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We introduce the concept of “quantum geometric nesting” (QGN) to characterize the idealized
ordering tendencies of certain flat-band systems implicit in the geometric structure of the flat-band
subspace. Perfect QGN implies the existence of an infinite class of local interactions that can be
explicitly constructed and give rise to solvable ground states with various forms of possible fermion
bi-linear order, including flavor ferromagnetism, density waves, and superconductivity. For the ideal
Hamiltonians constructed in this way, we show that certain aspects of the low-energy spectrum can
also be exactly computed including, in the superconducting case, the phase stiffness. Examples of
perfect QGN include flat bands with certain symmetries (e.g. chiral or time-reversal), and non-
symmetry-related cases exemplified with an engineered model for pair-density-wave. Extending this
approach, we obtain exact superconducting ground states with nontrivial pairing symmetry.

The properties of a correlated electronic system are
largely determined by its electronic structure. One such
familiar manifestation is the role of Fermi surface nest-
ing conditions [1, 2]: if one portion of a Fermi surface
overlaps with another under a shift by a wavevector Q
(i,e. kK — k+ Q), the Fermi surface is said to be “per-
fectly nested” and consequently the system is prone to
density wave (DW) order at @ with particle-hole (p-h)
fermion bilinear order. If the overlap occurs under a
momentum-space inversion about a certain wavevector
Q/2 (i.e. kK — Q — k), the favored order is superconduc-
tivity (SC) with particle-particle (p-p) fermion bilinear
order and a Cooper pair center of mass momentum Q.
(Such perfect nesting always exists at @ = 0 in time-
reversal symmetric systems, where it leads to the famil-
iar Cooper instability.) The thinking behind Fermi sur-
face nesting is based on weak coupling mean-field anal-
ysis, in which ordering tendencies are diagnosed by di-
vergent bare susceptibilities in corresponding channels.
These concepts are indeed convenient and powerful (see
e.g. Refs. [3-14] for typical applications). However, their
validity is limited to weakly coupled systems in which
the interaction strength is small compared to the band-
width. In general, all forms of non-interacting suscepti-
bilities grow as decreasing T with the same asymptotic
behavior x ~ 1/T for T greater than the bandwidth,
which thus indicates comparable ordering tendencies for
all possible order parameters. Significantly, this concept,
defined solely by the electronic dispersion, overlooks an-
other important piece of information in the electronic
structure - the quantum geometry [15, 16] and topol-
ogy [17-19] encoded in the single-particle wavefunctions.
An entirely different concept of “nesting” is thus needed
for flat-band systems, whose bandwidths are small com-
pared to the interaction strengths but which often have
non-trivial quantum geometry and rich ordering phenom-
ena [20-87].

In this paper, we propose such a concept, which we
call “Quantum Geometric Nesting” (QGN), that focuses
on the geometric aspects of the electronic structure in

flat-band systems. In contrast to Fermi surface nest-
ing, here we start from a strong-coupling perspective in
which the band dispersion is assumed negligible in com-
parison with the interaction strength, and then ask: for
a given quantum geometry of the flat bands, are there
any natural forms of order? If so, what sort of inter-
actions favor them? We will show that these questions
can be addressed by examining whether a set of QGN
conditions is satisfied. Intuitively, these conditions re-
fer to certain forms of ‘overlap’ of the wavefunctions in
the flat band subspace at wavevectors related by a shift
(p-h case) or inversion (p-p case) in momentum space,
akin to the familiar case of Fermi surface nesting. For
“perfectly nested quantum geometry,” we construct ideal
Hamiltonians containing arbitrary combinations of an in-
finite class of engineered short-range two-body interac-
tions that have solvable ground states with fermion bi-
linear order of a character determined by the quantum
geometry. For these ideal Hamiltonians, the few-body
excitations are solvable as well, including single-particle
(quasi-particle), particle-hole (exciton), and two-particle
(Cooper pair) excitations. For the p-p case, we further
show that these ideal Hamiltonians host a (fine-tuned)
pseudospin SU(2) symmetry, whose stiffness can be in-
ferred from the excitation spectra. We prove that cer-
tain symmetries (e.g. chiral or time-reversal) can ensure
particular forms of QGN in flat bands. Non-symmetry-
related cases also exist, such as an engineered model for
pair-density-wave order that we construct. Extending
the construction scheme, we further obtain an SSH-type
model with solvable p-wave pairing groundstates.

Indeed, except for symmetry-enforced cases, it is un-
likely for a physical system to have exact QGN - in com-
mon with the case of Fermi surface nesting. However,
the use of QGN can be much more versatile: for systems
with almost perfect QGN (quantification of the closeness
to the ideal nesting will be defined below as ‘nestabil-
ity’), one may engineer an idealized electronic structure
with perfect QGN and then construct ideal interacting
Hamiltonians that are close to the physical one. The



solvability of these ideal models thus makes them excel-
lent starting points for including perturbative corrections
to reach the physical Hamiltonian. This type of intrin-
sically strong coupling viewpoint (in the sense that the
dominant part of the interactions has been accounted
for in the solvable models) has proven fruitful in recent
studies of twisted bilayer graphene and other flat-band
materials [21, 22, 25, 27-32, 44-48, 63-67]. It is notewor-
thy that perfect QGN is an underlying feature of most
of the known examples of solvable models for flat-band
systems featuring fermion bi-linear order. We hence ex-
pect that QGN can greatly facilitate studies within this
paradigm, in a way similar to the roles played by ‘ideal
band conditions’ [88-95] and “vortexability” [96] in stud-
ies of fractional Chern insulator states.

We will present the conclusions in the main text and
defer the detailed proofs and technical discussions to
the corresponding sections in the Supplemental Materi-
als (SM). In Fig. 1, we provide a schematic flowchart for
the central results as a guide for readers.

I. FORMALISM

A. Preliminaries

We consider an electronic structure encoded in a tight-
binding model [97] with charge conservation and transla-
tion symmetry among V unit cells in arbitrary dimension:

Hy= > tuw(R—R')ch cr (1)
RR',uv

where R indicates the unit cell position, Greek letters
in lowercase u,v,... denote a “flavor” index which, for
simplicity, includes both orbital and spin indices un-
less otherwise specified. The annihilation operators for
Bloch states with a given flavor index are expressed as
ey =Y geFReg ,/VV in the periodic embedding. [98]
In momentum space, the single particle Hamiltonian is
diagonalized with a band basis

Hy =" en(k)3] Ak Ao = Ul (R)enys  (2)
k.n

where U,Iu(kz) are unitary matrices and we use Latin let-
ters in lowercase (n,m,...) to label the bands. We as-
sume there are N flavors and thus N bands in total.

We will quantify the degree of QGN for flat-band sys-
tems by utilizing the geometric information in U, (k).
To do so, we consider an idealized setup (illustrated in
Fig. 1) where there are Ng,; nearly degenerate and flat
bands isolated from all the other bands by a large gap
A, such that the relevant interaction strength V' is small
compared to A but large compared to the flat bands’
bare bandwidth W,

W<V <A (3)
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FIG. 1. Schematic flowchart illustrating the structure of the
theory: Given any electronic structure containing isolated
flat bands, one can test whether a QGN condition is satis-
fied; if it is, one or more fermion bilinear order parameters
(OP) will be suggested (Sec. I). For each OP, infinitely many
“ideal” interacting Hamiltonians can be systematically con-
structed (Sec. II), which, after projecting onto the flat-band
Hilbert space Haat, feature solvable ground states with the
corresponding order (Sec. III) and solvable aspects of the col-
lective excitation spectrum (Sec. IV). A practical recipe for
using QGN in perturbative analyses of physical systems is
proposed in Sec. II. Some examples of electronic structures
with perfect QGN can be found in Sec. V. Possible exten-
sions of this approach are commented on in Sec. VI.

Without loss of generality, we can relabel all the bands
to make the n = 1...Ng,: bands the flat bands. We
then define the k-dependent projection matrix for the
flat bands

Pu(k)= 3" Uu(k)UL, (k) (4)

n<Npat

and, for later convenience, the projection matrix onto the
remaining bands, Q. (k) = 6., — P (k).

For the ideal scenario we are assuming, we define the
“flat-band subspace”, Hgat, as the tensor product of the
Fock space of the flat bands and a “vacuum” state of
the other modes Vi n=Ng..+1..N (i.e. all the modes with
energy higher or lower than the flat bands are respec-
tively empty or occupied). We formally define the pro-
jector onto Hgae as P. To leading order of the pertur-
bation series treating both V/A and W/V as small pa-
rameters, we can set Hy = 0 and project the interac-

tions, ﬁint, onto Haat. Formally, this means studying



the effective Hamiltonian P H; intp, but operationally this
can be more conveniently done by retaining terms that
only involve g n<Ng.., OF equivalently, by replacing all
Cp — Puv(K)Cry in the interacting Hamiltonian [99].

B. General Definitions

In terms of the gauge-invariant projection matrices P
and @, the key information of QGN at a given wavevector
Q for p-p or p-h channel is encoded in the linear operator

Q

IS = VZ{ (2 R)Qu (2 k)+(PHQ)],

()

: Q Q
HiE%V_VZ{ (ke + )QW( *§)+(PHQ) .
(6)
where * means complex conjugation. When viewed as a

matrix (with uv a grouped index and p'v/ the other), II
is hermitian and positive semi-definite and can be diag-
onalized with non-negative eigenvalues.

By definition, an electronic structure has “perfect
QGN” at a wavevector Q in the p-p or p-h channel when
the corresponding II has eigenvalue(s) equal to 0. In

other words, a perfect QGN is satisfied if there exists a
N x N matrix N2, which we call the “nesting matrix”,
satisfying (for any p'v/')

Q _
ZH,L N, = 0. (7)

We will show that the favored OP operator within the
flat-band subspace can be expressed in terms of N9 as:

- 1 ! . .

OrPe=c YT FRRR)Ngkaikm (3)
k;n,m<Ngat¢
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OrhQ = v Z F}fyi"Q(k)711+Q/2,n7k—Q/27m (9)
k;n,m<Nga¢

where F'(k) is the form factor in the band basis corre-
sponding to N? being the unprojected form factor in
the original orbital basis,

=2 Ul

pv

PE) = S ULk + NG Ui = ),

(11)

One important property (which can actually serve as
an equivalent definition) of QGN is that for arbitrary k,
the form factor F,,,(k) defined by a nesting matrix is a
block-diagonal matrix that disconnects flat band indices
from the others, i.e. F,,,(k) =0 as long as n, m are not

FPPQ (k) Q. k)NBP QUym(g — k) (10)

simultaneously < Ng,; or > Ngas. In other words, QGN
implies that the wavefunctions of the flat bands at two
momenta related by a shift (p-h case) or inversion (p-
p case) are fully compatible, in the sense N9 maps the
single-particle flat band null spaces to each other. As a
direct result, the static susceptibility of the OP defined
in Egs. 8&9 can be shown (see Sec. I C of SM) to strictly
saturate an upper bound when the corresponding QGN is
satisfied, suggesting the harmony between the quantum
geometry and the OP in the ideal circumstances. We will
further show in Sec. II that an infinite class of interacting
solvable models can be constructed, which host ground
states with the corresponding order.

For QGN to be non-trivial in the p-p channel, it is ad-
ditionally required that N @ cannot be symmetric since
OPP-Q vanishes in this case. (It is proven by explicit con-
struction that valid, anti-symmetric solutions can indeed
exist for II.) On the other hand, the identity matrix is
always an allowed solution for Eq. 7 in the p-h case for
Q = 0, but this is a trivial one in the sense that the
resulting OP"Q=0 is simply the total density operator
not associated with any broken symmetry. Excluding all
the unwanted solutions, for a generic flat-band system,
the value of the minimal eigenvalue of II9, w? , is a natu-
ral dimensionless measure of “nestability” that quantifies
the ‘distance’ of a system to perfect QGN in the corre-
sponding channel at @ [100]. Later in Sec. V we will
give several examples of electronic structures with per-
fect QGN, i.e. w(? =0.

Depending on the channel, momentum @, and nest-
ing matrix N9, Eq. 8 or 9 represent fermion bilinear
orders with different natures. In the p-p channel, if
Q = 0, the order is a uniform SC order; while for
Q # 0 it is pair-density-wave (PDW, not to be con-
fused with the other DWs in the p-h channel) order of
the single-Q, Fulde—Ferrell type [101]. In the p-h chan-
nel, if @ = 0, non-trivial QGN (NP0 =£ 1) leads to
flavor-symmetry-breaking orders, including flavor ferro-
magnetism and inter-flavor coherent states; the Q # 0
cases include various forms of DWs (e.g., spin, charge, or
current/flux DWs).

A system can satisfy multiple QGN conditions in dif-
ferent channels and/or at different @Qs. It is also possible
that there can be more than one linearly independent
nesting matrix for each channel and @Q, which typically
signals a further internal symmetry breaking, e.g. triplet
SC in spin invariant systems.

We mention that each satisfied QGN condition allows
for constructing a generalized quantum geometry in the
sense that it defines a notion of distance in momen-
tum space and thus a generalized metric tensor, which
can be related to the second spatial moment of the
OP density bare correlation functions originating from
the flat bands. The familiar definition of quantum dis-
tance d(k,k’) = \/Naa, — tr[P(k)P (k)] [15, 16] using
the Hilbert-Schmidt norm turns out to be one special
case in this class of constructions, which is always valid
since it corresponds to the ‘trivial QGN’ we mentioned




above with NP2:Q=0 — 1. We refer interested readers to
Sec. I D of SM for formal definitions and discussions.

II. IDEAL INTERACTING HAMILTONIANS

We now present a general strategy to construct a solv-
able “ideal” interacting Hamiltonian, Hjy¢, for a flat-band
system with perfect QGN. It is an engineered model in
the sense that it targets the OP O defined as in Eq. 8
or 9; specifically, it is constructed to have ground states
that exhibit a pattern of spontaneous symmetry break-
ing associated with an anomalous expectation value of O.
For reasons that will be made clear in the next section,
we write H;yt in the form:

> Vis(R-R) (S - ($1)) (8% - (i)

RR/;1J

Hlnt
(12)

where V(R — R') is any function whose Fourier trans-
form

Vis(a

)= T v

is positive semi-definite for all g. Thus, by construction,

(13)

the eigen-energies of Hin; are non-negative. {S’g)} is an
infinite set of linearly independent Hermitian operators
centered in any unit cell R, which, after projection onto
Heat, commute with O (in Eq. 8/9):

P s o) p (14)

These hermitian operators, S’g), are labeled with Latin

letters in uppercase, and (S’}?} are the corresponding
ground-state expectation values. It should be noted that
these operators are defined in the entire Hilbert space,
whereas the above commutation relation only holds after
projection.

For generic flat-band systems, no set of local hermitian
operators that satisfy Eq. 14 exists. However, when the
OP derives from a band geometry with perfect QGN,
there is (at least) an infinite class of solutions that take
a special flavor-space separable form

S(I) = Z A Rla RQ) iz CTR+R1 ;LCR"‘R?J” (15)
Ri1 Ro;uv

where AD(Ry, Ry) = [AD)(Ry, Ry)]* is a spatial coef-
ficient and B(M) is a hermitian matrix acting on orbital
indices. In order for Eq. 14 to hold, the constraints on the
coefficient A() and matrix B() are not overly restrictive,
in that they only need to obey

I I —i 1— .
A%Z,Rz — ‘Ag{z) , (R1—R2) Q/27 (16)
NPPQ . B 4 [B( )]T . NPPQ 0, (17)

for the p-p case, and

AD(R;,Ry) =0 if (Ry — Ry)-Q # 0 mod 2, (18)
NrhQ . pU) g NrhQ — (19)

for the p-h case. We derive in Sec. IT B&C of SM a sys-
tematic way of constructing all possible BY) and prove
that there are at least 3Ng,; of them in the p-p case,
and Ngat of them in the p-h case when 2Q = 0. (Some
explicit worked examples are presented in Sec. V.) In par-
ticular, the identity matrix is always a solution for B in
the p-h case, which makes Sg a local density operator for
the unit cell at R. Clearly, even given all the constraints,
we are still left with an infinite class of possible interac-
tion terms with considerable leeway, at least in choosing
Vis(R— R') and A (R, Ry).

Although the above construction scheme could encom-
pass many realistic forms of interactions, it is admittedly
unlikely that the electronic structure and interactions of
any physical system are perfectly ideal. Therefore, the
merit of QGN should be viewed in a more practical way:
it can help identify solvable limits of physical flat band
systems of interest. Specifically, we are proposing the fol-
lowing recipe for the use of QGN in the study of a physi-
cal Hamiltonian Hpyys: First, one computes its electronic
structure and examine whether there is a channel and a
wavevector on which QGN is nearly satisfied (i.e. the
corresponding g is small compared to 1). If there is in-
deed such a nearly nested possibility, one can consider its
perfect nesting limit by slightly modifying the electronic
structure either numerically or analytically (through rec-
ognizing certain approximate symmetries, e.g. those dis-
cussed below in Sec. V). Then, one can further search in
the space of all possible ideal solvable interacting Hamil-
tonians validated by the QGN, to find one that is closest
to the physical Hamiltonian, Higea1. This can be system-
atically achieved by minimizing the norm of the difference
between them, ||[0H|| = ||Hideal — Hphys||- A small value
of this operator distance justifies perturbative analyses
starting from the ideal solvable limit. The flexibility of
our construction allows the dominant part of many in-
teractions to be captured. Furthermore, we remark that
these nearby solvable limits can also facilitate numerical
studies of Hphys, in that one can benchmark the validity
of the methods being used at these limits, and confirm
the phase being observed by checking whether there is
an intervening phase transition as interpolating between
thys and Hldeal

One caveat on the terminology should be noted: Af-
ter projecting onto Hgat, there are terms quadratic in
fermion operators, besides the quartic ones that are con-
ventionally called “interactions”. For the special case
of Hubbard interactions, a property called the “uniform
pairing condition” [21] renders these terms trivial, and
it was found that this condition can be guaranteed sim-
ply by certain point-group symmetries [48]. It is possible
to generalize this condition, which we will exemplify in
Sec. V C. However, these quadratic terms are not of cen-



tral focus since the current work is concerned with the ez-
istence of ideal interacting Hamiltonians for a given set of
isolated flat bands, whose quantum geometry is encoded
in the projection matrix and is unaffected by these terms
to the leading order in V/A. An operational workaround
is to simply regard these additional quadratic terms as
parts of Hy. For more detailed discussions about this
nomenclature subtlety, see Sec. II D of SM.

We remark that the building blocks of the ideal Hamil-
tonians, {SII{}, do not necessarily mutually commute.
As we will see in the next section, the solvability of
these interactions results from the fact that they all com-
mute with the order parameter and share certain eigen-
states. The ideal interacting Hamiltonians are in this
sense ‘frustration-free’.

III. SOLVABLE GROUND STATE

In this section, we present a general recipe for obtain-
ing the many-body ground states for an ideal Hamilto-
nian Hj,, constructed in the previous section. We first
define a “pseudo-Hamiltonian” within Hg,; with 6 a free
U(1) phase

E=V(E0 +e 0N, (20)

which can be viewed as a trial Hamiltonian of the original
system. Since & commutes with the ideal {S'g)} and thus
the ideal Hi, within Hgar, any non-degenerate eigen-
state of £, |¥), must also be an eigenstate of {S’g)} and
Hiy. projected onto Hgas. Taking (S’g)> = <\Il|§g)|\ll>
in Eq. 12 implies |¥) is a zero-energy eigenstate of Hipy
within Hg,t and thus a ground state.

_ Therefore, the task is to find the unique eigenstates of
& and show that they are ordered. Since £ is quadratic in
fermion operators, its spectrum and eigenmodes can be
easily solved. In general, the bands of £ are flat, and the
values of the “pseudo-energies” are determined by N?.
_If the QGN is in the p-p channel, the spectrum of
& is given by Nguy Bogoliubov-de-Gennes quasiparticle
pseudo-bands with perfect particle-hole symmetry (since
no 474 term is present). Fully occupying all the nega-
tive pseudo-energy bands gives rise to a state |¥gc(6))
with eigenvalue ®(, which is a sum of all the pseudo-
energies of the occupied bands and thus is non-zero
and extensive. ®( is a non-degenerate eigenvalue of &,
since any change of the occupation configuration of the
BdG quasi-particles will also change the eigenvalue [102].
Thus, |Pgc(f)) is a ground-state of Hiye, and it hosts off-
diagonal-long-range-order (ODLRO) [103] with a super-
conducting phase 6 in the sense that

(W50 (8)Osc(6)) = 3he77 = Dt (21)

Note that by doing a global gauge transformation
4 — 4e19/2 we are able to transform £(0) — £(6 = 0)

5

and thus |Ugc(6)) — |Psc(f = 0)), while keeping Sg)
unchanged. Thus, all |¥gc(6)) with different 6 are si-

)

multaneous eigenstate of Sg with the same eigenvalue.

The corresponding ground state of ﬁint with an arbitrary
fixed (even) particle number N, can be constructed as

wmwmzﬂﬂfwﬂwmww (22)

In the p-h case, the ground state of ﬁint can be
similarly obtained by occupying any integer number of
pseudo-bands of £ that are separated from other bands
by finite gaps, since this gives rise to a non-degenerate
[99] and generically non-zero eigenvalue ®, within the
corresponding particle number sector. This implies that
the system is solvable only at certain rational filling frac-
tions of the flat bands with specific values determined by
the OP. In contrast to the p-p case, here 8 only cycles the
pseudo-energies, permuting the equivalent translation-
symmetry-breaking groundstates. It should be noted
that when @ # 0, £ has a folded BZ since it breaks
the translation symmetry of the original electronic struc-
ture (corresponding to DW). Diagonalizing this pseudo-
Hamiltonian then gives us MNg,; pseudo-bands, where
M is the smallest positive integer that makes MQ = 0
modulo the reciprocal lattice. It is, in principle, possi-
ble to have w(? ~ 0 in a continuous range of @, such
that an incommensurate DW order is suggested. In such
a case, the properties of each incommensurate @ should
be approached to a good approximation from a nearby
commensurate value.

While the four-fermion term in Hj, is translationally
invariant, the single particle term is only translationally

invariant when all (5”%”) are. For any order with @ = 0,
the translational invariance of (5‘}?} is obvious. Even

for Q # 0, (S’g)> can still be translationally invariant.
For example, because the p-p orders we have constructed
are of the FF type, translation by R is equivalent to
a phase change of the OP by § — 6 + Q - dR; since
a(I) . . . .

S r » by assumption, are gauge invariant, their expecta-
tion values remain constant under translation. Similar
situations can arise in the p-h cases, for example, when
the order involved is a generalized “spiral order” and the
used S’g) only overlap with the magnitude of the OP.
In general, however, certain choices of Hin may explic-
itly break translational symmetry, but still preserve other
symmetries that are broken spontaneously by |[¥).

It should be noted that despite the spiritual similarity
to the mean field theories, the Slater determinant states
solved by the above approach are the eract many-body
ground states of the ideal systems instead of just proxy
states capturing the qualitative properties. The pertur-
bations away from those ideal limits can be accounted for
systematically since not only the ground states but also
many aspects of the excitation spectrum can be solved,
as we discuss below.



IV. EXCITATIONS IN THE IDEAL MODELS

In the ideal models constructed in Sec. II, aspects of
the excitation spectrum can also be determined in a sys-
tematic fashion, which we discuss in this section.

A. Few-body excitations

The strategy to solve the excitations with simple

compositions is to construct operators 555) within each
charge-c¢, momentum-P sector that satisfy:

[Hin. £9]|0) = EO(P)ES)|W). (23)

This is easier said than done for typical interacting
Hamiltonians, where the commutator of a one-particle
operator, 7!, with the Hamiltonian produces higher
order terms such as 'V;W;f'yd7 and the commutator of
many-particle operators produces still higher order terms
in a hierarchy that never closes. However, because

|¥) is a zero-mode of all (Sg) - <§g)>) within Haas,

sectors with e.g. ~/ and %Hz% excitations cannot
mix [22, 29, 32, 48] and thus the composition does not
changed after the commutation. For example, for two-

particle (Cooper pair) excitations,

[Hint: 3 A )19

_ -p.P of At
- Z F'rpz’rlr)L,k;n’m/,k’fyk’+,n’fyk’*,m’ ‘\IJ> (24)

k’,n'm’ <Ngat

where k* = P/2 + k. The commutation relations for
single-particle/hole, two-hole, and particle-hole (exciton)
excitations can be similarly derived (see Sec. IV A-C of
SM for computationally feasible expressions in terms of
parameters in the Hamiltonian). By diagonalizing the
scattering matrix I', one can compute the correspond-
ing eigenstates and spectrum of an excitation [29, 48].
For example, the charge +1 excitation spectrum only in-
volves diagonalizing an effective single-particle Hamilto-
nian. These excitations can be computed with polyno-
mial scaling in the system size, rather than exponentially
as in most interacting systems, and in this sense are solv-
able. For certain cases when the form of interaction is
simple (e.g. attractive Hubbard [48]), the quasi-particle
spectrum can be even analytically solvable.

B. Pseudo-spin SU(2) symmetry of the p-p case
and the phase stiffness

In general, different types of excitations do not have
any relation. However, in any ideal model in the p-p case,
some of the excitations with the same fermion parity but
different charge can be related, since OP Q1 or OPP.Q
adds charge +2 and momentum +@Q with zero energy

cost,
{piq =65, 07P T or OPPQ) (25)

creates a charge ¢ + 2, momentum P + @, energy
E(#2)(P + Q) = E(P) excitation when acting on
a ground state. Therefore, for the p-p case, the parti-
cle and hole excitations share the same spectrum, and
certain particle-particle, particle-hole, and hole-hole pair
excitations share the same spectra. Furthermore, low-
est branch of E(®*2)(P) must hit zero at P = 0,+Q
since OPPQ:T creates a zero-energy p-p excitation with
momentum Q. This is due to a pseudospin SU(2) sym-
metry in the p-p case, which is generated by:

Jo = (0Pt £ OPP) /2, J* = [OPPT OPP]/4 (26)

where for clarity, we consider the single-component SC
case; multicomponent generalizations are discussed in
Sec. IV D of SM. Clearly, the SC ground state |¥gc)
is a form of pseudospin ferromagnetism. Thus, by com-
paring the excitation spectrum to that of a non-linear
sigma model of broken SU(2) symmetry [104], we obtain
the following estimate for the pseudospin stiffness tensor:

Kij = oM (27)

where MZ-_-1 is the Cooper pair inverse mass tensor, ex-
tracted by a Taylor expansion of the lowest branch of the
charge-2 spectrum E?) (P = Q + 6Q) ~ %6QiMi;15Qj,
and ¢q is the ODLRO density defined in Eq. 21.

Given the quadratic dispersion of the Nambu-
Goldstone mode, the Mermin-Wagner-Coleman theorem
implies that spontaneous breaking of the SU(2) symme-
try cannot occur at finite temperature when the space di-
mension is d < 2. (At zero temperature, in contrast, fer-
romagnetism is allowed in low dimensions.) However, we
note that the susceptibility x(T) ~ T3/|x|* exp(4n|x|/T)
is large at low temperature T — 0 [105], where |k| =
V/det & is the geometric mean of the stiffness in different
directions. Then, when d = 2, certain explicit breaking of
the symmetry down to charge U (1) will result in a quasi-
long-range ordering of the U(1) phase with a Berezin-
skii-Kosterlitz—Thouless (BKT) transition temperature
T, that can be estimated as

6-x(Te) ~1 = To ~drlx[/In(|s]/0)  (28)

which quickly becomes comparable to |k| for non-zero
symmetry-lowering energy scale §. We note that mul-
tiple factors can lead to a deviation from the idealized
setup we constructed, and thus a weak explicit lower-
ing of the pseudospin SU(2) symmetry, including (but
not limited to) the finite band gap, imperfect QGN and
flatness of the bands, and the deviation of the interac-
tions from the ideal form. Depending on the nature of
those perturbations, the superconducting state may re-
main phase-coherent up to a temperature comparable to
|| for all dimensions d > 2. Our approach provides a
direct estimate of the superfluid stiffness of nearly ideal
systems, providing complementary estimates to generic
upper bounds [106-109].



V. EXAMPLES OF ELECTRONIC
STRUCTURES WITH PERFECT QGN

Here, we present several examples of QGN. More de-
tailed discussions, as well as another constructed model
for a current density wave, can be found in Sec. V of the
SM.

A. Spinful time-reversal symmetric flat bands

We first note that QGN can be guaranteed by sym-
metries. The simplest example of this is the combina-
tion of spin S* conservation and time-reversal symmetry.
In such a system, we recognize the Wannier degeneracy
(separating out the spin index s from the orbital index
p):

Upsms (k) = 8o Upn(K) , Upt(k) = (U, (=k)]" (29)
Then one can verify NE:’;?,:O = oY1, satisfies the per-

fect QGN condition in the p-p channel with Q = 0. Solv-
I

able Hamiltonians can thus be constructed with BﬂS el

matrices in Eq. 15 taking the form az,ov””’y’zéﬂi), where

o' are spin Pauli matrices and BY) are arbitrary symmet-
ric (for i = z,y, ) or antisymmetric (for i = 0) hermitian
matrices for the orbital indices. This includes a huge class
of possible interactions, e.g. the attractive Hubbard in-
teractions on each site and orbital, whose solvability was
pointed out in Refs. [21, 48] and where the superfluid
stiffness is shown to fundamentally depend on the flat-
band quantum geometry and topology in several previous
works [39, 48, 53, 110-114].

B. Chiral symmetric flat bands

A less obvious example is associated with chiral sym-
metry. Specifically, when the lattice is bipartite and
there are degenerate flat bands, one can verify that
NE;};;?/:O = 5W(—1)“Nss’ is a nesting matrix for the p-h
channel at @ = 0, where the parity of the orbital index
u represents the sublattice group, and N is an arbitrary
hermitian matrix associated with the conserved flavor in-
dex s (e.g. spin and/or valley). The condensation of the
corresponding OP then leads to symmetry breaking of
the conserved flavor symmetry with a pattern specified
by N (e.g. spin/valley polarization, inter-valley coher-
ence, ...). This is exactly the case extensively discussed
in the studies on magic-angle twisted bilayer graphene in
its chiral-flat limit [22, 25, 28-30, 32|. In the language of
QGN, it is now clear that these proposed solvable inter-
acting Hamiltonians belong to a larger class, which is sys-
tematically constructible using the method in Sec. II for
each possible ordering. We also note that there is a large
class of electronic structures that feature flat bands pro-
tected by chiral symmetry [115] and are approximately
realized in materials [116].

It is of particular interest to identify and predict what
interactions could lead to certain specific symmetry-
breaking patterns in flat band materials. In this regard,
the construction of solvable models for different OPs can
provide important information by suggesting interactions
that only favor certain types of symmetry-breaking pat-
terns. We leave material-specific investigations to future
studies.

C. Non-symmetry-related cases: An engineered
model for pair-density-wave

It is probably even more interesting to study cases in
which perfect QGN is not associated with symmetry. To
show such a possibility, we construct a simple model of
a dimerized bilayer on a square lattice in which 70:%¥-?
are Pauli matrices acting on orbital/layer indices, and s
is the spin index,

Hy = Z [2t (cos kg + cosky) 7% + MT%]W é;rwsék'/s
k,s,uv

(30)

See Fig. 2(a) for an illustration. In the limit M >> |¢|, this
electronic structure has two topologically trivial, spin-
degenerate, flat bands with width W ~ 8t? /M separated
by a band gap A ~ 2M. Due to time reversal and spin
conservation, as discussed in Sec. VA, QGN for uniform
pairing (p-p channel at Q = 0 with Ny, = 7,,0%,)
is automatically satisfied. Moreover, since the wave-
functions also obey ™*U(k) = Uk + Q) = U(Q — k)
with Q = (m,7), we find that QGN is also satisfied in
both p-p and p-h channels at this momentum. This
can be shown by computing the lowest two eigenval-
ues of II? in both p-p and p-h channels (Eqgs. 5&6),
wgl = 2=+ (cos@Qy + cosQy) to leading order in t/M,
so that one branch reaches zero at Q = (0,0) and the
other at @ = (m, 7). Solving the corresponding nest-

ing matrices at Q = (m,7), we find Ny e = 75,00,
in the p-p channel, and Nl(tzfj’y’z) = T;VUEQ/ in the p-

h case, where o(=0:%%:%) are Pauli matrices acting on
spin indices. QGN thus suggests that, besides the uni-
form pairing order, the system is simultaneously prone
to a singlet PDW, a charge DW, and a spin DW, all
at @ = (m, 7). [In Sec. V D of the SM, we generalize
this construction to show that any single-particle Hamil-
tonian obeying Nh(k)NT = h(k + Q) with a unitary
nesting matrix IV has perfect QGN in the p-h channel at
Q. (Analogous statements hold in the p-p channel.) For
this class of systems satisfying QGN, we further show
that the Fubini-Study quantum metric is also ‘nested’,
g(k) = g(k + Q), a property that may guide the search
of electronic structures with QGN.]

For different suggested orders, we can construct differ-
ent ideal interactions adopting our systematic scheme in
Sec. II. To give an example, below we focus on the PDW
case with Q = (m,7) where the nesting matrix is 7%o¥
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FIG. 2. (a) An illustration of the two-orbital model in Egs. 30
and the band structure. (b) Cooper pair excitation spectrum
above the PDW groundstate for the onsite anti-ferromagnetic
and inter-orbital attractive interactions in Eq. 31, choosing
V =1t =1,M = 5. The analytical results for the artificial
setup discussed in the text (W = 0,A = oo with quantum
geometry fixed) are shown in blue (for the two bound states)
and red (degenerate particle-particle continuum), whereas the
numerical results that are accurate to the first order in W/V/
are plotted in gray. The lowest, condensing Cooper pair band
exhibits a zero mode at P = (m,7), agreeing with the fact
that the PDW OP OP®@=("") commutes with the projected
Hamiltonian. It can be seen that this band is insensitive to
the correction in W/V, while the continuum is significantly
broadened, swallowing the upper bound state (Leggett mode)
band. The condensing Cooper pair mass can be extracted
from a quadratic fitting near (mw,7), which we plot with a
dashed line; the value of the mass agrees with the result in
the flat band limit Eq. 33.

corresponding to inter-orbital singlet pairing. We pick a
judicious choice of interaction,

Hip = VZ(—3ﬁR,1ﬁR,2 + 4S'R,1 : S’R,z), (31)
R

that uniquely selects the PDW state as the ground state
(see Sec. V C of the SM). Sg,, = 3>, ék,u,sass’éR,u,s’
is the spin operator on layer-u and site-R. The exact
ground states are generated by the p-p order parameter
(Cooper pair creation operator)

Ap-p,T af =t
oret = Z Cht @t v ok, (32)
kupv
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with E,THQ,U =3, EL+Q,MPW(I") the projection of the or-
bital operators onto the flat bands (see Eq. (9)). Project-
ing Hip in Eq. (31) to the flat band Hilbert space results
in trivial one-body (Hartree-Fock-type) terms that act
as a chemical potential on the flat bands. The triviality
of the one-body terms generalizes the “uniform pairing
condition” [21, 48] utilized in attractive Hubbard models
(see Sec. IT D of the SM).

Adopting the methods in Sec. IV, we can exactly solve
the few-body excitations in an artificial setup by setting
the W — 0 and A — oo with the quantum geometry
Un(k) remaining fixed. First, we consider the charge
41 fermionic quasi-particles above the ground states. We
find that these excitations are spin-degenerate, gapped,
and flat, with energy E(*1)(p) = 3V. Next, we consider
a Cooper pair excitation. This spectrum is also analyti-
cally solvable since the two-particle scattering matrix can
be diagonalized by generalizing the approach of Ref. [48]
to extract a low-rank Hamiltonian for the pair binding
energies. We find that there are two bound modes - the
Goldstone mode of the PDW condensate, and a higher-
energy Leggett mode - below the flat and macroscopically
degenerate two-particle continuum at 6. The Goldstone
mode has dispersion

(2) SP?
Ey”(P) =6Vg(2+ cos P, +cos Py) = 6VgT +...

(33)
to leading order in ¢/M, where the coefficient g is the
integrated Fubini-Study metric

d’k 1 , t2
— — : = — e 4

In the second equality of Eq. 33, we expanded in P =
P — (m,7) to find the inverse Cooper pair mass ~ Gn‘f[t;.
We thus find the quantum geometric origin of PDW in
this model is similar to the known case of uniform pair-
ing [20]; however, we note that for general cases, the
Cooper pair mass may not directly relate to the value of
the metric g. The dispersion of the higher bound state
(Leggett mode) is identical to Eq. (33) up to a constant
shift.

One may be worried about the effects of the actual
small but non-zero bandwidth W ~ ¢2/M in our model.
To address this issue, we first note that the quasi-particle
excitations are relatively unaffected due to their large gap
~ V > W. For the two-particle excitations, we check the
robustness of the key results by numerically calculating
the excitation spectrum (shown in Fig. 2(b)), which is
obtained by diagonalizing the perturbed scattering ma-
trix in the presence of a small bandwidth W (compared to
the interaction strength V') and is accurate to the leading
order of W/V. We indeed see that although the particle-
particle continuum around 6V is split by the finite band-
width and the upper bound state branch merges into the
continuum, the dispersion of the lowest branch is rela-
tively unchanged. Especially, it retains its minimum at




(m, ) and the Cooper pair mass does not change signifi-
cantly from its value in the idealized flat band setup.

After verifying the robustness of the two-particle exci-
tation results in Eq. 33, we finally turn to the estimate
of the superfluid stiffness and thus the BKT transition
temperature T, of the system in the presence of sym-
metry lowering terms (see Sec. IVB). Since for generic
fillings, the ODLRO density of the system, ¢q, is O(1),
T, is expected to scale as

t2

which applies as long as A ~ M >V > W ~ t2/M.
In the further limit V' > t, we see that T, > W?/V,
the conventional strong coupling scaling for single-band
systems. This observation further corroborates that
the phase stiffness originates from the quantum geom-
etry of the band instead of the (single-particle) kinetic
energies. This example (along with similar efforts in
Refs. [76, 117, 118]) is based on the geometric structure
of the flat bands and is distinguished by its analytically
controlled, microscopic approach. QGN thus points to
a fresh direction in the pursuit of PDW phases, intrinsi-
cally distinct from the existing literature [14, 119-125].

VI. POSSIBLE EXTENSIONS

We note that the form of solvable models presented in
Sec. IT is not the only possibility for systems with perfect
QGN. For instance, consider the one-dimensional SSH
chain

Hy = Z t[r® — 7% cosk + 7Y sin k:}agé;a’sék,ﬁ,s (36)
kafBs

which realizes an obstructed atomic limit [126] with
lower-bounded quantum geometry [114, 127]. As dis-
cussed in the previous section, the time-reversal symme-
try and spin conservation imply perfect QGN in the p-
p channel, suggesting a singlet s-wave superconducting
groundstate [48]. However, we find that this result can
be promoted to a singlet p-wave OP

R = T
OpPP:T — Z sin k Vi 1,4V =k,1,0 (37)
k

by choosing the interaction taking the form
Hye = Udop SES’R > 0 where Sp again satisfies
[PSRIa, Op'p’T] = 0 but is non-hermitian. Explicitly, we
choose S'R to take the form

2
Sr=>_ > $itap(AR)Ch Apaolrse (39
aB,c AR=-2

where s3, = =£1 and 7(0) = m/4,7(£l) =
Fito/4, 7(£2) = (—m2 £i73)/8. This generalizes the form
assumed in Eq. 12 (see Sec. VI of SM for the explicit
construction which guarantees trivial one-body terms).
Remarkably, zero-energy ground states can still be ex-
actly constructed according to (OPPT)™|0) and proven
to be unique using a corollary of Lieb’s well-known theo-
rem [128]. Although the excitations in this construction
are not exactly solvable, we can prove (see Sec. VI of
SM) that the charge +1 excitation spectrum is gapless,
as expected for a p-wave ground state. This example
demonstrates that the possible construction schemes of
“ideal” interacting Hamiltonians for systems with QGN
have not been exhausted, which we leave for future ex-
plorations.

Moreover, it remains to be investigated whether QGN
is the necessary condition for a set of flat bands to admit
solvable strongly coupled interacting Hamiltonians. It is
interesting to explore whether new notions in quantum
geometry [129] can help discover more general conditions
of QGN. Our work advances the exploration of many-
body phases enabled by topology and quantum geome-
try making use of the strongly coupled flat band limit,
but it also important to explore how QGN can be com-
bined with Fermi surface nesting for dispersive systems
featuring significant quantum geometry.
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I. FORMALISM

A. Preliminaries

We consider electronic structure encoded in a tight-binding model with translation symmetry:
Hy= > tapr mih.trps (1)
RR/,af

where R indicate the unit cell center position, Greek letters «, 3, ... denote the orbital index in each unit cell. For

simplicity, we combine the orbital and spin indices unless otherwise specified. In momentum space, we define basis
tro =Y ge* BErra)ep  /\/V and Fourier transform t,p(k) = Y. 5 e* (BFra=ra)¢ o p (V is the number of unit cells
in the system, r, is the intra-unit-cell position of orbital «) to rewrite

Hy =" tap(k)el, otu,s 2)
k,af

Finally, we can diagonalize the Hamiltonian into the form
Hy = Z Gn(k)%t,n%,m (3)
k.n

Aken = Ul (k) e o (4)



where we use Latin letters (n,m,...) to label the bands. We assume there are N orbitals, and thus N bands in total.

The dispersion €, (k) and the unitary transformation matrix (the wavefunctions) U,y (k) together define the elec-
tronic structure of the system. Conventional Fermi surface nesting conditions only use the information of the disper-
sion, and lose meaning when the bands are flat in comparison to the interaction strength. In this work, we aim to
propose complementary concepts for flat band systems, utilizing the information stored in Uy, (k).

To do so, we consider an ideal setup where there are Ng,; nearly degenerate and flat bands isolated from all the other
bands by a large gap A, and the relevant interaction strength V is small compared to A but large compared to the
flat bands’ bare bandwidth W. Without loss of generality, we can relabel all the bands and assume the n = 1...Ngat
bands are the degenerate flat bands, and n = Ng,t + 1... N bands are the others. For the single particle basis, we can
thus define a projector matrix:

Pag(k) = Y Uan(R)U} (k). (5)

n<Nfat

For later convenience, we also define a projector matrix onto the remaining bands, Qag(k) = 0ag — Pas(k).

For the ideal scenario we are assuming, we define the “flat band subspace”, Hga¢, as the Fock space of the electron
modes Ve n=1...Ng,, tensoring with the “vacuum” state of the other modes Yk n=ng.+1..N (i-e. all the modes with
energy higher/lower than the flat bands are empty/occupied). We formally define the projector onto Ha,t as P. To the
leading order of a perturbation series treating both V/A and W/A as small parameters, we can set €,—1. ng., (k) =0
and project the interacting Hamiltonian onto Hgaa¢. Formally, this should be achieved by Pﬁintp, but operationally
this could be more conveniently done by retaining terms that only involve g p<ng.., Or equivalently, by replacing
all éxo — Pap(k)érp in the interacting Hamiltonian. We note that this scheme in general will result in additional
quadratic terms when compared to PH, P. We will discuss the subtlety led by this in Sec. IID.

We emphasize that the main results of this paper do not rely on symmetries other than translation symmetry and
charge conservation, and they apply to flat-band systems in arbitrary dimensions.

B. Quantum Geometric Nesting (QGN): definition

Now we define QGN, which are based on U, (k) instead of the dispersion €, (k). Similar to conventional nesting
conditions, to define a condition of QGN of an electronic system, one needs to specify the wavevector @ and whether
it is in the particle-particle (p-p) channel or in the particle-hole (p-h) channel. In order to define the concept of QGN,
we need to first define a linear operator for each case:

1
2, =4 3 | Pl § + 10 (F - 0+ Qu(§ 4 1R (§ - 1), ©)
k
1
2, =4 3 [P+ D10t = D)+ Quitte + Drsie- D] 7)
k

In Sec. I C we prove that the hyper-operator is hermitian and positive semi-definite. Therefore, it can be diagonalized,
and all the eigenvalues are real and non-negative.

Then, we call an electronic structure satisfying QGN at a wavevector @ in the particle-particle (p-p) channel or the
particle-hole (p-h) channel, if the smallest eigenvalue of the corresponding II1? is 0. In other words, QGN is defined
by the existence of a N x N matrix N, which we call the “nesting matrix”, satisfying (for any u'v’)

2
ZH;L’V’;;WN;LV =0 (8)

pv

Naturally, the value of the smallest eigenvalue of II?, g, defines a “geometric nestability” that measures the closeness
of a system to perfect geometric nesting in the corresponding channel and @Q; the smaller g is, the more “nestable”
the system is.

This nesting matrix of perfect QGN further suggests an order parameter operator within the flat band subspace:

. 1 _ A <

0g" = v > ERPUR) A2k i@ 2—km (9)
kin,m<Npat

Ap-h 1 -h 2 S

Og = Vi Z F’rIL)Tr}z’Q<k)7]1+Q/27n7ka/2,m (10)

kin,m<Npat



which is specified by the form factor

FERR) = V(2 + B)NulUn( 2 ) (1)
or FPrQ(k) = U}, (k+ %)NWU,,m(k - 2) (12)

For QGN to be non-trivial in p-p channel (i.e. the order parameter is non-zero), it is additionally required that
FPPQ(k) = —FPPQ(—k) and so that N must be anti-symmetric. Similarly, for p-n channel, if 2Q = 0 (mod
reciprocal lattice vectors), for OP1-Q to be hermitian, it is additionally required that FPhQ(g) = [F,%#Q(k)] * which
restricts N to be hermitian. In Sec. IC, we will prove that in the p-p or p-h cases, the eigenmatrix of II?, in general,
satisfies the corresponding condition.

In principle, a system can satisfy multiple QGN conditions in different channels and/or at different Qs. It is also
possible that there can be more than one linearly independent nesting matrix N for each channel and @, which signals
a further internal symmetry breaking, e.g. triplet SC in spin invariant systems.

The main conclusion of our paper is that, whenever QGN is satisfied, there exists an infinite class of interaction
terms, Hiy, that feature solvable ground states with a non-zero corresponding order parameter. The form of such
interaction terms will be given in Sec. II, and the reason that they give rise to solvable ground states will be analyzed
in Sec. III. For any such solvable models, we further show in Sec. IV that the one- or two-particle excitations as well
as certain neutral excitations are also exactly solvable, which can be used to estimate the superfluid stiffness of the
superconducting states. In Sec. V we derive several scenarios where QGN are satisfied, which include many known
systems. Lastly, in Sec. VI we will present a generalization of the construction scheme, where ground states with
non-trivial pairing symmetry are solvable, at the price of losing the ability to exactly solve the excitations.

C. General Properties

Before we proceed, we analyze some important properties of the linear operator II® and QGN, which will be used
for the following sections. From here on, the superscript @ and the channel label will be omitted when not ambiguous,
for simplicity.

1. IT is hermitian in the sense that:
Hu’u’;uv = (H;wm/u’)* (13)
which could be proven straightforwardly using the hermicity of P and ) matrices.

2. 11 is positive semi-definite: Using the the definitions of IT in Egs. 7&6, F' in Eqgs. 11&12 and P, @ in and
below Eq. 5, it follows that, for any matrix N:

> NN =y S| S B Y B | 20 (14)
k

wv'ipy n<Npat M<Ngiag
Nfat <m<N Nfat <n<N

3. Equivalent definition of QGN. Since the equal sign in Eq. 14 can only be taken when the QGN is satisfied,
and it can be taken if and only if every term in the summation equals zero, we can give an equivalent definition
of QGN:

There exists a matriz N, such that for arbitrary k, the form factor F,, (k) defined by N (as in FEq. 11/12
depending on the channel) is a block diagonal matriz that disconnects flat band indices from the others, i.e.
Fom(k) =0 as long as n,m are not simultaneously < Nggt or > Npgy.

4. QGN is gauge invariant. Consider a unitary transformation, V,,;(k), which rotates the degenerate bands,
F — VTFV will be transformed accordingly, but the block-diagonality will be preserved since we assume the flat
bands are disconnected from other bands. An equivalent way of seeing this is to verify that all the ingredients
in defining II, the projection matrices, are gauge invariant.

5. If N is a nesting matrix, (NNT)"N for n =1,2,--- are all nesting matrices. This is most conveniently
seen with the equivalent definition of QGN: If N is a nesting matrix, then the F' matrix defined by N is block
diagonal, and thus F’ = (FF!)"F is also block-diagonal for any positive integer n; this F” is nothing but the
form factor defined by (NNT)"N.



6. Any nesting matrix N can be decomposed as
N = Z a; N (15)

where Ngy is the number of distinct non-zero singular values of N, a; are the non-zero singular values, each N @
is a nesting matrix with all non-zero singular values equal to 1, and different N() are orthogonal in the sense
that

(N(i)’N(J?fi)) = Te[(NO) I NG#)] = o (16)

To see this, we first recognize that, any nesting matrix can be singular-value-decomposed as
N = V,DVj, (17)
where Vi, V5 are unitary and

ailg,

axllg,

!
I
i
2
S

(18)
aNSV ]]'stv

0

is diagonal and is a linear combination of identity matrices on singular value blocks (d; is the degeneracy of i-th
singular value).

Then, (NNT)"N = ViD**+1V, for n = 1,2,--- generate a series of nesting matrices Vi D'V, Vi D3Vj, ...
(accordmg to the property 5 above). Linearly recombining those nesting matrices yields, on can obtain
NO = V;DOV,, which are still nesting matrices. Then, apparently, (N(')|N(J7$')) = Tr[(N('))TN(”’é')] =
Tr[V2 (DG ))TVITVID(J#')VQ] = Te[(D) D)) =0

7. For any @ in p-p case, all the eigen-matrices of II are either symmetric or anti-symmetric. To see
this, we note that:

e :% ] _P;,M(g + k:)Q,,,,/(% —k)+ Q,ﬁf”(% + k)szu’(% - k): (19)
o 2 [P G - 00w+ 0+ Qi - 0P ) (20)
-1 _Pm% 0L 8+ Qe (F - wPs G h) (21)
HEE/QV; - (22)

In the second equality, we changed the dummy variable k — —k. In the third equality, we used the hermicity
of P and Q.

Therefore, if 11,7, My, = AM,,,, Iy, WM =1 wuMyy = )\MW,
of IT with the same elgenvalue, then (M + M7)/2 construct the symmetric or anti-symmetric eigenmatrix with
eigenvalue \.

i.e. M and M7 are both eigenmatices

8. For 2QQ = 0 (mod reciprocal lattice vectors) case in p-h channel, all the eigen-matrices of II are



hermitian (up to an overall prefactor). To see this, we note that:

e :% a _ Puru(k + Q)QW (k- %) + Quru(k + %)ow(k - g)} (23)
=§§ oot D026 - D4 @it + Dps - D) (21)
o 2 Pt D@0k + D)+ Qe 0P e+ D] (25)

z
zéz :P,:M,<k - 20+ D)+ @it - Dyps, i+ D) (26)
=g, (27)

In the second equality, we used the hermicity of P and . In the third equality, we shifted the dummy variable
k — k + Q. In the fourth equality, we took into account the fact that 2QQ = 0.

Therefore, if 1L/, M, = AM,,, 1100, ,“,M H;,W w = )\MW, i.e. M and M are both eigenmatices
of IT with the same elgenvalue. Then (M + M')/2 and (M — MT)/(21) construct the hermitian eigenmatrices
with eigenvalue .

. The susceptibility of the order parameters suggested by QGN originating from the flat bands
saturate a theoretical upper bound. To see this bound, we consider an arbitrary order parameter defined
in the orbital basis

Or-hQ = Z O, (k ck+Q/2 WCk—Q/2,u (28)
aB

orPQ = Z O, (K)eqQ 24 k,uCQ 2k v (29)
aB

the static susceptibility originating from a set of flat bands at temperature T' (the contributions involving the
remote bands are neglected) can be derived as (taking the p-h case for example):

1/T . . . R
Yo = / dr (01 (1)0) — (01)(0) (30)

LS P+ @200 P - Q7201 (k) 51)
k

The trace in the above expression is a geometric factor that depends on the structure of the flat band subspace,
and it can be rigorously upper-bounded by

tr [P(k +Q/2)0(k)P(k — Q/2)0" (k)]

<\/tr[0(k)P(k — Q/2)0 (k)] tr [OF (k) P(k + Q/2)O(k)] (32)
_tx [10()P(k - Q/2)0 ()];—tr [P(k + Q/2)0(k)10" (k)] )

where the first inequality is Cauchy—Schwarz inequality, and the second inequality is the inequality of arithmetic
and geometric means.

Then, suppose the flat bands satisfy QGN at @ with the nesting matrix N, then the suggested order parameter
is defined by O(k) = N, and by definition,
tr [P(k+Q/2)NQ(k — Q/2)NT| + (P + Q) =0 (34)

With simple algebraic manipulations, this immediately implies that the upper bound in Eq. 33 is saturated for
every k. In this sense, QGN of a flat-band system suggests a ‘best’ order parameter with the largest possible
susceptibility at low temperatures.



A similar derivation can be done for p-p case, where the susceptibility can be evaluated and bounded as follows
(v = tanh 4% € (—1,1) is the filling fraction of the flat bands and p is the chemical potential, both measured
from charge neutrality):

1/T ~ R ~ .
o= [ dT<o*<r>0> - (01(0) (35)
41T amtanh|y| Ztr [P*(Q/2 + k)O(k)P(Q/2 — k)O (k)] (36)
1 v tr [LO(k)P(Q/2 — k)O' (k)] + tr [LP*(Q/2 + k)O(k)107 (k)]
7 arctanh|v| Z 2 (37)

This bound is similarly saturated when the corresponding QGN is satisfied.

10. (The issue of embedding) For the suggested OP to be physical, it is necessary that F(k+ G) = F(k) for any
reciprocal lattice vector G5 this amounts to the restriction Nweic'(”*’“") = N, in both p-p or p-h cases. This
implies that if NV is a nesting matrix at some embedding, it is also a nesting matrix at the periodic embedding
7, = 0. Therefore, it suffices to consider only the periodic embedding throughout the discussion. Nonetheless,
in the supplemental material, we will explicitly keep the embedding dependence in many places. The reduction
to the periodic embedding is straightforward.

D. Generalized quantum geometry

The quantum geometry [1, 2] of a set of flat bands is a Riemann geometry defined by a notion of distance in
the momentum space d(k,k’) = \/Nga; — tr [P(k)P(K’)] and correspondingly a Fubini-Study metric tensor g;;(k) =
0;0;d*(k, k')|k—k /2. In this section, we show that each satisfied QGN (at momentum @ with nesting matrix N9 in
either channel) defines a generalized quantum distance in the momentum space, D(k, k'):

2 [DPPR(k, k)] = tr [p*(g + k:)NQ(Q )NT] +(P+ Q) (38)
2 [P Rk, k)] = tr [P(k + %N@(k’ - ‘j)N*] +(P Q) (39)

which satisfies all the rules for a distance (2-4 hold for at least for close enough generic momenta pairs):

1. The distance between a point and itself is always zero D(k, k) = 0. This is directly implied by the definition of
QGN:

Z N;uHu/V’;AwN/w = Z 2[D(k, k)]2 =0 (40)
k

w'v'spy
since each term in the k-sum is non-negative (Property 2 of QGN), all the terms must be zero.
2. The distance is positive between distinct points D(k, k' # k) > 0
3. The distance is symmetric D(k, k') = D(K', k)
4. Triangle inequality: D(k, k') + D(K', k") > D(k, k")

It also reduces to the usual distance d(k, k') when one consider the ‘trivial QGN’ with @ = 0 and N = 1 in the p-h
channel.

To see rules 2-4 above are generically approximately satisfied at least for small separations of k, we note that
D?(k, k') can be expanded for k' ~ k:

2(k + ok, k) ng k)ok;ok; (41)



which defines a generalized Fubini-study metric:

Gy () =500, D (I, Ko (42)
- %aiagzﬂ(k, k)| —r (43)
:%tr [0,P(k + Q/2)N9; P(k — Q/2)N'] (44)

Generically, G should be a positive tensor since D? is always non-negative. After proper rescaling and rotation, it
reduces to an identity tensor that gives the ordinary definition of distance and thus make rules 2-4 satisfied.

We will see below that this notion of generalized metric will determine the superfluid stiffness in a toy model for
a superconducting state with non-zero ordering Q (Sec. V C), similar to the familiar case where the usual quantum
metric determines the superfluid stiffness in attractive Hubbard model (Sec. V A).

Lastly, we prove that the generalized Fubini-Study metric closely relates to the second moment of the bare correlation
functions of the order parameters from in the flat-band subspace, specifically:

13 65(k) = Y (0 - (0R) (R~ R), (R~ R), (O — (Or))) (45)
k

RR'
where Op = ZW e @Rep, N, ¢r, (for p-p case) or Or = Z;w eiQ'Ré;{MNWéR,, (for p-h case) is the unprojected

order parameter density in real space. The expectation value is taken in an empty state in the flat-band subspace.
To see this, consider p-h case for example:

> {(0k - OR) (R-R), (R-R),; (On — (Or)))

RR’

= Z e~ 1Q(R-R) (R— R/)i (R - R/)j N:u <éRué}%’;U>Nl‘/”/ <éR’v’éTR,/> (46)
RR/ pv,pn'v’

= Y  QERNR_R)(R-R),N;,Py(R—-R)Ny P (R —R) (47)
RR/ puv,p'v’

=2 Y e @EFEINY RP,,(R-R)NyyR;Q,.(R — R) (48)

RR/ pv,pu'v’
=2 "tr[0;P(k+ Q/2)NO; Pk — Q/2)NT] =4 " Gy;(k) (49)
k k

where in the first equality we used Wick’s theorem, in the second equality we defined P, (r) = >, e *7P,, (k)
and similarly defined Q(r), in the third equality we rearranged the terms and relabeled R and R’ in some of them,
and in the second last equality we used the general formula r;P(r) = Y, [i0, P(k)] *7. This relation reduces to
the usual case for the conventional quantum metric and electronic density correlations when one considers the ‘trivial
QGN’ with @ = 0 and N = 1 in the p-h channel. We note that, with a cumulant expansion method, higher-order
geometric objects of this geometry (e.g. the Cristoffel symbol and the Riemann curvature) may be further related to
the higher-order correlation functions [3].

II. SUGGESTED SOLVABLE INTERACTIONS
A. General form of the interactions

To construct the interactions that can give rise to the ground states with the promised orders (O} # 0, we first try

to construct a set of local, hermitian, fermion bilinear operators {Sg)} centered at each unit cell and labeled by Latin
letters in uppercase (I, J,...). The operators of interests are those that commute with the order parameter within
the Haat

0,50 =0 within Hga (50)

It should be noted that these operators are defined in the entire Hilbert space, whereas the above commutation
relation only holds after projection.



Then, any interaction terms that are built from those operators commute with the order parameter as well. In
general, those interactions take the form

Hine = Z Visr-Rr (S](é) - <9§é)>) (ng) - <S1(é]f)>) ) (51)

R.R';1J

where <§g)> is simply a number for each R and I. [It should be noted that those “interactions” contain quadratic
terms, and are not normal-ordered four-fermion operators. We will discuss the nomenclature subtlety led by these in

Sec. IID.] Note that S“g) are not necessarily mutually commuting, although it could be possible to construct a set of
a(l) . .

{SRr’} that is mutually commuting.
For later convenience, we further rewrite the interaction as (65 = S — (S))

Hye =V > Vis(g)35D(q)85) (—q) (52)
q,lJ
where
Vii(q Zelq B Viir (53)
S(I) Z e~ la RS(I) (54)
For the hermicity of the Hamiltonian, we need Vi r—r' = [Vyr,r'—r]* and thus V7;(q) is hermitian on all g.

Since the kinetic energy is zero w1th1n the subspace, the order parameter further commutes with the whole Hamil-
tonian H = HO + Hmt

[07 I:Io + I:Iint] =0 within Hga (55)

We will show in Sec. III that, one can obtain a series of simultaneous exact eigenstates for all the {S’g)} operators.
For any such an eigenstate, |¥), choosing S() = (\I/|5'1g)|\11> in Eq. 51 will immediately result in H|¥) = 0. Then,
as long as V7s(q) is postive semi-definite for all g, |¥) must be a ground state. There are infinite choices in choosing
V17(q) even if we require the interaction to be short-ranged. Actually, as we will show below, there are also many
choices in defining Sg), even if we require them to be locally supported near R. Thus we see that once QGN is satisfied,
there exists an infinite class of interactions that feature solvable ground states with nonzero order parameters.

Below we will construct the specific form of the desired hermitian operators. In general, such an operator can be
parameterized as:

~(T A ;
Sk = > SRy Ro)élyy g, uomiran 0
pr,R1R>

which can be equivalently written with momentum bases as

S = Z e 50D (p q)el, iq. (57)
l“’pq
1 o o
=y 2 e IS0P a)i Tam (58)
nm,pq
where
Sp.a) = > SU(Ry, Ry)ellRetr)p=(Batro)d (59)
RiR>
S, q) = Ul (p)SE) (P, @) Uym(q). (60)

When projected onto Hgat, one can simply restrict n,m < Nga; in Eq. 58.
The hermicity of Sg) ensures that

S,(L{/)(Rh R;) = [51(/9 (R, R1)} (61)

SO (p.a) = [$(a.p)] (62)



10
The locality further implies that S,S{,)(Rl, R,) is a decaying function of both R;, Rs.

Now we analyze the constraints on the form of S’g) to make them commute with the order parameter suggested by
the QGN. For p-p and p-h cases, we need to discuss them separately.

B. Particle-particle (p-p) case

Within Hg.y, we compute

spp &
05", 5] (63)
1 iR-(g— _ I ~ ~ AT ~

=2 Yo SRR RS (p,q) |:'7Q/2+k,n7Q/2—k',ma'7;7k7q,l] (64)

nm’z;qNﬂat

1 Fetam ) ) ) )

=7 Z iR (a p)FEnE’Q(k)S(I)(E q) |:5p7%_k6mk7%+k7n'}/q7l — 5p7%+k67lk7%_k7m7q,l:| (65)

nmk’:‘quNflat

2 iR-(g+k—%) pp.Q 1, Q 3 N

= ;l e PR C(R) S (5 — k@) g (66)

nm kTq flat

2 iR-(q+k) rp- 1, Q Q . .

v Z R (atk) pp-p.Q () gt (5 -k, 5t Q)'V%+k,n7%+q,l (67)

nl<Npas,m<N
kq

1 iR - nQ Q Q Q D, . .
=gz p., R [F%Q(kwfn?g —k @) = S0G 4y FREL@) | A igag  (68)
nI<Nfat,m<N
kq
iR Q Q Q Q Q Q . .
> e <q+k>U,m(5 + k) NngQ(E —k 5 ta)+ 55{)(5 =@ 5 +R)Nuy | Uni(5 + 079 15079 4q.

nl<Nga
ka,uon

(69)

In the third equality, we used that FPP(k) = —FP>P(—k). In the fourth equality, we shift ¢ — % + g and we use
the equivalent definition of QGN (property 3 in Sec. IC) and recognize that the summation of the dummy variable
m can be over all possible bands, since the block diagonal structure of F' will ensure that the summation for m > Npg
won’t generate any results; this is the most crucial role played by QGN in our derivation. In the fifth equality, we
recognize that k, g and n,[ are dummy variables that are exchangeable, and we are free two exchange them for half of
the terms. In the last equality, we substitute in the definitions of F and S) and recognize that N is anti-symmetric
for p-p case.
Therefore, the commutator vanishes if and only if

ZN i ——k,g q) + S (Q—q,gwc) =0 (70)

for any k,q and u, v
Then we choose S ,(i,) (p, @) to take a separable form:

S (p,q) = A" (p,q)B{}) (71)

where B is a hermitian matrix, and AY)(p,q) = [A(I)(q,p)r in order for S to be hermitian. In real space, this
separation of orbital and momentum amounts to

S;:g]) = Z AD(Ry + 7, Ry + TV)BHV6L+R1aNéR+R2’V’ (72)
R Ro;uv

where A (ry,r5) = & > pa e~ilrp=r2al () (p, q) is a spatial coefficient, and it satisfies A (11, 7o) = [AU) (ry, 7'1)]*.
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Substituting this orbital-momentum-separated form into the condition Eq. 70, we find a set of sufficient (but
probably not necessary) conditions on A and B, respectively:

AD(p.q) = AV(Q —4,Q — p) (73)
N-B+BT"-N=0 (74)

The first condition, Eq. 73, is quite loose; Specifically, in real space, it simply means

A (g, ry) = éZef“‘l‘H“‘f"A“’ (p,q) (75)

Prq

1 —iry- irg-

=g 2T aAD(Q - p.Q - q) (76)

Prq
_ %Zefim-(prHirz-(Q*q)A(I) (p,q) (77)

Prq
= A(I)(Tz, 7’1)67@'(“42) 8)

* .

= [A(I) (7’1,7‘2)} eI (m—m2) (79)

which sets the phase of A(I)(rl, r2) to be e 1Q(m1=72)/2 hut not the amplitude. It is evident that there are many
choices, including local ones, in choosing this coefficient.

The second condition, Eq. 74, is also easily satisfiable. In fact, one has at least ~ 3Ng,t /2 linear-independent choices
of B for any nesting matrix V. The procedure of finding those B matrices is as follows. First, we perform a spectral
decomposition for N with a unitary matrix V:

N=vaovT (80)

where G is block diagonal, and each diagonal block is a 2 x 2 matrix (if Na,¢ is odd, there will also be an extra zero on
the diagonal). The i-th diagonal block is given by a;(ic¥) where qa; is the i-th singular value (which is non-negative)
of N. Now, one can construct a hermitian matrix

B=V*G'VT (81)

where G’ is also block diagonal, and each 2 x 2 digonal block is either zero or ¢*¥#. One can easily verify that
such matrices are hermitian and satisfy Eq. 74. If a non-zero singular value a; is d; > 2-fold degenerate, we will have
even more ways of choosing G’, since in this case one can also assign non-zero off-diagonal blocks to G’. Specifically,
the G matrix on the singular value block can now be written as G = io¥ @ 14,2 (note that d; is even since N is
anti-symmetric). Then G’ can be either 0¥ ® B with B an arbitrary % X % symmetric matrix, or ¢%%* @ B with B
an arbitrary % X % anti-symmetric matrix. Therefore, overall, we have at least ~ 3Ng,;/2 linear-independent choices
of B in the p-p case.

In summary, we have proven that, as long as S takes the separable form in Eq. 71, and the loose conditions

Egs. 73&74 are satisfied, [ng,gg)] = 0 within Hga.;. We further showed that Eqgs. 73&74 are satisfiable for an
infinite class of constructions.

We emphasize that, in principle, there may be other constructions of Sg) which make it commute with H. Here
we only prove one specific class of constructions with the specific form defined in Eq. 71.
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C. Particle-hole (p-h) case

The calculation for p-h case is similar. Within Hg.s, we compute

Ap-h a1
05" 5x] (82)
1 iR-(q—p) pp- I . . s
:W Z € Rla p)FSnlg)Q(k)Sl(cl) (p7 q) |:’Y;E,+Q/2’n’yk—Q/2,mv ’Y;r)’k’Yq,l] (83)
nmkl<Nfa¢
kgq !
1 iR-(0— . I N . At
:W Z [§] R (q p)anl;l)Q(k)Slgl)(pv q) |:5p7k_%6mk7’:+%’n7q,l - 5q,k+%6nl’y:7,k’yk—%,mi| (84)
nmkl<Nfa¢
ey £l
1 iR(q—k+2) pp-h,Q (1) o) Q .+
:w ;I € 2 an, (k)sml (k_ E7q)7k+%7n7q,l
nml<Nfjat
ra £l
1 iR (k+9 —p) g(I) Q\ pohQpyat 4
Yz >, e 2P (k) ER S (k)i 1 k- 9 m (85)
nmkkSNﬂat
P
1 iR-(q—k)2 -h 9)) Q Q Q Q\ phQ, ]| -
=z l<NZ <N6R (a )’Y,L%n [Fﬁm’Q(k)sz (k- 59~ 5) — S (K + 504t E)Fzz (@)| Yq-2. (86)
nts f}:{;;m,
| Rt Q Q  Q Q . Q Q..
:W Z eR(q k)’y,1+%77lUlM(k+§) |:NNVSz(/£7)(k_2’q_2)_S,Si)<k+27q+2)Nl’77 Un (q_g)r}IQ7%,l

nl<Npat,kq
B

(87)

In the second last equality we redefined ¢ — q — % in the first summation, and p — k + %, k — q in the second

summation. Property 3 of QGN (see Sec. IC) is also used to allow the intermediate dummy index to sum over all
bands. In the last equality, we substitute in the definitions of F' and S). Therefore, in order for the commutator to
vanish, the matrix inside the square parenthesis in the last line must vanish for any k, q.

We again choose Sg) to take the separable form in Eq. 71, and we find the following conditions for the coefficients
AW (p, q) and the hermitian matrix B becomes:

AD(p,q) = A" (p+Q,q+ Q) (88)
[N,B] =0 (89)

Now we derive implication of the first condition, Eq. 88, on the form of AY)(ry,r5) (See Eq. 72 for definition):

AD (1) = o 3 e mwtinea g, g) 0
Prq

= oS (p 1 Q. 1 Q) o1
Prq

_ % T i (- Q)tins (4@ 40) (p g) (92)
Prq

= AU (py, py)ei@(ri=r2) (93)

which further suggests that A (ry,75) = 0 if '@ (F1=R2) £ 1. We note that we are still left us with infinite choices.
Especially, all the on-site density operators are always allowed.

To satisfy the second condition in Eq. 89, there are at least Nga; choices of such hermitian matrices B if N is
hermitian, which is true when 2Q = 0 (property 8, Sec. IC). Those B matrices can be found by first diagonalizing N
with a unitary transformation

N =VDVT (94)
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where V is unitary and D is diagonal. Then B can be constructed by VD'Vt with D’ any diagonal matrix; clearly,
there are Ng,¢ linearly independent choices. When there is degeneracy in the spectrum of N, one can even construct
more B matrices, since now any matrix defined on that block will commute with D.

For the general case where N is not hermitian, one can repeat the above procedure in its diagonalizable subspace.
At least, one can construct two B’s for Eq. 89, which is simply the identity matrix and N.

In summary, we have proven that, as long as S takes the separable form in Eq. 71, and the loose conditions
Eqgs. 88&89 are satisfied, [Op h,S )] = 0 within Hga;. We further showed that Eqs. 88&89 are satisfiable for an
infinite class of constructions.

D. Caveat: definition of Ho and Hins

There were two subtle issues concerning the projection scheme and the definition of interactions we adopted, which
we discuss in this section.

Recall that we have effectively enforced the projection by simply replacing ¢xo — PagCrg, i.e. retaining the terms
that only involves Van<ny,,- This is in general not equal to the projection with P for four fermion terms. To see this,
we compose any ¢ operator as ¢ = ¢+ ¢ where ¢ is the part that involves ygn<ng,, and ¢ is the remaining part. Then,

for any four fermion operator 61626264, the projection with our scheme is:

fa ata h ot
elegele, S, Gla Ele, (95)

However, for the more rigorously defined projection, this will result in

el égé;ﬂ)éé; Ei 61626264 + (quadratic terms) + (constant) (96)
quadratic terms = (&} &), + (Ehe4)eles + (G2dh)Eleq + (Eles)Ench (97)

where () is evaluated on the “vacuum” state of the other modes vk n=ng.,+1..N (i.e. all the modes with energy
higher/lower than the flat bands are empty/occupied). Therefore, we see that these two schemes differ by some
Hartree-Fock (HF) terms contributed by the electrons (or holes) in the remote bands. Specifically, for the form of
interactions we constructed in Eq. 51, the difference is:

Hup = Y VIJ,RfR’{ PSSP~ S%)P} (98)
R.R;IJ

The bandwidth of the Hartree-Fock terms is generically O(V'), and hence can not be neglected in the ideal limit
where the bare kinetic energy Hj has nearly flat bands (i.e. bandwidth smaller than V). However, we note that the
Hartree-Fock terms are of strength ~ V' < A by assumption, so they do not alter the energy sequences between the
flat bands and the remote bands, nor do they change the definition of the projector matrix P (to the leading order of
V/A). Therefore, if one only regards the geometric nesting conditions as suggesting potential fermion bilinear orders
in a strongly correlated system, one does not need to worry about these issues since there is no ambiguity in defining
QGN with the projector matrix P.

When the construction of solvable models is concerned, a more careful discussion about the definitions of the
definition of Hy and Hj, is needed. A simple resolution to the subtlety is to regard Hyp as a part of the “non-
interacting Hamiltonian” instead of part of the “interaction”. Specifically, we can redefine

ﬁo — ﬁo + ]:]HF ) ﬁint — ﬁint - HHF (99)

in all the discussions in this paper.

On the other hand, if Hyp is just a chemical potential term for the flat bands, we can also avoid all the subtleties.
Below we evaluate this possibility by explicitly deriving the condition for such a case. Without loss of generality, we
consider an electronic structure with a flat band at the bottom of the spectrum, so that the vacuum state these HF
terms are evaluated on is the empty state. In this case, there is only one nontrivial term given by the contraction
<526£>. We will calculate this term explicitly to derive conditions on when it can be rigorously neglected, and the
groundstates constructed in the Main text are asymptotically exact. In this case, the interactions we consider can be
written

mt — Z V]J S( )S (I) Z S(I) k + q, )Ck+q m Z S(I) k'. + q7 )fyl+q’m’§/k,n (100)
q,lJ kMV kmn
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and the quadratic term arising from projection onto the flat band Hilbert space is

N 1 R . A
HHF = Z VIJ(q)v Z S,E,{)L(k + q, k)VIi-‘,—q,m(sk,k’fq(sn,m'>NS7(n]’)n'(kl —q, k')’Yk’,n’
q,lJ kmn,k'm’n’
(101)

=> A Z Vis(@)[SD (k, k — @) (1 — 1ga) S (k — . k)l | Fren
kmn q,IJ

where (1 — lg,¢) is a projector onto the dispersive bands, e.g. U(k)(1—1ga.)UT (k) = Q(k). Hyr can be neglected if it
acts as a trivial chemical potential in the flat band Hilbert space, meaning the quantity in parentheses is independent
of k.

We give two explicit examples. First, we consider the attractive Hubbard case with V;;(q) = U5 17 and Saé As' (k+

q, k) = dardpro’,, writing out p = a, s for orbital and spin respectively. Then the one-body term is

Hyp = % Z ZUT DoQ(k —q)DU ()| Akn (102)

kmn mn

where [Dy)gs,87,s = 0apdap 0ss is a diagonal matrix. Ref. [4] showed that a symmetry condition refered to as “uniform
pairing” suffices to prove that the the matrix is brakets is proportional to the identity (with the proportionality
constant given by the density of the fully occupied flat bands), and thus Hyp is a trivial chemical potential.

The second example concerns the toy model in Sec. V C of the Main Text where we choose V;;(q) = 07,Vr to be
diagonal and on-site with

Vo=3V, SO(p.q) = TZUO

X 103
V=V, S = "
for i = x,y, 2. This interaction results in the one-body term
=V A |UT(R ( Z?WZQ (k—a)7* +3Q(k — q)) UK Yen
kmn mn
1 z z
=3V Y e |UTR)G D Q@) + 7 QU@ UK) | ke (104)
kmn a mn
=3V Y [UT(R)o0moU(K)],, Yen
kmn
—3VN

and thus is a trivial chemical potential on the flat band Hilbert space. Here we used [Q(q),c’] = 0 from SU(2)
spin, which reduces Zq Q(q) + 7°Q(q)7* to a diagonal matrix, and all its entries must be equal due to 7,Q(q)7, =

Q(q— (m, 7)), and hence must be 1 since Tr@Q (k) = 2. This is an example of how “uniform pairing” can be generalized
to the more complicated interactions considered here.

III. SUGGESTED GROUND STATES

We have proven that once QGN is satisfied, there are several local hermitian operators {Sg)} within the flat band
subspace that commutes with the order parameter

0,501 =101,801 =0 within Hp (105)
This motivates us to define a “pseudo-Hamiltonian”
E=V(?0 + 90", (106)

where 6 is a free U(1) phase. It is easy to see that & also commutes with S'g) In this section, we will show that &
can be viewed as a certain ‘trial’ Hamiltonian of the system, which provides exact solutions to ordered ground states
of the interacting system.
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Specifically, since S'g) and & commute, we can deduce that any non-degenerate eigenstate of £ must also be an
eigenstate of S’g). According to the analysis in Sec. II, we know that once such an eigenstate is found, we can easily
make it a ground state of H by adjusting constants. Therefore, the task is to find the unique eigenstates of & and
show that they are ordered, ground states of Hiyt. & is Hermitian and quadratic in fermion operators within the flat
band subspace, so its spectrum and eigenmodes can be exactly solved. Before proceeding to more detailed discussions,
we note that the spectrum of £ always consists of flat pseudo-bands, i.e. the eigenmodes of £ on each k have identical
pseudo-energies. To prove this, we define an operator

& = ) Zkimmen FR ()30 24k ndQ/2-kem + hc. for p-p case (107)
ka’mg,\, Fﬁ;,l;’Q(k)e‘aﬁ};2+Q/2,nﬁk_Q/27m +h.c.  for p-h case

which differs from & only in the range of summation of band indices (remember that n,m < Ngu in & ). Clearly, since

Fom is always block-diagonal, &’ does not mix the flat and the remote bands, thus the spectrum of & must be a subset
of that of £’. On the other hand, from the definition of F' (Eqs. 11&12), we know that

&= . R . 108
Zk;aﬁ e‘eNaﬁcLJrQ/Q’ack,Q/g,B +h.c. for p-h case (108)

. {Zk;aﬂ € Nuplq/2+k,0CqQ/2—k,s +h.c.  for p-p case

which has k-independent spectrum. Therefore, we conclude that £ also only have flat pseudo-bands. .
Now we discuss the specific cases. If the QGN is in the p-p channel (such that N is antisymmetric), £ can be

written as

A 1
— T3 BdG
£=3 ;wkh (k)tx (109)
where
/(/)k = (’3/25/2+k’17 v 7’?25/2+k¢|\|ﬂat;’?Q/2—k,17 v 7’3/Q/2—k,Nf]at) (1]‘0)
is the Nambu spinor on k and
e’ [ (k)
RBIG (k) = _ (111)
e OFT(k)

is the Bogoliubov-de-Gennes (BdG) pseudo-Hamiltonian on k. Diagonlizing hB4% (k) will result in 2Ng,; quasiparticle
modes for each pair of +k, and the eigenvalues come in pairs +)\;, where \? is the i-th eigenvalue of FT(k)F (k).

Further denoting the i-th (ortho-normal) eigenvector of F'f(k)F (k) as ¢§:), the (44)-th eigenvectors of hPIG (k) take
the form (eigF(k)(ﬁS), i/\ﬂé;j)) /(V2):).

Therefore, the spectrum of & consists of Nga; BAG quasiparticle bands, appearing in pairs. Fully occupying all the
upper (or lower) bands gives rise to a state |Wgc(f)) with a real eigenvalue € = &V, where e = ), \; is a sum of all

the pseudo-energies of the occupied bands and thus non-zero. It is clear that £ is a non-degenerate eigenvalue of é
and |Pgc(0)) is its unique eigenstate since any change of the occupation configuration of the BAG quasi-particles will

also change the eigenvalue. Thus we see that |¥gc()) is an eigenstate of Sg) and thus H.
By explicitly writing out the expression of the many-body wavefunction:

Wse(6) o< [ {Ai O s nn [FRIS| %mk,m} [vac), (112)
k,i n,m

we readily verify that it hosts an off-diagonal-long-range-order (ODLRO) with a superconducting phase € in the sense
that

(sc(6)|O]Wsc(0)) = Se ™ (113)

We note that by doing a global gauge transformation 4 — 4e~%/2, we are able to transform £(6) — £(6 = 0)
and thus [Pga(0)) — |Psc (0 = 0)),while keeping Sg) unchanged (since it conserves charge). Thus, all |Ugc(0)) with
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different 0 are simultaneous eigenstate of S’g) with the same eigenvalue. Therefore, if one prefers to work with fixed
particle numbers, we note that 6 is arbitrary and

\\IISC(NE»E/O 7Te_ie'\'em|\I/Sc(t9)> (114)

defines a superconducting state with a fixed electron number N..

In the above analysis, we have implicitly assumed that £ is full-rank, i.e. there are no zero modes. If this is not
true, the uniqueness of Wgc(f) needs to be discussed with more care. In this case, we may consider a subspace of
Hiat, Mg, in which the electron modes relevant to the BAG zero modes are all empty. Then, repeating the analysis
above proves the uniqueness of ¥gc(f) in this subspace. Since S’g) preserves My, this still proves that Ugc(6) is an
eigenstate of S’g).

On the other hand, if the QGN is in p-h channel, & breaks the original translation symmetry of the problem for
Q # 0, and the BZ of £ will be folded. The folding number, M, is the smallest positive integer that makes MQ = 0
modulo the reciprocal lattice. Then, diagonalizing the pseudo-Hamiltonian gives us MNg,; electron bands within the
folded BZ. Again, occupying any integer number of bands that are separated from other bands by finite “pseudo-gaps”
gives rise to a density-wave state |Upw(6)) with a real, non-degenerate and non-zero eigenvalue € within the fixed
particle number sector. In contrast to the p-p case, here 6 only cycles the pseudo-energies of different pseudo-bands
which corresponds to different translation symmetry-breaking patterns, but they do not have direct physical meaning.

IV. EXCITATIONS IN THE IDEAL HAMILTONIANS

In this section, we solve certain excitations for a system satisfying perfect QGN with an ideal Hamiltonian of the
kind we constructed in Sec. II. The strategy is to find operator £ that satisfies:

[H,]V) = B (115)

for any ground state |¥). Since we have assumed momentum and charge conservation, we are able to seek such
excitations within each charge and momentum sector. This method was proposed in Ref. [5].

A. Single particle/hole excitations

We first compute the following commutators within Hgag

o) 2 1 iR-(p—q) a(I At 2 .
(5%, 4] = > TPOSH 0 @) m el
nm<Ngat,Pq

1 .
==y 0 510 (k. 9) g (116)

m<Nsiat,q

(S’ S& 4l =S5 1S3 Akl + 1SR ) SR/
1 - ! ~ . ~
— v |:elR ~(Ich)‘5~l(7;fl)(k7 q)Sg)‘yq,m + elR-(kﬂ*q)Sl(’il) (k, Q)'AYq,mSJ(RI)}
m<Nfat,q

1 iR - (k—q) iR (k— ~
= 3> [eR (k—q) ,iR-(k q)Sz(é?(kv‘I)Sfy{%(qm)%,n}

nm<Npat,Pqg
1

Y

Mm<Nflat,q

[ D 50 (h, ) g St + R DS (K, 0) g, S5 | (117)

A R 1 . .
At =y Y, Vis(@)Sg, (kg + kS5 (g + k. k)i
IJ,;nm<Nriac,q

- Z (Vrs(q) + VJI<_Q>]SI(7{1)(’€’ q +k)igrm0SP(q) (118)

IJ,;m<Npat,q
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Now, for any ground state |¥), since 65 (q)|®¥) = 0 (recall 65 = S — (S)), it follows that

Hin, Ap)12) = D T3 4Pl ¥) (119)
n<Niat
where I'P is the transition matrix defined by
1
mr=y 2 Vul@sy(Pa+ P)SG(a+ PoP) (120)
IJ,;m<Ngat,q

Therefore, the eigenstates and eigenvalues of '™

system.
Similarly, we obtain,

on each P describe the charge —1, single-hole excitations of the

S 1
[Hine, 4] = S Vi3S (koq + k)SS) (g + K, k)
m<N

v

IJn flat 4
+ > Vi@ + Vir (@SS (ke + g, k)5S (—q) (121)

IJ,m<Npat,q
[Hine, 4p )0y = > T (122)

n<Nfat
where I'® is the transition matrix defined by
1

=y 2 Vu-aSU(P.a+P)S;) (g +P.P) (123)

1J,m<Ngat,q

Then, the eigenstates and eigenvalues of I'"F on each P describe the charge +1, single-electron excitations of the
system.

We note that I'P/? | in general, do not share the same spectrum since there is no obvious particle-hole symmetry
in the system. However, for the p-p case, there is an emergent “particle-hole” symmetry that allows us to relate the
spectrum I'P at P with that of '™ at P — Q (Q is the wavevector of the QGN). See Sec. IVD 1 for details.

B. Particle-hole (exciton) excitations

Defining k1 = k + P/2, using Eqs. 118&121, we compute within Hgat

L . 1 5
[Hint7 ’YILJr’n'Yk,,m] :v Z VIJ(_q)’YZ:+,n’S (k+7 q+ k+)Sln (q + k+7 k+)7k ,m
IJn'I<Nfat,q

1 . N
Y S Vi@ + Vi~ ke, e Sa(@+ ki kS (ko a+ kg ik

IJn'm’<Npas,q

1 . J I .
+ v Z VI](q)’ylt:+nS'Enl) (kf’ q + k )Sl(nL)’ (q + k*? k*)’yk_,m’
IJ,m/l<Nfiat,q

+ Y Vi@ + Vi@ k, e Sa@t ke k)i m6SD (—q)
IJ,n' <Nflat,q

S Vi@ + Vi (—a)ik, 2SS (k= q + k-)ig ik m 65D (q) (124)
IJ,m’'<N¢iat,q

Then we find that starting from any ground state |¥) (recall 6S = § — (S)), since 65 (q)|¥) = 0, we have

2 ~ ~ h,P N ~
[Hin‘m ’YI—E:_F,n’Yk—;m] |\II> = Z Fgm k;n/m/’ k”yz:jr,n”)/k/_’m' ‘\I/> (125)

k’,n'm’<Ngag
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where ITP™P ig the scattering matrix for a particle and a hole with total momentum P

P _1
nm,k;n'm’ k' T \/

ST Vi (-@)S0) (ki q + k4SS (@ + ke k) S S
1J,1<Nf1at,9

1
=g 2oV (k = k) + Vis(k = K)SS (K, k) S (ke k)
1J
1
ty 2 Vi (@) i S (kg + kS, (g + k_ k) (126)
I1J,l1<Nfiat,q

Solving the spectrum of I'"™¥ on P will give the charge-neutral particle-hole pair (exciton) excitations with total

momentum P.

C. particle-particle/hole-hole (Cooper) pair excitations

Defining k* = P/2 + k (do not confuse with k1 defined for the previous section), we compute within Hgas

o 1 Y )
A el =y S0 V@SS a KOS @ + K K i
I1Jn'l<Nfa¢,q
X ) _ s
ty 2. Wula)+ Var(=a))Sy) (k7@ + K5 g aee St (K7, =0+ k)3 g ke
1J,n'<Nfat,q
1
VD Vi (@er oSS (k™ @ + k) St (@ + k™ K7 )i e
I1J,m"I<Nfiat,q
=Y W)+ Vi@ oS U+ B Vg 05 0(@)
I1J,m<Ngiat,q
= Y V@ + V(@S (kY g + kg e w08 (@) k- m (127)
IJ,n'<Nfiat,q

Aoa . 1 . 1)y — ol s
i 5 b ) =o > Vi(—@)i- . Ssk™ q+k7)Si) (g + k™ k)AL,
I1J,mI<Nfiat,q

1 . _ N
to Y Vi@ Vi@l e S T @ kA S (B KT

IJn'm’<Nfiat,q
1 . . I J
g 2 V@Al Ak S (R a kDS (g + kKT
IJ,n'I<Nfat,q
~ J — _ A ~
+ Y W@ + Vi (@A e S (T + a, k7)6S D (),
IJ,m’'<Ngat,q

+ > Vi@ + Vi () A s e S (T + g, k)38 (—q) (128)

IJ,n'<Ntat,q

Then we find that from any ground state |¥), since 65 (q)|®) = 0 (recall 65 = S — (S)), we have

y oA o4 heh,— . .
[Hinta 'Vk*,n'Vk*,m”\I’) = Z ank;l:/m/,k/'}’k/*,n/’)’k/*,m/|\II> (129)
k’,n'm’ <Npat
N R N . P R R
[Hint’ ’ylii;:*,n/yl:*,m”m) = Z FZnP;,k;n’m’,k’FyZ:”r,n’FylL’*,m’|\I,> (130)

k’,n'm/<Npat

where I'PPF is the scattering matrix for two particles with total momentum P, and T'™™~F is the scattering matrix
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for two holes with total momentum — P,

1

h-h,— P J I)

an,k;n’m/,k:’ :v Z VIJ(Q)Sr(Ll ) (k+a q+ kJr)Sl(n/ (q + k+, k+)5mm’5k,k’
I1J,l<Nf1at,q

1
g Vi (K = k) + Vir(k = K)IS5) (kT K) S (k™ k)
1J

1
ty 2 V@b Sy (g k)Sp @k R (131)
IJ,l<Ngat,q
- 1 ~ e o
Fin%inm’ k! :v Z VIJ( )S( ’)l(k 7q+k )SZ(TZL)(q—’—k ak )6nn’5k,k’
I1J,l<N{1at,q

+ %Z[vﬂ(k — ')+ Vi (K — k)ISS) (K kTS (k' k)
1J

1
o > Vi@ SO (K g+ kTS (g + K KT (132)

I1J,l<Nfiat,q
Solving the spectrum and eigenstates of the scattering matrices will give rise to the particle-particle pair or hole-hole
pair excitations with charge £2 and momentum +P. Note that the first and last lines of Eq. (131) have g & factors,

and are exactly the charge +1 excitation energies, and the middle line has the interpretation of the scattering matrix.
It is important to note that the basis on which I' acts is 7};+ m’y,];_ , Which anti-symmetrizes the matrix due to the

anti-commutation relations of the electron operators. Thus if ¥, (p) is an eigenvector of T, it only corresponds to
a physical excitation of the model if

Z (wkmn (p> - ¢—p—knm(P))’Y§,+k,mVik,n = Z (wfk:fmn(p) - z/)kaan(p)),Y;LNm’YIL,yn (133)

kmn kmn

is nonzero. For models with S, symmetry, we can decompose I' into spin 0 and spin 41 sectors which are anti-
symmetric/symmetric in spin, respectively. In the Hubbard case for instance, one can show the nontrivial scattering
term vanishes on the spin +1 states [4].

To be explicit, we will write up the spin-single branch of the Cooper pair scattering matrix assuming SU(2)
symmetry and time-reversal. We find

]‘—‘I:L:;,rli fm/ N = (F}r)n'r m/T(k )67171’ + (smmll—‘ni n’\L( +))5kk’

VZVJ, (k— k') + Vi (k' — k)| (S (k' k)SS) (k) =S (K k)SY)

', ni( kH—, k+))

(134)
where we took m — m, s to label the mth band in the spin s sector.

D. Peculiarities of the p-p case
1. Relation between different types of excitations
In general, the excitations derived in previous sections do not have any relation. However, in the p-p case, we find

that certain excitations with the same fermion (and thus charge) parity could be related. To see this, suppose é;ﬁ)
creates a charge c excitation with total momentum P and energy E(°)(P), then

E5ta = €5, (0P»)h) (135)
€58 = €W, 0P (136)

define a charge c + 2 excitation with momentum P + Q and energy E(°*2)(P + Q) = E(®)(P). This is because that
[ 1nta£(c 2)]|\I/> {[I:Iintv AEDC)}OAP o + E(C)[ 1nta OAp_p,Q] - [ginta Op-p,Q]ég) Op p.Q [ 1nt,£p ]} ‘\IJ>
= [E(c)(P)é(C)OAp-pVQ +0—-0— E(C)(P)Op'p’qég)} D)
~EPIE ) (137
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and similarly for §§§Ig.

Applying this to the previous cases, we know that the particle and hole excitations share the same spectrum, and
the particle-particle, particle-hole, and hole-hole pair excitations share the same spectrum.

2. Pseudo-spin SU(2) symmetry in the p-p case

In this section, we will show that there are Ng, pseudo-spin SU(2) symmetries in the solvable Hamiltonian we
constructed for the p-p case, where Ng, is the number of different non-zero singular values of N.
First, we recall that each nesting matrix can be decomposed as (property 6 in Sec. I C)

N= 3 anO (138)

where a; are the singular values of N, and each N() is a nesting matrix with singular values equal to 0, 1. Different
NG are orthogonal.

Then we recognize that there are Ng, linearly independent order parameters that commute with the Hamiltonian.
They are given by

o = > FR.(K)iqQ/skniQ—km (139)

kin,m<Npat

<~

where F() is given by N according to Eq. 11. To prove this, we repeat Eq. 70 here (but recast into a more concise
form), which is the sufficient and necessary condition for a Sg to commute with O (constructed by N):

N-Sk,q)+5"(Q-q,Q—k) - N=0 (140)
Utilizing this we know that

NN'NS(k,q) = - NNTST(Q — q,Q — k)N
= - N[5*(Q-q,Q - kNN
=-N["(Q-kQ-qN]'N
=N [NS(q.k)]' N
=NS(k,q)N'N
=-ST(Q—-q,Q-k)NN'N (141)
where in the third and the fifth equality we used the hermicity of S: S(k,q) = St(g, k). Therefore, we know that

the Hamiltonian we constructed also commutes with the order parameter O constructed by NNTN and all even
those corresponding to (NNT)?=1.2N_ Since linearly combining (NNT)"=12 N can yield {N®} (see property 6
in Sec. IC), linearly combining the corresponding order parameters can also yield {O(i)}. We thus conclude that all
those order parameters {O0} commute with the Hamiltonian we constructed.

Finally, we recognize that, for each O(i), we can construct three operators:

JO = {@(im +O<i>} /2 (142)
J = {O%im _ Oﬂ /(2i) (143)
JO = (001, 00 /4 (144)

all of which commute with the Hamiltonian, and form an su(2) algebra (“n-pairing”) in the sense that:

[JD, J0] = i2ete jO. (145)
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To check these commutation relations, we compute (defining k* = Q/2 + k)

Z Frgjgz (k)Fr(LL)';rj’(k)[’?l];*,m/'%iﬂnu ’?k‘*’,n’?k—,m] + Fr(zlr)n(k>Fr(zl’)7r:(’ (_k)[’%t:*,m’,?};*,n” ﬁlkt"’?k_’m]

k,nmn/m’<Nga¢

F, () F (R B A i = Ot n i ]
k,nmn’m’<Nga¢

1 i i),% ~ ~ ~ ~
+ 4 Z Fv(n)n(k)FS/)m/(_k)[(sn/m'thn'}/Lﬂmr - 5nm’7};—7n/’7k*,m]

k,nmn’m’<Nfat

= X PP WL (0wl ) (146

k,nm<Nfa¢
Then for J% = j& — iJA@Si) =00 it is straightforward to check

O 0 =2 > [FOR)FOY K FO (k)] it 0T m
k,nm<Npag

=2 > [FOE) A e = 207 (147)

k,nm<Ngat
where the second equality used the fact that all the singular values of N are either 0 or 1. Similarly, we can obtain
(7Y, J0) = 279 (148)

for jJ(r') =J0 4 ijzg') = 00T, Combining these two equality we thus verify that jq(«')yz form an su(2) algebra. Since
they all commute with the Hamiltonian, the system has an SU(2) symmetry generated by them.

It is straightforward to check that the symmetry generators commute for different (i). Therefore, we conclude that
there are Ng, pseudo-spin SU(2) symmetries in the solvable Hamiltonian we constructed for the p-p case. Intriguingly,

for each of them, the conservation of jz(i) implies charge conservation in a part of the flat bands.

8. The pseudospin stiffness

We first review some general results for systems with SU(2) symmetry. It is well known that its symmetry-broken
phase is described by a non-linear sigma model (NLSM) [6, 7]:

Log=— Z T 0y + 9Oy Oyy — Z Dijaa”vmavm + ... (149)

a,b ij

where 7,— .. are the Nambu-Goldstone (NG) fields of the pseudospin symmetry, p® = 3 2¢%¢(J¢) /V is related to
the pseudospin density evaluated in the symmetry broken phase, and D;;, g are undetermined effective parameters.
We note that D;; is the pseudospin stiffness tensor.

From this NLSM, it can be derived that, when the pseudospin J is ferromagnetically ordered, i.e. J = [(J)|/V # 0 in
the thermodynamic limit, the NG fields in the orthogonal directions are mutual conjugate variables, and the dispersion
relation of the NG mode at small wavevector @ will be given by

D,

Enc(0Q) = 5Qi47jj5Qj (150)
Given the quadratic dispersion of the NG mode, the Mermin-Wagner-Coleman theorem further states that spontaneous
symmetry breaking of the pseudospin SU(2) symmetry generically cannot occur at finite temperature when the space
dimension is d < 2 (at zero temperature, in contrast, it can happen at all positive dimensions). However, when d = 2,
the susceptibility x(T) ~ T3/|D|*exp(4x|D|/T) (where |D| = v/det D) is large at low temperature T [6]. In this case,
any explicit breaking of the symmetry with an energy scale D’ will result in the ordering of the pseudospin, with
critical temperature T, estimated by

D'X(T.) ~1 = T. ~ 4x|D|/In(|D|/D’) (151)
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which quickly become comparable to |D| as D’ becomes non-zero.

With these general understandings in mind, we now come back to our constructed, solvable systems. For simplicity,
we will restrict to the case of Ng, = 1, but the generalization to other Ng, is straightforward.

From Eq. 113 it can be directly inferred that the ground states |Ugc(0)) have pseudospin order in its zy-plane with
amplitude J = |(J)]/2 = |(cos 0], + sin 0.J,)]/2 = V/2. On top of these ground states, the lowest branch of the

Cooper pair or neutral spectrum, E©*2) (P), must hit zero at P = Q. This is because Oisa pair excitation operator
with zero energy and momentum Q. Then, the dispersion E(O’iQ)(P) near @ can be Taylor expanded:

where Mlgl is the inverse of the mass tensor of the cooper pairs. These modes are nothing but the NG mode
corresponding to the spontaneous pseudospin symmetry breaking. Thus, comparing the dispersions in Eq. 152 and
Eq. 150, one can conclude that

Dy =&eM;! (153)

We also note that there are multiple factors that can lead to a deviation from the idealized setup we assumed
and thus a weak explicit breaking of the pseudospin SU(2) symmetry, including (but not limited to) the finite band
gap, the imperfect flatness of the bands or electronic structure, and the deviation of interaction from the obtained
form. Depending on the nature of those perturbations, the superconducting state may remain phase-coherent up to
a temperature comparable to |D| in d > 2.

V. EXAMPLES OF ELECTRONIC STRUCTURES SATISFYING QGN

In this section, we give several examples of electronic structures satisfying certain QGN.

A. Time reversal symmetric and S* conserving systems

To give the simplest example of QGN, we consider any system with spin $* conservation and time-reversal symmetry.
Then we separate out spin index from the band and orbital indices and recognize the implications of the symmetries:

Uas,ns' (k) = 055 Ug, (K) (154)
Usn(k) = [Us,(~K)]" (155)
Then Ny, vs, = 0¥ s, 1, satisfies QGN at @ = 0 in the p-p channel, since
FEP R () = Uysy s (k)0 g LuwUvsyme, (<)
= U (R)ad o, L UL (—k)
= Upn(k)od, o, Lw (U2, (kK)]*

— 147
=1i04,5,lnm

is block diagonal (equivalent definition of QGN in property 3 of Sec. IC). The consequence is that, for this QGN,

solvable Hamiltonians can be constructed with B,SQl,ygz = o‘;?,f:y’ZB,SQ where BU) are arbitrary symmetric (for
i = xz,y,2) or antisymmetric (for i = 0) hermitian matrices for the orbital indices. This includes a huge class of
possibilities, e.g. the attractive Hubbard interactions on each site, which were pointed out in Ref. [4, 8].

We note that, given those symmetries, the conventional Fermi surface nesting is also satisfied for the dispersive

cases. In fact, both cases are the manifestation of the Wannier degeneracy.

B. Chiral systems with flat zero-mode bands

When the electronic system is on a bipartite lattice, the single-particle Hamiltonian on each k can be written as

) — 0 T(k)
(k) = (160)
THk) 0
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where T is a N4 x Np matrix characterizing the hopping between the two sublattices A and B consisting of N4
and Np orbitals, respectively. Without loss of generality, we assume N4 < Np. Then T'(k) can be singular value
decomposed into

T(k) = Vi(k)D(k)Vs(k) (161)

where D(k) is a Ng x Np diagonal matrix with non-negative entries and rank R < N4, i.e. (assuming 0 < )\ (k) <
A2 (k) < Ang (K))

Op-a
A (k
D(k) = (k) = , (162)
L /\NB (k) ]
and V4 (k) and Vg(k) are unitary matrices of sizes N4 x N4 and Ng x Np.
Then, t(k) can be diagonalized into t(k) = U'(k)e(k)U(k) with the spectrum
(163)
and eigenbasis defined by
(164)

where VA is a Ng x N4 matrix expanded from V4 by adding Ng — N4 empty rows to the top, and f/B isaNyg x Np
matrix trimmed from Vg by deleting the first Ng — N4 rows.
Nps;us’ = luyggs/ (165)

Then we note that,

1
N= |2 (166)
1p

is a nesting matrix for the p-h channel at @ = 0 in the sense that the form factor matrix defined by

14
F(k)=U'(k)NU(k) = Lap (167)

14

keep all the zero modes disconnected from other finite energy modes (which is easier to see if one re-indexes the bands
and makes n = 1...Ng,; the flat bands). Therefore, according to the alternative defintion of QGN (property 3 in
Sec. IC), when there are flat bands at zero energy in chiral systems, the system satisfies QGN in the p-h channel.
This QGN is particularly useful when there are additional internal symmetries, e.g. spin and/or valley. In this case,
the nesting matrix can be a tensor product of Eq. 166 defined on purely the orbital basis and an arbitrary matrix
on the internal symmetry basis. The condensation of the corresponding order parameter then leads to the symmetry
breaking of the internal symmetry. This is exactly the case extensively discussed in the studies on magic-angle twisted
bilayer graphene in its flat and chiral-flat limits [5, 9-11].

It is of particular interest to identify or even predict what form of perturbations and interactions could lead to certain
specific symmetry-breaking patterns in flat band materials, e.g. picking inter-valley coherence, valley polarization,
etc, out of the symmetry-related manifold. We expect QGN to provide important information in this aspect since it
may suggest interactions that are only favorable for one type of symmetry-breaking pattern but not the others. We
leave the investigations to specific materials for further studies.



24
C. An engineered model for PDW

To show that QGN can be applicable to other systems, here we explicitly construct a toy, minimal system where
QGN is satisfied in multiple channels. Specifically, we consider a two-band, spinful model on the square lattice, whose
band structure is given by

Hy = Z [—2t (cos kg + cosky) 77 + MT7] ézaaékﬁa (168)
k,o,af

where we have restored the spin index o, and 7¢=%%% are the Pauli matrices acting on the orbital indices. In real
space, this model can be viewed as a bilayer model with an interlayer hopping M and an intralayer nearest neighbor
hopping ¢ with an opposite sign but the same magnitude on two layers. It is easy to tune the system to a flat band
limit, where the band gap is much greater than the bandwidths, by taking M > |¢|.

This system is time-reversal invariant and spin rotation invariant so that the QGN for uniform pairing discussed
in the previous subsection is automatically satisfied. However, there are actually more QGN satisfied in this system.
To recognize these channels, we note that in this band structure, Uys ns(k) = 055 Uan (k) and for Q = (m, ),

Ta5Usn(k) = Ul (k + Q) = Uan(Q — k). (169)
This suggests QGN in p-p channel with nesting matrix Ngspﬁ?, = 72307y (and thus form factors Fﬁ:’r’an, (k) =

i=0,z,y,2
ss’

Np_h’Q —

8nmol,), and a series of QGNs in p-h channel with nesting matrices as.fs = Tapl (and thus form factors

FE;I’]T’nQS, (k) = 6nmo',,). These channels of perfect QGN suggest that, besides the uniform pairing order, the system is

simultaneously prone to a singlet pair density wave, a charge density wave, and a spin density wave, all at Q = (m, 7).

I

Applying the construction scheme in Sec. II, we find that different possible Bl(w’w, matrices (factorized by

TLT,07””’y>zoJ;,0’w’y’z) can serve as building blocks of ideal interactions for different orders, as listed in Table. I

o? o” o¥ o

|  CDW, SDW |uSC, PDW, CDW, xSDW [uSC, PDW, CDW, ySDW|uSC, PDW, CDW, z2SDW

T PDW, SDW uSC, xSDW uSC, ySDW uSC, zSDW

7¥|uSC, PDW, CDW| CDW, ySDW, zSDW CDW, xSDW, zSDW CDW, xSDW, ySDW

T PDW uSC, ySDW, zSDW uSC, xSDW, zSDW uSC, xSDW, ySDW
TABLE I. The corresponding orders of the different possible B;{i'f;, = TL:VO’Z’y’ZoJ;?‘I‘y‘Z matrices, which can be used to

construct the ideal interactions. uSC stands for uniform superconductivity with nesting matrix Nﬁ;p;gzo = 7'2,,025,. CDW
0

ss!*

stands for charge density wave with nesting matrix N 5 ;hlf,:(m") = T,0 PDW stands for pair density wave with nesting

. -P, = 7T,7r . . . . . . . . .
matrix N 5 sf) ch, (mom) — Tiwo?, . x,y, z-SDW stand for spin density wave polarized in the corresponding direction with nesting
. p-h,Q=(m7m) _ _x _x,y,z
matrix NHS,VS, = Ty 0

Aiming to construct a simple ideal model for PDW in this quantum geometry, we consider the following local
interaction made of four of the six possible B) matrices in Table. I

., = VZ3(S“§§:ZO))2 + (gg:m:))z + (ngoy))Q + (gg:OZ))Q (170)
R
=6V > ir+V Y (-3iriir: +4Sr1 - Sr2) (171)
R R

showing a combination of anti-ferromagnetism and inter-orbital attraction. This form of interaction is particularly
simple and is spin invariant.

We now compute the charge +1 (quasi-particle) and charge 2 excitation (Cooper pair) excitations for this model.
Note that the one-body terms generated by projection are all trivial, and thus the groundstate and excitations are
exact in the strong coupling limit V > t2 /M.
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The charge 41 excitations are also fully gapped and flat. The calculation is very similar to Eq. (104). From
Eq. (123), the effective Hamiltonian of the charge +1 excitations is

re-P — 1 Uf(k) <\1/ g 3r°P(k — q)7* + 3P(k — q)> Ul(k)
172
=3V UT(k)% > (P(a) + 77 P(a)r?) U(k) 1
= 3V[00]mn "

where m,n € {1,]} since there is 1 flat band per spin in the projected Hilbert space. The flatness of the charge 1
bands leads to the solvability of the Cooper pair spectrum. We will focus on the spin 0 sector (see Eq. (134)) where

TR TP = 23V)dkn + ZVI D= k) Skt k) — ST (k= k)SY) (- kD) 73

using the fact that the charge 1 excitation energies are flat and equal to 3V.
To diagonalize the Hamiltonian, it is sufficient to diagonalize the scattering matrix, which we are able to solve in
some generality. We need the following identities

2
VZVISﬁ)(k",k‘)S (KT k) = ZVUT (k) BDOU(k™)U] (k) BDU, (k)
I
2
=3 S ViU ()B4 Us (k) UL(K)BL) 5, Us(kT)
I,aB,a’ B’
2 (I) * 1— * 14+ (174)
=G 2 Us()Us(NViBU) 50 BL) 5 U (K UL (K™
I,aB,a’ B’
I o, I 2 — I I * *
Z VIS (KT RS (KR = 50 YT —Us (k)Ua(kWViBL), 5y B 5, Ul (K 7)US(K)
I,aB,a’ B’

where we dropped the spin index of the eigenvector using SU(2) symmetry, and took U(k) = U(—k) by spin-less
time-reversal. We now write the scattering matrix in the outer product notation

[P-P-Thp — oTPp %u(p)z’suT (p) (175)

where I'P" is the flat charge 1 excitation energy, and we have defined the V x N2, matrix (recall k* = p/2 £+ k)

UP)k,p5 = Us(kT)Up: (k™) (176)
and the Ngrb X Nfrb interaction matrix
— (I) (I) (1) (I)
Bpsraar = - Z Vi(Boh g Balpy = Barl gt Batip) - (17r)

I

Here N, is the number of orbitals per spin. Since the rank of ¢/(p) and B can be no greater than Ngrb, the scattering
matrix, although thermodynamically large, has finite rank at most N2 ;. Its kernel contains all eigenvectors annihilated
by UT(p), which hence have total energy 6V (twice the charge 41 energy) and form the flat particle-particle continuum.
To derive the nontrivial eigenvalues, we will assume that B is positive semi-definite. Then we can write B = AA" via

a singular-value decomposition, leading to

2 2
—U(P)BU! (p) = GU(p)AATU () (178)
showing that the non-zero eigenvalues are those of

M(p) = S AU (PIU(p) A (179
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whose eigenvalues are the binding energies of the Cooper pair branches below the particle-particle continuum. Written
out in components, we find

[ PN s = & S Pis(p/2 + K) P (02— ) (180)
k

generalizing the form previously found in Ref. [4]. To leading order in t/M, we can compute the k integrals analytically
to find

0
— %(cospw + cospy) — 41\%
h(p) = 3V o y (181)
-3 — 2=z (cospy + cospy)

0

Using the fact that 2I'"* = 6V is twice the charge +1 excitation spectrum, Eq. (175) gives the many-body energies

§ 6Vt2 6Vt2
EPP(p) = { Ve (24 cospy + cospy), 6V + i

(—2 + cospy +cospy)} (182)

neglecting the additional two modes with zero binding energy. The condensing PDW mode is the focus of this work,
which behaves like

612 6Vt? 6p?
for p = (7, 7) + dp. Thus we determine the inverse mass of the Cooper pair to be 61\‘222, which is proportional to the
interaction strength and the integrated Fubini-Study metric

2 2
9= [ FTHOPY s = 5+ O M) (184)

In particular, the ratio of the inverse mass (in units where the lattice constant is 1) to the quasi-particle gap is

6V 2
M2

/3V = 2g is identical to the attractive Hubbard model case with s-wave pairing [4].

D. A class of electronic structures with QGN

Like how a single-band model has perfect Fermi-surface nesting if E(k + Q) = E(k), we can engineer bands with
perfect QGN obeying NU (k) = U(k+Q) where N is an N x N unitary matrix. Our method is to realize a single-particle
Hamiltonian obeying

Nh(k)NT = h(k + Q) (185)

where in this section we require a periodic embedding h,, (k) = h,.(k + G) for all reciprocal lattice vectors G.
Eq. (185) is a multi-band generalization of Fermi surface nesting since Eq. (185) guarantees the spectrum also nests
according to F(k+Q) = E(k). We will consider the flat band limit where the Fermi surface is ill-defined and quantum
geometry instead drives nesting. First we note that Eq. (185) can be written as a real-space condition on the hoppings

Nt(R)NT = ¢'QR¢(R) (186)

where t(R), the Fourier transform of h(k), is the hopping matrix between unit cells R apart.
Given Eq. (185), it is clear that U(k + Q) and NU (k) are eigenvectors of h(k 4+ Q), and thus the projector onto
the set of (quasi-)flat bands obeys

NP(k)NT = P(k+ Q) . (187)

This condition is gauge-invariant, although it is restricted to the periodic embedding.
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We now show that N yields a nesting matrix as defined by the criteria in the Main Text, 11/, ,, N, = 0 for the
p.-p. and p.-h. cases. To show this, we shift k in the sum to yield (considering the p.-h. case) first

mhe, = o > Pl QQu k) + (P > @

(188)
VZNP NMQVV() (P <+ Q)
so that we find
1
S st N = 5 SINPIN Ny Quur () + (P 5 Q)
nv k
= Z v v Ny
(189)

VZNP N Qu (k) + (P <> Q)

=0

since P(k)Q(k) = 0. We now make the observation that the solution to the QGN criterion exhibited here manifests
as a conventional “nesting instability” of the Fubini-Study metric. This is because Eq. (187) implies

gl +Q) = JTx 0,P(k + QAP (k + Q)

- %T& NO,P(K)d; P(k)NT (190)

=g(k) .

If we consider g(k) as an effective dispersion E(k) on the BZ, then QGN can be visualized as a nesting of g(k).

In general, perfect QGN such that IIN = 0 implies g(k+ Q) = g(k) if N is unitary (up to an overall normalization,
i.e. NTN o 1). To see this, note that every term in the k sum defining II is positive semi-definite, so IIN = 0 implies
that

=P(k+Q)NQ(k) = (N'P(k+Q)N) Q(k) (191)

so that NTP(k + Q)N is a Hermitian matrix in the null space of Q(k). If N is unitary, then NTP(k + Q)N is a
Hermitian projector with rank TrNTP(k+ Q)N = P(k+ Q) = TrP(k). This proves NTP(k+ Q)N = P(k) since the
maximal-rank projector onto the nullspace of Q(k) is unique. If N is not unitary, NTP(k + Q)N is not guaranteed
to be a projector, and this argument does not hold.

For the p.-p. channel, we will assume there is also time-reversal symmetry h*(k) = h(—k), in which case

Hf:zf‘,iuzvz W@+ K)Quu (k) + (P & Q) (192)
Z (Q+K)Q;, (k) +(P+ Q) (193)
=y S NP RN} Q3 (K) + (P Q) (194)
k
(195)

and thus we find that N* is a nesting matrix obeying
D IS N, = V Z NP (k)NT],0, N7, Q5 (k) + (P 42 Q)

=0

which completes the proof. Note that a weaker requirement for the p.-p. case is P(k+Q) = (NP(=k)NT)*. Following
the same arguments as the p.-h. case, it follows that g(k + Q) = g(—k).
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E. An engineered model for current density wave

At first glance, the order parameter considered in our work seems orthogonal to any current operator when expressed
on an orbital basis, thus excluding the possibility of a current (flux) density wave. However, in a multiband system
with non-trivial quantum geometry, the projected order parameter may acquire overlap with the current operator and
lead to the current density wave order. To see this, we construct a simple example below.

Consider a one-dimensional, two-leg (labeled by a = 1,2), spinless electronic system with electronic structure
specified by:

Hy = Z h (k) op C;ka,B = Z ho [cos 0(k)T* + sin0(k)7"] 5 élaékﬁ (197)
aBk af,k

where 7° are Pauli matrices acting on the leg index, and we take a special choice
0(k) = k + 6 cos(2k) (198)

with ¢ an arbitrary real number. This electronic structure has two perfectly flat bands (labeled by n = +):

Hy= Y *ho¥},4n (199)
n==4,k
e(k) sin @
~ _ —i- ~

o = S UL =5 | € e(k) s | (200)

@ @ —sin COSs 5

no
Then, when Q = 7,

FPho=m(}) Z Tk + Q/2)irY Usm(k — Q/2) = b (201)

Therefore, according to the alternative definition of QGN, any one of the two bands satisfies QGN in p-h channel
with Q = 7 with nesting matrix:

NPhQ=T — 7y, (202)

Then, the ground states at 1/4 or 3/4 filling for any constructed ideal interacting models will have a certain density
wave order with momentum 7, the nature of which is to be determined. To be concrete, we focus on the 1/4 filling
where one of the ground states can be obtained by occupying the modes (g n=— + fykern:,)/\/i on all k. With
this many-body wavefunction, we can compute the expectation value of the current (going from leg o to 8) density
operator at momentum 7:

Jap(@) = D 10kh()] o L4 o0.0h-q/2. (203)

k
(Jii(qg =) :2 ‘217’: sin M - Ok cos O(k) - sin M = —g = —(Jaalg=1)) (204)
<j12(q =m)) = 5 ;17]: sin M - O sin O(k) - cos M = g = —<j21(q =m)) (205)

Meanwhile, the number density operators (on leg o) have vanishing expectation values on this momentum:

q) = Z & ra/20Ch-q/2.0 (206)
(g =) =5 [ B g HELTSD) g WD) (g = m) (207)

Therefore, the ground state is purely a current density wave. The corresponding ideal interaction can be constructed
with the general scheme in Sec. II. In this case, the viable B matrices are 7, or 79 = 1. Therefore, the ideal interaction
can be as simple as a density repulsion

1 2
Hiy = VZ <nR1 +itRs — 4) : (208)
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VI. A GENERALIZATION OF THE CONSTRUCTION SCHEME OF SOLVABLE MODELS

The construction scheme for solvable models so far encompasses the known solvable cases of flat bands. However,
it is not exhaustive for systems satisfying perfect QGN. We now show that relaxing the Hermiticity constraint of the
spin operators in Eq. (51) (while preserving Hermiticity of the Hamiltonian) enables us to obtain nontrivial pairings
in flat-band superconductors. This generalizes the construction presented thus far, where nontrivial pairing symmetry
requires additional global symmetries.

Below we will show a minimal example of this extension in the superconducting case by constructing a 1D p-wave
eta pairing groundstate.

In this section, we construct a family of models with solvable eta-pairing ground states with nonzero angular
momentum (p-wave, d-wave, and f-wave pairings). Our construction generalizes the s-wave groundstates obtained in
Ref. [4] by allowing combined spin-hopping operators (denoted Sg below) that are not Hermitian. This will allow
nesting matrices with k-dependence that realize nontrivial pairing symmetries. A key requirement will be that Sgr is
strictly local (it has finite support), which we can satisfy in strictly local generalized bipartite flat band models that
have been exhasutively constructed in Ref. [12].

We will consider a system S, spin U(1) symmetry, spin-ful time-reversal symmetry 7, and a single-particle Hamil-
tonian Hy with a set of exactly flat bands. For convenience, we will assume all electron orbitals on which the flat
band is supported are located at the origin of the unit cell, r, = 0, as can be easily implemented in the construction
of Ref. [12].

We now define a generalized spin/hopping operator

z, 0 T
Z S6Tha (R/ - R)CR’,B,JCR@‘J (209)
R/,aB,0

where sZ = + for spin 1 / | and o (R’ — R) is a finite range hopping whose form is determined by a solvability
criterion we will derive momentarily. (We use the notation 7 instead of S to avoid confusion with the sZ spin.) From
Sr we obtain the positive semi-definite interaction

t
Hipy = UZS Sr (210)

although it is possible to generalize our results to longer-ranged positive-semi definite interactions. For Sgr to be
time-reversal symmetric, i.e. TSR.aT ' = —Sr.a and T H; T 1, we take Tga(Rl —-R)= Tha (R — R)*. Tt will be
useful to rewrite this Hamiltonian in momentum space as

1 g
Hiy = UZS’};Sq, Sq = N Ze aRGn . (211)
q R
We now go to the band basis via the following Fourier transformations

1 . 1 . /
Tt —ik-R T o / o —iq-(R'—-R), o
G, = — g e CR s 75, (R —R) = = g e 8o
ko \/\7 R,«x B ( ) vV - B (q) (212)

and 7,];%0 = Za k0.0 Ua n(k) in terms of the single-particle eigenvectors U (k) of Hy. We obtain

w

1 i(k'—q) R —i(k—q)R 1 —i(k—k')R
Sn=gp D s IRTEORg @ nn =y 3 s R Bt (219
R’,qkk’,aB,0 kk',afB,0

leading to the momentum space expression

Sq = Z S Tﬁa(k—&—q)ckJrqﬁg kaa:f Z S5 T@a ckﬁock q.a,0

3\

,af,o k,aB,0 (214)
T Z U (k)T (R)U (k= @l Vi, .0 Vo—amao -
We define a projected interaction
Hint, flat = UZ 5854 (215)

q



30

where S'q is obtained restricting m,n € 1,...,Ngat in Eq. (214) to sum only over the flat bands. There is also a
one-body Hartree-Fock term given by

Hi=U 3 vkmo<VZ (U (k+ q)r <k+q>U”<k>>T<1—ﬂﬁatwa*(mq>70<k+q>w<k>]mn> e

kmn,o

=U Z ’yk: ,m,o <V Z UUT QU( ) (q)UU(k)]mn> Ve,n,o

kmn,o

(216)

which can be neglected as long as it acts as a chemical potential in the flat band Hilbert space. In the following
construction, we will show that this can be ensured.

This completes our construction of the projected model. Note that H;y,s, fiq¢ is the full Hamiltonian after projection,
since the projected kinetic term Hj is assumed to be a constant due to the flatness of the bands.

We now look for additional symmetries of the S'q spin operators. We make the generalized eta pair ansatz

_ T i
= Z an(k)Vk,m,T77k,n,¢ (217)

k,mn

where F,,, (k) is pairing matrix among the flat bands index by mn. (In the Main Text, we use the notation nf = Op-p-,
We change notation here to alert the reader to the generalization of the formalism developed, where now Sq is not a
Hermitian operator.) We compute the commutator:

1 z g g g
[Squ] =5 sglU T(k)T (R)U? (k — q)}anm’n’(k/)['yli,mg”m—q,m,oa’Y}i/,m/,¢71k/,n/,ﬂ
\/\7 kmn,k'm’'n’ o
1
= 7\/ Si[UUT (k)TU (k)UU(k - q)}anm’n’ (k/)'}/]ln,g(5k—q,k’6mm’6oT'YT,kl’n/7l - 5k—q,—k/57rm/6a¢7]1/7m1)/r)
kmn,k'm’'n’ o
1
= N ([UTT(k)TT(k)UT(k = &)l Forns (B — q)VI];,n,T’YJ;—k,n’,¢
knn’'m/’
+ [Uu-(k)T\L(k)Ui(k - q)]nn’Fm/n’ (Cl - k)’yl];,n,ifﬂl—k,m',ﬁ)
1
v, (UM (k)7 (R)U " (k = @) Foprr (k= @) — [UY (@ = B)7* (@ = B) UM (=) B (R) Y 1Y e ) -
knn'm/’
(218)
Thus for the commutator to vanish, we have the condition (analogous to Eq. (70))
UM (k)r"(k)UT (k — ) F(k — q) = F(k)[U*(a — k)7 (a — k)U*(=K)]" (219)

written in matrix notation. By 7 and S, we write UT (k) = U(k) and U*(k) = U*(—k), and 7(k) = 71 (k) = 7+(—k)*.
Then Eq. (219) is equivalent to
Ut (k)7 (k)U(k — @)F(k —q) = F(k)U' (k)7 (k — QU (k — q) . (220)

We will now find a solution to this equation for 7(k) in terms of U(k). Note that the usual s-wave case can be
recovered by taking 7.5(k) = dop and F,,(k) = 0. However, we can find a nontrivial solution by identifying a
different ansatz for 7(k) in the form

(k) = U(k)F(k)U' (k) (221)
which satisfies Eq. (220) as long as F'(k) is Hermitian:

Ut (k)U (k) F(k)U" (k)U (k — @) F(k — q) = F(k)U'(k)U(k — q)F(k — q)U'(k — q)U(k — q)

(222)
F(k)UT(k)U(k — q)F(k — q) = F(k)UT(K)U(k — q)F(k — q)

so we see that the form of the interaction Sq determined by 7(k) is directly related to the Cooper pair wavefunction
F(k). Secondly, Eq. (216) automatically shows that the one-body term H; vanishes, since Q(q)7(q) = 0. Thus we
see that

In) =" [0) (223)
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are (unnormalized) pairing groundstates at fixed particle number. This follows from [S'q, n'] = 0 because

(n|Hint, fiatln) =Y _ (Sqn™ 0) )2 =0 (224)

and thus |n) must be zero energy eigenstates because of the positive semi-definite form of Hjns, fiq¢. Hence they are
groundstates. This approach agrees with the particle-number polarized groundstates of the psuedo-Hamiltonian in
ITI.

We now will show that p-wave, d-wave, and f-wave Cooper pairing groundstates can be constructed from this more
general ansatz, and then we will give a minimal example.

Using Eq. (221), we see that the Cooper pair can be written

0= Z “YLm,Tan(k)Vik,n,i

k,mn

= UL (k) Frn (YUY (—K)E 5

k,mn

=" & o tUaim (k) Fon (kU (R)E, 5 |

k,mn

= D Chagmas(k)c g,

k,mn

(225)

so that 7(k) is the order parameter/Cooper pair wavefunction. To have 7' transform nontrivially, we check its
symmetry transformation properties:

gn'gt =" &, 1 [Dlglr(g7 k) D [gllagel 4 5, (226)

k,mn

where gé}; o UgJr => EL,C o 0D lg] and D7[g] is the representation of the symmetry g on the spin o electrons,

which obey D'[g] = D*[g]* by T. Because we required 7(k) to be Hermitian in order to satisfy Eq. (220), the only
allowed transformations of 7(k) are

Dlglr(g~'k)D'[g] = £7(k) (227)
which from Eq. (226) yields
gn'gt =Y as(ErasR))el g, =£0" (228)
k,mn

We see that only 41 eigenvalues of g = C, are allowed, which is expected given that we have enforced spin-ful time-
reversal symmetry and the groundstate it unique. The + sign is conventional s-wave. For g = Csy, Cy, Cg, the — sign
corresponds to p—,d—, and f—wave symmetry respectively (i.e. Cooper pairs with angular momentum ¢ = 1,2, 3 mod
2,4,6) and spin zero. To illustrate that it is possible to achieve these higher angular momentum pairing symmetries
in a strictly local model, we first give a minimal 1D example with p-wave symmetry.

We consider a 1D SSH-type chain with s and p orbitals at the origin. We pick the single-particle Hamiltonian to be

h(k) = t(cg — o5 cosk + o2 sink) (229)

with the symmetries inversion D[C3] = o3 and spinless time-reversal D[T] = K. The eigenvalues of h(k) are 2t,0,
corresponding to two flat bands. The zero energy eigenvector is
k

. [ —tcos 5

Uk)=¢'2 (230)

<k

Sin b

which is periodic on the Brillouin zone k € (0, 27) and is normalized. If we pick F(k) = sink (note that there is only

one zero energy flat band per spin, so F'(k) is a 1 x 1 matrix), we obtain a p-wave superconductor described by the
interaction

1 [ 2sink +sin2k —i(1 — cos 2k) 1 ) )
(k)= = = Z(200 sink — o3 sin 2k + o2(1 — cos 2k)) (231)
i(1 —cos2k) 2sink —sin 2k
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which obeys o37(—k)o3 = —7(k). A key feature of 7(k) is that is is supported on strictly finite harmonics e™* n =
0,41, +2, and as such is a compact obstructed atomic limit arising from a model with completely flat bands [13-16].
Although such bands have zero Berry curvature, they exhibit nontrivial many-body phases [17, 18] thanks to quantum
geometry. This work shows they can also exhibit exotic superconductivity. Since 7(R — R/) is finitely supported, the
unprojected Hamiltonian is strictly local. This is usually a desirable property of tight-binding models.

Note that the s-wave Cooper pair with F(k) = 1 is not a symmetry (see Eq. (219)) for the choice of 7(k) in
Eq. (231), and thus it is reasonable to expect that the p-wave groundstates constructed here are unique. Indeed,
Remark (2) (see Ref. [19]) of Lieb’s first theorem proves this is the case.

Finally, we discuss the excitations above the groundstate. It is important to note that, unlike in the s-wave case,
Sq # ST as is apparent from the non-hermiticity of Sg in Eq. (209). Hence although [Sq,n } = 0, generically §T

and nf Wlll not commute and thus n' is not a symmetry of the Hamiltonian. This means that 7k o nT” |0) will not
be exact eigenstates. However, we can use such states to get variational upper bounds for the charge 1 excitations.
To see this, note that

(0 Vi Hint, flat V.11 = UZ (V.0 S Ve I0)
—UZ (n|[ ’Ykmaa7 I Q77kmo]|n> (232)
V Z m (K, @) (ke tqm o Vs ot 112) Tonrn (K @)

q,m’m’’

where we used Eq. (214) to compute

& ]‘ z o o o
[Sas Vemo] = W > sHUTH R KU (K = @l ke 0 Wm0 em,o)
k'’ ,m/n,o
T Z U7t (k + Q)7 (k + QU (5)nm Vs (233)

\/» Z U'Yk+q,n o Trm (K, Q) (77 (K, @)]imn = [UJT(k +a)77(k + @)U (k)|mn -

We now use the matrix inequality (n\ykymu,gfy}; ' o) = [(n|n) 1]mme to observe that

<n|7k,m,aHint,flat'7T molt) U . ) i
(nln) BT < vl Tk, @) (k,q)] Zr Tk, @) (k, @)lmm = [R7(K)]mm - (234)
q

Using Eq. (231), we compute

1+ e

U
77 (k,q) = sin k, R (k) = 5 sin? k (235)
which has zeros at k = 0,7 corresponding to the nodes of the Cooper pair 1f. Since the excitation energies must
also be positive semi-definite, the existence of nodes in the upper bound R? (k) proves nodes in the full many-body
spectrum. The inequality in Eq. (234) is sufficient to prove the desired result in the one-band case considered here,
and in general can be improved using the generating function formalism in [4, 20] to calculate the normalization

<n|7k,m707]17m)0.‘n> exactly.
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