]).
The Harer-Zagier numbers εg(n) count the unicellular maps with n edges and genus g
and they have a very nice generating function formula:

1
(2n − 1)!! ∑

g
εg(n)Φn+1−2g(X) =

(1 + X)n

(1 − X)n+2 , (1.1)

where the polynomials Φn(X) are essentially the Eulerian polynomials; they are defined
as follows:

Φn(X) =
∑n−1

k=0 A(n, k)Xk

(1 − X)n+1 or equivalently Φn(X) =
∞

∑
k=0

(k + 1)nXk, (1.2)

where A(n, k) is an Eulerian number (i.e., the number of permutations in Sn with k
descents).

*tdouvropoulos@brandeis.edu

mailto:tdouvropoulos@brandeis.edu
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Definition 1.1 (Rotation of constellations). There is a natural cyclic action Ψ of order 2n
on unicellular maps that corresponds to rotating the polygon. In terms of the constella-
tion, the action is given as

Ψ
[
(σ, α, c)

]
= (c−1σc, c−1αc, c).

To count symmetric 3-constellations, we essentially need to count the factorizations
σαc = 1 that are fixed by simultaneous conjugation by some power cN of c. Equivalently
this means counting factorizations σαc = 1 in S2n all of whose factors σ, α, c also belong
to the centralizer ZS2n(c

N). Now, the centralizer ZS2n(c
N) is just the reflection group1

G(m, 1, 2n/m) where m is the order of cN (i.e. m = 2n/ gcd(2n, N)). From now on, we
will always assume that N divides 2n and we will always have mN = 2n.

That is, the problem of counting 3-constellations fixed under Ψr is equivalent to
counting factorizations σαc = 1 in G(m, 1, N) = ZS2n(c

r) where σ belongs to the con-
jugacy classes of G(m, 1, N) ≤ S2n into which the class S2n of fixed point free involu-
tions has been decomposed. This problem turns out to be particularly easy because
c = (1, 2, . . . , 2n) is a Coxeter element also in G(m, 1, N).

There is however a caveat: In the Harer-Zagier formula (1.1), the genus is directly
related to the reflection length of α so we can keep track of it with representation theory.
Here, the genus of a symmetric constellation is related to the length of α as an element
in S2n but this is not the same as (or a multiple of) its length as an element in G(m, 1, N).
There are two natural approaches here; track the length as an element in G(m, 1, N) and
interpret it as a combinatorial statistic on the map (this succeeds with Theorem 3.8) or
define a new length function to track the genus and attempt to express it representation-
theoretically (a first attempt here fails; we discuss it in Section 4).

We present the first approach in Section 3, where we interpret the usual length func-
tion for G(m, 1, N) as a combinatorial (but sadly not topological) statistic on the maps.
Then, Zagier’s proof [14] of the Harer-Zagier formula (1.1) generalizes essentially out of
the box; we have existing theorems that replace all the ingredients of the proof and we
prove Theorem 3.8 which is a direct generalization of (1.1).

In Section 4 we define a new length function for G(m, 1, N) that corresponds to the
topological genus; it is a class invariant and is even somewhat compatible with a factor-
ization in the group algebra of G(m, 1, N) which gives us some control over the formulas
coming from the Frobenius lemma. It is not clear though what the analog of the Eulerian
polynomials Φn(X) of (1.2) should be in this case (nor whether such an analog should a
priori exist!).

We first start with a mini review of Zagier’s proof of the Harer-Zagier formula (1.1)
to set up a pattern of how the proofs would go in these two approaches.

1Note that the reflections of G(m, 1, N) do not come from transpositions of S2n; they come from some
elements of type

(
2m, 12n−2m) (the transposition-like ones) and some other ones –multiple cycle types– for

the diagonal-like reflections; see Example 3.3 and Remark 3.4.
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2 Main ingredients of Zagier’s proof of the Harer-Zagier
formula

We give in this section the main ingredients in Zagier’s proof (or a re-imagining of
Zagier’s proof relying more on Jucys-Murphy elements). We will generalize each of
them in the next section.

The first is a direct application of the Frobenius lemma from representation theory
(recall: n + 1 − 2g = cyc(α) = 2n − ℓR(α)).

∑
g

εg(n)Xn+1−2g =
(2n − 1)!!
(2n)!

· ∑
χ∈Ŝ2n

χ(σ)χ(c) · χ̃

(
∑

w∈S2n

wX2n−ℓR(w)

)
, (A)

where σ is any fixed point free involution in S2n, c any fixed long cycle, and χ̃ denotes
the normalized character χ (i.e. χ̃(a) := χ(a)/χ(1) for an element a ∈ C[S2n]).

The second ingredient is a well known factorization in the symmetric group algebra:

∑
w∈S2n

wX2n−ℓR(w) = X(X + J2)(X + J3) · · · (X + J2n), (B1)

where Ji := (1i) + · · ·+ (i − 1i) is the i-th Jucys-Murphy element. As an application of
this factorization we know for instance that the normalized traces appearing in (A) are
just binomials:

1
(2n)!

· χ̃k

(
∑

w∈S2n

wX2n−ℓR(w)

)
=

(
X + 2n − 1 − k

2n

)
, (B2)

where χk is the k-th exterior power of the reflection representation of S2n (it is a direct
application of the Murnaghan-Nakayama rule that only these irreducible characters are
non-zero on the long cycle c).

The third ingredient is that the eulerian polynomials of (1.2) give exactly the change-
of-basis between the binomials in X that appear above and the monomials Xn:

n

∑
k=1

εkXk =
n

∑
k=1

bk

(
X + n − k

k

)
if and only if (1 − X)n+1

n

∑
k=1

εkΦk(X) =
n

∑
k=1

bkXk−1.

(C)
This has many proofs but it is very conveniently stated in Theorems 2.5 and 2.10 in [8].

The final ingredient is the usual relation (as in [2] or [3]) between the characters χ

such that χ(c) ̸= 0, the Coxeter numbers cχ = k(2n), the exterior powers χk, and hence
the matrix of an element in the reflection representation of S2n:

∑
χ∈Ŝ2n

χ(σ)χ(c)X
cχ
2n =

2n−1

∑
k=0

χk(σ)(−1)kXk =
p(σ; X)

1 − X
, (D)
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where p(σ; X) is the characteristic polynomial of σ in the standard (2n)-dimensional
representation of S2n. Together (A),(B2),(C),(D) give us the Harer-Zagier formula (1.1)
because p(σ; X) = (1 − X2)n.

3 Counting symmetric maps keeping track of G(m, 1, N)-
length

In this section we generalize the Harer-Zagier formula (1.1) in a way that has all of
the ingredients of Zagier’s proof from the previous section working out of the box. To
have a meaningful interpretation of the theorem however we will give first a combinatorial
interpretation of the G(m, 1, N)-length.

Recall that the for the 3-constellation π = (σ, α, c) the number cyc(α) of cycles of α

equals the number of vertices v(π) of the combinatorial map π and also that

n + 1 − 2g = 2n − ℓS2n(α) = cyc(α) = v(π).

So, then the Harer-Zagier formula (1.1) can be rephrased as

1
(2n − 1)!! ∑

v
Ev(n)Φv(X) =

(1 + X)n

(1 − X)n+2 , (3.1)

where Ev(n) = ε(n+1−2v)/2(n) counts the number of unicellular maps π witn n edges
and v vertices.

Now, we will give an explicit definition of unicellular maps with rotational symmetry
at least m:

Definition 3.1. Let n, m, N be positive integers such that mN = 2n. We denote by Cm(N)
the number of 3-constellations π = (σ, α, c) with factors from S2n that are fixed by the
operation ΨN (i.e. have symmetry at least m):

Cm(N) =
{
(σ, α) ∈ S2

2n | σαc = σ2 = 1, ℓS2n(σ) = n, c−NσcN = σ, c−Nαc = α
}

.

As we mentioned earlier, we can enumerate Cm(N) by counting certain factoriza-
tions in G(m, 1, N). The factors σ, α, c are still elements of G(m, 1, N) and c is its Coxeter
element, but the class in S2n of fixed point free involutions σ breaks into multiple conju-
gacy classes (see Remark 3.4) and the new length ℓG(m,1,N)(α) is not a function of g (or
equivalently v(π)). For this reason we define these two statistics:

Definition 3.2. Let n, m, N be positive integers such that mN = 2n and let σ be a fixed
point free involution of S2n such that c−NσcN = σ. We write dm(σ) for the number of
ΨN-orbits of centrally symmetric 2-cycles of σ. (A centrally symmetric transposition is one
of the form (i, n + i).)
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Figure 1: For the involution σ of the figure, we have d4(σ) = 1 but d2(σ) = 2.

Example 3.3. Consider the involution σ := (1, 12)(2, 8)(3, 4)(5, 11)(6, 7)(9, 10) of S12.
There are two centrally symmetric 2-cycles: (2, 8) and (5, 11). The involution is symmetric
both under Ψ3 (conjugation by c3 or rotation of order m = 4) and under Ψ6 (conjugation
by c6 or rotation of order m = 2). But the cycles (2, 8) and (5, 11) form two orbits under
Ψ6 but only one orbit under Ψ3. See Figure 1.

Remark 3.4 (dm detects conjugacy class in G(m, 1, N)). The point of this definition is that
it detects the conjugacy class of the involution σ as an element of G(m, 1, N). The num-
ber dm(σ) counts on how many indices from 1 to N the involution σ acts diagonally-
like (maps i to −i). For Example 3.3 above, the centralizer ZS2n(c

3) is isomorphic to the
group G(4, 1, 3) where the coordinates of the (3-dimensional ambient space) correspond
to the three sets {1, 4, 7, 10}, {2, 5, 8, 11}, {3, 6, 9, 12}. In this case σ becomes (1, 3−i)(2, 2̄):
the first 2-cycle (1, 3−i) corresponds to the part (1, 12)(4, 3)(7, 6)(10, 9) and the 2-cycle
(2, 2̄) corresponds to the part (2, 8)(5, 11). Then, the d4 value here is d4(σ) = 1 because
the involution σ has a single diagonal position in G(4, 1, 3).

Similarly the centralizer ZS2n(c
6) is isomorphic to the group G(2, 1, 6) with coordi-

nates corresponding to the three sets {1, 7}, {2, 8}, {3, 9}, {4, 10}, {5, 11}, {6, 12}. In
this case σ becomes (1, 6̄)(2, 2̄)(3, 4)(5, 5̄) and thus d2(σ) = 2 since σ has two diagonal
positions in G(2, 1, 6).

We need to also replace the quantity v(π) (the number of vertices of the map π) with
a new object that keeps track of the rotational symmetry of the vertices of the polygon
that were identified into vertices of the map.

Definition 3.5. For any 3-constellation π = (σ, α, c) in S2n, and any numbers m, N such
that mN = 2n, we define vm

free(π) to be the number of vertices of π (equivalently cycles
of α) that are not fixed by any power of ΨN (apart from of course ΨNm = Id).

Proposition 3.6. If a 3-constellation π = (σ, α, c) in S2n is fixed under some power ΨN, then if
m is such that mN = 2n,

ℓG(m,1,N)(α) =
2n − vm

free(π)

m
.



6 Theo Douvropoulos

Before finally stating the main theorem of this section, we need to define the general-
izations of the polynomials Φn(X) of (1.2). We will be using a well known generalization
of Eulerian polynomials for G(m, 1, N) that encodes the notion of descent due to Stein-
grímsson [12].

Definition 3.7. For any two positive integers m, N we define the polynomials

Φm,N(X) =
∑N

k=0 A(m, N, k)Xk

(1 − X)N+1 or equivalently Φm,N(X) =
∞

∑
k=0

(mk + 1)NXk,

where A(m, N, k) is the number of elements in G(m, 1, N) with k descents, see [12,
Thm. 17].

With these interpretations, we are ready to state and give a (sketch of the) proof of the
following generalization of the Harer-Zagier theorem (1.1) that counts maps that remain
invariant under a given rotation of the initial polygon.

Theorem 3.8. For any n, m, N, k ∈ Z>0 such that 2n = mN, the numbers Ek,v(m, N) of 3-
constellations π = (σ, α, c) in S2n with dm(σ) = k and vm

free(π) = mv (see Defn. 3.2 and
Defn. 3.5) such that ΨN(π) = π (see Defn. 1.1) can be calculated via:

1

(N
k ) · (N − k − 1)!! · m

N−k
2

∑
v
Ek,v(m, N) · Φm,v(X) =

1
1 − X

·
(

1 + X
1 − X

) N−k
2

,

where the polynomials Φm,v(X) are as in Defn. 3.7.

Sketch. All the ingredients (A),(B2),(C),(D) are readily available. (A) is just the Frobenius
lemma. For (B2) see [8, Prop. 3.2] but it can also be shown using the following version
of (B1):

∑
w∈G(m,1,N)

wXN−ℓG(m,1,N)(w) = (X + J1)(X + J2) · · · (X + Jn),

where Ji = (1, i) + · · ·+ (i − 1, iξ̄) + (i, iξ) + . . . + (i, iξ̄) are a version of the JM elements.
The approach of [10, Prop. 4.8] expresses the character values on these generalized Jucys-
Murphy elements as certain content calculations, see also [9, Section 4.2] or [15].

The change-of-basis (C) is in Theorems 3.17 and 3.18 of [8]. The final ingredient
(D) comes from our previous work, joint with Chapuy, in [2, Section 9.5.2] where we
prove an equality in G(m, 1, N) between ∑ χ(c)χ and a virtual character that involves
the exterior powers of certain N-dimensional representations that are analogues of the
standard representation of SN.

Remark 3.9. The genus 0 case, or equivalently cyc(α) = n + 1, appears only if vfree(π) =
n + 1 (no symmetry) or vfree(π) = n (π has some symmetry). In this way, Theorem 3.8
recovers the known symmetry count in the form of a CSP [11, §7] in the genus-0 case
(there the matchings must be non-crossing and determine a (different) noncrossing par-
tition of the odd vertices 1, 3, . . . 2n − 1; it is this object that is studied in [11]).
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Remark 3.10. The approach described above can give a complete version of Zagier’s
main theorem from [14] (i.e. for any conjugacy class of G(m, 1, N) not just the fixed
point free involutions).

Remark 3.11. The approach of this section can be generalized to other factorization
counting questions, where conjugation by the long cycle is a natural symmetry. For in-
stance, in works of Goupil-Schaeffer [4] and Bernardi-Morales [1], one could try to count
symmetric factorizations by transfering the question to some G(m, 1, n) group. Factor-
izations of the Coxeter element c ∈ G(m, 1, n) have been extensively studied by Lewis-
Morales, where the authors also observe [7, §8.2] in their setting that the G(m, 1, n)-
factorizations cannot keep track of the topological genus of a corresponding map.

4 Counting symmetric maps keeping track of genus

The main disadvantage of Theorem 3.8 is that the enumeration cannot keep track of the
topological genus of the map π. We discuss in this section a partial attempt to resolve
this. We define a new length function in G(m, 1, N) given as

ℓsp(w) := ℓSmN(w),

that is the symmetric length of w ∈ G(m, 1, N) is its length as an element of SmN. Notice
that this is a class function since if two elements are conjugate in G(m, 1, N) then they
are also conjugate in SmN hence have the same length.

Then, a generalization of (1.1) in the spirit of Theorem 3.8 but using ℓsp(w) instead
of ℓG(m,1,N)(w) would rely on understanding

∑
χ∈ ̂G(m,1,N)

χ(σk)χ(c) · ∑
w∈G(m,1,N)

χ(w)

χ(1)
Xℓsp(w),

where σk is any involution with dm(σk) = k.
It is not difficult to see that there is a factorization

∑
w∈G(m,1,N)

wXℓsp(w) =
[
1 + Xm−1(11ξ) + . . . + Xm−1(11ξ̄)

]
×

×
[
1 + Xm(12) + . . . + Xm(12ξ) + . . . + Xm−1(22ξ̄)

]
· · ·

where each reflection τ contributes the term Xℓsp(τ).
This factorization might be seen as an analogue of (B1) and we can certainly calculate

the corresponding traces for irreducible characters (either manually or by the techniques
of [13, Lemma 3.7], or even by following Jucys original argument [5, Section 4] and
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relying on existing determinations of the eigenvalues of these generalized Jucys-Murphy
elements on eigenvectors indexed by tuples of Young tableau as for instance [10]).

However, we have no analogue of (B2): Even though Sage experiments suggest that
we always have nice formulas for ∑

w∈G(m,1,N)

χ̃(w)Xℓsp(w), it is not clear that there exists

a change of basis analogous to (C) (or even that one might exist: we need to transform
more than n polynomials; the corresponding polynomials with XℓG(m,1,N) depend only on
the Coxeter number of χ when χ(c) ̸= 0 but with ℓsp this is no longer true.
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Weak Bruhat interval 0-Hecke modules in finite
type

Joshua Bardwell∗ and Dominic Searles†1

1Department of Mathematics and Statistics, University of Otago, Dunedin 9016, New Zealand

Abstract. We extend the weak Bruhat interval modules, defined for 0-Hecke algebras
in type A, to arbitrary finite types. We determine structural properties, with a main
focus on projective covers and injective hulls, for certain general families of these mod-
ules in a type-independent way. As an application, we recover a number of results for
type A 0-Hecke modules in a uniform manner. We also obtain some further results
relating to recently-introduced type A 0-Hecke modules.

Keywords: 0-Hecke algebra, Coxeter group, projective cover, quasisymmetric func-
tions

1 Introduction

The 0-Hecke algebra HW(0) associated to a finite Coxeter group W is a certain defor-
mation of the group algebra of W. Norton [20] classified the projective indecomposable
modules and the simple modules over HW(0) up to isomorphism. Subsequently, Fayers
[12] proved that HW(0) is a Frobenius algebra, and Huang [14] provided combinatorial
interpretations of the projective indecomposable modules for each classical type.

In type A, the quasisymmetric characteristic [11] provides an isomorphism between
the Grothendieck group of type A 0-Hecke modules and the ring of quasisymmetric
functions. Due to this connection, the past decade has seen significant activity related
to constructing 0-Hecke modules in type A that correspond to various notable bases of
quasisymmetric functions; examples include [2, 5, 19, 21, 22]. There has also been a focus
on understanding the structure of such modules, especially regarding indecomposability,
projective covers and injective hulls, for example, Choi, Kim, Nam and Oh [8] applied
the ribbon tableau model of [14] to obtain the projective covers of modules in [5, 21, 22,
23]. A notable development in this regard was the introduction of weak Bruhat interval
modules by Jung, Kim, Lee and Oh [15]. These modules, defined in terms of intervals
in the left weak Bruhat order on symmetric groups, provided a uniform approach to
understanding modules associated to quasisymmetric functions. It was also determined
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in [15] how these modules behave under certain equivalences of categories introduced
in [12]. This was applied in [15] to determine structural properties of certain families of
modules by realising them as images under these functors of other families of modules
for which corresponding properties were known.

In this extended abstract, we summarise results from [3]. We extend the definition of
weak Bruhat interval modules to all Coxeter types, and we show the projective indecom-
posable HW(0)-modules are weak Bruhat interval modules, as proven in type A in [15].
Throughout, we use a type-independent description of the projective indecomposable
HW(0)-modules in terms of right descents of elements of W. We extend certain results
of [15] regarding equivalences of categories to all types and to quotients and submod-
ules of weak Bruhat interval modules, and identify a type-independent indecomposabil-
ity criterion that covers a number of the type A modules associated to quasisymmetric
functions. We determine projective covers of a significant family of HW(0)-modules in
a type-independent way, and use our results concerning the equivalences of categories
to obtain injective hulls of a related family of HW(0)-modules. Our approach works
directly with elements of W, and our results are stated in terms of right descent sets.
Finally, we apply this approach to recover a number of results on indecomposability,
projective covers and injective hulls for type A families of HW(0)-modules in a uniform
manner. We also obtain some new results for certain modules recently introduced in
[19].

2 0-Hecke algebras and weak Bruhat interval modules

A finite Coxeter system (W, S) is a finite group W with generating set S satisfying the
relations s2 = 1 for all s ∈ S, and (st)m(s,t) = (ts)m(s,t) for all pairs of distinct elements
s, t ∈ S, where m(s, t) = m(t, s) ∈ Z≥2 and (st)m(s,t) denotes the alternating product of
s and t with m(s, t) factors. For w ∈ W, the length `(w) of w is the minimal number
of terms appearing in a product of elements of S equal to w; any such product with
minimal number of terms is a reduced word for W.

An element s ∈ S is a left descent of w ∈ W if `(sw) = `(w)− 1, and a right descent
of w if `(ws) = `(w)− 1. Let DL(w) denote the set of left descents of w, and DR(w) the
set of right descents of w. For I ⊆ S, the right descent class DI consists of the elements
w ∈ W such that DR(w) = I. Denote the union of right descent classes DX such that
I ⊆ X ⊆ J by D J

I .
The parabolic subgroup WI is the subgroup of W generated by I. Let w0(I) denote the

longest element in WI , that is, `(w) < `(w0(I)) for all w ∈ WI \ {w0(I)}. Let w0 denote
the longest element in W, i.e., w0 = w0(S).
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2.1 0-Hecke algebras

Let K be any field. The 0-Hecke algebra HW(0) of a finite Coxeter system (W, S) is the
associative K-algebra generated by {πs : s ∈ S} with relations

π2
s = πs and (πsπt)m(s,t) = (πtπs)m(s,t)

for all distinct s, t ∈ S.
Let πs denote πs− 1. The algebra HW(0) is also generated by {πs : s ∈ S}. Given w ∈

W with reduced word w = s1 . . . sk, define πw to be the product πs1 · · ·πsk , and define
πw to be πs1 · · ·πsk ; note πw and πw are well-defined. The projective indecomposable
HW(0)-modules have the following description due to Norton [20].

Theorem 2.1. [20, Theorem 4.12(2)] Let (W, S) be a finite Coxeter system and let I ⊆ S. The left
ideal PI := HW(0)πw0(I)πw0(S\I) is a projective indecomposable HW(0)-module with K-basis
{πwπw0(S\I) : w ∈ DI}.

The set {PI : I ⊆ S} is a complete list of non-isomorphic projective indecomposable
HW(0)-modules. For I ⊆ J ⊆ S, let P J

I denote the HW(0)-module HW(0)πw0(I)πw0(S\J).

The following result on P J
I is analogous to [14, Theorem 3.2], and proved similarly.

Modules isomorphic to P J
I will play a significant role in our work.

Theorem 2.2. Let I ⊆ J ⊆ S. Then P J
I has a K-basis

{πwπw0(S\J) : w ∈W with I ⊆ DR(w) ⊆ J},

and decomposes as a direct sum of projective indecomposable modules via the formula

P J
I
∼=

⊕
I⊆X⊆J

PX.

2.2 Weak Bruhat interval modules

The left weak Bruhat order ≤L on W is the partial order defined by u ≤L v if some reduced
word for u appears as a terminal segment in some reduced word for v. Given u, v ∈ W
with u ≤L v, the left weak Bruhat interval is the set [u, v]L = {w ∈W : u ≤L w ≤L v}.

Definition 2.3. Let [u, v]L ⊆W. The weak Bruhat interval module B(u, v) is the vector space
K[u, v]L with HW(0)-action defined by

πsw =


w if s ∈ DL(w),
sw if s /∈ DL(w) and sw ∈ [u, v]L,
0 if s /∈ DL(w) and sw /∈ [u, v]L

(2.1)

for all s ∈ S and w ∈ [u, v]L.
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The type A case of Definition 2.3 is precisely [15, Definition 1(1)]. That (2.1) defines
an action of HW(0) follows from Theorems 3.1 and 3.3 in [10].

Example 2.4. Let W = S4; we write elements of symmetric groups in one-line/list nota-
tion, e.g. s2 = 1324 and s2s3s2 = 1432. Figure 1 shows the action of π1, π2 and π3 (where
πi denotes πsi) on the basis [1324, 1432]L of B(1324, 1432) and the basis [3142, 4231]L
of B(3142, 4231). Following [15] we draw Hasse diagrams from top to bottom, so the
0-Hecke operators move elements downwards (or send them to zero).

1432

1423

1324

0

0

0

π2

π3

π2, π3

π3

π2

π1

π1

π1

4231

4132 3241

3142

0

π3

π1

π1

π2, π3 π1, π2

π2

π2

π1, π3

π3

Figure 1: The HS4(0)-action on K-bases for B(1324, 1432) and B(3142, 4231).

For I ⊆ J ⊆ S, the union D J
I of right descent classes is an interval in left weak Bruhat

order [6, Theorem 6.2]. In particular, each right descent class DI itself is an interval in
left weak Bruhat order.

Example 2.5. Figure 2 shows the poset (S4,≤L), in which we colour DI using distinct
colours for each I other than I = ∅ and I = {1, 2, 3}.

We now realise the HW(0)-modules PI and P J
I as weak Bruhat interval modules.

Denote the shortest element in DI by uI and the longest element in DI by vI . Note that
uI = w0(I) and vI = w0 w0(S \ I).

Theorem 2.6. Let I ⊆ J ⊆ S. Then P J
I
∼= B(uI , vJ).

We henceforth denote B(uI , vJ) by PJ
I and B(uI , vI) by PI , to emphasise their nature

as (direct sums of) projective indecomposable HW(0)-modules.

Example 2.7. Consider the HS4(0)-module B(2134, 4231), and let i denote si. Since
2134 = u{1} and 4231 = v{1,3}, we have P{1,3}

{1}
∼= B(2134, 4231) = P{1,3}

{1}
∼= P{1} ⊕ P{1,3}

by Theorems 2.2 and 2.6. Figure 3 depicts the basis elements for P{1,3}
{1} ; the orange/pink
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1234

2134 1324 1243

3124 2314 2143 1423 1342

4123 3214 2413 3142 2341 1432

4213 4132 3412 3241 2431

4312 4231 3421

4321

Figure 2: The poset (S4,≤L) and the right descent classes DI .

colour (cf. Figure 2) indicates P{1,3}
{1} is isomorphic to the direct sum of P{1} and respec-

tively P{1,3}. Note however the basis elements of P{1} do not span a submodule of P{1,3}
{1} .

4123

3124

2134

4132

3142

2143

4231

3241

Figure 3: The HS4(0)-module B(2134, 4231) = P{1,3}
{1}
∼= P{1} ⊕ P{1,3}.

The following indecomposability criterion follows from the algebraic structure of
HW(0); in particular since HW(0) is a Frobenius algebra [12] it is self-injective, and so
the projective indecomposable modules are also injective indecomposable.

Proposition 2.8. Every submodule and quotient of PI is indecomposable.

Specialising Proposition 2.8 to weak Bruhat interval modules obtains the following.

Proposition 2.9. The weak Bruhat interval modules B(w, vI) and B(uI , w) are indecomposable
for all w ∈ DI , and all submodules of B(w, vI) and quotients of B(uI , w) are also indecomposable.
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Several of the families of 0-Hecke modules for bases of quasisymmetric functions
are isomorphic to weak Bruhat interval modules that are either submodules or quotient
modules of some PI . Applications of Proposition 2.9 will be given in Section 4.

2.3 Equivalences of categories

Fayers [12] introduced certain (dual) equivalences of the category HW(0)-mod, as fol-
lows. Define involutions φ, θ and an anti-involution χ on HW(0) by

φ : πs 7→ πw0sw0 , θ : πs 7→ 1− πs, χ : πs 7→ πs.

Let M be a HW(0)-module. Define φ[M] and θ[M] to be the HW(0)-modules whose
underlying space is M, and whose actions ·φ and ·θ are given by πs ·φ m = φ(πs) ·m and
πs ·θ m = θ(πs) ·m, for m ∈ M. Define χ[M] to be the HW(0)-module whose underlying
space is the dual space M∗ of M, with action given by (πs ·χ f )(m) = f (χ(πs) · m), for
f ∈ M∗ and m ∈ M. The functors M 7→ φ[M] and M 7→ θ[M] are self-equivalences of
HW(0)-mod, and the functor M 7→ χ[M] is a dual equivalence of HW(0)-mod.

Jung, Kim, Lee and Oh [15] determined the images of type A weak Bruhat interval
modules under φ, θ and χ and their compositions; see [15, Table 1] for a summary.
We extend this result on φ, θ̂ := θ ◦ χ , and ω̂ := φ ◦ θ ◦ χ to arbitrary finite type,
and moreover to quotients and submodules of weak Bruhat interval modules defined
by upper order ideals in intervals in weak Bruhat order. The cases for the other com-
positions can be extended similarly by introducing negative weak Bruhat interval modules
in arbitrary type: the type A definition is given in [15, Definition 1(2)], and the natural
extension of this to finite type is well-defined by [10]. In this work, we do not use the
negative analogue of weak Bruhat interval modules. For Y ⊆ W, let w0Yw0 denote the
set {w0yw0 : y ∈ Y}. Similarly, Yw0 := {yw0 : y ∈ Y}, and w0Y := {w0y : y ∈ Y}. Note
that if Y is an upper order ideal in [u, v]L, then KY is a submodule of B(u, v).

Theorem 2.10. Let Y be an upper order ideal in [u, v]L. Then we have the following isomor-
phisms of HW(0)-modules.

φ[B(u, v)/KY] ∼= K([w0uw0, w0vw0]L \ w0Yw0),

θ̂ [B(u, v)/KY] ∼= K([vw0, uw0]L \Yw0),

ω̂[B(u, v)/KY]∼= K([w0v, w0u]L \ w0Y).

We use Theorem 2.10 to determine the images of the modules PJ
I .

Corollary 2.11. Let I ⊆ J ⊆ S. Then

φ[PJ
I ]
∼= Pw0 Jw0

w0 Iw0
, θ̂[PJ

I ]
∼= PS\w0 Iw0

S\w0 Jw0
and ω̂[PJ

I ]
∼= PS\I

S\J .

Corollary 2.11 will be applied in Sections 3 and 4.
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3 Projective covers and injective hulls

In this section, we determine the projective covers and injective hulls for significant fam-
ilies of HW(0)-modules. A projective cover of a HW(0)-module M is a projective HW(0)-
module P such that there is an epimorphism f : P→ M whose kernel is contained in the
radical of P. Projective covers exist since HW(0) is Artinian, and the projective module
P is unique up to isomorphism. In [8, Section 5], Choi, Kim, Nam and Oh constructed
projective covers for the 0-Hecke modules introduced by Tewari and van Willigenburg
in [23], in terms of generalised compositions, using the ribbon tableau model of [14]. Our
approach, similarly to [8], involves directly establishing radical membership; we work
with and state results in terms of right descent sets.

The morphism f : PJ
I → PJ

I/KY given by f (w) = w + KY is an epimorphism with
kernel equal to KY.

Theorem 3.1. Let Y be an upper order ideal in D J
I with uJ /∈ Y. Then PJ

I is the projective cover
of PJ

I/KY.

Specialising Theorem 3.1 to weak Bruhat interval modules obtains the following.

Corollary 3.2. Let I ⊆ J and w ∈ DJ . Then PJ
I is the projective cover of B(uI , w).

Remark 3.3. The type A case of Corollary 3.2 has been obtained independently, in the
language of generalised compositions, by Kim, Lee and Oh in [16, Lemma 5.2].

Example 3.4. Consider the HS4(0)-module B(2134, 4132), and let i denote si. Since
2134 = u{1} and 4132 ∈ D{1,3}, by Corollary 3.2 we have that P{1,3}

{1} is the projective

cover of B(2134, 4132). The projective module P{1,3}
{1} is depicted in Figure 3; note the

appearance of the interval [2134, 4132]L in this figure.

An injective hull of a HW(0)-module M is an injective HW(0)-module Q together with
a monomorphism g : M → Q such that the image of g has nontrivial intersection with
every non-zero submodule of Q. The injective module Q is unique up to isomorphism.

Since M 7→ ω̂[M] is a dual equivalence of categories, P is the projective cover of
M if and only if ω̂[P] is the injective hull of ω̂[M]. The analogous statement holds for
M 7→ θ̂[M]. As an application of Theorem 2.10, we obtain the injective hulls of another
significant family of HW(0)-modules from Theorem 3.1.

Theorem 3.5. Let Y be an upper order ideal in D J
I with vI ∈ Y. Then PJ

I is the injective hull of
KY.

The specialisation of Theorem 3.5 to weak Bruhat interval modules is as follows.

Corollary 3.6. Let I ⊆ J and w ∈ DI . Then PJ
I is the injective hull of B(w, vJ).



8 J. Bardwell and D. Searles

4 Applications to modules for quasisymmetric functions

Much recent work has been devoted to constructing HSn(0)-modules whose images
under the quasisymmetric characteristic [11] are important families of quasisymmetric
functions. In this section, we apply results from Sections 2 and 3 to uniformly recover a
number of results on indecomposability, projective covers, and injective hulls for various
such modules. We also obtain new results concerning the modules associated to the
recently-introduced row-strict dual immaculate functions and row-strict extended Schur
functions of Niese, Sundaram, van Willigenburg, Vega, and Wang [18].

The HSn(0)-modules associated to quasisymmetric functions are usually stated in
terms of compositions of n: sequences of positive integers that sum to n. Compositions
of n are in bijection with subsets of [n − 1]: if α = (α1, . . . , αk) is a composition of n,
then the associated subset set(α) is {α1, α1 + α2, . . . , α1 + α2 + · · ·+ αk−1}. We denote the
complement of set(α) by set(α)c. The reversal of α, denoted by αr, is the composition
obtained by reversing the sequence α.

Example 4.1. Let α = (1, 3, 2). Then set(α) = {1, 4} and αr = (2, 3, 1).

As done in previous examples, we index projective indecomposable HSn(0)-modules
by subsets of [n− 1], where i is understood to denote si. We first consider modules for
the dual immaculate [4] and extended Schur [1] bases of quasisymmetric functions, and
their row-strict analogues [19]. These modules are defined in terms of certain families of
tableaux of shape α.

The diagram D(α) associated to a composition α is the left-justified array of boxes
with αi boxes in the ith row from the top. A standard immaculate tableau of shape α is a
labelling of the boxes of D(α) by the integers 1, . . . , n, each used once, such that entries
increase from left to right along rows and from top to bottom in the first column. A
standard immaculate tableau is a standard extended tableau if the entries increase from
top to bottom in every column. The set of standard immaculate tableaux of shape α, and
its subset of standard extended tableaux, are denoted by SIT(α) and SET(α) respectively.

For T ∈ SIT(α), the reading word rw(T) of T is the permutation obtained from read-
ing the entries in each row in T from right to left, starting with the topmost row and
iterating downwards. Let Tα

0 and Tα
1 be the elements of SIT(α) with shortest, respec-

tively, longest (Coxeter length) reading words, and let T α
1 be the element of SET(α) with

longest reading word.

Example 4.2. The standard immaculate tableaux SIT(2, 2) are shown in Figure 4. The
standard extended tableaux SET(2, 2) are the middle and rightmost tableaux. The left-
most tableau is Tα

1 , the middle tableau is T α
1 , and the rightmost tableau is Tα

0 . Their
reading words, from left to right, are 4132, 3142, and 2143.

In [5], Berg, Bergeron, Saliola, Serrano and Zabrocki define a HSn(0)-action on the
K-span of SIT(α), and show the quasisymmetric characteristics of the resulting modules
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1 4

2 3

1 3

2 4

1 2

3 4

Figure 4: The three standard immaculate tableaux of shape (2, 2).

Vα are the dual immaculate functions of [4]. In [21], Searles defines an HSn(0)-action
on the K-span of SET(α), and shows the quasisymmetric characteristics of the resulting
modules Xα are the extended Schur functions of [1].

In [15, Theorem 5], Jung, Kim, Lee and Oh prove the isomorphisms

Vα
∼= B(rw(Tα

0 ), rw(Tα
1 )) and Xα

∼= B(rw(Tα
0 ), rw(T α

1 )). (4.1)

It is also shown in the proof of [15, Theorem 5] that reading words of SIT(α) belong to
Dset(α)c , and that rw(Tα

0 ) is the shortest element of Dset(α)c .
Indecomposability of Vα and Xα were proved in [5, Theorem 3.12] and, respectively,

[21, Theorem 3.13]. Combining (4.1) and Proposition 2.9 we recover these results, and
additionally that all quotients of these modules are also indecomposable.

Theorem 4.3. For any composition α, the modules Vα, Xα, and all quotients of these modules
are indecomposable.

The projective covers for Vα and Xα were established in [8, Theorem 3.2] and [8,
Theorem 3.5]. One can recover these results by combining (4.1) and Corollary 3.2.

Theorem 4.4. For any composition α, the projective cover of Vα and of Xα is Pset(α)c .

In [19], Niese, Sundaram, van Willigenburg, Vega and Wang define a HSn(0)-action
on the K-span of SIT(α) (different from that of [5]), and obtain HSn(0)-modules Wα

whose quasisymmetric characteristics are the row-strict dual immaculate functions of
[18]. The same action is defined on the K-span of SET(α) in [19], obtaining HSn(0)-
modules Zα whose quasisymmetric characteristics are the row-strict extended Schur
functions of [18].

Remark 4.5. We use Vα to denote the modules for dual immaculate functions, following
[5] and [15]. On the other hand, in [19], these modules are denotedWα and the modules
for row-strict dual immaculate functions are denoted Vα. Therefore, our use of Vα and
Wα is the reverse of that in [19].

To apply the results of Sections 2 and 3, we need to identify Wα and Zα as weak
Bruhat interval modules. For T ∈ SIT(α), define the row-strict reading word rwR(T) of T
to be the permutation obtained by reading the entries of T from left to right along rows,
beginning at the bottom row and proceeding to the top row. For example, the row-strict
reading words of the tableaux in Example 4.2 from left to right are 2314, 2413 and 3412.
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Theorem 4.6. For any composition α,

Wα
∼= B(rwR(Tα

1 ), rwR(Tα
0 )) and Zα

∼= B(rwR(T α
1 ), rwR(Tα

0 )),

and these Bruhat interval modules are submodules of Pset(αr).

The indecomposability of Wα and Zα were proved in [19, Theorem 6.15] and [19,
Theorem 7.13]. One can recover this via Theorem 4.6 together with Proposition 2.9,
which additionally shows that any submodule of these modules is indecomposable.

Corollary 4.7. For any composition α, the modulesWα, Zα, and all submodules of these modules
are indecomposable.

Using Corollary 3.2, we determine the injective hulls ofWα and Zα.

Corollary 4.8. For any composition α, the injective hull ofWα and Zα is Pset(αr).

Remark 4.9. In [3], we prove Theorem 4.6 by showing directly that {rwR(T) : T ∈ SIT(α)}
is an interval in left weak Bruhat order, and then showing the action on SIT(α) defined
in [19] agrees with the action on this weak Bruhat interval module. Alternatively one
can show these permutations form an interval in left weak Bruhat order by noting that
rwR(T) = rw(T)w0 and appealing to (4.1). It also follows that Wα

∼= θ̂[Vα] and Zα
∼=

θ̂[Xα]. We note the fact that the modules Wα and Zα can be obtained by applying θ̂ to
Vα and Xα is observed in [9, Table 1].

For completeness, we also provide the projective cover of Wα. Choi, Kim, Nam, and
Oh showed that the injective hull of Vα is ⊕β∈[α]Pset(β)c [7, Theorem 4.1], where [α] is a
particular set of compositions obtained from α; see [7, Section 4] for a full definition of
[α]. Applying θ̂ to this formula obtains the following.

Theorem 4.10. For any composition α, the projective cover ofWα is ⊕β∈[α]Pset(βr).

As far as we are aware, the injective hull of Xα and projective cover of Zα are not
currently known.

Finally, we consider a family of modules defined on standard permuted composition
tableaux by Tewari and van Willigenburg in [23]. These modules are denoted Sσ

α , where α

is a composition and σ a permutation (see [23, Section 3] for a full definition); and when
σ is the identity it was shown in [22] that these correspond to the quasisymmetric Schur
functions of [13]. These modules have a direct sum decomposition Sσ

α = ⊕ESσ
α,E, where

each E is an equivalence class of standard permuted composition tableaux. Jung, Kim,
Lee, and Oh define a reading word rwS on the standard permuted composition tableaux
([15, Definition 6]). Let τE (respectively, τ′E) denote the standard permuted composition
tableau in E that has shortest (respectively, longest) reading word. It is proved in [15,
Theorem 6] that

Sσ
α,E
∼= B(rwS(τE), rwS(τ′E)), (4.2)
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and that rwS(τE) is the shortest element of some right descent class.
The projective cover of Sσ

α,E was determined in [8, Theorem 5.11] in terms of a gen-
eralised composition associated to E. Combining (4.2) with Corollary 3.2 recovers this
result, with a different statement in terms of right descent sets.

Theorem 4.11. Let rwS(τE) ∈ DI and rwS(τ′E) ∈ DJ . Then PJ
I is the projective cover of Sσ

α,E.

The images of the modules Sσ
α and Sσ

α,E under ω̂ are a family of modules that gener-
alise the modules introduced in [2] for the Young row-strict dual immaculate functions
of [17]. Specifically, denoting these modules by Rσ

α and Rσ
α,E, one has Rσ

α
∼= ω̂[Sw0σw0

αr ],
and for E an equivalence class of standard permuted composition tableaux correspond-
ing to αr and w0σw0, Rσ

α,E
∼= ω̂[Sw0σw0

αr,E ] ([15, Proposition 1]). The injective hull of Rσ
α,E

was determined in [15, Corollary 2], using ω̂. Applying ω̂ to Theorem 4.11 gives a
description of the injective hull in terms of right descent sets.

Corollary 4.12. Let E be an equivalence class of standard permuted composition tableaux cor-
responding to αr and w0σw0. Suppose rwS(τE) ∈ DI and rwS(τ′E) ∈ DJ . Then PS\I

S\J is the
injective hull of Rσ

α,E.
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Abstract. In this paper, we establish a bijection between finitary colored upho posets
and left-cancellative invertible-free monoids. This bijection maps N-graded colored
upho posets to left-cancellative homogeneous monoids. We use this bijection and the
new concept of semi-upho posets to prove that every totally positive power series is the
rank-generating function of some upho poset, resolving a conjecture of Gao et al.

Keywords: upho posets, left-cancellative monoids, rank-generating functions, totally
positive, log-concavity

1 Introduction

A poset is called upper homogeneous, abbreviated as upho, if each principal order filter is
isomorphic to the poset itself. This concept was introduced by Richard Stanley during his
research on the enumeration properties of Stern’s triangle and its poset [13, 14].

The study of Stern’s poset, particularly regarding enumeration problems, has been
a focal point of numerous research efforts [15, 10]. Upho posets, as a generalization of
Stern’s poset, preserve the attribute of self-similarity, and hence exhibit many intriguing
structural and enumeration properties. For example, in [4], Gao et al. give a concise
characterization of N-graded planar upho posets using their rank-generating functions;
in [5], Hopkins proves that the characteristic generating functions of upho posets are
the inverse of their rank-generating functions. Moreover, the breadth of applications for
upho posets spans several domains, including lattice theory [5, 6], commutative algebra
[4, Conjecture 1.1], and finite geometry [6, Theorem 1.3].

For simplicity, we say a formal power series is an upho function if it is the rank-
generating function of some upho poset. A fundamental problem is:

Is there a criterion to determine if a formal power series is an upho function?
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In [4], Gao et al. prove that there are uncountably many different upho functions, and
a straightforward corollary is that almost all upho functions are not rational functions.
Hence, the complete characterization of upho functions is anticipated to be challenging.

In this paper, we prove the main conjecture proposed by Gao et al. in [4].

Theorem 1 ([4, Conjecture 3.3]). A formal power series f (x) ∈ 1 + xZ≥0[[x]] is the rank-
generating function of an upho poset P whose Ehrenborg quasi-symmetric function is a Schur-
positive symmetric function if and only if f (x) is totally positive.

In Section 3, we introduce the notion of colored upho posets and establish the following
correspondence, which is explained in detail later.

Theorem 2. There is a bijection between finitary colored upho posets and left-cancellative
invertible-free monoids. Moreover, this bijection maps N-graded colored upho posets to left-
cancellative homogeneous monoids, and maps finite type N-graded colored upho posets to finitely
generated left-cancellative homogeneous monoids.

This correspondence plays an important role in understanding the self-similarity
of upho posets: On one hand, we can do concrete calculations on upho posets using
monoids from an algebraic perspective; on the other hand, we can get an intuition for the
enumeration problems of left-cancellative monoids from a combinatorial perspective.

In Section 4, we explore the relationship between upho functions and total positivity.

Definition 1 ([8]). A formal power series ∑∞
n=0 anxn is totally positive if all finite minors of the

infinite Toeplitz matrix 
a0 0 0 0 · · ·
a1 a0 0 0 · · ·
a2 a1 a0 0 · · ·
...

...
...

...
. . .


are nonnegative.

Our working definition of totally positive function follows from Theorem 3.

Theorem 3 ([1, 9]). A formal power series f (x) ∈ 1 + xZ≥0[[x]] is totally positive if and only if
f (x) is of the form of g(x)

h(x) , where g(x), h(x) ∈ 1 + xZ[x] such that all the complex roots of g(x)
are real and negative, and all the complex roots of h(x) are real and positive.

By employing Theorem 2 and analyzing the rank-generating function of the newly
defined concept of semi-upho posets, we prove the following theorem.

Theorem 4. Let f (x) ∈ 1 + xZ≥0[[x]] be totally positive. Then f (x) is an upho function.

And finally, we show that Theorem 1 is a corollary of Theorem 4.
The paper is structured as follows: Section 2 provides necessary background on upho

posets and introduces the concept of semi-upho posets. Section 3 and Section 4 are
dedicated to the exposition and proof of the aforementioned results.
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2 Background on Upho Posets

2.1 Upho Posets

In this paper, we employ the standard terminology used in order theory. For a more
detailed exposition, readers are referred to [12, Chapter 3]. In this subsection, we introduce
several concepts related to upho posets, along with some illustrative examples.

Definition 2. A poset P is upper homogeneous, abbreviated as upho, if for every s ∈ P we
have VP,s

∼= P, where VP,s := {p ∈ P | s ≤P p} is the principal order filter generated by s.

Note that each principal order filter has a unique minimal element, so every upho
poset P has a unique minimal element, denoted 0̂P. We abbreviate VP,s to Vs and 0̂P to 0̂
when the poset P referred to is clear.

A poset P is said to be N-graded if P can be written as a disjoint union P = P0 t P1 t
P2 t . . . such that every maximal chain has the form p0 lP p1 lP p2 lP · · · , where pi ∈ Pi
for all i ∈ N. The rank function ρ : P → N of P is defined by ρ(p) = i for all p ∈ Pi. We
refer to Pi as the i-th layer of P.

An N-graded poset P is said to be of finite type if |Pi| is finite for all i ∈ N. The rank-
generating function of a finite type N-graded poset P is defined to be FP(x) := ∑∞

k=0 |Pk| xk.
The Ehrenborg quasi-symmetric function [3] of a finite type N-graded poset P is defined

to be EP := ∑n≥0 EP,n, where EP,0 = 1, and

EP,n (x1, x2, · · · , xn) := ∑
0̂=t0≤Pt1≤P···≤Ptk−1<Ptk

ρ(tk)=n

xρ(t1)−ρ(t0)
1 xρ(t2)−ρ(t1)

2 · · · xρ(tk)−ρ(tk−1)
k , n ≥ 1.

In this paper, we define the following two finiteness conditions.

Definition 3. A poset P is Noetherian if its principal order filters satisfy ascending chain
condition, that is, for every element s ∈ P, there is no infinite strictly ascending chain Vs ⊆
Vs1 ⊆ Vs2 ⊆ · · · (or equivalently, s >P s1 >P s2 >P · · · ).

Definition 4. The height of an element s in a poset P is the maximal length of chains in P with
s as its maximum. A poset P is finitary if every element in P has finite height.

All N-graded posets are finitary, and all finitary posets are Noetherian. Moreover, in
a Noetherian upho poset P, a finitary upho poset P′ ⊆ P can be obtained by selecting all
elements of finite height in P, with P′ inheriting the order of P.

In a poset P, we define EP := {(r, s) | r, s ∈ P, r l s}, which corresponds to the edges
in the Hasse diagram of P if P is finitary. If a poset P has a unique minimum 0̂, we define
AP := {s ∈ P | 0̂ l s}, and elements in AP are called atoms of P. In a Noetherian poset,
each maximal chain includes exactly one atom. However, both AP and EP can be empty
if P is non-Noetherian. See Example 1.
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A formal power series f (x) ∈ 1 + xZ[[x]] is said to be an upho function if it is the
rank-generating function of an upho poset. An important property of upho function is:

Lemma 1 ([4, Lemma 2.3]). Let P and Q be upho posets. Then P × Q is an upho poset.
Furthermore, FP×Q = FPFQ, and EP×Q = EPEQ.

We list below some examples of upho posets and upho functions.

Example 1. Nonnegative real numbers R≥0 with usual order is a non-Noetherian upho poset,
and there are no atoms in R≥0. Let R≥0×N be the poset product of R≥0 and N, both with usual
order. Then R≥0 ×N is also a non-Noetherian upho poset, and (0, 1) is its only atom.

Example 2. The poset N×N with lexicographical order forms a Noetherian upho poset which
is not finitary. For every (m, n) ∈ N×N, the isomorphism τ : V(m,n)

∼= N×N is given by
τ(m, n + s) = (0, s), τ(m + t, s) = (t, s) for all s ∈ N, t ∈ N>0.

Example 3. The upho poset PM is defined by the following data: The elements in PM are those in
the monoid M = 〈x1, x2 | x3

1 = x2x1〉; The partial order of PM is defined by left divisibility in M,
that is, a ≤PM b if and only if there exists c ∈ M such that ac = b in M.

It can be shown that PM is a finitary upho poset, yet not N-graded.

Example 4. The upho poset PM1 and PM2 are defined as follow: PM1 consists of elements in the
free monoid M1 generated by [0, 1] ⊆ R, with a partial order defined by left divisibility. Similarly,
PM2 consists of elements in the free commutative monoid M2 generated by [0, 1] ⊆ R, with its
partial order also defined by left divisibility.

Both PM1 and PM2 are N-graded upho posets that are not of finite type. The d-th layer
of PM1 can be thought of as a cube of dimension d, while the d-th layer of PM2 can be
thought of as a simplex of dimension d.

Example 5. Figure 1 shows the Hasse diagrams of N (with usual order), full binary tree,
Stern’s poset, and bowtie poset from left to right. Their rank-generating functions are 1

1−x , 1
1−2x ,

1
(1−x)(1−2x) , and 1+x

1−x , respectively. All of them are N-graded upho posets of finite type.

..

.
..
.

..

.
..
.

Figure 1: The Hasse diagrams of Example 5.
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Example 6. Fei’s poset F is the upho poset that satisfies the generating rules depicted in the
left two components of Figure 2. This poset is a finite type N-graded upho poset, with its rank-
generating function given by FF (x) = 1−x

1−2x−x2 . The first three layers of the Hasse diagram of
Fei’s poset are shown in the rightmost component of Figure 2.

Figure 2: The generating rules and the first several layers of Fei’s poset.

On one hand, Example 6 shows that not all upho functions are log-concave, as
|F1| · |F3| = 51 > 49 = |F2|2. On the other hand, it illustrates potential connections
between upper homogeneity and linear recurrence, inspiring our proof of Proposition 4.

2.2 Semi-upho Posets

In this subsection, we define semi-upho posets which have partial self-similarity. The
motivation for introducing semi-upho posets is to explore formal power series g(x)
that, when multiplied by any upho function f (x), yield an upho function. As shown
in Lemma 1, upho functions are optimal choices for g(x). Moreover, in Theorem 6, we
generalize this result to the rank-generating functions of tree-like semi-upho posets.

Given posets P′ and P with unique minima 0̂P′ and 0̂P respectively, an injection
η : P′ ↪→ P is said to be an induced saturated order embedding, abbreviated as isoembedding,
if η(0̂P′) = 0̂P, and furthermore, for every chain C in P′ with given maximum a and
minimum b, C is a maximal chain with given maximum a and minimum b if and only if
η(C) is a maximal chain with maximum η(a) and minimum η(b).

Definition 5. A poset S is semi-upho if for every s ∈ S, there exists an isoembedding Vs ↪→ S.

Upho posets are semi-upho posets. Moreover, a semi-upho poset can be thought of as
an upho poset with some parts cut off. Figure 3 is an example of tree-like semi-upho posets,
defined as finitary semi-upho posets whose Hasse diagrams are trees.

Figure 3: A tree-like semi-upho poset. The red part is a principal order filter that can
be isoembedded into the poset itself.
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3 Monoid Representation

In this section, we establish a bijection between finitary colored upho posets and left-
cancellative invertible-free monoids, and associate the bijection to upho posets.

3.1 Colored Upho Posets

The motivation for introducing colored upho posets is to designate a unique isomorphism
between each given principal order filter and the upho poset itself.

Definition 6. A colored upho poset P̃ consists of the data (P, colP): The poset P is an upho poset,
and the color mapping colP : EP → AP satisfies the following conditions:

• colP(0̂, t) = t for all t ∈ AP;
• For every s ∈ P, there exists an isomorphism φs : Vs

∼−→ P such that colP(u, v) =
colP(φs(u), φs(v)) for all (u, v) ∈ EVs .

It can be shown that such φs is unique for a given s ∈ P.
Finitary colored upho posets can be conceptualized as structures in which each edge

extending upward from the same vertex in their Hasse diagrams is assigned a distinct
color. Moreover, there exists a unique isomorphism between each principal order filter
and the poset itself, which maps edges to identically colored ones.

Similarly, we introduce the concept of colored semi-upho posets.

Definition 7. A colored semi-upho poset S̃ consists of the data (S, colS): The poset S is a
semi-upho poset, and the color mapping colS : ES → AS satisfies the following conditions:

• colS(0̂, t) = t for all t ∈ AS;
• For every s ∈ S, there exists an isoembedding ψs : Vs ↪→ S such that colS(u, v) =

colS(ψs(u), ψs(v)) for all (u, v) ∈ EVs .

It can also be shown that such ψs is unique for a given s ∈ S.

3.2 Correspondence with Monoids

In this subsection, we build the bijection between finitary colored upho posets and left-
cancellative invertible-free monoids explicitly. First, we recall some terminology of monoids,
and readers may see [7] for a more detailed exposition.

The identity element of a monoid M, denoted e, is an element satisfying ex = xe = x
for every x ∈ M. A zero element of a monoid M, denoted 0, is an element satisfying
0x = x0 = 0 for every x ∈ M. An element x ∈ M is said to be left-invertible if there exists
an element y ∈ M such that yx = e, and right-invertible if there exists an element y ∈ M
such that xy = e. An element x ∈ M is said to be inveritible if it is both left-invertible
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and right-invertible. A monoid M is said to be invertible-free if it has no left-invertible or
right-invertible elements other than e; equivalently, ab = e implies a = b = e. An element
a of M is said to be irreducible if it is not invertible and is not the product of any two non-
invertible elements. The set of all irreducible elements of M is denoted IM. A monoid M
is said to be left-cancellative if for every a, x, y ∈ M, ax = ay implies x = y. An invertible-
free monoid M is said to be homogeneous if for every a1a2 · · · an = b1b2 · · · bm ∈ M, where
a1, a2, . . . , an, b1, b2, . . . , bm ∈ IM, we have n = m. We define the length of this element to
be n, and denote the set of all distinct elements of length n by WM

n .
We define a mappingM which maps finitary colored upho posets to left-cancellative

invertible-free monoids (abbreviated as LCIF monoids) by the following rule. For a given
finitary colored upho poset P̃ = (P, colP), the elements ofM(P̃) are the elements of P.
For every s, t ∈ P, we define the multiplication st by st := φ−1

s (t). It can be verified that
suchM(P̃) is a well-defined LCIF monoid, and AP = IM(P̃).

Conversely, we define a mapping P̃ = (P , C) which maps LCIF monoids to finitary
colored upho posets by the following rule. The elements of P(M) are the elements of M.
The partial order ≤P in P(M) is defined by the left divisibility in M, as is explained in
Example 3. Then we have for every a, b ∈ M, alP b if and only if there exists c ∈ IM such
that ac = b. So the unique minimum in P(M) is e, and AP(M) = IM. For every ordered
pair (a, b) ∈ EP(M), define C(M)(a, b) to be c ∈ IM such that ac = b (such c is unique by
the left cancellative property of M). It can be verified that such P̃(M) := (P(M), C(M))
is a well-defined finitary colored upho posets.

Furthermore, P̃(M(P̃)) ∼= P̃, andM(P̃(M)) ∼= M. Hence we have:

Theorem 5. The mutually inverse mappingsM and P̃ give a bijection between finitary colored
upho posets and left-cancellative invertible-free monoids.

Restrict to N-graded colored upho posets, we have:

Corollary 1. The mutually inverse mappings M and P̃ give a bijection between N-graded
colored upho posets and left-cancellative homogeneous monoids (abbreviated as LCH monoids).
Moreover, finite type N-graded colored upho posets correspond to finitely generated LCH monoids.

Furthermore, the bijection can be generalized to semi-upho posets.
An LCIF 0-monoid is defined to be an LCIF monoid with an additional zero element

0 and some relations Xi = 0, where Xi is an element of the original LCIF monoid. We
denote these relations Xi = 0 as 0-defining relations. Similarly, an LCH 0-monoid is defined
to be an LCH monoid added by a zero element 0 and some 0-defining relations. It is
worth mentioning that, in general, LCIF 0-monoids are not left-cancellative, and LCH
0-monoids are neither left-cancellative nor homogeneous. The mutually inverse mappings
M0 and S̃ between finitary colored semi-upho posets and LCIF 0-monoids are defined
similarly toM and P̃ , respectively. The only difference is that the elements in the posets
now correspond to non-zero elements in the monoids.
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Corollary 2. The mutually inverse mappingsM0 and S̃ give a bijection between finitary colored
semi-upho posets and LCIF 0-monoids. Moreover, N-graded colored semi-upho posets correspond
to LCH 0-monoids, and finite type N-graded colored semi-upho posets correspond to finitely
generated LCH 0-monoids.

3.3 The Forgetful Mapping and Regularity of Upho Posets

Through the forgetful mapping, we establish an association between monoids and finitary
colored upho posets with finitary upho posets.

The forgetful mapping F maps a finitary colored semi-upho poset S̃ = (S, colS) to S.
This mapping is well-defined on upho posets since upho posets are semi-upho.

Figure 4 demonstrates that F is not injective, while the surjectivity of F remains open.

... ...

Figure 4: The forgetful mapping is not injective.

Now we define regular semi-upho posets to be the semi-upho posets in imF, and regular
upho posets to be the upho posets in imF. Moreover, an upho function is said to be regular
upho if it is the rank-generating function of a regular upho poset.

By the correspondence established in Section 3.2, on one hand, the properties of upho
posets can be used to address enumeration problems in left-cancellative monoids. For
instance, in an upho poset P, it is straightforward to show that |Pk| = |Pk+1| implies
|Pn| = |Pk| for all n ≥ k. Converting this fact into monoids, we then prove that in an LCH
monoid M, |WM

k | = |W
M
k+1| implies |WM

n | = |WM
k | for all n ≥ k.

On the other hand, we can use monoids to construct a variety of well-defined upho
posets and semi-upho posets, as illustrated in Example 3 and Example 4. Furthermore,
our proof of Theorem 4 in Section 4 is entirely based on this method.

4 Totally Positive Upho Functions

In this section, we use Theorem 3 to characterize total positivity, and we split our proof
of Theorem 4 into three parts. In Section 4.1, we address the case where the numerator is
1 and the denominator has two roots that are not less than 1. In Section 4.2, we address
the case where the numerator is 1 and the denominator has only one root not less than 1.
In Section 4.3, we prove the remaining parts of Theorem 4.
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4.1 Type I Unitary Totally Positive Functions

We first give a simple yet useful recast of semi-upho posets.

Lemma 2. A poset P is semi-upho if and only if for every atom s ∈ AP, there exists an
isoembedding Vs ↪→ P.

In the following text, we say a formal power series g(x) = ∑ bixi is log-concave if
the coefficient sequence {bi}∞

i=0 consists solely of nonnegative numbers and contains no
internal zeros, moreover, b2

i+1 ≥ bibi+2 for every i ∈ N. Using Lemma 2, we have:

Proposition 1. Let g(x) ∈ 1 + xZ≥0[[x]] be a log-concave function, then there exists a tree-like
semi-upho poset Q whose rank-generating function equals g(x).

Sketch of proof. Given a log-concave function g(x) = ∑∞
i=0 bixi, where b0 = 1, we construct

the semi-upho poset layer by layer. We construct the (k + 1)-th layer from the first k layers
by first constructing a canonical maximum case, and then deleting points from right to

left. It can be shown that bmax
k+1 ≥

b2
k

bk−1
≥ bk+1.

Example 7. Given g(x) = 1 + 3x2 + 7x3 + 13x3 + bmax
4 x4, Figure 3 is the Hasse diagram of

the poset we construct in the procedure above.

We further use monoids to show that multiplying a regular upho function by the
rank-generating function of a tree-like semi-upho poset yields a regular upho function.

Proposition 2. Let M1 = 〈IM1 | RM1〉 be a finitely generated LCH monoid, where RM1 is its
defining set of relations. Let M2 = 〈{0} ∪ IM2 | RM2〉 be a finitely generated LCH 0-monoid,
where RM2 only has 0-defining relations. We define M := 〈IM1 ∪ IM2 | RM〉, where RM consists
of the following relations:
• RM1 ⊆ RM;
• If yi ∈ IM2 , Yj ∈ M2, and yiYj = 0 is in RM2 , then yiYj = x1Yj is in RM;
• yixj = x1xj ∈ RM for all elements xj ∈ IM1 , yi ∈ IM2 .

Then M is a finitely generated LCH monoid. Moreover, FP(M) = FP(M1)
FP(M2).

Figure 5 depicts how to "convolve" a tree-like semi-upho poset and an upho poset.

..

.

1
3
6
6
6
..
.

1
3
6
6
6
..
.

P S R

Figure 5: Construction of an upho poset R by "convolving" a regular upho poset P and
a tree-like semi-upho poset S.
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Rewriting Proposition 2 in terms of formal power series yields the following result:

Theorem 6. Let f (x) ∈ 1 + xZ≥0[[x]] be regular upho and g(x) ∈ 1 + xZ≥0[[x]] be the
rank-generating function of a tree-like semi-upho poset, then f (x)g(x) is regular upho.

By employing Proposition 1 and Theorem 6, we obtain the following corollary:

Corollary 3. Let f (x) ∈ 1 + xZ≥0[[x]] be regular upho and g(x) ∈ 1 + xZ≥0[[x]] be log-
concave, then f (x)g(x) is regular upho.

Notice that multiplication preserves log-concavity [11, Proposition 2], hence we have:

Proposition 3. If a formal power series f (x) ∈ 1 + xZ≥0[[x]] is of type I, that is:

f (x) =
1

h(x)
=

n

∏
i=1

1
(1− λix)

, 0 < λ1 ≤ λ2 ≤ · · · ≤ λn,

where h(x) is irreducible over Z[X], deg h(x) ≥ 2, and 1 ≤ λn−1 ≤ λn, then f (x) is a regular
upho function.

Proof. Note that 1
1−λix

for 1 ≤ i ≤ n− 2 and 1−x
(1−λn−1x)(1−λnx) are log-concave, and 1

1−x is
a regular upho function, so by Lemma 1 and Corollary 3, f (x) is an upho function.

4.2 Type II Unitary Totally Positive Functions

In this subsection, we consider formal power series f (x) ∈ 1 + xZ≥0[[x]] of type II:

f (x) =
1

h(x)
=

1
1 + ∑∞

i=1 hixi =
n

∏
i=1

1
(1− λix)

= 1 +
∞

∑
i=1

cixi, 0 < λ1 ≤ λ2 ≤ · · · ≤ λn,

where h(x) is irreducible over Z[X], deg h(x) ≥ 2, and λn−1, λn satisfies λn−1 < 1 ≤ λn.
We prove that f (x) of type II is regular upho by explicitly constructing an LCH monoid
whose rank-generating function equals f (x). A technical lemma we use is:

Lemma 3. There exist li ∈ Z for 1 ≤ i ≤ n with l1 ≥ l2 ≥ · · · ln ≥ 0 such that

ci =
(
1 1 1 · · · 1

)


l1 l2 l3 · · · ln
1 1 0 · · · 0
1 1 1 · · · 0
...

...
...

. . .
...

1 1 1 · · · 1



i
1
0
0
...
0

 .

Example 8. For n = 5, we have l1 = h1 − 4, l2 = h1 − h5 − 4, l3 = h1 − h4 + 3h5 − 3, l4 =
h1 − h3 + 2h4 − 3h5 − 2 and l5 = h1 − h2 + h3 − h4 + h5 − 1.
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Proposition 4. A formal power series f (x) of type II is a regular upho function.

Sketch of proof. Let M be a monoid generated by xj
i , 1 ≤ j ≤ n, 1 ≤ i ≤ rj, where r1 = l1

and ri = 1 for i > 1. And we let the defining relations of M be:

xj
1x1

k = x1
1x1

k , 2 ≤ j ≤ n, 1 ≤ k ≤ l1 − lj;

xj
1xi

1 = x1
1xi

1, 2 ≤ i < j ≤ n.

By Proposition 2 and Lemma 3, we then prove that M is a well-defined LCH monoid and
it rank-generating function equals f (x).

4.3 Total Positivity Implies Upho

In this subsection, we use the results obtained earlier to prove Theorem 4 and Theorem 1.
We first divide the totally positive functions into the "denominator part" and the

"numerator part" using Theorem 3. The result on the "denominator part" can be obtained
directly from combining Lemma 1, Proposition 3, Proposition 4, and the fact that 1

1−nx is
a regular upho function for all n ∈ N.

Proposition 5. If a formal power series f (x) ∈ 1 + xZ≥0[[x]] is of the form f (x) = 1
h(x) , where

all the complex roots of h(x) ∈ 1 + xZ≥0[x] are real and positive, then f (x) is regular upho.

To deal with the "numerator part", we just need to use the lemma below.

Lemma 4. g(x) ∈ 1 + xZ[x] is log-concave if all its complex roots are real and negative.

Proof of Theorem 4. Combine Corollary 3, Theorem 3, Proposition 5, and Lemma 4.

Before proving Theorem 1, we state the Thoma–Kerov–Vershik theorem as follows.

Theorem 7 ([2]). A formal power series f (x) ∈ 1 + xZ≥0[[x]] is totally positive if and only if
f (t1) f (t2) · · · is Schur positive.

Proof of Theorem 1. For a finite type N-graded upho poset P, according to [4, Lemma
2.2], the Ehrenborg quasi-symmetric function EP(x1, x2, . . . ) = ∏∞

i=1 FP(xi). Combining
Theorem 4 and Theorem 7, the proof of Theorem 1 is completed.
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Shards for the affine symmetric group
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Abstract. The poset of “biclosed sets” in a root system has received attention as a nat-
ural extension of the weak Bruhat order on the associated Coxeter group. We will dis-
cuss these ideas in the context of the simplest infinite Coxeter groups, the affine sym-
metric groups. Using the combinatorial model introduced in (Barkley–Speyer 2022),
we show that many constructions for the weak order on the symmetric group have
analogs for the extended weak order on the affine symmetric group. In particular,
shards in the affine braid arrangement biject with completely join-irreducible elements
of the extended weak order, and there is a parametrization of both objects by “type-Ã
arc diagrams”.

Keywords: Coxeter groups, weak order, shards

1 Introduction

The weak Bruhat order is a partial order on a Coxeter group which is studied for its con-
nections to generalized permutahedra [6], Coxeter arrangements [4], pattern avoidance
[3], preprojective algebras [5], and Catalan combinatorics [10]. Some of these connec-
tions fail to be complete or do not make sense when applied to infinite Coxeter groups.
Motivated by this failure in the context of Hecke algebras [8], Matthew Dyer introduced
a different but related poset associated to each Coxeter group, which is now called the
extended weak order. In general the extended weak order strictly contains the weak
Bruhat order as an order ideal, but for finite Coxeter groups the two posets coincide.
There are many fascinating conjectures [7] suggesting that, often, the extended weak
order is a more natural object than the usual weak Bruhat order. For example, weak
Bruhat order is a lattice for any finite Coxeter group, but is never a lattice for an infinite
Coxeter group (of finite rank). In contrast, the extended weak order is conjectured to
always be a complete lattice. This conjecture has recently been proven for affine Coxeter
groups in [2].

In this extended abstract, we will focus on the combinatorics and geometry of ex-
tended weak order in type Ã, using combinatorial models introduced in [1]. Our focus
will be on shards, certain cones in a Coxeter arrangement which, for finite Coxeter
groups, govern the combinatorics of lattice quotients of the weak order. Our main theo-
rem is the following.

*gbarkley@math.harvard.edu. Grant Barkley was supported by NSF grant DMS-1854512.
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Theorem 1. There is a canonical bijection between shards in the Coxeter arrangement of type
Ãn and completely join-irreducible elements in the extended weak order of type Ãn.

The analogous result is known to be true for all finite Coxeter groups [9]. Importantly,
the result is false for the weak Bruhat order of type Ãn: there is an injection from
completely join-irreducible elements of weak Bruhat order to the set of shards, but it
is not a bijection. The weak Bruhat order is “missing” some join-irreducibles, and the
extended weak order provides them.

We prove this theorem by parametrizing both shards and complete join-irreducibles
by cyclic arc diagrams. Arc diagrams were introduced by Nathan Reading [11] as a
way of encoding the combinatorics of shards in type A. Our results can be viewed as a
type-Ã analog of his. Analogs in type B and type D have also been recently introduced
by Ashley Tharp in her thesis [12].

The Coxeter group of type An is the symmetric group Sn+1, and the Coxeter group of
type Ãn is the affine symmetric group S̃n+1. The corresponding Coxeter arrangements
are the braid and affine braid arrangements, respectively. Because we are working in
a context where we have explicit combinatorial models, we have attempted to avoid
Coxeter-theoretic language in the body of the paper, and have included an introduc-
tion to the relationship between arc diagrams, weak order, and the geometry of these
arrangements for the unfamiliar reader.

2 Weak order and the symmetric group

We begin by recalling the combinatorics of the weak Bruhat order on the symmetric
group. Let Sn denote the group of permutations of the set {1, . . . , n}. We say that the
pair (a, b) is an inversion of π if a < b and π−1(a) > π−1(b). If we write a permutation
in one-line notation, then the inversions are the pairs which are out of order. For instance,
the inversions of the permutation 51423 are (1, 5), (4, 5), (2, 5), (3, 5), (2, 4), (3, 4). Write
N(π) for the set of inversions of π. This set determines π uniquely. The weak order on
Sn is the partial ordering such that u ≤ v if and only if N(u) ⊆ N(v). Figure 1 depicts
the weak order on S3.

2.1 The poset of regions

In this section, we will consider the relationship between the weak order and convex
geometry. To see this, consider the braid arrangement Bn. The braid arrangement
consists of hyperplanes Hab in Rn, for 1 ≤ a < b ≤ n, where Hab := {(x1, . . . , xn) ∈ Rn |
xa = xb}. In Figure 2, we’ve depicted (a slice through) B3. As illustrated in the figure,
two points are in the same region (connected component of Rn \⋃

a<b Hab) if and only if
their coordinates are in the same order. Hence regions correspond to total orderings of
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123

213

231

321

312

132

x1 < x2 < x3

x2 < x1 < x3

x2 < x3 < x1

x3 < x2 < x1

x3 < x1 < x2

x1 < x3 < x2

H12 H23

H13

Figure 1: The Hasse diagram of weak
order on S3.

Figure 2: The intersection of B3 with
a two-dimensional subspace of R3.

the coordinates x1, . . . , xn. We can think of these total orderings as the one-line notation
of a permutation, so that for instance the permutation 231 corresponds to the region
whose points have coordinates satisfying x2 < x3 < x1. This gives a bijection between
elements of Sn and regions of Bn.

There’s another perspective on where this bijection comes from: there is a group
action of Sn on Rn, where π acts via (x1, . . . , xn) 7→ (xπ−1(1), . . . , xπ−1(n)). This induces
an action on the regions of Bn, and this action is simply transitive. So if we fix a “base
region”, then the group action induces a bijection between regions and elements of Sn.
If we use as a base region the region of points such that x1 < · · · < xn, then we get the
bijection outlined above.

For our purposes, the weak order is more naturally viewed as a partial order on
regions of the braid arrangement than it is as a partial order on Sn. Given regions R1
and R2, their separating set is

S(R1, R2) := {Hab | R1 and R2 are in different components of Rn \ Hab}.

Now if B denotes the region with x1 < · · · < xn, then πB is the region associated to
π via the bijection above. In this case, S(B, πB) = {Hab | (a, b) is an inversion of π}.
Hence weak order can be identified with the order on regions of the braid arrangement
so that R1 ≤ R2 if S(B, R1) ⊆ S(B, R2). This is called the poset of regions of Bn.

2.2 Lattice structure

The weak order on Sn is a complete lattice, meaning that it admits meets (greatest lower
bounds) and joins (least upper bounds) for any collection of elements. To compute the
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join of a list of permutations, we introduce a closure operator on sets of inversions. Write
T := {(a, b) | 1 ≤ a < b ≤ n}. If N ⊆ T, then we define the closure of N to be the minimal
set N ⊇ N such that if a < b < c and (a, b), (b, c) are both in N, then (a, c) is in N. The
join of two permutations π1 and π2, denoted π1 ∨ π2, is the unique permutation with
inversion set N(π1) ∪ N(π2). More generally, the join of a family {πi}i∈I has inversion
set

⋃
i∈I N(πi). One can compute the meet of a family {πi}i∈I dually: it has inversion

set (
⋂

i∈I N(πi))
◦, where N◦ := T \ T \ N is the interior of N.

For an example, let’s compute the join of 213 and 132. Then N(213) = {(1, 2)} and
N(132) = {(2, 3)}. We need to compute the closure of N(213)∪ N(132) = {(1, 2), (2, 3)}.
The closure is forced to contain (1, 3), since (1, 2) and (2, 3) are both elements. Hence
N(213) ∪ N(132) = {(1, 2), (2, 3), (1, 3)}. The join 213∨ 132 should be the unique permu-
tation with this inversion set, which is the permutation 321. As can be seen in Figure 1,
we indeed have 213 ∨ 132 = 321.

2.3 Shards and arc diagrams

A permutation π is join-irreducible if it cannot be written as a join of elements strictly
below π. Equivalently, π covers a unique element π∗ in the weak order. The join-
irreducible elements (JIs) in S3 are 213, 132, 231, and 312. Each JI has a unique lower
wall: an inversion (a, b) such that π−1(a) = 1 + π−1(b). If (a, b) is the lower wall of a JI
π, then (a, b) · π = π∗. The lower walls of the JIs listed above are (1, 2), (2, 3), (1, 3), and
(1, 3), respectively. Nathan Reading introduced in [11] an elegant way of parametrizing
the JIs in Sn via arc diagrams.

Definition 1. A shard arc for Sn is the data of:

• an initial value i and a terminal value j, such that 1 ≤ i < j ≤ n, and

• for each intermediate value k with i < k < j, a choice of “left” or “right”.

We will depict shard arcs using arc diagrams, where an arc is drawn connecting the
initial value to the terminal value, and where “left” or “right” at k indicates whether the
arc passes over or under k, respectively. (There are many ways to draw such a diagram;
we use diagrams only as an abbreviation for the data of a shard arc, so different diagrams
indicating the same shard arc should be treated as equivalent.) The four shard arcs in
S4 with initial value 1 and terminal value 4 are shown in Figure 3. For space purposes,
we have drawn the arcs horizontally, though the “left/right” terminology more clearly
applies to arcs drawn vertically. To each shard arc for Sn, we assign a JI of the weak
order on Sn. This JI is the unique permutation π with the following properties:

• If the shard arc has initial value i and terminal value j, then the unique lower wall
of π is (i, j), and
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1 2 3 4

2341

1 2 3 4

3412

1 2 3 4

2413

1 2 3 4

4123

Figure 3: The arc diagrams for shard arcs in S4 with initial value 1 and terminal value
4. Below each diagram, we have indicated the associated JI in S4.

• For each intermediate value k, if we have chosen “left” at k, then π−1(k) < π−1(j),
and if we have chosen “right” at k, then π−1(k) > π−1(i).

In other words, the pair j, i should appear consecutively in the one-line notation for π,
and an intermediate value k should appear to the left or right of j, i according to whether
we have chosen “left” or “right”, respectively. The positions of non-intermediate values,
and the relative ordering of intermediate values, are determined by the requirement that
(i, j) is the unique lower wall of π. In Figure 3, we have indicated the JI associated to
each shard arc.

Shard arcs are also related to the geometry of the braid arrangement. Given a shard
arc for Sn, we will associate a convex polyhedral cone in the braid arrangement Bn. To
do so, define the half-spaces

H+
ab := {(x1, . . . , xn) | xa ≤ xb} H−

ab := {(x1, . . . , xn) | xa ≥ xb}.

Consider a shard arc with initial value i and terminal value j. For each intermediate
value k, we pick a sign for Hik and for Hkj, as follows:

“left” at k ⇒ H−
ik and H+

kj
“right” at k ⇒ H+

ik and H−
kj

.

The polyhedral cone is defined to be the intersection of Hij with the correctly signed
H±

ik for all intermediate k. The resulting cone Σ is called a shard of Bn. Shards are
characterized as (the closures of) the connected components of Hij \

⋃
i<k<j Hik. In B3,

there are four total shards: H12 and H23 are themselves shards, and H13 is the union of
two shards. In Figure 2, the two shards in H13 are the left and right halves of H13, which
intersect at the origin.

We have constructed bijections shards ⇔ shard arcs ⇔ JIs. Let’s discuss how to go
directly between JIs and shards. Given any permutation π, we can consider the region
of the braid arrangement πB. The lower walls (a, b) of π correspond to the hyperplanes
Hab in S(B, πB) which are incident to πB. (Hence the term “wall”.) We can refine this
further: if (a, b) is a lower wall of π, then there is a unique shard Σ contained in Hab
which is incident to the region πB. We say that Σ is a lower shard of πB. Hence there
is a bijection between the lower walls of π and the lower shards of πB. If π is a JI, then
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there is a unique lower wall of π, and the corresponding lower shard of πB comes from
the shard ⇔ JI bijection. As an example, consider the JI π = 231. Then the unique
lower wall of π is (1, 3), so the unique lower shard of πB should be contained in H13.
Examining Figure 2, we see that the unique lower shard of πB is the left half of H13,

which has shard arc 1 2 3. As expected, this is the shard arc associated to 231.
We have focused on JIs, but the notion of lower shards makes sense for any region of

the braid arrangement. For a general region, there will be multiple lower shards. We can
record the set of lower shards of πB in a diagram by overlaying the arc diagrams for each
shard arc. For instance, the permutation 321 has diagram 1 2 3 and the permutation
123 has the empty diagram 1 2 3. Reading showed [11] that any permutation can be
recovered from its arc diagram, and that the collections of shard arcs arising from this
construction are exactly the non-crossing arc diagrams: those collections that can be
drawn so no two shard arcs intersect or share an initial or terminal value.

3 Extended weak order and the affine symmetric group

Definition 2. The affine symmetric group S̃n is the group of bijections π̃ : Z → Z

satisfying:

(a) π̃(i + n) = π̃(i) + n for all i ∈ Z, and

(b)
n

∑
i=1

π̃(i) =
n

∑
i=1

i.

Elements of S̃n are affine permutations. The one-line notation of an affine permuta-
tion is defined similarly to a usual permutation, so that for instance the one-line notation
of the identity is: . . . ,−1, 0, 1, 2, 3, 4, 5, . . . . Condition (b) in Definition 2 lets us recover
an affine permutation from its one-line notation. We abbreviate affine permutations via
window notation: given a sequence of n integers x1, . . . , xn which have distinct residue
classes mod n, we write [x1x2 · · · xn] for the unique affine permutation whose one-line
notation contains x1, . . . , xn as a consecutive subsequence. For instance, in S̃3, the win-
dows [123] and [012] both represent the identity permutation, whereas [102] represents
the permutation . . . ,−3,−1, 1, 0, 2, 4, 3, 5, . . . .

The window notations for the elements of S̃2 are shown in black in Figure 4.

3.1 Extended weak order

Let (≺) be a total ordering of the integers (a relation which is transitive, asymmetric,
irreflexive, and so that for all distinct a, b ∈ Z, either a ≺ b or a ≻ b). The symbol < will
always denote the usual total ordering on the integers. If a, b ∈ Z are distinct modulo n,
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then we say that the pair (a, b) is an inversion of (≺) if a < b and b ≺ a. We write N(≺)
for the set of inversions of (≺).

Definition 3 ([1]). The extended weak order for S̃n is the poset whose elements are the
total orders (≺) of Z satisfying the following properties:

• For all i, j ∈ Z, we have i ≺ j if and only if i + n ≺ j + n, and

• For all i ∈ Z, if i + n ≺ i then there exists a k with i + n ≺ k ≺ i.

We say that (≺1) ≤ (≺2) in extended weak order if N(≺1) ⊆ N(≺2).

We call an element of extended weak order a translationally invariant total order
(TITO). Because we do not count the pair (0, n) as an inversion, the second condition in
Definition 3 is necessary to make it so any TITO is determined by its inversion set. To
see the issue, consider the following two total orderings which satisfy the first condition
of Definition 3 with n = 2:

· · · ≺ 0 ≺ 2 ≺ 4 ≺ · · · ≺ · · · ≺ −1 ≺ 1 ≺ 3 ≺ · · · (3.1)

· · · ≺ 4 ≺ 2 ≺ 0 ≺ · · · ≺ · · · ≺ −1 ≺ 1 ≺ 3 ≺ · · · .

These two total orders have the same inversion set. We resolve this by declaring the first
to be a TITO and the second to be not a TITO; alternatively, we could declare the two
total orders equivalent, and the resulting theory would be the same.

Because (a, b) is an inversion of (≺) if and only if (a + n, b + n) is an inversion of (≺),
we will identify the pairs (a, b) and (a + n, b + n). Hence

· · · ≺ −3 ≺ −4 ≺ −1 ≺ −2 ≺ 1 ≺ 0 ≺ 3 ≺ 2 ≺ 5 ≺ 4 ≺ 7 ≺ 6 ≺ · · · (3.2)

is a TITO for S̃4 with two inversions, (0, 1) and (2, 3). We note that using the window
notation [1, 0, 3, 2] is a reasonable way to encode this TITO. We will now extend window
notation to allow us to encode any TITO.

Observe that any TITO (≺) splits up into blocks: subintervals which are order-
isomorphic to the usual ordering on Z. The blocks of (3.1) are · · · ≺ 0 ≺ 2 ≺ 4 ≺ · · ·
and · · · ≺ −1 ≺ 1 ≺ 3 ≺ · · · , while there is a unique block for (3.2). The residue classes
mod n of integers appearing in distinct blocks are necessarily distinct. If a block con-
tains k residue classes, then we will use a window listing any k consecutive entries of the
block. We give each block its own window and separate them by the symbol ≺. So, for
instance, (3.1) has window notation [2] ≺ [1] and (3.2) has window notation [1, 0, 3, 2].
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[1, 2]

[2, 1]

[−1, 4]
[4,−1]

[0, 3]

[3, 0]
[−2, 5]

[2] ≺ [1][1] ≺ [2]

[2, 1]

[3, 0]

[0, 3]
[5,−2]

[1, 2]

[4,−1]
[−1, 4]

H̃01 H̃12

H̃03 H̃14

H̃05 H̃16

Figure 4: The Hasse diagram for ex-
tended weak order. Elements of weak
Bruhat order are shown in black, and
new elements from extended weak or-
der are in orange.

Figure 5: The intersection of the affine
braid arrangement B̃2 with a two-
dimensional subspace of R3.

There is one subtlety we haven’t yet addressed, which is blocks appearing “in reverse
order”. For example, consider the following TITO for S̃4:

· · · ≺ −3 ≺ −1 ≺ 1 ≺ 3 ≺ 5 ≺ 7 ≺ · · · ≺ · · · ≺ 6 ≺ 4 ≺ 2 ≺ 0 ≺ −2 ≺ −4 ≺ · · · . (3.3)

Based on what we have stated so far, the window notation of this TITO would be [1, 3] ≺
[2, 0]. However, this does not distinguish (3.3) from the TITO

· · · ≺ −3 ≺ −1 ≺ 1 ≺ 3 ≺ 5 ≺ 7 ≺ · · · ≺ · · · ≺ −2 ≺ −4 ≺ 2 ≺ 0 ≺ 6 ≺ 4 ≺ · · · .

To distinguish these, we will write the window notation for (3.3) as [1, 3] ≺ [2, 0]. What’s
going on here? It turns out there are exactly two ways to extend the consecutive sequence
2 ≺ 0 to a TITO block: either 0 is covered by 2 + 4, or 0 is covered by 2 − 4. Once we
make that choice, the rest of the block is uniquely determined. In general, we underline
a window to indicate that elements i of its block satisfy i ≺ i − n. If a window is not
underlined, then elements of its block satisfy i ≺ i + n. The TITOs for S̃2 are shown in
Figure 4.

3.2 The affine braid arrangement

The affine braid arrangement B̃n consists of hyperplanes H̃ab in Rn+1, for a < b integers
that are distinct modulo n. We write a general element of Rn+1 as (y, x1, . . . , xn). Then

H̃ab := {(y, x1, . . . , xn) ∈ Rn+1 | xa = xb},
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where we take the convention that xa+kn = xa + ky for any k ∈ Z. So for instance, in B̃3,
we have H̃−1,9 = {(y, x1, x2, x3) ∈ R4 | x2 − y = x3 + 2y}.

When we were studying the the symmetric group, there was a bijection between
elements of Sn and regions of Bn. This is no longer true for S̃n: we can see by comparing
Figure 4 and Figure 5 that there are more regions than elements of S̃n. One might wonder
if elements of the extended weak order biject with regions of B̃n. This fails in general.
To see the problem, let’s introduce the half-spaces

H̃+
ab := {(y, x1, . . . , xn) | xa ≤ xb} H̃−

ab := {(y, x1, . . . , xn) | xa ≥ xb}.

Given a TITO (≺), we say that H̃+
ab contains (≺) if a ≺ b, and similarly we say H̃−

ab
contains (≺) if a ≻ b. We write H(≺) for the collection of half-spaces containing (≺).
The geometry in Figures 4 and 5 suggests that the region associated to (≺) should be
the intersection of all the half-spaces in H(≺). When this intersection has points in
its interior, then this is a reasonable definition. But this is not always the case: for
instance, the S̃2 TITO with window notation [1] ≺ [2] is contained in the half-spaces
H̃−

01, H̃−
03, H̃−

05, . . . and the half-spaces H̃+
12, H̃+

14, . . .. The intersection of these half-spaces
is the line y = 0, which has empty interior. However, in this case every finite subset of
H(≺) has intersection with nonempty interior. (We say the TITO is weakly separable
in this case; see [1].) A more serious problem arises for the S̃4 TITO [0, 1] ≺ [3, 2]. This
is contained in the half-spaces H̃+

01, H̃+
14, H̃−

23, H̃−
36, whose intersection is contained in the

hyperplane y = 0. This TITO is not weakly separable.
We see that not every TITO has an associated region. However, every region does

have an associated TITO. Given a region R of B̃n, let H(R) be the collection of half-
spaces H̃±

ab such that R ⊆ H̃±
ab. Then H(R) is equal to H(≺) for a unique TITO (≺).

Uniqueness follows since we can recover the inversion set of (≺) from its set of containing
hyperplanes: N(≺) = {(a, b) | H̃−

ab ∈ H(≺)}. This is the analog of the fact that we can
recover the inversion set of a permutation π from the separating set S(B, πB).

3.3 Lattice structure

Like the weak order on Sn, the S̃n extended weak order is a complete lattice [1, 2]. We
can compute the join of a collection of TITOs in a similar fashion. Write T̃ := {(a, b) |
a < b, a ̸≡ b mod n} and T̃aug := {(a, b) | a < b}. If N ⊆ T̃aug, then we define the
augmented closure of N to be the minimal set Naug ⊇ N such that if a < b < c and
(a, b), (b, c) are both in Naug, then (a, c) is in Naug. If N ⊆ T̃ is a union of inversion sets,
then the closure of N is the set N := Naug ∩ T̃. Now, the join of a family of TITOs {≺i}i∈I

is the unique TITO with inversion set
⋃

i∈I N(≺i). Analogously, the meet of {≺i}i∈I has
inversion set (

⋂
i∈I N(≺i))

◦, where N◦ := T̃ \ (T̃ \ N) is the interior of N.
For example, let’s compute the join of [0, 3] and [2, 1] in the extended weak or-

der of S̃2. We have N([0, 3]) = {(0, 1)} and N([2, 1]) = {(1, 2)}. The augmented
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closure of the union {(0, 1), (1, 2)} contains (0, 2) since (0, 1), (1, 2) are both elements,
and it contains (1, 3) since (1, 2), (2, 3) are both elements. (Recall our convention that
(a, b) = (a + n, b + n).) Hence the augmented closure contains every pair, since it con-
tains (0, 1), (1, 3), (3, 5), . . . and (1, 2), (2, 4), (4, 6), . . . .

It follows that the closure N([0, 3]) ∪ N([2, 1]) is T̃. Hence the join [0, 3] ∨ [2, 1] is the
unique TITO with inversion set T̃, which is [2, 1].

3.4 Shards and arc diagrams

A TITO (≺) is completely join-irreducible if it cannot be written as a join of elements
strictly below (≺). This implies that (≺) covers a unique element, but is a stronger
condition in general. The only TITOs for S̃2 which are not completely join-irreducible
are [12], [1] ≺ [2], [2] ≺ [1], and [2, 1]. In this section JI will abbreviate “completely
join-irreducible element”.

The lower walls of a TITO (≺) are the inversions (a, b) so that b and a are consecutive
in the total order ≺. There exist TITOs, like [1] ≺ [2], which have no lower walls.
However, each JI has a unique lower wall. The goal of this section is to describe the
analog of arc diagrams which parametrizes the JIs.

Definition 4. A shard arc for S̃n is the data of:

• an initial value i and a terminal value j, such that 1 ≤ i ≤ n and i < j and i ̸≡ j
mod n, and

• for each intermediate value k with i < k < j, a choice of “left” or “right”.

These data are required to satisfy a condition which will be explained below.

We can depict these shard arcs in two ways. One is to simply draw an arc diagram
for Sj, where j is the terminal value of the arc. This would fully encode the data of the
shard arc. However, the conditions on the data are more well-motivated by drawing a
cyclic arc diagram: we arrange the numbers 1, . . . , n in a circle, and draw an arc starting
at i, proceeding clockwise around the circle until it is of length j − i, then terminating (at
a value congruent to j modulo n). At each intermediate value k, the arc passes k on the
outside or inside of the circle depending on whether we have chosen “left” or “right”,
respectively. Now we can state the condition on S̃n shard arc data: we must be able to
draw the cyclic arc diagram in this way without self-crossing.

The JI associated to a shard arc is the unique weak order-minimal TITO with lower
wall (i, j) and such that each intermediate value k satisfies k ≺ j if we chose “left” and
satisfies i ≺ k if we chose “right”. The TITOs associated to the shard arcs in Figure 6 are
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14

3 2

14

3 2
1 2 3 4 5 6 7

14

3 2

Figure 6: Two shard arcs. The arc
on the left starts at 2, ends at 5, and
passes 3 and 4 on the inside and out-
side, respectively. The arc on the right
starts at 1 and ends at 11.

Figure 7: On the left, a cyclic arc dia-
gram. On the right, a “straightened”
version of the diagram encoding the
same data. (Note that not all Sj arc di-
agrams give valid S̃n shard arcs.)

· · · ≺ 0 ≺ 1 ≺ −2 ≺ −1 ≺ 4 ≺ 5 ≺ 2 ≺ 3 ≺ 8 ≺ 9 ≺ 6 ≺ 7 ≺ · · ·
· · · ≺ 2 ≺ 7 ≺ −3 ≺ 0 ≺ 6 ≺ 11 ≺ 1 ≺ 4 ≺ 10 ≺ 15 ≺ 5 ≺ · · ·

and the TITO for the shard arc in Figure 7 is

· · · − 3 ≺ 1 ≺ 5 ≺ 9 ≺ · · · ≺ 6 ≺ 7 ≺ 2 ≺ 3 ≺ −2 ≺ −1 ≺ · · · ≺ −4 ≺ 0 ≺ 4 ≺ 8 ≺ · · · .

To construct the shard associated to a shard arc, for each intermediate value k, we
pick a sign for H̃ik and for H̃kj as follows:

“left” at k ⇒ H̃−
ik and H̃+

kj
“right” at k ⇒ H̃+

ik and H̃−
kj

.

The shard associated to the shard arc is then defined to be the cone Σ which is the
intersection of H̃ij with H̃±

ik for all intermediate k. Shards are characterized as (the
closures of) the connected components of H̃ij \

⋃
i<k<j H̃ik.

The map sending a JI to its associated shard has a geometric description. Let (≺) be a
JI with lower wall (a, b). If H(≺) = H(R) for some region R of H, then the hyperplane
H̃ab is incident to R. The shard Σ associated to (≺) is the unique shard contained in H̃ab
which is incident to R: we say Σ is a lower shard of R. However, there exist JIs which
do not come from regions, such as [1, 2] ≺ [3, 4]. Even in this case, Σ is characterized as
the unique shard of H̃ab which, for each intermediate k, is contained in H̃−

ak if and only
if (≺) is contained in H̃−

ak. Hence, despite the lack of a literal region to go with (≺), the
geometry still behaves as if Σ is the lower shard of a “quasi-region” associated to (≺).
The existence of such exotic JIs makes the following result even more surprising.

Theorem 2. These correspondences set up bijections

shards ⇔ shard arcs ⇔ JIs.
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Let i and j be the initial and terminal values of a shard arc datum. The JIs which are elements of
weak Bruhat order are those with shard arc data having either i < j < i + n, or else j > i + n
and we have chosen “right” at i + n.

In particular, the shard arc in Figure 7, or any shard with arc data having a choice
of “left” at i + n, does not have an associated join-irreducible element of weak Bruhat
order: we truly need to go to the extended weak order to explain these shards.
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Kromatic quasisymmetric functions
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Abstract. We provide a construction for the kromatic symmetric function XG of a
graph introduced by Crew, Pechenik, and Spirkl using combinatorial (linearly com-
pact) Hopf algebras. As an application, we show that XG has a positive expansion into
multifundamental quasisymmetric functions. We also study two related quasisym-
metric q-analogues of XG, which are K-theoretic generalizations of the quasisymmetric
chromatic function of Shareshian and Wachs. We classify exactly when one of these
analogues is symmetric. For the other, we derive a positive expansion into symmetric
Grothendieck functions for graphs G that are natural unit interval orders.

Keywords: Chromatic symmetric functions, combinatorial Hopf algebras, linearly
compact modules, multifundamental quasisymmetric functions

1 Introduction

The purpose of this note is to re-examine the algebraic origins of the kromatic symmetric
function of a graph that was recently introduced by Crew, Pechenik, and Spirkl [3], and
to study two quasisymmetric analogues of this power series.

Let N = {0, 1, 2, . . . }, P = {1, 2, 3, . . . }, and [n] = {1, 2, . . . , n} for n ∈ N. All graphs
are undirected by default, and are assumed to be simple with a finite set of vertices. We
do not distinguish between isomorphic graphs.

If G is any graph then we write V(G) for its set of vertices and E(G) its set of edges.
A proper coloring of G is a map κ : V(G)→ P with κ(u) 6= κ(v) for all {u, v} ∈ E(G). For
maps κ : V → P let xκ = ∏i∈V xκ(i) where x1, x2, . . . are commuting variables.

Definition 1.1 (Stanley [12]). The chromatic symmetric function of G is the symmetric
power series XG := ∑κ xκ where the sum is over all proper colorings κ of G.

Example 1.2. If G = Kn is the complete graph with V(G) = [n] then XG = n!en for the
elementary symmetric function en := ∑1≤i1<i2<···<in xi1 xi2 · · · xin .

A poset is (3 + 1)-free if it does not contain a 3-element chain a < b < c whose ele-
ments are all incomparable to some fourth element d. The Stanley–Stembridge conjecture
[13] proposes that if G is the incomparability graph of a (3 + 1)-free poset then XG has a

∗emarberg@ust.hk. This work was supported by Hong Kong RGC grants 16306120 and 16304122.
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positive expansion into elementary symmetric functions. This conjecture has several re-
finements and generalizations, and has been resolved in a number of interesting special
cases, but remains open in general.

Let G be an ordered graph, that is, a graph with a total order < on its vertex set V(G).
An ascent (resp., descent) of a map κ : V(G) → P is an edge {u, v} ∈ E(G) with u < v
and κ(u) < κ(v) (resp., κ(u) > κ(v)). Let ascG(κ) and desG(κ) be the number of ascents
and descents. Shareshian and Wachs [10] introduced the following q-analogue of XG:

Definition 1.3 ([10]). The chromatic quasisymmetric function of an ordered graph G is
XG(q) = ∑κ qascG(κ)xκ ∈ N[q]Jx1, x2, . . .K where the sum is over all proper colorings.

Example 1.4. If G = Kn then XG(q) = [n]q!en where [i]q =
1−qi

1−q and [n]q! = ∏n
i=1[i]q.

Let Set(P) be the set of finite nonempty subsets of P. For a map κ : V → Set(P)
define xκ = ∏i∈V ∏j∈κ(i) xj. A proper set-valued coloring is a map κ : V(G)→ Set(P) with
κ(u) ∩ κ(v) = ∅ for all {u, v} ∈ E(G). There is also a “K-theoretic” analogue of XG:

Definition 1.5 (Crew, Pechenik, and Spirkl [3]). The kromatic symmetric function of a graph
G is the sum XG = ∑κ xκ ∈ ZJx1, x2, . . .K over all proper set-valued colorings of G.

Example 1.6. XKn = n! ∑∞
r=n {r

n}er where {r
n} is the Stirling number of the second kind.

Remark 1.7. Given α : V → N, let Clα(V) be the set of pairs (v, i) with v ∈ V and
i ∈ [α(v)]. If G is a graph and α : V(G) → N is any map, then the α-clan graph Clα(G)
has vertex set Clα(V(G)) and edges {(v, i), (w, j)}whenever {v, w} ∈ E(G) or both v = w
and i 6= j. As observed in [3], one has XG = ∑α:V(G)→P

1
α! XClα(G) where α! := ∏v α(v)!.

Many properties of XG extend to XG via this identity, but some interesting features of
XG cannot be explained by this formula alone.

Our main results provide a natural construction for XG using the theory of combina-
torial Hopf algebras. This approach requires some care, as XG is not a symmetric function
of bounded degree. We explain things precisely in terms of linearly compact Hopf algebras
after reviewing a similar, simpler construction of XG in Section 2, following [1].

As an application of our approach, we show that XG has a positive expansion into
multifundamental quasisymmetric functions. We also study two related q-analogues of XG,
which give K-theoretic generalizations of XG(q). We classify exactly when one of these
analogues is symmetric. For the other, we extend a theorem of Crew, Pechenik, and
Spirkl (also lifting a theorem of Shareshian and Wachs) to derive a positive expansion
into symmetric Grothendieck functions for graphs G that are natural unit interval orders.

2 Background

Let K be an integral domain; in practice, one can assume this is Z, Q, Z[q], or Q(q).
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2.1 Hopf algebras

Write ⊗ = ⊗K for the tensor product over K. A K-algebra is a K-module A with K-linear
product ∇ : A⊗ A → A and unit ι : K → A maps. Dually, a K-coalgebra is a K-module
A with K-linear coproduct ∆ : A→ A⊗ A and counit ε : A→ K maps. The (co)product
and (co)unit maps must satisfy several associativity axioms; see [5, §1].

A K-module A that is both a K-algebra and a K-coalgebra is a K-bialgebra if the
coproduct and counit maps are algebra morphisms. A bialgebra A =

⊕
n∈N An is graded

if its (co)product and (co)unit are graded maps; in this case A is connected if A0 = K.
Let End(A) denote the set of K-linear maps A → A. This set is a K-algebra for the

product f ∗ g := ∇ ◦ ( f ⊗ g) ◦ ∆. The unit of this convolution algebra is the composition
ι ◦ ε of the unit and counit of A. A bialgebra A is a Hopf algebra if id : A → A has a
two-sided inverse S : A→ A in End(A). When it exists, we call S the antipode of A.

Example 2.1. Let Graphsn for n ∈ N be the free K-module spanned by all isomorphism
classes of undirected graphs with n vertices, and set Graphs =

⊕
n∈N Graphsn. One views

Graphs as a connected, graded Hopf algebra with product ∇(G ⊗ H) = G t H and
coproduct ∆(G) = ∑StT=V(G) G|S ⊗ G|T for graphs G and H, where t denotes disjoint
union and G|S denotes the subgraph of G induced on S.

A lower set in a directed acyclic graph D = (V, E) is a set S ⊆ V such that if a directed
path connects v ∈ V to s ∈ S then v ∈ S. An upper set is the complement of a lower set.

Example 2.2. Let DAGsn for n ∈ N be the free K-module spanned by all isomorphism
classes of directed acyclic graphs with n vertices, and set DAGs =

⊕
n∈N DAGsn. One

views DAGs as a connected, graded Hopf algebra with product ∇(C⊗ D) = C t D and
coproduct ∆(D) = ∑ D|S ⊗ D|T for directed acyclic graphs graphs C and D, where the
sum is over all disjoint unions S t T = V(D) with S a lower set and T an upper set.

A labeled poset is a pair (D, γ) consisting of a directed acyclic graph D and an injective
map γ : V(D) → Z. We consider (D, γ) = (D′, γ′) if there is an isomorphism D ∼−→ D′,
written v 7→ v′, such that γ(u) − γ(v) and γ′(u′) − γ′(v′) have the same sign for all
edges u → v ∈ E(D). If (D1, γ1) and (D2, γ2) are labeled posets then let γ1 t γ2 :
V(D1 t D2) → Z be any injective map such that (γ1 t γ2)(u) − (γ1 t γ2)(v) has the
same sign as γi(u)− γi(v) for all u, v ∈ V(Di).

Example 2.3. Let LPosetsn be the free K-module spanned by all labeled poset with n
vertices, and set LPosets =

⊕
n∈N LPosetsn. This is a connected, graded Hopf algebra

with product ∇((D1, γ1) ⊗ (D2, γ2)) = (D1 t D2, γ1 t γ2) and coproduct ∆((D, γ)) =

∑(D|S, γ|S)⊗ (D|T, γ|T) where the sum is over all disjoint decompositions St T = V(D)
with S a lower set and T an upper set.

A (strict) composition α = (α1, α2, . . . , αl) is a finite sequence of positive integers, called
its parts. We say that α is a composition of |α| := ∑i αi ∈ N.
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Example 2.4. Fix a composition α and let x1, x2, . . . be a countable sequence of com-
muting variables. The monomial quasisymmetric function of α is the power series Mα =

∑1≤i1<i2<···<il xα1
i1

xα2
i2
· · · xαl

il
. Let QSym = K-span{Mα : α any composition} be the ring of

quasisymmetric functions of bounded degree. This ring is a graded connected Hopf al-
gebras for the coproduct ∆(Mα) = ∑α=α′α′′ Mα′ ⊗Mα′′ where α′α′′ denotes concatenation
of compositions, and the counit that acts on power series by setting x1 = x2 = · · · = 0.

A partition is a composition sorted into decreasing order. We write λ = 1m12m2 · · · to
denote the partition with exactly mi parts equal to i.

Example 2.5. The elementary symmetric function of a partition λ is the product eλ :=
eλ1eλ2 · · · where en := M1n . These power series are a basis for the Hopf subalgebra
Sym ⊂ QSym of symmetric functions of bounded degree.

2.2 Combinatorial Hopf algebras

Following [1], a combinatorial Hopf algebra (H, ζ) is a graded, connected Hopf algebra H
of finite graded dimension with an algebra homomorphism ζ : H → K.

Example 2.6. The pair (QSym, ζQ) is an example of a combinatorial Hopf algebra, where
ζQ : QSym → K is the map ζQ( f ) = f (1, 0, 0, . . . ), which sends M(n) 7→ 1 and Mα 7→ 0
for all α with at least two parts.

For a graph G define ζGraphs(G) = 0|E(G)| where throughout we interpret 00 := 1.
For a directed acyclic graph D likewise set ζDAGs(D) = 0|E(D)| for each directed acyclic
graph D. These formulas extend to linear maps on Graphs and DAGs. Finally let ζLPosets :
LPosets → K be the linear map with ζLPosets((D, γ)) = 1 if γ(u) < γ(v) for all edges
u→ v ∈ E(D) with ζLPosets((D, γ)) = 0 otherwise.

Example 2.7. The pairs (Graphs, ζGraphs), (DAGs, ζDAGs), and (LPosets, ζLPosets) are all com-
binatorial Hopf algebras.

A morphism Ψ : (H, ζ) → (H′, ζ ′) is a graded Hopf algebra morphism Ψ : H → H′

with ζ = ζ ′ ◦ Ψ. Results in [1] show that there exists a unique morphism from any
combinatorial Hopf algebra to (QSym, ζQ). Moreover, the image of Ψ is contained in the
Hopf subalgebra Sym ⊂ QSym if H is cocommutative. There is an explicit formula for
this morphism in [1], which translates to the following maps for our examples above.

For a graph G, let AO(G) be its set of acyclic orientations. For a directed acyclic graph
D, let (D, γop) be the labeled poset with γop(u) > γop(v) for all edges u → v ∈ E(D).
Also set Γ(D) = ∑κ xκ ∈ NJx1, x2, . . .K where the sum is over all maps κ : V(D) → P

with κ(u) < κ(v) whenever u→ v ∈ E(D).
More generally, for a labeled poset (D, γ) define Γ(D, γ) = ∑κ xκ where the sum is

over all maps κ : V(D)→ P with κ(u) ≤ κ(v) whenever u→ v ∈ E(D) and γ(u) < γ(v),
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and with κ(u) < κ(v) whenever u→ v ∈ E(D) and γ(u) > γ(v). Such maps κ are called
P-partitions for P = (D, γ) [11].

Proposition 2.8. There is a commutative diagram of combinatorial Hopf algebras

(Graphs, ζGraphs) (DAGs, ζDAGs) (LPosets, ζLPosets)

(QSym, ζQ)

in which the horizontal maps send G 7→ ∑D∈AO(G) D and D 7→ (D, γop), and the QSym-
valued maps send G 7→ XG, D 7→ Γ(D), and (D, γ) 7→ Γ(D, γ), respectively.

3 K-theoretic generalizations

We now explain how the results in the previous can be extended “K-theoretically” to con-
struct interesting quasisymmetric functions of unbounded degree, including XG. This
requires a brief discussion of monoidal structures on linearly compact modules.

3.1 Linearly compact modules

Let A and B be K-modules with a K-bilinear form 〈·, ·〉 : A× B → K. Assume A is free
and 〈·, ·〉 is nondegenerate in the sense that b 7→ 〈·, b〉 is a bijection B→ HomK(A, K).

Fix a basis {ai}i∈I for A. For each i ∈ I, there exists a unique bi ∈ B with 〈ai, bj〉 = δij
for all i, j ∈ I, and we identify b ∈ B with the formal linear combination ∑i∈I〈ai, b〉bi. We
call {bi}i∈I a pseudobasis for B.

We give K the discrete topology. Then the linearly compact topology [4, §I.2] on B is the
coarsest topology in which the maps 〈ai, ·〉 : B → K are all continuous. This topology
depends on 〈·, ·〉 but not on the choice of basis for A. For a basis of open sets in the
linearly compact topology, see [9, Eq. (3.1)].

Definition 3.1. A linearly compact (or LC for short) K-module is a K-module B with a
nondegenerate bilinear form A× B → K for some free K-module A, given the linearly
compact topology; in this case we say that B is the dual of A. Morphisms between such
modules are continuous K-linear maps.

Let B and B′ be linearly compact K-modules dual to free K-modules A and A′. Let
〈·, ·〉 denote both of the associated forms. Every linear map φ : A′ → A has a unique
adjoint ψ : B → B′ such that 〈φ(a), b〉 = 〈a, ψ(b)〉. A linear map B → B′ is continuous
when it is the adjoint of some linear map A′ → A.

Definition 3.2. Define B⊗ B′ := HomK(A⊗ A′, K) and give this the LC-topology from
the pairing (A⊗ A′)×HomK(A⊗ A′, K)→ K.
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If {bi}i∈I and {b′j}j∈J are pseudobases for B and B′, then we can realize the completed
tensor product B⊗ B′ concretely as the linearly compact K-module with the set of tensors
{bi ⊗ b′j}(i,j)∈I×J as a pseudobasis.

Suppose ∇ : B ⊗ B → B and ι : B → K are continuous linear maps which are the
adjoints of linear maps ε : K → A and ∆ : A → A⊗ A. We say that (B,∇, ι) is an LC-
algebra if (A, ∆, ε) is a K-coalgebra. Similarly, we say that ∆ : B → B⊗ B and ε : B → K

make B into an LC-coalgebra if ∆ and ε are the adjoints of the product and unit maps of
a K-algebra on A. We define LC-bialgebras and LC-Hopf algebras analogously; see [9]. If
B is an LC-Hopf algebra then its antipode is the adjoint of the antipode of A.

3.2 Combinatorial LC-Hopf algebras

Following [9], we define a combinatorial LC-Hopf algebra to be a pair (H, ζ) consisting of
an LC-Hopf algebra H with a continuous linear map ζ : H → KJtK such that ζ(·)|t 7→0 is
the counit of H. A morphism of combinatorial LC-Hopf algebras Ψ : (H, ζ) → (H′, ζ ′)
is a LC-Hopf algebra morphism Ψ : H → H′ with ζ = ζ ′ ◦Ψ.

Example 3.3. Let mQSym be the set of all quasisymmetric power series in KJx1, x2, . . . , K
of possibly unbounded degree. The (co)product, (co)unit, and antipode QSym all extend
to continuous K-linear maps that make mQSym into an LC-Hopf algebra, with {Mα} as
a pseudobasis. Then (mQSym, ζQ) is a combinatorial LC-Hopf algebra when ζQ is the
map ζQ : f 7→ f (t, 0, 0, . . . ).

The preceding example is an instance of a general construction. If A is a free K-
module with basis S, then its completion A is the set of arbitrary K-linear combinations
of S. We view A as a linearly compact K-module with S as a pseudobasis, relative to the
nondegenerate bilinear form A× A→ K making S orthonormal.

If (H, ζ) is a combinatorial Hopf algebra then then there is a unique way of extending
its (co)unit and (co)product to continuous linear maps on H. As the Hopf algebra H =⊕

n∈N is graded, we can also extend ζ : H → K to a continuous linear map ζ : H → KJtK
by the formula ζ(h) = ζ(h)tn for n ∈ N and h ∈ Hn.

Proposition 3.4. If (H, ζ) is combinatorial Hopf algebra then the extended structures
just given make (H, ζ) into a combinatorial LC-Hopf algebra, and the unique morphism
(H, ζ)→ (QSym, ζQ) extends to a morphism (H, ζ)→ (mQSym, ζQ).

The pair (mQSym, ζQ) is a final object in the category of combinatorial LC-Hopf alge-
bras, meaning there is a unique morphism (H, ζ)→ (mQSym, ζQ) for any combinatorial
LC-Hopf algebra. More specifically, if H has coproduct ∆, then define ∆(0) = idH and
∆(k) = (∆(k−1) ⊗ id) ◦ ∆ : H → H⊗(k+1) for k ∈ P. For compositions α = (α1, α2, . . . , αk),
let ζα : H → K be the map sending h ∈ H to the coefficient of tα1 ⊗ tα2 ⊗ · · · ⊗ tαk in
ζ⊗k ◦ ∆(k−1)(h) ∈ KJtK. When α = ∅ is empty let ζ∅ = ζ(·)|t 7→0 be the counit of H.
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Theorem 3.5 ([8]). If (H, ζ) is a combinatorial LC-Hopf algebra then the map ΨH,ζ : h 7→
∑α ζα(h)Mα is the unique morphism (H, ζ)→ (mQSym, ζQ).

Let mSym be the LC-Hopf subalgebra of symmetric functions in mQSym. When H
cocommutative, the morphism ΨH,ζ evidently has its image in mSym.

3.3 Set-valued P-partitions

For a directed acyclic graph D, let Γ(D) = ∑κ xκ where the sum is over all maps κ :
V(D)→ Set(P) with κ(u) ≺ κ(v) whenever u→ v ∈ E(D).

Example 3.6. If D = (1 → 2 → 3 → · · · → n) is an n-element chain then define
en := Γ(D) = ∑∞

k=0 (
n−1+k

n−1 )en+k. For each partition λ let eλ := eλ1eλ2 · · · . These functions
are a pseudobasis for mSym.

For a labeled poset (D, γ) define Γ(D, γ) = ∑κ xκ where the sum is over all maps
κ : V(D) → Set(P) with κ(u) � κ(v) whenever u → v ∈ E(D) and γ(u) < γ(v), and
with κ(u) ≺ κ(v) whenever u → v ∈ E(D) and γ(u) > γ(v). Such maps κ are called
set-valued P-partitions for P = (D, γ) in [7, 8].

Example 3.7. If D = (1 → 2 → 3 → · · · → n) is an n-element chain and S is the set
of i ∈ [n − 1] with γ(i) > γ(i + 1) then the we define Ln,S := Γ(D, γ). Following [7],
the multifundamental quasisymmetric function of a composition α is defined by Lα := Ln,S
where n = |α| and S = I(α) := {α1, α1 + α2, α1 + α2 + α3, . . . } \ {n}. These power series
form another pseudobasis for mQSym [7]. An element of mQSym is multifundamental
positive if its expansion in this pseudobasis involves only nonnegative coefficients.

A multilinear extension of a directed acyclic graph D with n vertices is a sequence
w = (w1, w2, . . . , wN) with V(D) = {w1, w2, . . . , wN} such that i < j whenever wi →
wj ∈ E(D), and wi 6= wi+1 for all i ∈ [N − 1]. If M(D) is the set of all multilinear
extensions of D and γ : V(D) → Z is injective, then Γ(D, γ) = ∑w∈M(D) L`(w),Des(w,γ)
where Des(w, γ) := {i ∈ [`(w)− 1] : γ(wi) > γ(wi+1)} for w ∈ M(D) [7].

3.4 Acyclic multi-orientations

Let G be a graph. An acyclic multi-orientation of G is an acyclic orientation of the α-clan
graph Clα(G) from Remark 1.7 for some α : V(G)→ P, such that for each v ∈ V(G) both
(a) if i, j ∈ [α(v)] have i > j then (v, i)→ (v, j) is a directed edge; and (b) if i ∈ [α(v)− 1]
then there exists a directed path involving no edges of the form (v, j) → (v, k) that
connects (v, i + 1) to (v, i). Let mAO(G) be the set of all acyclic multi-orientations of G.

One can relate the e-expansion of the symmetric function XG to the source counts of
its acyclic multi-orientations, generalizing a result of Stanley [12, Thm. 3.3].
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Theorem 3.8. Let G be a graph and suppose XG = ∑λ cλeλ for some coefficients cλ ∈ Z.
Then the number of acyclic multi-orientations of G with exactly j sources and k vertices
is ∑`(λ)=j,|λ|=k cλ ∈ N.

As noted in [3], in general, the coefficients cλ appearing in XG = ∑λ cλeλ can be
negative, even when G = inc(P) is the incomparability graph of a (3 + 1)-free poset P.

3.5 Morphisms

For each graph G let N(G) = ∑S∪T=V(G) G|S ⊗ G|T. This only differs from our other
coproduct in allowing vertex decompositions that are not disjoint. Likewise, for each
directed acyclic graph D and labeled poset P = (D, Γ), define N(D) = ∑ D|S ⊗ D|T and
N(P) = ∑(D|S, γ|S)⊗ (D|T, γ|T), where both sums are over all (not necessarily disjoint)
vertex decompositions S ∪ T = V(D) in which S is a lower set, T is an upper set, and
S ∩ T is an antichain.

Use the continuous linear extensions of these operations to replace the coproducts
in the completions of Graphs, DAGs, and LPosets, and denote the resulting structures as
mGraphs, mDAGs, and mLPosets to distinguish them from Graphs, DAGs, and LPosets.

Theorem 3.9. The pairs (mGraphs, ζGraphs), (mDAGs, ζDAGs), and (mLPosets, ζLPosets) are
all combinatorial LC-Hopf algebras, and there is a commutative diagram

(mGraphs, ζGraphs) (mDAGs, ζDAGs) (mLPosets, ζLPosets)

(mQSym, ζQ)

in which the horizontal maps send G 7→ ∑D∈mAO(G) D and D 7→ (D, γop), and the
mQSym-valued maps send G 7→ XG, D 7→ Γ(D), and (D, γ) 7→ Γ(D, γ).

Corollary 3.10. The unique morphism (mGraphs, ζGraphs)→ (mQSym, ζQ) assigns a graph
G to its kromatic symmetric function, which is symmetric as mGraphs is cocommutative.
One can express XG = ∑D∈mAO(G) Γ(D) and thus XG is multifundamental positive.

Fix a directed acyclic graph D. When α : V(D) → N is any map, define Cldagα (D)
to be the directed acyclic graph with vertices Clα(V(D)) and with edges (v, i) → (w, j)
whenever v → w ∈ E(D) or both v = w and i < j. When γ : V(D) → Z is injective, so
that (D, γ) is a labeled poset, define Cldagα (D, γ) = (Cldagα (D), γ̃) to be the labeled poset
where γ̃(v, i) < γ̃(w, j) if and only if γ(v) < γ(w) or both v = w and i > j.
Theorem 3.11. Assume Q ⊆ K. Then there is a commutative diagram

(mGraphs, ζGraphs) (mDAGs, ζDAGs) (mLPosets, ζLPosets)

(Graphs, ζGraphs) (DAGs, ζDAGs) (LPosets, ζLPosets)

∼= ∼= ∼=
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with horizontal maps extending Proposition 2.8 and Theorem 3.9, where the vertical
isomorphisms are the continuous linear maps sending G 7→ ∑α:V(G)→P

1
α!Clα(G), D 7→

∑α:V(D)→P Cldagα (D), and (D, γ) 7→ ∑α:V(D)→P Cldagα (D, γ), respectively.

3.6 Kromatic quasisymmetric functions

For the rest of this note we assume K ⊇ Z and let q be a formal parameter. We will
consider the polynomial and power series rings Sym[q] ⊂ mQSym[q] ⊂ mQSymJqK.

Let G be an ordered graph, that is, a graph with a total order < on its vertex set
V(G). One can think of the ordering on V(G) as defining an acyclic orientation on the
edges of G, and we do not distinguish between G and another ordered graph H if the
corresponding directed acyclic graphs are isomorphic. The following power series is a
K-theoretic generalization of XG(q) and q-analogue of XG:

Definition 3.12. For an ordered graph G define LG(q) = ∑κ qascG(max ◦κ)xκ ∈ mQSym[q]
where the sum is over all proper set-valued colorings.

Example 3.13. If G = Kn is the complete graph on the vertex set [n] then LG(q) =
[n]q! ∑∞

r=n {r
n}er = [n]q! ∑∞

r=n {r−1
n−1}er where {r

n} is the Stirling number of the second kind.

Let us clarify the apparent asymmetry in Definition 3.12. Define Ldes,min
G (q) by re-

placing “asc” by “des” and “max” by “min” in Definition 3.12. Construct Lasc,min
G (q)

and Ldes,max
G (q) analogously. Let ρ be the continuous involution of mQSym[q] sending

M(α1,...,αk)
7→ M(αk,...,α1)

. Let τ be the involution of mQSym[q] sending f 7→ qdegq( f ) f (q−1).

Proposition 3.14. We have LG(q) = ρ
(

Ldes,min
G (q)

)
= τ

(
Ldes,max

G (q)
)
= ρ ◦ τ

(
Lasc,min

G (q)
)

.

Recall that a cluster graph is a disjoint union of complete graphs.

Theorem 3.15. We have LG(q) ∈ mSym[q] if and only if G is a cluster graph.

Fix D ∈ mAO(G). Each vertex in D has the form (v, i) for some v ∈ V(G) and i ∈ P.
Define align(D) := |{(u, i)→ (v, j) ∈ E(D) : u < v and i = j = 1}|.
Proposition 3.16. If G is an ordered graph then LG(q) = ∑D∈mAO(G) qalign(D)Γ(D). This
power series is multifundamental positive in the sense of being a possibly infinite N[q]-
linear combination of multifundamental quasisymmetric functions.

We can make this more explicit, generalizing a result in [10]. Following [7], a multi-
permutation of n ∈ N is a word w = w1w2 · · ·wm with {w1, w2, . . . , wm} = {1, 2, . . . , n}
and wi 6= wi+1 for all i ∈ [m− 1]. Let Sn be the set of all multipermutations of n.

For each w = w1w2 · · ·wm ∈ Sn let Inv(w) be the set of pairs (wi, wj) with i < j and
wi > wj and {w1, w2, . . . , wi−1} ∩ {wi} = {w1, w2, . . . , wj−1} ∩ {wj} = ∅. If P is a poset
on [n] and G = inc(P) is its incomparability graph, then we set invG(w) := |{(a, b) ∈
Inv(w) : {a, b} ∈ E(G)}| and S(w, P) := {m− i : i ∈ [m− 1] and wi 6>P wi+1}.
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Theorem 3.17. If G = inc(P) for a poset P on [n] then LG(q) = ∑
w∈Sn

qinvG(w)L`(w),S(w,P).

The homogeneous component of LG(q) of lowest x-degree recovers XG(q). The latter
power series, like XG, naturally arises as the image of a morphism of combinatorial Hopf
algebras. In detail, assume K = Z[q] and let OGraphsn be the free K-module spanned
by all isomorphism classes of ordered graphs with n vertices. Then the direct sum
OGraphs :=

⊕
n∈N OGraphsn has a graded connected Hopf algebra structure in which the

product is disjoint union and the coproduct ∆q satisfies

∆q(G) = ∑StT=V(G) qascG(S,T)G|S ⊗ G|T for each ordered graph G, (3.1)

where ascG(S, T) := |{(s, t) ∈ S × T : {s < t} ∈ E(G)}|. If ζOGraphs is the algebra
morphism OGraphs→ K sending G 7→ 0|E(G)|, then (OGraphs, ζOGraphs) is a combinatorial
Hopf algebra and the morphism (OGraphs, ζOGraphs)→ (QSym, ζQ) sends G 7→ XG(q).

We do not know how to give the completion mOGraphs ⊃ OGraphs a combinatorial
LC-Hopf algebra structure that lets us construct LG(q) in a similar way. In particular,
we have not been able to find a K-theoretic generalization of the coproduct ∆q. Unlike
the q = 1 case, simply replacing t in (3.1) by arbitrary union ∪ does not lead to a co-
associative map. This problem remains if we change the q-power exponent ascG(S, T) to
other forms like ascG(S− T, T), ascG(S, T − S), or ascG(S− T, T − S).

3.7 Another quasisymmetric analogue

The preceding results indicate that LG(q) is an interesting quasisymmetric q-analogue of
XG and K-theoretic extension of XG(q). However, there is another natural candidate for
such a generalization. Continue to let G be an ordered graph. Following [6], an ascent
of a set-valued map κ : V(G)→ Set(P) is a tuple (u, v, i, j) with {u, v} ∈ E(G), i ∈ κ(u),
j ∈ κ(v), and both u < v and i < j. Let ascG(κ) denote the number of such ascents.

Definition 3.18. For an ordered graph G, define XG(q) = ∑κ qascG(κ)xκ ∈ mQSymJqK
where the sum is over all proper set-valued colorings κ : V(G)→ Set(P).

This definition is closely related to the quasisymmetric functions XG(x, q, µ) studied
in [6]. For each map µ : V(G)→ N, Hwang [6] defines XG(x, q, µ) := ∑κ qascG(κ)xκ where
the sum is over all proper set-valued colorings κ of G with |κ(v)| = µ(v). Evidently
XG(q) = ∑µ:V(G)→P XG(x, q, µ), and as noted in [6, Rem. 2.2] one has XG(x, q, µ) =

1
[µ]q! XClµ(G)(q) where [µ]q! := ∏v∈V(G)[µ(v)]q!. Here, we view Clµ(G) as an ordered

graph with (v, i) < (w, j) if either v < w or v = w and i < j.
Using these observations, various positive or alternating expansions of XG(q) (e.g.,

into fundamental quasisymmetric functions [10, Thm. 3.1], Schur functions [10, Thm. 6.3],
power sum symmetric functions [2, Thm. 3.1], or elementary symmetric functions [10,
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Conj. 5.1]) can be extended in a straightforward way to XG(x, q, µ) and XG(q). See
Hwang’s results [6, Thms. 3.3, 4.10, and 4.19] and his conjecture [6, Conj. 3.10].

Some of these statements require G to be isomorphic to the incomparability graph of
a natural unit interval order, meaning a poset P on a finite subset of P such that if x <P z
then x < z and every y incomparable in P to both x and z has x < y < z [10, Prop. 4.1].1

If G has this property, then so do all of its α-clans. Therefore XG(q) is symmetric if G is
the incomparability graph of a natural unit order interval [6, Thm. 3.8].

Example 3.19. If Kn is the complete graph on [n] then XKn(q) = ∑∞
r=n F(n)

r er for F(n)
r :=

∑ k1,k2,...,kn∈P
k1+k2+···+kn=r

( r
k1,k2,...,kn

)
q

where (q)n := ∏i∈[n](1− qi) and ( r
k1,k2,...,kn

)
q
= (q)r

(q)k1
(q)k2

···(q)kn
.

When q is a prime power, F(n)
r counts the strictly increasing flags of Fq-subspaces

0 = V0 ( V1 ( · · · ( Vn = Fr
q. Vinroot [14] derived a recurrence for the generalized Galois

numbers G(n)
r := ∑n

i=0 (
n
i )F(i)

r . This can be used to show (setting F(n)
r = 0 if r < 0) that:

Proposition 3.20. One has F(n)
r+1 = ∑n−1

i=0 ∑n
j=n−1−i (

n
j)(

j
n−1−i)(−1)i (q)r

(q)r−i
F(j)

r−i.

Like LG(q), the power series XG(q) also does not seem to arise naturally as the image
in mQSym of a combinatorial LC-Hopf algebra. Unlike LG(q), however, XG(q) is not gen-
erally multifundamental-positive (or e-positive). However, XG(q) does have a nontrivial
positivity property that is not shared by XG(x, q, µ) or LG(q).

A set-valued tableau T of shape λ is an assignment of sets Tij ∈ Set(P) to the cells (i, j)
in Dλ = {(i, j) ∈ P×P : 1 ≤ j ≤ λi} of a partition λ. We write (i, j) ∈ T to indicate that
(i, j) belongs to the shape of T. A set-valued tableau T is semistandard if Tij � Ti,j+1 and
Tij ≺ Ti+1,j for all relevant positions. Let xT := ∏(i,j)∈T ∏k∈Tij

xk and |T| := ∑(i,j)∈T |Tij|.

Definition 3.21. The symmetric Grothendieck function of a partition λ is the power series
sλ := ∑T∈SetSSYT(λ)(−1)|T|−|λ|xT ∈ ZJx1, x2, . . .K where SetSSYT(λ) is the set of all semi-
standard set-valued tableaux of shape λ.

Each sλ is in mSym and the set of all symmetric Grothendieck functions is another
pseudobasis for mSym. We write µ ⊆ λ for two partitions with Dµ ⊆ Dλ and set Dλ/µ :=
Dλ \Dµ. A semistandard tableau of shape λ/µ is a filling of Dλ/µ by positive integers such
that each row is weakly increasing and each column is strict increasing.

Definition 3.22 ([3, Def. 3.8]). Suppose P is a finite poset and λ is a partition. A
Grothendieck P-tableau of shape λ is a pair T = (U, V) with these two properties: (a)
U is a filling of Dµ by elements of P for some partition µ ⊆ λ, such that each element of
P is in at least one cell, and for each (i, j) ∈ Dµ one has Uij <P Ui,j+1 if (i, j+ 1) ∈ Dµ and
Uij 6>P Ui+1,j if (i + 1, j) ∈ Dµ; and (b) V is a semistandard tableau of shape λ/µ, whose
entries in each row i are all less than i (so Dλ/µ must have no cells in the first row).

1A finite poset is isomorphic to one with these properties iff it is (3 + 1)- and (2 + 2)-free [10, §4].
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Let GP be the set of Grothendieck P-tableaux. Let λ(T) be the shape of T ∈ GP. One
of the main results of [3] establishes that if G = inc(P) is the incomparability graph a
(3 + 1)-free poset P then XG = ∑T∈GP

sλ(T). This theorem has a q-analogue.
Suppose P is a finite poset on a subset of P, and let G = inc(P). Choose some

T = (U, V) ∈ GP and let µ be the partition shape of the tableau U. Define a G-inversion
of T to be a pair of cells (i, j), (k, l) ∈ Dµ with i > k such that Uij < Ukl but Uij 6<P Ukl
and Uij 6>P Ukl. Finally, let invG(T) be the number of all G-inversions of T.

Theorem 3.23. If P is a natural unit interval order then XG = ∑T∈GP
qinvG(T)sλ(T).
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