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The experimental discovery of fractional Chern insulators (FCIs) in rhombohedral pentalayer graphene twisted
on hexagonal boron nitride (hBN) has preceded theoretical prediction. Supported by large-scale first-principles
relaxation calculations at the experimental twist angle of 0.77°, we obtain an accurate continuum model of
n=3,4,5,6,7 layer rhombohedral graphene-hBN moiré systems. Focusing on the pentalayer case, we ana-
lytically explain the robust |C| = 0,5 Chern numbers seen in the low-energy single-particle bands and their
flattening with displacement field, making use of a minimal two-flavor continuum Hamiltonian derived from the
full model. We then predict nonzero valley Chern numbers at the v = —4, 0 insulators observed in experiment.
Our analysis makes clear the importance of displacement field and the moiré potential in producing localized
“heavy fermion” charge density in the top valence band, in addition to the nearly free conduction band. Lastly,
we study doubly aligned devices as additional platforms for moiré FCIs with higher Chern number bands.
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I. INTRODUCTION

Fractional Chern insulators (FCIs) have long been defined
as topologically ordered states arising from partial filling of
a Chern insulator [1-3]. While it was once thought that such
physics could not be observed without nonzero magnetic field
to stabilize the state [4,5], now two separate moiré platforms,
first in MoTe, [6-9] and second in pentalayer graphene [10],
have shown that innate band topology combined with sponta-
neous spin/valley polarization can reproduce some—but not
yet all—of the FCI phase diagram in its original setting
at strictly zero magnetic field. These FCI states have been
shown to exhibit a fractional quantum anomalous Hall ef-
fect in transport experiments. Importantly, experiments show
deviations from the typical FCI phase diagram caused by
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the moiré potential, which favors competing states at dif-
ferent fillings [11], and allows many different phases and
phase transitions to be observed in the same device tuned
by filling and displacement field. This offers an unprece-
dented opportunity to make and check theoretical predictions
[11-21]. In a prior publication [11] regarding FCIs in twisted
bilayer MoTe,, we have shown that band mixing effects are
important to resolve the competition (including FCI, spin
polarization, etc.) in the phase diagram, and accurate mod-
els derived from ab initio calculations are required. Many
sets of single-particle parameters [12,13,17,21,22] exist, and
hence establishing good single-particle models is the initial
step of an interacting analysis. While our interacting calcu-
lations [11] can capture several (though not all) key features
of the FCIs and spin polarizations present in the experiments
[6-9] for one existing set of parameters [13] of the known
model [22], we showed in the first paper of the current se-
ries [23] that there could be changes to the single-particle
parameters and model, which may be crucial for a full under-
standing of the experimental phase diagram of twisted bilayer
MoTe;.

©2024 American Physical Society
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This paper focuses on another moiré system, rhombohe-
dral pentalayer graphene twisted on hexagonal boron nitride
(hBN) [10]. FCIs were recently observed in this system af-
ter their initial observation in MoTe,, as evidenced by the
fractional quantum anomalous Hall effect in transport mea-
surements and fractional slopes down to zero magnetic field
in the Wannier diagram. It is the purpose of this paper to
develop a reliable model of the single-particle band structure
in preparation for many-body calculations. Hence, we start
from large-scale first-principles calculations of rhombohedral
graphene at the commensurate angle 6§ = 0.76715° consis-
tent with the experimental value [10]. This step is crucial
[23] to obtain correctly relaxed structures, a feature so far
not included in existing calculations [24—30]. Based on the
relaxed structure, we then use the Slater-Koster (SK) tight-
binding model [31] to calculate the band structure of the
rhombohedral n-layer graphene twisted on hBN (RnG/hBN),
where the SK parameters are fit to density functional theory
(DFT) bands of pristine rhombohedral n-layer graphene. We
perform these DFT+SK calculations for n = 3,4, ...,7 lay-
ers, in two distinct stacking configurations of the hBN, and
in various displacement fields. Lastly, we undertake similar
DFT+SK calculations on rhombohedral n-layer graphene en-
capsulated by two nearly aligned (twist angle 0.76715°) hBN
(hBN/RnG/hBN) with parallel moiré patterns. We find that the
low-energy moiré bands of the relaxed structure have as much
as ~10meV differences from those of the rigid structures,
which means that relaxation is not negligible.

We further revisit the continuum model of RnG/hBN and
hBN/RnG/hBN proposed in Refs. [24,27], which is a contin-
uum model acts on the 2n RnG orbitals (after integrating out
the hBN) for n layers. We find that the nonuniform potential
of the moiré pattern can be reduced to have only one single
complex parameter under the first-harmonic approximation,
owing to the layer and sublattice polarization of the low-
energy states. Our finding justifies the simple form of the
moiré potential. We determine the values of the parameters in
the 2nx2n continuum model through the Fourier transforma-
tion of the SK hoppings and fitting to the DFT+4SK bands.
With these parameter values, the dispersion of the 2nx2n
continuum model matches the DFT4SK bands remarkably
well. We further plot the single-particle phase diagram (as
function of the twist angle and displacement field) of the
2nx2n continuum model in one valley (and one spin), and
find that 1 Chern numbers of the lowest conduction or the
highest valence bands can only appear in the hBN/RnG/hBN
structures. The RnG/hBN structures only have 0 or n Chern
numbers in their the lowest conduction or the highest valence
bands in a considerable range of angles and displacement
fields. In particular, in the large displacement fields regime
that is relevant to Chern insulators and FCIs observed in
R5G/hBN [10], our model suggests that the low-energy con-
duction bands feel little effect from the moiré potential, which
is consistent with Refs. [29,30]. However, the moiré poten-
tial has strong effect on the highest valence band, making
it trivial atomic with a localized charge distribution remi-
niscent of a heavy fermion [32]. Finally, we build a 2x2
effective continuum model by applying perturbation theory to
the two lowest energy states of RnG 2nx2n model, which ex-
hibit perfect sublattice polarization, exponentially good layer

polarization, and a holomorphic/antiholomorphic structure
due to chiral symmetry. This basis provides a direct under-
standing of our numerical results, and allows us to obtain
an analytic understanding of the topology of the low-energy
bands.

In the remainder of this paper, we first present our
DFT+SK calculations on RnG/hBN structures in Sec. II be-
fore discussing the 2nx2n continuum model (with the hBN
integrated out) in Sec. III. From this model, we derive an 2x2
effective two-flavor model built on the low-energy chiral RnG
states, which we use to explain the single-particle phase dia-
gram analytically in Sec. IV. We further discuss the DFT+SK
calculations and the continuum models for hBN/RnG/hBN
structures, which can isolate &1 Chern bands at the single-
particle level, in Sec. V. We conclude our paper in Sec. VI,
and provide details of the paper in a series of appendices.
Throughout the paper, we will neglect spin unless specified
otherwise.

II. FIRST-PRINCIPLES RESULTS
FOR MOIRE STRUCTURES

We first discuss the experimental setup of the RSG/hBN
device based on which the first-principle calculations are per-
formed. The full data set available in Ref. [10] is consistent
with only a single moiré pattern coupling to the graphene:
All gapped states at positive and negative displacement field
appear at commensurate fillings set by the moiré unit cell size,
where negative and positive field point away from and toward
the nearly aligned hBN, respectively. As argued in Ref. [10],
the moiré unit cell and twist angle & = 0.77° can be deter-
mined by assuming that the strongest gap observed at filling
v = +4 for negative displacement field (which points toward
hBN) is given by the single-particle gap (possibly enhanced
by interaction while having no valley/spin polarization).

The presence of one relevant moiré pattern within the
doubly encapsulated device is consistent with a single nearly
aligned hBN layer at 6 ~ 0.77° with the opposing layer
unaligned and electronically decoupled. Even with this as-
sumption, there are two microscopically distinct structures
dependent on the stacking configurations of graphene on hBN
due to the broken C, symmetry (with axis perpendicular
to the sample) of hBN as well as rhombohedral graphene.
These configurations are labeled by &€ =0, 1, where £ =0
(resp. £ = 1) mean that the carbon A/B sublattice of the
lowest graphene layer is on top of boron/nitrogen (resp. nitro-
gen/boron) in the AA region of the moiré pattern as shown in
Fig. 2(a) below. We will first focus on these two RnG/hBN
configurations to study the effects of relaxation. Our paper
builds on that of Refs. [24,27] where relaxation in the full
moiré unit cell has not been considered.

In our setup, we take the rhombohedral graphene with
lattice constant ag = 2.46 A to be situated on top of the hBN
with lattice constant to be apgny = 2.50 A= (1 + egia)ac
with €4 = 0.0163. The difference between the graphene K
point and hBN K point rotated clockwise by 6 is

4 R(—0)
=K; - K =—|1- i 1
qi G hBN 3616( T >X (1
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FIG. 1. (a) Crystalline and moiré BZs for rhombohedral
graphene (blue) and hBN (red). The K points of both materials are
labeled, and the blue disks highlight the first shell of moiré reciprocal
lattices around K. The q; vector and its C; partners are shown in
orange about the moiré I'y, point. (b) Real space lattice for seven
moiré unit cells.

with its C3 partners q;4; = R(%”)q j» where 6 is the twist an-
gle and R(#) is a rotation matrix. The moiré reciprocal lattice
vectors are szu = q3 — q; for j =1, 2. The commensuration

condition mb}! + nby = by for bf = %—”@9 the graphene
reciprocal lattice vector results in configurations labeled by
m,n € Z (for e > 0),

1+e=<1+

tan(—0) =

2n4+m4+1 \"?
m2 4+ mn + n? ’

V3m

2m2 +mn+n2)+2n+m’

@)

and we pick (m, n) = (34, —54) so that ¢ = 0.01673 (close
10 €rigiq) for 6 = 0.76715°, the experimental angle. Using the

formulas, we find that the graphene K point is folded to
m-—n
K¢ = 3

within the moiré BZ. For the commensurate configuration
(m,n) = (34, —54) used here, K folds onto the moiré K,
point (see Fig. 1).

We start by performing first-principle structural relaxation
of the RnG/hBN commensurate superlattice with a classical
force field as implemented in LAMMPS [33]. During the
relaxation, we held the hBN layer fixed to simulate a thick
substrate, and the moiré unit cell was preserved. Two empir-
ical interatomic potentials are used to perform the relaxation.
For intralayer interaction within graphene layers, we used the
reactive empirical bond-order potential [34]. For interlayer
interaction, we used an interlayer potential developed for
graphene and hBN systems [35].

The relaxation results of the lowest graphene layer, which
has direct contact with the hBN is shown in Figs. 2(b)-2(f)
for configurations £ = 0, 1. The out-of-plane (interlayer) re-
laxation is shown in Figs. 2(c) and 2(d) and the in-plane
(intralayer) relaxation is shown in Figs. 2(e) and 2(f). The
interlayer distance between the hBN and lowest graphene
layer is in the range 3.29-3.52 A. The distance is minimal
at the AB point and reaches a maximum at AA region (with a
similar value at the BA region). From Figs. 2(e) and 2(f), we
see the intralayer displacement shows that the carbon atoms
near AB region tend to rotate in the clockwise direction with
respect to hBN, against the global twist (counterclockwise).
This enlarges the AB region. Both trends indicate that the
local stacking of Cy4, the A-sublattice carbon, on top of the
boron atom is energetically favorable, and the bilayer relaxes
to maximize this stacking at the expense of the AA and
BA regions. This is expected because of the polarity of the

mod 1} (bY +bY) 3)
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FIG. 2. (a) Two different stacking configurations for RSG/hBN. In the £ = 1 setup, nitrogen (N) atoms align with carbon C, of the closest
graphene layer (Gry) in the AA region; in the & = O setup, boron (B) atoms align with C, of Gr in the AA region. E indicates the applied
electrical field (with arrow labeling the positive direction) and ISP indicates the direction internal symmetrical polarization due to the different
chemical environment of outer and inner atoms in the graphene. (b) shows different regions in the moiré pattern for each stacking configuration.
In the AA region, both boron and nitrogen are aligned with carbon atoms in lowest layer (denoted Gry). In AB regions, only boron atoms are
aligned with carbon atoms in Gry. In BA region, only nitrogen atoms are aligned with the carbon atoms in Gry. (¢) and (d) show the interlayer
distance between hBN and Gry for § = 1 and £ = O respectively. (e) and (f) show the intralayer displacement of Gry for § =1 and § =0

respectively.
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FIG. 3. Relaxation of RSG/hBN for & = 1. (a) The maximum
in-plane displacement vector magnitude of each layer, which decays
rapidly each layer away from the hBN. (b) Unlike the intralayer
relaxation, the out-of-plane displacement, which measures the dis-
placement along the z direction, remains constant. (c) Depiction of
the relaxed pentalayer graphene on hBN (gray) with the out-of-plane
relaxation increased by a factor of 20 for visibility. We see that the
profile of the out-of-plane relaxation remains throughout the device
so that the interlayer distances between neighboring graphene layers
stay roughly constant.

boron-nitrogen bond, where the more electro-negative nitro-
gen accepts boron’s valence electrons to fill its p-orbital shell.
Thus the lowest unoccupied molecular orbital is localized
to the boron. Furthermore, as we will show in Sec. III, the
low-energy wavefunctions of the pentalayer graphene have
exponentially larger weight on the C, than Cg of the lowest
graphene layer. Thus the AA and BA regions, where Cy is
aligned to nitrogen, is disfavored, and the AB region, where
C, is on top of boron, is favored. We find that the graphene
intralayer relaxation decays quickly away from the hBN sub-
strate (see Appendix B). However, the out-of-plane relaxation
pattern of the bottom-most layer persists throughout the de-
vice (see Fig. 3) so that the interlayer graphene distances
remain constant for each r. This is consistent with recent
measurements in the graphene-graphite moiré system [36],
where it was found that the moiré potential affects all layers
of the graphitic thin film. Note that out-of-plane modulation
r — r + h(r)Z of the graphene sheet does not couple at first
order to the Dirac cones due to the effective mirror symmetry
of a single graphene sheet [37], and therefore the effect of
spatially varying h(r) can be neglected. We have verified
that this pattern extends out to n = 7 layers in the relaxed
structures.

A comparison of the relaxed and rigid band structures
can be found in Fig. 4 for 5 layers. (See the comparison
for other layers in Figs. 26-30 in Appendix C.) While the
qualitative features of the bands remain similar between the
relaxed and rigid structures, there are non-negligible quanti-
tative changes of the band structure, e.g., & = 1 case shows
a significantly reduced gap at charge neutrality (the change
is around ~10meV). Finally, we have also computed the

(a) R5G/ hBN,,_, (b) R5G/hBN;,—o
100 —— == — — 100 T
50 ooe Rela:(ed
< 3
> £
|3 > 0
o 2
Il 2
w w
-50
-100 ROCNTH A% Hl : i Loet A
v Kn My v Kn' T Km Mu v Kn'
R5G/ hBN, 4
Bl
RS
) =
1 2
w w

Kn' Km My Y] Ku'

FIG. 4. Comparison between rigid SK and relaxed DFT+SK
band structures for 0.76715° twist RSG/hBN inthe £ =0and & = 1
configurations under different external electric field strengths, de-
picted with orange-dotted lines for rigid structures and black-dotted
lines for relaxed structures. (a) E = 0 and R5G/hBN;,_;, (b)) E =0
and R5G/hBN;, o, (¢) E =5mV/A and R5G/hBNg,_, (d) E =
5mV/A and R5G/hBNg, o, respectively. Here, both K and K’ valley
bands are included.

valley-resolved band structures by making use of the emer-
gent valley symmetry at low energy [38], with the results
and details of construction summarized in Appendix D. To
better understand these band structures and elucidate the
physics behind them, we now turn the analysis of a continuum
model.

III. CONTINUUM MODEL

We now discuss the moiré continuum Hamiltonian for
RnG/hBN. The continuum model of the moiré system
takes of form of a Bistritzer-MacDonald (BM) Hamiltonian
[39]. From Eq. (1), the moiré scattering momentum |q;| &
347”5‘/ €2 + 02 becomes small in the €, 6 — 0 limit, and the

two low-energy valleys K, K’ = +K; of the rhombohedral
graphene become decoupled. In this limit, valley becomes
a good quantum number and we can build separate models
for the K and K’ valley bands. We only discuss Hg ¢(r), the
Hamiltonian for the K valley states (given a stacking configu-
ration & = 0, 1) since Hy' £(r) = HI’E,g (r) is obtained from the
spinless time-reversal symmetry of graphene. For reference,
€/+/€*+ 62 = 0.8 at the experimental 6 = 0.77°, showing
that the effect of the twist angle is to enlarge the moiré lattice
constant by about 20%.

The continuum model of the system takes the following
Bistritzer-MacDonald form [39]:

e — Hx(—1V) T7(r) £—0.1 @
TN\ Ty ofHme!) T
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FIG. 5. Band structures of RSG/hBN in the £ = 1 configuration at twist angle 6 = 0.76715° for interlayer potential energy differences
V = —16.65, —6.66, 0, 6.66, 16.65 meV in K valley. The black dots are from the first-principles calculation, and the lines are from the 10x 10

continuum model with (blue solid) and without (orange dashed) moiré potential. For V =

16.65 meV, it is clear that the conduction bands

are almost free from the moiré. In fact, the average overlap of the projectors onto the lowest conduction band with and without moiré is
(Tr[Pc(k)Efo)(k)]) = 0.999, with the average computed over region of the mBZ where the lowest conduction band has a least 0.5 meV direct
gap to nearby bands such that the projectors are well defined. The highest valence band, on the other hand, responds strongly to the moiré

potential.

where Hpy = diag(Vp, Vi) is the Hamiltonian of the nearly
aligned hBN with all k dependence neglected in comparison
to the large potentials

Vg = 3352 meV, Vy = —1388meV, 5)

which are measured with respect to the graphene Dirac cones.
Hence the hBN bands can be ignored in the low-energy theory.
Lastly, Hx is the k - p Hamiltonian of pentalayer graphene to
be discussed momentarily, and [T (r)]; = 81,07 (r) is the moiré
coupling between bottom graphene layer and hBN [24,27].
Here [ =0,...,n— 1 indexes the layers, and / = 0 is the
lowest layer in contact with the hBN.

Due to the large chemical potentials of the N and B orbitals,
we use second-order perturbation theory to integrate them out
[24,25] and obtain the potential term

—T7(r) T(l‘) (6)
‘71 BNUI

Ve(r) =

acting only on the bottom graphene layer. We obtain a
graphene-only model in the form

Hy s = Hx(—iV) + Vi (r). 7

We will now derive the form of Hx and \75 (r). We first discuss
Hg in Sec. III A to derive its low-energy structure, which
organizes our understanding of the system. In Sec. III B,
we present the form of 7' (r) and show that only the A-
sublattice of graphene coupling significantly influences the
band structures, due to the sublattice and layer polarization
of the low-energy bands. This will justify the simple form
of our model, despite the low symmetry of the system and
the large number of fitting parameters used in other studies
[24,27]. As a summary of our results in this section, we
compute the continuum model band structures of RSG/hBN
with parameter values determined by the SK hopping function
and fitting to the DFT+SK band structure; the resultant band
structures are shown for £ = 1 and the interlayer potential
energy differences V = —16.7, —6.66, 0, 6.66, 16.65 meV in
Fig. 5. The continuum model band structures forn = 3,4, 6, 7
layers are also shown in Appendix E.

A. Rhombohedral n-layer graphene

A schematic of the lattice structure of rhombohedral n-
layer graphene is shown in Fig. 6(a). Around the graphene
K point, the Hamiltonian can be expanded to take the form

vrk -0 tT(k) ¢
t(k) 't
K = + Hisp,
¢ . vk tT(K)
t t(k) vrk - o
_ U4]f —h ; 0 O
l(k) - <U3k U4k> ’ = (t2 O) I (8)

where k = k, + ik, is the holomorphic momentum (k is its
complex conjugate), vp is the Fermi velocity, and 1, v3, v4 are
interlayer hopping parameters (see Fig. 6). The local chemical
potential of each layer is set by the inversion symmetric poten-
tial [HISP]]Z/ = VISP(SII’” — %| where VISP ~ 16.65meV and
1 =0,...,n— 1. Hisp acts as a confining potential within the
graphene.

To expose some simple features of the spectrum, we set
v3 =v4 =1, = Visp = 0 where the model has full SO(2)
rotation symmetry and the anticommuting sublattice/chiral
symmetry (see Appendix A 2). Even in this limit, it cannot
be solved exactly for all n, in particular for n = 5 where its
characteristic polynomial is tenth order. Nevertheless, we can
analyze the model for a general number of layers n in the
low-energy limit. The model is trivially solvable at k = 0,
showing two E = 0 modes with eigenvectors (1, ...,0) and
(0, ..., 1) and the other n — 2 energies at ¢, (this is true even
if v3, v4 # 0). Doing degenerate perturbation theory, we see
these null modes are connected at order ¢}, so the low-energy
bands can be seen (Appendix A2) to form a high-degree
node Ei(k) = :I:(vp|k|)”/t{’_1 . Their eigenstates are
also solvable to order O(]k|™*!). It is convenient to write them
in the chiral basis [40] with the holomorphic/antiholomorphic
form (up to normalization)

—Upk

—UF/E !
[Yalia(k) = ( ; ) Sa.,B>

!
) Sauns  [VBlia(k) = ( 1
)
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FIG. 6. Pristine R5G. (a) The unit cell of rhombohedrally stacked
pentalayer graphene is shown with a depiction of the sublattice-
polarized chiral states 4 (k) and (k) that make up the low-energy
Hilbert space (other unit cells shown faded). They are bound to the
outermost orbitals of the unit cell and decay exponentially within
the crystal. The in-plane coupling is vk shown with a dotted line,
and #, vs, v4 are the out-of-plane couplings. Note that V is the
interlayer potential energy difference of electrons due to the applied
field. The arrows show the positive directions of V and Vigp. (b) The
spectrum (solid lines) of the low-energy states =E(|k|) is shown
in the limit v; = v4 = 0 at two values of V. At V = 0 (blue), the
bands are monotonically increasing, but V = 20meV (black), they
are nonmonotonic. Dashed lines show analytical approximations (see
Appendix A 2) capturing these features.

withl=0,...,n—1,l=n—1—1, and ¢ = A, B to index
the sublattice. These states are sublattice polarized, exchanged
under the combined space-time inversion symmetry D[Z7T ] =
814+1,n—1lo1]apK (Whose center is the middle of the third layer,
i.e., [ =2 for n = 5), and decay exponentially from one side
to the other with a momentum-dependent length scale set by
vr|k|/t;. This perturbation theory is valid for vr|k|/f; < 1,
and we can gauge its validity by picking |k| = |q;|, which
is the largest momentum in the first moiré BZ. We find that
vrlqil/t < 0.65 for 6 < 1°, demonstrating that the states in
Eq. (9) are valid. This basis provides a powerful tool for
exposing the low-energy features of the model when the moiré
potential and displacement field are added.

In particular, the observation of FCIs and correlated Chern
insulators occurs at large displacement field D [10] described

by the Hamiltonian

n—1
(Hpliarp = V(l - T)&r%ﬁ, (10)

where V o« —le|dpD is the interlayer potential difference,
which is proportional to the displacement field, electric charge
—le|, and the interlayer distance dy ~ 3.33 A. The propor-
tionality constant depends on the effective screening, which
is not directly computed in this paper, although attempts have
been made to estimate it from experiment [41], resulting in an
effective screening constant €, ~ 5.5 in trilayer devices. For
this reason, we use V in this paper.

Collecting the chiral states into the column matrix W(k) =
[Ya(k), Y1/ VN (&) where N'(k) = [ya(k)I> = |yp(k)?
is the normalization, we find (for now setting v3 = vy =1, =
Visp = 0)

T (k)(Hy + Hp)W(k)

— 2m<n
_ v (0 & I-n & o
—tf—_l(kn 0>+V(T+Z](vp|k|/n> o3,
(11)

which is a 2x2 matrix in Pauli form (see Appendix A4
for a derivation.) Two essential features are revealed. Firstly,
at V =0, the Hamiltonian describes the well-known high-
degree node with a nr Berry curvature monopole. Turning on
V splits the node, breaking the nwr monopole and distributing
the Berry curvature F (k) to the valence bands (opposite to the
conduction bands) according to

2
n*(vp /1) k2D A

F(lkl) = —
2 ((U;/l‘fil)2|k|2" + AZ)

where A =V % is the gap at k = 0, the graphene K point. In-
tegrating F'(|k|) over all k gives —nm sign(V'), corresponding
to a half-quantized Chern number C = — sign(V )n/2 for the
valence bands. Introducing a moiré potential will open gaps
at the boundary of the first moiré BZ, isolating the highest
valence band and the lowest conduction band (see Fig. 7 for
a schematic of gap openings driven by displacement field and
the moiré potential).

For n =35 and large V > 0, we will show by symmetry
and confirm numerically in Sec. IV B that the Chern number
of the conduction band is C = 5, while the valence band is
trivial with C = 0, and has the symmetry representation of an
atomic limit. This means the remaining conduction and va-
lence bands each carry a half-quantized C = —5/2, which we
check numerically. The K’ valley is related by time-reversal
has opposite Berry curvature, so the total Chern number at
charge neutrality is zero. However, we predict a nonzero val-
ley Chern number of

Ck,s — ks
Cr=) —5 " =-5 (13)
s=1.)

including spin, at the charge neutrality point for large V > 0.
The valley Chern number may be measured in multiterminal
transport experiments [42], or throughout gap closings in the
Hofstadter spectrum [43,44], which is accessible up to one
flux due to the large moiré unit cell [45,46]. Since the highest
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(
1§

V>0,Ve(r)#0

FIG. 7. Evolution of topology in pentalayer on hBN in the
graphene K valley (per spin). (a) Pristine R5G has a Berry curvature
monopole corresponding to C = :l:% due to the five Dirac cones.
(b) Adding displacement field only will split the bands at charge
neutrality, and the Chern number will change by 5 going through
the gap. The valence bands carry C = —% and the conduction bands
carry C = % Note that including both valleys causes the total Chern
number at charge neutrality to vanish. (c) Adding the moiré potential
opens small gaps and isolates the lowest conduction band with C = 5
and highest valence band with C = 0. The gap at charge neutrality is
not closed, and still carries a nontrivial valley Chern number.

valence band band below charge neutrality also has C = 0,
we predict a valley Hall effect with Cy =5 at v = —4 (i.e.,
the Fermi energy in between the top and second top valence
band in each valley/spin) as well in the noninteracting limit.
The second important effect of V' is to flatten the bands.
The full k dependence in o3 term in Eq. (11) is crucial
for explaining this effect since the constant term % and
k-dependent terms have opposite sign. This results in a non-
monotonic dispersion that can lead to a flattened band. An
example is shown in Fig. 6(b) comparing monotonically
increasing |k|> dispersion at V =0 to the nonmonotonic
dispersion at V =20meV. We can estimate the optimal
V. through the band flatness criterion E(0) = E(q;). In
Appendix A 2, we estimate that this criterion is satisfied for

n =5 when

VEIqi(0)F ~ 11y 2Vety. (14)

Using the experimental twist angle, we estimate that V, ~
17 meV results in the optimally flattened band, corresponding
to a top-to-bottom potential difference of ~70 meV.

This completes our discussion of RnG. We now consider
the addition of a moiré potential.

B. Moiré coupling

The form of the moiré coupling can be derived from
the Bistrizter-MacDonald two-center approximation [25] by
keeping only the lowest-harmonic terms. We note that the
lowest-harmonic approximation for moiré coupling between
RnG and hBN is not necessarily quantitatively accurate here
due to the large gap of hBN, which makes its low-energy
dispersion flattish. Nevertheless, we can still use the lowest-
harmonic moiré coupling between RnG and hBN to derive the
form of the effective moiré potential after integrating out hBN,
since it is reasonable to keep only the lowest-harmonic terms
in the effective moiré potential as it only couples graphene
degrees of freedom. (See Appendix A for details.) Therefore,

50. 50.
40. (a) v 40. (b) \/
30. 30.
20. 0=.77° 20.

0
0. 0. o=

—10. T ~——— ~——— - V =10 meV

=0
—20. -20. v\_/

—30. -30.
—40. -40. \ /\ /\
—50, -50.

T Ky My T Ky Tu Ky My IS Ky,

Energy (meV)

FIG. 8. Comparison of equal-amplitude 7 (r) (blue) and one-
orbital-only coupling in Eq. (17) (red) for V. =0 in (a) and V =
10meV in (b) for £ =1 in the K valley. We conclude that only
the moiré coupling to the outer orbital, which is sublattice polarized
due to the low-energy holomorphic basis, plays a role in the band
structure. In both plots we have shifted the chemical potential to the
minimum of the conduction band and boosted both valleys to the
moiré I'y, point.

in this part, we will still use the lowest-harmonic approxima-
tion.

Under the lowest-harmonic approximation, the moiré cou-
pling between the lowest graphene and hBN reads

3 27
i 1 e
T(r)=) T, T,-+1=w<e_l.m | ) (15)
j=1

3

where the single moiré coupling parameter w results from the
assumption of equal hoppings between the carbon and hBN
orbitals at all positions of the moiré lattice. The assumption of
equal hoppings is reasonable due to the exponentially accurate
layer and sublattice polarization of the low-energy states in
Eq. (9), as we now show.

The most general Cs3-allowed moiré coupling matrix takes

the form
15: X6 e_i%ﬂjlsc
r={ ¢ ). (16)
e'3/ty e, IN.Cy

where C, are the carbon orbitals on the bottom layer and
B, N are the hBN orbitals beneath. However, we check
that—because the low-energy states have exponentially small
weight on the Cp atoms on the bottom layer—one can set
tp.c, = tn.c, = 0 with negligible change to the band structure,
as shown in Fig. 8. This is because the second column of T
has very small overlap on the low-energy bands, so it can be
set to zero without incurring error.

With ¢3¢, = ty.c, = 0, we can now integrate out the hBN
and get the effective coupling via the second-order perturba-
tion theory. As a result, we get

1
Vefr g (1) = —TT(I‘)FT(I')

BNO|

3
= VQ+2V1200s(gj~r+1//g) (é 8) (17)

j=1

which couples only to the active A sublattice as only A sublat-
tice is active in the bottom layer, and the parameters are given
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TABLE 1. Parameter values of the full model forn = 3,4,5,6,7
layers. Here vg, v; = vy are reported in meV nm, while ¢, ,, Vp, and
V, are in meV.

Vp U3 5 15) Vo Vi Ve
n=3&=1 5421 34. 35516 -7 O 5.54 16.55°
n=4,&=1 5421 34. 35516 -7 144 6091 16.55°
n=5&=1 5421 34. 35516 -7 150 7.37 16.55°
n=6&=1 5421 34. 35516 -7 156 7.80 16.55°
n=7§&=1 542.1 34. 35516 -7 147 793 16.55°
n=3,6=0 542.1 34. 355.16 -7 6.13 595 —136.55°
n=4,&=0 5421 34. 35516 -7 7.16 6.65 —136.55°
n=5&=0 5421 34. 35516 -7 7.19 749 —136.55°
n=6&=0 542.1 34. 35516 -7 7.12 7.16 —136.55°
n=7,&=0 542.1 34. 355.16 -7 7.00 7.37 —136.55°
by (with w = €?//3, see Appendix A 3)

V_]
2 2y "B
Vo = _3(|tBsCA| |tN3CA| )Gl <V—1>’
N
vl
i 2 2 B
V]@”ll = _(|tB,CA| a)*|tN,CA| )O’lS (Vl) . (18)
N

Therefore, although there are two independent parameters
tp.c, and ty ¢, in Eq. (16), they only contribute to one complex
parameter in the nonuniform part of the moiré potential after
integrating out hBN. The form of the potential is similar to
the one proposed in Ref. [22] for twisted transitional metal
dichalcogenides. We have found it convenient to define g; =
R(%”(j — 1)(q2 — q3) for j = 1,2, 3 related by C3 symme-
try. This simplified model agrees with Eq. (15) when the latter
is also restricted to the active A sublattice only, as we have
shown numerically holds to good approximation in Fig. 8.
Thus, Eq. (17) shows that although the most general form of
the potential contains many more parameters than the equal
amplitude case of Eq. (15), Eq. (15) is sufficient to fit the data.
Thus, we arrive at the effective hBN potential

Ve(r) = =T ' (r)o} Hplot T (r)

3 )
. A 1 o™/
=W+ Vle“ps Z elg/-r< i ) + H.c. |,
=1 w w

19)

which couples only to the bottom graphene layer.

C. Fitting results

As discussed at the beginning of Sec. III B, the lowest-
harmonic form of the effective moiré potential in Eq. (19) is
reasonable since it only couples to the graphene degrees of
freedom, even if we include higher-harmonics terms in the
T(r) in Eq. (15). What can be quantitatively inaccurate is
the expression of Vy and Vie'¥¢ in Eq. (18), since they rely
on the lowest-harmonic approximation of 7'(r) in Eq. (15).
Therefore, in practice, we should treat Vp, Vi, and v as tuning
parameters to fit the DFT+SK band structure. The resultant
parameter values are listed in Table I. (See more details of

05 06 0.7 0.8 09 1.0 1.1 1.2 IO
0 (deg)
Weona (meV)

.8 09 1.0 1.1 1.2 I
0

0 (deg)

0 (deg)

FIG. 9. Phase diagrams for the lowest conduction band in pen-
talayer graphene on a single hBN substrate in the £ = 0 stacking
configuration. (a) Ajyg.—0 denotes the indirect gap below the con-
duction band at filling v = 0 and (b) Ajnq,,—4 denotes the indirect
gap above the conduction band at filling v = 4 (including spin/valley
degeneracy). (c) Acong 1s the direct gap around the conduction band,
from which the topological phase transition is visible. Chern number
of each phase is indicated. (d) W,ona denotes the bandwidth. The
dashed line refers to the experimental twist angle at & = 0.77°.

the fitting in Appendix E.) The 2nx2n continuum model in
Eq. (7) with the potential form in Eq. (19) and the parameter
values in Table I can reproduce the DFT+SK band struc-
ture remarkably well, as exemplified in Fig. 5 for n =5 and
& = 1. (The fitting for all the configurations can be found in
Figs. 37-41 in Appendix E.) The results for the effective
model are shown in Figs. 48-51. Interestingly, we find that
fixing ¢ by its value in the lowest harmonic ty ¢, = 5 ¢, case
can actually provide very good fitting.

IV. PHASE DIAGRAM AND TOPOLOGY

With the 2nx2n single-particle RnG/hBN moiré model
constructed in the previous section [see Egs. (7), (8), and (19)]
we now move on to understand its spectrum and topology, first
for general n < 3 then focusing on n = 5. First we numeri-
cally compute phase diagrams for various interlayer potential
energy difference V and twist angle 6. The results are shown
in Fig. 9 for £ = 0 and n = 5. The phase diagram for £ = 1 is
similar and can be found in Appendix E. The notable features
are the following. Firstly, the Chern numbers accessible in V
are C = 0 and C = 5, as can be expected from the fifth degree
node, and the direct gap between the lowest conduction band
and the upper bands becomes extremely small for large V.
Clearly, interactions dominate the phase diagram at large V
[28-30] to produce correlated gaps, as is known to be the case
in thombohedral trilayer graphene [47]. The interacting phase
diagram is not the focus on this paper. Instead, we will now
go on to derive these key features analytically and cement an
understanding of the phase diagram. In fact, we will show the
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TABLE II. Parameter values of the 2 x2 effective model for the RnG/hBN structure of n = 3, 4, 5, 6, 7 layers. Here «, 8, y, é are reported
in meV nm?, meV nm”, meV nm"~!, and meV, respectively, while V;, V| are in meV. If the parameter values are difference from those directly
derived from the perturbation theory of 2n-band model, the latter will be provided in the parentheses.

o B % 8 Vo Vi Ve
n=3,&=1 66.52(103.79) 963.17(1263.00) 77.60(120.10) —7.00 0 5.83(5.54) 16.55°
n=4~&=1 60.77(103.79) —1390.30(—1927.70) —210.73(—287.42) 21.37 1.44 5.38(6.91) 16.55°
n=5¢&=1 56.18(103.79) 2158.00(2942.40) 401.13(597.60) —48.92 1.50 5.71(7.37) 16.55°
n=6¢&=1 52.67(103.79) —3291.20(—4491.10) —859.67(—1154.70) 99.57 1.56 5.47(7.80) 16.55°
n=7&=1 49.72(103.79) 4631.40(6855.10) 1507.50(2132.70) —189.97 1.47 5.58(7.93) 16.55°
n=3,E=0 57.57(103.79) 963.82(1263.00) 79.45(120.10) —7.00 6.13 4.40(5.95) 16.55°
n=4,=0 53.34(103.79) —1443.10(—1927.70) —185.88(—287.42) 21.37 7.16 4.06(6.65) 16.55°
n=5&=0 49.80(103.79) 2230.90(2942.40) 458.05(597.60) —48.92 7.19 4.16(7.49) 16.55°
n=6,&=0 44.72(103.79) —3592.70(—4491.10) —910.79(—1154.70) 99.57 7.12 4.60(7.16) 16.55°
n=7&=0 37.61(103.79) 4113.00(6855.10) 1706.00(2132.70) —189.97 7.00 4.65(7.37) 16.55°

topology and symmetry features are insensitive to parameter
tuning around the fitted values.

A. Effective model

We now reduce the full 2nx2n moiré model of n-layer
rhombohedral graphene to a 2x2 model built on the chiral
basis. Our procedure is to project the full Hamiltonian with
trigonal warping terms vs, v4 onto the chiral basis in Eq. (9),
from which we obtain

Hegr = hegr(—iV) + Vegr £ () (20)
with Vir ¢ (r) given in Eq. (17) and

Ho(lkD) + V3(lkD)

. k' (Bl 4y [k + 6)
T\ 3813 4y k2 +6) '

Ho(lk]) — Va(lk])

2D
where
2m<n 2m

1—n vr k|
Hy(k) = alk)* — W E: 22
o(K) = alk| ISP|: 5 +m:1< : , (22a)

2m<n 2m

1—n ~ [ vrlk|

Vi k) =V| —— , 22b
3(K) [2 erEZI(t1 (22b)

Here o, B,y,6 as well as Vp, Vi, and ¥ in Vi e(r) can
be computed in terms of the bare graphene parameters via
perturbation theory, as listed in Table II. (See details in
Appendix A 4.) Focusing on the K valley, directly using the
values derived from the perturbation theory can well match
the low-energy features around K, point, while we find worse
match around other high-symmetry points such as 'y, as
shown in Fig. 10. To achieve a better match to the band struc-
ture, we treat {«, B, v, V} as tuning parameters and optimize
them around their values derived from the perturbation theory,
while preserving the form of the model and keeping the values
of other parameters fixed. With the fitting parameter values
listed in Table I, we can improve the matching away from Ky,
point, especially at I'y; as exemplified in Fig. 10 for n =5
and £ = 1. A more detailed comparison between the effective
model and the DFT4-SK calculation is shown in Appendix E.

B. Chern number of the conduction band

Equipped with the effective model in Eq. (20), we now
analyze the C; symmetry eigenvalues at C3 symmetric points
in the continuum model moiré Brillouin zone for the graphene
K valley, from which we deduce the Chern number (mod 3)
in the lowest conduction band [51]. Since for different com-
mensurate twist angles the graphene Kg point can be folded
to either T'y;, Ky, or K}, of the commensurate moiré BZ, as
explained in Eq. (3), here for simplicity of discussion we leg-
islate that K is folded onto the center of a shifted BZ defined
for each graphene valley in the continuum model, denoted as
[y, and the Ky (K;,) point is situated at q; (—q;) (see Fig. 19
for a comparison of different BZs). In the conventions of the
Bilbao Crystallographic Server [52], the irreps corresponding
to these eigenvalues are

3|1 G 3|1 G 3|1 G
|1 1 K |1 1 K1 1
|1 o K|l o K|l of
;|1 o K|l of K|l o
(23)

‘We will focus on the n = 5 case in this section, and denote
the corresponding C; eigenvalue at a C; symmetric k as ng. To
proceed analytically, we consider a reduced Hamiltonian (akin
to the tripod model or hexagon model [53]) that involves only
the reciprocal lattice points closest to the high-symmetry point
of interest. At [}, we have

- Vi Vi
He(Ty) = (5‘) + 2vlsp)11 + (7‘) - 2v>o3. (24)

The projected C; operator takes the form D[C3] = diag(w*, w)
for n = 5 (see Appendix A), recalling w = ¢*7/3. Thus,

w*, for % -2V >0,
Mgy, = (25)

o, for%—2v <0
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V = —16.65 meV V = —6.66 meV

Energy (meV)
Energy (meV)
Energy (meV)

—60
=80

- —100.
Ky T

—60
=80

o e : —100. £
Ky My Ty Ky r‘\l

V =0.00 1110\
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FIG. 10. Band structure of the effective model for pentalayer graphene on a single hBN in the & = 1 stacking. The red-solid (orange dashed)
lines show the band structure of the effective 2 x 2 model in the graphene K valley with fitted parameters (with parameters perturbatively derived
from the 2nx2n continuum model). Black dots are the first-principles calculations. The match to the low-energy bands is very good.

AtKy = qi, we need to consider the three closest recipro-
cal lattice vectors, which gives

Her(Kpr) = Volaxs ® o1

Begr (Kr) VieVioy Vie Veoy
+ | Vie Vo hep(C:Ky)  VieVeoy |,
VieVsoy  VieWeor e (C3Ki)
(26)

where o = (00 4+ 03)/2. The C; operator that commutes
with Hes (Kyp) takes the form

0 0 1
1 0 0]®D[G], 27)
0O 1 O

which can be used to diagonalize H into three 2x2 blocks
that correspond to symmetry eigenvalues 1,  and »*, respec-
tively. The highest energy ej(.c)(:l:KM) in the symmetry sector

with eigenvalue / is found to be

€ (£Km) = fo + Vi cos Ye 5

V 5 2
+\/ 2 4 (30 + V3(IRml) + Vi cos wm) :
(28)

where V; is defined in Eq. (22), and ¢ ; = v + Z(j — 1).
Here fy is a constant unimportant for determining the sym-
metry eigenvalues, fi ~ 20meV (for twist angle 6 = 0.77°),
and all of their analytical forms can be found in Appendix A 5.
In the v3 = v4 = £, = 0 limit, the expression is simply fi =
B1Ky . For a wide range of parameters, the state of the lowest
conduction band at +-Ky can be identified by finding the min-
imum of cos ¥ +;; the C3 eigenvalue of the resultant state is
consistent with a direct computation of symmetry eigenvalues
using the 10x 10 model as labeled in Fig. 11. Furthermore, in-
dependent of the value of ¥, the product of the C3 eigenvalues
at the Ky and f(l’w points obeys ni g, = @ Altogether, we
find that the Chern number C of the lowest conduction band
obeys [51]

<2m’c) 1, for®—2vV >0, 29,
€X —_— =
P\ w*, for 2 -2V <0

and is insensitive to values of the graphene parameters, indi-
cating the robustness of the Chern number to single-particle

effects. This is confirmed by the large C =5 and C =0
phases identified in Fig. 9(c). It is clear from Eq. (28) that for
very large positive displacement field where ( + Vi) >
f+ and Vj, the lowest three energies in the conductlon band
(e(tl) , eé”, € IL)) at Ky / K would stick together, which is con-
firmed in our band structure calculations using the 10x10
continuum model. It is consistent with fact that the conduction
bands are nearly free (i.e., nearly having continuous trans-
lation symmetries) at large V > 0 as shown in Fig. 5 and
the near degeneracy comes from the band folding. We note
that the nearly free conduction electrons at large V > 0 were
described in Refs. [29,30].

Lastly, we comment on the conduction bands for V < 0.
In this case, the potential pushes the electronic excitations

0@ Je=1\V

30.

—20. —20.
—30. —30.
—40. —40.

|Y: Ky M M Cn K, F M

En01 gy (meV)

Ky My T K},

£=0

(valence) (' = 5

onduction)  — 6.6 (valence)

FIG. 11. Topology, C; irreps, and quantum geometry at V =
3meV for R5G/hBN at 6 = 0.76715°. The Chern number of the
lowest conduction band is C = 5 consistent with the Cs irreps for
stacking £ = 1 in (a) and £ = 0 in (b). The lowest bands show the
irreps of a trivial atomic limit p, — ip, orbital at the origin in (a) and
Py — ip, at the moiré AB site in (b). Here w = *™/3 denotes the
C; eigenvalues at the high-symmetry points. (c) and (e) show the
Berry curvature distribution for the lowest conduction band and for
& =1 and & = 0 respectively, which is extremely peaked due to the
small gaps (clipped regions are shown in black). (d) and (f) show the
Fubini-Study metric of the highest valence band for £ = 1and & =0
respectively, which is large despite the triviality of the bands. The
integrated Fubini-Study metric G [48-50] lower bounds the Wannier
spread. In (c) through (f), the center of BZ is the K¢ point.
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Sb
0.0 0.2 04 0.6 0.8 10 ki/2m

FIG. 12. Wilson loop W(k;) = e”®) =expi [dkA,(k) at
V = —20meV for & = 1, confirming the triviality of the band.

onto the moiré potential, opening up gaps and isolating the
conduction band. Eq. (29) predicts the Chern number of the
bands to be zero, which we confirm numerically from the
Wilson loop [54] in Fig. 12. However, we show in Fig. 13 that
the quantum geometry of the bands is nontrivial, as measured
by the integrated Fubini-Study metric

G d*k 1
= ~ Tr 8;PO;P, (30)
2 QrR2

where P is the projector onto the conduction band. Note that
even bands with trivial irreps may have nontrivial quantum
geometry and even nontrivial lower bounds in lattice models
[48].

100. o
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FIG. 13. Quantum geometry of the lowest conduction band at
V = —-20meV for £ =1 in (a) and (b) and £ =0 in (c) and (d).
We find that the Chern number of the bands vanishes, but the quan-
tum geometry of the bands remains nontrivial as measured by the
integrated Fubini-Study metric G [49].

(a) (b)

=1,V =20 meV =1,V =20 meV
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FIG. 14. We plot the band structure at V = 20meV for £ =1
(a) and £ = 0 (c). In (b) and (d) we compute the real-space density
profile of the highest valence band for § = 1 and & = 0, respectively,
which matches the Wannier center derived from the irreps.

C. Atomic nature of the valence band

We can also apply the tripod model to the valence bands,
whose energies are

e (£Ky) = fo + Vi cos e

V . 2
- \/fi + (EO + V3(IKy) + Vi cos I/fg,;j)
31)

for the w/ irrep, again showing that "k, k;, = @ independent

of the model parameters. At the T'y; point, Eq. (25) shows that
the w* irrep is always occupied for 2V > V;/2, and thus that
the flat bands have C = O mod 3 when 2V > V;/2. In fact, we
see from Fig. 11 that their irreps correspond to trivial atomic
limits formed of p, — ip, orbitals transforming in the w* irrep
using topological quantum chemistry [55]. For & = 0, this
atomic orbital is located at the moiré unit cell corner (the AB
site), and for £ = 1 at the origin (the moiré AA site). Using
Wannier90 [56], we find that for V = 20 meV, the localized
Wannier function of the top valence band for £ =0 (§ = 1)
has square root of Wannier spread 0.63ay, (0.66a,) where
ayy is the moiré lattice constant, and the hopping between the
nearest-neighbor Wannier functions has amplitude 1.97 meV
(2.01 meV). Therefore, they are localized Wannier functions
with weak hopping among them, and the localization proper-
ties of those modes can also be seen in the charge density plots
in Fig. 14. The location of the atomic orbitals can be under-
stood from the effective model in Eq. (17), whose minimum is
at the origin for || < 7 /3 and at the moiré unit cell corners
otherwise.
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TABLE III. Parameter values of the 2nx2n model for n = 3,4, 5, 6,7 layers for the hBN/RnG/hBN structures. The RnG parameters
Vr, Vs, 11, I, are the same as those in Table 1. V}g, V,,1, Vo, and V;; are in meV.

Vio Vi Ve Vio Vi Ve
n=3,&,&)=(,1) 0 3.20 16.55° 0 11.09 16.55°
n=4,&,&)=(,1) 1.44 5.76 16.55° 5.40 7.08 16.55°
n=5,( &) =(,1) 1.50 7.29 16.55° 6.48 7.91 16.55°
n==~6,(&,&)=(1,1) 1.56 6.02 16.55° 7.52 7.78 16.55°
n=17,0,&)=(,1) 1.47 5.45 16.55° 5.79 7.79 16.55°
n=23,,&)=(1,0) 0 6.72 16.55° 0 6.72 —136.55°
n=4, (& &) =(,0) 1.44 7.65 16.55° 1.44 7.65 —136.55°
n=>5,(&,&)=(1,0) 1.50 5.43 16.55° 1.50 543 —136.55°
n=2=6,(&,&)=(1,0) 1.56 7.80 16.55° 1.56 7.80 —136.55°
n=1,( &) =(,0) 1.47 7.22 16.55° 1.47 7.22 —136.55°

The Wannier spreads of the localized Wannier orbitals can
be decreased if we mix the states of top valence band by those
of second and third top valence bands away from the high-
symmetry momenta—such that we can keep the symmetry
reps unchanged and thus can keep the Wannier center fixed.
As a result, for V =20meV, we find a localized Wannier
function for £ = 0 (§ = 1) with the square root of Wannier
spread being 0.45a), (0.45ay,) and the nearest-neighbor hop-
ping amplitude being 2.02 meV (2.14 meV), and the Wannier
function has 88% (85%) average probability overlap with the
top valence band. Our analysis suggests a potential heavy-
fermion framework for the model presented here [32,57-65].

V. DOUBLY ALIGNED RHOMBOHEDRAL GRAPHENE
ON HEXAGONAL BORON NITRIDE

We have shown that the form of the continuum Hamilto-
nian fit to the first-principles band structure cannot reproduce
the Chern number |C| =1 found in experiment, and thus
relies on interaction effects. We now propose doubly aligned
hBN-encapsulated devices (hBN/RnG/hBN) as an alternative
platform for moiré FCIs where various Chern numbers (in the
K valley) can be obtained even at the single-particle level.

We perform first-principles calculations to get the relaxed
structures for hBN/RnG/hBN, where the hBN layers are par-
allel on top and bottom. With the relaxed structure, its band
structure is then computed in the SK method. To fit the
DFT+SK band structure with a moiré model, we add a second
moiré potential Vg ,(r) acting only on the top layer. The full
Hamiltonian can be written as

Gf‘HBNUI' T,(r)
Hgg g, = T (r) Hx (—iV) T'(r) , (32
T(r) o Hpyo

where &, §, € {0, 1} are the stacking orders of the top and
bottom hBN, and [7,,(r)]; = 8;.,T,(r) with the shifted hopping
matrix

3
an(r) — Zeiqj.re—%(j—l)(n—l)n (33)
j=1

as shown in Appendix A 3. The parameter values are listed in
Table III, and the match between the model and the DFT+SK

calculation is shown in Figs. 37-41 of Appendix E, where we
also provide the details on the fitting procedure. The nature of
hBN/RnG/hBN is rather different since both chiral modes feel
a moiré potential as well as hybridizing strongly for small V.
The phase diagram of the system for n = 5 is shown in Fig. 15,
and representative band structures are shown in Fig. 16. (A
complete set of phase diagrams for hBN/RnG/hBN with n =
3,4,...,7 are shown in Figs. 42-46 of Appendix E.) We
find that hBN/RnG/hBN structures showcase a much richer
landscape of Chern numbers than the RnG/hBN case.

The (&, &) = (1, 1) case shows isolated C = —1 conduc-
tion bands accessible at small positive V, which provides an
alternative parent state for moiré FCIs. By adjusting both V
and 6, one can now access C for all integer values between
0 and 5, owing to the multitude of gap closing transitions in
this system: starting from V ~ 1 meV and 6 2 0.8° (where
C = —1) and decreasing the twist angle first leads to three
Cs-related gap closings between the conduction and valence
bands near the middle of the I'y-K}, line, which change the
Chern number by 3 (to C = —4). Further decreasing the twist
angle would lead to another gap closing between the con-
duction and valence bands at I'j;, which changes the Chern
number by 1 (to C = —5). A similar sequence of gap closing
transitions happen for small negative V, which change C = 0
to C = 3, and then to C = 2.

The (&, &) = (1, 0) case also hosts |C| = 1, 4 conduction
bands, while |C| = 3 can be found in the valence bands. There
are again three Cs-related gap closings that happen near the
middle of the I'y-Kj, line, which connect the C = £4 phase
to the C = %1 phase. The gap closing transitions connect-
ing C =4 to C = —4 [as well as those connecting C = 2 to
C=-5orC=3toC = —4,inthe (&,& )= (1, 1) config-
uration] are more complicated, and will be saved for future
works.

The (&, &) = (1,0) case has a notable feature that for
a fixed twist angle 6, the Chern number flips sign under
the reversal of V. This can be simply understood from
the fact that the (&, &)= (1,0) configuration has inver-
sion symmetry at V =0, while V and —V are related
by inversion. Combined with time-reversal symmetry such
that we remain in the original valley sector, we see that
the sign-reversal of V is accompanied the sign reversal of
C. This explains the symmetry of the phase diagram in
Fig. 15(b)(iii).
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FIG. 15. Phase diagrams of hBN/R5G/hBN with stacking orientation (&5, &) = (1, 1) in (a) and (&5, &) = (1, 0) in (b). Panel (i) shows the
indirect gap at filling v = O (at charge neutrality), (ii) shows the indirect gap at v = 4, (iii) shows the minimal direct gap around the lowest
conduction band, and (iv) shows the bandwidth of the lowest conduction band. Chern number of the lowest conduction band is indicated in
panel (iii) where boundaries of topologically distinct phases can be seen as the direct gap closes. The dashed line is a reference to the twist

angle at 0 = 0.77°.

These rich double-aligned structures may serve as a more
versatile platform for realizing FCIs from higher Chern bands,
which are not adiabatically connected to fractional quantum
Hall states. Our results show that stacking, alignment, and
twist angle are all useful tuning knobs for the RnG-hBN fam-
ily, most of which remains to be investigated. Finally, we have

(fba gt) ( )

(&, &) = (L1)

V

}W r M

Ky A[M T K, KM Mpyr K,

( L@ I

' i “ |- o= |-
N ™

R ﬁ)nductlon) valence) *(conduction) +  (valence)

FIG. 16. Topology and C; irreps for hBN/R5G/hBN. (a) shows
the band structure for stacking orientation (&,,&,) = (1, 1) where
there is a ~1 meV indirect gap at filling v = 4 for the lowest conduc-
tion band with Chern number C = —1. (b) shows the band structure
for stacking orientation (&, &) = (1, 0) with a C = —4 lowest con-
duction band. (c)—(f) show the Berry curvature distribution for the
bands labeled in (a) and (b).

also derived the 2x2 moiré effective model for the doubly
aligned structure, and determined the model parameters by fit-
ting the DFT4-SK bands, which are discussed in Appendix E.
We find that the 2x 2 effective moiré model can capture most
of the low-energy features of the DFT+SK bands.

VI. CONCLUSIONS

In this paper, we studied the single-particle band struc-
ture and topology of RaG/hBN and hBN/RnG/hBN for
n=3,...,7 layers. Starting with large-scale DFT+SK cal-
culations of the relaxed moiré band structure, we find that
the relaxation can cause non-negligible quantitative changes
of the bands structure (changes as large as ~10meV). We
then adapted the continuum model proposed in Ref. [24],
finding changes in the parameters due to relaxation effects
within the graphene lattice induced by the hBN. This model
has size of 2nx2n at each position, but we showed that a
minimal 2x2 continuum model built on the chiral low-energy
modes could faithfully reproduce the low-energy bands. Using
this model to study the experimentally relevant RSG/hBN, we
find the Chern numbers of the lowest conduction and highest
valence bands are 0 or 5, and we analytically explain them and
their robustness against parameter tuning. We found that for
R5G/hBN, a large displacement field pointing away from hBN
leads to nearly free conduction electrons, while the lowest
valence band forms an isolated Wannierizable band. For a
large displacement field pointing toward hBN, the conduction
bands of RSG/hBN are topologically trivial, but nevertheless
show nontrivial quantum geometry.

Reference [10] has already demonstrated the presence of
interaction-induced phase beyond the single-particle phase
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diagram studied here, including correlated trivial and Chern
insulators and the discovery of moiré FCIs. Interestingly, for
a large displacement field pointing toward hBN, the cascade
of insulators were observed in RSG/hBN in Ref. [10] in the
conduction bands at v = 2, 3, 4 (with faint signatures at v = 1
for V < 0, which is similar to the phenomenology of twisted
bilayer graphene, where correlated insulators appear at integer
filling [32,66—72] of the flat band manifold. Besides the CI
and FCI phases in RSG/hBN, various spontaneous symmetry
breaking phases, as well as superconductivity, have also been
found in the RnG family with and without moiré coupling
[47,73-86]. Taken together, this family of systems provides
an unprecedented opportunity to study the interplay among
quantum geometry, topology, and strong electronic correlation
[32,68,87-105].
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APPENDIX A: MODEL HAMILTONIANS FOR
RHOMBOHEDRAL GRAPHENE TWISTED ON hBN

In this Appendix, we present a bottom-up derivation of
the continuum Hamiltonian for the active bands of n-layer
rhombohedral graphene twisted on top of or encapsulated

(meV)

E(k)

R

FIG. 17. Dispersion £E(k) of the 10x10 pentalayer Hamil-
tonian is shown in black, in comparison with the analyti-
cal energies of the projected model of Eq. (Al5) (blue) at
V =10meV. The red curve is the asymptotic approximation
\/(ZV)2 + vpk|'0/t8 — 4V2|vpk|? /1% for 0 = 0.767°.

by hexagonal boron nitride (hBN). We provide three mod-
els: (1) a fully microscopic model with hoppings onto the
hBN layer(s), (2) a carbon-only model with the hBN layer(s)
integrated out to the leading order, and (3) an effective
model obtained by projection onto two gapless states of iso-
lated rhombohedral graphene. The parameters of this minimal
model are then optimized numerically to match the ab initio
band, as elaborated in Appendix E.

1. Rhombohedral graphene

First we discuss the Hamiltonian of rhombohedral n-layer
graphene (RnG). To set our conventions, we begin with the
minimal two-orbital tight-binding model of graphene with
nearest-neighbor hopping 7y between the p, carbon orbitals
on the two sublattice sites,

0 Z ) eikﬁj
hi(k) = —m( ws )
Zj e ! 0

where 6 = (0, ag/«/g), 8 = (G561, 83 = C36, and
ag = 0.246nm is the graphene lattice constant. The Dirac
points are located at

(AD)

2
K=27r<—,0>, K =K, (A2)
30(;
' ()
(3;) o o 00% o0 %o™n . *o '0..’ s : ; K ¢
%%, %e 8 o » % e
o eeee Gooes oo . 5 C3
oo sso Yy
oo o 9040 3o o, ot
e : M T e 2V O N0
o o %0l - . e s : v %
o % '-' #°.¢ s 2 b <
T LAl 1; z T

FIG. 18. 3D schematic of the pentalayer graphene (R5G) from
the side (a) and the top (b). The unit cell consists of 10 carbon atoms
and is connected by a line to guide the eye. Red and blue are used to
color the A and B sublattices in each layer.
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(a) commensurate moiré BZ (b) continuum model moiré BZ
m—n=1mod 3 m—n =0 mod 3 m—n=-—1mod 3
K., K¢ = Ky
Kg =Ky K¢

FIG. 19. (a) Depiction of the moiré Brillouin zone (BZ) for three different commensurate moiré configurations [see Eq. (3)]. Depending
on m — nmod 3, with (m, n) € Z* labeling the commensurate configuration, the graphene K point (at K) is either folded onto the moiré Kjy,
Iy or K, point. (b) Depiction of the continuum model moiré BZ in which we focus on the degrees of freedom centered around the K graphene
valley. The high-symmetry points are labeled as [y, Ky, and K, to signify our convention of always boosting the graphene K¢ onto I',. The
three moiré reciprocal points circled in red are considered in the tripod model analysis in Appendix A 5 for deducing the C; eigenvalue at K.

which are related by time reversal. We will focus on the low-
energy states near the K point, which we refer to as the K
valley. Expanding the Hamiltonian and defining vy = %t()ac;,
we find

h(K+K)=vik -0+ . (A3)

We now consider RnG where each layer is shifted by §;
relative to the one below, resulting in a 2nx2n Hamiltonian
whose basis is layer ® sublattice. Expanding in the K valley,
this model takes the form

vrkeo  17(Kk)
H,K+k)=| tkk) . (k) | +Hsp+H,,
tk) vk-o

where #(k) is the interlayer coupling matrix. The interlayer
AB hopping is 1, and the next-nearest interlayer hoppings
yield the effective velocity terms v3 (interlayer AB coupling)
and vy (interlayer AA/BB coupling), see Fig. 6 in the main
text. The term Hisp, which reads

[Hysplir = Vispdir |l — (AS)

n+1'

with/ =1, ..., n, describes the differences in the local chem-
ical environment on the internal versus external graphene
layers due to an effective inversion-symmetric potential. The
value Visp/c = 5 meV/ A is fit from the DFT on pristine pen-
talayer graphene and reflects the higher chemical potential of
the outer layers, where c is the interlayer distance between
graphene layers. Finally,

—v4k N - .
1(k) = - ki E=k ik, (A4 o1 —ic
(k) (—vak —v4k) "y (A4) [H, i = 51,2+1¢2% (A6)
(a) R5G/hBN ¢ _, (b) RSG/hBN ¢, -, (c) hBN ¢,_,/RSG/hBN ¢, _, (d) hBN ¢,o/RSG/hBN ;,_,
N B B N

[N (¢

6r, D0—00—00 | -,
N B

hBN, hBN,

heN, @O—=00—=00—0O0 | "N  OO—00—00—00

ér, 0—00—00—09 é, O—00—00—00

Gry FHO=00—00 Grg >0—00—00
N B N B
hBN, hBN,

FIG. 20. Rigid R5G/hBN and hBN/R5G/hBN lattice structures with zero twist. (a) and (b) are pentalayer graphene stack on hBN, (a) with
a carbon atom strictly colinear with a boron atom in bottom layer along z axis, (b) with a carbon atom strictly colinear with a nitrogen atom
in bottom layer along z axis. (c) and (d) are pentalayer graphene between two hBN layers. (a) and (b) are connected by applying C, rotation
(with axis along z axis) on hBN only, (d) has an approximate inversion symmetry while (c) breaks the inversion symmetry strongly.
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FIG. 21. Relaxation results of 0.767° RSG/hBN¢,—;. (a) Rigid structure of RSG/hBN¢,_ for & = 1. (b)—(f) show the intralayer displace-
ment of each layer. (g)—(k) show the interlayer distance of each layer. The Gr, layer is the lowest layer, which lies on the hBN substrate.
The intralayer displacement is the in-plane displacement from rigid position to relaxed position of an atom in the corresponding layer. The
interlayer distance indicates the distance between the corresponding layer and the layer under it.

is a coupling between A and B carbon orbitals two layers apart.
Although this coupling is small (r, = —7 meV) it is important
to include it in the n = 3 case, where #, directly couples the
zero energy states at k = 0 [see Fig. 25(a) below], and opens
up a gap there. For consistency, we include it for all number
of layers. We now derive the values of these couplings.

To do so, we employ a generalized Slater-Koster (SK)
approach, which parameterizes the hoppings between any two
orbitals by their SO(3) character (spherical harmonic) and the
distance between them r (the so-called two-center approxima-
tion). We use the following form of the SK hopping between
p. orbitals with parameters fit to match ab initio:

2
< —rja r—rq)/l.
tSK(r) = Vppn <1 - ﬁ)eq"(l / ”)/(1 + e( L)/l{.)

2
Z
+ Vppo _zeqa(l—r/aa)/(l + e(r—rc)/lc)’
r

r=irl, z==2-r (A7)

and the parameters are

Vypr = —2810 meV, V,,, =480 meV, Iy = 3.364 A,
gr =3.1451, a, = 1.418 A, g, = 7.428,

a, =3.349A, r.=6.14 A, 1. = 0.265 A. (A8)

This parametrization is fit to the DFT calculation of the
pristine RnG for n =3,4,5,6,7. The resulting graphene
tight-binding model parameters can be computed by perform-
ing the SK sums

hirp(P) =Y t(X1q — Ty g — R)e e T RP - (AQ)
R

which converges exponentially in R. We note that v; = v4 in
the SK two-center approximation since the nearest-neighbor
distance between the AB and AA/BB interlayer orbitals is the
same. Throughout this paper, we keep v3 = vy since we find
that allowing them to differ does not noticeably improve the
fits.

This completes our derivation of the microscopic rhombo-
hedral graphene Hamiltonian. In the next section, we study its
symmetries and low-energy spectrum.

2. Band flattening with displacement field
in rhombohedral graphene

The rhombohedral band structure is tunable in experiment
by displacement field, creating an interlayer potential V. In
this subsection, we study the behavior of the RnG bands in V
to understand the flattening of the low-energy spectrum.

In order to first understand the essential physics, we set
vy =v4 =0 and t, = 0 (and we will restore them for a full
analysis in the main text, as well as in Appendix A 4), in which

(@) R5G/hBN, _o () Gry () Gry
0.002
C®0o0 T : <
BCCN ‘ 3 @ @ 5%
= &@ﬁ &J °>’, 5
Gr ol oY e g @ £k
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FIG. 22. Relaxation results of 0.767° RSG/hBN,_. (a) Structure of R5G/hBN;, . (b)—(f) Intralayer displacement of each layer. (g)—(k)
Interlayer distance of each layer. The Gr, layer is the lowest layer, which lies on the hBN substrate.
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FIG. 23. Relaxation results of 0.767° hBN,,_; /R5G/hBN¢,_;. (a) Structure of hBN,_; /R5G/hBNg,_;. (b)—(f) Intralayer displacement of
each layer. (g)—(k) Interlayer distance of each layer. The Gr, layer is the lowest, and Gry is the highest layer. The Gr, and Gry4 layers are near
hBN substrates.
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FIG. 24. Relaxation results of 0.767° hBN,,_o/R5G/hBN;,_;. (a) Structure of hBN,_o/R5G/hBNg,_;. (b)—(f) Intralayer displacement of
each layer. (g)—(h) Interlayer distance of each layer. The Gr layer is the lowest layer, and Gry is the highest layer. The Gry and Gry4 layers are
near hBN substrates.
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FIG. 25. Comparison of the tight-binding Hamiltonian (red circles) and ab initio DFT (black lines) band structure calculations along the
I'-K-M path for ABC-stacked graphene. (a) Illustration of the y, bond correction in the SK tight-binding model. Panels (b) and (c) for trilayer,
(d) and (e) for tetralayer, (f) and (g) for pentalayer, (h) and (i) for hexalayer, and (j) and (k) for septalayer graphene depict band structures near
the K point within two energy windows, from —0.1 eV to 0.1 eV and from —1 eV to 1 eV, using a set value of Vp(l)m = —2.81eV and an internal
symmetrical polarization (ISP) of 5 mV/A.
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FIG. 26. Comparison of band structures between rigid and relaxed structures of R3G and 0.76715° twisted-angle setting ISP = 5 mV/A.
E is an applied electrical field and ISP is an internal symmetrical polarization due to the different chemical environment of outer and inner
atoms in trilayer graphene. The positive direction of E and ISP are shown in Fig. 2. The structures corresponding to the first row to the fourth
row are R3G/hBN;,_;, hBN;,_;/R3G/hBN;,_;, R3G/hBN;,_, and hBN,,_o/R3G/hBN,_, respectively, and the applied electrical fields
corresponding to the first column to the fifth column are —5, —2, 0, 2, and 5 mV /A respectively. The band structures are depicted with orange
dotted lines for rigid structures and black dotted lines for relaxed structures. Here, both K valley and K’ valley bands are included.

case the Hamiltonian is fully isotropic and the spectrum is a
function of |k| only. Explicitly, the model in this limit, which
is called A, (Kk), reads

[h(K)]ij = vpdijk - 0 + 18 ji0t + 18 j-107,  (A10)
which has the chiral symmetry %4,(K)E" = —h,(k) with
¥ = 1 ® o3 where 1 is the identity on the n layers. The other
important symmetry obtained by this model is SO(2) rotation,
which takes the form

Dyl = 8y 113D g=1003/2
(Al1)

ha(Rek) = Dghy,(K)D)),

corresponding to the angular momenta —n/2, —n/2+
1,—n/2+1,—-n/2+4+2,...,n/2. Of course, the realistic
model with v; # 0 only possesses C3 symmetry, which we
obtain from D[C;] = _D2Tn (with the —1 phase determined

by requiring D[C3]® = 1). There is also spacetime-inversion
symmetry Dy [Z7] = §; _y01K, which is intravalley because
inversion and time-reversal both flip the valley. This symmetry
is broken by the displacement field. While C,,7 is not broken
by the displacement field, it is broken by stacking structure of
the RnG forn > 1.

We start in the v3; = v4 = 0 and #, = 0 limit where we can
expose some simple analytical results. The SO(2) symmetry
requires that the spectrum E, (k) depends only on |k|. Then
we can expand the characteristic polynomial of 4,(K) in |Kk| to
find that

(vr K"
!

En(k) == ) :l:tl +---, (AIZ)
where the =+, eigenvalues are (n — 1)-fold degenerate and
correspond to bonding/antibonding interlayer dimers hy-

bridized by ;. By direct substitution, one can verify that

205122-18



MOIRE FRACTIONAL CHERN INSULATORS. II. FIRST- ...

PHYSICAL REVIEW B 109, 205122 (2024)

E=-5mV/A E=-2mV/A E=0mV/A E=2mV/A E=5mV/A
(a) (b) () (d (e)
=TT T —= — 100 100 T N 100
i 50
& :
Z 3
2 £
9] )
g §
4 fir
sl
-100 L
-
(f) (&) (h) (0]
100 — — 100 ———— — 100
z
% 50 k+ 50 ki
> s
g i
& ey ° °
0 8
Z*LT» w
% -50 | -50 |
-100 -100
v Kv My v Ku'
(k) (m) (n)
100 100
7 sor 50 |t
z s
0 g
3 2
[2'4 w
50 50 |
100 Lttt -100
(p) (r) (s)
100 100
é
P4
% 50 R* 50 |
o) s
< £
& FRL
T g
a5 w
P4
o -50 [ -50 |
=
100 L= 100 == -100 = s

-100

v Ku My Y Ku' v Ku My v K v

Km My v K v Km My v K v Ku My v Ku'

FIG. 27. Comparison of band structures between rigid and relaxed structures of R4G and 0.76715° twisted-angle setting ISP = 5 mV/A.
E is an applied electrical field and ISP is an internal symmetrical polarization due to the different chemical environment of outer and inner
atoms in tetralayer graphene. The positive direction of E and ISP are shown in Fig. 2. The structures corresponding to the first row to the
fourth row are R4G/hBNg,_;, hBN,,_; /R4G/hBN;,_;, R4G/hBN,_o, and hBN,_o/R4G/hBN¢,_; respectively, and the applied electrical
fields corresponding to the first column to the fifth column are —5, —2, 0, 2, and 5 mV /A respectively. The band structures are depicted with
orange dotted lines for rigid structures and black dotted lines for relaxed structures. Here, both K valley and K’ valley bands are included.

the eigenspace of the O(|k|") eigenvalues is spanned by the
holomorphic states (up to normalization),

Ya(k) = {1,0, (—vrk/n), 0, (—vrk/n ), 0, ...}

+ O(k"),
Yp(k) = {0, (—vpk/t)"", 0, (—vpk/t)" 2%, ..., 0,1}
+ O™, (A13)

or in components [Y4(k)]a, = (—vrk/t y=1 and [WB(IE)]B, =
(—vpk/t)"™". Here k =k, + ik, = |kle k =k, — ik, =
|kle= are the usual holomorphic coordinates, and /4 5 are
sublattice polarized since they diagonalize the chiral operator
3, which is sublattice diagonal. Given that vglk|/t; < 1,
Y4 (k) has its maximum weight on the top layer and (k) on
the bottom, and they exponentially decay away from the top

and bottom layers respectively. Indeed, vg|q;(0)|/f; ~ 0.5
at 0 =0.767° (q(0) is the relevant BZ scale at the
experimental moiré angle) so that the perturbation theory
will be qualitatively valid across the first moiré BZ. We gather
the chiral states (which we note are not eigenstates) into
the column vector W(k) = [Va(k), ¥g(k)]/|¥a(k)| [where
|[Ya(k)| = |¥p(k)| is the normalization]. From Eq. (A10), it
can readily be verified that

W ) (k)W) = t”—ﬂ(ko ’B) +OUK™),  (Al4)
1

which directly shows the £|k|" dispersion from coupling the
chiral modes. Now we add a displacement field [Hy ],y =
(I —(m+1)/2)Véy (I =1,2,..., n) with interlayer potential
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fourth row are R5G/hBNg,_;, hBNg,_; /R5G/hBN;,_;, R5G/hBNg,_o, and hBNg,_o/R5G/hBNg,_, respectively, and the applied electrical
fields corresponding to the first column to the fifth column are —5, —2, 0, 2, and 5 mV/A respectively. The band structures are depicted with
orange dotted lines for rigid structures and black dotted lines for relaxed structures. Here, both K valley and K’ valley bands are included.

difference V. We find
U (k) (1 (k) + Hy U(K)

_vfé 0 k" 1—n
e §)

The closed form expression for the projection of the displace-
ment field term can be found in Eq. (A48). This Hamiltonian
is in Pauli form and can be immediately diagonalized to yield
(setting n = 5)

2m<n v |k| 2m
F
+ Z < P ) :|(T3.

m=1
(A15)

E (k)= j:\/|ka|10/z{3 + V2(2 — v2lk|?/t} — v§|k|4/z;‘)2,
(A16)

which compares very well with the numerically diagonal-
ized energies shown in Fig. 17. The most important feature

of Eq. (A16) is its nonmonotonicity appearing from the
—U12;|k|2 /tl2 - vj,f~|k|4 /t;1 terms. Hence at small k, the energies
will initially decrease, while at large k they must approach
infinity. Thus we can define a flatness condition

E.k=0)=2V=E(k=q©®)  (Al7)
set by the scale of the moiré momentum. Here we used that
at k = 0, the full 2nx2n Hamiltonian can be diagonalized to
yield E(0) = 2V (assuming t, = 0).

We can now obtain an estimate for the critical V that
satisfies the flatness condition in Eq. (A17). Using Eq. (A16)
to evaluate E(k = q;(0)) is straightforward, but it results in
a high-order polynomial equation to solve for the critical V.
To get an analytical solution, we keep only the lowest O(k?)
terms to capture the nonmonotonicity and highest O(k'®)
terms to capture the large k behavior. This approximation is
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FIG. 29. Comparison of band structures between rigid and relaxed structures of R6G and 0.76715° twisted angle setting ISP = 5 mV/A.
E is an applied electrical field and ISP is an internal symmetrical polarization due to the different chemical environment of outer and inner
atoms in hexalayer graphene. The positive direction of E and ISP are shown in Fig. 2. The structures corresponding to the first row to the
fourth row are R6G/hBNg,_;, hBN,,_; /R6G/hBN;,_;, R6G/hBN,_o, and hBN,_o/R6G/hBN¢,_; respectively, and the applied electrical
fields corresponding to the first column to the fifth column are —5, —2, 0, 2, and 5 mV /A respectively. The band structures are depicted with
orange dotted lines for rigid structures and black dotted lines for relaxed structures. Here, both K valley and K’ valley bands are included.

validated in Fig. 17. Then we find

E (k) ~ V)2 + [upk|!0/if — QV Rlopk2/i2 (A18)
leading to the flat-band condition being

VRl (O)F = 11y/2V1 .

While vs, vy, £, Visp will modify this result (see Appendix A 4
for their effect), it serves to identify a maximally flattened
region tuned by D field, at least at the single-particle level.

(A19)

3. Moiré Hamiltonian of RnG/hBN and hBN/RrnG/hBN

In this section, we derive the moiré Hamiltonian of the
superlattices formed by RnG and hBN. This Hamiltonian has

three parts: the intralayer Hamiltonians for RnG and hBN,
and the moiré coupling between the two as caused by their
lattice mismatch and relative twist. We will derive the form
of the moiré coupling from one graphene layer to the hBN,
and then build the full Hamiltonian for the variety of possible
configurations and encapsulations shown in Fig. 20 below.

In the experiment [10], the RnG is encapsulated by two
hBNs; however, only one of them is twisted at a small angle
and thus nearly aligned, while the other does not contribute to
the electronic structure of the system. To model this case, we
consider the configuration where RnG is on top of one nearly
aligned hBN (RnGg/hBN) without any hBN on the other side.
We will also consider the case where RnG is encapsulated by
two nearly aligned hBN that generate the same moiré pattern
(hBN/RnG/hBN).
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FIG. 30. Comparison of band structures between rigid and relaxed structures of R7G and 0.76715° twisted angle setting ISP = 5 mV/A.
E is an applied electrical field and ISP is an internal symmetrical polarization due to the different chemical environment of outer and inner
atoms in septalayer graphene. The positive direction of E and ISP are shown in Fig. 2. The structures corresponding to the first row to the
fourth row are R7G/hBNg,_;, hBNg,_; /R7G/hBN;,_;, R7G/hBNg,_o, and hBNg,_o/R7G/hBNg,_, respectively, and the applied electrical
fields corresponding to the first column to the fifth column are —5, —2, 0, 2, and 5 mV/A respectively. The band structures are depicted with
orange dotted lines for rigid structures and black dotted lines for relaxed structures. Here, both K valley and K’ valley bands are included.

The k - p Hamiltonian of RzG is discussed in Eq. (A4). We
approximate the hBN Hamiltonian as

_ (Vs £
HBN,E = Ul( VN>O'1 .

Vg = 3352 meV, Vy = —1388meV (A20)

for the stacking configuration £ = 0, 1 (see main text) where
carbon-A,B is nearly vertically aligned with B,N or N,B re-
spectively in the AA region. (See Fig. 2 in main text.) Here
Vi and Vy are the chemical potentials for boron and nitrogen,
respectively. Here we have neglected the k-dependence of
the hBN altogether, which is acceptable because Vg, Vy ~
1000 meV, and corrections from hBN dispersion will not af-
fect the low-energy graphene bands, which are near chemical
potential 0.

The RnG/hBN devices have the following Hamiltonians in
the K valley:

Hyx(—iV) T](r)
Hg ¢_o(r) = ,
kg=0(E) ( Ty(r) Hpgy )
Hx(=iV) T, (r)
He = , A21
kg=1®) ( Ty(r) UlHBNUl) (2D

describing the two possible stackings of the bottom hBN layer
on the graphene. They are exchanged by a C; rotation of the
hBN, but the models are not symmetry related because RnG is
not C, symmetry (it is inversion symmetric, which exchanges
the top and bottom layers). The moiré coupling 7 (r) acts only
on the bottom layer, meaning

[T5(r)]; = 8,0T»(r) (A22)
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where [ =0, ..., n — 1 indexes the layers of RnG where [ =
0 is the layer that is closest to hBN. 7;(r) is a 2x2 matrix as
shown in Eq. (A40).

Secondly, we discuss the hBN/RnG/hBN models

o Hgyot  Ti(r)
Hyeem=| T')  He(=iV) T/@® |
T,(r)  o)"Hpyoy"

(&, &) = (1, 1),(1,0),

which differ in the relative orientation of the N and B stack-
ings on top and bottom. Hg g,—1¢=1 is strongly inversion
asymmetric since the low-energy modes couple to different
hBN orbitals on opposite sides, recalling that the bottom
layer A sublattice and top layer B sublattice are the domi-
nant orbitals in the chiral basis [see Eq. (A13)]. In contrast,
Hk ¢,=1,¢=0 1s exactly inversion symmetric (nearly symmetric
if the inversion center of two hBN deviates slightly from that
of the RnG), since the bottom layer A sublattice and top layer
B sublattice are aligned with the same atom. The moiré cou-
plings [T;(r)]; = 8,1 T;(r), Ty(r) = 8,0T,(r) again connect
hBN to the nearest graphene layer only.

We will now derive the interlayer moiré coupling 7; (r)
using the Bistritzer-MacDonald (BM) two-center approxima-
tion [39] following the appendices of Ref. [106]. We consider
the coupling between graphene layer [ with orbitals

(A23)

R—|—I‘a,1, Iy = ad; +l(31 +dyZ) (A24)

where R indexes the graphene unit cells, « =0, 1 corre-
sponds to the positions of the carbon A, B sublattices [see

Fig. 6(a) of the main text], §; is defined under Eq. (A1), and
[ =0,...,n—1 labels the rhomobohedrally stacked layers,
which are spaced dy ~ 3.36 A apart in the rigid structure. The
hBN layers have orbitals at
MR +r1g), (A25)

where M = 1 4 ifoy + € + - - -, I’ corresponds to the top and
bottom encapsulated layers, and B here labels the B and
N orbitals in the top/bottom layers. The twist angle 6 can
be tuned in device construction and, in this paper, we take
&€ = €ap (e > 0) to describe the enlarged lattice constant of
hBN apBN = (1 + e)ag.

The interlayer Hamiltonian hopping hBN onto graphene is
given by

. 1 . . , ,
H&?TE(P’ p)= N Z o {RATe, ) pHMR 415 )P
RR

x (R+ 1o [HIMR +15,),  (A26)
where H is the underlying microscopic Hamiltonian. We em-
phasize that R, R’ are lattice vectors in the unrotated graphene
layer. To proceed, we assume that the matrix element of
the Hamiltonian is only dependent on the distance between
orbitals (the “two-center” approximation) leading to

(R+ro [HIMR +1p,))

l : ’
— ~o Z Z tq+Gel(q+G)-(R+ra,/—(M(R +r50)) (A27)
qeBZ G
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FIG. 32. Tight-binding band structures of R3G and 0.76715° twist angle setting ISP = 5 meV/A. E is an applied electrical field, and
ISP is an internal symmetrical polarization due to the different chemical environment of outer and inner atoms in trilayer graphene. The
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and red dotted lines for K’ valley.

and 7 is the momentum-space matrix element for the hop-
ping between the orbitals labeled by «, 8, A\ is the number of
graphene unit cells with area 2. Here we have made the SK
approximation

lgrG = f d*r e AT T (r), (A28)

which treats the boron-carbon and nitrogen-carbon hoppings
identically, since both are p,-p, orbital overlaps. Although this
is an approximation, we argue in the main text that the result-
ing form of the Hamiltonian is general enough to fit the band
structure obtained from the large-scale numerical calculations.
(See Appendix E.) Plugging this expression into the inter-
layer Hamiltonian and using Mr-k = (Mr)'k =r-M"k

gives
HY' (0, p)

S S tgrgelr @GR in M @ G-p)
N2Q

qeBZ G
« Z R (@+G—p)—R"M" (q+G—p)
R,R
— l Z Z tq+Geil‘a,I'(q+G*P)*ir,§,//'MT(‘IJFG*P’)
2 qeBZ G

X Z 8q+G—p.G1 OMT (q+G—p').G,
G1,G2

t . )
} : P+Gi ir, ;-G —irg /-G
— e "1 Bl 28P+Gl ,p’+M7TG2 .

(A29)
G1,Gy &

205122-24



MOIRE FRACTIONAL CHERN INSULATORS. II. FIRST- ...

PHYSICAL REVIEW B 109, 205122 (2024)

E=-5mV/A E=-2mV/A

E=0mV/A

E=2mV/A E=5mV/A

(d (e

(a) b) (©

100 100 100

1

50

50 fet

R4G/hBN,

b

Energy (meV)
)

50 |

100 —— — 100

-100

® (h)

-100 =—=

0}

100

1

50 .

1/R4G/hBN,

Energy (meV)

50 |

hBN.,

100 &

100

(k) U} (m)

(n)

100 100 —— — 100

=0

50 50

100

RAG/hBNg,.
Energy (meV)
)

50 | -50

-100

-100 = -100

(p)

100

(@

-100

(s)

100

1

o/RAG/hBN;,

Energy (meV)
o

hBN,

50 F

100 L 100 L

100 L 100 L

Y] Km Mwm Tm Kw' Y] Km Mwm Tm Kw' Y]

Km Mwm Tm Kn' Y] Km Mwm v Kn' T Km Mwm v Kn'

FIG. 33. Tight-binding band structures of R4G and 0.76715° twisted angle setting ISP = 5 mV/A. E is an applied electrical field and

ISP is an internal symmetrical polarization due to the different chemical environment of outer and inner atoms in tetralayer graphene. The
positive direction of E and ISP are shown in Fig. 2. The structures corresponding to the first row to the fourth row are R4G/hBNg,_,,
hBNg,_;/R4G/hBN;,_;, R4G/hBN¢,_o, and hBNg,_o/R4G/hBN;, _; respectively, and the applied electrical fields corresponding to the first
column to the fifth column are —5, —2, 0, 2, and 5 mV /A respectively. The band structures are depicted with blue dotted lines for K valley

and red dotted lines for K’ valley.

Note that Gy, G, are the graphene lattice vectors. We now use
the fact that the momentum space coupling #,,¢ is rapidly
decaying to cutoff the sum over lattice vectors. Let us consider
what terms couple to the K point of the top layer where

J

t

p = K+ 6p. The terms that contribute are G = 0, ;K —
K, C32K — K (all of the same magnitude due to Cs), because
all others are outside the first BZ and are suppressed. We
have

inter A —irg-G'+irg, ;-0 —irg-G'+irg ;- (GGK—K)
Hy g (K+6p,p) == E (e "0k ysppam-Te e e SCiK+op.p+M-TG!

K
Q
I

+ e*il‘ﬂ-G/Jril'a_l (C32K

Now we consider the G’ sum. We take p' = MK + §p’.
Owing to the large gap of hBN, the momentum corrections to
the gap is small at the scale of moiré reciprocal lattice vectors.
Therefore, it is not necessarily legitimate to restrict §p’ to be

OSek ssppMTG)- (A30)

(

small, and a faithful microscopic calculation must take higher
moiré harmonics into account since they are not rapidly cut off
by the hBN dispersion. We leave the derivation of the form of
the higher harmonics to future work; in this paper, we will
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FIG. 34. Tight-binding band structures of R5G and 0.76715° twisted angle setting ISP = 5 mV/A. E is an applied electrical field and
ISP is an internal symmetrical polarization due to the different chemical environment of outer and inner atoms in pentalayer graphene.
The positive direction of E and ISP are shown in Fig. 2. The structures corresponding to the first row to the fourth row are RSG/hBNg,_;,
hBNg,_; /R5G/hBN;,_;, RSG/hBNg,_y, and hBN,_o/R5G/hBN,_; respectively and the applied electrical fields corresponding to the first
column to the fifth column are —5, —2, 0, 2, and 5 mV/A respectively. The band structures are depicted with blue dotted lines for K valley
and red dotted lines for K’ valley.

explicitly provide the form for the first-harmonic terms for sp—p =M TK-K+M TG
concreteness. The delta function in the first term of Eq. (A30) .
enforces =M"G —q. (A31)
For the first harmonics, we have G’ = 0. Repeating this for
K+op=MT"K+6p+M TG second and third terms, we eventually get

J

i - IK [ itry —rp)- (o 1 —T5)-(CsK— i(ro—T5)-(CPK—
H&r;f%rz/(K‘i‘fSP,M "K+sp) = Q (el(ru" rﬁ)o‘stﬁp,ﬁp’fq] elfermrp (G K)‘Sépﬁp’fqz elfut I G K K)85P,5P'*CI3) o
(A32)

(3]

where “...” include all the higher harmonics, and we have defined q;+; = C3q;.
Using Eq. (A24) for [ = 0 in the graphene and rg o = 86; — dZ, B = 0, 1 for the hBN orbitals separated by a distance d from
the graphene, we find

3 —iF (-1
: - e 3
Hﬁ%ﬁK+3nﬂfTK+ﬁﬂ)=§:@”mwum+~“7 T] = ix(d2) (A33)

P dFG-D 1
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FIG. 35. Tight-binding band structures of R6G and 0.76715° twisted angle setting ISP = 5 mV/A. E is an applied electrical field and
ISP is an internal symmetrical polarization due to the different chemical environment of outer and inner atoms in hexalayer graphene. The
positive direction of E and ISP are shown in Fig. 2. The structures corresponding to the first row to the fourth row are R6G/hBN,_,,
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and red dotted lines for K’ valley.

for all n, the total number of layers, and “...” contains all the
higher harmonics. We have written tfg = g (d?) to emphasize
its dependence on the interlayer distance. We check that in
the relaxed structures, the average value of d over the unit
cell is nearly constant (ranging from from 3.421 A to 3.423 A
as the number of layers is increased) corresponding to tx ~
93 meV. In doubly aligned relaxed structures, we find that the
bottom layers show larger variation, with d going from 3.40 A
to 3.43 A, corresponding to 98 meV and 90 meV hoppings
respectively.

Next in hBN/RnG/hBN devices, we compute the coupling
between the top layers. We will assume that the top and
bottom hBN layers are perfectly aligned so that there is no
super moiré pattern formed. There now appear phase factors
in the T; matrices due to the shift in the position r,; from the
rhombohedral stacking [see Eq. (A24)]. We find that the top

layer in an n layer structure has the hopping

Hinter(K + 5p,M7TK 4 8p/)

top

i27G=1)

(-

— § :el 5 )Tj aap,ap’fq_,»*‘"' ,
J=1

(A34)

[T L]

where “...” contains all the higher harmonics. In position space
these term can be written as

3
T,(r) = Zeiq/"rTJ- 4,
j=1

3
2m(j—1) .
T(r)=) e 5 DTy

j=1

(A35)
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FIG. 36. Tight-binding band structures of R7G and 0.76715° twisted angle setting ISP = 5 mV/A. E is an applied electrical field and
ISP is an internal symmetrical polarization due to the different chemical environment of outer and inner atoms in septalayer graphene.
The positive direction of E and ISP are shown in Fig. 2. The structures corresponding to the first row to the fourth row are R7G/hBNg,_;,
hBNg,_;/R7G/hBN;,_;, R7G/hBNg,_,, and hBN,_o/R7G/hBN¢, _; respectively, and the applied electrical fields corresponding to the first
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and red dotted lines for K’ valley.

w9

where “...” contains all the higher harmonics. The two-center
approximation results in all carbon-hBN hoppings have equal
amplitude for the first harmonics. This is similar to how,
in twisted bilayer graphene, the AA and AB couplings are
equal in the two-center approximation, but relaxation intro-
duces symmetry-allowed corrections beyond the two-center
approximation. We now consider more general forms of
the first-harmonic moiré coupling generalizing Eq. (A35).
Since hBN breaks all but the C; symmetry of rhombohedral
graphene, the most general symmetry-allowed q; hopping

takes the form [24]
€i2;th,CA)
tN.,CB

1
Th = B
J j
e JtB,CB

We argued in the main text that this hopping matrix, while
containing more free parameters, does not offer a better fit to

(A36)

the low-energy bands than the hopping matrix in Eq. (A33).
This is because only tz,, ftyc, are relevant (i.e., the first
row of T.), as the low-energy bands are strongly sublattice
polarized on the bottom layer.

The model Eq. (A21) derived above can be simplified
due to the separation of energy scales between the graphene
(which we set to chemical potential zero) and the hBN,
which has eV-scale chemical potentials [107]. Writing the
Schrodinger equation (here Hg is the Hamiltonian of the bot-
tom graphene layer)

He T' (WG)_E<1/fG>
T  Hgy)\¥neN) —  \¥mBn

out in components yields T = (E — Hugn) VBN, giving

(Hg + TT(E — Hupn) "' TG = EYc. (A38)

(A37)
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FIG. 37. The comparison between the DFT+SK bands (black) and the bands from the 2nx2n continuum model (blue lines) in Eq. (A45)
for n = 3. The parameter values are listed in Table I and Table III of main text.

We now assume that E is an energy near the graphene Fermi energy, so we can take (E — Hypn) ™! ~ — 15311\1 to leading order,
and derive Hg — TTHh_BlNT = Hg + Vipn as the effective Schrodinger equation coming from integrating out the hBN. For the

bottom layer, we have

lis,c, I* + linc, I* 0
Vi Vv
Vipn(r) = —3 ) s
0 Itg.c ltn,cg |
\Z Vi
lts.c, I* + ot ltn.cy 12 1B.CA5 ¢ + ot INCATN.cp
PUCTEENE, Ve 2% Vi Vy
th«CBt§,CA + IN.CyIN.cy |t5.c, 17 + ltn.cp 12
Vi Vn Vi \%N
ltsc, 1> + ot linc, I* " 1B.Cy15.cy + a)thCAtITI,CB
+ i @—a)T Vg Vy Vs Vv
«1B.CplBc, INCpiN.C, [tg.cy* ltn.cy I
@y, Oy Vi T
lts.c, I* + ot ltncy I* 1B.Calh.cp + IN.CAlN.cp
i(qz—q)r \Z Vv \Z] %%
+ BT oo o gk ) ) +Hc. g +---, (A39)
B.Cgl ., + ot N.CgIN.Cy » t8.c + ltncp
Vi Vv Vi Vv
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FIG. 38. The comparison between the DFT+SK bands (black) and the bands from the 2nx2n continuum model (blue lines) in Eq. (A45)
for n = 4. The parameter values are listed in Table I and Table III of main text.

where “...” contains terms that come from higher harmonics of 7 (r). Here w = e*7/3_ Since Vipn(T) effectively couples only
graphene degrees of freedom, it is reasonable for us to only keep the terms of Vygn(r) up to the first harmonics, i.e., only keeping
terms that are uniform or has spatial dependence ¢'®¥” with |G| = 1. Under this approximation, as we argue in the main text,
only the 1,1 entry of VigN bottom () is relevant to the low-energy physics. Therefore, we can choose the effective moiré potential
to be

VhBN,bonom(r)=Vbo((l) ?>+{Vbleiw5b |:ei(q1—q2)-r<i) i))_i_ei(m—%)-r(a}* cz)>+ei<q3—ql).r<} z>:|+HC} (A40)

where &, = 0, 1 is the stacking order of the bottom layer, and

Vi = _3 ltgc,|” n lty.c.|” e Ve = |tB,CA|2+w* ltv.c.|” L. (A41)
) 7T . Vi Vs Vo

with “...” containing the contribution for higher harmonics of 7 (r). This simplified form of the effective moiré potential has been
previously derived in Ref. [25] taking #5 ¢, = fny.¢, under the first-harmonic approximation of 7'(r). In this limit,

e, = Ine, =lgrG = / d*r e O (7)) = w, (A42)
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FIG. 39. The comparison between the DFT+SK bands (black) and the bands from the 2nx2n continuum model (blue lines) in Eq. (A45)
for n = 5. The parameter values are listed in Tables I and III of main text.

the angle v, in Eq. (18) is independent of w and takes the values

21
Yeoo = 223.5°, Yoy = Yo — 3 = 16.5°. (A43)

For hBN/RnG/hBN structures, we integrate out the top hBN layer and obtain

. L2 . . * .
ViBN,op (1) = Vio ((1) (1)) + {‘/,16”1’5’+’23("1)|:e’(q‘qz“ (;} i)) 4 ei@—a)T <(j* ‘Z)) + el(qul)'r(} z>j| + Hc}

(A44)
We estimate typical values for Vy ~ 10 meV and V| ~ 7meV using w = 90 meV.
In sum, the full 2n x2n moiré model that we use is
VhBN,bonom(r)
0252
Hy,x = Hk + Hp + , (A45)

022
VhBN,top ()

where Hy is the kinetic energy term of RnG in Eq. (8), Hp is the displacement field term in Eq. (10). Equation (A45) works for
both RnG/hBN (VigN, 0p(r) = 0) and hBN/RnG/hBN structures. Detailed discussion of the fitting is in Appendix E.
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FIG. 40. The comparison between the DFT+SK bands (black) and the bands from the 2nx2n continuum model (blue lines) in Eq. (A45)
for n = 6. The parameter values are listed in Table I and Table III of main text.

4. Effective model

Here we derive the effective model that incorporates the interlayer AB hopping (#,), the next-nearest interlayer AB hoppings
(yielding the effective velocity terms v3), the interlayer AA/BB coupling (v4) as well as the next-next-layer nearest-neighbour
hopping (#;). The full Hamiltonian H, for RnG is defined in Eq. (A4), and upon projecting onto the two low-energy states (with
respect to the charge neutrality) defined in Eq. (A13), we obtain (for n > 3)

. Hy(k) + V3(k) kK" 3(Bi3 + y k1> + 8)
B = U HUK) = (T Pty (A46)
K" (BK” + y [k|” +8) Hy(k) — V3(k)
where k = k, + ik, k=k, — ik, is the complex coordinate for the relative momentum k = (k,, ;) in the K valley, and
k k
Hy(k) = (>l|k|2 + V[sp]:n<v12| |), and Vs3(k) = VQ,L(thl |> (A47)
1 1
with the exact projection giving the following closed form results:
1(—M +n—1), foroddn 2 2
X27 x2n, ’ 1 n 1 1
Fawy=47 ¢ and G,(x) = ("(xz" - ) = 2)' (A48)
3 ), for even n X = —X

T GI-DED
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FIG. 41. The comparison between the DFT+SK bands (black) and the bands from the 2nx2n continuum model (blue lines) in Eq. (A45)
for n = 7. The parameter values are listed in Table I and Table III of main text.

To be consistent in the perturbation theory, we keep terms up to x" in the expansion of F,,(x) and G,(x), which is what we used
in the main text [Eq. (22)]. The parameter values in the projected Hamiltonian are related to the ones in the full model by

21)[:1)4

153

vl (n— v 2vs  (n=2)vp"! (=20 7n
(=)=t (=) (=1t (=

As an example, here we explicitly work out the derivation of the «|k|? term, which arises from the interlayer hopping v, in the
full Hamiltonian H, [see Eq. (A4)],

o= ,
h

p= (A49)

)

n—1

D U)o H ()1 1T, dd (&) 10+ D D UTK): 1o lH (K11l ald (K) 114

a=A,B =2 a=A,B
n—2 I+1 n—1 21
Upk Fk UFk UFk UF|k|
“a| S () () () e /[ ()
=0 h h h h =0 h

= &; 2vpualk|*/t; + Ok, (AS50)

where i, j label the chiral basis states, [ labels the graphene layer, and a labels the sublattice.
The above parameter values in Eq. (A49) are further adjusted to optimize the matching between the band structure in the
effective model and the DFT bands, see Table II in the main text. Note that ¢, /¢f; = 0.02 and vg|q;|/t; = 0.55 at 6 = 0.767°
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FIG. 42. Phase diagrams of R3G-hBN superlattices of various stacking configurations: (a) £ =1, (b) £ =0, (¢) (&, &) = (1, 1), and
(d) (&, &) = (1, 0). Panel (i) shows the single-particle indirect gap Ajg,v——4 at filling v = —4; (ii) shows the indirect gap Ajg.,—o at filling
v = 0; (iii) shows the indirect gap Ajnq =4 at filling v = 4; (iv) shows the minimal direct gap A, around the highest valence band in one
valley; (v) shows the bandwidth W, of the highest valence band; (vi) shows the minimal direct gap Aona around the lowest conduction band
in one valley; (vii) shows the bandwidth W,e,q of the lowest conduction band. Chern numbers of the highest valence band and the lowest
conduction band in K valley are indicated on panel (iv) and panel (vi), respectively, where boundaries of topologically distinct phases can be
seen as the direct gap closes.

strongly suppress 8 for n > 3. For completeness, we keep § for all n, but it can be neglected with minimal changes to the band
structure for n = 5.
We now discuss the symmetries of the effective model. We first consider the crystallographic symmetries g obeying

D'[glhetr(r)DIg] = hegr(gr) (A51)

and D[g] can be unitary or anti-unitary. The kinetic term with V = V; = V| = 0 has the symmetries

2

D[Csl=e 3, D[IT]=0K, DMT]=K (A52)

where Z7 is space-time inversion and M, 7T is an anti-unitary mirror obeying M;% = —X, with K representing complex
conjugation (see Fig. 18). These symmetries preserve valley and are exact in pristine RnG. Note that the anticommuting chiral
symmetry o3 is broken by Visp, D[Z7T] is broken by the potential difference V, and both D[Z7] and M, T are broken by the
moiré potential term proportional to V; in general. If & = 0 so that the hBN axis is aligned with the RnG axis, then the M, 7T
symmetry is restored. However, we focus on 8 = 0.76715° throughout this paper.

Taking into account the lowest-order moiré potential (parametrized by Vj, Vi, and v¢), as well as the effect of the out-of-plane
displacement field (parametrized by V the interlayer potential energy difference), the RnG/hBN effective model acquires the
following form:

. 1 0
H:fgf = hsz(—lV) + | Vo +2V; Zcos(gj T+ Y) <0 0>, (A53)
i

where the second term is obtained from ¢/ (0)ViBN, bottom (X)X (0), with £(0) the chiral basis at k = 0 [see Eq. (A13)], VisN, bottom
defined in Eq. (A40) and g; = R(ZT” (j — 1))(q2 — q3). This projection preserves the locality of the moiré potential. For the case
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FIG. 43. Phase diagrams of R4G-hBN superlattices of various stacking configurations: (a) £ =1, (b) £ =0, (¢) (&, &) = (1, 1), and
(d) (65, &) = (1, 0). Panel (i) shows the single-particle indirect gap Ajnq ,——4 at filling v = —4; (ii) shows the indirect gap Aj,q,—o at filling
v = 0; (iii) shows the indirect gap Ajnq =4 at filling v = 4; (iv) shows the minimal direct gap A, around the highest valence band in one
valley; (v) shows the bandwidth W,, of the highest valence band; (vi) shows the minimal direct gap A ,,q around the lowest conduction band
in one valley; (vii) shows the bandwidth W4 of the lowest conduction band. Chern numbers of the highest valence band and the lowest
conduction band in K valley are indicated on panel (iv) and panel (vi), respectively, where boundaries of topologically distinct phases can be
seen as the direct gap closes.

of hBN/RnG/hBN structures, we have

(A54)

Hefg : = KM (—iV)+ (Vbo +2Vpy; Y cos(gi - T+ Yg,) 0 )
n,&t,8p n

0 Vio + 2V X, cos (g - ¥ + e, + 352)
For the (&, &) = (1, 0) configuration, we impose Z7 symmetry so that Vg = V;o and —y, = ¥, + 2’31—"

5. C; eigenvalues for the continuum model RnG/hBN

Now we take the effective model in Eq. (A53) and analyze the C; symmetry eigenvalues at Ty, Ky, and K}, points in the
continuum model moiré Brillouin zone for the graphene K valley. This Brillouin zone, as well as the labeling of high-symmetry
points, should be distinguished from the moiré Brillouin zone at a commensurate twist, as depicted in Fig. 19. At different
commensurate twist angles, the graphene K¢ point can be folded onto either I'y;, Ky, or K}, as explained in Eq. (3), while for
simplicity of our discussion below, we will boost the BZ such that K is consistently situated at the BZ center, which is denote
as I'y.

Let us just recall that the D[C3] operator in the 2nx2n model [c.f. Eq. (A11)] takes the form

DIG3 1y = 8y 31717 L8D 5o (A55)
so by projecting onto the chiral basis we obtain D.g[C3] = Ut (0)D[C5]U4(0) with the form
@970 @9HE1 0
De[C3] = ( 0 i+ forevenn, Dei[C3] = 0 pl2l-1 for odd n, (A56)
where @ = ¢*7/3. We shall focus on the lowest conduction band, and denote the corresponding eigenvalue as 1. To proceed

analytically, we consider a reduced Hamiltonian that involves only the reciprocal lattice points closest to the high-symmetry
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FIG. 44. Phase diagrams of R5G-hBN superlattices of various stacking configurations: (a) £ =1, (b) £ =0, (¢) (&, &) = (1,1), and
(d) (&, &) = (1, 0). Panel (i) shows the single-particle indirect gap Ajnq ,—=—4 at filling v = —4; (ii) shows the indirect gap Aj,q.,—o at filling
v = 0; (iii) shows the indirect gap Ajnqg =4 at filling v = 4; (iv) shows the minimal direct gap A, around the highest valence band in one
valley; (v) shows the bandwidth W, of the highest valence band; (vi) shows the minimal direct gap Anq around the lowest conduction band
in one valley; (vii) shows the bandwidth W4 of the lowest conduction band. Chern numbers of the highest valence band and the lowest

conduction band in K valley are indicated on panel (iv) and panel (vi), respectively, where boundaries of topologically distinct phases can be
seen as the direct gap closes.

point of interest. Recall that the effective Hamiltonian in the full reciprocal space takes the following form:

H" k)66 = dc.ah(k — G) + 011(8c.6'Vo + 86-G,—g, V1€V + 86_c.g,Vie V), (A57T)

where o1 = (0 + 03)/2.

At Ty (i.e., k = 0), there is one closest reciprocal lattice point (i.e., G = 0), from which we obtain a 2x2 model describing
the perturbation of the zero modes

2 2

and we can neglect higher shells due to their large kinetic energy. Below we consider n = 5 for concreteness, although it
is straightforward to generalize our results to arbitrary n by implementing the appropriate representation of Cs. Following
Eq. (A56), the projected Cs symmetry operator is Deg[C3] = diag(w*, w) for n = 5. Thus,

i v v
HET(y) = <2V1sp + —0)]1 + <—° - 2V)a3 (A58)

w*, for % -2V >0, (A59)
]7- =
M e, for % —2v <o

At Ky (e, k= q1), there are three closest reciprocal lattice vectors, namely G = 0, q; — q2, q; — q3, see Fig. 19(b). Other
reciprocal points like 2 — q; and g3 — q; are at larger distances and will be neglected in our first-order degenerate perturbation
analysis. Notice that Ky, — (q; — q2) = CG3Kyy and Ky, — (q1 — q3) = C32KM, we obtain the following 6 x6 Hamiltonian

e (Kar) 4 Voo VieVsoy Vie Veoy,
Hy(Ryp) = Vie"toy hN(CsK) + Voo Viesoy , o1 = (09 +03)/2. (A60)
Vi oV o Vle—illlg o h’elff(c321"<M) + Voo,
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FIG. 45. Phase diagrams of R6G-hBN superlattices of various stacking configurations: (a) £ =1, (b) £ =0, (c) (&, &) = (1, 1), and
(d) (&, &) = (1, 0). Panel (i) shows the single-particle indirect gap Aing ,——4 at filling v = —4; (ii) shows the indirect gap Aj,q—o at filling
v = 0; (iii) shows the indirect gap Ajnq =4 at filling v = 4; (iv) shows the minimal direct gap A, around the highest valence band in one
valley; (v) shows the bandwidth W,, of the highest valence band; (vi) shows the minimal direct gap A .nq around the lowest conduction band
in one valley; (vii) shows the bandwidth W4 of the lowest conduction band. Chern numbers of the highest valence band and the lowest
conduction band in K valley are indicated on panel (iv) and panel (vi), respectively, where boundaries of topologically distinct phases can be
seen as the direct gap closes.

The C; operator that commutes with H°(K},) takes the form

0 0 1
1 0 0] ®DexlCsl, (A61)
0O 1 O

which can be used to diagonalize H°T into three 2x2 blocks that correspond to symmetry eigenvalues @’ (j = 0, 1, 2). The
highest energy in each of these symmetry sectors are found to be

©, 5 . 2 ) Vo _ . 27 \\?
€; (Ku) = fo+Vicos 1/fs—(]+1)? +./fi+ ?+V3(|KM|)+V1 cos T/fg—(]-i‘l)T , (A62a)
where fy = Ho(|Ky|) + Vo /2, see Eq. (A48), and we define
_ g - _ _ K
f2 = 1K *[IRw1*8” + Ry *y +8) £ 21Ky PB(Ru [’y + 8)cos 36k],  with 6 = tan™" == (A63)
M,x
Notice that £y is always non-negative. A similar analysis for the Kj, point leads to
© (g 2% 2y (Yo , 27\\*
€ (Ky)=fot+Vicos|¥e+(j+ D= |+ +V3(|KM|)+V1 cos (Ve +(/+ D= (A64a)

We consider certain parameter regime where it is easy to identify the energy of the lowest conduction band at Kj; and K, s (D with
negative (or small positive) displacement field such that + V3(|Ky|) > 0, itis clear that the lowest conduction state is identified
by min{cos(yz — 27 /3), cos(z + 2 /3), cos Y }; (1) w1th very large and positive displacement field where I% +V5(|1 Ky >
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FIG. 46. Phase diagrams of R7G-hBN superlattices of various stacking configurations: (a) £ = 1, (b) £ =0, (¢) (&, &) = (1, 1), and
(d) (&, &) = (1, 0). Panel (i) shows the single-particle indirect gap Ajnq.,——4 at filling v = —4; (ii) shows the indirect gap Aj,q,—o at filling
v = 0; (iii) shows the indirect gap Ajnqg =4 at filling v = 4; (iv) shows the minimal direct gap A, around the highest valence band in one
valley; (v) shows the bandwidth W, of the highest valence band; (vi) shows the minimal direct gap A ,,q around the lowest conduction band
in one valley; (vii) shows the bandwidth W4 of the lowest conduction band. Chern numbers of the highest valence band and the lowest
conduction band in K valley are indicated on panel (iv) and panel (vi), respectively, where boundaries of topologically distinct phases can be
seen as the direct gap closes.

f+, Vi, one can Taylor expand the square root and realize that the lowest conduction state corresponds to maximizing | % + Vi +

Vi cos(re + 7” )|. Since % > + V3 acquires a large negative value in this case, the lowest conduction state again corresponds to
choosing InlIl{COS(l,/Ig — 271 /3), cos(yre + 27 /3), cos Y }. For reference, using SK values of pristine graphene parameters, we
have fi ~ 20meV for experimental twist angle 6 = 0.77°, while Vj, V; ~ 5meV as determined by our band-structure fitting
analysis.

Equation (A44) implies ye—o = 223.5°, while ¥:—; = 16.5°, which suggest

w*, for&=0

_ w*, for&=0 (AGS)
K= I, forg=1

d =
w, for&=1 and {

Irrespective of the value of ¥ (and hence the stacking configuration), we consistently have ngng = w. Altogether, using the
relationship between point-group symmetry eigenvalues and Chern number [51], we find

<2inCc> 1,  for
exp 3 =

w*, for

-2V >0,
-2V < 0.

(A66)

SIS

Furthermore, for very large positive displacement field where —(E + V5(|Ku])) > f+ and V, the three highest energies in the

conduction band (e((f), eic) (C)) would stick together, which corresponds to band-folding with an “empty” moiré superlattice

(empty lattice approximation). This can be understood from the fact that the moiré potential provided by the bottom hBN has
negligible effects on the conduction band electrons localized on the top layer (see Fig. 5).
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FIG. 47. The comparison between the DFT+SK bands (black) and the bands from the 2x2 effective continuum model (red lines) in
Eq. (A54) for n = 3. The parameter values are listed in Table II and Table IV of main text.

APPENDIX B: LATTICE STRUCTURE
AND STRUCTURAL RELAXATION

There are two types of structures RnG/hBN. The two struc-
tures are distinguished by their stackings in the AA regions
of the moiré structure. [See the example of zero twist in
Figs. 20(a) and 20(b).] In one structure, the carbon A/B in
the bottom layer of graphene is aligned with nitrogen/boron in
the AA region, which we call £ = 1 configuration; the other
& = 0 configuration corresponds to that the carbon A/B in
the bottom layer of graphene align with boron/nitrogen. The
symmetries of the £ = 0, 1 structures are reduced compared to
the pristine RnG as hBN breaks inversion and nonzero small
twist angles breaks mirrors. Only the threefold rotation C;
(with axis perpendicular to the sample) can be preserved for
all twist angles. The £ = 0, 1 structures are related by a C,
rotation (about the axis perpendicular to the sample) on the
hBN only.

We also consider hBN/RnG/hBN structures with hBN
nearly aligned on top and on bottom. We choose the align-
ments of two hBNs such that there is only one moiré pattern
and C; symmetry (with axis perpendicular to the sample) is
preserved. The stackings of the top and bottom hBNs (relative
to graphene) are labeled by &, &,, respectively. For simplic-
ity, we in this work only study (&, &) = (1, 1) [Fig. 20(c)]
and (&, &) = (1,0) [Fig. 20(d)]. We do not need to study
(&b, &) = (0, 0), since it is related to (§,,&) = (1,1) by a
C, rotation. We note that (&, &) = (1, 0), (0, 1) can restore
the inversion symmetry if the two hBNs are related by in-
version and their inversion center is aligned with that of the
RnG; we choose (&, &) = (1, 0) as a representative as this
type of structure. In our DFT calculation for (3, &) = (1, 0)
structure, the two inversion centers are nearly aligned with in-
version symmetry preserved up to energy error about 0.1 meV,
which will be discussed in Appendix C. Certainly, inversion
symmetry can be broken by the displacement field.
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FIG. 48. The comparison between the DFT+SK bands (black) and the bands from the 2x2 effective continuum model (red lines) in
Eq. (A54) for n = 4. The parameter values are listed in Table 1I and Table IV of main text.

The rigid lattice constant for Graphene is 0.246 nm and
for hBN is 0.25 nm, rigid layer distance for both graphene-
graphene and graphene-hBN are 0.336 nm. Our calculations
mainly focus on the 0.77° twisted angle, which the moiré
lattice constant is approximately 11.6 nm, and the number of
carbon atom in the moiré superlattice is 4472 per layer, the
number of boron and nitrogen atom in the moiré superlattice
are both 2163 per layer.

We perform classical structure relaxation implemented in
LAMMPS [33]. During the relaxation, we fix each hBN
layer to simulate a thick substrate and keep the moiré unit
cell unchanged. We used empirical interatomic potentials in
LAMMPS to perform relaxation. In graphene and hBN sys-
tems, the interlayer interaction acts differently than intralayer
one due to the van der Waals interaction. Therefore, they are
usually treated with different empirical potentials in classical
molecular dynamics simulations. For intralayer interactions
within graphene layers, we used the reactive empirical bond-
order potential [34]. For interlayer interactions, we used an

interlayer potential developed for graphene and hBN systems
[35]. This combination of empirical potentials has been well
tested in Ref. [35], and have good agreement with DFT re-
sults.

The relaxation results for RnG/hBN configurations are
listed in Figs. 21 and 22. The interlayer distance between the
Gry layer and hBN becomes the largest (3.52 A) in the AA
region and the smallest (3.29 A) in the AB region. In upper
graphene layers, the interlayer distance between graphene is
around 3.33 A in all regions. On the other hand, the magni-
tude of intralayer displacement also decreases with the layer
number, which is reasonable since the hBN substrate has less
effect on the upper layers. The atoms near the AB region
tend to rotate in a clockwise direction, against the global twist
(counterclockwise). This will enlarge the AB region, where
the local stacking energy reaches the minimum.

The relaxation results for hBN/RSG/hBN are also listed in
Figs. 23 and 24. In these configurations, the distance between
upper and lower hBN is fixed at 22.66 A.
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FIG. 49. The comparison between the DFT+SK bands (black) and the bands from the 2x2 effective continuum model (red lines) in
Eq. (A54) for n = 5. The parameter values are listed in Table II and Table IV of main text.

APPENDIX C: SLATER-KOSTER METHOD

The band structure are obtained within the SK tight-
binding model using the parameters listed in Eq. (A7). The
diagonalization is performed with an open-source software
WannierTools [108]. In our study, we consider an inter-
nal symmetrical polarization (ISP) as 5 mV/A and Vp%” as
—2.81 eV [109], a value exceeding the conventional —2.7 eV.
This adjustment is made to enhance the compatibility with
our DFT calculations of ABC-stacked graphene with different
number layers in Fig. 25.

Our study delves into the distinctive characteristics of
the low-energy valence and conduction bands. By compar-
ing the relaxed band structure and the rigid band structure
in Figs. 26-30, we can find significant changes in the band
structure in some specific cases whose gap decrease at charge
neutrality. In order to delve deeper into this pattern, we
systematically investigated the flatter bandwidths across dif-
ferent numbers of graphene layers, ranging from 3 to 7.

The outcomes of our analysis are succinctly presented in
Figs. 32-36 whose panels (a)—(t) showcase the band structures
of RnG/hBNg,_;, hBNg_;/RnG/hBNg,—;, RnG/hBNg, o,
and hBN¢,—o/RnG/hBNg,—- respectively. Applying displace-
ment field would help generate flat bands.

APPENDIX D: VALLEY-RESOLVED BAND STRUCTURE

In superlattices form by RnG and hBN, the valleys of RnG
emerge as a good quantum number in the low-energy part
of bands. Inherited from the gapless Dirac dispersion band
structure at K, K’ valleys in untwisted case, the low-energy
bands of RnG-hBN superlattice either belongs to K valley or
K’ valley. Thus, we can construct an operator to distinguish
the valley degree of freedom with eigenvalue +1 for the states
at one valley and eigenvalue —1 for the states at the other
valley, which is in the same spirit as the spin-z operator in

basis {|1) . [{)}.
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FIG. 50. The comparison between the DFT+SK bands (black) and the bands from the 2x2 effective continuum model (red lines) in
Eq. (A54) for n = 6. The parameter values are listed in Table II and Table IV of main text.

The valley operator for Dirac fermion model—single layer
graphene (SLG) in real space reads [38]

ijor
> mijolic] s,
L0, >,

Gr __ !

z 3«/§

where ((i, j)) denotes the next-nearest-neighbor (NNN)
hopping term, s denote spin, n;; = %1 for clockwise or coun-
terclockwise hopping, and o, is in the sublattice degree of
freedom, meaning that o;’ =1 if both i, j are on the A
sublattice, o;” = —1 if both i, j are on the B sublattice and
0.’ =0 otherwise. The schematic diagram of valley oper-
ator in real space for an unit cell is shown in Fig. 31(a).
The factor n;;0,’ forms the valley flux, which distinguishes
the NNN hopping in K direction and K’ direction. To specify
the valley flux, we compare it with Haldane’s local magnetic
flux [Figs. 31(b) and 31(c)]. While the latter holds the same
flux with both sublattice A and B, valley flux means sublattice
A/B holds opposite local magnetic flux. After performing
Fourier transformation, the valley operator of single layer

DD

graphene in sublattice is proportional to the identity matrix

in reciprocal space, V" (k) = (¢ fey)- J(k) is an odd
function in Brillouin zone f(k) = —f(—k), which satisfies
(W) V(K [W(K)) = 1 and (y(K)] V.(K) [¥(K')) = —1
[Figs. 31(d) and 31(e)].

Since valley operator in real space only contains intralayer
hopping term, it can be easily generalized to RnG by sum up
valley operator of each layer together V, =), VZZ , where [
denotes the layer index. And for twisted hBN-RnG system,
valley operator of each layer can be obtained numerically by
considering all the NNN hopping term multiplied by valley
flux factor n; jazi’ for the atoms in superlattice and this layer.
The process to obtain real-space valley operator for moiré sys-
tem corresponds to valley band folding in momentum space.

To identify the valley quantum number of the energy bands
in the momentum space, we solve the valley operator of
hBN-R#nG V, in reciprocal space. Using the average value
of V,(k) under the eigenvectors of H(k), we can distinguish
the valley components of each state. And in the low-energy
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FIG. 51. The comparison between the DFT+SK bands (black) and the bands from the 2x2 effective continuum model (red lines) in
Eq. (A54) for n = 7. The parameter values are listed in Table II and Table IV of main text.

region, it satisfies (Y (k)| V. (k) |y (k)) >~ 1 for K valley and
(Y (k)| V.(k) | (k)) >~ —1 for K’ valley. Based on the eigen-
value of each state, we can make a bipartition for bands with
different valley components and obtain the valley-resolved
bands. The calculation steps for valley-resolved bands are
shown in Fig. 31(f). The calculations are implemented in
WannierTools package [108]. The valley-resolved bands of
hBN-RnG(n=3,4,5,6,7) are shown in Figs. 32-36.

APPENDIX E: PARAMETER FITTING
AND PHASE DIAGRAMS

In this Appendix, we discuss the fitting of the 2nx2n con-
tinuum model [Eq. (A45)] and the 2x2 effective continuum
model [Eq. (A54)]. We will also discuss the single-particle
phase diagram given by the 21 x 2n continuum model. Without
loss of generality, we focus on the K valley.

We discuss the 2nx2n continuum model first. From SK
method, we can directly derive the parameter values for RnG

(n > 3), which read

vrp = 542.1 meV nm, #; = 355.16 meV,

v3 = 34.5 meVnm, , = —7 meV. (E1)
Regarding to the moiré potential parameters in Eqs. (A40)
and (A44), we adopt the values of v, and V¢, based on the
perturbative expression in Eq. (18), while treating Vjo, Vi1, Vo,
and V;; as independent parameters.

For RnG/hBN structures, we fix V;o = 0 and V;; = 0, and
fit V;0 and Vj,; to the DFT4SK band structure in the K val-
ley; according to the effective model in Eq. (17), |Vy| (or
V'VZ + 415 for n = 3) is just the gap of the bands at Ky,
which can be directly read out form the DFT+4SK bands, and
we adopt Vp > 0 owing to Eq. (18). (If the gap at K, is
smaller than |27,| = 14 meV, we just choose Vj,y = 0.) There-
fore, for single hBN, we effectively only need to optimize
one parameter, which is V,;. The parameter values after the
optimization are listed in Table I, where Vjg, Vp1, and Y, are
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TABLE IV. Parameter values of the 2x2 effective moiré model [Eq. (A54)] for the hBN/RnG/hBN structure of n = 3,4, 5, 6, 7 layers.
Here a, B, y, 6 are reported in meV nm?, meV nm”, meV nm"~!, and meV, respectively, while Vjg, Vi1, Vio, and V;; are in meV. If the parameter
values are difference from those directly derived from the perturbation theory of 2n-band model, the latter will be provided in the brackets.
The values of ¥, and v, are the same as those in Table III; we omit those values here due to the length limit.

o B 14 é Vio Vit Vio Vit
n=3,(5.&)=(1,1) 59.61(10379)  864.58(1263.00) 81.70(120.10) 700 0  009320) 0  12.03(11.09)
n=4,(&,&)=(~,1) 5521(103.79) —1208.20(—1927.70) —197.86(—287.42) 21.37 144 0.92(5.76) 5.40 8.87(7.08)
n=>5,(,&)=(,1) 49.37(103.79) 1879.20(2942.40) 405.76(597.60) —4892 1.50 6.27(7.29) 6.48 6.46(7.91)
n=6, (5, &) =(1,1) 3499(103.79) —3000.00(—4491.10) —650.25(—1154.70)  99.57 156 5.70(6.02) 7.52  5.53(7.78)
n="7(,&)=(,1) 36.69(103.79) 4113.40(6855.10) 15.67(2132.70) —18997 1.47 4.90(5.45) 5.79 5.49(7.79)
n=3,,§&)=(,0) 69.25(103.79) 870.13(1263.00) 92.72(120.10) —7.00 0 1.76(6.72) 0 1.76(6.72)
n=4,(,&)=(1,0) 58.73(103.79) —1324.00(—1927.70) —137.21(—287.42) 21.37 1.44 3.78(7.65) 1.44 3.78(7.65)
n=>35,(&,&)=(1,0) 52.95(103.79) 1914.20(2942.40) 414.48(597.60) —4892 1.50 4.14(5.43) 1.50 4.14(5.43)
n==~6,(&,&)=(~,0) 53.64(103.79) —3357.80(—4491.10) —89.39(—1154.70) 99.57 1.56 4.78(7.80) 1.56 4.78(7.80)
n=17,0,&)=(1,0) 48.46(103.79) 4619.20(6855.10) 1876.40(2132.70) —18997 1.47 5.11(7.22) 147 5.11(7.22)

labeled as Vy, Vi, and i, respectively, in short. The fitting is
remarkably good as shown in Figs. 37-41.

For hBN/RnG/hBN  structures with configuration
(&, &) = (1,1), we have four tuning parameters Vi, Vji,
Vio, and V;q. According to the effective model in Eq. (17),
(Voo +Vip)/2 is just a total energy shift for low-energy
bands, while Vi — Vio| (or V|Viy — Vio|* + 415 for n = 3)
corresponds to the gap at K, in the K valley; thus, we just
choose Vi to be the corresponding RnG/hBN value, and
determine V,o from the gap. Here we choose V,y > V) since
the opposite gives considerably worse fitting, and we choose
Vio = Vo for n = 3 if the gap at K, in the K valley is larger
than |2t;] = 14 meV. Therefore, we need to optimize two
parameters Vj,; and V;; in this case. For double hBN with
configuration (&, &) = (1, 0), the extra inversion symmetry
requires Vg = Vo and Vj,; = V;;. According to the effective
model Eq. (17), Vi = Vi is just effectively a total energy
shift for low-energy bands, which we can just choose Vj
to be the corresponding RnG/hBN value. As a result, we
only have one parameter to optimize, which is Vj;. The
parameter values for double hBN after the optimization
are listed in Table III, and the fitting is good as shown in
Figs. 37-41.

Based on the 2nx2n continuum model, we can plot the
single-particle phase diagrams as a function of twisted angle 6

and the interlayer potential energy difference V for all the con-
figurations, as shown in Figs. 42-46. In the phase diagrams,
we only consider the Chern numbers of lowest conduction
band and the highest valence band. In sum, we find that the
RnG/hBN configuration always achieve Chern numbers 0 or n
when the direct gap of those bands is larger than 1 meV, while
+1 states can happen in the hBN/RnG/hBN configuration
with considerable direct gap (> 2 meV).

We now turn to the 2x2 effective continuum model in
Eq. (A54). In principle, all parameters in the 2x2 effective
model can be derived from the 2nx2n model in Eq. (A45),
as discussed in Appendix A 4. However, as shown in Fig. 10
of the main text, directly using the values derived from the
perturbation theory can only partly well match the low-energy
features, mainly around K, point. (Recall that we focus on the
K valley.) To achieve a better match to the band structure, we
treat {«, B, ¥, Vip} as tuning parameters for RnG/hBN struc-
tures ({«, B, v, Vip, Vi,} for hBN/RnG/hBN structures), and
optimize them around their values derived from the pertur-
bation theory, while preserving the form of the model. Other
parameters take the values derived from the 2n x2n continuum
model. With those fitting parameter values listed in Table I and
Table IV, we can improve the matching away from K, point,
especially at I'y;, and capture well the low-energy features of
the DFT4-SK bands, as shown in Figs. 41-47.
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