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ABSTRACT
Multicomponent macromolecular mixtures often form higher-order structures, which may display non-ideal mixing and aging behaviors. In
this work, we first propose a minimal model of a quaternary system that takes into account the formation of a complex via a chemical reaction
involving two macromolecular species; the complex may then phase separate from the buffer and undergo a further transition into a gel-like
state. We subsequently investigate how physical parameters such as molecular size, stoichiometric coefficients, equilibrium constants, and
interaction parameters affect the phase behavior of the mixture and its propensity to undergo aging via gelation. In addition, we analyze the
thermodynamic stability of the system and identify the spinodal regions and their overlap with gelation boundaries. The approach developed
in this work can be readily generalized to study systems with an arbitrary number of components. More broadly, it provides a physically based
starting point for the investigation of the kinetics of the coupled complex formation, phase separation, and gelation processes in spatially
extended systems.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0196793

I. INTRODUCTION

Traditionally, the intracellular organization of organelles has
been associated with compartments, which are surrounded by
membranes. Modern imaging approaches indicate, however, that
membraneless organelles exist outside of this classical view.1
These organelles are typically micron-sized clusters comprised
of macromolecules such as RNAs and proteins, which may
emerge via liquid–liquid phase separation (LLPS), forming droplets
(“biomolecular condensates”).2 More intriguingly, the dynamics of
these initially liquid-like condensates often slow down over time,
exhibiting viscoelastic or even solid-like properties.3,4 This time-
dependent liquid-to-solid-like transition (“aging”) is a characteristic
behavior associated with several neurodegenerative diseases such as
Alzheimer’s disease, Parkinson’s disease, and amyotrophic lateral
sclerosis (ALS), among others.5 Therefore, in recent years, aging

has begun to receive attention in the study of intracellular phase
separation.

In general, the scope of LLPS can be expanded from binary
solutions to a broad range of mixtures in which multiple macro-
molecular species interact with each other. The formation of com-
plex coacervates and the subsequent LLPS by mixing multiple mul-
tivalent, oppositely charged molecules are rather well characterized
by now.6,7 Bracha et al. designed an oligomerizing biomimetic sys-
tem (“Corelets”) to investigate the effects of multivalent interactions
of intrinsically disordered protein regions (IDPs/IDRs) on LLPS.8
In their system, a spherical core with multiple photo-activatable
domains recruits proteins when light shines upon it. The new com-
plex structure formed by the core and proteins behaves distinctly
from its constituents, and it can in turn aggregate and phase sepa-
rate from the buffer solution to form a liquid condensate. One can
perceive this activation/deactivation process as a reversible light-
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induced chemical reaction. In fact, a number of experiments have
already shown that macromolecules with different sizes and lengths,
such as colloid–polymer solutions,9 cholesterol and phospholipid
systems,10 protein–DNA,11,12 and enzyme–protein mixtures,13,14

can readily react to form condensates. Theoretical works by Cor-
rales and Wheeler,15 and Talanquer16 were the first to consider a
reversible chemical reaction between the binary components of a
liquid mixture to produce a third liquid component, which was sub-
sequently phase-separated from the reactant species. Radhakrishnan
and McConnell10,17,18 further extended this idea to the non-ideal
mixing behavior of cholesterol and reactive and unreactive phos-
pholipids, demonstrating that such models can be readily applied
to systems of biological relevance. More recently, following the
approach of Bazant,19,20 Kirschbaum and Zwicker formulated a ther-
modynamically consistent model to study chemical reactions in the
context of biomolecular condensates while accounting for different
molecular volumes of the reactants.21

It is important to note that existing mesoscale theoreti-
cal models of multi-component LLPS, or reaction-induced phase
separation,21,22 assume all species to be in a liquid state, thus
ignoring any aging processes, which often have great physical sig-
nificance in both polymer solutions and biomolecular systems.
Aging can be caused by different types of microstructural changes,
such as physical gelation and fibril formation. For example, a
gelatin–methanol–water mixture can lead to phase separation and
gelation;23 colloid–polymer solutions can undergo gelation;9 and
protein condensates show solid-like properties and various non-
spherical morphologies during aging.24,25 To partially address the
role of aging on LLPS, Berry et al. proposed a minimal mesoscale
kinetic model for coupled ternary phase separation, gelation, and
chemical reactions26 but did not provide quantitative results. There-
fore, a theoretical framework to study the coupled processes of
chemical reaction, phase separation, and aging may help facilitate
the development of a better understanding of ALS-like diseases, as
well as many other similar systems more generally.

As a step toward this goal, we mainly focus on the ther-
modynamic equilibrium properties of a multicomponent, reactive
macromolecular system in this paper. To this end, we first pro-
pose a minimal model of a quaternary mixture by constructing a
free energy that incorporates chemical reactions and phase sepa-
rated liquid-like states. Based on the free energy model, we then
compute the corresponding phase diagrams to study the phase
behavior of the mixture and its propensity to undergo aging via gela-
tion. We systematically investigate how physical parameters such as
stoichiometric coefficients, molecular sizes, equilibrium constants,
and interaction parameters affect the equilibrium properties of the
mixture. A detailed study of the coupled diffusive kinetics, chem-
ical reactions, and aging behavior will be presented in a separate
publication.27

II. THERMODYNAMIC MODEL
Let us consider an initially ternary system composed of species

X, Y , and B. Among the three species, B denotes the buffer in which
X and Y are immersed. Species X and Y are chemically reactive
and may form a complex XnYm (denoted by Z) via the following
reversible reaction:

nX +mY ↔ XnYm ≡ Z, (1)

where n and m denote stoichiometric coefficients. The four molec-
ular species defined by their respective volume fractions, X, Y , Z,
and B, form a liquid mixture at equilibrium. The mixture is taken to
be incompressible such that B = 1 − X − Y − Z. The molecular vol-
ume of the ith species is taken to be vi = rivi,0, where ri and vi,0 denote
the degree of polymerization and monomer volume, respectively, as
different polymers may have different monomer volumes. The vol-
ume conservation of Eq. (1) then leads to vz = nvx +mvy.21 Figure 1
illustrates a reaction between two molecules and one long polymer

FIG. 1. Schematic of the reactive macromolecular mixture considered in this work. Two species, X and Y , react to form a complex, Z, which subsequently separates from the
buffer. The complexes may subsequently undergo physical crosslinking, leading to gelation. The stoichiometric coefficients are set to n = 2 and m = 1 in this example.
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chain to form a complex. The complexes subsequently aggregate to
form a macroscopic condensate via LLPS.

Following the approach of Radhakrishnan and McConnell,10
we consider a free energy density for the liquid mixture,

fliquid(X,Y ,Z) = μ0x +
X
rx

ln X + μ0y +
Y
ry

ln Y + Z
rz
(ln Z + μ0z)

+ B ln B + χxyXY + χxzXZ + χyzYZ
+ χxbXB + χybYB + χzbZB. (2)

In this model, all standard chemical potentials μ0i are con-
stant and set equal to zero for convenience, with the exception of
the complex, μ0z = − ln K, where the parameter K corresponds to
the equilibrium constant for the reaction10,17,18 in an ideal solution
(χij = 0)with equal degrees of polymerization. The interaction para-
meters χij determine whether two different species (i and j) attract
or repel each other, which governs the global mixing/demixing
behaviors. Finally, if one considers only the change in the trans-
lational entropy associated with the complexes, rz = nrx +mry;
however, to allow for possible changes in chain conformations
upon complex formation, rx, ry, and rz are treated as independent
parameters.

Phase separation of polymers in solution may, in addition,
induce strong associations in the form of cross-links between seg-
ments of the polymer chains, leading to the formation of a ther-
moreversible, physical gel.23,28 To incorporate gelation of macro-
molecular mixtures into our model, the liquid-to-gel transition
within clusters of molecular complexes is captured using a simple
criterion: gelation commences when Z > Z∗, where Z∗ is propor-
tional to the critical cross-linking volume fraction necessary to form
a gel.29

III. EQUILIBRIUM BEHAVIOR
A. Phase diagrams

A phase diagram is a useful tool for understanding the equi-
librium states of complex mixtures, including phase coexistences
and the nature of phase transitions (e.g., continuous vs discontin-
uous). While multi-component phase diagrams have been widely
used in the field of materials science, a rather limited number of
works have used them to study biological and/or chemically reac-
tive systems. For example, Horst and Wolf proposed a numerical
method for constructing phase diagrams for quaternary polymer
blends.30 Veatch and Keller mapped the phase boundaries of the
DPPC/DOPC/Chol mixture on a ternary phase diagram.31 Radhakr-
ishnan and McConnell calculated the phase diagram for choles-
terol and two phospholipids, highlighting the two-phase coexistence
region.18 In more recent work, Shin and Brangwynne proposed a
hypothetical phase diagram for protein condensates, which incor-
porates phase coexistence and phase transitions between liquid,
disordered “glassy,” and solid/crystalline states.3

To better understand the interplay between LLPS, chemical
reactions, and aging, we proceed to construct phase diagrams of the
effective quaternary mixture described in the previous section. We
begin by looking at a ternary mixture of X, Y , and B, that is, a reac-
tive system that has no complexes present initially. Following the
treatment of Radhakrishnan and McConnell,10 we first introduce

a reaction progress parameter γ (proportional to the complex vol-
ume fraction) to calculate the final volume fraction of the complex
Z, assuming that the reaction attains equilibrium. Now, for a given
γ, fliquid can be expressed as

fliquid(X0,Y0, γ) =
(X0 − nvxγ)

rx
ln (X0 − nvxγ)

+

(Y0 −mvyγ)
ry

ln (Y0 −mvyγ) +
vzγ
rz
[ln (vzγ) − ln K]

+ (1 − X0 − Y0) ln (1 − X0 − Y0) + χyzvzγ(Y0 −mvyγ)

+ χxy(X0 − nvxγ)(Y0 −mvyγ) + χxzvzγ(X0 − nvxγ)

+ [χxb(X0 − nvxγ) + χyb(Y0 −mvyγ)](1 − X0 − Y0)

+ χzbvzγ(1 − X0 − Y0), (3)

where X0 and Y0 denote the initial volume fractions of X and Y ,
respectively. We note that 0 ≤ γ ≤ min( X0

nvx
, Y0

mvy
). The phase dia-

grams are constructed by first minimizing fliquid(X0,Y0, γ) with
respect to γ for given X0 and Y0 to yield γmin = Z/vz ; the mini-
mization is carried out numerically as the resulting expression, in
general, does not yield a closed-form analytical solution for γmin.
Then, from the free energy function fliquid(X0,Y0, γmin), we com-
pute the ternary phase diagram by convexifying it using an algorithm
based on the convex-hull construction.22,32 The algorithm not only
determines the phase coexistence regions but also automatically gen-
erates tie-lines in those regions, thus determining the equilibrium
compositions and complex volume fractions. On the resulting phase
diagram, the gelation regions are shaded in gray for regions where
Z > Z∗. Gelation will be induced if the final volume fraction of the
complex of at least one of the coexisting phases exceeds Z∗. We note
that a full treatment of the spatio-temporal dynamics of the cou-
pled complex formation, phase separation, and gelation processes
is required to fully characterize the behavior of the system in this
regime.

Inspired by experiments on protein–DNA coacervates,11,12 let
us use the following simple system as an example, in which there
only exists a repulsive interaction between Z and the buffer, con-
trolled by a positive χzb parameter, while all other interaction para-
meters χij are set to zero. That is, while X, Y , and the buffer form
an ideal liquid mixture, the complex Z is primed to phase separate
from the buffer and potentially form a gel. We set n = m = 1, vx = vy
= 1, rx = ry = 1, rz = 2, and χzb = 4, K = 100, and Z∗ = 0.7; the cor-
responding phase diagram is shown in Fig. 2(a).33 The white areas
represent two-phase coexistence regions, in which the mixture will
phase separate into a complex-poor and complex-rich phase as dic-
tated by the tie-lines (dashed lines). In Fig. 2(a), three representative
initial compositions of X0 and Y0 are highlighted, i.e., (0.1, 0.25),
(0.1, 0.45), and (0.1, 0.8) as red, blue, and green stars, respectively.
Each of these systems yields a distinct equilibrium state. The mix-
ture initiated at the red star will phase separate and undergo gelation
in the condensed complex phase as the right end of the tie-line enters
the gelation region; the mixture initiated at the blue star will phase
separate without experiencing any gelation; and initializing the sys-
tem at the green star yields a homogeneous liquid solution with no
gelation.
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FIG. 2. Effects of varying interaction parameters, equilibrium constants, and gelation criteria on the phase behavior of the quaternary mixture at fixed stoichiometry (n = m
= 1), molecular volumes (vx = vy = 1, vz = 2), and degrees of polymerization (rx = ry = 1, rz = 2). The interaction parameter, equilibrium constant, and gelation criterion
were set to (a) χzb = 4, K = 100, and Z∗ = 0.7; (b) χzb = 2.5, K = 100, and Z∗ = 0.7; (c) χzb = 2.5, K = 35, and Z∗ = 0.7; and (d) χzb = 2.5, K = 35, and Z∗ = 0.2.

B. Effects of interaction parameter, equilibrium
constant, and gelation criterion

To further illustrate the rich equilibrium states of the quater-
nary system, let us first fix n = m = 1, vx = vy = 1, rx = ry = 1, rz = vz
= 2, and only vary the interaction parameter χzb, the equilibrium
constant K, and the gelation threshold Z∗. Upon decreasing the
repulsive interaction between Z and B, the two-phase coexistence
region in Fig. 2(b) shrinks significantly in the direction perpendicu-
lar to the tie-lines andmoves further away from theX-axis. Similarly,
when the formation of the complex phase becomes less favorable
chemically by decreasing the equilibrium constant K from 100 to
35, the two-phase coexistence region moves further away from the
bottom left corner, as shown in Fig. 2(c), indicating that systems
with a low overall concentration of formed complexes tend not to
phase separate. In addition, we observe that the two-phase coex-
istence and gelation regions no longer overlap, indicating that all
phase separated domains will remain liquid-like. On the contrary, in
Fig. 2(d), with Z∗ = 0.2, the entire right boundary of the two-phase
coexistence region resides within the gelation region, indicating that
all initial compositions inside the two-phase coexistence region lead

to the formation of a gel (either confined to droplets or a system-
spanning network as dictated by the volume fraction of Z). Note that
it is also possible to form a gel network without phase separation
if the initial composition is inside the single-phase gelation region.
This can be done by initiating the system in the shaded-color region
of the phase diagram.

C. Effects of stoichiometric coefficients
The effects of stoichiometric coefficients on coupled phase sep-

aration and gelation behavior of the system were also investigated
by systematically varying n andm in the reaction between two small
molecule species, defined by the constants vx = vy = 1, rx = ry = 1,
and rz = vz = nvx +mvy. In addition, we set Z∗ = 0.4 in all four cases
shown in Fig. 3. Figure 3(a) shows the phase diagram of a sym-
metric case with n = m = 1. In Fig. 3(b), we consider a different
stoichiometric ratio for the reaction between X and Y , namely, n
= 5 and m = 1 (5X + Y ↔ Z). The two-phase coexistence region in
the resulting phase diagram shows a clear asymmetric shape and
also a different complex volume fraction distribution as compared
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FIG. 3. Effects of varying stoichiometric coefficients of the reaction on the phase behavior of the quaternary mixture at fixed interaction and gelation parameters (χzb = 3,
K = 10, and Z∗ = 0.4), molecular volumes (vx = vy = 1), and degrees of polymerization (rx = ry = 1, rz = vz). The stoichiometric coefficients were set to (a) n = m = 1;
(b) n = 5 and m = 1; (c) n = 1 and m = 5; and (d) n = 2 and m = 5.

to the symmetric case in Fig. 3(a). This is simply due to the fact that
in forming the complex, the system consumes more X than Y , and
hence the phase diagram becomes skewed toward high X volume
fractions. By setting n = 1 and m = 5, it yields a phase diagram that
is mirrored by the line X = Y [Fig. 3(c)]. Finally, changing the stoi-
chiometric ratio to n = 2 andm = 5, gives rise to a phase diagram [cf.
Fig. 3(d)] with a lower overall volume fraction of formed complexes.

D. Effects of molecular size and degree
of polymerization

A system rich in multi-valent interactions normally shows size
discrepancies among the different macromolecular species. There-
fore, we proceed to study the effects of different molecular volumes
and degrees of polymerization on the phase behavior of the system.
When the molecular volume of one reactant species is larger than
the other (e.g., vx ≠ vy), the phase diagram is influenced by the prod-
uct of the stoichiometric coefficient and molecular volume of each
species, as described by Eq. (3). Despite representing different phys-
ical meanings, setting n = 2, m = 5, and vx = vy = 1 [cf. Fig. 3(d)] is
mathematically indistinguishable from setting n = 1, m = 5, vx = 2,

and vy = 1 (X represents a larger “blob” than Y) within the cur-
rent formulation. Consequently, both cases will yield identical phase
diagrams.

So far, the systems discussed have adhered to the constraint
rz = vz , which is physically reasonable for the formation of extended
chains or copolymers. However, it is possible that this constraint
may be violated in multicomponent mixtures undergoing chemi-
cal reactions and phase separation. In fact, theoretical investigations
have recognized the need to introduce corrections to lattice mod-
els to accommodate diverse polymer architectures.34 Moreover,
molecular simulations have suggested that condensate-forming pro-
teins exhibit different conformations in dilute and dense phases
due to sequence-specific intra-chain and inter-chain interactions.35
Therefore, we next proceed to investigate the impact of the degree
of polymerization by intentionally relaxing this constraint. More
specifically, in Fig. 4, we show the resulting phase diagrams at fixed
parameter values n = 5, m = 1, vx = 1, vy = 5, rx = ry = 1, χzb = 3,
K = 35, and Z∗ = 0.4. In Fig. 4(a), we set rz = 6 and vz = 10, reflect-
ing that the complex molecule has a more granular structure than
extended polymers with the same molecular volume. The phase dia-
gram is symmetric about X = Y , and we further discover that the
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FIG. 4. Effects of varying molecular volumes and degrees of polymerization on the phase behavior of the quaternary mixture at fixed stoichiometric coefficients (n = 5 and
m = 1) and interaction and gelation parameters (χzb = 3, K = 35, and Z∗ = 0.67). The volumes and degrees of polymerization of each species were set to (a) vx = 1, vy

= 5, vz = 10, rx = ry = 1, and rz = 6. (b) vx = 1, vy = 5, vz = 10, rx = 1, ry = 5, and rz = 8.

coexistence region shrinks toward the X-axis as rz increases, while it
expands toward B = 1 as rz decreases.

Next, we consider a more complex case where a long polymer
Y with volume vy = 5 reacts with five small Xmolecules with volume
vx = 1. The polymer also has a higher degree of polymerization than
the small molecule, such that rx = 1, ry = 5, and the complex has an
extended structure with rz = 8. Compared to Fig. 4(a), the phase dia-
gram in Fig. 4(b) demonstrates that increasing vy not only expands
the two-phase coexistence region but also causes it to become more
skewed toward the X- and B-axes. It suggests that higher degrees
of polymerization may facilitate LLPS and/or gelation at lower vol-
ume fractions of X and/or Y . This observation aligns with the

experimental findings that phase boundaries of multi-valent protein
mixtures can be shifted by increasing the degree of polymerization,
which may also help induce a sol–gel transition.36,37

E. Spinodal behavior
LLPS may proceed either via nucleation and growth or spin-

odal decomposition. In the spinodal region, the mixture becomes
globally unstable under small compositional fluctuations and results
in spontaneous phase separation without nucleation. Identifying
such regions is important for both numerical simulations and
experiments.

FIG. 5. Representative phase diagram with significantly overlapping spinodal and gelation regions. The parameter values employed in the construction of the phase diagram
were set to n = m = 1, vx = vy = 1, rx = ry = rz = 1, χzb = 4, K = 100, and Z∗ = 0.67. Even though the gelation region makes only a small “excursion” within the two-phase
coexistence region, a significant fraction of the initial compositions within the spinodal would lead to phase separated gel-like domains.
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Thus, in addition to the phase boundaries (binodal lines) dis-
played in the phase diagrams in Figs. 2–4, we have also determined
the spinodal regions via a standard quadratic approximation. That
is, for a given initial composition (X0,Y0), we expand fliquid from
Eq. (3) up to the second order in the compositional variations via
f liquid(X,Y)≈ f liquid(X0,Y0)+∇⃗ f liquid(X0,Y0) ⋅[X−X0,Y−Y0]T+ 1

2

[X− X0,Y − Y0] ⋅H f ⋅ [X − X0,Y − Y0]T , whereH f ;i, j = ∂2 f liquid
∂Xi∂X j

∣X0 ;Y0

denotes the Hessian. The spinodal region is identified as the one
wherein at least one of the two eigenvalues ofH f is negative. Having
thus identified the thermodynamically unstable regions, we then
delineate them in the phase diagram as shown in Fig. 5. We further
identify inside the spinodal region the initial compositions where
spinodal decomposition and gelation happen concurrently (colored
orange). It is noteworthy that even though the gelation region
makes only small “excursions” within the two-phase coexistence
regions, a significant fraction of the initial compositions within the
spinodal—those easily triggered to display phase separation either
numerically or experimentally—would lead to phase separated
gel-like domains.

IV. CONCLUSION
In this work, we have formulated a thermodynamic approach

that incorporates chemical reactions in a non-ideal ternary macro-
molecular system and its propensity to undergo aging via gela-
tion. We have shown that chemical reactions may significantly
alter phase behavior when considering the effects of different stoi-
chiometric coefficients, molecular sizes, degrees of polymerization,
equilibrium constants, and interaction strengths. Clear asymme-
tries in the phase diagrams were observed for systems in which the
stoichiometric coefficients, molecular volumes, and/or degrees of
polymerization were significantly different between the two reac-
tant molecular species. Furthermore, numerical identification of the
spinodal regions demonstrated that in systems in which the gelation
region overlaps with the two-phase coexistence one, large fractions
of initial compositions within the spinodal regions would lead to
phase separated gel-like domains.

With regard to the propensity of the system to undergo gela-
tion, our analysis demonstrates that it can be effectively suppressed
by (1) reducing the complex–buffer interaction parameter χzb, (2)
decreasing the parameter K (corresponding to the equilibrium con-
stant of the reaction in an ideal system), or (3) increasing the gelation
threshold Z∗. It is noteworthy that the first two options would
both weaken the driving force for phase separation and reduce the
compositional contrast between the phases, thus possibly negatively
impacting the biological functions of the domains. On the other
hand, very recent experimental work has shown38 that cross-linking
may be tunable by ATP activity, thus providing a potential strategy
for controlling the gelation threshold.

While the thermodynamic model developed in this paper is
sufficiently general to allow for non-ideal behavior for the ternary
X–Y-buffer system as well as gelation of the pure X or Y com-
ponents, our choice of focusing on the phase separation of the
complex Z from the buffer and its possible gelation was inspired
by experimental observations of coacervate phase separation in
protein–DNA-buffer systems,11,12 in particular those in which nei-
ther the proteins nor DNA alone exhibited any macroscopic phase

separation behavior in the buffer solution.12 It would be interesting
to extend the analysis herein to other systems in which the reac-
tants may also display non-ideal solution and/or gelation behavior;
we plan to address these questions in future work.

Finally, it is important to stress that for quantifying the full
non-equilibrium behavior of phase-separating systems, which may
or may not display aging, phase diagrams alone will not suffice;
one has to resolve the full spatio-temporal kinetics of the molecular
species and their aging behavior. To this end, we have implemented
a thermodynamically consistent formulation of the kinetics, derived
from an extension of Eq. (2) to spatially varying volume fractions
and supplanted with appropriate mass conservation laws and reac-
tion kinetics. This allows us to further generalize the N-component
system to more complex scenarios in which reactants/products are
not restricted to only one reaction. The detailed results, includ-
ing numerical simulations and the interplay between kinetics and
morphology, will appear in a separate paper.27
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APPENDIX: GENERALIZATION TO ARBITRARY
NUMBER OF COMPONENTS

The generalization of our model to systems with even larger
numbers of components is straightforward. To this end, consider an
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N-component system (where N accounts for all molecular species
present, including reactants, products, and un-reactive ones) with
volume fractions φi subject to the incompressibility constraint
∑N

i φi = 1. Here, the reactions are not restricted to binary ones, and
we make the simplifying assumption that the reactants/products
in one reaction do not react with other reactants/products. For
M reversible reactions, we define an M ×N stoichiometric matrix
Sij. Equation (1) then generalizes to

N

∑
j=1

Sijφj = 0 for i = 1, . . . ,M, (A1)

where the products (reactants) have positive (negative) entries for
Sij. Furthermore, let us define an M ×N “participation matrix”
Pij such that Pij = 1 if the jth component participates in the ith reac-
tion and Pij = 0 otherwise. Now, volume conservation is enforced via
theM constraints,

N

∑
j=1

Sijvj = 0 for i = 1, . . . ,M. (A2)

The free energy density in Eq. (2) then generalizes to

f liquid({φj}) =
N

∑
j=1

φj

rj
(ln φj + μ0j) +

1
2

N

∑
j,k=1

χjkφjφk, (A3)

where, by convention, χjk = 0 for j = k. Once the stoichiometric
matrix Sij, the interaction matrix χjk, and the standard chemical
potentials μ0j have been specified, phase diagrams can be constructed
by following the procedure as in the quaternary system. That is,
Eq. (3) can be generalized by introducing M reaction progress
parameters γi for all distinct reactions,

f liquid({φ0
j},{γi})

=
M

∑
i=1

N

∑
j=1

Pij{
φ0

j + Sijvjγi
rj

[ln (φ0
j + Sijvjγi) + μ0j]

+ 1
2

N

∑
j,k=1

χjk(φ0
j + Sijvjγi) × (φ0

k + Sikvkγi)
⎫⎪⎪⎬⎪⎪⎭

+
M

∑
i=1

N

∑
j=1
(1 − Pij)

⎡⎢⎢⎢⎢⎣

φ0
j

rj
(ln φ0

j + μ0j) +
1
2

N

∑
j,k=1

χjkφ
0
jφ

0
k

⎤⎥⎥⎥⎥⎦
, (A4)

where φ0
j denotes the volume fraction of species j before mixing,

thus the volume fractions of the products are initially zero. Subse-
quently, γi,min can be computed by minimizing f liquid({φ0

j},{γi})
with respect to the γi with ease as the reactions are non-
interfering with one another. The phase diagram can be calcu-
lated using the same procedures as discussed in Sec. III. Although
the convex hull construction is conceptually straightforward, it
is computationally challenging for higher-dimensional systems,
e.g., N > 6.22
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