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Abstract— In this work, we present resonator temperature

coefficient of frequency (TC f ) manipulation method by using

the Duffing nonlinearities and non-dispersive coupling in two

resonance modes within the same acoustic cavity. This tem-

perature sensing technique leverages parametric pumping with

a lock-in frequency, concurrently inducing signal and idler

tones with opposite TC f signs. To demonstrate temperature

sensing, aluminum scandium nitride (Al1�xScxN) (x = 0.2)

drumhead nanomechanical resonators with two resonance modes

of vibration (0,1) and (1,1) are fabricated, and the TCf trends of

the driven resonance modes and parametrically induced modes

are carefully studied. A signal TC f1 of �178 ppm/K and an

idler TC f2 of +88 ppm/K with a linear trend is experimen-

tally measured, marking the first positive TC f measured on

resonators with a negative driven-mode TC f . A one-dimensional

lumped parameter model is presented to elucidate the underlying

mechanisms of generating opposite TC f signs, showing an

excellent match with the measured data. Furthermore, we demon-

strate direct TC f manipulations through beat frequency ( fb)
modulation, using internal mixing of the induced signals and

their harmonics, which can improve the temperature tunability

of the resonant system. The presented work drastically simplifies

the system-level integration of the resonant sensing systems by

eliminating the need for interface electronics and dual feedback

loops. [2024-0080]

Index Terms— Temperature sensing, parametric oscillator, alu-

minum scandium nitride, temperature coefficient of frequency

(TC f ), cryogenic temperature, dual-mode (DM) modulation,

nanoelectromechanical systems (NEMS), piezoelectric thin-film,

flexural mode, drumhead resonator.

I. INTRODUCTION

P
ARAMETRIC oscillators can be utilized in a wide range
of applications in fields such as microwave devices [1],

nonlinear optics [2], quantum mechanics [3], [4] and mechan-
ical systems [5], [6]. When a nonlinear material is subjected
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to intense optical or acoustic wave at the pump frequency
( f pump), two in-phase modes can be generated at lower
frequencies, referred as signal ( f1) and idler ( f2) which
are governed by the law of wave momentum conservation
( f pump = f1 + f2). Simultaneous resonances of both sig-
nal and idler frequencies lower the threshold for parametric
oscillation and extend the range of frequency tunability when
compared to single-resonance based oscillators [7]. Traditional
parametric oscillators rely on standalone nonlinear crystals,
Dichroic mirrors and solid-state lasers with stringent frequen-
cies and phase-matching conditions under precise temperature
control [8]. Recent advancements in nanomechanical systems
(NEMS) fabrication of high quality factor (Q) resonators
have led to the demonstration of fully integrated cavity- and
internal reflection based photonic [2], [9], [10], [11], [12] and
phononic [13], [14], [15], [16], [17] parametric oscillators.
Most notably, such oscillators take advantage of phenomena
such as Kerr and Duffing nonlinearities, four-wave mixing, etc.

Recently, there has been a growing interest in using NEMS
phononic parametric devices that leverage Duffing nonlin-
earity for temperature (T) sensing applications. It has been
proposed that introducing a parametric pump signal, with a
pump frequency as a difference between two fundamental
modes ( f pump = f2 – f1), to an electrostatically actuated
silicon beam resonator can enhance the temperature sensitivity
through the inter-modal coupling [18]. Generating phononic
frequency comb, a distinctive state presented in a parametri-
cally amplified system, and tracking the T-dependent spectral
line spacing of the resonant sensor can yield remarkable
temperature sensitivity [19]. However, in the absence of sta-
bilization technique, frequency combs are also known to be
drifting due to environmental perturbations such as ambient
pressure and humidity, resulting in phase noise [20], [21].
On the other hand, with different sensitivities of f1 and f2 with
respect to different physical quantities, a single parametric
system can extricate the measurand from environmental per-
turbation [22]. Despite the advantages of parametric pumping,
manipulations of sensitivities in a parametric device without
external circuitry is relatively unexplored and it is necessary to
understand the underlying sensing mechanisms to advance the
resonant phononic parametric temperature sensing technology.
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In this paper, we present using a single pump frequency
to simultaneously induce two modes (0,1) and (1,1) as sig-
nal and idler tones on a flexural drumhead resonator made
of aluminum scandium nitride (Al1�xScxN) as shown in
Fig. 1. Using this method, we investigate the T-dependent fre-
quency variation for temperature sensing applications. Firstly,
to enhance the sensitivity of temperature sensor, it is important
to engineer resonators with high temperature coefficient of fre-
quency (TC f ). Typical TC f values of bulk-mode Al1�xScxN
resonators previously reported by our group and others range
from �25 ppm/K to �60 ppm/K [23], [24], [25], [26], [27],
which is inherently limited by the temperature coefficient
of elasticity (TCE) of Al1�xScxN. It has been shown that
device- and circuit-level engineering can be implemented to
enhance TC f values [28], [29], [30], [31], [32]. Resonators
can be constructed of layers of materials with mismatching
thermal expansion coefficients such that additional resid-
ual stress can be introduced into the resonators, causing a
larger T-dependent resonance frequency shift [28]. Resonance
modes, such as flexural mode with fixed boundary conditions,
whose resonance frequency possesses a stress-dependent term,
can produce a more pronounced frequency shift [29], [33].
Therefore, flexural-mode resonators are a popular choice for
stress-enhanced temperature sensing. Alternatively, circuit-
level tuning can also enhance temperature sensitivity: a beat
frequency ( fb) can be defined as a linear combination of
f1 and f2 whose scalars can be manipulated to yield high
TCf. [30], [31], [32]. The read-out can be achieved by
interfacing a dual-mode (DM) oscillator with transimpedance
amplifiers (TIAs), multipliers and mixers to form feedback
loops which satisfy the Barkhausen stability criterion [32].
However, external CMOS circuitries under industrial tem-
perature standards (�40�C – 85�C) can increase the overall
impedance of the system which can introduce thermal noise
and delay the read-out [34]. Another challenge arises when
f1 and f2 have similar TCf values. In this case, defining fb

will provide little impact on improving the overall temperature
sensitivity.

In this work, we examine the T-dependent frequency vari-
ations of the two parametrically induced signal and idler
tones under a locked pump frequency and observe trackable
nonlinear mixing tones suitable for direct TC f manipulations.
Our group has previously presented the tuning mechanisms
of tones and combs formation with non-degenerate pump-
ing on an analogous platform [16] but has not studied the
thermal characteristics of the signal/idler tones under para-
metric excitation. Here, we first show the TC f values of two
fundamental modes from 6K to room temperature (300 K)
using driven resonance modes. Next, we delineate temperature
sensing scheme with parametric pumping and follow up with a
physical model capturing the quadratic and cubic nonlinearity
required for tone generation. Our solution guarantees two TC f

values with opposite signs, whose mixing frequencies allows
engineering various TC f values suitable for both sensing and
timing/frequency reference applications, without introducing
external interface electronics and dual feedback loops required
to sustain oscillations of two modes, and thus substantially
simplifying the overall circuitry.

Fig. 1. (a) SEM image of the fabricated flexural-mode drumhead resonator.
(b) Cross-sectional schematic of the resonator, showing the material stack
compositions and the thicknesses. (c) Geometry for the COMSOL eigenfre-
quency simulations and (d) simulated flexural mode shapes of mode (0,1) and
mode (1,1) which are used for dual-mode parametric excitation. The simulated
eigenfrequencies are matched with measurement results with less than 5% of
error.

II. PRINCIPLES TEMPERATURE SENSING WITH
DUAL-MODE PARAMETRIC EXCITATION

The parametric wave degeneration phenomenon allows
simultaneous generation of two modes with one frequency
input using a traditional pump-probe approach. Dual-harmonic
generation through nonlinear wave interaction has already
been demonstrated in optical [35] and acoustic [16] domains.
Here, we use the pump-probe approach and blue sideband
excitation to create a sensing scheme where f1 and f2 oppo-
sitely vary with temperature, ensuring both modes provide
TC f s with opposite signs. The opposite frequency shifts can
be achieved by fixing the pump frequency f pump (angular
frequency !p) and monitoring the change of f1 and f2 with
temperature. Fig. 2(a) illustrates the parametric temperature
sensing scheme using blue sideband excitation under a lock-in
f pump = f1 + f2: when the ambient temperature changes from
the reference level T0 by the amount of 1T, an intermodal
wave momentum (1!(T)) is transferred from the more ener-
getic mode to the other [18], yielding two tones with angular
frequencies of !1(T0) – 1!(T) with a negative rate of change
and !2(T0) + 1!(T) with a positive rate of change. The
conservation can be described with the following equation:
!1 (T0) + !2 (T0) = (!1 (T0) � 1! (T ))+(!2 (T0)+1! (T )

= !1 (T ) + !2 (T ) = !p. (1)

The temperature will perturb the amount of 1!(T) through
resonant induced friction between the two modes and stiffness
coupling, which will be elaborated in the model in Section V.

To execute our proposed sensing scheme, we inject a
single frequency tone with frequency f pump to the resonator
at the input port and use a spectrum analyzer to moni-
tor the signal amplitude of the entire frequency spectrum
(Fig. 2(b)). Although constructing a phased-locked loop using
lock-in amplifier, local oscillator and phase comparator can be
deployed for practical read-out of a sensor [22], a benchtop
spectrum analyzer is a robust option to stabilize and read-out
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Fig. 2. (a) Working principle of the parametric temperature sensing: two
parametric tones f1 and f2 are generated when the parametric pump frequency
is at the sum of the resonance frequency of the two flexural mechanical modes.
While the value of pump frequency f pump is set fixed, f1 and f2 shift up
and down as the ambient temperature increases. (b) Measurement setup for
the parametric tones generation.

multiple frequencies at a wide range of spectrum for in-
house characterization. With the internal mixer, embedded
voltage-controlled oscillator (VCO) and external frequency
reference, the N9030B spectrum analyzer used in our experi-
ments can provide a counter resolution up to 0.001 Hz [36].

III. ALUMINUM SCANDIUM NITRIDE DRUMHEAD
RESONATOR CHARACTERIZATION

To demonstrate temperature sensing with DM parametric
excitation technique, we design and fabricate flexural-mode
circular drumhead resonators with Al0.8Sc0.2N piezoelectric
thin film. COMSOL finite element analysis (FEA) is per-
formed to identify the mode shapes of the two resonance
modes. In the next section, we characterize the driven
resonance modes of the fabricated Al0.8Sc0.2N flexural-mode
resonator. A very large TC f value (up to �1022 ppm/K
at 300 K) is observed as a result of thermally induced residual
stress. We further present dual-tone excitation and study the
frequency signatures in the temperature range of 260 K ⇠
300 K and demonstrate TCf manipulation using the parametric
approach with nonlinear-mode mixing.

A. Al0.8Sc0.2N Thin-Film Growth

A 120 nm-thick Al0.8Sc0.2N piezoelectric thin-film layer is
grown on a 40nm/40nm molybdenum (Mo)/scandium oxide
(Sc2O3) on silicon (Si) using a Veeco GENxplor molecular
beam epitaxy (MBE) system at the University of Michi-
gan. The piezoelectric layer is epitaxially terminated with an
80 nm-thick Al layer. To minimize the oxidation of Al, a thin
layer (3 nm) of Mo is deposited to passivate the top Al.
Fig. 1(b) illustrates the cross-sectional material stacks prepared
for the flexural-mode resonators fabrication.

Fig. 3. Al0.8Sc0.2N flexural-mode circular drumhead resonator fabrication
flow.

B. Fabrication Process of Flexural-Mode Resonators

The fabrication process flow is outlined in Fig. 3. To define
the top electrodes, the top Mo/Al layer is patterned and
etched using reactive ion etching (RIE) with CF4-based plasma
(step 1). The Al0.8Sc0.2N film is etched using inductively
coupled (ICP) etching with a BCl3/Cl2/Ar plasma (step 2).
The bottom Mo layer is then etched using RIE to define
the bottom electrodes (step 3). Next, the Al0.8Sc0.2N body
and bottom electrodes are passivated with silicon dioxide
(SiO2) deposited using electron beam evaporator (step 4). The
Sc2O3 layer is etched using ICP to expose the Si device layer
(step 5). Subsequently, the Ti/Au metal contact pads are sputter
deposited (step 6). The Sc2O3 layer is ICP etched again to
expose the Si layer for device release (step 7). In step 2,
3 and 7, a small circular release hole with a diameter of 12 um
is opened at the center of the resonator for a more controlled
circular cavity definition during the subsequent isotropic Si
device layer release using Xactix xenon difluoride (XeF2)
etcher (step 8). The resulting cavity size has a diameter of
70 um, as shown in the SEM image of the fabricated resonator
(Fig. 1(a)).

C. Design Verification With Finite Element Analysis (FEA)

COMSOL Multiphysics is used to simulate the two flexural
mode shapes in order to match the resonance frequencies
observed from the driven-mode characterization. Fig. 1(c)
shows the COMSOL geometry annotated with the dimension
of the device, which are confirmed from the SEM image.
An inherent tensile in-plane stress of ⇠550 MPa, which
is induced due to the high-temperature nature of the MBE
film growth, is considered in the model. The stress value
is comparable to the value reported in [37] and [38]. The
first two simulated mechanical resonance modes are mode
(0,1) and mode (1,1), whose simulated resonance frequencies
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are 3.2062 MHz and 5.004 MHz (Fig. 1(d)), matching our
measured response.

IV. TEMPERATURE MEASUREMENTS OF THE RESONATORS

A. Measurement Setup

The fabricated flexural resonators are tested with ground-
signal-ground (GSG) probes in an Advanced Research System
PS-L Flow Cryostat probe station under vacuum condition.
The temperature of the cryostat is cooled down to 6K with a
Sumitomo F-70 water-cooled helium compressor.

For the driven-mode characterization, the transmission coef-
ficient S21 is recorded by a Keysight E5071C vector network
analyzer (VNA). To enhance the signal to noise ratio and to
amplify the RF power input of the resonator as necessary for
the minimum excitation threshold of the parametric pumping,
a Mini-Circuits ZFL-1000LN+ low-noise amplifier (LNA)
operated at 15V of DC voltage is connected between port 1
and VNA, providing approximately 23 dB of amplification.

For the two-tone parametric excitation, pump-probe
approach is applied to monitor the pump signal at f pump and
the two induced parametric tones at f1 and f2: port 1 of
the resonator is connected to a Keysight 5173B EXG signal
generator, which functions as a single-tone electric pump,
while port 2 is coupled to a Keysight N9030B PXA spectrum
analyzer (Fig. 2(b)).

B. Characterization of Temperature-Dependent Driven

Resonance Modes

The linear frequency responses of the two driven mechanical
resonance modes are measured at room temperature (300 K)
(Fig. 4(a) and (b)). Resonance frequencies ( fm) and Q�3dB are
extracted from the linear responses of each mode. The Lorentz
fitting of the driven frequency response reveals that linear
resonance frequency for mode (0,1) ( fm1) and for mode (1,1)
( fm2) are 3.202 MHz with a Q�3dB of 753 and 4.918 MHz
with a Q�3dB of 1438 respectively.

Next, we investigate the amplitude-frequency (A- f ) char-
acteristics to analyze the sources of nonlinearities present in
the resonators. The S21 frequency response curves of mode
(1,1) under various input RF power are obtained by performing
a forward frequency sweep at room temperature (Fig. 4(c)).
In our study, RF power (Pin)-induced Duffing nonlinearities
that contribute to the skewness of the S21 frequency curve are
observed. They can be sourced to the geometric structure (e.g.

clamping and ultra-thin film) that caused large deformation
(geometric), nonlinear dependence of elastic constants on
stress-strain relationship (material), and self-heating (thermal)
[39]. At low Pin (�49 dBm to �47 dBm), the spring softening
effect occurs and the resonance frequency decreases, which
is caused by the self-heating effect. As the power increases
further, nonlinear mechanical hardening dominates due to the
geometric nonlinearity. The power threshold of bifurcation
starts above �39 dBm of Pin for mode (1,1).

To quantify the contribution of resonance frequency changes
due to self-heating and to validate that geometric nonlinearity
dominates at the RF power range of interest, we con-
struct a heat-transfer model of the resonator in COMSOL

using the method presented in [40] and [41] to evaluate
the power-dependent maximum self-heating temperature rise
(1Tself) by applying a boundary heat source to one of the
top electrodes of the resonator for RF power input and
a referenced-temperature (293.15 K) boundary condition at
the periphery of the resonator (Fig. 4(d)). The input values
of the boundary heat source are determined by the dissi-
pative heat power (Pdiss) calculated by using S-parameters
from measurements with consideration of LNA gain (GLNA):
Pdiss = (Pin ·GLNA)(1-|S21|2-|S11|2) [42]. The modeled 1Tself
using FEA can be then described by: 1Tself = Pdiss · Rth,
where Rth is the thermal resistance of the structure [43]. The
extracted Rth of the resonator is around 9.22 ⇥ 103 K/W.
Thus, the temperature rise on our resonator platform due
to self-heating effect is minimal, as 1Tself does not rise
beyond 2 K while operating at the RF power of interest. This
is due to the resonator being anchored all around which creates
a broad heat dissipation path that gives rise to a smaller Rth
compared to resonators with suspended anchors (⇠104K/W)
[40] in which the self-heating can predominantly induce
nonlinearities.

To show the temperature sensitivity of the resonator under
uncoupled state, the standalone linear-mode temperature sen-
sitivities of mode (0,1) and mode (1,1) are characterized
when the ambient temperature changes from 6K to 300 K.
The extracted normalized frequency change (d f/ f ) under
this temperature range for mode (0,1) and mode (1,1),
which are shown in Fig. 4(e) and (f). TC f is evaluated
using: TC f = (1/ f )(d f /dT). the TC f for mode (0,1)
(TC f(0,1)) and for mode (1,1) (TC f(1,1)) are �898 ppm/K
and �1022 ppm/K at 300K. For comparison, the TC f of
an Al0.7Sc0.3N film bulk acoustic resonator (FBAR) has
been reported to be �30.1 ppm/K [25]. Similar values
have been reported for Al1�xScxN-based surface acous-
tic wave (SAW) resonators and contour-mode resonators
(CMRs) [27], [44]. In comparison, a few works reported
the TCf values of stress-enhanced AlN flexural-mode res-
onators to be �391 ppm/K [45], �512 ppm/K [46] and
�710 ppm/K [47]. The TC f of flexural-mode resonators
can transcend the material limit because (1) the reso-
nance frequency of flexural mode has a stress dependency
that further softens the elasticity with increasing tempera-
ture [48] and (2) the thermally induced compressive stress
is accumulated in the active device area since the entire
frame of the membrane is anchored with the rest of the
substrate.

To verify that thermal stress is the main contributor to
the large driven-mode TC f of the flexural-mode resonator,
we follow the approach in [49] and [50], and develop a model
in COMSOL to predict the TC f behavior, considering the
TCE, coefficient of thermal expansion (↵) and compressive
stress (� ). A fixed boundary condition is applied at the far
end of each resonator which occupies an area of approximately
150 ⇥ 150 um2. Using our simulation model, we compute the
resonance frequency at different temperatures due to thermal
residual stress by enabling the thermal expansion feature in the
Solid Mechanics interface. In the model, the strain induced by
thermal expansion (✏th) is calculated by ✏th = ↵(T)·(T-Tref),
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Fig. 4. Linear responses of (a) mode (0,1) and (b) mode (1,1) at room temperature (300 K). (c) Driven-mode characterization of mode (1,1) at various
input RF power level at room temperature. (d) FEA simulated maximum temperature rise (1Tself) with respect to input RF power (Pin). The inset shows
the temperature distribution of the flexural-mode drumhead resonator, with an extracted thermal resistance of 9.22E3 K/W. Extracted d f/ f for (e) mode (0,1)
and (f) mode (1,1) from the temperature measurements, compared with the results obtained from COMSOL pre-stressed eigenfrequency simulation. At room
temperature (300 K), the linear-mode TC f(0,1) and TC f(1,1) are �898 ppm/K and �1022 ppm/K.

where Tref is the film deposition temperature. With the
thermal stress resolved, the shift in resonance frequency
due to thermal-softening effect can be computed by using
the pre-stressed eigenfrequency study. Fig. 4(e) and (f) also
present the normalized frequency change d f / f with respect
to temperature for mode (1,1) predicted using the COMSOL
model compared with the experiment results. The model
assumes a deposition temperature Tref of 1100 �C, an inher-
ent tensile in-plane stress of ⇠550 MPa and T-dependent
↵ values obtained from of the AlScN film [51]. The mod-
eled trend shows reasonable agreement with the experiment
results.

C. Temperature Sensing Using Dual-Mode Parametric Tone

Excitation

In this section, we demonstrate the temperature sensitivity
of the two fundamental tones from the dual-mode parametric
excitation experiment. Fig. 5(a) shows an example of the
power spectrum from 1MHz to 10 MHz at a temperature
of 260 K when the pump frequency is locked at 8.8 MHz
and the pump power is +5 dBm. The observable peaks can
be generally classified into four categories: (1) fundamental
pump tone at f p and its harmonics at multiples or half of
f p, (2) fundamental idler tone at f1 and its harmonics at
multiples of f1, (3) fundamental signal tone at f2 and its
harmonics at multiples of f2 and (4) mixing tones of f1 and f2.
As a minimum power threshold for the parametric excitation,
a pump power (Ppump) of �3 dBm, or equivalently 20 dBm of
incident power (P

inc
pump

), is required to parametrically induce
the signal and idler tones. Fig. 5(b) shows the measured
Arnold’s tongue, mapping four observed parametric states,

which were reported in our previous work [16], as a com-
bination of input pump power and detuning pump frequency
at 300 K. The pump frequency of the parametric temperature
sensor is chosen to be the region where neither combs nor
chaos is forming. It can be observed that the widest frequency
dynamic range (8.64 MHz to 8.8 MHz) occurs at a Ppump

of +5 dBm. We further repeat the process by decreasing
the ambient temperature with a temperature step of 10 K.
Considering the driven mode characterization results, fm1 and
fm2 both increase as the ambient temperature decreases. Since
f pump is near fm1 + fm2, the detuning range also moves
down as the ambient temperature cools down. To maximize the
temperature detection range of the resonator, f pump is fixed to
8.8 MHz in the following study of the temperature sensitivities
of signal and idler tones. Fig. 5(c) and (d) present the shifting
of the resonance frequency of signal f1 and idler f2 when
temperature decreases from 300 K to 260 K, showing that f1
monotonically decreases with temperature while f2 behaves
the opposite way. It can be noticed that a discrete jump of
the frequency occurs at T = 270 K. Such observation was
also reported in other pump-probe systems [52], [53], and is
a characteristic when the device oscillation is near a static
bifurcation point [52]. The extracted TC f s of f1 and f2 are
�178 ppm/K and +88.4 ppm/K at 300 K. To understand the
amount of frequency perturbation on the two tones due to
varying RF pump power, we repeated the measurement with
an input RF power ranging from �3 dBm to +7dBm, with
less than 6% of change of the TC f observed for each tone.
The small variations are likely due to the self-heating effect.
To understand the temperature trend of the frequency shift of
each mode, we will present a physical and analytical model
to corroborate our findings in the next section.
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Fig. 5. (a) Measured power spectrum from 1 MHz to 10 MHz of the parametric excitation at a fixed pump frequency f pump of 8.8 MHz at 260K with a
pump power of +5 dBm. (b) Measured Arnold’s tongue, mapping different dynamic states of detuning pump frequency and drive power at room temperature.
Frequency shifts of two parametric tones with varying temperature: extracted TC f of (c) tone f1 with TC f1 = �178 ppm/K, and (d) tone f2 with TC f2 =
+88.4 ppm/K.

Fig. 6. 1D 2DoF mass-spring model of the flexural-mode resonator. Motions
of mode (0,1) and mode (1,1) can be approximated as two equivalent masses
moving unidirectionally and antithetically.

V. COMPREHENSIVE STUDY OF DUAL-MODE
PARAMETRIC EXCITATION

A. Physical Modeling

Parametric excitation of two tones has been modeled in
various mechanical systems in the past [54], [55], [56]. Among
these studies, the presence of nonlinear terms and mode
coupling in the equations of motion is essential for generating

signal and idler modes under parametric pumping. Notably,
prior research has employed the Fermi-Pasta-Ulam (FPU)
model to solve the mode equations. In the most general
scenario, equations of motion for N-coupled modes can be
solved using the Poincaré-Lindstedt (PL) perturbation method,
as demonstrated by [57].

For instance, to model parametric excitation in resonant
mechanical systems, Ganesan and Seshia [58] discuss a gen-
eralized FPU mode equation. This FPU model is a high-level
mathematical formulation encompassing all possible coupling
terms. To simplify this and tailor it to our two-coupled mode
resonant system, we introduce a simplified two-degree-of-
freedom model, with two masses and three nonlinear springs
as detailed below. We show that our model well matches the
measured results.

Fig 6. shows our one dimensional two degrees of freedom
(DoF) physical model, in which each mass represents one half
of the circular resonator, moving unidirectionally/antithetically
in the two resonance modes (0,1)/(1,1). These two resonators
are connected symmetrically through the central section of the
drumhead. The model consists of two identical masses m, each
representing one half of the resonator, and three springs. The
springs on the left and right sides are identical with stiffness
of k and damping of c, and the middle spring has a stiffness
of kc and damping of cc. The mass of the resonator is equal
to 2m and the numerical value of m is shown in table I. The
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mass is calculated based on the structural design and material
properties of the resonator. Mathematical model for coupled
resonator has been developed by Li et. al. [18], but the key
difference between the mentioned study and the presented
model in this paper is the inclusion of nonlinearities in the
equations of motion (EoM). Our approach has been previously
employed in the analysis of coupled resonators [59], [60],
[61]. In our model, the springs are assumed to be nonlinear,
leading to the emergence of the coupling terms presented in (5)
and (6), which are necessary to describe the behavior of the
signal/idler modes.

The nonlinear terms in the springs have the form of
quadratic and cubic nonlinearity [62], originating from the
material and structural nonlinearities [62], incorporated in the
stiffness of the structure [63]. This nonlinear form yields to a
nonlinear spring constant as shown in (1). In the equation of
motion, ↵k is referred to as k2 and �k is referred to as k3.

k(x) = k(1 + ↵x + �x
2) (2)

The EoMs used to describe the behavior of the resonator
are shown in (3), where x1,2 are the displacements of each
mass.

mẍ1 + k(T )x1 � fT 1 (t) + k2(T ) x
2
1 +k3(T ) x

3
1 +cẋ1+kc(T )

⇥ (x1 � x2)+kc2 (x1 � x2)
2+kc3 (x1 � x2)

3+cc (ẋ2 � ẋ1)

= F1cos
�
!pt

�
, (3.1)

mẍ2 + k(T )x2 � fT 2 (t) + k2(T ) x
2
2 + k3x

3
2 + cẋ2 + kc(T )(x2�x1)

+ kc2 (x2 � x1)
2 + kc3 (x2 � x1)

3 + cc (ẋ2 � ẋ1)

= F2cos
�
!pt

�
, (3.2)

where k2 and k3 are the first and the second order corrections
for two springs at each end, kc2 and kc3 are the first- and
the second-order corrections for the coupling spring, F1 and
F2 are the forces applied to the first mass and the second
mass respectively, and !p is the pump angular frequency. The
effect of temperature is incorporated through k and kc. The
EoMs can model two natural modes of the system, which
are shown in Fig. 6. Resonant induced friction force (RIFF)
is added to the equations of motion to compensate for the
absorbed power which leads to a temperature change due to
local heating [33], [64]. The frequencies of these modes and
the RIFF are described below:

!1 =
p

k/m, (4.1)

!2 =
p

(k + 2kc)/m, (4.2)
fT1,2 (t) = 2m!1,2�!�T [F(t)ẋ1,2]avg

x1,2, (4.3)

fT1,2(t) is a form of RIFF which is due to the internal friction of
the solids. �!, and �T are characteristic constants. �! depends
on the material and spatial structure of vibration modes and
it relates temperature change. �T relates the input power
to temperature change of the resonator [64]. The damping
coefficients c and cc are related to the quality factor of mode
(0,1) and mode (1,1), Q1 and Q2, by

c/m = !1/Q1, (5.1)
(c + 2cc)/m = !2/Q2. (5.2)

TABLE I
PARAMETERS USED IN NUMERICAL SIMULATIONS

In equations (4.1) and (4.2), k and kc are calculated based on
measuring !1 and !2 using driven-mode excitation. The modal
equation of motion can be derived using normal coordinates
instead of x coordinates. The normal coordinates are defined
as X1 = x1 +x2 and X2 = x1 �x2. X1,2 are the displacements
of the mode corresponding to mode (0,1) and (1,1). By adding
and subtracting the EoMs, we can rewrite the equations with
normal mode coordinates shown in (6.1) for mode (0,1)
and (6.2) for mode (1,1).

Ẍ1 + !2
1(T )

X1 � F
⇤
RI F F,X1

+ !1(T )

Q1
Ẋ1 + k2(T )

2m
X

2
1

+
✓

k2(T )

2m
+ 2kc2

m

◆
X

2
2 + k3(T )

4m
X

3
1 + 3k3(T )

4m
X1 X

2
2

= A
⇤
1cos

�
!pt

�
, (6.1)

Ẍ2 + !2
2(T )

X2 � F
⇤
RI F F,X2

+ !2(T )

Q2
Ẋ2 +

✓
k3(T )

4m
+ 2kc3

m

◆

⇥ X
3
2 + k2(T )

m
X2 X1 + 3k3(T )

4m
X2 X

2
1

= A
⇤
2cos

�
!pt

�
, (6.2)

where A1 = F1 + F2, A2 = F1 � F2, A
⇤
i

= Ai/m, and
F

⇤
RI F F,Xi

= FRI F F,Xi

m
, i = 1, 2. While second- and third-order

corrections of the coupling spring are also temperature depen-
dent, in our presented model they are set to be zero. Since
nonlinear behavior of the side springs has been shown to ade-
quately model the measured results, the nonlinearities of the
coupling spring are neglected. These parameters are retained
in the equations to demonstrate their roles in tuning different
terms of the equation. The high-order cubic/quadratic terms
describe the nonlinear dynamics and coupling between modes.
Both are critical to parametrically couple mode (0,1) and
mode (1,1) and generate the signal/idler tone. The cubic and
quadratic Duffing nonlinearity ↵cubic and ↵quadratic of each
mode and the dispersive coupling �12(21) can be expressed as

↵cubic,1 = k3/4, (7.1)
↵cubic,2 = k3/4 + 2kc3, (7.2)

↵quadratic,1 = k2/2 + 2kc2, (7.3)
↵quadratic,2 = 0, (7.4)

�12 = �21 = 3k3/4. (7.5)

As shown in equations (7.1) to (7.5), two modes of vibration
are mechanically coupled through nonlinearities of the springs.

The frequency response of the system is simulated by
numerically solving the coupled equations using MATLAB
when the resonator is parametrically excited (!p = !1 + !2).
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Fig. 7. Numerical simulations of the power spectrum modeling (a) f1
and (b) f2 excitation at a fixed pump frequency f pump of 8.8 MHz when
temperature varies from 250 K to 300 K. (c) Variations of equivalent values of
k and kc calculated based on driven-mode resonance frequencies fm1 and fm2
with respect to temperature. (d) Comparison of simulation and measurement
trends of f1 and f2 vs. temperature.

In order to solve the equation, the parameters are calculated
based on the driven mode experiments and then used to
simulate the behavior of the system in parametric excitation.
The quality factors are assumed to remain constant as the
temperature changes.

Table I shows the modeled mass, linear and nonlinear spring
coefficient, and damping coefficients used in the model. The
nonlinear terms affect the frequency response by exchange
of energy between oscillation modes via inter-modal cou-
pling [65]. Fig. 7 shows the result for the parametric excitation.
It is shown that f1 decreases as the temperature increases
whereas f2 increases (Fig. 7(a) and (b)). These changes
in natural frequencies are such that the summation of two
frequencies remains the same as the pump frequency. Fig. 7(c)
shows the equivalent k and kc calculated in the parametric
excitation. The equivalent k decreases with increase of the
temperature due to softening of the material. Conversely, the
equivalent kc increases due to nonlinear effects of k. kc can be
assumed as a mechanism that couples two modes of vibration.
The changes of f1 and f2 as a function of temperature is
shown in Fig. 7(d), showing an excellent match between the
measured and simulated frequencies vs. temperature.

VI. A REFERENCE-FREE RESONANT TEMPERATURE
SENSING/FREQUENCY STABILIZATION APPROACH

In this section, we demonstrate the versatility of temperature
sensing using DM parametric tones excitation to generate
various TC f values suitable for different application require-
ments. Large TC f is critical to enhance the sensitivity and
resolution of temperature sensing applications while a zero
TC f is desirable for frequency stabilization. In prior work,
TC f manipulation using a DM resonator system is achieved

Fig. 8. Measured wideband power spectrum of the parametric excitation
at a fixed pump frequency f pump of 8.8 MHz at 260K with a pump power
of +5 dBm (green: mixed tones reported in Table II, red/blue: fundamental
tones and their harmonics, black: pump frequency and its harmonics).

TABLE II
EXTRACTED BEAT FREQUENCY SENSITIVITY BY MIXING

DUAL-MODE TONES FROM MEASUREMENTS
(T = 300 K)

by defining a beat frequency fb as a linear combination of f1
and f2 [30], [32]:

fb = a · f 1 � b · f 2, (8)

where a and b are multiplicative constants which are integers
or halves. In our solution, a and b correspond to the subhar-
monics of f1 and f2. The mixed harmonics (e.g., f2/2 + f1/2)
observed in measurements are visible from 1.34 MHz up to
59.94 MHz (Fig. 8), thus one can directly mix these harmonics
to generate the beat frequency without the requirement of
designing an oscillator circuitry or frequency multipliers. The
beat frequency sensitivity TC fb is given by substituting (7)
into the of TC f :

T C f b = 1
fb

(a· f 1 · T C f 1 � b· f 2·T C f 2). (9)

Using our measured f1, f2, TC f1, TC f2 presented in Fig. 5
and (9), we enumerate and measure the a few beat frequencies
whose sensitivities are suitable for either timing or sensing
applications by mixing the first- and second-order harmonics
(Table II). It should be noted that these mixing combinations
(except for the case that a = 2 and b = 1) of tones are observed
in our measurements. The measured TC fb values tend to
be slightly higher possibly due to the ambient temperature
variation from the power setting and electrical noise but overall
agree well with the predictions.

Although the presence of f1 and f2 relies on nonlinear oper-
ation of the resonator, the DM parametric system shows great
potential as a temperature-stable reference or a temperature
sensor. The highest extracted TC fb is �4555 ppm/K, which
is twice as large as the TCf observed in driven-mode response.
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VII. CONCLUSION

In this study, we performed thermal characterization of
DM Al0.8Sc0.2N flexural-mode drumhead resonator. We deter-
mined the temperature coefficient of frequency values
using driven-mode approach, showing large TCf values
(⇠ �1000 ppm/K). We developed a novel temperature-sensing
technique that utilizes beat frequency modulation to engi-
neer various temperature coefficient of frequency values. This
technique introduces signal and idler tones with opposing
temperature coefficient of frequencies. We demonstrated para-
metric excitation in the temperature range of 260 K to 300 K
under locked f p, showing a linear relationship between tem-
perature and the frequencies of the tones. A proposed 1D
lumped parameter mass-spring model has helped elucidate
the nonlinear dynamics explaining the temperature-dependent
frequency drifting of these tones. Through beat frequency
modulation, our approach can double the temperature coef-
ficient of frequency but also simplify the electronic circuitry
without constructing oscillators. This opens up new oppor-
tunities to simplify and enhance the design, production, and
application of temperature-sensing devices in future.
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