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INTRODUCTION: A crystalline electronic mate-
rial is topologically nontrivial if its reciprocal-
space Bloch states cannot be expressed in
terms of localized Wannier functions in real
space during an adiabatic process that pre-
serves the crystalline symmetries. In the pres-
ence of crystalline or time-reversal symmetries,
most of the band topologies can be diagnosed
by the Fu-Kane–like topological invariants
in terms of the band representations at the
high-symmetry momenta. Recently, symmetry-
protected topological phases in both the 230
paramagnetic and the 1421 magnetic space
groupswere exhaustively identified by topological
quantum chemistry (TQC) and symmetry-based
indicators, which facilitated the construction
of catalogs of topological bands in both para-
magnetic and magnetic electronic materials.
High-throughput calculations classified >50%
of the stoichiometric materials in the Inorganic
Crystal Structure Database as topological in-
sulators or semimetals at the Fermi level; about
88%had at least one topological band set some-
where in the energy spectrum.

RATIONALE: Phonon structure is another plat-
form for the realization of nontrivial band
topologies in solid-state materials. The ro-
bustness of the topological surface phonon
states can be used for frequency filtering or
mechanical energy attenuation under im-
perfect conditions, for heat transfer, and for
infrared photoelectronics. Topological pho-
nons are also promising for the construction
of phonon diodes or acoustic waveguides.
When time-reversal symmetry is broken,
several topological effects, such as quantum
anomalous Hall-like or quantum valley Hall-
like effects, can be realized in topological
phononic materials.

In thiswork,we fully extended the application
of TQC tophonon systems in all the space groups
and systematically completed a catalog of topo-
logical phonon bands. On the basis of the dy-
namical matrices of >10,000materials that were
obtained fromab initio calculations and stored in
thedatabasesPhononDB@kyoto-uandMaterials
Project, we performed a comprehensive topol-
ogical classification for >10,000 phonon band
structures with a high-throughput method. For
each phonon band structure, we identified the
irreducible representations, compatibility relations,
topological indices, and real-space invariants.
Then, every isolated set of fully connected bands
along all the high-symmetry lines and planes in
momentum space was diagnosed as topologically
nontrivial, as obstructed atomic band representa-
tion (OABR), as orbital-selected OABR, or as an
atomic set of bands. In addition, we also de-
veloped a high-throughput algorithm for the
computation of phonon surface states. For each
phonon material, we selected three nonequiva-
lent cleavage planes and calculated their sur-
face states with a finite-size slab structure.

RESULTS: Our results show that about half of
thematerials host at least one nonatomic pho-
non band set. The percentage of materials host-
ing nonatomic phonon band sets is not as high
as the percentage of materials hosting topo-
logical electronic bandswith spin-orbit coupling
but is higher than the percentage of materials
hosting topological electronic bands without
spin-orbit coupling. For each isolated phonon
band set, although the band structures along
all the high-symmetry paths satisfy all the com-
patibility relations, the nonzero topological
indices defined in spinless space groups are
necessarily indicating gapless band nodes.
Once theMaterials Project identification num-

ber (MPID) entries tagged as having imagi-
nary phonon frequencies have been removed
from the final list, we find 1780 entries in
PhononDB@kyoto-u and 151 entries in Mate-
rials Project that have all kinds of symmetry-
indicated spinless topologies, including Weyl
nodes, and nodal lines with and without Z2-
monopole charge. As a side note, we observe
a near absence of fragile cumulative topology
for phonons. Combinedwith a numerical analy-
sis of the phonon band structure, we have iden-
tified >1000 materials as promising for future
experimental analysis. To stimulate the rele-
vant experimental investigation, we also high-
light six representative phononmaterials with
symmetry-indicated topological bands, OABR
bands, or symmetry-enforced band nodes.

CONCLUSION: We have performed a compre-
hensive topological classification for >10,000
phononmaterials in a high-throughput search
and have made the results available at our
public website, the Topological Phonon Data-
base. The database allows the search for the
most promising candidates exhibiting non-
atomic properties and additional criteria, such
as point group or space group symmetry, chem-
ical elements, etc. As phonons are bosonic ex-
citations, topological bandgaps (or band nodes)
are not limited to a specific energy level, and the
nontrivial topology at any frequency level could
be of interest and detectable in experiments.
On the basis of the formalism and results of this
work, future extension of the catalog of topolog-
ical phonons may encompass all the solid-state
materials contained in the InorganicCrystal Struc-
ture Database. The results of the present work,
together with the previous complete analysis of
the band topology of the electronic states, will
be useful in the analysis of the consequences of
electron-phonon coupling on the physical prop-
erties of the materials when the topology of
both subsystems comes into play.▪
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Workflow of the high-throughput calculations. The calculations were performed on >10,000 materials. Using the TQC method, we found 4873 materials with
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Phonons play a crucial role in many properties of solid-state systems, and it is expected that
topological phonons may lead to rich and unconventional physics. On the basis of the existing
phonon materials databases, we have compiled a catalog of topological phonon bands for more than
10,000 three-dimensional crystalline materials. Using topological quantum chemistry, we calculated
the band representations, compatibility relations, and band topologies of each isolated set of phonon
bands for the materials in the phonon databases. Additionally, we calculated the real-space invariants for
all the topologically trivial bands and classified them as atomic or obstructed atomic bands. We
have selected more than 1000 “ideal” nontrivial phonon materials to motivate future experiments. The
datasets were used to build the Topological Phonon Database.

A
crystalline electronic material is topolog-
ically nontrivial if its reciprocal-space
Bloch states cannot be expressed in terms
of localized Wannier functions (they are
not “wannierizable”) in real space during

an adiabatic process that preserves the crystal-
line symmetries. In the presence of crystalline
or time-reversal symmetries, most of the band
topologies can be diagnosed by the Fu-Kane–
like topological invariants (1) in terms of the
band representations at the high-symmetry
momenta. Recently, symmetry-protected topo-
logical phases in both the 230 paramagnetic
and the 1421 magnetic space groups were ex-
haustively identified by two methods: topo-
logical quantum chemistry (TQC) (2, 3) and
symmetry-based indicators (4–7), which facili-
tated the construction of catalogs of topolog-
ical bands in both paramagnetic andmagnetic
electronic materials (8–12). High-throughput
calculations classified >50% of the stoichio-
metric materials in the Inorganic Crystal Struc-
ture Database (13) as topological insulators
or semimetals at the Fermi level; about 88%
had at least one topological band somewhere
in the energy spectrum (12). In addition to
the electronic properties analyzed so far, the

phonon structure is another platform for the
realization of nontrivial band topologies in
solid-state materials. Topological phonons,
for instance, play a crucial role in the design
of metamaterials with novel properties. The
lack of backscattering even in the presence
of defects and the existence of one-way edge
states under breaking of time-reversal symme-
try make the materials with topological pho-
non states very promising for the construction
of phonon diodes (14), which conduct pho-
nons in one direction but not in the opposite
one, or acoustic waveguides (15–17). The ro-
bustness of the topological surface phonon
states can be used for frequency filtering or
mechanical energy attenuation under imper-
fect conditions (18), for heat transfer (19), and
for infrared photoelectronics (20). Moreover,
there is some evidence of the importance of the
electron-phonon coupling in the transport prop-
erties of topological semimetals (21) and the
possible existence of a superconducting phase
where the Cooper pairing is mediated by topo-
logical phononic edge states (22). When time-
reversal symmetry is broken, several topological
effects, such as quantum anomalous Hall-like
or quantum valley Hall-like effects, can be re-
alized in topological phononic materials (23).
The gapless nodes of both higher Chern num-

ber (24–26) and non-Abelian charges were
predicted in several phononmaterials (27, 28).
The existence of symmetry-protected topolog-
ical phases has not been systematically proved
in crystalline phonon band structures except
for a few isolated cases (24–26, 29, 30) and a
brute-force screening of band nodes by calcu-
lating the bandgaps along high-symmetry paths
in phonon band structures (31). The methods
of TQC were used to explore the topology of
phonons on a particular two-dimensional (2D)
lattice (32), but no material realizations were
predicted. In the presentwork,we fully extended
the application of TQC to phonon systems in

all the 3D space groups and systematically
completed a catalog of topological phonon
bands. On the basis of the dynamical matrices
of >10,000 materials that were obtained from
ab initio calculations and stored in the Phonon
Database at Kyoto University (PhononDB@
kyoto-u) (33) and theMaterials Project database
(34, 35), we performed a high-throughput cal-
culation of phonon irreducible representa-
tions (irreps), compatibility relations, topological
indices, and TQC real-space invariants (RSIs)
beyond symmetry indicators (36, 37). We also
computed the surface phonon dispersion on
different surfaces in all the studied materials.
Every isolated set of fully connected bands
along all the high-symmetry lines and planes
inmomentum spacewas ultimately diagnosed
as topologically nontrivial (with strong or frag-
ile topology), as obstructed atomic band rep-
resentation (OABR, awannierizable set of bands
with at least one Wannier function out of the
occupied atomic positions), as orbital-selected
OABR (OOABR), or as an atomic (trivial) set
of bands (wannierizable bands all located at
the occupied atomic positions). As a result of
the evaluation of the phonon band structures,
we have chosen for future experimental analy-
sis a first set of 935 and 85 phonon materials
from the PhononDB@kyoto-u and Materials
Project, respectively. These selected materials
have at least one nontrivial topology: strong or
fragile topological bands, an OABR or OOABR
topology, or symmetry-enforced band nodes.
In our present work, the meaning of the tag
OABR is similar to its meaning in the analysis
of an electronic structure. If an isolated set of
phononic dispersion bands can be expressed
as a linear combination of bands induced from
irreps of the site-symmetry groups of a set of
Wyckoff positions, but, necessarily, at least one
of these Wyckoff positions is empty, then the
compound is tagged as OABR. The meaning
of the tag OOABR is also similar to its mean-
ing in electronic systems: The set of bands can
be induced from irreps of the site-symmetry
groups of occupied Wyckoff positions, but at
least one irrep does not correspond to the vector
representation of one site-symmetry group.
Finally, the full list of phonon materials and a
wide array of data, including band structures,
density of states (DOS), sets of irreps, topology
classification, topological indices, and surface
states, were collected to build the Topological
Phonon Database (38).

Workflow of high-throughput calculations

The high-throughput calculations were per-
formed using as input the data deposited in the
two phonon material databases, PhononDB@
kyoto-u andMaterials Project, which store the
dynamical matrices for 9991 and 1516 com-
pounds of different Materials Project identifi-
cation numbers (MPIDs), respectively. A brief
overview of the two databases is provided in
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section S3 of (39). By filtering out the MPIDs
that have symmetry inconsistencies, mean-
ing that the dynamical matrix is incompatible
with the associated space group, we have de-
signed several modules (as schematically il-
lustrated in Fig. 1) to calculate the phonon
irreps and to diagnose the phonon topology
of the remaining MPIDs. In this section, we
give only an outline of the operation of each
module. Further details can be found in sec-
tion S4 of (39).
In step A, the force constants data of each

MPID entry were obtained through the inverse
Fourier transformof the dynamicalmatrix, that
is, the second-order derivatives of the total en-
ergy with respect to atomic displacements on
a regular grid of the first Brillouin zone used in
the ab initio calculations. The band structures
along all high-symmetry paths in the Brillouin
zone and DOS were calculated from the force
constants data by an interpolation method.
In step B, we calculated the symmetry eigen-

values of phonon vibrational modes at all
the high-symmetry momenta [the maximal
q-vectors (2)] and generated the trace.txt file
collecting all the symmetry eigenvalues [see
section S4, subsection A3, of (39) for more
details]. Then, we fed all the trace.txt files into
the recently implemented utility Check Topo-
logical Phonons (40) [see section S4, subsec-
tion C, of (39)], closely related to the program
Check Topological Mat. (41) for electronic
bands (8, 12), which is available online at the

Bilbao Crystallographic Server (42), and for
each file we performed steps C, D, and E (de-
scribed in the next paragraphs).
In step C, we identified the single-valued ir-

reps (i.e., the irreps without spin-orbit coupling)
at themaximalq-vectors for all the trace.txt files.
The symmetry properties of a set of phonon
bands are characterized by the multiplicities
of irreps at these maximal q-vectors, which
form a symmetry data vector.
In step D, we checked the band connectiv-

ity along all the high-symmetry paths in the
Brillouin zone. A set of states connected along
the Brillouin zone build an isolated set of bands
if its symmetry data vector satisfies all the com-
patibility relations, meaning that for every pair
q1 and q2 of maximal q-vectors and the inter-
mediate path qp that connects both points, the
irreps at q1 and q2 subduce into the same set
of irreps at qp. Otherwise, the set of eigenstates
necessarily has symmetry-enforced band cross-
ings (nodes) with other bands above or below
the given set of states and, therefore, does not
form an isolated set of bands. In our calcu-
lations, we identified all the isolated sets of
bands that cannot be further split into subsets
that also form isolated bands. Along with the
identification of each isolated band by its
symmetry data vector, we also stored the sym-
metry data vector of the cumulative set of
bands, that is, the whole set of bands start-
ing from the band with lowest energy up to a
given band.

In step E, using the TQC method (2, 3), we
identified the topology of each isolated set of
bands and also the topology of the cumulative
band set. In both cases, we diagnosed bands as
having strong topology with topological indices
(or symmetry indicators), as having fragile to-
pology, or as a band representation (trivial).
In step F, for all the topologically trivial sets

labeled as a band representation, we calcu-
lated their RSIs, which indicate the location of
the corresponding Wannier functions in real
space. A set of bands is referred to as OABR
when its RSI is nonzero at a Wyckoff position
that is not occupied by atoms (2, 36, 37, 43, 44).
If the nonzero RSIs are located at occupied
Wyckoff positions, but the orbitals that define
the RSI do not correspond to the vector repre-
sentation of the site-symmetry group (the rep-
resentation of the p orbitals), the related set of
bands are labeled as an OOABR (37).
Themain advantage of the method described

above with respect to the brute-force analysis
of (31) is the computation time required and
the minimization of cutoff problems. Starting
from the same input raw data (step A), the
method developed in (31) needs the analysis
of differences in energy along all the high-
symmetry lines in a relatively dense k-grid to
identify possible band crossings, that is, en-
ergy differences below the chosen cutoff. When
a gapped set of bands has been identified, one
must compute the Berry phase by the integral
of the Berry connection to discriminate topo-
logical bands from trivial ones.Using themethod
described in steps B to F above, we computed
the traces of the symmetry operators in a very
small number of points (maximal k-vectors
that range from4 to 8, depending on the space
group) and identified the irreps associated
with each degenerate set of eigenstates. Then,
using the tabulated compatibility relations be-
tween each pair of high-symmetry k-vectors,
we could determine whether there must be a
band crossing in the intermediate path and,
when there was no such crossing, we could im-
mediately identify the topological character of
the set of bands.
For semiconductormaterials of polar crystal

structures, the long-rangemacroscopic electric
field induced by long-wavelength longitudinal
optical (LO) phonons is usually non-negligible
(45). The coupling between LOmode and elec-
tric fields is a nonanalytical correction (NAC)
to the dynamical matrix (46, 47), resulting in
an energy difference between the LOmode and
the transverse optical (TO) mode [see section
S4, subsection A2, in (39) for a formal defini-
tion of NAC]. In general, this LO-TO splitting
destroys the continuity of the phonon spectrum
when approaching the center of the Brillouin
zone (q = 0) along different directions. For a spe-
cial case, the energy order of two bands (of dif-
ferent band representations) could be inverted
by the LO-TO splitting at a finite momentum

Fig. 1. Workflow scheme of the construction of the Topological Phonon Database. The high-throughput
calculations rely on the dynamical matrices of 9991 and 1516 MPID entries in the databases PhononDB@
kyoto-u and Materials Project, respectively. We first analyzed the crystal structure and symmetry properties
for each entry and filtered out the entries that have symmetry inconsistencies in their dynamical matrix.
Through the Fourier transform of the dynamical matrix, we obtained the force constants, which are used to
calculate the phonon band structure, the DOS, the symmetry eigenvalues at the high-symmetry momenta
(trace.txt file), and the surface states. Lastly, the trace.txt files were fed into the new program called Check
Topological Phonons (40) to obtain the symmetry data vectors, the isolated sets of bands that satisfy
the compatibility relations, the topological properties, and the topological indices. All the materials’ data were
collected to build the Topological Phonon Database (38).
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close to the G point (the center of the Brillouin
zone) with respect to the band order at G (this
inversion can happen owing to the mentioned
discontinuity). In the TQC high-throughput
method, only the information obtained at the
maximal q-vectors is used to identify the topol-
ogy of a given set of bands. As a consequence,
the potential band inversion caused by the
LO-TO splitting can be missed, and the topolog-
ical classification might be wrong. One specific
example of sets of phonon bands that change
type thanks to NAC is the material Dy2O3

[MPID = mp-555574, SG 12 (C2/m)]. Without
NAC, the first two subsets of bands of lowest
energy have 11 and 2 bands, respectively. Both
subsets are identified as topological, but the
cumulative full set of 13bands is trivial.However,
with NAC, at the A and M maximal k-vectors,
two eigenstates (one from each subset) swap
(Aþ

1 ↔ A�
2 and Mþ

2 ↔M�
2 , respectively). In

this new configuration, the first 11 sets of irreps
do not fulfill the compatibility relations in every
pair of maximal k-vectors, and then the 11+2
sets of bands without NAC transform with
NAC into a single set of connected 13 bands,
tagged as trivial. A full analysis on the differ-
ences with and without NAC calculations and
detailed statistics are provided in section S7
of (39). We have also applied the TQCmethod
to phonons with NAC and provide the results
for reference.
Although the topological surface states in

electronic materials have been detected by
several spectroscopic and transport experi-
ments, the related experiments on topological
phonon surface states are rare. First, the exper-
imental technique of surface phonon detection
is limited to electron energy loss spectroscopy,
whose energy resolution is between 5 and
10 meV, making the surface phonon modes
difficult to resolve. Second, a topological pho-
non material database with surface phonon
spectrum to serve as a guideline to experiments
was so far unavailable. In the present work,
we have also developed a high-throughput al-
gorithm for the calculation of phonon surface
states. The method is detailed in section S5 of
(39), and the algorithm has been embedded
with the WannierTools software package (48).
For each phonon material, we select three non-
equivalent cleavage planes and calculate their
surface states with a finite-size slab structure.
For further detailed calculations and analy-
sis of the phonon surface states, we have pro-
vided the WannierTools input files for each
MPID entry in the Topological Phonon Data-
base (38).

Topological data analysis
Material database and statistics

By applying the above high-throughput screen-
ing method, we have successfully identified
the band representations and band topologies
for 9991 MPID entries in PhononDB@kyoto-u

and 1516 MPID entries in the Materials Project.
As the ab initio calculations were performed on
a finite-size supercell structure (for PhononDB@
kyoto-u) or a less densemeshgrid in theBrillouin
zone, the resulting phonon band structures
usually host imaginary frequencies in a partial
region of the Brillouin zone, related to nega-
tive eigenvalues of the dynamical matrix. In
section S7, subsection B, of (39), we tag the ma-
terials with a minimum frequency lower than
�5 meV as MPID entries with “negativity” is-
sues. Depending on the features of these imag-
inary frequencies in the phonon spectrum with
NAC, we manually divide the MPIDs with “neg-
ativities” into three categories: “interpolation
error,”when a weak negativity over part of the
Brillouin zone results from interpolation er-
rors; “instability,” indicating that a potential
structural phase transition might occur at a
lower temperature; and “discarded,” when a
strong negativity is present overmost of or the
entire Brillouin zone. The interpolation error
can potentially be fixed by requiring a higher
accuracy [see the detailed analysis of this type
of error in section S7, subsection B, of (39)].
By filtering out the MPIDs that have a “neg-

ativity” tag in the calculations with NAC, we
were left with 7983 (versus 7809 in the calcu-
lations without NAC) and 1394 (versus 1389 in
the calculations without NAC) “high-quality”
phonon band structures in PhononDB@kyoto-u
and Materials Project, respectively. Figure 2
summarizes the statistics of materials host-
ing nonatomic band sets, that is, either strong
topology, fragile topology, OABR, or OOABR.
Notably, about half of thematerials host at least
one nonatomic cumulative band set: 47.66% of
the materials from the Materials Project and
53.92% of those from PhononDB@kyoto-u. In

section S7, subsection C, of (39), we provide an
in-depth discussion of statistics, with or with-
out NAC, and with or without the materials
with imaginary frequencies.
The percentage of materials hosting non-

atomic phonon band sets, although substantial,
is not as high as the percentage of materials
hosting topological electronic bands with spin-
orbit coupling [87.99% as reported in (12)] but
is actually higher than the percentage of mate-
rials hosting topological electronic bands with-
out spin-orbit coupling [27.66% as reported in
(12)]. Also, the main contribution to the per-
centage of topological band sets strongly dif-
fers in electronic and phononic band structures.
As illustrated in Fig. 2, there is an abundance
of materials with trivial but nonatomic cumu-
lative phonon band sets, that is, either OABR
or OOABR. A qualitative explanation can be
found by considering swap optical vibrational
modes. Indeed, if we consider the simplest
case of a 1D system with inversion symmetry,
the optical (or acoustic) mode contributed by
the atoms at 2c (i.e., the general Wyckoff posi-
tion) has to be obstructed (OABR or OOABR) at
one of the inversion centers (1aor 1b)whether or
not the center is occupied by an atom. It
should thus be expected thatOABRandOOABR
are common in phonon band structures. As a
side note, we observe a near absence of fragile
cumulative topology for phonons.

Interpretation of the topological indices

For each (isolated and cumulative) topological
set of bands, we have calculated its topological
indices (2–6, 49). As proved in (49), although the
band structures along all the high-symmetry
paths satisfy all the compatibility relations,
the nonzero topological indices defined in

Fig. 2. Statistics of nontrivial phonon band sets for the phonon materials from PhononDB@kyoto-u
(green) and Materials Project (orange). All numbers and percentages are from the calculations without
NAC and without the materials tagged as having imaginary phonon frequencies. The number above each
bar is the number of materials for each category and data source. From left to right: “Strong” and “Fragile”
refer to materials hosting at least one cumulative band set of strong and fragile topology, respectively. “Any
Topo.” corresponds to materials hosting at least one cumulative band set that has either strong or fragile
topology. “OABR” and “OOABR” give similar figures for OABR and OOABR band sets, whereas “Nonatomic”
stands for the number of materials hosting at least one nonatomic cumulative band set, that is, strong
topology, fragile topology, OABR, or OOABR. Note that a material can host several types of nontrivial
or nonatomic band sets. Thus, the percentages do not add up. Finally, “Trivial” gives the number of materials
having solely atomic cumulative band sets.
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spinless space groups (namely without spin-
orbit coupling) are necessarily indicating gap-
less band nodes (points or lines). Compared
with the symmetry-enforced band nodes, which
break the compatibility relations, symmetry-
indicated band nodes occur in general at ge-
neric momenta in the Brillouin zone. It was
also proved in (49) that all the nontrivial topo-
logical indices in (non)centrosymmetric space
groups indicate nodal lines (Weyl nodes). A
more detailed analysis of the physical conse-
quences of the topological indices and differ-
ent band topologies can be found in section
S2, subsection C, of (39). Notably, in 33 of the
41 centrosymmetric space groups that have

topological indices well defined in TQC, there
is always at least one set of indices that in-
dicates the presence of nodal lines with Z2-
monopole charge. For each set of topological
bands in the Topological Phonon Database, we
have tabulated the essential topological indices
that were defined and physically interpreted
in (49). Once the MPIDs tagged as having imag-
inary phonon frequencies have been removed
from the final list, we find 1780 (22.79%) entries
in PhononDB@kyoto-u and 151 (10.87%) en-
tries in Materials Project that have all kinds of
symmetry-indicated spinless topologies, includ-
ing Weyl nodes, and nodal lines with and
without Z2-monopole charge.

Notable topological phonon materials
“Ideal” phonon materials with nonatomic
cumulative topologies
The Topological Phonon Database allows the
search for the most-promising candidates, ex-
hibiting any of the nonatomic properties and
additional criteria, detailed in section S8 of
(39), where the main results of the search are
also presented. In addition to hosting either
a nonatomic bandgap or symmetry-enforced
band nodes, we imposed the following restric-
tions for a material to be considered “ideal”:
(i) The material is not tagged as having “nega-
tivities” in the database, meaning that its mini-
mum energy is above −5.0 meV, so that the
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Fig. 3. Phonon band dispersion of our relation of six prototypical materials.
(A) Al2ZnTe4. An ideal topological bandgap is between bands 18 and 19, where
blue and red bands are below and above the topological gap, respectively.
Topological index of the blue bands is w2,0 = 1, indicating four Weyl points on
the kz = 0 slice. (B) ZnPbF6. There are two ideal topological bandgaps: One
is located between bands 3 and 4 and the other between bands 15 and 16.
Symmetry data vectors of bands below the two gaps have the same set of
topological indices (z2,3, z4) = (1,3), indicating nodal lines of p-Berry phase.
(C) KBiO3. The topological band gap between bands 84 and 85 has a topological
index z2′ = 1, indicating three pairs of Z2-monopole charge nodal lines. (D) AgP2.
There are three isolated band sets [plotted in light green (1 to 10), dark green
(11 to 14), and light green (31 to 36) lines, respectively] diagnosed as OABR
topology. The calculation of the (cumulative) RSIs up to a given band shows that

there are four cumulative band sets hosting both an OABR topology and an
indirect bandgap (indicated by the pink dashed lines). (E) Al7Te10.
The first 98 sets of irreps at maximal q-vectors do not form a fully connected set
of bands. The irreps of band 98 (99) at the L and T points are L1(1) and T2(1)
[L2(1) and T1(1)], respectively. Owing to the compatibility relations along the
intermediate L–Y–T path, L1(1) is connected to T1(1), and L2(1) is connected to
T2(1). There is thus a symmetry-enforced band crossing between bands
98 and 99, giving a twofold Weyl node. Note that the number in parentheses is
the dimension of the corresponding irrep. (F) KBi6BrO9. There is a sixfold
degeneracy point at G, composed of bands 247 to 252. The six-dimensional
irrep (H4) is protected by inversion symmetry, threefold rotation symmetry along
the (111) direction, fourfold rotation symmetry combined with a fractional

translation C4z 1
4 ;

3
4 ;

1
4

� ��� ��
, and a twofold screw symmetry C2y 1

2 ; 0;0
� ��� ��

(57).
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crystal structure is considered relatively stable.
(ii) The maximal direct bandgap along all the
high-symmetry paths between the nonatomic
cumulative set of bands and the first band above
it (or between the bands forming a symmetry-
enforced band node) is larger than 1 meV, which
is the typical experimental resolution to dis-
tinguish a phonon bandgap. (iii) The indirect
gap along all the high-symmetry paths is pos-
itive for nonatomic cumulative band sets and
nonnegative for symmetry-enforcedbandnodes,
respectively.
Applying these three additional filtering

criteria, we obtained 187 (1.63%), 1430 (12.43%),
and 623 (5.41%) “ideal” phononmaterials with
strong, OABR, and OOABR topologies, respec-
tively. Additionally, we selected 846 (7.35%)
phonon materials hosting “ideal” symmetry-
enforced band nodes. Note that we find no
“ideal” phonon material with fragile cumu-
lative topology satisfying the above criteria,
which is unsurprising owing to the near absence
of fragile cumulative topology as discussed pre-
viously. The material lists and statistics for each
type of “ideal” materials in both PhononDB@
kyoto-u and Materials Project are detailed in
section S8, subsection A, of (39). Moreover, in
section S8, subsection B, of (39), we provide
the phonon spectrumplot near the topological
bandgap and band nodes for “ideal” mate-
rials with strong topologies and symmetry-
enforced band nodes.

Prototypical topological phonon materials

To stimulate the relevant experimental in-
vestigation, we here highlight six representative
“ideal” phonon materials with symmetry-
indicated topological bands, OABR bands, or
symmetry-enforced band nodes. The six ma-
terials are Al2ZnTe4 [MPID = mp-7908, SG 82
(I�4)], ZnPbF6 [MPID = mp-13610, SG 148 (I41/
acd)], KBiO3 [MPID = mp-29799, SG 201 (Pn�3)],

AgP2 [MPID = mp-8200, SG 14 (P21/c)], Al7Te10
[MPID =mp-14506, SG 155 (R32)], and KBi6BrO9

[MPID = mp-555393, SG 230 (Ia�3d)]. As shown
in Fig. 3, the first three materials have symmetry-
indicated topological bands, AgP2 has three
OABR-topology isolated band sets, and the last
two materials have symmetry-enforced band
nodes. Details about the topological properties
and surface-state calculations of these materials
are provided in section S6 of (39). In the follow-
ing paragraphs, we briefly discuss the non-
atomic bands in Al2ZnTe4, KBiO3, and AgP2.
In the phonon band structure of noncen-

trosymmetric Al2ZnTe4 (Fig. 3A), the cumu-
lative band set of indices 1 to 18 is topological,
as indicatedbyaZ2 indexw2,0 = 1. In (49),w2,0 ×p
is interpreted as the Berry phase of a loop
enclosing a quarter of the Brillouin zone at the
kz = 0 plane (which is invariant under a four-
fold rotation). Hence, w2,0 = 1 indicates 4 mod
8 Weyl points in between bands 18 and 19 on
the kz = 0 slice. More details about the topo-
logical index, Weyl points, and surface state
(phonon surface arc) calculations are provided
in section S6, subsection A, of (39).
KBiO3 crystallizes in the centrosymmetric

space group Pn�3 . As shown in Fig. 3C, the
cumulative band set of indices 1 to 84 has a
nonzero topological index z2′ = 1, which indi-
cates three pairs of nodal lines of Z2-monopole
charge caused by the C3 symmetry, according
to (49). Unlike the p-Berry phase nodal line
(which is also indicated by nonzero topological
indices), Z2-monopole charge nodal line has
to be created (or annihilated) in pairs and is
characterized by the second Stiefel-Whitney
class, which is indicated by a Z2 indicator w2

and can be read off from the Wilson loop spec-
trum (50, 51). In section S6, subsectionC, of (39),
we calculate theWilson-loop evolution for this
cumulative band set on a 2D closed manifold
wrapping a nodal line, where an odd number

of crossing points at Wannier charge center
(WCC) = p line corresponds to a w2 = 1 phase
and indicates the Z2-monopole charge.
In the phonon spectrum of AgP2 (from the

Kyoto database) shown in Fig. 3D, there are
six cumulative band sets and three isolated
band sets (the green bands) that have an OABR
topology, among which four cumulative band
sets have an indirect bandgap (indicated by
the pink dashed lines). The nonzero RSIs of
these three isolated band sets are d1(a) = 1 for
band set 1 to 10, {d1(a) = −1, d4(d) = 1} for band
set 11 to 14, and d4(d) = −1 for band set 31 to 36,
where a nonzero RSI d(w) implies unavoidable
Wannier functions at the Wyckoff position w
(i.e., a or d), and neither a nor d are occupied
by any atom. The RSIs of each cumulative band
set can be obtained simply by summing theRSIs
of all the isolated band sets within it.
In Fig. 4, we show the results of the surface-

state calculations using the Green’s function
method (52) for the three symmetry-indicated
topological phonon bands in the first row of
Fig. 4, namely, Al2ZnTe4 with two pairs of Weyl
nodes as shown in Fig. 4, A and B, ZnPbF6 with
topological nodal line of p-Berry phase (Fig. 4C),
and KBiO3 (Fig. 4D) with topological nodal line
of Z2-monopole charge. In the energy contour
and dispersion plots, the phonon surface arc
connecting one pair of Weyl nodes and the
drumhead-like surface states connecting the
nodal lines can be distinguished. In section S6
of (39), we provide additional surface-state cal-
culations with different surface terminations
for these three materials.

Discussion and outlook

We have performed a comprehensive topolog-
ical classification for >10,000 phonon mate-
rials in a high-throughput search, andwe have
made the results available at our public web-
site, the Topological Phonon Database (38).

10.5

11.0

12.5

12.0

11.5

Nodal line

M K
28.0

28.1

28.2

28.3

28.4

X M Y

Nodal line

DCA

line1
F

re
qu

en
cy

 (
m

eV
)

37.7

37.8

37.9

38.0

38.1

38.2

38.3

38.4

W1 W2

B

W1

W2

W4

W3

PSA

E = 37.90 meV

line1

kx

ky

Fig. 4. Surface-state calculations for three prototypical topological phonon
materials. (A and B) Surface-state calculation for Al2ZnTe4 on the (001) surface.
(A) Energy contour (E = 37.9 meV) of the surface states in a 2-by-2 surface
Brillouin zone, where the locations of Weyl points with chirality +1 (−1) are
indicated by the green (yellow) dots. Surface-state dispersion along the path that
connects the two Weyl points W1 and W2 is shown in (B). The topological phonon
surface arc (PSA) states can be distinguished from the bulk states in both (A)

and (B). (C) Drumhead-like surface states of ZnPbF6 on the (001) surface. The
nodal line bulk states are formed by the band crossing between bands 3 and 4,
which is indicated by the nontrivial topological indices (z2,3, z4) = (1,3) in SG 148.
(D) Drumhead-like surface states connecting the topological nodal lines of Z2-
monopole charge on the (001) surface of KBiO3. The nodal lines are formed by
the band crossing between bands 84 and 85, indicated by the nontrivial
topological index w2 = 1 in SG 201.
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We identified the band representations and
topology of each phonon band set by calculat-
ing the topological indices and RSIs. Similar
to the findings for the electronic structures
of solid-state materials, nontrivial band to-
pologies are ubiquitous in phonon systems:
52.98% of the curated materials have some
kind of nontrivial topology. Notably, we pre-
dict >1000 phononmaterials that have at least
one “ideal” nonatomic phonon band set. These
ideal materials constitute a valuable platform
for further in-depth theoretical and experi-
mental studies about phonon-band topolo-
gies. Although we did not find any phonon
materials hosting “ideal” band sets with both
cumulative fragile topology and finite indirect
bandgap, there exist several materials with
perfect isolated fragile band sets, such as the
C2·T-symmetry–protected fragile band sets in
HfIN [MPID = mp-567441, SG 166 (R�3m)] dis-
cussed in section S6, subsection E, of (39). As
phonons are bosonic excitations, topological
bandgaps (or nodes) are not limited to a spe-
cific energy level, and the nontrivial topology
at any frequency level could be of interest and
detectable in experiments. On the basis of the
formalism and results of this work, future ex-
tension of the catalog of topological phonons
will encompass all the solid-state materials
contained in the Inorganic Crystal Structure
Database (13). The results of the present work,
together with the previous complete analysis
of the band topology of the electronic states
(8–10, 12), will be useful in the analysis of the
consequences of the electron-phonon coupling
on the physical properties of thematerials when
the topology of both subsystems come into play.

Methods

The phonon band structures were calculated
with Phonopy version 2.14 (53) and ANADDB
version 8.10.1 (54–56) software packages, and
the phonon surface states were calculated
with WannierTools package (48). The pho-
non trace.txt files were calculated with the
phonopy2trace package as embedded in the
program Check Topological Phonons (40).
The high-throughput calculations of pho-

non surface states are performed by construct-
ing a slab-structure finite-size unit cell, whose
thickness is >100 Å along the open-boundary
direction, which is large enough to avoid the
coupling between the top and bottom sur-
faces. TheMiller indices of the open-boundary
surfaces and high-symmetry k-paths used in
the slab calculations are detailed in section S5
of (39).
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