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Abstract—Logistic Regression is a widely used generalized lin-
ear model applied in classification settings to assign probabilities
to class labels. It is also well known that logistic regression is
a maximum entropy procedure subject to what are sometimes
called the balance conditions. The dominant view in existing
explanations are all discriminative, i.e., modeling labels given the
data. This paper adds to the maximum entropy interpretation,
establishing a generative, maximum entropy explanation for the
commonly used logistic regression training and optimization pro-
cedures. We show that logistic regression models the conditional
distribution on the instance space given class labels with a
maximum entropy model subject to a first moment constraint on
the training data, and that the commonly used fitting procedure
would be a Monte-Carlo fit for the generative view.

I. INTRODUCTION

Logistic Regression, first introduced in [1], (see also [2]) is
widely used [3]-[6] as a classification procedure both due to its
ease of implementation, and its interpretability. This approach
has been variously called as the multinomial logit model,
softmax regression, and among natural language processing
and machine learning practitioners, as the maximum entropy
classifier [3], [7], see scikit-learn [8] implementation of logis-
tic regression. Strictly speaking, logistic regression need not
be a classification procedure alone. But since classification
happens to be the most common use case, we focus on it.

However, The dominant way this classifier is introduced and
understood is not from the maximum-entropy angle. Rather,
a logit model is used as a link function in a generalized
linear model [9], and further derivations flow naturally from
it. Alternatively, it is also known that one could start with
what are sometimes known as balance equations [7] that will
be described below, and recover the logit model for class
probabilities conditioned on input via a maximum entropy
approach.

Both of these essentially are discriminative classification
perspectives, where one models the conditional probability of
labels given data but eschews modeling the data itself. For
reasons we explain below, our paper also explores logistic
regression from a maximum-entropy perspective, but we take
a different direction from the above interpretations. By doing
s0, our main contribution is to show that it is also possible
to recover the logistic regression approach from a generative
perspective, where we model the conditional distribution of
data given labels as a maximum entropy model.

A. Problem setup

We first outline the broad strokes of the discriminative
approach to position the questions we ask, and why we explore
this well-known method in a new light.

Suppose X C R? is an instance space, and ) is a finite
collection of labels (wolog, we will take ) = {0, ... .k — 1}).
We denote X (resp Y) to be random variables modeling
the examples in X (respectively labels from )). We also
assume in this paper that the probability model on & is
absolutely continuous with respect to the Lebesgue measure,
and therefore, look for densities on X'.

In the discriminative view, one primarily considers the
conditional distribution of Y given X, while the generative
view models X and Y jointly. The training data will be i.i.d.
samples from the joint distribution, denoted (X;,Y;) in our
generative approach, and by (x;,Y;) in the discriminative
approach to emphasize that the distribution on X is not
modeled.

The multinomial logit model assigns for x € X and for
ji=1,...;k—1,

PY =j|X =x > =

IP’EY:(j):X:xi = exp (ﬂjo + BjTlX)a (1)
where Bjo € R and le e RY are parameters fitted from the
training data. Then

1
1+ 25;11 exp (Bjo + BJTX)

and from which P(Y = j|X =x) forall 1 < j < k-1
is easily derived. We will reference the pair (Bjo,le) as Bi
parameters, and the parameters 3;, j = 0,...,k — 1 as the 3
parameters for simplicity.

Suppose the training data is (x;,Y;), ¢ = 1,...,n. The
above expressions yield P(Y;|X = x;) in terms of the logit
model parameters Bj, j =1,...,k—1. The parameters (3; are
then calculated by maximizing the likelihood

]P)(Ylv cee ,Yn|X1, s 7XTL) = H]P)(Y:L‘XZ)

P(Y =0/X =x) = )

In practice, it is common to add to the log likelihood, an ¢
or {1 penalty on the B]- parameters.

One can get to the same optimization from a different
perspective. Suppose we did not start from any explicit form



for the conditional probabilities of P(Y|X = x;). We would
recover the logistic regression approach, specifically the logit
models for P(Y|X = x;), ¢ = 1,...,n, when we search for
the maximum entropy model subject to the balance constraints
forj=0,...,k—1,

Y oAYi=j)x = ZP = JIX = %)%,
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where 1(-) is the indicator function (value 1 when the argu-
ment is true, O else). These balance conditions happen to be a
restatement of the gradient being zero when maximizing the
likelihood in the generalized linear models (GLM) approach
mentioned above.

The above insight, while illuminating, still seems unsat-
isfactory. The balance conditions did come up in the GLM
approach after all. Rather than pull the logit model out of a
magic hat, doesn’t the max-entropy explanation just pull the
balance condition out of it?

Furthermore, strictly speaking, this maximum entropy view
only yields P(Y|X = x;), i.e., the conditional distribution of
the labels given the training data points. While it may seem
natural to extend the same functional form to all x € X, the
question remains as to the formal justification for it. There
can conceivably be other ways to generalize to other instances
x € X—for example, using nearest-neighbor like approaches
using the n conditional distributions from the training points.
Most importantly, why should we not say anything about the
conditional distribution of X given a class label?

This paper tries to dig deeper in this direction. We construct
a generative view of logistic regression which models the
distribution on the instance space X given each class label
by a maximum entropy model subject to a first moment
constraint (on E[X]Y = j]). We show that the standard
fitting procedure used in the discriminative approach is a
Monte-Carlo approximation of fitting the training data in the
generative view. In the limit of large training data, the law of
large numbers guarantees consistency of the approximation.

II. BACKGROUND
A. Maximum entropy approach

The maximum entropy principle is one way of formalizing
the notion of making as few additional assumptions as possi-
ble, given a set of constraints. Suppose X is a random variable
taking values in the set X'.

Given d different constraints on a random variable X,
Er;(X) = a; where for 1 <i <d,r; : X — R are real valued
functions and «; € R, the distribution on X with maximum
entropy is [10] (if X is discrete, f below is a probability mass
function, and if X is continuous, f is a probability density
function):

d
f(z) =exp <BO + Zﬁﬂ“i(@) )

i=1

In the above, Sy, ...,B34 are numbers chosen so that f is a
probability mass or density function (i.e., integrates/sums to
1) and Er;(X) =a; fori=1,....d.

B. Discriminative perspective of logistic regression

The classical discriminative presentation starts from (1),
yielding for j =1,...,k — 1,

exp (Bjo + BTX)
1+ 2 exp (Bio + B7'x)
as well as Equation (2). Note that there are k — 1 sets of
parameters 3;, fori =1,... .k — 1.
To simplify exposition, we will consider the binary case

k = 2, so there is only one set of parameters, which we denote
as 3. We can write

P(Y = j|X = x) =

exp (1/30 - yBTX)
S h-oexp (90 +557x)

We are given training data (x;,Y;), ¢ = 1,...,n. To fit
the model above to the training data, we write the likelihood
of training labels given examples, assuming that the label Y;
given the instance x; is independent of all other labels and
does not depend on other instances, to yield

Xn) = ﬁP(Yz\Xz)
=1
[TiZ; exp (Y;Bo + K—BTx)
(Sicoemw (0 +057x))

It is easier to work with log-likelihood,

P(Y =yl X =x) =

P(Yi,....Yolx1,. ..

log [ [P(Yilx:) = log P(Y; ).

We just find the value of B that maximizes the above log
likelihood. It is easy to verify that these are exactly those
satisfying (3) for 5 =0, 1.

To see this, first note that
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so setting the gradient to 0, we get
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The above equations are easily rewritten to yield Equations 3
again. R

At this point, the parameters (3 satisfying the above equa-
tions are obtained iteratively by Newton-Raphson’s method.

a) Note: : When solving for the parameters, it is often

better to add in a /5 regularization on f3s. To see why, note that
if the data is linearly separable, there exists parameter values
B such that ensures P(Y;|x;) > P(1—Y;|x;) for all ¢. If this is
the case, scaling B by any number greater than 1 increases the
likelihood, hence pushing the optimal parameters to infinity,
a meaningless exercise. In these cases, it is useful to limit
the length of f, thus implementations (including scikit-learn)
often use /5 regularization by default.

C. Discriminative max-ent explanation

In natural language processing, it is common to start
with (3) as a set of given constraints. One then searches
for P(Y|x;), ¢ = 1,...,n using the maximum entropy
formulation, which then recovers (1) as its solution. But
as explained in the introduction, we search for a different
explanation since this (i) does not answer the question of
why (3) is sacrosanct, and (ii) why the solution for conditional
distribution on labels for the training examples must generalize
in the same functional form everywhere when other natural
approaches also exist.

III. GENERATIVE MAX-ENT MODELING

We model the joint probability model on the examples X
taking values in A and labels Y taking values in ). The
training data is assumed to be i.i.d. copies of (X,Y), denoted
by (X;,Y;),i=1,...,n.

A. Maximum entropy model for X given Y

The first step in the generative approach is natural given the
form of logistic regression. We build a model for each class,
f(X|Y =4),j =1,...,k, using the maximum entropy model
when we constrain E[X|Y = j]. Note that X € X is a vector
in R? (i.e., has d components), so constraining E[X|Y = j]
corresponds to d moment constraints (one for each component
of the vector).

We begin with a technical claim.

Claim 1. Let m > 1 and ¢ : R — R™. An unbiased
estimate of E[g(X)|Y = j] from independently generated
training data (X;,Y;) is

i1 9(X)1(Y; = j)

N; ’

where N; = . 1(Y; = j) is the number of training examples
that have j as their label.

Proof For any number 1 < r < n, let A, C {0,1}" be the
set of binary strings with exactly r 1s. For all a € A,, let

Ya = {(yi)1<i<n € Y™ : for all 4,y; = j iff a; = 1}

be the event that the training labels are j in exactly the
positions marked by the string a. Let V. = Uaca,Va be the

event that there are exactly r training labels that are equal to
j.

As the examples are all independent, we also have for all
0<r<n,ac A, and Y;" € Y, that

f(Xq,.. Yo, Va, Vi) = f( X4, ..

Therefore, allowing R to be a Binomial(n, P(Y = j)) random
variable, and a to be uniformly distributed in Ag,

gDl s =)

) XY, Y.

N;
n X)1(Y; =3
:]E|:E|:ZZ_19( -R) ( j)|ya7yR7a,R:|:|
Elg(X)|Y =4
=E[g(X)|Y =] O
Problem 1.  Given training data (X;,Y;), i = 1,...,n, for

all j € Y, find the pdf f(X|Y = j) with maximum entropy
among those that satisfy

= )

EIX|Y = j] = —%=
J

where N; is the number of labels Y; that equal j.
Approach The maximum entropy model, from the prior
section, is

f(X =x|Y =j) =exp (ﬂjo + ﬁij),

where 3o € R, 3; € R? has the same number of coordinates
as the training instance x, with 3;o and 3; chosen to satisfy
© Jeex XY =j)=1

« the constraints in Equation (4)

Obtaining ; from the above equations is non-trivial in gen-
eral, given the integration should be over X, the space of
all instances. In practical examples, the exact domain X of
valid examples is very difficult or impossible to pin down
(though the use of X for description and abstraction purposes
is ubiquitous).

Notwithstanding the computation of s to satisfy the above
constraints, if we only focus on the form of P(Y = j|X = x),
the generative model obviously mimics that of the discrimi-
native approach barring cosmetic differences. Indeed, taking

class O as a reference, and we have for j = 1,... ,k—1, using
Bayes Rule
fX=x]Y =j) P =jX=x) P

Y =0)
Y =j)

f(X=x[y=0) PY =0X=x) P

Rearranging, we get

PY =jlX =x) _ ( AT )
BY —0xX =x) Ot i)

Here BjO = ﬁjO — ﬁoo +1In ggjzé;’ and Bj = Bj — 60, where
Bjo, B; were the constants we used for maximum entropy
modeling for classes j. Using the fact that >, P(Y = j|X =




x) = 1 for all x, we recover Equation (2) and for all 1 < j <
k—1,

€xp (Bjo + B]TX)
1+ZL 1 exp (BioJrBiTX).

P(Y = j|X =x) =

B. Solving for parameters

At this stage it is not clear how one could find the param-
eters [ that satisfy (4) or at least, the B parameters (the 3
parameters shifted by that of the reference class). Indeed, the
main challenge with formulating the generative approach is to
show a way to compute the parameters.

We show an approximate way to compute the B parameters
that satisfy the constraints of the generative maximum entropy
modeling. Rather than compute the integral on the left side
of (4), we look for its Monte Carlo approximations that can

be obtained from the training data.
Claim 2. Letm > 1 and let g : R — R™. Then

B0l = j) = HLOPT=I0]

P(Y =j)
Proof Note that
JOB(Y = j1X) = 9(X) "=

Therefore the quantity g(X)P(Y = j|X) can be thought of as
a (vector-valued) random variable whose expectation equals
Elg(X)|Y = jIP(Y = j). y

Our training data contains n points, (X;,Y;),i=1,....n
To enforce the constraints on E[X|Y = j] in Equation (4),
0 <j<k-—1, we can think of

1
- Z XP(Y

to be a Monte Carlo estimate of

EX]Y = jIP(Y = j).

fXY = jPY =)

= j|Xs)

Rewriting (4) as

Z?:l Xil(V; =
Nj

where N; is th number of labels Y; that equal j. Replacing

the left side by its Monte Carlo estimate from above. we get

EX|Y =jIP(Y =j) =

1 ) i Xil(Yi = .
LS xp(y = jix,) = 2= X =)y )
n S Nj
Using P(Y = j) = % (the natural unbiased estimate), we
recover
Y OXP(Y = X)) =) 1(Yi = 5)Xy,
i=1 1

the exact balance equations that arises/is used in the discrim-
inative formulations of Logistic Regression.

To enforce [, df(X|Y = j) = 1, we use a similar
approach, this time requiring E[1]Y = j] = 1 (writing

¢g(X) =1 in Claims 1 and 2). Doing so yields the remaining
balance equations,

D_P(Y =41Xi) =) 1(Yi =3).

i=1 l

To summarize, we used Maximum Entropy modeling of X

given each class label, subject to first moment (expectation)
constraints on X given the class label to obtain Equation (4).
But rather than use an integral to compute E[X|Y = j] to get
the parameters, we obtain the parameters using Equation (3)
instead, where E[X|Y = j] is replaced by its Monte Carlo
estimate.

IV. DISCUSSION

While conventional logistic regression is usually used with
the first moment constraints (on E[X|Y = j]), there is no real
reason to stick to only these. Indeed, it may be desirable in
several applications to use other constraints on the conditional
models for the data given labels, for example, see [6]. For
constraints E[g(X)[Y = j] = 37, _;9(X;), the balance
equations would be

n

S glx)P(Y = jix;) =

i=1
> 1w
l

n

Z P(Y = jlx;) =

i=1
In this preliminary version, the full import and study of these
techniques has not been carried out, and remains an open
problem. Questions on convergence—how quickly the Monte
Carlo approximations converge to true values, and how the
approximation affects downstream tasks also remain open.

Zg x;)1
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