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Abstract: We investigated the single-electron spectrum of an InAs/GaAs quantum dot (QD) using
an effective potential model developed in previous studies. Our objective was to explore the limits
of applicability of this model. We conducted numerical simulations, introducing a piezoelectric
potential as a perturbation to the effective potential. The profile of this additional potential was
derived from theoretical numerical studies presented in the literature. We analyzed the impact of
variations in this profile within the framework of the perturbation theory. Our findings indicate that
within a variation range of 25%, the effective potential model remains applicable.

Keywords: semiconductor quantum dots; strain potential; piezoelectric potential; effective model for
InAs/GaAs heterostructures

1. Introduction

An InAs/GaAs quantum dot is a nanoscale semiconductor structure with unique
properties arising from quantum confinement. It is created by embedding InAs within a
GaAs substrate, leading to discrete energy levels and a range of applications in advanced
electronic and optoelectronic devices.

Due to the lattice mismatch between InAs and GaAs [1], strain in InAs/GaAs het-
erostructures plays a crucial role in defining the material’s electronic and optical properties
and the functionality of nanostructured devices. As the lattice constant of InAs is larger
than that of GaAs, when InAs is grown on GaAs, it leads to compressive strain in the InAs
layer and tensile strain in the GaAs layer. This strain can affect the electron behavior in the
heterostructure via the energy band structure and mobility.

The piezoelectric effect arises from the strain-induced polarization in the material, such
as in III–V semiconductor heterostructures like InAs/GaAs. This effect can be significant
due to the presence of both strain and the inherent piezoelectric properties of the materials.
Strain modifies the energy band structure, leading to changes in the energy levels and
carrier transport properties [2]. Additionally, the piezoelectric effect further influences the
band structure by introducing an electric field due to strain-induced polarization. The
induced electric field can affect the confinement of carriers in quantum structures and
modify their energy levels. Overall, the interplay between strain and the piezoelectric effect
in InAs/GaAs heterostructures is crucial for understanding and engineering their electronic
and optoelectronic properties [3,4], making them essential in various device applications
such as high-speed transistors, lasers, and quantum sensors and detectors [5].

In Ref. [6], the effective potential model was proposed to describe the confined states
in quantum dots (QDs) and rings (QRs). The model was validated against reported
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experimental data and used to further explore its applicability for explaining experimental
data. In this work, we investigate the limits of applicability of this model. Variations in
the effective potential induced by piezoelectric effects are applied to show the effect on the
electron spectrum.

2. Theoretical Model

InAs/GaAs QDs have been modeled using the kp-perturbation single sub-band effec-
tive mass approximation [6]. In that case, the single electron properties are formulated by
the Schrödinger equation: (

Ĥkp + Vc(r) + Vs(r)
)
Ψ(r) = EΨ(r), (1)

where Ĥkp is the single band kp-Hamiltonian operator, Ĥkp = −∇ ℏ2

2m∗∇; m∗ is the electron
effective mass, which depends on the radial position of the electron, and can thus be
written as m∗(r); and Vc(r) is the band gap potential. The Ben Daniel–Duke boundary
conditions [7] are defined at the interface of the QD material and the substrate. Here, we
describe the confinement model proposed in Ref. [6] (also, see references in this publication)
for the conduction band. Both the confinement potential Vc(r) and the strain-induced
potential Vs(r) act inside the QDs; the latter is added to simulate the strain effect in the
InAs/GaAs heterostructure. While Vs is “attractive”, Vs is “repulsive” and reduces the
strength of the electron confinement.

Inside QDs, the bulk conduction band offset is null since Vc(r) = 0, while it is equal to
non-null constant Vc outside the QD. The band gap potential for the conduction band is
fixed to Vc(r) = 0.594 eV [6]. The bulk effective masses of InAs and GaAs are m∗

1 = 0.024m0
and m∗

2 = 0.067m0, respectively, where m0 is the free electron mass.
The magnitude of the effective potential Vs(r) that simulates the strain effect is adjusted

so that the results match the experimental data for the InAs/GaAs quantum dots. The
adjustment depends mainly on the materials composing the heterojunction and, to a lesser
degree, on the QD topology. For example, the magnitude of Vs for the conduction band
chosen in Ref. [7] is 0.21 eV. This value was obtained to re-match the ab initio results
obtained based on eighth band k.p calculations for InAs/GaAs QDs. The value of 0.31 eV
was obtained from the experimental data reported by Lorke et al. [8]. The main advantage
of using the effective potential is the simplicity of theoretical consideration and practically
more efficient calculations for different nano-sized systems. The band-gap model described
above is schematically presented in Figure 1a.

Processes 2024, 12, x FOR PEER REVIEW 2 of 6 
 

 

In Ref. [6], the effective potential model was proposed to describe the confined states 
in quantum dots (QDs) and rings (QRs). The model was validated against reported ex-
perimental data and used to further explore its applicability for explaining experimental 
data. In this work, we investigate the limits of applicability of this model. Variations in 
the effective potential induced by piezoelectric effects are applied to show the effect on 
the electron spectrum. 

2. Theoretical Model 
InAs/GaAs QDs have been modeled using the kp-perturbation single sub-band 

effective mass approximation [6]. In that case, the single electron properties are formu-
lated by the Schrödinger equation: ቀĤkp+Vcሺrሻ+VsሺrሻቁΨሺrሻ = EΨ(r), (1)
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Figure 1. (a) A schematic representation of the potentials for the effective model. The confinement
potential Vc (black lines) and the effective potential Vs (dark red line) are shown. (b) A schematic
representation of the piezoelectric potential (red curves) calculated in Ref. [2].

The model is comparable with existing experimental data for InAs/GaAs hetero-
structures. In Ref. [6], an interpretation of C–V data has been proposed and compared to
the study conducted by Lei et al. [8] on the basis of the oscillator model for a quantum ring
(QR). Two geometry parameter sets were utilized to test the model regarding the reported
self-assembled QR. The first is the experimental candidate for QR geometry, and the second
is empirically deduced based on the oscillator model in connection to the model parameters
and the quantum feature size. The additional energy of an electron in a magnetic field
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was calculated with both geometries to match the C–V experimental data. It has been
shown that the results of the calculation with the second geometry fit the experimental data
rather well.

The effective approach similar to our effective model was presented by Califano and
Harrison in the early paper [9].

3. Variations in Confinement and QD Geometry Model

The model proposed in the previous section can be validated through a “realistic”
variation in parameters employing the piezoelectric potential calculated in the referenced
literature. These calculations yield the profile depicted in Figure 1b. Notably, the potential
exhibits a discontinuity along the interface boundary between the QD and the substrate.

We simulate the piezo-electric potential with piecewise continuous functions, as
shown in Figure 2, where Vp1 and Vp4 potentials as well as Vp2 and Vp3 potentials have
opposite signs to mimic the potential variation, as shown in Figure 1b. This scheme
was realized in a three-dimensional model presented in Figure 3, with translation sym-
metry along the y-axis. For further simplification, the model was defined such that
Vp = |V p1

∣∣∣= |V p2

∣∣∣= |V p3

∣∣∣= |V p4

∣∣∣. The results of the calculations are given in Figure 4.
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Figure 2. The variation in the effective model; the potential is approximated using the piecewise
continuous functions. These enabled the simulation of calculations from Ref. [2] and Figure 1b. Here,
Vp1 and Vp2 are positive values. Vp3 and Vp4 are negative values.
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Figure 3. (a) The 3D geometry of the effective Vs potential, whose cross-sectional profile and defining
parameters are shown in Figure 2. The scale is in nm. (b) The localization of the 3D wave function of
the electron ground state in the QD when the unperturbed effective model Vp = 0 is applied. (c) The
localization of the wave function of the electron ground state in the DQ when the perturbed effective
model is applied with the parameter Vp = |V s/4

∣∣.
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Figure 4. (a) A comparison of unperturbed (red line) and perturbed effective potential models
(different cases are considered and represented with three types of dots). Small and intermediate
values of the piezoelectric potential, Vp = kVs, when k < 0.25, were considered. Linear fits of the data
are shown. (b) The extreme values for the amplitude of the potential perturbations correspond to
the case k > 0.25. The linear fits for the upper lying levels of the spectra are depicted (shown with
dashed and dotted lines).

4. Numerical Results

We varied the piezo potential amplitude and calculated the spectrum of the electronic
states in the QD for various geometries and potentials (see Figure 2). The amplitude Vp was
scaled by the amplitude of the Vs potential, Vp = kVs. We focused on two cases; the first one
is related to small and intermediate values of piezoelectric potential and can be determined
by the coefficient k from 0 and 0.25. This case is depicted in Figure 4a. When the potential
has values k > 0.25, the typical nonlinear behavior of the spectrum fitting is shown in
Figure 4b. The comparison of these two cases of the k value illustrates deviations from the
initial linear-like spectrum distribution (when Vp = 0

)
, presented as the red line in Figure 4.

The distribution of the parts of the piezo-electric potential in the QD is asymmetrical, as
shown in Figure 3.

The energy shift observed in the spectral deviations exhibits a linear behavior, depicted
as parallel lines, with the same magnitude for all spectral levels when k < 0.25. Conversely,
when k > 0.25, this regularity is disrupted. The lines develop irregularities, suggesting the
presence of at least two distinct patterns.

5. Interpretation

The electron spectrum can be separated in two, namely “deep” and “normal” states.
Figure 3b,c show the difference in these states. For the normal state, the wave function is
located symmetrically over the QD volume. The “deep” state relates to the asymmetrical
localization of the wave function within the quantum dot area that is deeper with more
confinement energy. In other words, the deep negative part of the resulting effective
potential generates a deeper electron state in a smaller volume compared to the regular
case. In this case, the electron wave function is localized in such regions of the quantum
dots, as shown in Figure 3c. Corresponding energies decrease, as shown in Figure 4. One
can observe that the upper level exhibits a more uniform distribution, and the electron
wave function is localized more evenly over the QD.

One can examine the resemblance between two presented models: the unperturbed
model is defined by Equation (1), while the perturbed model includes an additional piezo-
electric potential Vp. The connection between the two models is feasible when the coefficient
k is within the range 0 to 0.25. Thus, the upper limit value can be chosen to formulate a
limitation for the perturbation of the second model. The results of this comparison are
depicted in Figure 5. The two models (differ by the amplitude of the potentials) lead to
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similar results for the spectrum when the effective potential Vs becomes equal to 0.29 eV
instead of the initial value of 0.31 eV. This situation is illustrated in Figure 5 with dotted and
dashed lines. The lines are parallel, and the best matching can be obtained by fine-tuning
the value of Vs.
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Figure 5. A comparison of the spectra for the unperturbed model, when Vp = 0 (red solid line), and
the perturbed model with the additional piezoelectric potential, Vp = kVs, k = 0.25, (solid circles).
The adjustment value of the strain potential Vs′ = Vs − 0.02 eV for the unperturbed model is shown
with the dotted line. The dashed line calculated as fit to the results of the perturbed model. This fit
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6. Conclusions

The effective potential model was developed to describe electronic states in InAs/GaAs
quantum dots. Within this model, the effective potential accounts for the strain and piezo-
electric effects in the nanostructure in a phenomenological manner. This study evaluated
the limit of the effective potential suitability, which was carried out by varying the effective
potential incorporating a piezoelectric potential with an essential coordinate dependence.
This potential was small and thus considered a perturbation to the effective potential
model. We conducted simulations incorporating this additional piezoelectric potential,
which closely mirrors the results of the realistic calculations outlined in Ref. [2], where
we calculated the spectrum of the confinement states of the single electron. Our findings
indicate that the effective model remains applicable for deviations in the effective potential
up to 25%. Within such range, the model effectively captures variations in the strain and
piezoelectric effects. In these studies, the effective potential was uniformly adjusted for
all spectral states. However, a 25% increase in the magnitude of the additional potential
may disrupt the initial spectrum structure. Note that the energy shifts for low-lying and
upper-lying states differ due to the intricate dependence of the additional potential on the
system’s geometry coordinates. Specifically, this suggests that significant modifications are
required for the effective potential model to accurately represent quantum dots composed
of materials with strong piezoelectric properties. The strength of these properties may
cause non-linarites in the potential that require more elaborate models.
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authors have read and agreed to the published version of the manuscript.
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