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ABSTRACT

We present observations of wave steepening and signatures of shock formation during expansion of ultracold neutral plasmas formed with
an initial density distribution that is centrally peaked and decays exponentially with distance. The plasma acceleration and velocity decrease
at large distance from the plasma center, leading to central ions overtaking ions in the outer regions and the development of a steepening
front that is narrow compared to the size of the plasma. The density and velocity change dramatically across the front, and significant heating
of the ions is observed in the region of steepest gradients. For a reasonable estimate of electron temperature, the relative velocity of ions on
either side of the front modestly exceeds the local sound speed (Mach number M =1). This indicates that by sculpting steep density
gradients, it is possible to create the conditions for shock formation, or very close to it, opening a new avenue of research for ultracold neutral
plasmas.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0237455

I. INTRODUCTION

A shockwave in a plasma is an abrupt jump in pressure, tempera-
ture, and density across a narrow front that propagates through the
plasma.” Shocks can form when a driver moves through a plasma or a
population of particles moves through a background plasma” at rela-
tive speeds that exceed the speed of sound. Ordinary waves can

the plasma center was characterized experimentally in a field-free con-
figuration”' and in a quadrupole magnetic field.”* Molecular dynamics
simulations were presented for each case.”””*

Since UNPs were first created,” the development of shockwaves
in this extreme environment has been of interest. Early fluid”” and
hybrid molecular dynamics”” models indicated shockwave formation
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develop into shockwaves through wave steepening, in which nonlinear
propagation effects lead to a steepening of leading density gradients.”
Plasma shockwaves are observed in many settings, such as laser-
induced plasmas, ! supernova remnants,” and the solar wind.”

In this paper, we present experimental observations of wave
steepening and signatures of shock formation during the expansion of
ultracold neutral plasmas (UNPs). UNPs are created by photoionizing
laser cooled atoms” ” or cold molecules in a supersonic expansion'’
near the ionization threshold. They have been used to study many dif-
ferent plasma phenomena, such as plasma waves,'''* streaming plas-
mas,” three-body recombination, ®'” instabilities,'® and equilibration
and transport in the strongly coupled regime.'”*' The expansion into
surrounding vacuum of a UNP with an initial Gaussian density distri-
bution has been studied extensively,'** " including expansion in a
uniform magnetic field.””’ Recently, expansion of UNPs with an ini-
tial density distribution that decays exponentially with distance from

in the low-density outer regions of expanding plasmas with an initial
Gaussian density distribution. Experiments failed to detect such fea-
tures within the limit of experimental sensitivity.”” It has also been pre-
dicted that shocks develop in UNPs with non-Maxwellian electrons.’
More recent molecular dynamics simulations of a Gaussian, quasi-
neutral ultracold plasma showed that significant escape of electrons
from the outer regions of the plasma and resulting non-neutrality can
give rise to shock-like features.””

Early numerical work by Sack and Schamel™ in a very different
context than UNPs, showed that expansion into vacuum of a plasma
with an initial step-function density distribution yields wave-
steepening and formation of a sharp density peak and shock structure.
More recent work’” shows that sharp fronts persist during the plasma
expansion and points out the role of charge separation. Following this
line of reasoning, the possibility of forming shocks in UNPs sculpted
to have initial density distributions with steep density features
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deviating from an ideal Gaussian has been discussed in multiple con-
texts."” "7 Experimental realizations produced streaming popula-
tions of UNPs, displaying a crossover from hydrodynamic' > to
kinetic behavior'* with increasing initial density gradients and result-
ing relative velocities, but signatures of shock formation were not
observed. A hydrodynamic model of colliding ultracold neutral molec-
ular plasmas also predicted the formation of shocks.”” While not in the
UNP context, shockwaves have been seen in the Coulomb explosion of
a cold, pure-ion, non-neutral plasma created by photo-excitation well
above the ionization threshold such that electrons escape the system. "’

We observe that the shape of the initial density distribution of a
UNP largely determines the character of the plasma expansion when
magnetic fields are negligible.”' Plasmas with a Gaussian-shaped initial
density distribution, which are well-studied experimentally, expand
self-similarly”” and do not display detectable signatures of wave-
steepening and shock formation. As shown in this study, however,
plasmas formed with a more sharply peaked distribution that decays
exponentially in space’"”” yield more complex dynamics, and after sig-
nificant expansion, they display many of the traits that characterize the
formation of shocks.

Il. EXPERIMENTAL METHODS

We create UNPs from strontium atoms that are first laser cooled
and trapped in a magneto-optical trap (MOT)"” operating on the
1Sy-!P; principal transition at 461 nm. The MOT uses a quadrupole
magnetic field produced by two coils in an anti-Helmholtz configura-
tion. Figure 1 depicts the strontium atom level diagram and relevant
decay paths. One in 2 x 10* atoms excited to the ! P; state by the cool-
ing laser will decay into the 'D, state,” after which the atom will
return to the ground 'S state via the 3P; state or decay to the metasta-
ble 3P, state, with a 2:1 ratio.”* A fraction of the atoms that decay into
the 3P, state are trapped in a purely magnetic trap formed by the inter-
action of the atom’s electronic spin with the quadrupole field of the
MOT." The resulting trapping potential yields an atomic density dis-
tribution that exponentially decays from the center of the trap, which
is inherited by the plasma and is given by

o
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FIG. 1. Levels and transitions for laser cooling of strontium atoms, trapping in a
purely magnetic trap, and subsequent photoionization to form a UNP.
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where o = 3kgT/(81150B/0x) denotes the magnetic moment i, gra-
dient of the field along the symmetry axis is denoted by 9B/0x,
Boltzmann constant is denoted by ks, and atom temperature is
denoted by T. i = 1 for an equilibrated atomic sample, but we observe
that the plasma density is the best fit with # = 0.79, indicating a lack
of thermal equilibrium in the atoms that does not affect the conclusion
of the present studies. In this experiment, « = 0.47 mm.

After the magnetic trap is loaded with about 10® atoms, the cool-
ing laser beams and the magnetic field are turned off. A 10 ns pulse of
322 nm light photoionizes the cloud of strontium atoms forming a
plasma. The electron temperature is set by how far above the ioniza-
tion threshold the 322-nm beam is detuned,” as illustrated in Fig. 1.
Experiments reported here were performed at electron temperatures
(T. = 160 K) high enough to avoid the effects of three body recombi-
nation, which increases at lower temperatures.''

The early stages of UNP equilibration are described in Ref. 8.
After photoionization, electrons equilibrate in the first few hundred
nanoseconds. On the timescale of the ion plasma oscillation of about
1 s, the ions undergo disorder-induced heating (DIH)*** to a tem-
perature of T; ~ e®/(12mepakp) ~ 1K depending on the density,
where e is the elementary charge, €, is the vacuum permittivity, kg is
the Boltzmann constant, and a = [3/(47n;)]"/* is the Wigner-Seitz
radius, and #; is the ion density. Following intraspecies equilibration,
the plasma expands into the surrounding vacuum. At an adjustable
time after plasma creation, the Sr' ions are imaged using laser-
induced fluorescence (LIF) on the 2S; /2-2P1 /2 transition at 422 nm.”
Tons are excited with a thin (1 mm) sheet of laser light illuminating the
central plane of the plasma. LIF emitted perpendicular to the light
sheet is imaged onto an intensified charge coupled device (CCD) cam-
era using a 1:1 optical relay with a resolution of 0.1 mm.

Ill. RESULTS
A. Plasma expansion and wave steepening

Figure 2(a) shows a false-color image of the density profile of a
UNP 0.3 s after plasma formation, which is close to the initial plasma
density distribution. The image is of the plane illuminated by the LIF
laser, passing through the center of the plasma along the axis of cylin-
drical symmetry of the initial atomic density distribution.

1.5
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FIG. 2. False color images of the density in a cut through the plasma center. (a)
0.3 us after plasma creation. Tighter confinement along the x-axis of the atoms, and
the resulting plasma creates a larger density gradient and hydrodynamic pressure,
driving expansion along that axis. (b) 12 us after plasma creation. The aspect ratio
of the plasma has inverted, and sharp transitions in the density are visible at the
leading edge of expansion along the x-axis, suggesting wave steepening and shock
formation.
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UNP expansion is driven predominantly by the electron thermal
pressure gradient. A hydrodynamic description yields the local acceler-
ation given by Laha et al.,”’

W=— ks T, Vn 7 )

m; n

where u is the bulk plasma velocity, m; is the mass of a strontium ion,
T, is the electron temperature, and »n is the number density. This
expression assumes quasi-neutrality, n; = n, = n, which is typically a
good approximation for UNPs and holds when the electron tempera-
ture is low enough for the Debye length to be much less than the spa-
tial scale for density variation in the plasma.” The quasi-neutral
approximation does not imply that the mean electric field vanishes in
the plasma, as discussed in Ref. 8, and describing the expansion as
resulting from the mean electric field provides an equivalent explana-
tion. The Debye length for the peak density (n = 15 x 10" m~ and
T, = 160K) is 23 u m.

The steepest plasma gradients are along the x-axis [see
Eq. (1)], producing the highest plasma acceleration along this
axis and an inversion of the aspect ratio during the expansion as
shown in the image taken at 12 us in Fig. 2(b). Sharp transitions
in the density are visible at the edges of the plasma experiencing
the fastest expansion. We focus on the evolution of the density
along the x-axis to look for signatures of wave steepening and
shock formation.

A transect of the initial density at y ~ 0 is shown in Fig. 3. To fit
the data, the 2D exponential [Eq. (1)] is averaged over a width in the z-
axis corresponding to the thickness of the LIF light sheet. This produ-
ces a slight rounding of the peak. The overall match to the data are
good, although there is some excess plasma in the regions of approxi-
mately 1 < |x| < 3 mm. This pedestal may contribute to wave steep-
ing as it creates a region of lower Vn/n and therefore lower initial
acceleration velocity [Eq. (2)].

For an exponential density distribution, the hydrodynamic
expression for acceleration [Eq. (2)] yields a step function, uniform on
either side of the plasma, but with opposite signs. This would initially
give rise to a velocity profile that is also a step function. The evolution
is more complex than this simple picture because of initial deviations
from a perfect exponential and the density distribution quickly evolves
away from an exponential.

X (mm)

FIG. 3. Initial density along the x-axis at y & z ~ 0 from the image in Fig. 2(a) and
a transect of a 2D exponential fit.
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FIG. 4. Wave steepening during plasma expansion. Symbols are experimental
data, and solid lines are results of a fluid simulation described in the text. (a)
Density transects along x-axis for y ~ z ~ 0. (b) Velocity transects scaled by the
ion acoustic wave speed (vi4 = 128, 120, 115, 101, 94, and 86 m/s in order of
increasing time). (c) lon temperature transects for different times in the plasma
expansion. T; is offset by —48.8, —38.8, —33.3, —19.6, —11.3, and 0K in order of
increasing time. The offset is for clarity and is proportional to time to show the front
propagation velocity. The calculated electron temperature, T, (K), with respect to
time is included as an inset in (b). Data and simulations are multiplied by the factors
indicated in the figure to improve visibility.
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Figure 4 shows transects of the experimentally measured plasma
density (a), bulk velocity (b), and ion temperature (c) along the x-axis
at various times after photoionization, compared to fluid simulations
produced by SPRUCE, a multipurpose fluid code under development
in the Solar Physics Research Group at Rice University."’

The density [Fig. 4(a)] becomes flat in the center within the first
few microseconds of evolution. As time progresses, the size of the cen-
tral region of flat plasma density increases as the overall plasma
expands and the peak density decreases. The leading edge of the
plasma expansion accelerates with time as electron thermal energy is
converted into directed kinetic energy of the ion expansion.'’

The expansion for the exponential plasma is clearly not self-
similar. It is instructive to contrast it with the expansion of a spherical
Gaussian density distribution””"" given by n = ng exp(—r?/242), for
which the hydrodynamic force [Eq. (2)] yields an acceleration that
increases linearly from zero at the plasma center. This yields a hydro-
dynamic velocity of v =7 (t)r that increases linearly with distance
from the plasma center and initially increases with time, resulting in a
self-similar expansion, 6y — a(t). Both y(¢) and o(t) can be expressed
analytically.”””

For the exponential plasma, the acceleration is initially much
larger near the center than for a Gaussian plasma of comparable size
and electron temperature, but the acceleration of the Gaussian plasma
will be greater at large radial distance. An exponential density is there-
fore susceptible to the development of a velocity distribution that dis-
plays extrema away from the plasma center, as shown in Fig. 4(b). For
the earliest time point, the sharply peaked center of the plasma may
experience significant non-neutrality in a region on the order of the
Debye length, which is 23 i1 m for the peak density. This may create a
local Coulomb explosion that also contributes to the acceleration of
ions from the central region.”

The bulk velocity in the flat central region of the exponential
plasma is well-approximated by the linear relationship v = x/t after
the first few microseconds, indicating that plasma in this region
quickly evolves to a state of expansion with vanishing acceleration, as
expected for a flat density [Eq. (2)]. Note that Fig. 4(b) shows the
velocity scaled by the ion acoustic wave velocity, which will be dis-
cussed in detail as follows and is given for each trace in the caption of
the figure. The largest observed peak expansion velocities are
~ 200 m/s at 7 us.

The peaks of the ion velocity for positive and negative x precisely
correspond to the edges of the central density plateau. In the velocity
profiles, it is evident that in the range 0.3 — 7.3 u s, higher-velocity
plasma is overtaking lower-velocity plasma in front of it yielding wave
steepening. By ~ 7 u s, this creates well-defined high-density, high-
velocity fronts that propagate through the low-density, low-velocity
plasma in front of them, with a large jump in density and velocity
across the front.

At 12 u s, the velocity peaks and gradients are extremely sharp,
with a length scale for the front (from 75% to 25% of peak density) of
0.4 mm, much smaller than the several-millimeter scale of the overall
plasma. The jump in velocity is over 100 m/s. The spatial overlap of
the sharp density and velocity features is clearly seen in the expanded
views shown in Fig. 5.

The experimental and simulation results agree reasonably well.
The simulation treats the plasma as an ideal quasi-neutral fluid in two
dimensions with one continuity and momentum equation and
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FIG. 5. Transects for the plasma expansion velocity (°), density ("), and ion tem-
perature (A) for the left half of the plasma at (a) 5.3 us and (b) 12.0 us expansion
times. The principal features in each trace overlap spatially. Solid lines are numeri-
cal simulations.

separate electron and ion energy equations. We equate the ambipolar
electric field force term to the electron pressure gradient through
en;E ~ VP,. The fluid equations are solved on a uniform Cartesian
grid using Barton’s method for monotonic transport to compute trans-
port derivatives, second-order central finite differences for all other
derivatives, and a second-order Runge-Kutta time integration
scheme.”” Barton’s method is a simple, yet robust, method of differen-
tiation for discontinuous fluid problems that result in shock conditions
without post-shock oscillations present in other methods.”’ Open
boundary conditions are implemented by choosing a large simulation
domain |x|, [y| < 1.2 cm and limiting spatial derivatives at the bound-
ary through the use of two ghost cells, which copy the fluid characteris-
tics of the nearest interior cell.

The plasma density is initialized on the domain by interpolat-
ing the density distribution shown in Fig. 2 for distance from the
center |r| < 5cm and filling all cells exterior to this radius with an
exponential fit to the distribution in Fig. 2 superimposed on a
small uniform background (10~* of peak density) to avoid simula-
tion instability at vanishing density. The initial electron tempera-
ture is set to 160 K to match the energy expected from the detuning
of the ionizing laser above resonance. The ion temperature
profile is set to the initial measured value, after disorder-induced
heating.
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Electron thermal energy redistributes rapidly across the plasma
because of the large electron mean free path (MFP) (4, >> «). To cap-
ture this behavior, the electrons are held in global thermal equilibrium
by replacing the electron temperature distribution with a uniform
value T, following each update to the fluid variables,

Te :%J‘nTc(xvy) dXd% (3)

where N = [ ndxdy. Solving the electron energy equation and redis-
tributing the thermal energy in this way allows for the capture of
expansion-induced cooling while conserving thermal energy and
avoiding unphysical temperature gradients.

The validity of this quasi-kinetic treatment of the electrons, where
the electrons are globally hydrodynamic but locally kinetic, has been
demonstrated for UNPs with a variety of initial density distributions
such as a spherically symmetric Gaussian density distribution
imprinted with planar ion holes and periodic perturbations that excite
ion acoustic waves.”” The simulations in two dimensions accurately
capture the key elements of the plasma expansion dynamics. The pres-
sure gradients that drive plasma acceleration are identical in each case
as is the resulting expansion-induced cooling for thermal energy den-
sity, e = P/(y — 1), where P is the plasma pressure, which is domi-
nated by the electrons. y = 2 is the two-dimensional adiabatic index
used in the simulations. Likewise, the plasma sound speed is identical
in each case due to its independence of the adiabatic index under
locally kinetic conditions where T, > T;.

One consequence of simulating in two dimensions is the plasma
is effectively treated as uniform in the z direction. Thus, the simula-
tions will neglect ion flux out of the central plane, causing the absolute
density to be higher in the simulations. The lack of self-similarity in
plasma expansion can result in differences in the evolution of the den-
sity distribution. However, the absolute density does not play a role in
driving the plasma expansion or the sound speed. The agreement
between experiment and simulation for the renormalized density pro-
file and absolute velocity distribution gives confidence that the electron
temperature predicted by the simulation is a reasonable estimate of the
actual electron temperature. We use this electron temperature to calcu-
late the ion acoustic wave speed for Fig. 4(b).

B. Mach number

In addition to jumps in velocity and density over a small length
scale, a shockwave displays a relative flow velocity that exceeds the
local sound speed so that information of the oncoming shock cannot
propagate before it. This is characterized with a Mach number M > 1.
We define M for our system as

M= @
Vs
where v, is the relative velocity between the plasma populations on
either side of the front, and v; is the sound speed in the plasma. For an
unmagnetized plasma, the sound speed is the ion acoustic wave speed
for kinetic electrons and hydrodynamic ions, which is given by

k
Viaw = ZB (Te + 7, T5), (5)

1
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where kp is the Boltzmann constant, m; is the ion mass, T, is the elec-
tron temperature, and T; is the ion temperature. y; is the adiabatic
index for the ions and is 5/3 because acoustic wave compression is
isentropic.

Knowledge of the electron temperature is essential to estimate the
ion acoustic wave speed. We are unable to directly measure the elec-
tron temperature; however, the initial electron temperature is set by
the ionization laser detuning above the threshold”**® (T,(0) = 160K
for the data discussed here). We can also reliably assume global ther-
mal equilibrium for the electrons because the MFP is on the order of
the size of the plasma, and the collision time is short compared to
the plasma expansion time. Initially, for 160K and a density of 15
x 10" m ™, the MFP for an electron moving with the thermal velocity
is 2.4 mm.

We compare three different estimates of the electron temperature
and ion acoustic wave speed for each time point during the plasma
expansion. An upper bound for both is given by T, = T,(0), which
neglects adiabatic cooling of the electrons during the plasma expan-
sion. This yields a lower limit on the Mach number. Alternatively, an
approximate value of T, () can be obtained from a simple estimate of
the volume V of the plasma at each time derived from the plasma
images assuming cylindrical symmetry and adiabatic cooling of the
electrons according to T, V?/* = constant.” Finally, from the 2D fluid
simulation, we extract the simulated T,(#), which we take as our most
reliable value. Figure 4(b) shows the velocity transects scaled by the ion
acoustic wave speed using T, (t) from the hydrodynamic simulation.
For calculating vj4w, the ion temperature is negligible.

Figure 6 shows the Mach number as a function of time for the
left side of the plasma (x < 0). The relative velocity is taken as the dif-
ference between the peak velocity and the mean velocity in the region
of relatively constant velocity near the edge of the plasma. Initially,
M < 1, but for expansion times greater than ~ 7 us, the Mach number
slightly exceeds unity (or comes very close to unity when using the
lower bound). 7.3 us is also the time where the velocity profile

Mach Number

1.5¢ 1
0.5+ -
L 2 2 -

T"‘J.
Iﬂlﬁ o

O 1 L L
0 5 10 15

Time (us)

FIG. 6. Mach number evolution for the plasma front for x < 0. Upper and lower
bounds are described in the text.
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develops a sharp kink at the peak [Fig. 4(b)], further suggesting the for-
mation of a shockwave.

C. Localized heating

The plasma also displays localized heating in the ion temperature
where the density and velocity gradients are highest, as shown by Figs.
4(c) and 5. Initially (e.g., for plasma evolution time ¢t = 0.3 i s), the
ion temperature is relatively smooth. Disorder-induced heating
(DIH)*** should yield a density-dependent temperature, with the
highest value in the plasma center of 1.2K for density of 14
x 10" m >, The observed temperature is higher (2.6 K in the center).
This may arise from kinetic effects and initial non-neutrality in the
region of very high density gradient in the plasma center.’’ The center
of the plasma adiabatically cools throughout the plasma expansion, as
expected.

As wave steepening develops in the plasma, increases in the ion
temperature form and grow at the density and velocity jump. This
behavior becomes prominent at 7.3 us in Fig. 4(c). Ion temperatures in
the front exceed 10 K where the density and velocity jumps are great-
est. Plotting the density, velocity, and temperature transects on the
same plot, as shown in Fig. 5 for 7.3 us, shows the overlap of the tem-
perature features with the front. The numerical simulation only dis-
plays a small temperature rise in the region of the front, most clearly
seen in Fig. 5(a). This suggests that the temperature spikes arise from
kinetic effects, which are not included in the simulation.

It is important to consider that an overestimation in the ion tem-
perature could arise from artificial spectral broadening introduced by
the finite resolution of the imaging system and analysis. This is a con-
cern because of the large velocity gradient at the location of the tem-
perature spike, and because we measure the spectra over a finite region
size (0.1 mm).

The magnitude of the largest velocity gradient in the data is 3.6 x
107! at 12 ps [Fig. 4(b)]. For a 0.1 mm region, this introduces a
velocity spread of Av = 36 m/s. A simple upper bound on the increase
in the temperature extracted from spectral analysis s
AT ~ mAv? /2kg = 7K, which does not account for the observed
temperature in excess of 20 K.

To better estimate the spectral broadening due to the velocity gra-
dient, we developed a simulation that divides each 0.1 mm region into
smaller subregions in which the velocity spread can be ignored. The
simulation creates spectra for each subregion and then adds them
together to create the simulated spectrum for the original 0.1 mm
region. Simulated spectra are then analyzed in the same way as the
experimental data and yield only about 2 K of increase in the measured
temperature due to the finite region size for the largest velocity
gradients.

IV. ION MEAN FREE PATH

As discussed earlier, the electron MFP is on the order of the
plasma size, and the collision time is short compared to the timescale
for plasma expansion. This allows us to assume global thermal equilib-
rium for the electrons. The situation for ions is more complex. The
MEP for an ion moving at the thermal velocity for 1K is 28 u m for a
typical density of 1 x 10'* m ™. This is small relative to the size of the
plasma, which is consistent with the lack of global thermal equilibrium
observed in the system [Fig. 4(c)]. In regions away from the expanding
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fronts, the ions quickly establish local thermal equilibrium because the
collision time and the timescale for DIH is ~ 1 ps."”

At the front, however, the large relative velocities of ions in the
low density and high density sides of about 100 m/s yield much longer
MEPs. For the typical density on the high density side of
1 x 10" m >, the MFP is 6 mm, which is very large compared to the
size of the shock front. Therefore, we expect a significant fraction of
the population of low density ions in front of the shock to penetrate
into the high density region overtaking it. A detailed description of this
process would require a calculation of the stopping power of the ions,
including possible effects from strong coupling,”’ which is beyond the
scope of this paper. We expect that the population of ions in the high
density region expanding outward is in local thermal equilibrium with
itself due to the high collisionality. Any streaming population is too
small to detect relative to the high density population. LIF spectra for
plasma in the transition region are fit well with a line shape that
assumes local thermal equilibrium.

V. CONCLUSION

We have presented evidence of wave steepening and signatures of
shock formation in UNPs formed with an initially sharply peaked den-
sity distribution. As the plasma expands, sharp transitions in density
and velocity form at expanding fronts that also display localized ion
heating where plasma from the inner, high-density region overtakes
outer, lower-density plasma. Using the electron temperature taken
from a fluid simulation, Mach numbers slightly greater than unity are
observed. This work establishes that conditions for shock formation,
or near to it, can be obtained in UNPs with sculpted density
distributions.

These data present a rich challenge for testing hydrodynamic and
kinetic theories and for searching for effects of strong coupling on vis-
cosity through damping of the shock features. Future work can explore
the variation of the observed features with plasma density and initial
electron temperature. Expanding the field of view for plasma imaging
would enable exploration of whether wave steepening continues or is
eventually balanced by dissipation.
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