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ABSTRACT

Context. In situ observations by the Parker Solar Probe (PSP) have revealed new properties of the proton velocity distributions (VDs),
including hammerhead features that suggest a non-isotropic broadening of the beams.

Aims. The present work proposes a very plausible explanation for the formation of hammerhead proton populations through the action
of a proton firehose-like instability triggered by the proton beam.

Methods. We investigated a self-generated firehose-like instability driven by the relative drift of ion populations using a simplified
moment-based quasi-linear (QL) theory. While simpler and faster than advanced numerical simulations, this toy model provided rapid
insights and concisely highlighted the role of plasma micro-instabilities in relaxing the observed anisotropies of particle VDs in the
solar wind and space plasmas.

Results. The QL theory proposed here shows that the resulting transverse waves are right-hand polarized and have two consequences
on the protons: (i) They reduce the relative drift between the beam and the core, but above all, (ii) they induce a strong perpendicular
temperature anisotropy specific to the observed hammerhead ion beam. Moreover, the long-run QL results suggest that these ham-
merhead distributions are rather transitory states that are still subject to relaxation mechanisms, in which instabilities such as the one

discussed here are very likely involved. This foundational work motivates future detailed studies using advanced methods.
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1. Introduction

New in situ observations by the Parker Solar Probe (PSP) in the
young solar wind confirm an extended presence of the core-beam
tandem in the observed proton velocity distributions (Klein et al.
2021; Verniero et al. 2022). The motivation for theoretical and
numerical modeling of these populations thus becomes even
stronger, especially for understanding the origin of proton beams
(PBs), but also for determining their implications for the solar
wind plasma dynamics (Klein et al. 2021; Verniero et al. 2022;
Ofman et al. 2022; Krasnoselskikh et al. 2023). Existing scenar-
ios (that do not necessarily agree among each other) claim that
PBs can be injected by magnetic reconnection events at the
coronal base, but can also result from the trapping and accel-
eration of protons by resonant waves, such as cyclotron or
even kinetic Alfvén waves (Marsch 2006; Araneda & Marsch
2008; Pierrard & Voitenko 2010; Krasnoselskikh et al. 2023).
An immediate consequence of PBs is self-generated wave insta-
bilities, which are expected to convert the bulk kinetic energy
to smaller scales because the resulting wave fluctuations can
subsequently dissipate and heat the solar wind plasma (Marsch
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20006; Bale et al. 2019; Bowen et al. 2020). Favorable evidence
emerges from PSP data regarding the source of the PBs and
their regularization by self-induced instabilities (Bowen et al.
2020; Verniero et al. 2022; Phan et al. 2022). Moreover, obser-
vations of PBs simultaneous with ion-scale wave fluctuations
(Klein et al. 2021; Verniero et al. 2020) complement data from
Helios, Wind, and STEREO, for example, and facilitate con-
cluding the long debate of whether right-handed (RH) magne-
tosonic (MS) modes dominate left-handed (LH) ion-cyclotron
(IC) waves at 1 AU, while the latter can be dominant closer to
the Sun due to the temperature anisotropy in the proton core
(Marsch et al. 1982; Daughton & Gary 1998; Gary et al. 2016;
Woodham et al. 2019). When the core becomes stable, which is
mostly due to collisional effects, the beam becomes the dominant
emitter of wave power (see Yoon et al. (2024) and references
therein). Depending on their properties, the PBs can destabilize
either RH-MS modes or the LH-IC instability. The generation of
RH wave fluctuations seems to be the more complex process and
is still an open question (Verniero et al. 2020).

This Letter shows that the PB firehose-like instabilities of
RH transverse waves can determine a broad relaxation of the
beams so that the beams resemble the hammerhead distribu-
tions reported by PSP (Verniero et al. 2022). Moreover, these
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RH transverse waves are predominantly associated with core
beam structures that were observed by PSP (Klein et al. 2021).
Section 2 explains the moment-based quasi-linear (QL) formal-
ism of the transverse instabilities induced by the drifting bi-
Maxwellian proton population. Although the assumption of a
fixed shape for the velocity distribution function, specifically, a
superposition of two drifting bi-Maxwellian distributions, lim-
its the QL framework, it serves as an effective toy model for
preliminary investigations. The simplicity and computational
efficiency of a simplified moment-based QL approach make it
very handy compared to more advanced numerical simulations,
in particular, which typically require extensive time and com-
putational resources. Our motivation for using the QL theory
lies in its ability to provide rapid insights into the underlying
physical processes despite its limitations. This toy model effec-
tively characterizes kinetic instabilities and their effects on the
relaxation of anisotropic distributions (Shaaban et al. 2019b,a;
Yoon et al. 2024), and the results were often confirmed by
advanced simulations, proving the validity of the theoretical
approach (Pavan et al. 2011; Seough et al. 2015; Lee et al. 2018;
Sarfraz et al. 2021; Lépez et al. 2023)

The parameterization used here for the proton populations
is realistic and consistent with observations. Section 3 dis-
cusses several relevant results from our parametric analysis and
provides a semiquantitative comparison with the observations.
Growing waves partially convert the free (kinetic) energy of the
PB into the heating of this component mainly in the perpen-
dicular direction. The properties of RH waves and the resulting
temperature anisotropy, A, = Tp, /Ty > 1 (||, L are gyrotropic
directions concerning the background magnetic field), also con-
form to the observations (Verniero et al. 2022). The last section
summarizes the results and draws the main conclusions of this
Letter.

2. QL approach to the PB instability

In the proton (subscript p) velocity distribution,
ne np

Fr i) = = fevi) + = fo (. v1), ¢))
np np

the core (subscript ¢) and beam (subscript b) components are
both assumed to be well described by drifting bi-Maxwellian
distributions,
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n. and n;, are the core and beam number density, respectively,
and n, = n, + n is the total number density of the protons.
() = [ZkBTjL,”(t)/mp]l/2 are components of the thermal
velocities, while v; are drift velocities, which preserve a zero
net current n.v, = npv,. According to our QL approach, these
velocities vary in time () as a measure of energy exchange. Elec-
trons (subscript e) ensure a neutral plasma (1, = n,). They are
nondrifting (v, = 0) and are initially isotropic and Maxwellian
distributed.

For this plasma configuration, the (instantaneous) dispersion
relation for the RH transverse modes that propagate parallel to
the magnetic field reads (Shaaban et al. 2020)

R =6, [P+ TLZ(ED] + 6, [ ¥, + T5 2, (£)]
+ ¥ +T5Z ()], 3)
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where k = ck/w),, is the normalized wavenumber, c is the speed
of light, w,, = (4rn,e*/m,)!/? is the proton plasma frequency,
® = w/Q, is the normalized wave frequency, Q; = eBy/mjc is
the nonrelativistic gyro-frequency of the plasma species j (with
elementary charge e), 8 = 87n kT /B are the parallel plasma
beta parameters, ¥; = A; — 1, A; = T;,/T;; = B;./Bj is the
temperature anisotropy, u = m,/m, is the proton-electron mass
ratio, U; = V;/ Vo, Vs = Vi /Vac, vac = Bo/ A[Ann.m,, is the pro-
ton core Alfvén speed, Z; (»;—‘j) is the plasma dispersion function
(Fried & Conte 1961) of arguments

g O+ 1FkU; o OH
! k\Bulo; ~ 7 k~JuBa
and

Af@+1FkU) -1 A (@-p)+p
k\B/d; Ce kB

The QL evolution of the macroscopic parameters (moments of
fj), such as the plasma betas §, j; and drifting velocities V;, is
governed by the following equations:

dg;.

+
s, =

qr - f gw(’?) |7+ Gl ] (4a)
% =25; f gWU?) |47+ i . (4b)
% =% f %W(ic)lm ny- | (kBu/6v) (40)
ddz =_26" f %‘W@ﬂm net (KBa/sc) (4d)

in terms of 7 = Q¢, the instantaneous growth rate y(r) = v/Q,
derived from the linear dispersion relation (3), the normalized
wave (spectral) energy density W(k) = §B>(k)/B2, and

8 =nj/ne, A,~=(2A,~—1), A=A, - 1) (5a)
e = [Aj (@ kUy) + (4;-1)] 2 (£5). (5b)
n, =u[A. & - (A, = DulZ. (&), (50)
2iy + 1 _ 2iy — p
G' =Im—~—, G;, =Im= , (5d)
. k\Bji/6; B k~\JupBel
. o+ 1FkU; -
e = Im———, G, = Im———. (5¢)
g kBji/6; : k\J1Be
The wave equation completes the QL equations,
o W,(k) . .
e = 25@ Wb, (6)

To obtain these equations, we used the standard QL formalism,
which is similar to those by Seough & Yoon (2012), Moya et al.
(2012), Sarfraz et al. (2016), Yoon (2017).

3. Results supporting the formation of the
hammerhead PB

We discuss the numerical results from the linear and QL anal-
ysis for 15 runs with different initial parameters. We list the
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Fig. 1. Numerical solutions from linear theory and QL approach: Growth rates (¥) of the RH-PB instability (top) and the corresponding time
evolutions for the wave energy density (second row), beam velocity (third row), and the beam temperature anisotropy (bottom) for different
initial conditions: v;/va. = 3.0,2.5,2.0 (left column), n,/n, = 0.06,0.03,0.01 (second column), By = 1.0,0.41,0.1 (third column), and A, =
2.0, 1.0, 0.62 (right column). The red dots and dashed and dotted lines are explained in the text.

parameters below.

Runs 1, 2, 3: |V,(0)| = 3.0,2.5,2.0,

Runs 4, 5, 6: [V,,(0)| = 3.0, ny/n, = 0.06,0.03,0.01,
Runs 7, 8, 9: [V,(0)| = 2.0, B4 (0) = 1.0,0.41,0.1,
Runs 10, 11, 12: |V, (0)| = 4.5, A,(0) = 2.0, 1.0,0.62.
Runs 13, 14, 15 in Figure 3: |V,(0)| = 4.5.0,4.0,3.5.

The other initial values we used for the plasma parameters were
W) = 107, A;0) = 1, ny/n, = 0.02, B(0) = 0.41, and
Ty /Ty = 2.465, unless otherwise specified. These are estimates
from the PSP observations, for example, in Klein et al. (2021),
Verniero et al. (2022).

3.1. Linear analysis

The dispersion relation (3) was solved exactly numerically to
derive the unstable solutions of the RH-PB mode, whose growth
rates (¥) are displayed in Figure 1 (the panels in the top row) as a
function of the wave number (k). The growth rates are systemat-
ically enhanced, especially when the beam drift velocity |v,/vac|
is increased (left panel) and for the beam density n;/n, (second
panel). The stimulation also consists of expanding the range of
unstable mode wavenumbers. The increase in the beam temper-
ature in the perpendicular direction has a similar but less signifi-

cant effect (fourth panel). When the beam velocity is higher, the
growth rate may combine the peaks of the RH and LH modes
(Shaaban et al. 2020). The variation in the growth rates is less
monotonic, it increases and then decreases with the plasma beta
(third panel). This is specific to beam instabilities of electromag-
netic or transverse modes (Shaaban et al. 2018, 2020). In this
case, a PB firehose-like instability develops between two thresh-
old conditions, between the regime of electrostatic instabilities
for a low-beta parameter (or thermal spread) and the regime of
ion-cyclotron instabilities for a high-beta parameter (or thermal
spread). The wave frequency of the unstable mode (not shown
here) displayed minor variations when the plasma parameters
were changed. We also note that the unstable solutions derived
from the RH dispersion relation (3), that is, with f,j’c, have posi-

tive wave frequencies (w,/€2, > 0) for k > 0. This confirms their
RH polarization.

3.2. QL analysis

In addition to the linear theory, we resolved the set of QL equa-
tions (4)—(6) for the initial parameters (i.e., at 7o = 0) of each
run indicated above. The results in Figure 1 first show the time
evolution of the RH-PB wave energy density W,(r) = 6B?/ Bg
(second row). The next rows lower describe the back reaction
of the growing waves on the macroscopic plasma parameters,
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such as the beam velocity |[v,(7)/v4.| (third row) and the induced
beam temperature anisotropy A, (7). Each corresponds to the ini-
tial growth rates displayed in the first top panels, with the same
color style. In Figure 1 we mark the maximum growth rates (red
dots), which correspond to the fastest-growing modes, and use
their values, that is, y,,, to estimate the QL growth of the energy
density of these modes, shown by the dashed lines (second row)
with the slope given by 2y,,. The dashed lines reproduce the
increase in QL of the wave energy density with a high accuracy
in many cases. This demonstrates that the linear theory and the
QL formalism agree sufficiently well. In addition, two relevant
times are marked (for clarity, only blue runs, including run 4
invoked in Figure 2). Namely, 7; for the beginning of the beam
velocity relaxation (corresponding to the increase in the beam
anisotropy), and 7, marks the end of the QL increase in the wave
energy density as the temporal (maximum) limit up to which we
can compute the resonance paths.

We first discuss runs 1-3, which show the variations with the
beam velocity, and the results of which are displayed in the left
column of Figure 1 for |v,(0)/va.] = 3.0 (blue), 2.5 (orange),
and 2.0 (green). An increase in the initial |v;(0)/v4.| can deter-
mine not only a faster initiation (blue line), but also higher lev-
els of the RH-PB fluctuations (second panel). This confirms the
stimulation of the instability as predicted by linear theory (top
panel). The excitation of RH-PB fluctuations regulates the free
energy of the PB populations, reducing the beam velocity or rel-
ative drift (third panel), and also through the preferential cooling
and heating mechanisms of the beam population. The relaxation
of the drift velocity is accompanied by perpendicular heating of
the beam and a relatively high anisotropy T,, > T} (bottom
panel) that is reached at (or slightly before) the instability sat-
uration. These effects are more prominent and faster for more
energetic beams with a higher initial velocity. For example, the
beam that initially has [v,(0)/v4.| = 3.0 loses ~ 25% after relax-
ation, whereas beams with [v;(0)/v4.| = 2.5 and 2.0 lose ~14%
and ~9%, respectively. Moreover, the initially isotropic protons
of the beam component, with A;(0) = 1.0, experience a stronger
perpendicular heating (blue line) when their initial [v;(0)/va.| is
higher, resulting in a significant induced temperature anisotropy
at later stages, that is, Ap(Tmax) = 2.9 for [v,(0)/va.| = 3.0.

The second (left) column in Figure 1 displays the results
from runs 4, 5, and 6, which correspond to different initial num-
ber densities of the beam, n,/n, = 0.06 (blue), 0.03 (orange),
and 0.01 (green). The panels show the temporal profile of the
wave energy density of RH-PB fluctuations (second panel), their
back reactions on the beam drift velocity |v,(7)/vac| (third panel),
and the beam temperature anisotropy A,(7) (bottom). Denser
beams are more efficient in shortening the instability onset time
and in stimulating the fluctuation growth to higher levels after
saturation. This also confirms the predictions from linear the-
ory. As a result, the relaxation of the beam velocity [vy(T)/vacl|
becomes faster and deeper, simultaneously with a strong induced
(perpendicular) temperature anisotropy A, > 1 (even after the
saturation). However, the (maximum) induced anisotropy A; > 1
is lower for denser beams, and this agrees with the observa-
tional data collected by PSP that were reported by Verniero et al.
(2022) (see panel (a) of Figure 2 therein).

In Figure 2 we plot the contours of the proton velocity dis-
tribution as an example, initially at 7o = 0 (dashed gray) and
7, = 31 (solid red). This corresponds to the results from run 4
in Figure 1 (second left column, blue curves). The beam popu-
lation relaxes to lower drift velocities, but also gains tempera-
ture anisotropy in the perpendicular direction. The blue contours
represent the resonance paths or kinetic shells, which we com-
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Fig. 2. Contours of proton VD for run 4 at 7 = 0 (dashed gray) and
at T = 31 (solid red), when the forward-half of VD is shaped by
the kinetic shells (blue) that were found relevant for the hammerhead
populations reported by PSP (Verniero et al. 2022). The diffusion con-
tours v, (v)) were computed by linking the proton coordinates (v, v,)
(green squares) with the resonant wave frame (v,,/v4 = 1.3, 0.0) (black
dot) and k., = 0.60. The slope of these lines, such as the green line,
is v, /[vy — vyl, with vy and v, calculated using Eqgs. (14) and (15) in
Isenberg & Lee (1996).

puted as in Verniero et al. (2022). They were used to explain the
primary QL diffusion of protons resulting from the interaction
with RH-PB waves from high energies in the parallel direction
toward less populated regions at higher pitch angles. Although
we used the cold-plasma (yet dispersive) approximation (see also
Isenberg & Lee (1996)), kinetic shells shape the forward profiles
of the red contours quite well'. It appears that our moment-
based QL model of the RH-PB instability, although it is a sim-
plified approach (even by assuming idealized Maxwellian distri-
butions), can explain the hammerhead features reported by PSP
quite well, and it performs much better than first attempts in
numerical simulations (Pezzini et al. 2024).

The third column from the left in Figure 1 displays the QL
results for runs 7, 8, and 9 for different initial values of the core
parallel beta B (0) = 1.0 (blue), 0.41 (orange), and 0.1 (green),
respectively. The temporal profiles of the wave energy density
(second row) and the PB parameters do not change much. How-
ever, their dependence on the initial values of B (0) is less uni-
form, as we also found for the linear growth rates. For instance,
the faster onset and maximum level of the enhanced fluctuation
are associated with 8,(0) = 0.41, in agreement with the peaking
growth rate (top panel) from linear theory. However, for the same
run 8, the drift velocity relaxation and the induced temperature
anisotropy (orange lines) reach intermediate values compared to
the other two cases. Moreover, the deeper relaxation of the beam
drift velocity is associated with the lowest induced anisotropy
(blue lines) in run 7 with B (0) = 1.0, and vice versa in run 9
(green lines) with 5(0) = 0.1.

! 'When the exact dispersion relation (3) is used, only lowers the reso-

nant wavenumber (from kjv,/Q, = 0.60 to 0.34), but does not change
much the wave phase speed (v,4) that is used in the parametric descrip-
tion of the kinetic shells (Isenberg & Lee 1996).
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Fig. 3. Comparison between QL theory and PSP observations. Left: QL dynamical paths of the temperature anisotropy (A,) vs. beam-core drift
velocity (v,—./vac). The black squares are the initial states, and the magnetic wave energy level is color-coded. The final states after saturation
gather on the red curve (see text): red (large) dots for runs 1-3 and 13-15, circles for runs 4-6, black triangles for runs 7-9, and green triangles
for runs 10-12. Right: Same as the left panel (black symbols are now shown as white symbols), but superimposed on PSP observations. The
(normalized) number of events with hammerhead populations are color-coded (adapted from Figure 2, panel (b), in Verniero et al. (2022) ©AAS).

The right (last) column in Figure 1 displays the QL results
for runs 10, 11, and 12 for different initial beam anisotropies,
Ap 2.0 (blue), 1.0 (orange), and 0.62 (green), respectively.
The differences obtained for the saturated levels of the unstable
fluctuations (second panel) and the relaxation of the beam veloc-
ity (third panel) are insignificant. However, the induced beam
temperature anisotropies for each run are notable. In particular,
Ap > 6 was reached at the saturation of run 10 (which started
already with an A,(0) = 2), and A, ~ 4 was reached at the satu-
ration of run 12.

3.3. Constraints on the observed hammerhead populations

The dynamic paths of the beam temperature anisotropy
Ap(t) > 1 that are induced by the RH-PB instability as a func-
tion of relative beam velocity v,_.(7)/va. are displayed for all
15 runs in Figure 3 in the left and right panels. The initial states
in the (Ap, vp—c/vac) space are shown with black squares, and
the magnetic wave energy (6B2/ B(z)) level is color-coded (rain-
bow scheme). The final states after saturation are described in
the figure. These temporal profiles show the relaxation of the
beam drift velocity toward lower values concomitant with the
heating of the (initially isotropic) beam protons in the perpen-
dicular direction, which end with a high anisotropy Ax(7) > 1
at later times after saturation. These effects are a direct con-
sequence of the enhanced RH-PB electromagnetic fluctuations
and are consistent with the observations collected by PSP, see
the right panel and Figure 2 in Verniero et al. (2022). In the right
panel, we directly compare the dynamic paths with the observa-
tions, by superimposing the QL paths on the PSP events rele-
vant for the hammerhead populations reported by Verniero et al.
(2022) in panel (b) of their Figure 2. The occurrence rate of
the hammerhead distributions (normalized to the total number
of events and color-coded on the right-side bar) was computed
during the 7 h ion-scale wave storm. This can be interpreted as a
measure of the perpendicular velocity-space diffusion strength.

According to the adopted instrumental convention, a negative
drift velocity was chosen for the orientation of the magnetic
field.

Thus, all the dynamic paths follow the same trend: They
pass through the specific states of the hammerhead distributions,
even the distributions with the highest occurrence rate. After the
instability saturation, the final states align along the following
marginal stability condition (red curve in Figure 3):
Ap = 1+ a(=vpc/vac), )
with a = 0.0019 and b = 8.04. These states also correspond to
the highest levels of the wave energy density (color-coded in the
left panel). This threshold precisely bounds the events character-
ized by the hammerhead distributions (right panel in Figure 3),
which is an exceptional result.

The regimes that are stable against the RH-PB instability are
located on the right side of the stability threshold (red line),
as indicated by the black arrow. These states occur when the
drift velocities are annihilated by the temperature anisotropies
in the perpendicular direction, regardless of whether both are
small or tend to be large. On the other (left) side of the sta-
bility threshold, the RH-PB instability is active, and there is a
wave-particle energy exchange. This is also suggested by the
increase in the wave energy density. It is also worth mention-
ing that the final states of 10 out of the 15 runs settle down
and accumulate in relatively narrow parametric intervals A,
[1.8,2.9], and v,_./va. = [-2.3,—-2.2], as indicated within the
dashed oval. These appear to be the most likely quasi-stable
states against the RH-PB instability predicted by our QL the-
ory for the plasma conditions reported by the PSP observations.
The mean values of the beam drift velocity and the perpendic-
ular temperature anisotropy corresponding to the events with
hammerhead proton distributions are vp_./v4. ~ 2.5 and A, =
2.5 (Verniero et al. 2022), which also agree well with our QL
results.
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4. Conclusions

The new in situ data from the young solar wind obtained by
the PSP are expected to provide unprecedented details of the
plasma dynamics at temporal resolutions superior to those of
other missions. In this Letter, we have investigated the formation
conditions of the so-called hammerhead population, which is
associated with core-beam distributions of protons from PSP
measurements (Verniero et al. 2022). We proposed a relatively
simple QL approach for the RH-PB instability that provides suf-
ficient evidence of its involvement in the generation of such a
hammerhead distribution through direct action on the PB relax-
ation. Depending on the initial conditions chosen according to
the PSP observations, the energy density of the resulting waves
can reach a few percent (up to around 10 %) of the energy den-
sity of the (uniform) magnetic field. The growing RH-PB waves
convert the PBs bulk energy, but also scatter the protons and
reduce the beam drift, and prompt diffusion in velocity space. On
the timescale of the QL interaction, one can highlight the pitch-
angle diffusion toward less populated regions and the agreement
between the kinetic shells and the forward contours of the distri-
butions in Figure 2. These kinetic shells are typical of the ham-
merhead populations observed by PSP (Verniero et al. 2022) and
thus provide a plausible explanation for the formation of these
populations from the interaction of PBs with the self-generated
waves. Next, on longer timescales, preferential heating of the PB
also takes place, leading to a significant temperature anisotropy
in the perpendicular direction, A, = T}, /Ty > 1 (Figure 1).
For all runs, the core protons and the electrons also gain ener-
gies in the perpendicular direction. Still, the maximum values
we obtained do not exceed 12% of the initial values, for instance,
A, (Tmax) increases from 1.0 to 1.12. Our results strongly sug-
gest that the third hammerhead population is not necessarily dis-
tinct, but is intimately related to the beam. The model proposed
here naturally results from the diffusion of beam protons induced
by the instability in velocity space in the direction perpendicular
to the magnetic field (Figure 2).

The importance of our results is further highlighted by the
exceptional agreement with the observational data (Figure 3,
right panel). First of all, RH transverse waves are predominantly
associated with core-beam structures observed by PSP, even for
neighboring time intervals (Klein et al. 2021). Second, but even
more striking, the QL dynamic paths obtained for different ini-
tial parameters pass through the PSP events that are relevant
to hammerhead populations. Moreover, the marginal stability,
Equation (7), predicted by our QL approach shapes the mar-
gins of these unstable events very well. Thus, we can conclude
that these hammerhead distributions are rather transient states
that are still subject to relaxation mechanisms, in which kinetic
(self-generated) instabilities such as the one discussed here are
very likely involved. While our moment-based QL framework is
limited by its assumption that the bi-Maxwellian shape of VDF
is fixed, it is an effective toy model for preliminary investiga-
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tions. The simplicity and facilities of our QL approach make it an
effective tool for preliminary studies. This sets the stage for more
detailed investigations using numerical simulation. Our results
should stimulate the refinement of existing numerical simula-
tions and settings to capture the formation of hammerhead dis-
tributions and confirm QL predictions.
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