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A B S T R A C T   

Shape Memory Alloys (SMAs) undergo stress-induced martensitic phase-transformation affording a “supere-
lastic” behavior with functional applications. Such behavior is undermined by the formation and accumulation of 
irreversible residual strains in each cycle. These residual strains arise from transformation-induced dislocation- 
emission and current understanding has postulated the microstructural role of emitted dislocations to accom-
modate lattice-mismatch while also observing a preference to occur during reverse-transformation. This study 
develops a thermodynamic framework to offer a causal explanation for dislocation-emission from Gibbs’ free 
energy considerations. Superelastic stress-strain curves for a reversible pathway without emitted-dislocations and 
for an irreversible pathway with emitted-dislocations are derived. The role of emitted-strain in relaxing the 
transformation-strain of the martensitic-inclusion and in accruing residual strain is proposed. It is shown that 
both pathways obey the first law of thermodynamics but it is the second law of thermodynamics that dictates the 
path preference. It is shown that the irreversible path achieves the critical condition for spontaneous reverse- 
transformation at a higher stress-level than the reversible path. Thus, the irreversible pathway initiates earlier 
during unloading and is thermodynamically selected during reverse-transformation. The driving-forces associ-
ated with the irreversible pathway are analyzed to establish the cause of emitted-dislocations and why it is 
thermodynamically preferred despite offering a higher lattice-friction barrier. Consequently, a new approach to 
target fatigue-resistant SMA properties is offered, focusing on the interplay of the individual driving-forces 
coming from the elastic strain-energy, work-interaction, and lattice-friction, as revealed by the thermody-
namic framework.   

Introduction 

Shape Memory Alloys are materials that exhibit the capacity to 
sustain large reversible strains under the influence of one or multiple 
physical stimuli such as temperature, mechanical load, or magnetic 
fields [1–4]. This capacity is attributed by a microstructural mechanism 
of diffusionless phase-transformation between a parent phase, named 
austenite, and a product phase, named martensite. Consequently, SMAs 
find utility as actuating functional materials in biomedical, aerospace, 
and automotive domains [5–9]. However, the reversibility of deforma-
tion in SMAs is not perfect and following each cycle of deformation there 
is a finite irreversibility that remains in the form of residual strain within 
the material. The accumulation of such residual strain over several 
actuating cycles leads to functional failure, where the remnant magni-
tude of reversible strain is significantly diminished compared to the first 
cycle. This phenomenon is termed functional fatigue and it critically 

dictates the useful life of SMAs in application. Therefore, from a tech-
nological standpoint, it is crucial to understand functional fatigue of 
SMAs. The current study focuses on the thermodynamic origin of such 
irreversible residual strains from cyclic phase-transformation. 

In addition to the technological importance, the problem of func-
tional fatigue offers scientific challenges that are necessary to under-
stand. It has therefore been a widely researched topic over decades 
[10–21]. Experimental studies have established that the accumulating 
irreversible strains are due to the formation and accumulation of 
transformation-induced dislocations in the austenite phase [22–28]. 
Such dislocation activity occurs at an applied stress-level of 
phase-transformation that is significantly lower than the plastic yield 
stress of each of the phases (austenite and martensite) [29–31]. Two 
dominant schools of thought have emerged. They are presented below 
along with a brief discussion of their merits and challenges: 
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i. Dislocations accommodating interface lattice-mismatch: During 
phase transformation, the transformation front or the “habit-plane” 
of the transformation sustains large misfit strains to accommodate 
the lattice-mismatch between the austenite and martensite phases on 
either side. Due to this localized effect it is postulated that disloca-
tions from the slip-system of the austenite phase form to relieve the 
high magnitude of interface strains [32]. In fact, it was shown that if 
SMA composition is engineered to improve interface compatibility 
between the phases, the magnitude of residual strain is reduced [33, 
34]. Continuum constitutive models have also been developed based 
on the phenomenology that localized plasticity develops around the 
transformation front [35,36].  

ii. Dislocation-emission during reverse-transformation: It is postulated 
that transformation-induced dislocations form only during the 
reverse transformation. Results from scanning and transmission 
electron microscopy mapped the traces of emitted dislocations at the 
receding transformation front [22,23,37,38]. These traces were 
organized in parallel loops showed a strong alignment with the in-
ternal twin boundaries in the martensitic phase. A 
dislocation-reaction resulting from the interaction of internal twin-
ning partials to form an emissary dislocation was proposed [37], 
more recently rationalized through molecular-statics simulations 
[39,40]. 

Consider the merits and challenges of both propositions (i) and (ii) 
above. Since the development of the field of topological modeling of 
crystalline interfaces [41], multiple habit planes of SMAs have been 
analyzed and studied experimentally through TEM as well. While the 
necessity of interface disconnections (interface dislocations with a 
stepped character) has been proposed at the habit-plane interface, no 
necessity of austenite dislocations has been shown or observed in 
high-resolution atomic-scale images. Furthermore, if it is the local 
interface stresses that activate dislocation activity, then residual strain 
accumulation is expected during the forward phase-transformation from 
austenite-to-martensite as well. This is in conflict with experimental 
observations where the dislocation-traces seem to be emitted selectively 
in the reverse-transformation [22,23,25,37,38]. Two experimental TEM 
images from refs. [25,37] are reproduced in Fig. A1, in the Appendix, 
showing the emanating dislocation-traces from the transformed 
martensite. However, to the merit of proposition (i), irrespective of 
whether or not dislocations are needed to constitute the transformation 
front, it makes sense that their presence can still act to relieve the 
strain-energy of the martensitic inclusion. 

Consider the nature of strain induced by transformation-induced 
dislocations, henceforth referred to as the emitted strain, required to 
relax the inclusion’s strain energy. The strain-energy of the martensitic 
inclusion is dictated by its eigen-strain that quantifies the lattice- 
mismatch strain between the austenite and martensite phases. In the 
absence of emitted-strain, refer to the martensite’s eigen-strain as the 
nascent transformation-strain. To relax the inclusion’s strain energy, the 
emitted strain must reduce the eigen-strain of the martensite inclusion. 
In other words, the emitted strain must strain the austenite matrix to 
reduce lattice-mismatch and better accommodate the martensitic in-
clusion. Consequently, the emitted strain must be of the same sense as 
that of the nascent transformation-strain of the martensite. In this 
manner, the eigen-strain of the martensitic inclusion is diminished, 
starting from its magnitude as the nascent transformation-strain to an 
“effective” eigen-strain undermined by the magnitude of the emitted 
strain in the austenitic matrix. For instance, consider an example of a 
superelastic mechanical response of an SMA under the influence of a 
tensile load along a certain crystal orientation. The favored martensitic 
variant during transformation would be one whose transformation- 
strain can maximize this tensile component (in other words, a Schmid- 
selected martensitic variant). From the arguments above, the emitted 
strain must also introduce a tensile strain aligned with the 
transformation-strain. Such emitted strain accumulates as residual strain 

upon unload, after the completion of one cycle of transformation. Thus, 
the residual strain caused by the transformation-induced dislocations is 
tensile in nature, or more generally, introduces the same nature of strain 
along the loading-direction as introduced by the martensite’s 
transformation-strain. Such behavior of the residual strain is well known 
phenomenologically, where the residual strain is aligned with the di-
rection of the applied load, or more generally, of the same sense as the 
functional transformation strain (see in refs. [42–44] for example). 
Conversely, given the phenomenological evidence of the nature of re-
sidual strain in superelasticity, it is plausible that the microstructural 
role of the emitted strain is indeed to relax the strain-energy of the 
transformation. 

With regards to proposition (ii), the open question remaining is why 
the reverse-transformation pathway (from martensite to austenite) is 
energetically preferred for dislocation-emission. This study focuses on 
providing a thermodynamic explanation of why transformation-induced 
dislocations form. The developed framework reconciles both proposi-
tions above, showing that it is thermodynamically favorable for the 
strain-energy of the transformed-phase to relax, following proposition 
(i) above, and for the transformation-induced-dislocations to occur 
selectively in the reverse-transformation path, following proposition 
(ii). Consequently, there is a net accumulated residual strain along the 
direction of applied load, after one cycle of superelastic transformation. 
The developed framework addresses the general “driving force” of the 
transformation involving the thermodynamic stability of the phases, the 
continuum interaction energies with external load, and frictional bar-
riers to be overcome from the motion of the transformation front to the 
emission of dislocations. Both the first and second laws of thermody-
namics are invoked. By calculating the Gibbs free-energy of a perfectly 
reversible transformation cycle and that of an irreversible trans-
formation cycle with emitted-strain, it is shown that the irreversible 
pathway is thermodynamically preferred, providing for the first time a 
causal explanation for why transformation-induced dislocations occur 
spontaneously in SMAs. 

Methodology and results 

Basic definitions 

The micromechanical model of the transformation is presented in 
this subsection. The material parameters of the model are defined along 
with the analytical definitions essential to the thermodynamic frame-
work developed in succeeding subsections. The scenario considered in 
this study is the phenomenon of “superelasticity” where the martensite 
nucleates within the austenitic phase under an external applied load. 
The austenite matrix is taken to be a single crystal with the direction of 
applied load, v̂, parallel to the [011] crystallographic direction. There-
fore, the applied load is given by: 

σ0 = σ0(ν̂ ⊗ ν̂); σ0
ij = σ0νiνj (1)  

where σ0 is the magnitude of the applied load. The component of the 
strain-tensor parallel to the applied load is given by ε0. The matrix is 
further idealized as a homogeneous isotropic medium with Young’s 
modulus E and Poisson’s ratio ν. The martensite is treated as a penny- 
shaped Eshelby inclusion nucleating within the austenitic matrix [45]. 
The aspect ratio of the inclusion is given by the ratio of diameters across 
the major and minor axes i.e. a3/a (refer Fig. 1). The a1 − a2 plane of the 
penny-inclusion (with a1 = a2 = a) is parallel to the habit plane of the 
nucleating martensitic variant. The transformation strain of the inclu-
sion is given by: 

εtr = ( s→⊗ m̂); εtr
ij = simj (2)  

where m̂ is the normal to the habit plane and s→ is the transformation 
shear. For a given SMA system, the phenomenological theory of 
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martensite [46–49] can be used to solve for the normal and 
transformation-shears of all martensitic variants that can nucleate 
within the austenite phase. In this study, it is assumed that the nucle-
ating martensitic variant belongs to a family of 24 Habit-Plane-Variants 
commonly nucleating in NiTi under applied load [50]. In this family, the 
habit plane normal is given by m̂ ∈ {0.8889, 0.4044, 0.2152} and the 
direction of transformation shear by s→∈ 〈0.4114, 0.4981, 0.7633〉. 
Under the influence of the applied load, the martensite variant exhib-

iting the maximum Schmid factor SFm =

⎛

⎝σ0 : εtr

⎞

⎠/σ0 is selected 

(where “:” represents the tensorial dot-product). For ν̂‖ [011], the 
selected martensite variant has m̂ normal to habit plane 
(0.8889, 0.4044, 0.2152) and s→ = [0.4114, 0.4981, 0.7633]. The 
component of the transformation strain along the direction of the 
applied load is given by: 

εtr =

⃒⃒
⃒⃒
⃒⃒εtr : (ν̂ ⊗ ν̂)

⃒⃒
⃒⃒
⃒⃒ = (siνi)

(
mjνj

)
(3) 

Next, we setup the thermodynamic framework for superelastic 
phase-transformation, similar to what was employed in refs. [50–52]. 
Only key elements of the model are described here, and the reader is 
referred to the aforementioned references for a more detailed exposi-
tion. The nucleation and growth of the Schmid-selected martensitic 
variant, having volume fraction f and transformation strain εtr (Eq. (2)), 
is considered under applied load at a constant temperature T. Note that 
the volume fraction f can vary continuously between the limits 0 and 1, 
with f = 0 representing a state with no martensite and f = 1 repre-
senting a state with all martensite and no austenite phase. And now 
consider the thermodynamics of a unit volume of the matrix. The 
energy-balance for the system is given by the first law of 
thermodynamics: 

EEL(σ0, f) + ETHERM(f) − W = 0 (4)  

where EEL(f) is the internal elastic energy of the system, ETHERM(f) is the 
difference in chemical bonding energy between the martensite and 
austenite phases, and W is the applied work input. In other words, the 
applied work is stored in the form of internal elastic energy and chemical 
energy of the transformed phase. In this study, we focus on the 
superelastic phase transformation and do not consider any heat transfer 
in and out of the system. Therefore heat-energy is not involved in Eq. (4). 

The chemical energy difference between the martensite and austenite 
phase at the temperature T is given by: 

ETHERM(f) = B(T−T0)f (5) 

The chemical energy arises from a difference in bonding energy be-
tween the martensite and austenite phases. The quantity B is propor-
tional to the Clausius–Clapeyron slope of the SMA and T0 is the 
equilibrium temperature of the austenite and martensite phases, both of 
which are intrinsic material parameters for the SMA. The elastic energy 
is given by: 

EEL

(
σ0

ij , f
)
= 1

2
σ0

ijεEL
ij − 1

2
fεtr

ij
(
Cijkl

(
Sklmnεtr

mn − εtr
kl
))

(6)  

where S is the Eshelby-tensor for the nucleated martensitic inclusion 
[45], and εEL

ij is the elastic strain sustained by the austenitic matrix under 
the presence of external stress σ0

ij. They are, therefore, related through 
the constitutive relation given by: 

εEL
ij =

(
C−1)

ijklσ
0
kl (7)  

where C is the elastic-constant tensor. The work input is a path- 
dependent term given by the integral: 

W =
∫

σ0
ijdε0

ij (8)  

where ε0
ij is the total strain. During the loading stage, the work term 

simplifies to: 

W = 1
2

σ0
ijεEL

ij + σ0
ijεtr

ij f (9) 

However, Eq. (9) does not hold after unloading, and the integral of 
the loading history, as given in Eq. (8), must be used to evaluate the 
work input. To predict the system state at which phase-transformations 
initiate or progress, the second law of thermodynamics is to be invoked. 
At any given state of the system, all the contributors to the Gibbs’ free 
energy of the system are listed. The elastic self-interaction energy of the 
system is given by: 

ESELF−EL

(
σ0

ij, f
)
= −1

2
fεtr

ij
(
Cijkl

(
Sklmnεtr

mn − εtr
kl
))

(10) 

The work-interaction energy between the external load and the 
martensitic inclusion is given by: 

Winter

(
σ0

ij, f
)
= σ0

ijεtr
ij f (11) 

Comparing Eqs. (10) and (11) with Eqs. (6) and (9) respectively, note 
that the interaction energy terms contributing to the Gibbs’ free energy 
are a part of the total energy exchanges in the system. Both the work- 
interaction energy and elastic self-interaction energy can be simplified 
in terms of the scalar components of the applied load σ0, transformation 
strain εtr as follows: 

Winter(σ0, f) = σ0εtrSFmf (12)  

ESELF−EL(σ0, f) =
1
2

fε2
trCES  

where SFm is the Schmid factor for the transforming inclusion computed 
previously, E is the Young’s modulus of the matrix and CES is a positive 
constant term dependent on the aspect ratio a3/a of the inclusion 
through the Eshelby tensor. The Gibbs’ free energy for the system is 
determined, given by: 

G(σ0, f) = ETHERM(f) + ESELF−EL(f) − Winter(σ0, f) (13) 

All model parameters of this study are listed in Table 1 at the end of 
the section. 

Fig. 1. Schematic of a ellipsoidal martensitic inclusion nucleating inside an 
austenitic matrix indicating (a) the direction of loading is ν̂‖ [011], and 
magnitude of applied load σ0, normal to the habit plane of the transformation 
m̂, the axes of the penny-shape ellipsoidal inclusion with a1 = a2 = a and a3 < a 
(b) transformation strain of the inclusion εtr (b) effective transformation strain 
of the inclusion (εtr −εs) diminished by the strain induced by presence of 
transformation-induced dislocations εs.
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Reversible pathway of phase-transformation without emitted dislocations 

First the simpler case of a perfectly reversible phase-transformation 
without transformation-induced dislocations is examined. This section 
outlines the derivation of the stress–strain curve OABCDO plotted in 
Fig. 2. Starting from the austenite phase at O (f = 0), increasing 
magnitude of external load is applied to the material. The energy bal-
ance of Eq. (4) is continually satisfied. The mechanical response remains 
linear-elastic, until a critical point is reached where the following crit-
ical condition is achieved at A: 

F(f = 0) = −∂G
∂f

⃒⃒
⃒⃒
f=0

= Fc (14)  

where F is the applied driving force obtained from the gradient of 
reduction of the Gibb’s free energy and Fc is the critical driving force for 
the transformation to be overcome. Define the individual contributors to 
the driving force as follows: 

FW = ∂Winter

∂f

FSELF = ∂ESELF−EL

∂f

FTHERM = ∂ETHERM

∂f

(15) 

Then, from Eqs. (14) and (13), the applied driving force during the 

forward transformation, F(f) is given by: 

F = FW − FTHERM − FSELF (16) 

The physical interpretation is as follows. The net driving force for the 
forward transformation comes from the applied work, countering the 
driving forces arising from an increase of chemical energy and self- 
elastic energy. The critical driving force to be overcome, Fc, corre-
sponds to barriers associated with the lattice friction of the trans-
formation front and is hence an intrinsic material parameter. At this 
point, the reduction of Gibbs’ free energy for unit increase in the 
volume-fraction of martensite crosses the lattice friction for the trans-
formation. From the second law of thermodynamics, this criticality 
condition indicates that the state-variable f will spontaneously increase 
signaling the nucleation of the martensitic phase within the austenitic 
phase. Therefore, martensitic transformation initiates at A and the cor-
responding level of stress is the critical transformation stress σ0 = σF, 
obtained by solving Eq. (14). An analytical expression can be derived for 
the forward transformation stress, given by: 

σF = B(T − To) + 0.5ε2
trCES + Fc

εtrSFm
(17) 

The strain at this point is given by εA = σF
E . The physical interpreta-

tion is as follows. The required stress for transformation is one that can 
provide enough work-interaction energy to overcome barriers provided 
from the lattice friction, the chemical energy barrier, and the self-energy 
of the inclusion in order to form martensite. Consider the energy-balance 
(first law of thermodynamics) on the pathway AB. In this case, Eq. (4) is 
re-defined as: 

ETOT = ETHERM(f) + EEL(σ0, f) + EF − W = 0 (18)  

where EF is the energy dissipated through lattice friction, given by: 

EF =
∫f

0

Fcdf (19) 

Note that this dissipated energy is not a state-dependent variable but 
a path-dependent. In other words, the frictional energy dissipated de-
pends on the transformation history until the current state. Next step is 
to determine how the volume fraction of the evolving martensite is 
determined during the forward transformation. Along AB, since the 
second-law (Eq. (14)) is satisfied at each point, a consistency condition 
can be derived given by: 

Table 1 
Model parameters used for the thermodynamic framework in this study.  

Young’s Modulus, E 10 GPa 

Poisson’s ratio, ν 0.3 
Chemical energy constant, B 0.1 MPa/K 
Equilibrium temperature, T0 273 K 
Critical driving force of transformation, Fc 2 MPa 
Room temperature, T 298 K 
Maximum applied strain, εmax 5 % 
Direction of applied load, ν̂ [011]
Transformation shear, s→ [0.4114, 0.4981,

0.7633]
Habit plane with normal m̂ (0.8889, 0.4044,

0.2152)
Transformation strain, εtr (determined from s→, m̂, ν̂ in  

Eq. (3)) 
5.11 % 

Emission-rate hardening constant, k 104 

Emission-rate hardening exponent, n 1.0  

Fig. 2. Superelastic mechanical response in the absence of transformation-induced dislocations, schematically illustrating growth of the martensitic inclusion during 
forward (F) transformation, from point A to B, and subsequent shrinkage of the inclusion during reverse (R) transformation from C to D; the stress is normalized by 
the forward transformation stress σF (Eq. (17)), the strain is normalized by the maximum applied strain εmax and the transformation strain of the inclusion is given 
by εtr .
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ΔF = ∂F
∂σ0

Δσ0 +
∂F
∂T

ΔT + ∂F
∂f

Δf = ΔFc (20) 

It is presumed that there is no hardening associated with the critical 
driving-force of the transformation, therefore ΔFc = 0 on AB (Fig. 2). 
Also, no temperature change is assumed during the transformation for 
simplicity, i.e. ΔT = 0. The strain from A to B increments as: 

Δε0 = Δσ0

E
+ εtrΔf (21) 

For a given strain-increment Δε0, the volume fraction increment Δf 
and stress-increment Δσ can be solved for, from Eqs. (20) and (21). 
Without hardening, it turns out that Δσ0 = 0 And therefore the strain at 
any point from A to B is given by: 

ε0 = εtrf +
σF

E
(22)  

where f is the increasing volume fraction of martensite. And when the 
maximum strain reaches ε0 = εmax at B, the SMA is unloaded. The 
maximum transformed volume fraction at B is thus given by (22) as fmax 

= 1
εtr

(
εmax − σB

E

)
. Upon unload, the material unloads elastically until the 

critical point for reverse transformation is reached (point C in Fig. 1), 
characterized by: 

−F(f = fmax) =
∂G
∂f

⃒⃒
⃒⃒
f=fmax

= Fc (23) 

In other words, the reduction in the Gibbs’ free energy for a unit 
reduction in the volume fraction of martensite must equal the critical 
driving force to reverse the transformation. In terms of the driving 
forces, Eq. (23) can be re-written as: 

FTHERM + FSELF − FW = Fc (24) 

Physically interpreted, the driving force from the chemical energy 
and self-elastic energy of the inclusion overcomes the driving force from 
the work-interaction energy and the lattice-friction to initiate reverse 
transformation. The critical driving force corresponds to the same 
lattice-friction for motion of the transformation front as was encoun-
tered during the forward-transformation path, thus the same Fc is 
employed. And here again, note that the energy-balance corresponding 
to the first law of thermodynamics is given by Eq. (18). The only change 
being that, during the reverse transformation, the dissipated frictional 
energy is given by, 

EF =
∫fmax

0

Fcdf +
∫fmax

f

Fcdf (25)  

which includes the dissipation during the forward transformation, from 
f = 0 to f = fmax, and during the reverse-transformation, from f = fmax to 
any point during the reversal with a volume fraction f ≥ 0. Denote Emax

F 
as the total frictional energy dissipated at completion of the superelastic 
stress–strain cycle. The trajectories of each energy term and driving- 
force term respectively involved in the energy-balance Eq. (18) and 
driving-force equilibrium Eq. (24), are plotted in Fig. 3 for the reverse- 
transformation from B to O. 

The critical reverse-transformation stress at C can be solved for from 
Eq. (23). Similar to the forward transformation, an analytical expression 
can be obtained for this reverse-transformation stress, given by: 

σR =
(
B(T − To) + 0.5ε2

trCES − Fc
)

εtrSFm
(26) 

The physical interpretation is as follows. The required stress for 
reverse-transformation is one at which the chemical energy and self- 
elastic energy of the inclusion is sufficient to overcome the work- 
interaction energy of the inclusion and critical driving force, causing 
the inclusion to recede in size or volume fraction. The consistency 
condition during the reverse-transformation also comes out to be Δσ0 =
0 as in the forward case, and path CD is parallel to AB. At point D, f = 0 
is achieved, implying the material has fully transformed back to 
austenite, and the SMA unloads elastically back to O. Thus the path 
OABCDO defines a perfectly reversible transformation pathway without 
dislocation-emission. With this foundation, the obvious question is to 
ask if transformation-induced dislocations have a thermodynamic basis. 
If the SMA has a symmetric forward and reverse path without involve-
ment of transformation-induced dislocations why does it not prefer such 
a path? 

Irreversible pathway of phase-transformation with emitted dislocations 

Next, an analytical thermodynamic framework for transformation- 
induced dislocations is proposed. This section outlines the derivation 
of the stress–strain curve OABCSDSOS plotted in Fig. 4. For this deriva-
tion, only one phenomenological supposition is made, noted as follows: 

Phenomenological supposition: There are no transformation- 
induced dislocations during the forward transformation. This assump-
tion follows the school of thought (ii) discussed in section 1. 

Fig. 3. Trajectories of individual (a) energy-terms and (b) driving-force terms during the reverse-transformation of the martensitic inclusion; the energies are 
normalized by the total frictional energy Emax

F dissipated during the full superelastic stress-strain cycle and the driving-forces are normalized against the critical 
driving force for reverse-transformation Fc.
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The above supposition will be revisited and a causal explanation will 
be provided from a thermodynamics standpoint, through a Gibbs’ free 
energy formulation. With no emitted-dislocations during the forward 
transformation, the forward path OAB is identical to that in section 2.1. 
The unloading regime is considered with special focus on the reverse 
phase transformation. With dislocations emitted as parallel dislocation 
loops, consider the form of residual strain that they introduce into the 
austenitic matrix. This process must be considered incrementally. Dur-
ing the reverse-transformation, if the volume-fraction of martensite re-
duces infinitesimally by − df , an increase in the emitted residual strain 
dεs is introduced. This residual strain arises from both the formation of 
loops around the inclusion and any plastic strain accrued by the infini-
tesimal motion of each of these dislocations around the inclusion. Such 
an increment in emitted residual strain dεS per unit volume of the 
austenite phase can be analytically expressed in the following form: 

dεs =
(

dN
d

+ dεP
)(

b
→

A ⊗ n̂T

)
(27)  

where dN is the number of dislocations emitted at each loop, d is the 

spacing between the loops, b
→

A is the Burgers vector of the emitted 
dislocations and n̂T is the normal to the slip-plane of the dislocations, 
and dεP is the incremental plastic strain from the slip of these loops. 
Following the mechanistic proposition in school of thought (ii), the dN 
dislocations are emitted from one of the internal twin interfaces within 
the martensite, d aligns with the spacing between consecutive twin in-
terfaces and n̂T is the normal to the internal twin boundary (refer Fig. 4 
(b)). The strain from the emitted dislocation loops, dεS, accumulates 
incrementally as a residual strain within the matrix during the reverse 
transformation. The analytical expression (27) is forwarded solely from 
a physical standpoint to ground the causes of residual strain arising from 
the emitted dislocation loops. Going forward, a simpler form will be 
adopted for the thermodynamic formulation. 

With the addition of residual strain into the matrix, the net trans-
formation strain of the martensitic inclusion is effectively reduced, given 
by: 

ε∗ij = εtr
ij − εS

ij (28) 

Note that this is consistent with the school of thought (i) discussed in 
section 2. In other words, the emission of the dislocation loops around 
the inclusion effectively relaxes the lattice mismatch between the matrix 

and the inclusion, manifesting as a reduction in the effective trans-
formation strain. The increment in residual strain per unit volume of 
austenite is then given by the slip-emission rate: 

εD
ij =

dεS
ij

df
(29)  

where f is the volume-fraction of martensite. Note that the strain arises 
from these dislocation loops forming around the inclusion, and poten-
tially from their plastic-slip around the martensite (Eq. (27)). This un-
derstanding is necessary to quantify the driving force associated with the 
formation of this residual strain and how it interacts with the trans-
formation strain of the martensite in dictating the thermodynamics. For 
simplicity, it is assumed that εS, as a tensor, is parallel to the trans-
formation strain εtr. This is given by: 

εS = εS ( s→⊗ m̂)/εtr (30)  

where εS is the accumulating residual strain in the direction of applied 
load (i.e. εS = εS⋅(ν̂ ⊗ ν̂) consistent with its definition in Eq. (30)). The 
effective transformation strain along the direction of applied load is 
given by ε∗ = (εtr − εs). Correspondingly, the scalar emission-rate, εD, 
for the residual strain, εs, given by: 

εD = dεS

df
(31) 

Since the dislocation-emission occurs upon reverse transformation i. 
e. with reducing volume fraction f , the emission-rate εD is always of 
opposite sense to the emitted strain εS. In other words, for positive 
accumulating emitted strain εS during reverse-transformation, the 
emission-rate is negative i.e. εD ≤ 0. 

Next, the elastic-energy terms and work terms, ES
EL, ES

SELF−EL,

WS, WS
inter must be re-defined. The elastic energy terms have the same 

form as defined previously in section 2, with the only difference being 
that the effective transformation strain is given by ε∗ij and not εtr

ij . In other 
words, the elastic energy terms are now relaxed by the transformation- 
induced emitted strain, defined by: 

ES
EL

(
σ0

ij , f , εS
ij

)
= 1

2
σ0

ijεEL
ij − 1

2
fε∗ij

(
Cijkl

(
Sklmnε∗mn − ε∗kl

))
(32)  

Fig. 4. Superelastic mechanical response with transformation-induced dislocations with schematic illustration of growth of the martensitic inclusion during forward 
(F) transformation, from point A to B, and subsequent shrinkage of the inclusion during reverse (R) transformation from Cs to Ds with emitted dislocations (a) the 
point of reverse transformation, CS, occurs at a higher stress than with the reversible pathway (at C), thereby thermodynamically preferring transformation-induced 
dislocations ending with irreversible residual strain εP at Os; the stress is normalized by the forward transformation stress σF (Eq. (17)), the strain is normalized by the 
maximum applied strain εmax (b) Schematic illustration of the incrementally emitted dN dislocation loops, from internal twin interfaces with normal n̂T and spacing d, 
effectively relaxing the transformation strain of the inclusion to (εtr − εs).
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ES
SELF−EL

(
σ0

ij, f , εS
ij

)
= −1

2
fε∗ij

(
Cijkl

(
Sklmnε∗mn − ε∗kl

))
(33) 

The total work input, WS, is still defined as the history-dependent 
integral in Eq. (8), with the only change that the stress-strain history 
corresponds to the irreversible path with dislocation emission (denoted 
by subscript S): 

WS =
∫

S

σ0
ijdε0

ij (34) 

The work-interaction energy is re-defined based on the modified 
contribution from the effective transformation strain ε∗ij and an addi-
tional contribution from the emitted strain εS

ij. This is given by: 

WS
inter = σ0

ijε∗ijf + σ0
ijεS

ij (35) 

The above energy terms can be simplified in terms of scalars σ0, f , ε∗
as follows: 

ES
EL = σ2

0
2E

+ 1
2

fε2
∗CES (36)  

ES
SELF−EL = 1

2
fε2

∗CES  

WS
inter = σ0ε∗fSFm + σ0εsSFm 

Furthermore, the driving force with dislocation-emission increases 
to: 

FS
c (εD) = Fc + FS(εD) (37)  

where FS(εD) is the additional driving-force barrier to be overcome for a 
given emission-rate εD. The additional barrier FS corresponds to the 
atomistic misfit energy in the core of the emitted dislocations, required 
to be able to form around the inclusion, and dissipated lattice-frictional 
energy for motion of these dislocations. For simplicity, it is only assumed 
that the driving force depends only on the emission-rate εD. And moti-
vated from the power-law hardening approach used in continuum 
plasticity models, the following functional form is chosen for FS(εD): 

FS(εD) = Fc.kε2n
D (38)  

where k ≥ 0 and n ≥ 0 are material parameters. Only the misfit energy is 
added to the driving force and not the additional strain-energy arising 
from the dislocation strain fields. This is because the strain-energy of the 
dislocations are accounted for in the expressions for ES

EL and ES
SELF−EL in 

Eqs. (32) and (33) respectively, by considering the change in effective 
transformation strain. The physical interpretations corresponding to the 
modified definitions of energy terms is as follows:  

a. The elastic energies ES
EL and ES

SELF−EL reduce due to the relaxation of 
the transformation strain. 

b. The work-interaction term WS
inter reduces due to the relaxing trans-

formation strain while being supplemented by an additional contri-
bution from the added emitted-strain in the system.  

c. The driving force FS
c is increased by the magnitude of core-misfit 

energy required to form the dislocation loops around the inclusion. 

Therefore, the first-law of thermodynamics for reverse- 
transformation with dislocation-emission is given by: 

ES
TOT = Es

EL + ETHERM + ES
F − WS = 0 (39)  

where ES
F is the energy dissipated during reverse-transformation with 

dislocation-emission (analogous to EF in Eq. (18) during forward 
transformation). It is given by, 

ES
F =

∫fmax

0

Fcdf +
∫fmax

f

FS
c (εD)df (40)  

indicating the cumulative contribution of the dissipated energy during 
the forward transformation (without dislocation-emission) and of the 
dissipated energy during reverse transformation (with slip-emission). 
With emitted dislocations, the dissipated frictional energy includes 
contributions from the lattice friction for the motion of the trans-
formation front, the core-misfit energy of the emitted dislocations that 
are formed and lattice-friction associated with the plastic slip of these 
dislocations. The Gibbs’ free energy becomes: 

GS(σ0, f , εS) = ES
THERM(f) + ES

SELF−EL(f , εS) − WS
inter(σ0, f , εS) (41) 

From the second law of thermodynamics, the critical condition for 
reverse-transformation with transformation-induced dislocations is 
given by: 

−FS(f = fmax) =
∂GS

∂f

⃒⃒
⃒⃒
fmax

= Fc
(
1+ kε2n

D
)

(42) 

The driving forces involved are defined as follows: 

FS
W = ∂WS

inter
∂f

FS
SELF = ∂ES

SELF−EL
∂f

FS
THERM = ∂ETHERM

∂f

(43) 

In terms of the driving forces, Eq. (42) can be re-written as: 

FTHERM + FS
SELF − FS

W = FS
c (44) 

The critical condition, given by Eq. (42), is checked at each decre-
mental load σ0 starting from the point of unloading at B. At each 
decremented load σ0, the emission-rate εD is solved for from condition 
(42). Only when a negative solution for the emission-rate εD ≤ 0 is 
found, reverse-transformation with dislocations is initiated. If a solution 
does not exist or an unphysical positive solution i.e. εD > 0 is found, 
reverse-transformation is not initiated and elastic unloading is 
continued. At point CS, the critical condition (42) is satisfied for a 
physical emission-rate εD ≤ 0. An analytical expression for the reverse- 
transformation stress at CS can be obtained, given by: 

σS
R =

(
B(T − To) +

(
0.5ε2

trCES − fmaxεtrCESεD
)
− FS

c (εD)
)

(εtr + (1 − fmax)εD)SFm
(45)  

where εD ≤ 0 is the emission-rate at CS. Compare respective terms in Eq. 
(45) with those in Eq. (26) from the reversible transformation scenario. 
Note the change in each term and a comparison of their relative mag-
nitudes are provided in Eqs. (46), (47) and (48). The terms from Eq. (26) 
will be listed in the Left-Hand-Side (LHS) and the corresponding terms 
from Eqs. (45) on the Right-Hand-Side (RHS). 

0.5ε2
trCES ≤

(
0.5ε2

trCES − fmaxεtrCESεD
)

(46)  

Fc ≤ FS
c (εD) = Fc.

(
1+ kε2n

D
)

(47)  

εtrSFm ≥ (εtr +(1− fmax)εD)SFm (48) 

Consider the physical interpretation of the change in each term. Eq. 
(46) represents an effective increase in the driving force coming from the 
self-elastic energy. The emitted dislocations serve to relax the self-elastic 
strain energy of the inclusion. Therefore, the corresponding driving 
force favors the reverse transformation in order to favor such a reduction 
in self-elastic energy, supplementing the driving force with the sum-
mand − fmaxεtrCESεD ≥ 0. Eq. (47) represents an increase in the driving 
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force to initiate reverse-transformation with emission of dislocations. 
There is an additional cost for the reverse-transformation to initiate 
coming from the misfit-energy of the dislocation cores, given by FS

c =
Fckε2n

D ≥ 0. Finally, Eq. (48) physically implies that the effective trans-
formation strain of the inclusion is dropping due to the presence of 
emitted dislocation loops. This causes a reduction in the work- 
interaction energy of the inclusion, and a reduction from its corre-
sponding driving force. Taken together, the physical interpretation for 
the critical-stress of reverse-transformation at CS, given by Eq. (45) is as 
follows. The required stress for reverse-transformation with 
transformation-induced dislocations is one at which the driving-forces 
from the chemical energy and the relaxing self-elastic energy of the in-
clusion is sufficient to overcome the reduced work-interaction energy of 
the inclusion and the increased critical driving force, causing the inclu-
sion to recede in size or volume fraction. 

Then reverse-transformation initiates along with dislocation- 
emission, accumulating the strain εS incrementally as the volume frac-
tion of martensite f reduces. And throughout this process, the first law of 
thermodynamics holds as given by Eq. (39). The consistency condition 
during the reverse transformation is as follows: 

∂Fs

∂σ0
Δσ0 +

∂Fs

∂T
ΔT + ∂Fs

∂f
Δf = ΔFS

c (49) 

In addition, the consistency condition for the stress and strain dec-
rements must be satisfied, given by: 

Δε0 = Δσ0

E
+ εtrΔf + εDΔf (50) 

During unloading the stress is decremented, and for a given decre-
ment Δσ0, the change in volume-fraction Δf , and change in nominal 
strain Δε0 can be solved for from Eqs. (49) and (50). At point DS, f = 0 is 
achieved implying the material has fully transformed back to austenite, 
and the SMA unloads elastically back to OS. Thus, the path OABCSDSOS 

defines the irreversible transformation pathway with dislocation- 
emission (Fig. 4(a)). The trajectories of each energy term and driving- 
force term respectively involved in the energy-balance Eq. (39) and 
driving-force equilibrium Eq. (44), are plotted in Fig. 5 for the reverse- 
transformation from B to OS. 

In summary, note that both the reversible pathway (OABCDO path in 
dashed blue lines) and irreversible pathway (OABCSDSOS path in solid 
red lines), in Fig. 4(a) satisfy their respective conditions of energy bal-
ance, satisfying the first law of thermodynamics. But the question to ask 
is which of the two is preferred in reality. This is dictated by the second- 
law of thermodynamics. If the condition for criticality or the spontaneity 
condition for irreversible-transformation at CS is achieved before the 
reversible condition C, the irreversible pathway is thermodynamically 

preferred and is observed in reality. In this study, the analytical 
framework does indeed find the critical point CS (irreversible pathway 
with dislocation emission) to occur at a stress-level above C (reversible 
pathway with no emission), as shown in Fig. 4(a). It is therefore asserted 
that the irreversible pathway is indeed the thermodynamically preferred 
one and therefore the reason why dislocation-emission is observed in 
reality. The results are discussed further in section 3. 

Discussion 

The purpose of this study was to provide a rationale for 
transformation-induced dislocations from a thermodynamic standpoint. 
Two pathways of phase-transformation under external applied load 
were considered: (1) Reversible pathway OABCDO without emitted 
dislocations and (2) Irreversible pathway OABCSDSOS with 
transformation-induced dislocations resulting in residual strain. A 
methodology to derive the stress–strain history of both pathways was 
established in section 2. It was argued and shown that both pathways 
individually satisfy the first law of thermodynamics throughout (refer 
Figs. 3(a) and 5(a)). But the deciding factor that preferentially selects 
one pathway over the other is the condition of criticality derived from 
the second law of thermodynamics. Therefore, if the condition for 
transformation-induced dislocations, at CS is achieved before the con-
dition for reversible transformation, at C, the irreversible pathway is 
preferred. It is asserted that such a scenario occurs in reality, due to 
which it is plausible for reverse phase-transformation to be accompanied 
with dislocation-emission in SMAs. 

Note that the critical driving-force barrier for transformation-with- 
dislocations, FS

c , is higher than the corresponding critical barrier 
without dislocations, Fc, due to the additional cost associated with the 
dislocation-core energies of the emitted dislocations and lattice-friction 
associated with their slip. Given this higher barrier, why is the critical 
condition for transformation (point CS) achieved earlier than that of 
reversible transformation? In other words, why is the stress-level cor-
responding to CS higher than that of C? To understand this, the energy 
exchanges and driving forces in both pathways must be considered in 
further detail. Fig. 6 illustrates the change in energy terms and driving- 
force terms close to the point of initiation of the reverse-transformation. 
Only contributions from applied work, elastic energy and critical 
driving-force are considered. The contribution from the chemical energy 
difference ETHERM is not considered since its contribution to the energy 
balance and driving-force (through FTHERM) is the same for both the 
reversible and irreversible pathways. For the other contributors, the 
following behaviors are noted: 

Fig. 5. Trajectories of individual (a) energy-terms and (b) driving-force terms during the reverse-transformation of the martensitic inclusion with dislocation- 
emission; the emission-rate εD is also plotted, showing a constant non-zero emission during the reverse-transformation regime CS to DS.
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a. Applied work: From Fig. 6(a), note that the applied work in the 
irreversible pathway WS is lower in comparison to W. This initial 
drop in WS is caused by the earlier initiation of the reverse- 
transformation at CS, effectively reducing the area integral (Eq. 
(34)) in comparison to the W incurred in the reversible pathway. The 
corresponding driving force FS

W also exhibits a drop at CS due to the 
relaxing transformation strain of the inclusion (indicated by the 
arrow in Fig. 6(b)). However, the magnitude of the irreversible 
driving-force FS

W is still higher than FW due to the higher reverses- 
transformation stress at CS, compared to that at C.  

b. Elastic energy: The elastic energy of the inclusion reduces in the 
irreversible pathway, i.e. ES

EL < EEL (Fig. 6(c)), due to the relaxation 
of transformation-strain caused by the emitted dislocation loops and 
consequent relaxation of the strain-energy. The propensity to reduce 
the strain-energy through such a mechanism contributes an increase 
to the driving-force for reverse-transformation. Such an increase can 
be seen in the jump in FS

SELF at CS (indicated by the arrow in Fig. 6(d)) 
exceeding the driving-force FSELF enforced by the reversible pathway.  

c. Dissipated frictional energy: The emission of dislocations contributes 
an energy cost to ES

F in the form of core-energy of the emitted dis-
locations and frictional dissipation from their slip around the inclu-
sion. The corresponding driving-force FS

c is, therefore, also higher 
than Fc to accommodate this additional energy cost (Fig. 6(e) and 
(f)). 

Now consider the coupled effect of the above driving forces in Eq. 
(44). There are three changes in the driving-force terms FS

W, FS
SELF, and FS

c 
that occur with dislocation-emission (indicated by arrows in Fig. 6(b), 

(d) and (f)), that need to be considered simultaneously. As the material 
unloads, there is a certain point at which there is a potential gain in 
driving-force caused by the relaxing elastic-energy, given by FS

SELF. This 
is accompanied by a potential drop in the driving-force from the applied 
work, FS

W. Both changes favor the reverse-transformation to initiate. If 
both these favoring contributions are large enough to overcome the 
increased driving-force FS

c accompanying dislocation-emission, then 
reverse-transformation initiates earlier at CS, with dislocation-emission, 
instead of at C. Dislocation-emission is therefore thermodynamically 
favored to initiate spontaneously with the reverse-transformation, 
making the irreversible pathway the observed behavior during supere-
lastic phase-transformation. 

Next, we revisit the phenomenological supposition made at the 
beginning of section 2.3 and provide a thermodynamic argument 
explaining the phenomenology. The developed framework with 
dislocation-emission will now be applied to a hypothetical scenario of 
dislocation-emission during forward-transformation. Revisiting the 
loading phase from O, consider the possibility of initiating the forward- 
transformation with dislocation-emission. The energy terms in Eqs. (12) 
are redefined as follows: 

Winter(σ0, f) = σ0ε∗SFmf + σ0εSSFm (51)  

ESELF−EL = 1
2

fε2
∗CES  

where ε∗ = (εtr −εS) is the relaxing transformation strain during forward 
transformation, and εS is the strain from dislocation-emission. Note that 
these functional forms are identical to that in Eq. (36) with the only 

Fig. 6. Comparing the trajectories of energy-components and driving-force-components during reverse-transformation: (a) Applied work (b) Driving-force corre-
sponding to work interaction energy (c) Elastic-energy of the inclusion (d) Driving-force corresponding to the self-elastic energy of the inclusion (e) Dissipated 
frictional energy (f) Critical driving force to be overcome for reverse-transformation; the arrows indicate jumps in the driving-force term at the point of reverse- 
transformation CS in the irreversible pathway OABCSDSOS.
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difference that the transformation strain is relaxing in the forward di-
rection. In other words, the emission rate εD defined by Eq. (31) is 
positive, i.e. εD ≥ 0. Now, following the derivation in section 2.2, 
particularly using Eqs. (13) and (14) with the modified energy defini-
tions in (51), the critical point of forward-transformation with 
dislocation-emission, denoted by AS, can be solved for. This critical 
stress is given by: 

σS
F =

(
B(T − To) + 0.5ε2

trCES + FS
c (ε̂D)

)

(εtr + ε̂D)SFm
(52)  

where εD = ε̂D is the emission-rate at the initiation of forward trans-
formation. The critical stress in Eq. (52) is compared against the 
forward-transformation stress of the reversible pathway in Eq. (17) for a 
range of emission-rates ε̂D > 0. The result is plotted in Fig. 7(a). Note 
that forward transformation stress σS

F is always larger than σF for any 
emission-rate. This is because the higher driving-force to transform- 
with-dislocations, given by FS

c (ε̂D), has a dominating effect. In other 
words, during the loading phase, the critical condition to initiate for-
ward transformation without dislocation-emission is achieved first, 
thereby initiating transformation without dislocations (refer Fig. 7(b)). 
Therefore, even though it is plausible to expect a relaxation-mechanism 
and consequent transformation-induced slip to be active during the 
forward-transformation, the thermodynamics of the process renders the 
mechanism inadmissible. Alternatively, dislocation-emission is ther-
modynamically preferred only in the reverse-transformation, causally 
explaining the phenomenological supposition made at the beginning of 
section 2.3. 

The physical interpretation for the discussion in the previous para-
graph is as follows: the higher slip-resistance of SMAs relative to the 
forward-transformation stress favors the forward-transformation to 
proceed without dislocation-emission. In the reverse-transformation, 
however, the increased barrier FS

c is overcome by the relaxing strain- 
energy of the martensitic inclusion. Therefore, dislocation-emission is 
thermodynamically preferred only during the reverse-transformation. 
Note that the above statements rationalize both schools of thought (i) 
and (ii) discussed in section 1. The emission of dislocations does indeed 
serve to relax the strain-energy of the inclusion by accommodating the 
lattice-mismatch and reducing the effective transformation strain, 
consistent with (i). The relaxing strain-energy provides the driving-force 

necessary to induce dislocation-emission, thermodynamically preferring 
transformation-induced-dislocations to form in the reverse- 
transformation, consistent with (ii). In the absence of such a relaxa-
tion mechanism during the nascent forward-transformation phase, the 
increased barrier for dislocation-emission dominates and thermody-
namically prefers forward-transformation without dislocations, also 
consistent with (ii). 

The proposed framework offers a starting point to thermodynami-
cally examine further characteristics of SMA behavior in functional fa-
tigue. A future extension of the proposed framework would be to 
continue the analysis beyond point OS, examining the influence of 
accumulating residual strain on the forward-transformation stress of 
subsequent cycles. Such an analysis would carry over the residual strain 
εS and consider the effective eigen-strain ε∗ij = εtr

ij − εS
ij instead of the 

nascent transformation strain εtr
ij . In addition, it is proposed that there 

can be an erasure-rate εR
ij (similar to the emission-rate εD

ij ) accompanying 
a reduction of the residual strain during forward transformation as the 
martensite sweeps over the austenitic matrix containing residual dislo-
cations. Such a framework could provide a thermodynamic explanation 
for the change of forward transformation stress or the upper plateau 
stress as observed over successive cycles of superelastic transformation. 
On a different note, the current study leveraged Habit-Plane Variant 
(HPV) solutions from the Phenomenological Theory of Martensite 
Crystallography (PTMC) to develop the thermodynamics of trans-
formation. In doing so, an inherent assumption is that the characteristics 
of the transforming inclusion, namely the habit plane normal and 
transformation shear, remain independent of the state of stress in both 
forward/reverse transformation. Recent research on NiTi has proposed 
the need to consider elastic distortions of the austenite and martensite 
phases in deriving admissible HPVs with a strain-compatible interface 
between the phases [53–55]. The coupled influence of emitted strain on 
evolving the crystallography of reverse-transforming martensite has also 
been proposed [56]. It is plausible that the crystallography of the 
habit-plane interface and internal twin volume fraction of the martensite 
can evolve in the presence of elastic stress and emitted strain, ultimately 
influencing the thermodynamics of the process. In the forward trans-
formation, the state of stress can dictate the crystallography of admis-
sible HPVs and consequently the transformation strain. The critical point 
to initiate forward transformation, A, would therefore occur when the 
favored habit-plane variant has a transformation strain, at the current 

Fig. 7. (a) Plot of the critical stress for forward-transformation with dislocation-emission, σS
F at a range of emission-rates ε̂D, establishing that σS

F is higher than the 
forward-transformation stress without emission, σF (b) Plot of the irreversible pathway of the superelastic stress–strain curve highlighting the critical Gibbs’ free 
energy conditions achieved during forward and reverse-transformation. The critical condition for forward-transformation without emission is achieved at A, at a 
lower-stress than for AS where emission occurs; for the reverse-transformation, the critical condition for transformation-induced dislocations is achieved earlier at CS 
as compared to the critical-condition without emission at C, consequently preferring dislocation-emission during the reverse-transformation; the irreversible 
transformation pathway OABCSDSOS is therefore selected by thermodynamics and consequently observed in reality. 
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state of stress, for which the driving-force from work-interaction over-
comes the resisting driving-forces from elastic self-energy of the variant, 
chemical energy, and lattice-friction (refer section 2.2). In the 
reverse-transformation, it is hypothesized that the martensite micro-
structure could evolve to improve strain-compatibility with the 
austenite-phase in the presence of emitted strain. Such an evolution 
would serve to bring down the elastic self-energy of the inclusion, in 
effect providing an additional microstructural driving force (supple-
menting FS

SELF) to favor emission of transformation-induced dislocations 
during the reverse-transformation. The proposed framework could 
therefore be extended to incorporate the habit-plane normal and 
transformation-shear as state-dependent characteristics that are solved 
for in thermodynamically deriving the transformation pathway. 

In closing, it is worthwhile to consider how the above thermody-
namic understanding of transformation-induced dislocations provides a 
route to achieve fully reversible phase-transformation eliminating 
dislocation-emission and ultimately functional fatigue. Firstly, the 
framework provides a quantifiable stress-gap between the two critical 
points in the reverse transformation, σS

R (at CS) and σR (at C, also refer 
Fig. 7(b)). If the gap 

(
σS

R −σR
)

can be reduced to zero or made negative, 
the reversible pathway gains thermodynamic preference over the irre-
versible pathway, ultimately achieving reverse-transformation without 
dislocation-emission. Consider the driving-forces involved and relevant 
material properties that would dictate this stress-gap:  

a. Increased barrier associated with dislocation-emission, FS
c (εD): If the 

jump in the resisting driving force coming from transformation- 
induced-dislocations (refer Fig. 6(f)) is reduced, the reverse- 
transformation stress σS

R lowers and diminishing the gap to σR. 
Physically, this implies enhancing the slip-resistance of SMAs.  

b. Reduced driving-force from elastic-relaxation, FS
SELF: If the 

dislocation-emission does not relax the strain-energy significantly, 
the associated jump in the driving force (Fig. 6(d)) is reduced, 
undermining the positive driving-force available to cause 
dislocation-emission. Physically, this points to reducing lattice- 
mismatch between the austenitic and martensitic phases such that 
the need for dislocation-induced strain-relaxation is either mini-
mized or eliminated. 

Note that the above two approaches have been the traditional op-
tions pursued to enhance reversibility of phase-transformation in SMAs. 
However, to the best of the author’s knowledge, their coupled effect has 
not been considered till date. In other words, the goal is to not pursue 
each of the above approaches independently but to rather consider their 
coupled influence. To that end, the proposed framework offers to shift 
the paradigm in approaching reversibility:  

a. Coupled influence of FSELF and FS
c : The approach should be to begin 

with the equilibrium of driving-forces at the point of reverse- 
transformation coming from Gibbs’ free energy considerations (Eq. 
(44)). If the increased barrier FS

c coming from the SMA’s slip- 
resistance is high enough to undermine the driving-force arising 
from the relaxing strain-energy FSELF, the propensity for dislocation- 
emission can be reduced. Note that this approach does not focus on 
the absolute contributions from each driving-force component but 
rather their relative influence.  

b. Influence of work-interaction FS
W: Additionally, the driving-force- 

equilibriums involves a contribution from the work-term FS
W, that 

has not been considered before and introduced by this study. This 
driving-force comes from the work-interaction energy between the 
external applied load, the relaxing transformation-strain and the 
emitted strain (refer Eqs. (36) and (43)). This driving-force 

supplements the resistance against FSELF, also bringing in a loading- 
orientation dependence through the involvement of the Schmid 
factor SFm. If the incipient drop in FS

W (refer Fig. 6(b)) caused by 
dislocation-emission is reduced (again, relative to changes in FS

SELF, 
FS

c ), the driving-force from the applied work offers increased resis-
tance to dislocation-emission. 

Thus, the proposed framework not only offers a thermodynamic 
explanation for transformation-induced-dislocations but leverages the 
same thermodynamic basis to (1) quantify the propensity for 
dislocation-emission, and (2) propose directions to engineer targeted 
material properties for improved transformation-reversibility and ulti-
mately better resistance to functional fatigue. 

Conclusions 

This study offers a thermodynamic framework for transformation- 
induced-dislocations during superelastic phase-transformaton of SMAs. 
The physical origin of emitted strain is proposed, arising from the for-
mation of loops around the transforming inclusion and from incremental 
slipping around the inclusion. An emission-rate is defined to couple the 
emitted strain to the progression of the phase-transformation, subse-
quently deriving the superelastic stress-strain curves without (revers-
ible) and with (irreversible) transformation-induced dislocations. Both 
reversible and irreversible transformation-pathways satisfy the energy- 
balance of first law of thermodynamics. It is shown that it is thermo-
dynamically favorable for dislocation-emission to occur during reverse- 
transformation as the critical spontaneity condition, coming from the 
second law of thermodynamics, is achieved earlier than in the scenario 
of reversible transformation without dislocation-emission. The driving- 
force for dislocation-emission is shown to come from the propensity of 
the elastic strain-energy of the inclusion to relax, overcoming the lattice- 
friction barrier and the driving-force from work-interaction. The 
absence of such a mechanism during the forward-transformation is 
shown, justifying the selective thermodynamic preference for 
dislocation-emission to occur only in the reverse-transformation. The 
proposed framework quantifies the propensity for dislocation-emission 
through a stress-gap between points on the irreversible pathway and 
reversible pathway, at which the respective spontaneity condition for 
reverse-transformation are satisfied. Leveraging the quantified stress- 
gap and the derived driving-force equilibrium in the irreversible 
pathway, new approaches to target SMA properties for improved 
functional-fatigue resistance are proposed. 
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Appendix A: Experimental evidence of transformation-induced dislocations emanating from the martensite

Fig. A1. TEM evidence from literature illustrating transformation-induced dislocations emanating from the martensite front during the reverse-transformation: 
Figures (a–c) are taken from ref. [37] showing oriented traces of emitted dislocations in (a and b), that are aligned with (c) traces of transformation twins 
within the martensite plate, retained after reverse-transformation (the study target was a Cu–Zn alloy); Figure (d) is an in situ TEM image from ref. [25] showing a 
reverse-transforming martensitic phase (dark color) in NiTi having fine twins and leaving behind traces of emitted dislocations aligned the internal twin boundaries; 
the reader is referred to the respective references for more details. 
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