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CLAIRE: SCALABLE GPU-ACCELERATED ALGORITHMS FOR
DIFFEOMORPHIC IMAGE REGISTRATION IN 3D

ANDREAS MANG

ABSTRACT. We present our work on scalable, GPU-accelerated algorithms for diffeomorphic image
registration. The associated software package is termed CLAIRE. Image registration is a non-linear
inverse problem. It is about computing a spatial mapping from one image of the same object or
scene to another. In diffeomorphic image registration, the set of admissible spatial transformations
is restricted to maps that are smooth, one-to-one, and have a smooth inverse. We formulate dif-
feomorphic image registration as a variational problem governed by transport equations. We use
an inexact, globalized (Gauss—)Newton—Krylov method for numerical optimization. We consider
semi-Lagrangian methods for numerical time integration. Our solver features mixed-precision,
hardware-accelerated computational kernels for optimal computational throughput. We use the
message-passing interface for distributed-memory parallelism and deploy our code on modern high-
performance computing architectures. Our solver allows us to solve clinically relevant problems in
under four seconds on a single GPU. It can also be applied to large-scale 3D imaging applications
with data that is discretized on meshes with billions of voxels. We demonstrate that our numer-
ical framework yields high-fidelity results in only a few seconds, even if we search for an optimal
regularization parameter.

1. INTRODUCTION

In the present work, we discuss scalable, hardware-accelerated algorithms for diffeomorphic image
registration. We review our past contributions and showcase results for a software framework termed
CLAIRE [1-3]. Image registration is an ill-posed inverse problem [4]. It is a key methodology in
medical image analysis. The inputs are two (or more, noisy) images m; € 3,1 =0,1, 3 C {u: Q —
R}, of the same object or scene, compactly supported on some domain © C R?, where d € {2,3}.
In image registration, we seek a plausible spatial transformation ¥y € Qaq, Daa C {@ : R — R},
that maps points in the so-called template or source image mg to its corresponding points in the
so-called reference or target image my [4-6]. The notion of the plausibility of the map y depends
on the particular application. In the present work, we restrict the set 9),q of admissible maps y to
RY-diffeomorphisms [7]. That is, 2a.q C diff(R?), where diff(RY) is the set of R?-diffeomorphisms,
i.e., smooth maps from R? to R? that are one-to-one and onto, with a smooth inverse. The set
diff(R?) is closed under composition and taking the inverse; it forms a group. In this framework,
deforming the template image mg corresponds to a change of coordinates mg o y~'; the image
intensity in the transformed image mgoy ' at coordinate y(x) € R? is identical to the value at the
location € R in the original image. Using this notation, the diffeomorphic image registration
problem can be formulated as the problem of finding y € diff(R?) such that mgoy~! = m;. We
illustrate this in Figure 1. We summarize the main notation and acronyms in Table 1.

1.1. Outline of the Method. The approach considered in the present work is related to a math-

ematical framework referred to as LDDMM [7-11]. We consider PDE-constrained optimization

problems [12-15] governed by transport equations for diffeomorphic image registration. The trans-

port map is parameterized by a smooth space-time field v € U, U := L([0,1],9), ¢ € N, where

$ is a Sobolev space of suitable regularity, i.e., = WP*(Q,R%), p € N, s € N. Our problem
1
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volume rendering reference image template image residual differences

FIGURE 1. Image registration problem. On the left, we show a volume rendering of a 3D brain MRI.
The figures in the middle show an axial slice of two MRI brain scans of different individuals. In image
registration, we seek a map ¥y € Yaq C {¢ : R — R}, d € {2,3}, that establishes a plausible spatial
correspondence between these to images. In this work, we restrict the set of admissible spatial transformations
aq to Re-diffeomorphisms. On the right, we show the residual differences between the axial slices of the
images shown in the middle before (left) and after (right) diffeomorphic (deformable) registration. Here,
white represents small residual differences, and black indicates large residual differences. We note that
the registration of two brains from different individuals is a common application for diffeomorphic image
registration in computational anatomy. However, strictly speaking this example is in violation with our
underlying assumptions; we do not register the “same object”—we register images of brains of different
individuals (in an attempt to study anatomical variability).

TABLE 1. Notation, symbols, and acronyms.

Symbol/Acronym Meaning

deN dimensionality of the ambient space

Q cR? spatial domain

mo:Q—R template image

mi: Q=R reference image

m:[0,1] x 2 — R  state variable (transported image intensities)
v:Q—R? control variable (stationary velocity field)
A0, x Q=R dual variable

dist : IxJT =R distance functional

reg .Y — R regularization functional

L:0 — Y* regularization operator

aeR regularization parameter

J orbit

& group of diffeomorphisms

diff (R?) set of Rédiffeomorphisms

FFT Fast Fourier Transform

GMRES Generalized Minimal RESidual (method)
GPU Graphics Processing Unit

HPC High Performance Computing

KKT Karush-Kuhn—Tucker (conditions)

LDDMM Large Deformation Diffeomorphic Metric Mapping
MRI Magnetic Resonance Imaging

MPI Message Passing Interface

ODE Ordinary Differential Equation

PCG Preconditioned Conjugate Gradient (method)
PDE partial differential equation

RK2 second-order Runge—Kutta (method)

SL Semi-Lagrangian (method)
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formulation is of the form

(1a) minimize  dist(m(1),m;) + reg(v)
meEM,q, VEY g
(1b) subject to ¢(m,v) = 0.

Here, ¢ : M x Y — Q represents a PDE constraint. It is of the general form ¢(m,v) = A(m,v) —q.
The parameter-to-observation map f : U — T (i.e., the solution operator for the constraint) is
formally given by f(v) = QA1 (m,v)q. Here, Q denotes the observation operator, i.e., a mapping
that takes the output of A~! and maps it to “locations” at which data is available. The functional
dist : 3 x J — R measures the discrepancy between the deformed template image m(1) = f(v) and
the reference image m;. The functional reg : ¥ — R is a regularization functional. We specify the
precise choices in greater detail below.

We use the method of Lagrange multipliers to solve (1). We consider an optimize-then-discretize
approach. We use a globalized, inexact reduced space (Gauss—)Newton—Krylov method for nu-
merical optimization. We solve the PDEs that appear in the optimality conditions based on a
SL method. The main computational kernels of our algorithm are interpolation and numerical
differentiation. For interpolation, we use a Lagrange polynomial. For numerical differentiation, we
consider a mixture of high-order finite difference operators and a pseudo-spectral method. We use
MPI for distributed-memory parallelism and deploy our code on dedicated GPU architectures.

1.2. Related Work. We consider a PDE-constrained optimization problem for velocity-based dif-
feomorphic image registration. We refer to [12-14, 16-18] for insights into theory and algorithmic
developments related to PDE-constrained optimization. Additional information about image regis-
tration and related work can be found in [4-7, 19, 20]. As we mentioned above, we restrict ourselves
to diffeomorphic image registration. An intuitive approach to safeguard against non-diffeomorphic
maps y is to add hard and/or soft constraints to the variational problem [21-24]. An alternative
strategy is to introduce a pseudo-time variable ¢ and invert for a smooth velocity field v that pa-
rameterizes y [7, 8, 10, 11, 25-29]; our approach falls into this category. In [8-11, 26, 29], the flow of
the sought after diffeomorphism y is modelled as the solution of the ODE 0,¢p = vo ¢ for t € (0, 1]
with initial condition ¢ = idga at time ¢t = 0, where v is a smooth, time-dependent vector field
from R? to R? and idga : RY — R?, idga(x) = =, is the identity transformation in R?. This ODE
enters the variational problem as a constraint; we arrive at a non-linear optimal control problem
with state variable ¢ and control v. The sought-after diffeomorphism y that maps one image to
another corresponds to the end point of the flow ¢, i.e., y = ¢(t = 1). This approach is commonly
referred to as LDDMM [8]. We describe it in greater detail in the main part of this manuscript.
In our formulation, the diffeomorphism y does no longer appear; we do not model the deformed
template image as the application of y to mg. Instead, we transport the intensities of the template
image mg given some candidate v based on a hyperbolic transport equation [30-32]. Unlike most
existing approaches, our framework features explicit control on volume change introduced by the
mapping by controlling the divergence of v. This formulation was originally proposed in [33]; a
similar approach is described in [32]. Works of other groups that consider divergence-free velocities
v in similar contexts have been described in [34-38].

Our formulation has been introduced in [30, 33]. The work most closely related to ours in terms
of the problem formulation is [31, 32, 39-44]. Related formulations for optimal mass transport are
discussed in [44-48]. In contrast to optimal mass transport, our formulation keeps the transported
quantities constant along the characteristics, i.e., mass is not preserved. Our formulation is related
to traditional optical flow formulations [37, 49, 50]. The main difference is that the transport equa-
tion for the image intensities of mg enters our formulation as a hard constraint. PDE-constrained
formulations for optical flow that are equivalent to our formulation are described in [32, 34, 51, 52].

Among the most popular packages for diffeomorphic registration are Demons [27, 53], ANTs [54,
55], Deformetrica [56, 57], or DARTEL [58]. There are only few works on effective numerical methods
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for velocity-based diffeomorphic image registration, and even fewer on scalable algorithms. Works
of other groups on numerical algorithms for the solution of diffeomorphic association problems (for
images as well as surface representations) are, e.g., described in [8, 31, 43, 59-64]. The majority of
existing works consider an optimize-then-discretize approach for solving the variational problem [8,
31, 43, 64-67]; discretize-then-optimize approaches for related problem formulations can be found
in [48, 62, 68-70]. In the work discussed in this exposition, we also consider an optimize-then-
discretize approach [30, 33, 71]; an implementation for a discretize-then-optimize approach for
problem formulations similar to the one considered here can be found in [48].

Despite the fact that first-order methods for optimization have poor convergence rates for non-
linear, ill-posed inverse problems, most work on algorithms for formulations similar to ours, with
the exception of ours [15, 30, 33, 48, 71, 72] and [27, 44, 45, 61, 66, 73, 74], use first order gradient
descent-type approaches. Work on operator-splitting algorithms for LDDMM (and related prob-
lems) can be found in [69, 70, 75, 76]. Other recent works that do not explicitly derive optimality
conditions based on variational principles but rely on automatic differentiation can be found in [56,
77-80]. Lastly, we note that the success of machine learning in various scientific disciplines has led
to several recent works that attempt to solve the inverse problem of diffeomorphic registration based
on machine learning techniques [80-89]. As we will show, our dedicated hardware-accelerated im-
plementation [90, 91] allows us to solve diffeomorphic image registration problems in 3 to 4 seconds
on a single GPU without considering machine learning approaches.

We consider a globalized, reduced space (Gauss—)Newton-Krylov method [1, 30]. For these
methods to be effective, it is crucial to design a good preconditioner for solving the reduced space
KKT system [92]. Related work on designing preconditioners for problems similar to ours can be
found in [44, 45, 74]. Another key ingredient is fast algorithms to solve the PDEs that appear in
the optimality systems. In our case, the most expensive PDE operators are (hyperbolic) transport
equations. We refer to [8, 31, 32, 34, 45, 48, 61, 74] for different numerical methods to solve these
types of PDEs in the context of PDE-constrained optimization. We use a SL method [8, 34, 71,
72].

What separates CLAIRE [1, 2] from most existing packages for velocity-based diffeomorphic
image registration, aside from the numerics, is that it features hardware-accelerated computational
kernels and that it has been deployed to dedicated HPC architectures [1, 71, 90, 91, 93]. Examples
for parallel algorithms for PDE-constrained optimization problems can be found in [16, 94-100].
Surveys for parallel implementations of image registration algorithms are [101-104]. Many of these
works consider low-dimensional parameterizations based on an expansion of the deformation map
y in terms of smooth basis functions. Examples of GPU implementations of these approaches
are [105-107]. GPU implementations of formulations similar to ours are described in [47, 56, 108
111]. Our memory-distributed implementation uses MPI for parallelism and allows us to solve
problems of unprecedented scale [33, 90, 93, 112]. The linear solvers and the optimizer are built
on top of PETSc/TAQ [113-116]. Our CPU implementation [1, 33, 93] allows us to solve problems
with 3,221,225,472 unknowns in 2min on 22 compute nodes (256 MPI tasks), and in less than
5s if we use 342 compute nodes (4096 MPI tasks). Our GPU implementation [90, 91] allows us
to solve clinically relevant problems (50,000,000 unknowns) in less than 5s on a single GPU. Our
multi-GPU implementation for large scale problems is described in [90] and applied to large scale
(biomedical) imaging data in [112]. We limit the numerical results reported in this study to our
GPU implementation [90, 91].

1.3. Contributions. Our contributions are as follows:

e We overview our work on CLAIRE—a memory distributed algorithmic framework for diffeo-
morphic image registration based on variational optimization problems governed by trans-
port equations. In particular, we recapitulate our contributions presented in [1, 3, 15, 30,
33, 71, 72, 90, 91, 93].
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e We report new results and study the performance of CLAIRE for real world medical imaging
data in 3D [1-3]. We include results for different similarity measures—normalized cross
correlation and the default squared L?-distance. In addition, we present results for an
improved implementation in which we store the state variable and its gradient, reducing
the runtime from roughly five seconds reported in prior work to slightly more than three
seconds for clinically relevant problems (50,000,000 unknowns).

1.4. Limitations. CLAIRE has several limitations. First, CLAIRE only supports stationary ve-
locity fields. Stationary velocities yield similar residuals in practical applications [30]. However,
they are less expressive [48]; they only allow us to model a subset of the diffeomorphisms that
can be modeled by using non-stationary v. Second, CLAIRE only supports the registration of
images acquired from the same modality. Implementing distance measures that allow for more
complicated intensity relationships between images to be registered requires more work. Third,
while our schemes for preconditioning the reduced space Hessian are effective and, in general,
mesh-independent, they are not independent of the choice of the regularization parameter. Fourth,
the GPU implementation only supports single precision. We trade numerical accuracy for com-
putational throughput. For example, applying (the inverse of) high-order differential operators
(e.g., biharmonic operators) results in significant numerical round-off errors and, consequently, is
currently not supported. This, in conjunction with other algorithmic choices does not allow us to
solve the optimization problem to arbitrary accuracy, in particular for practical parameter choices.
Nonetheless, we can see that in practice we obtain an excellent agreement between the registered
datasets even if the gradient of our problem is not driven to zero.

1.5. Outline. We present the formulation and numerical methods in §2. This includes a discussion
of the mathematical framework that motivates our approach (see §2.1), a brief recapitulation of
the general problem formulation (see §2.2), the optimality conditions (see §2.3), and the Newton
step (see §2.4), followed by a presentation of our numerical approach (see §2.5). We present some
numerical results in §3 and conclude with §4.

2. METHODS

In the following, we present the problem formulation as well as our numerical approach and im-
plementation aspects. We start with discussing some background material related to the considered
problem formulation.

2.1. Mathematical Foundations. Our problem formulation is related to LDDMM [7-10, 117,
118]—a mathematical framework for diffeomorphic image registration and shape matching. It
builds upon the seminal work [119-121].

Let k = (ki,...,kq) € N% d € {1,2,3}, denote a multi-index, and let

. BILd

= ki kg
ok ok

denote the differential operator of order |k| = Z?:l ki. Here, 0; denotes the partial derivative with
respect to the coordinate direction x; with x := (z1,...,z4) € Q defined on some domain 2 C R,
Moreover, let ¢ € N, 1 < p < co. We denote by

c1(Q) = {u : Q0 — R : 9Fu is continuous for |k| < q}
the space of g-times continuously differentiable functions on 2. Moreover, let

WeP(Q) = {u € LP(Q) : 9%u € LP(Q) for 0 < |k| < q}
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denote the Sobolev space with norm

(Socpy l0#ull) " it1<p <
@) oy = 3 (Socws 10¥ull) 1< p< oo,
maxo<jp|<q |0%ullc  if p = o0.
Here, || - ||oo denotes the standard supremum norm. Using these definitions, we denote by C{ Q) c

C1(Q)? with ¢ € N the completion of the space of vector fields of class C? which along with their
derivatives of order less than or equal to g converge to zero at infinity. The space C§ ()% is a
Banach space for the norm [|u||;,c. Similarly, we define the Sobolev space WP (Q)¢ as a space that
consists of elements with compact support on  C R%.

We introduce a pseudo-time variable ¢ € [0, 1], a suitable Hilbert space $ of smooth vector fields
in R? and parameterize diffeomorphisms using smooth vector fields v € U, U := L"([0,1], $€),
1 <r<oo, tr v :=0o(t-), vy €9 This allows us to model the flow of R?-diffeomorphisms
¢, == ¢(t,-) as the solution of the ODE

; iy, = viop, forte (0,1],
3) ¢; = idga fort =0,

where idgs : R? — R? idga(x) = x, is the identity transformation in R? and the vector field v,
tends to zero as  — oo; that is, we assume v; € Cd(Q)? D § for any ¢t € [0,1]. This assumption,
along with suitable regularity requirements in time, guarantees that (3) admits a unique solution.
Moreover, it is ensured that solutions of (3) are Re-diffeomorphisms [7].

We assume L!-integrability in time, i.e., » = 1 [7]. The differentiability class ¢ and the integra-
bility order p of the Sobolev norm (2) are chosen to stipulate adequate regularity requirements in
space. A common choice for p is p = 2. The choice of ¢ depends on the dimension d of the ambient
space 2. In general, we have d € {1,2,3}. Based on the Sobolev embedding theorem [122] we
observe that for p = 2 and ¢ > (d/2) + 1 the embedding Wg’z(Q) s O1(Q) is compact. Since this
embedding holds for all components of v;, we have that v; € $§ = W22(Q)? with ¢ > 5/2 for d = 3
is an admissible space that yields a diffeomorphic flow ¢, of smoothness class 1 < s < ¢ — (3/2),
s € N. We refer to [7, 11, 118] for a more rigorous discussion.

The set of all endpoints y := ¢, at time ¢ = 1 of admissible flows ¢, is a subgroup

1
G = {¢1 : / |ve]] s dt < oo}
0

of C*-diffeomorphisms in R?. This subgroup can be equipped with a right-invariant metric defined
as the minimal path length of all geodesics joining two elements in & [9, 25, 123, 124]. The geodesic
distance between idrs and a mapping y € & corresponds to the square root of the kinetic energy

1
(4) Kin(v) = [0]220.1.) = /0 el dt

subject to the constraint that y is equal to the solution ¢ of (3) at time ¢t = 1 for the energy
minimizing velocity v. We denote this geodesic distance by diste (idga, y),

1
diStﬁ(ideay)Q = ’l}IEl‘fB {/0 Hth% dt:ve m? Y= ¢17 8t¢t =7t©° ¢t) ¢)O = ide} :

The geodesic distance between two maps y and ¥ is given by diste (idpa, y © qp—l).

Similarly, we can measure the geodesic distance between two images mg, m1 € J in terms of the
kinetic energy associated with the energy minimizing v that gives rise to the diffeomorphic flow ¢
that maps mg to my. To do so, we assume that the image my is in the orbit J of the template
image mg for the group & of diffeomorphism, where

Ji={m:Q—=>R:m=mpoy !, yc &}.
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Using the geodesic distance diste introduced above we have

disty(mg, mq) := ing { diste (idga, y) : m1 = mg o y_l} ,
ye

where y corresponds to the endpoint of the flow ¢. This notion of measuring distances between
deformable objects has led to the emergence of a field of study in medical image analysis referred
to as computational anatomy [123, 125-128].

Putting everything together, we can formulate the diffeomorphic matching of the template image
my to the reference image my as a variational optimization problem. We stated initially that we seek
a diffeomorphic map y such that mg o y~' = m4. This is an ill-posed problem; we try to estimate
a vector field given scalar data. Consequently, a solution y may not exist, and if it exists, it may
not be unique or depend continuously on the data. To alleviate the ill-posedness we introduce a
regularization model that rules out unwanted solutions. For example, we can restrict ourselves to
maps y that are close to the identity idga, i.e., we penalize the distance between idgpa and y. To
alleviate existence issues, we relax the exact matching requirement to mgoy~' ~ m;. We do so by
introducing a distance that measures the proximity between the deformed template image mgoy ™"
and the reference image m1. In conclusion, we seek y € & C diff(R?) as a solution to

minimize dist(mg oy, m1) + 2 diste (y, idga).
yed 2
We can reformulate the variational problem above as an optimal control problem governed by (3) [8,
11]. We have
o
(5a) ¢én&i£i,?gﬂead dist(mg o ¢y, my) + 5 kin(v)
subject to dy¢p, = v 0 ¢, in (0,1],

(5b) ¢, =idga  fort=0,

where the first term in the objective functional measures the discrepancy between the deformed
template image mg o ¢1_1 and the reference image mq, the second term denotes the kinetic energy
in (4) and the parameter o > 0 balances their contribution. The norm [v;||3 in the definition of
the kinetic energy in (4) is typically modelled as

HUH% = <’U,U>y) = <BU7BU>RCZ7: <£U7U>Rd7

where £ : 0 — U*, L = B*B, is a differential operator of adequate order. A common choice for
B is a symmetric, positive definite Helmholtz operator of the form B := (8id —Ay)?, 8,7 > 0 [8],
where Agu(x) = (Auy(x), ..., Aug(x)), A= S"1 8y for any u: Q — RY.

Other data structures than images that can be registered within this framework are land-
marks [129, 130], curves [131, 132], surfaces [64, 68-70, 79, 131, 133, 134], tensor fields [135]
or functional data on manifolds. We refer to [8, 62, 68-70] for numerical methods to solve the
control problem in (5).

2.2. Variational Problem Formulation. In this section, we review the problem formulation con-
sidered in CLAIRE. We assume that m; : Q@ — R, i = 0, 1, are smooth C''-functions compactly sup-
ported on 2. As stated in §1, we formulate diffeomorphic image registration as a PDE-constrained
optimization problem of the general form (1). This is different from the ODE-constrained opti-
mization problem (5). Motivated by the formulation discussed above, we introduce a pseudo-time
variable ¢ € [0,1] and invert for a smooth, time-dependent velocity field v € U [30]. However, to
reduce the computational complexity, our hardware-accelerated implementation no longer inverts
for a time-dependent velocity v but for a stationary velocity field v : Q@ — R This not only
reduces the complexity of the optimization problem but also simplifies the implementation. We
note that stationary velocities no longer define a Riemannian metric as described in §2.1. However,
we still generate diffeomorphic transformations. Moreover, we did not observe a deterioration in
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registration accuracy when comparing results to a non-stationary implementation [30]. Related
work by other groups that use stationary v can be found in [27, 58, 136-139].

In its simplest form, the PDE constraint ¢ in (1) for stationary v is given by the hyperbolic
transport equation

(6a) om(t,x) + Vm(t,z) -v(x) =0 in (0,1] x Q,

(6b) m(t, z) = mo(x) in {0} x Q.

The solution of this PDE is the transported intensities m of the template image mg. The endpoint
m(1) :=m(1, -) at time ¢ = 1 corresponds to the deformed template image for some trial velocity
.

The second building block of our variational problem formulation is the distance functional
dist : 3 x J — R in (1a) that quantifies the discrepancy between the transported template image
m

m(1) :== m(-,1) at time ¢ = 1 and the reference image m;. A common choice for this terminal
(endpoint) cost is given by the squared L?-distance
1
dist(m(1), my) = 2/(m(1,a:) — ma(2))? da.
Q

While this is a common choice in many diffeomorphic image registration packages [1, 8], this distance
measure can only be used for registering images acquired using the same imaging modality. We
present an alternative in the appendix.

The last building block is the regularization functional reg : 20 — R. Motivated by the problem
formulation presented in §2.1, we use

(6% (6%
reg(v) = EHUH% = §<£Uav>Rd7

where £ : 0 — 0% is a differential operator of adequate order. CLAIRE, in general, features H'-,
H?- and H3-norms and semi-norms for the regularization of v [1, 30, 33]. The default regulariza-
tion operator is an H!'-seminorm, i.e., £ = —Ag, with an additional H'-norm that penalizes the
divergence of the velocity [1, 90, 91, 112]. We provide additional details in the appendix.

Putting everything together, we arrive at the PDE-constrained optimization problem

1
(72 SRS, 5 ) =) Sl
subject to  Oym(t,x) + Vm(t,z) -v(x) =0 in (0,1] x Q,

b
(7) m(t,x) =mo(x) in {0} x Q.

Similar problem formulations have been considered in [31, 32, 39, 40]. For simplicity, we discuss
the numerical methods for the problem formulation in (7). However, we note that we considered
different variants of this formulation in our past work [1, 30, 33, 90]. We discuss these in greater
detail in the appendix.

2.3. Optimality Conditions. In the present work, we consider an optimize-then-discretize ap-
proach. The advantages of this approach are that the formal optimality conditions are straightfor-
ward to derive. They also retain interpretability; for example, we will see that the adjoint equation
of the transport equation in (6) represents a continuity equation for the image mismatch (see (10)).
Moreover, one can freely decide on the numerical methods to solve the PDEs associated with the
optimality conditions. A disadvantage of this approach is that the discrete gradient is (in general)
not consistent with the discretized objective functional (contingent on the numerical scheme used
for discretization). Consequently, it is not possible to solve the variational optimization problem
with arbitrary accuracy (i.e., to machine precision). A discretize-then-optimize approach guaran-
tees that the discrete gradient is consistent with the discretized objective functional. However,
depending on the discretization this approach also has drawbacks. We refer to [17] for a general
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discussion and to [48, 62] for examples of discretize-then-optimize implementations for a problem
of the form (7).

We consider the method of Lagrange multipliers to solve (1). We introduce the dual variable
A:[0,1] x @ = R, A € M*, for the transport equation (6). The Lagrangian functional is given by

UE) = ;/Q(m(l,w) —my(z))? de + %(ﬁv, V)
(8)

1
+ / <8tm +Vm - v, >\>L2(Q)dt + <m(0) — my, )‘>L2(Q)
0

where B := (v,m, ) € U x M x M*.
Computing first variations with respect to the control variable v yields the reduced gradient

1
9) g[v](x) == aLlv](x) +/0 A(t, )Vm(t, x) dt.

To be able to evaluate the reduced gradient we require the state variable m € 9t and the dual
variable A € 9*. We can find the state variable by solving (6) forward in time. Formally, this
equation is obtained by computing the first variations of ¢ in (8) with respect to A. The dual
variable A can be found by solving the adjoint equations backward in time. Formally, the adjoint
equations are found by computing variations of ¢ in (8) with respect to m. We obtain

(10a) —O\t,x) = V- A(t,z)v(x) =0 in [0,1) x Q,
(10b) At,x) = —(m(1,x) —mi(x)) in {1} x Q,

subject to periodic boundary conditions on 0. Notice that this equation represents a continuity
equation; we transport the mismatch between the deformed template image m(1, -) and the refer-
ence image m; backward in time. If we change the distance measure dist : 3 x J — R in (7), the
final conditions in (10b) will change.

2.4. Newton Step. We consider a (Gauss—)Newton-Krylov method for numerical optimization [30].
We provide more details in §2.5. The PDE operators associated with the Hessian can be found
by formally computing second-order variations of the Lagrangian ¢ in (8). The expression for the
Hessian matvec—i.e., the application of the Hessian to a vector v—is given by

H['E](m) = ,Hreg[ﬁ](m) + Hdat [’5](58)

11 ..
1 = aL[5](x) + /O {A(t,m)Vm(t,m)+)\(t,m)Vm(t,a:)} dt.

The variable @ : Q — RY v € 9, represents the incremental control variable, i.e., the search
direction for v. The operators H,e; and Hga; denote the regularization part and the data part
of the reduced space Hessian, respectively. For the latter, the dependence on @ is hidden in
the incremental PDE operators. Given a candidate v and a candidate v we require the state
variable m : [0,1] x Q — R, the dual variable X : [0,1] x Q — R, the incremental state variable
m:[0,1] x @ = R, and the incremental adjoint variable A : [0,1] x & — R. We can find the state
and dual variables during the evaluation of the reduced gradient in (9). The incremental state
variable can be found by solving

(12a) om(t,x) + Vm(t,x) - v(t,x) + Vm(t,x) - v(t,x) =0 in (0,1] x Q,
(12b) m(t,x) =0 in {0} x Q,
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subject to periodic boundary conditions on 9f) forward in time. We can find the incremental dual
variable A\ by solving

(13a) —O A\t ) + V- (At z)v(z) + \t, 2)D(x)) =0 in [0,1) x Q,

(13b) At z) = —m(t, z) in {1} x Q,

subject to periodic boundary conditions on 92 backward in time. Consequently, each time we
apply H to a vector, we have to solve two PDEs.

2.5. Numerics. The numerical implementation discussed below is based on the computational
kernels described in [1, 30, 71, 72, 90, 91, 93]. The hardware-accelerated CPU implementation is
described in [1, 71, 93]. The GPU implementation is described in [90, 91].

We note that the GPU implementation is only available in single precision. This poses several
numerical challenges. In particular, we observed that our scheme does not allow us to solve the
optimization problem to arbitrary accuracy. This is due to the accumulation of numerical errors,
dominated by the time integration and numerical differentiation. Moreover, the numerical gradient
is inconsistent with the objective function. This is caused by our particular choice of a numerical
time integrator in conjunction with an optimize-then-discretize approach.

2.5.1. Discretization. We consider a nodal discretization in space. That is, we subdivide the spatial
interval Q = [-7,7)? C R? into n; € N cells of width h; > 0, i = 1,...,d, along each spatial
direction z;, i = 1,...,d. The width of the cells h = (hq,. .., hq) € R? along each spatial direction
is given by h; = 2n/n;, i = 1,...,d. Let 2; € R? denote a mesh point at index I = (I, ..., 1q) € N%,
1 <l; < n;. The coordinates x; are computed according to

;= ((n/2) —1)® h.

Here, ® denotes an elementwise multiplication between two vectors (Hadamard product) and n =
(n1,...,nq) € N? represents the number of mesh points along each spatial direction. We denote
the resulting mesh by = (x;) € R%™n"d_ Similarly, we subdivide the unit time interval [0, 1]
into a uniform mesh with step size hy = 1/n;. We discretize integrals using a trapezoidal rule.

2.5.2. Time Integration. We use a SL method for numerical time integration [140]. The proto-
type implementation of this time integrator is described in [72]. Different variants of hardware-
accelerated implementations are described in [71, 90, 91]. Other works that consider a SL scheme
in a similar context are [8, 78].

The SL scheme is a hybrid between Eulerian and Lagrangian methods. It is unconditionally
stable, i.e., we can select the time step size h; > 0 solely based on accuracy considerations. To
apply the SL scheme to the PDEs that appear in our optimality system we need to bring them into
the general form

(14) diu = f(t,u,v,...)

where u : [0,1] X © — R denotes an arbitrary scalar function, d; := 0 + v - V denotes the material
derivative, and the right-hand-side f represents all remaining terms. To obtain this representation
for the equations considered here, we use the vector calculus identity V - uv = uV - v + Vu - v.

In the first step, we have to compute the characteristic y : [t/,#/ 1] — R? along which particles
flow between the timepoint ¢/ and t/*!, j = 1,... n;. The question we seek to answer is where
particles at time #/*! originate from given data at time ¢/. That is, we compute the departure point
y at time t = t/. To compute this characteristic, we solve the ODE d;y = v oy for t € [t/,t/T1)
with y = x for ¢t = t/*! backward in time. We illustrate the computation of the departure point in
Figure 2.

In our implementation, we compute the characteristics y using an RK2 method. Notice that
the velocity v is constant in time; this simplifies the computation of the transported quantities
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FiGUre 2. Mlustration of the computation of the characteristic y in the SL scheme. In the SL scheme, we
have to compute the departure points at time ¢/. To do so, we start with a regular grid at time t/*! and
solve for the characteristic y; at a given point x; at mesh index ! backward in time (green line in the graphic
on the left). The deformed grid configuration is overlaid onto the initial regular grid at time /. (Figure
modified from [48, 90].)

considerably. Let v; := v(x;) denote the discretized velocity at a given mesh point x; € Q. We
obtain the I-th query point y; € R associated with x; € Q according to

Vi xp — hyv(xg)

yi - o (v() V).

The intermediate query points y; and the final query point y; (i.e., the departure point), are—in
general—off-grid locations. Therefore, evaluating quantities of interest at these locations requires
interpolation (see §2.5.4 for details). If (14) is homogeneous, i.e., f = 0, we only interpolate the
transported quantity to obtain its value at the departure point y; at time ¢/ and assign the resulting
value to the regular mesh point x; € £ at time t/T!. That is,

u(tj'H,Xl) — u(tj,yl).

If (14) is not homogeneous, i.e., f # 0, we have to solve the ODE (14) along the characteristic
y forward in time. We do so using an RK2 scheme. That is,
fO — f tj7 ’U,(tj, yl)a V(yl)u .. )
ﬁ(tj+17xl) —u t]7yl) + htf(]
f1— fE At x), vixg), .. )
w(t’™ xp) « u(t! y1) — he(fo + f1)/2-
Again, quantities evaluated at the query point y; at time ¢/ need to be interpolated. We note that
these functions live on a curvilinear mesh (see Figure 2). Since we use spectral methods with a
Fourier basis we cannot evaluate the differential operators that appear in f on such a mesh. As a

remedy, we do not compute the derivative on this curvelinear mesh but interpolate (i.e., transport)
the derivatives evaluated on a regular mesh instead.

—~~ o~ o~

2.5.3. Differentiation. In our past work, we considered pseudo-spectral methods with a Fourier
basis for numerical differentiation [1, 30, 71, 72].

For our GPU implementation [90, 91] we have designed a mixed-precision approach to improve
scalability and computational throughput. We consider 8"-order finite differences for first-order
derivatives (i.e., the gradient and divergence operators). Higher order derivative operators (e.g.,
the Laplacian operator A) and their inverse are implemented using a pseudo-spectral discretization
with a Fourier basis. That is, we model an arbitrary function v :  — R discretized on a regular
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slab decomposition pencil decomposition

F1GURE 3. Domain decomposition for memory-distributed implementation. In each case, we assume that
we use four MPI tasks to distribute our data (e.g., four GPUs or four nodes). Left: 3D volume rendering of
medical imaging data set (brain image). Middle: Slab decomposition (1D domain decomposition) considered
in our GPU implementation [90]. We decompose the spatial domain in the outer-most dimension. We
transpose the data only once. On the right we illustrate the pencil decomposition (2D domain decomposition)
of the data considered in our CPU implementation [1, 71, 93]. The computation in this data layout involves
three transposes.

mesh  at grid points x; € Q, 1 = (Iy,...,1lg) € N I; = 1,...,n;, as ug = u(xy),

ni/2 nq/2

w= Y Y dgexp(—ifk, Xp)g)

k1:—(n1/2)+1 kd:—(nd/2)+1

with k € Z% and spectral cofficients 7. This spectral representation is the reason why we assume
periodic boundary conditions in our continuous model. We note that images may not necessarily
be periodic functions. We can address this by zero-padding the datasets and applying a mollifier
close to the boundary 092. The mapping between the coefficients {u;} and {ug} is done using
forward and inverse FFTs. In our CPU implementation, we considered a pencil decomposition [1,
71, 93] (see Figure 3; right). Here, 1D FFTs along each spatial direction are computed based on
the FFTW library. FFTs along other directions are then obtained by transposing the data, resulting
in large communication costs. For the single GPU implementation described in [91] we switched to
cuFFT for 3D FFTs. The multi-GPU implementation described in [90] uses a combination of cuFFT
and a new 2D slab decomposition (see Figure 3; middle). This enables us to utilize the highly
optimized 2D cuFFT on each GPU. We decompose the spatial domain in the outer-most dimension
(i.e., 1) and in the spectral domain in the x5 direction. Consequently, the inner-most z3 direction
remains continuous in memory. This reduces misaligned memory access for the communication of
the transpose operations. The real-to-complex transformation is divided into three steps: First,
we execute cuFFT’s batched 2D FFTs in the plane spanned by the xo and z3 axis. Then, we
transpose the complex data to a decomposition in xo direction. Then, we apply cuFFT’s batched
1D FFTs to the z; direction, which is non-continuous in memory. For the inverse complex-to-
real transformation, these three steps are executed in reverse order, using the respective inverse
transformations. For the execution on multiple GPUs, we use CUDA-aware MPI to eliminate
expensive on-node host-device transfers [90].

The 8"-order finite difference approximation of the first order derivative along the ith coordinate
direction x; at a mesh point x; € € is given by

u; (xp) + u; (xq)
840h;

diu(xy) =~

with u; (x7) = 3uj—se, —32u;—3e, +168U;_2¢, — 672Uy, , u;r(xl) = 672Uy te;, — 168U 12¢, +32Up 43¢, —

3ui+4e;, and unit vectors e; € {0, 1}d, where the j-th entry is one for j = 7 and zero otherwise.
The key limiting factor to obtain optimal strong and weak scalability for our method is the

communication costs associated with the FFT. We refer to [90, 91] for additional details.
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2.5.4. Interpolation. In our past work [90, 91], we implemented different interpolation models. To

obtain the interpolated value of a function u at an aribrary query point x = (z1,...,24) € R? we
evaluate
p+1 p+1 d
U’(X) = Z s Z Clky,....kq ¢kz (I’Z),
ki=1  kq=1 i=1

where p € N denotes the polynomial order, ¢; : R — R, j =1,...,p+ 1, are the polynomial basis
functions, and ¢, ..k, € R are the coefficients. For Lagrange interpolation, the coefficients are
identical to the grid values of the discretized function v and ¢; are the Lagrange polynomials.

The numerical accuracy and computational performance of different variants of the interpolation
kernel are discussed in [91]. The multi-GPU implementation is described in [90]. We use NVIDIA’s
libraries for texture-based trilinear interpolation [141]. In [91], we also transferred our CPU kernels
for cubic Lagrange interpolation [1, 33, 93] to the GPU. We implemented two variants, one that
uses texture units for lookup tables and one that implements texture-based interpolation [91]. The
latter implementation is similar to [142]; it yields higher computational throughput at lower accu-
racy. Lastly, we have developed a texture-based B-spline interpolation, the computational kernels
of which are inspired by [142—144]. For the execution on multiple GPUs, we use CUDA-aware MPI
to eliminate expensive on-node host-device transfers [90]. We utilize the thrust library [145] to
determine which query points need to be processed by which GPU, thereby completely eliminating
host-side computation. We use sparse point-to-point communication to send points to other pro-
cessors. We adaptively allocate memory for the respective MPI buffers. We do this by computing
an estimate of the maximal displacement of grid points along the computed trajectories based on
the CFL number of the velocity field. We refer to [90, 91] for additional details.

2.5.5. Optimization. We use an iterative method globalized by an Armijo line search [146, 147].
The outer iterations of our algorithm are summarized in Algorithm 1 in the appendix. At (outer)
iteration k € N, we update the iterate v(*) according to

BOGR) = _gk) D) _ (k) 4 ()G

where v(¥) € R4 denotes the search direction, B(*) € R4 ig a positive-definite matrix, and
~*) > 0 is the step size.

For Bk) = diag(1,...,1) € R¥4" the scheme above corresponds to a gradient descent algorithm.
In [30], we consider a preconditioned gradient descent algorithm. This scheme is more stable and
yields an improved convergence behavior. The preconditioner is the inverse of the regularization
operator £. That is, B®) = qL, where L = 0 denotes the discretization of £. This scheme can
be viewed as a Picard iteration. We note that our spectral discretization allows us to apply the
inverse of this operator with vanishing costs; the complexity of inverting L is O(nlogn) regardless
of the Sobolev norm we consider. If the operator £ has a non-trivial kernel, we set the spectral
coefficients that are zero to one before inverting aL.. Consequently, the search direction v(*) is
given by v(¥) = —(aL)~1g®).

In addition, we have designed a (Gauss)-Newton—Krylov algorithm for numerical optimization [1,
30]. Here, B corresponds to the Hessian matrix H*) at (outer) iteration k. Consequently, we
have to invert H®*) at each iteration. We note that forming and storing H*) results in prohibitive
computational costs and memory requirements. As such, we cannot use direct methods [148, 149].
Instead, we use iterative methods to invert H*). In particular, we use matrix-free Krylov subspace
methods—more precisely, a PCG algorithm [150]—to compute the action of the inverse of H®)
on the vector —g®). As such, we only require an expression for the Hessian matvec. This is
precisely what is given by (11). Thus, we need to evaluate (11) at every inner iteration of our
Krylov-subspace method. This involves solving the PDEs (12) and (13) at every inner iteration
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of the PCG algorithm. These matvecs constitute the most expensive part of our algorithm. We
summarize this algorithm in Algorithm 2 in the appendix.

We note that we can use other iterative methods to compute the action of the inverse of the
Hessian. In fact, we have tested different methods. In our experiments, we did not observe any
issues with the PCG algorithm nor did we see any benefits from using different iterative methods.
Since the Hessian is (also for all practical purposes, in computation) a symmetric positive definite
operator we prefer to use the PCG method over, e.g., GMRES. Having said this, we note that
CLAIRE supports different Krylov subspace methods via PETSc [115, 116]. We discuss this in
greater detail in the next subsection.

Since the considered optimization problem is, in general, non-convex, one additional challenge
that arises is that the Hessian is not guaranteed to be positive definite, especially far away from a
(local) minimizer. One approach to address this issue is to terminate the PCG algorithm as soon
as one detects negative curvature. In this case, we use the former iterate of the PCG algorithm
as a search direction. We consider a Gauss—Newton approximation to H() [1, 30, 48] as an
alternative to this approach. This approximation is guaranteed to be positive semi-definite. On
the downside, we can expect the convergence to drop from quadratic to superlinear. This Gauss—
Newton approximation is obtained by dropping all terms that involve the dual variable A in (11)
and (13), respectively. Notice that the final condition for the dual variable A in (10) corresponds
to the mismatch between the transported intensities of the template image mg and the reference
image my. Thus, as we approach a (local) minimizer of our problem, we can expect that A tends
to zero; our Gauss—Newton approximation becomes exact and we recover quadratic convergence.

To further amortize computational costs, we do not invert H®*) exactly. We consider an inexact
scheme [146, 151, 152]. This is accomplished by selecting the stopping condition for the PCG
method to be proportional to the norm of the reduced gradient; as we approach a (local) minimizer,
the tolerance decreases and we solve for the search direction more accurately. That is, we terminate
the algorithm if

[r®)]| oo < 7P (|g®) ||, ¢ = HFFE 4 k)

with forcing sequence n*) = min(1/2, v/|g® ||s) or n*) = min(1/2,[|g®||«) for superlinear or
quadratic convergence, respectively. See Algorithm 2, line 13 in the appendix.

In [30] we demonstrate that the preconditioned gradient descent scheme is less effective than our
(Gauss—)Newton—Krylov scheme. As such, we only consider our (Gauss—)Newton—Krylov algorithm
here.

We terminate the optimization if we reduce the gradient by ey > 0, i.e.,

||g(k)Hoo < 6opt”g(O)Hoo

or if ||g®)]|oe < le—6. We have implemented alternative stopping criteria [30] but do not consider
them here.

2.5.6. Preconditioning. The main cost of the (Gauss—)Newton—Krylov algorithm is the solution of
the linear system

(15) HPvF = _g®b) k=123, ...,
at each outer iteration k, with H*) = Hgf& + Hg;)t, where HEIQ) = H;eg € RImdn {5 g discrete

representation of the regularization operator H,es = L and Hg;)t € R9m4n ig the discrete version

of Hgat in (11). For the model outlined in §2.2 the Hessian behaves like a compact operator; large
eigenvalues are associated with smooth eigenvectors and the eigenvectors become more oscillatory
as the eigenvalues decrease [30].

To amortize the computational costs of our algorithm and make it competitive with gradient
descent schemes that consider first-order derivative information only, we have to design effective
methods for preconditioning the linear system given above. That is, we seek a matrix M®*) = 0
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such that, ideally, (M(k))_lH(k) ~ T4, Iy, = diag(1,...,1) € R¥ This makes approximations
to H®) (that are “easy” to invert) an obvious choice.
Regularization Preconditioner. A common choice in PDE-constrained optimization is to consider
the regularization operator H,e, as a preconditioner M [153-155]. The preconditioned Hessian is
a perturbation of the identity, i.e.,

(Flreg) H® = Ly, + (Hip) H{,
with Iy, := diag(1,...,1) € R™4" Since Hyeg >~ 0 is a (high-order) differential operator (typically,
a Helmholtz type operator), its inverse acts as a smoother. We note that applying the inverse of
H,., has a complexity of O(nlogn) in our implementation, i.e., we have to compute two FFTs and
a diagonal scaling in the spectral domain using the appropriate Fourier coefficients. As such, this
strategy for preconditioning the reduced space Hessian has vanishing costs. This preconditioner has
been considered in [15, 30, 33, 71]. The performance of this preconditioner is mesh independent
(assuming we can entirely resolve the problem on the coarsest mesh). However, it deteriorates
significantly as we decrease the regularization parameter .
Two-Level Preconditioner. Inspired by multi-grid approaches, we designed a two-level precondi-
tioner for the reduced space Hessian [1, 48]. We use a coarse grid approximation of the inverse of
the reduced space Hessian as a preconditioner. The basic idea is to iterate only on the low-frequency
part and ignore the high-frequency components. That is, we use the inverse of the reduced space
Hessian H®)| inverted on a coarser grid, as a preconditioner. This idea is motivated by the work
in [156-161]. For simplicity of notation, we drop the dependence of the Hessian on the outer
iteration index k.

We decompose the Hessian into two operators Hy and Hy—one acting on low and the other
acting on high frequencies, respectively. We denote the operators that project on the low and high-
frequency subspaces by Py, : R™ — R and Py : R™ — R, Let e; €R", (e;); =1if j =i and
(ej); =0fori#j,i,j =1,...,n, denote an eigenvector of H with (P, HPy)e; = (PyHP)e; = 0.
Then, with Py + Pr = Iz, Iy, := diag(1,...,1) € R¥49" we have

Hej = (PH + PL)H(PH + PL)ej = PHHPHej + PLHPLe]‘,

In general, this equality will not hold. However, we are not interested in using this model as a
surrogate for the Hessian H; we are merely interested in designing an effective preconditioner M
so that cond(M~'H) < cond(H).

Suppose we can decompose v € R into a smooth component ¥, € R and a high-frequency
component vz € R, where each of these vectors can be found by solving

HL{’L = (PLHPL){’L = —PLg and HH{’H = (PHHPH){IH = —PHg,

respectively. We use this construction to design an effective preconditioner for the smooth spectrum
of our problem. Let r € R% denote the vector we apply the inverse of our preconditioner M € R4dn
to. Since our implementation is matrix-free, we iteratively solve Ms = r to obtain the action of the
inverse of M on r. In the spirit of the conceptual idea introduced above, we assume that we can
decompose s into a smooth component sy, and a high-frequency component sg. Let Qg € [Rdn/2,dn
denote a restriction operator and Qp € R¥4/2 denote prolongation operator. Moreover, let
F; € R and Fg € R¥49 denote a low and high-pass filter, respectively. We project the
vector r € R to a vector r;, € R%/2 by filtering the high-frequency components and restricting
the resulting vector to a coarser mesh, i.e., r; = QgrFrr. Subsequently, we obtain the smooth
component sy, by solving
Msy = QrFrr

where M, € RI/2:4n/2 i g coarse grid approximation of the low-frequency part of the reduced
space Hessian H and §;, € R%/2. This allows us to precondition the smooth part of r. We note
that we do not precondition the high-frequency components rg := Fyr of r, where Fy € Rdmdn
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is a high-pass filter with Fg + F; = I,. Consequently, sy = Fgyr. In summary, the solution of
Ms =r is given by

s=sr+sy~QpFrs; + Fyr=~ QPFL(ML)_IQRFLI‘—I- Fyr.

To counter the fact that we leave the high-frequency components untouched, we do not directly
apply this preconditioner to the reduced-space KKT system in (15) but the regularization precon-
ditioned system

I+H,/

reg

2HdataH71/2)W = _H71/2g

reg reg

where w = Higgfl. Notice that the square root of the inverse of H,e; acts as a smoother. This
scheme can be viewed as an approximation of a two-level multigrid V-cycle with an explicit (alge-
braic) smoother H;;f.

Before we explore extensions of this idea, we present some implementation aspects. We use
spectral restriction and prolongation operators Qg and Qp [1, 48]. The operators F; and Fp
are implemented as cut-off filters in the frequency domain [1, 48]. For the implementation of the
coarse grid operator M, we have two choices. First, we can use a Galerkin discretization, which
is formally given by M, = QrHQp [162]. The drawback of this approach is that we do not
significantly reduce the computational costs compared to inverting the fine-grid Hessian, since each
matvec necessitates the solution of the incremental state and adjoint equation at full resolution.
Conversely, we can directly discretize the Hessian on a coarse grid to obtain M. This makes the
implementation slightly more involved but reduces the computational costs drastically. We opt for
the latter approach [1, 48].

To invert the matrix Mj, we have several options. Again, traditional direct methods are out

of the question. However, we can use a nested Krylov-subspace method. If we use a Krylov-
subspace method as an outer method (i.e., for computing the search direction), we have to select a
tolerance for the inner Krylov-subspace method that is a fraction of the tolerance used to compute
the search direction. Alternatively, we can replace the solver for the Newton step with a flexible
Krylov-subspace method [163, 164] and use a fixed number of iterations for the nested (inner)
Krylov-subspace method. Alternatively, we can use a semi-iterative Chebyshev method [165] with
a fixed number of iterations on the inside. This yields a fixed linear operator for a particular choice
of eigenvalue bounds [166]. These bounds can be estimated using a Lanczos method. We have
tested and compared these approaches in [1, 48]. This also includes the use of different Krylov-
subspace methods for not only applying the preconditioner but also solving for the Newton step
such as the standard and flexible GMRES method, the standard and flexible PCG method, or the
Chebyshev method (some of which have been mentioned above). In [1], we observed that the nested
PCG method converges most quickly in the 3D setting.
Zero Velocity Approximation. The preconditioner introduced in the former section requires a re-
peated evaluation of the incremental state and adjoint equations. The savings come from discretiz-
ing the reduced space Hessian on a mesh of half the resolution. In [90] we developed a preconditioner
that does not require solving any PDEs; the Hessian operator is fixed across all iterations. This is
accomplished by fixing v to v = 0 (our initial guess for the optimization problem). Under the as-
sumption, the state equation simplifies to dym = 0, i.e., m(t,x) = mo(x) for all x € Q and t € [0, 1].
Likewise, we have oA = 0, i.e., A(t,x) = —(mo(x) — my(x)) for all x € Q and ¢ € [0, 1]. Inserting
these expressions into the incremental state equation we have oym = —Vmyg - ©, which implies that
m(t =1) = —=Vmyg - 0. The incremental adjoint equation for the Gauss—Newton approximation for
v =0 is given by &\ = 0, i.e., A(t,z) = Vmg(x) - &(x) for all z € Q and t € [0,1]. Consequently,
the Gauss—Newton approximation of the Hessian matvec for v = 0 is given by

Ho[v](x) = aLlv(x) + (Vmo(x) ® Vmo(x))o(x).
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This approximation deteriorates as we move away from our initial guess v(?) = 0. As a remedy,
we replace myg in the expression above with our current estimate m at ¢ = 1 at each outer iteration &
for a trial velocity v(¥). Like in previous sections, we do not form or store Hy € R%dn (the discrete
version of Hp); we invert the matrix iteratively using a nested PCG method. To further reduce the
computational costs, we combine the Hy approximation with the two-level scheme discussed above.
That is, we replace the coarse grid preconditioner M, with a coarse grid approximation of Hy.

2.6. Parameter Selection. Based on empirical observations, we fix most of our numerical pa-
rameters. For the number of time steps n; in the numerical time integration we found that n; = 4
provides sufficient accuracy to obtain a good matching between images at resolutions at the order
of 2563 (standard size for brain images acquired in clinical practice). We set the tolerance for
the relative reduction of the gradient (stopping condition for optimization) to ept = Se—2. We
use a superlinear forcing sequence to compute the tolerance for the outer PCG algorithm. We
use a two-level implementation of the zero velocity approximation of the reduced space Hessian
as a preconditioner. The tolerance for the inner PCG to invert Hgy is 10 times smaller than the
outer tolerance of the PCG. The formulation we consider for diffeomorphic image registration is
an extension of what we discussed so far; it considers near-incompressible velocities. We describe
this formulation is greater detail in the appendix. The regularization parameter for the H' penalty
for the divergence of the velocity field is fixed and set to 8 = le—4. We compute an optimal
regularization parameter a as described below.

Several methods exist to estimate an optimal regularization parameter for inverse problems
(see, e.g., [167] for examples). All of these methods have in common that the estimation of an
optimal regularization parameter is expensive. Methods that assume that the differences between
model output and observed data are random (such as, e.g., generalized cross validation) are not
necessarily reliable in the context of image registration, since imaging noise is prone to be highly
structured [168]. In our work, we consider a binary search for identifying an optimal value a for
the regularization model for the velocity field v [1, 30, 112]. This approach is in spirit similar
to an L-curve strategy. Related parameter continuation strategies have been considered in [68,
168, 169]. As a measure for optimality, we select bounds on the determinant of the deformation
gradient det Vy. Notice that we do not compute y to obtain this quantity but solve a transport
problem (see appendix). Assuming that we start from an identity map idga« the initial value for
det Vy is one (this is equivalent to v = 0 in our formulation). Consequently, we assume that the
map is diffeomorphic if det Vy > 0. This motivates the use of a lower bound ep > 0. Since the
determinant of the deformation gradient of y is inversely proportional to det Vy~!, we use 1/¢p as
an upper bound. Consequently, we require

(16) €D <detVy<1/eD

for any admissible y. Our approach is as follows: We start with a regularization parameter of a = 1
and reduce a by one order of magnitude until the condition in (16) is violated. Subsequently, we
perform a binary search in the interval between the last value « for which (16) held and the value
for which (16) was violated. For each new trial parameter o at level | € N, we use the control
variable vg_l) := v(a!=1) obtained for a/~1 at the prior level [ — 1 as an initial guess to speed
up convergence. More details can be found in [1, 30].

Obviously, this search is expensive since we have to solve the inverse problem for each trial
a® 1 =0,1,2,3,.... Once we have identified an adequate regularization parameter o* for a
particular application, we perform a parameter continuation to speed up convergence. That is,
we solve the inverse problem consecutively for different values for «, starting with a(® = 1 and
subsequently reducing oY) by one order of magnitude until we reach the order of o*. Then, we
solve the problem one last time for o*. For high regularization parameters oY) we essentially solve
a convex problem; we expect quick convergence to a (local) minimizer. We use the estimate for the
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FIGURE 4. NIREP data repository [172]. We show an axial slice of each dataset (slice number 128). The
repository contains 16 rigidly aligned T1-weighted MRI brain datasets (na01-na16) of size 256 x 300 x 256
voxels of different individuals. Each dataset is equipped with 32 labels of anatomical gray matter regions.
We overlay these regions in different colors on the MRI data. We refer to [172] for additional information
about the datasets, the imaging protocol, and the preprocessing.

control variable v\ Y as an initial guess for the next solve at level [. This does not significantly
affect the runtime compared to directly solving our problem for a*. Moreover, it “convexifies”
the problem; we anticipate to more quickly converge to a “better” (local) minimizer and/or avoid
getting trapped in “less optimal” local minima. We have compared this strategy against multi-
scale (scale continuation) and multi-resolution (grid continuation) approaches in [1]. We observed
the parameter continuation to be more stable and overall more effective. Combining parameter
continuation with scale and/or grid continuation remains subject to future work.

Lastly, we note that machine learning has also recently been considered for regularization oper-
ator and parameter tuning [170, 171].

3. RESULTS

We consider a slightly more involved formulation than the one presented in §2.2. We provide
additional details in the appendix. We refer to [1, 33, 90, 93] for weak and strong scaling results
of our CPU and GPU implementation of CLAIRE, respectively. In the present work, we limit the
performance analysis to a single GPU.

3.1. Data. We report results for the NIREP dataset [172]. We refer to [172] for additional infor-
mation about the datasets, the imaging protocol, and the preprocessing. This repository contains
16 rigidly aligned T1-weighted MRI brain datasets (naO1-nai16) of size 256 x 300 x 256 voxels
of different individuals. Consequently, we invert for 3(2562)(300) = 58,982,400 unknowns. Each
dataset is equipped with 33 labels for anatomical gray matter regions. These labels allow us to
assess the performance of the registration; we assess registration accuracy by how well these labels
are mapped to one another. To do so, we compute the so-called Dice between the label maps.
For a Dice of one, the labels are in perfect agreement. For a Dice of zero, they do not overlap.
Notice that the registration software does not consider these labels; registration is solely based on
matching corresponding image intensities. That is, we do not explicitly minimize the alignment of
the labels but only the mismatch between the data. We show the considered data in Figure 4. In
particular, we show axial slices of all 16 datasets with the associated labels in the overlay.

3.2. Preconditioning. We show representative results for the convergence of different precon-
ditioners in Figure 5. We consider the regularization preconditioner as well as two variants of
the zero-velocity preconditioner—inverting the zero-velocity approximation of the reduced space
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FicURE 5. Convergence of the PCG method for solving for the Newton step. We solve for the search
direction at the solution of the registration problem (dataset na02 registered to na01). We consider the
squared L2-distance. We solve this problem at the original resolution of the data. We consider three different
preconditioners: The regularization preconditioner, the zero-velocity approximation of the reduced space
Hessian, and the 2-level implementation of the zero-velocity approximation of the reduced space Hessian.
We solve the problem for three different regularization parameter values (from left to right): a = le—1,
a = le—2, and o = 1le—3. The tolerance for the PCG method is 1le—6. We plot the relative residual.

Hessian on the fine mesh and a two-level implementation of this preconditioner. To test the per-
formance, we invert the reduced space Hessian at the true solution of our problem. That is, we
solve the registration problem between two images (dataset na02 registered to na01) in our case.
We then use the obtained velocity as iterate at which we compute the search direction. We set the
tolerance for the PCG method to le—6. We consider a squared L2-distance as a similarity measure.
We report results for the full resolution, only; n, = (256,300, 256). We report convergence results
for three different choices of a; @ = le—1, a = le—2, and a = le—3, respectively.

The most important observations are: (i) The convergence of all methods is sensitive with respect
to the choice of a. (ii) The zero-velocity approximation yields an improved rate of convergence.
(iii) For the zero-velocity approximation, the convergence does not deteriorate as we switch from
full resolution to a coarse resolution (2-level implementation).

3.3. Regularization Parameter Search. We set the regularization parameter for the divergence
of the velocity to 8 = le—>5 and search for an optimal regularization parameter a using the scheme
described in §2.6. We register each image with all other images. We also perform the reverse
registration. This results in a total of 16(15) = 240 registrations. We consider a squared L?2-
distance for the similarity measure.

We illustrate the search for an optimal regularization parameter for two registration problems
(na01 to nal4 and nal4 to naO1) in Figure 6. We show representative registration results for
two images from the considered NIREP dataset in Figure 7. We report statistics for the estimated
regularization parameter o in Figure 8 (left plot). We also compute the minimal, mean, and
maximum value of the determinant of the deformation gradient for all registrations. We report the
statistics across all 240 registrations for these in Figure 8 (plots to the right). For the minimum
value of the determinant of the deformation gradient, we obtained 1.668e—1 with with a standard
deviation of 6.119e—2, an overall lowest minimum value of 1.001e—1 and an overall largest minimum
value of 4.192e—1. For the mean value of the determinant of the deformation gradient, we obtained
1.028e0 with with a standard deviation of 1.183e—2, an overall lowest minimum value of 1.008e0
and an overall largest minimum value of 1.084e0. For the maximum value of the determinant of
the deformation gradient, we obtained 7.150e0 with a standard deviation of 2.324e0, an overall
lowest minimum value of 2.269e0 and an overall largest minimum value of 9.993e0. We report the
workload for this search in Table 2.

The most important observations are: (i) We can efficiently determine an adequate regularization
parameter with an average runtime of 15.135 seconds (standard deviation: 11.323 seconds), (ii) the
computed deformation maps are diffeomorphic (up to numerical accuracy), and (iii) we overall
obtain high-quality registration results with precise control on the determinant of the deformation
gradient.
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F1GURE 6. Hlustration of the parameter search for the registration of the dataset with id na14 to the dataset
with id na01 (top panel) and in the reverse direction (bottom panel). The registration results are shown in
Figure 7 (bottom panel). We show (for each case) the trend of the mismatch for each choice of regularization
parameter « (left) and the largest and smallest value of the determinant of the deformation gradient. In
the latter plot we also show the lower and upper bound of 0.1 and 10, respectively, for the determinant of
the deformation gradient as a dashed line. Whenever these bounds are violated, the marker switches from
“green” to “red.”. For the run shown in the top panel, the optimal regularization parameter is 2.547e—2.
For the run at the bottom, the optimal regularization parameter is le—3.

TABLE 2. Workload for estimating the regularization parameter o. We consider a squared L2-distance
measure. All reported numbers are computed across all 240 registrations. We report the number of outer
iterations, the number of Hessian matvecs, the number of PDE solves, the relative mismatch after registration,
the relative change of the norm of the gradient, and the runtime (in seconds). These numbers are for solving
the inverse problem multiple times; we search for an optimal regularization parameter using a binary search.

mean stdev min max median 1st QT 3rd QT
iterations 20.538 2.268 17 28 20 19 22
matvecs 166.971  124.749 39 388 92 64 326
PDE solves  447.975  318.877 134 1008 252 190 867

mismatch  4.508¢—2 3.993e—2 4.422¢—3 1.756e—1 3.183e—2 1.000e—2 7.095¢—2
gradient 1.394e—2 5.733e—3 3.166e—3 3.350e—2 1.338e—2 8.995e—3 1.836e—2
runtime 15.135 11.323 3.974 37.867 8.125 5.877 29.232

3.4. Registration Accuracy. In this section we assess the registration accuracy. In particular,
we report the Dice values for the parameter search described in the former section. Aside from
considering a squared L?-distance we also report registration accuracy for normalized cross corre-
lation as a similarity measure (see appendix for details). In Figure 9 we report the Dice score for
the individual labels. We report the statistics for the 240 registration runs in Table 3. Here, we
compute the union of all 33 labels and report the global Dice score. We report additional results
in the appendix.

The most important observations are: (i) CLAIRE yields an excellent agreement for the overall
Dice with an increase from 0.551 (standard deviation: 0.041) before registration to 0.831 (standard
deviation: 0.059) for the squared L2-distance and 0.835 (standard deviation: 0.060) for normalized
cross correlation. (i) The performance for the squared L?-distance and normalized cross correlation
are en par for our current implementation.
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FIGURE 7. Representative registration results for CLAIRE. We consider an H!-seminorm as a regularization
model for the velocity field and an H'-norm to regularize the divergence of the velocity field. We model near
incompressible flows. The regularization parameter for the divergence is set to 5 = le—5. The regularization
for the velocity is estimated. The bound for the determinant of the deformation gradient is set to le—1. We
register the dataset with id na06 to the dataset with id na02 (top panel) and the dataset with id na14 to the
dataset with id na01 (bottom panel) of the NIREP repository. The data is rigidly aligned. For each panel,
we show the following: The top row shows the coronal view, the middle row the axial view, and the bottom
row the sagittal view of the 3D volume. The columns are (from left to right) () the template image myg, (i%)
the reference image mq, (iii) the residual differences between the reference image and the template image
(before registration; large differences are colored in black and no residual difference are colored in white), (iv)
the residual differences between the deformed template image and the reference image (after registration),
(v) an illustration of the velocity field (color represents orientation; see boundary), (vi) visualization of the
determinant of the deformation gradient (color bar on top), (vii) and an illustration of the projection of the
computed deformation map onto the corresponding plane.

3.5. Convergence and Runtime. In the former section, we have seen how CLAIRE performs
when searching for an optimal regularization parameter for each individual volume. In the current
section, we fix the regularization parameter to the mean optimal value of a = 1.773e—3 determined
in the former section and focus on computational performance. We plot the residual vs. the number
of outer iterations in Figure 10. Here, we solve the inverse problem for a fixed o = 1.773e—3 without
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FIGURE 8. Statistics for the estimation of the regularization parameter o across 240 registrations between
all NIREP datasets. The data has been rigidly registered. We report the estimated regularization parameters
a (right) and the statistics for the minimum, mean and maximum of the determinant of the deformation
gradient across each individual registration. The estimated regularization parameter a is 7.525e—3 with
with a standard deviation of 1.098e—2, a median of 1.773e—3, a minimal value of 1.141e—5, and a maximal
value of 5.641e—2 across all 240 registrations. The 25th percentile is 1.563e—5 and the 75th percentile is
1.141e—2. The minimal, mean and maximal values are 1.668e—1 (standard deviation: 6.119e—2), 1.028e0
(standard deviation: 1.183e—2), and 7.150e0 (standard deviation: 2.324¢0).
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F1GURE 9. Average Dice score for individual labels. We show box plots for the Dice score for each individual
label. The statistics are computed for all 240 registrations. The top row corresponds to the Dice values before
registration. The middle row shows values for the Dice score after registration using a squared L?-distance

as a similarity measure. The bottom row shows the results obtained for normalized cross correlation. We
report statistics for the union of these labels in Table 3.
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TABLE 3. Average DICE values. We report the mean, min, max, and median value as well as the 1st
quantile and the 3rd quantile. These values are computed for the union of all labels. We report the initial
values in the first row. The values after diffeomorphic registration based on the squared L2-distance and
normalized cross correlation are reported in the second and third rows, respectively. We report the scores
for the individual labels in Figure 9.

mean stdev min max median 1st quantile 3rd quantile

initial  0.551 0.041 0.421 0.625 0.555 0.527 0.583
SSD 0.831 0.059 0.697 0.922 0.842 0.785 0.884
NCC 0.835 0.060 0.699 0.923 0.844 0.784 0.889
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FicUrRE 10. Convergence behavior. We plot the relative reduction of the mismatch versus the number
of iterations. The plot is generated for 240 registrations. We execute the algorithm for a regularization
parameter value of @ = 1.773e—3. We solve the problem without using any continuation scheme. The
average runtime is 3.615. The solid line represents the mean convergence for the data mismatch. We also
show the envelopes for the 25th to 75th quantile and the 5th to the 95th quantile for the values of the
mismatch. The average number of iterations is 10.554. We show the trend until iteration 12.

TABLE 4. Workload for estimating the regularization parameter a. We consider a squared L2-distance
measure. All reported numbers are computed across all 240 registration. We report the number of outer
iterations, the number of Hessian matvecs, the number of PDE solves, the relative mismatch after registration,
the relative change of the norm of the gradient, and the runtime (in seconds). These numbers are for solving
the inverse problem multiple times; we search for an optimal regularization parameter using a binary search.

mean stdev min max median 1st QT 3rd QT
iterations 10.554 1.246 9 15 10 10 11
matvecs 24.525 5.659 14 47 24 21 28
PDE solves 82.158 13.664 58 136 82 74 89

mismatch  4.399e—2 1.037e—2 1.906e—2 8.087e—2 4.292e—2 3.691e—2 5.008e—2
gradient 3.940e—2 6.485e—3 2.135e—2 4.973e—2 4.012e—2 3.623e—2 4.409e—2
runtime 3.839 0.648 2.704 6.399 3.779 3.451 4.159

performing any scale, grid, or parameter continuation. We report the runtime for our parameter
continuation scheme for a target regularization parameter o = 1.773e—3 in Table 4.

The most important observations are: (i) We can solve the inverse problem in under 4 seconds
(on average, the runtime is 3.839 seconds; standard deviation: 0.648 seconds), with a minimum
runtime of under 3 seconds and a maximum runtime of slightly above 6 seconds. (ii) We converge in
about 12 iterations to a stable solution of our problem (the mismatch stagnates), where a majority
of the runs we have executed converge after only 10.554 (standard deviation: 1.246). (iii) Once we
have determined an adequate regularization parameter for a particular application, we can solve
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the problem quickly with an accuracy that is equivalent to the more expensive parameter search
considered in the section above as judged by the relative reduction of the mismatch.

4. CONCLUSIONS

We have reviewed our past work on scalable algorithms for diffeomorphic image registration.
Several issues remain.

Our implementation currently only supports the registration of images acquired with the same
imaging modality. Developing an effective solver for other distance measures remains subject to
future work. We have worked on several numerical schemes for preconditioning the reduced space
Hessian. The spectral preconditioner is extremely efficient to apply but its performance deteriorates
as we reduce the regularization parameter. This is true for all other schemes we have implemented
to precondition the reduced Hessian. Although they are more effective than the simple spectral
preconditioner, developing a scheme that has a rate of convergence that is mesh-independent and
at the same time independent of the choice of the regularization (parameter) remains subject to
future work.

Our 3D GPU implementation currently only supports stationary velocities. These velocities
do not define a proper metric in the Riemannian space of diffeomorphic flows. While we have
implemented a MATLAB prototype version of a solver that supports time varying velocities, this
implementation has not yet been ported to the C+4 implementation of CLAIRE.

Another challenge in diffeomorphic image registration is how to handle data that underwent

topological changes (e.g., the emergence of a tumor or tissue being removed due to clinical inter-
vention). One possibility to handle this is to introduce additional biophysical constraints [93, 173—
182]. On the downside, this makes the problem much more challenging to solve since we not only
invert for a deformation map but also for the parameters of the model. More generic approaches
to deal with changes in topology are described in [183—187].
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APPENDIX

PDE Constraints. Below, we will revisit some of the problem formulations we have considered
in our past work. These are extensions to the formulation considered in §2.2. We limit the de-
scription of our methodology to the most basic formulation for simplicity. The default formulation
implemented in our current GPU version in CLAIRE is different [90, 91].

Non-Stationary Velocities. In [30], we consider stationary and non-stationary velocities. For non-
stationary velocities, the reduced gradient in (9) is given by

g(v) = alv+ A\Vm.

(Near-)Incompressible Diffeomorphisms. In [30], we augment the formulation in (7) by introducing
the incompressibility constraint V -v = 0. A similar formulation has been considered in [40]. For
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the primal-dual optimal variables (m*, v*, A\*, p*), the associated KKT conditions are given by

(17a) om* +v*-Vm* =0 in (0,1] x £,
(17b) m* =mg in {0} x 9,
(17¢) —ON + V- XNv* =0 in [0,1) x £,
(17d) A= —(m* —my) in {1} x Q,
(17e) Vv =0 in Q,
(171) alv* + Vp* + /1 A*Vm*dt =0 in Q.

0

We eliminate the incompressibility constraint (17¢) and the dual variable p from the optimality
system stated above to obtain the expression

1 1
a£v+/ )\det—VAlv-/ AVm dt
0 0

for the reduced gradient. The remaining PDE operators in (17) for m and A in the associated KKT
system are identical.

In [33], we relaxed the incompressiblity constraint by introducing an additional control variable
w to obtain V-v = w. This allows us to model near-incompressible deformations. After eliminating
the constraint V - v = w and the associated dual variable p from the KKT system, we obtain the
reduced gradient

1 1
alv® + / NVm*dt — V(a(B(-A7" +1d)) ' +id) TATIV - / AVm* dt,
0 0

Here, 8 > 0 denotes the regularization parameter of the regularizer for the second control variable
w. We consider an H!'-norm. We refer to [33] for additional details. This represents the default
model implemented in the hardware-accelerated implementation of CLAIRE [1, 90, 91]. The results
reported in this study also consider this formulation. The regularization model for the velocity field
is an H'-seminorm.

Aside from this, we have also explored a model of incompressible flows that promotes shear [33].
To do so, we introduce a nonlinear regularization model. In particular, we replaced the regulariza-
tion model for v by

v)/2v 2v v)/2v
ol = oy | (€l El) O d

where
(Vor)T
((Vd'v) + (Vdv)T> . Vv = : € %,
(Vug)T
denotes the strain tensor, and v > 0 controls the non-linearity. With this regularization model

in conjunction with the incompressibility constraint V - v = 0 we obtain a Stokes-like optimality
system with a viscosity that depends on the strain rate. The reduced gradient is given by

1

Elv] =

—div (2 tr(S[v]g[v])<1*V>/2V5[v]) +Vp+ / 1 AVmdt,

where div(A) = (V- ay,...,V -ay) € R? for an arbitrary d x d matrix A with columns a; € R?,
i = 1,...,d. In the limit ¥ — oo this model behaves like total variation regularization. For
v € (0,1) we obtain a shear thickening and for v > 1 a shear thinning fluid. Likewise to the linear
case, we can eliminate the incompressiblity constraint and the associated dual variable p from the
optimality system. We refer to [33] for additional details.
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Optimal Transport. In our past work, we have not only introduced new hard or soft constraints
for v but also considered a different forward model for transporting m. In particular, we use the
continuity equation

Oom+V-mv=0 in [0,1) x Q,
with initial condition m = myg in {0} X € to model the transport of the intensities of the template
image mg. In this model, mass is conserved. This establishes a connection to optimal transport [47,
188, 189]. We refer to [48] for additional details.

Deformation Gradient. In the context of image registration, the determinant of the deformation
gradient det Vy is often used to assess invertibility of y as well as a measure of local volume change
in the context of morphometry and shape analysis. In the framework of continuum mechanics, we
can obtain this information from the deformation tensor field f : [0,1] x Q — R%¢, where f is
related to v by

(18) of+ (U ’ vd)f = (vdv).f in Q x (Oa 1}7 JF=1;in Qx {0}7
with periodic boundary conditions on 9. Here, Iy = diag(1,...,1) € R4, In our implementation
we use det f; with f, := f(t =1, -) as a surrogate for det Vy,

Normalized Cross Correlation. Aside from using the squared L2-distance, we also consider
normalized cross correlation as a distance measure. We note that we have not presented results for
normalized cross correlation elswhere. The choice of the similarity measure in general only affects
the final condition of the dual variable. The normalized cross correlation distance measure is given

by
(m(1), m1>%2(g)

(m1, m1) r2(0)(m(1), m(1))r2(q)

(19) distyec(m(1l),my) =1 —

Y

where
(u, w) 2(q) :/Qu(m)w(a:)dac

denotes the standard L2-inner product on Q C R? for arbitrary functions v : Q = R, w: Q — R.
Using this distance, the final condition for the adjoint equation is given by

<m1,m(1)>L2(Q) <<m17m(1)>L2(Q)m(1 :13) — ml(w)) .

A1, xz) = -2
Hm(l)H%Q(Q)HmRH%Q(Q) Hm(l)”%z(g)

Similarly, the expression for the final condition of the incremental dual variable \is given by

3 2(qumi(z) + gem(l,x) — gzm(1, x))

A1, x) = ,
Hmlniz(g)
where
“ - (m1,m(1))r2(q) (m1), (1)) 2@ (mr,m(1))12(0)
Im(D)172(0, ImMlZ2q)
0= 4<mR7m(1)>2L2(Q) (m(1),m(1))r2@) 2<mR>m(1)>L2(Q) (mp,m(1))r2(0)
lm (D32 Im (D)7 ’
(mp,m(1))72
q3 =

(D)

Newton—Krylov Algorithm. We summarize our Newton—Krylov algorithm here. The outer
iterations are given in Algorithm 1. The inner iterations (i.e., the computation of the search
direction) is given in Algorithm 2. We describe this algorithm in some detail in §2.5.5.
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Algorithm 1 Inexact Newton-Krylov method (outer iterations). We use the relative norm of the
reduced gradient with tolerance e,pt > 0 as stopping criterion.

1: k<0

2: initial guess v(¥) < 0

3: m®) « solve state equation in (1b) forward in time given v(¥)

4: j®) « evaluate objective functional (1a) given m*) and v(¥)

5: AF) « solve adjoint equation (10) backward in time given v(*) and m(®*)

6: g®) « evaluate reduced gradient (9) given m*®)  \*) and v(*)

7. while g s > 2 |topt do

8. v  solve HFFH) = —g®) given m*), \*) v(#) and g¥) (see Algorithm 2)
9:  ~®) « perform line search on ¥(*) subject to Armijo condition

10 vED  y(B) 4 4 R)GE)

11: - m¥+D  solve state equation (1b) forward in time given v(*+1)

12: j*D « evaluate (1a) given m*+1) and v(++1)

13: A« solve adjoint equation (10) backward in time given v**+Y and m(*+1)
14:  g*+tD)  evaluate (9) given m*+D  \*+1) apd v(k+1)

15: k< k+1

16: end while

Algorithm 2 Newton step (inner iterations). We illustrate the solution of the reduced KKT
system (15) using a PCG method at a given outer iteration k& € N. We use a superlinear forcing
sequence to compute the tolerance n*) for the PCG method (inexact solve).

1: input: m®) \F) y&) ok) g0)

2: 1«0

3: set e < min (0.5, Hg(k)HééQ), 0 0, r® ¢ —gh

4: z « apply preconditioner M~! to r¥)

5: st) « z()

6: while [ <n do

7. m « solve (12) forward in time given m®), v(*) and ¥\

80 AW« solve (13) backward in time given A®), v(¥) m® and ¥
9: 80 « apply HO to s® given A®) m® m® and A? (see (11))
100 kO — <r(l),z(l)>/<s(l)7g(l)>

1. v 50 4 OO

12z rlHD ) _ 050

13 if [|r*||y < ey break

14:  zUHY « apply preconditioner M~! to r(+1)

15: p® — (2D (D)) /(70 rO)

16 D) 504D 4 (Og)

17 I+ 1+1
18: end while
19: output: v(F) « 1)

Hardware. We execture CLAIRE on the Sabine Cluster of the Research Computing Data Core
at the University of Houston. Sabine hosts a total of 5704 CPU cores in 169 compute and 12 GPU
nodes. We limit the experiments to our GPU implementation. The associated nodes are equipped
with a Intel Xeon E5-2680v4 CPUs (2 sockets with 28 cores) with 256 GB of memory. Each node
is also equiped with 8 NVIDIA V100 GPUs with a total of 40,960 cores and 128 GB of memory.
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TABLE 5. Average DICE values. We report the mean, min, max, and median value as well as the 1st
quantile and the 3rd quantile. These values are computed for each individual label for all 240 registrations.
These results are obtained for the squared L2-distance measure.

label id mean stdev min max median 1st quantile 3rd quantile

1 0661 0.082 0.445 0.838 0.658 0.613 0.719

2 0.678 0.070 0.510 0.833 0.681 0.629 0.732

3 0.678 0.067 0.500 0.822 0.681 0.628 0.724

4 0.689 0.054 0.548 0.794 0.691 0.650 0.731

5 0.765 0.046 0.626 0.852 0.769 0.733 0.803

6 0.789 0.042 0.624 0.867 0.796 0.759 0.822

7 0.738 0.070 0.498 0.876 0.744 0.707 0.787

8 0.786 0.054 0.602 0.888 0.793 0.756 0.826

9 0.642 0.066 0.496 0.820 0.639 0.596 0.690
10 0.629 0.081 0.423 0.811 0.634 0.565 0.691
11 0.732 0.055 0.577 0.858 0.736 0.691 0.774
12 0.729 0.058 0.588 0.865 0.733 0.688 0.774
13 0.734 0.046 0.611 0.839 0.742 0.702 0.763
14 0.768 0.042 0.637 0.861 0.771 0.744 0.798
15 0.736 0.057 0.510 0.835 0.748 0.706 0.779
16 0.721 0.061 0.475 0.828 0.731 0.687 0.763
17 0.680 0.062 0.520 0.813 0.690 0.634 0.727
18 0.673 0.069 0.480 0.804 0.681 0.625 0.721
19 0.655 0.073 0.467 0.794 0.660 0.607 0.715
20 0.621 0.079 0.412 0.789 0.623 0.566 0.678
21 0569 0.122 0.272 0.841 0.556 0.488 0.669
22 0.602 0.081 0.359 0.790 0.609 0.558 0.660
23 0.750 0.054 0.571 0.851 0.754 0.715 0.792
24 0.746 0.053 0.596 0.861 0.747 0.703 0.792
25 0.604 0.082 0.375 0.792 0.608 0.549 0.663
26 0.562 0.091 0.271 0.758 0.569 0.501 0.629
27 0.600 0.098 0.324 0.792 0.607 0.540 0.681
28 0.587 0.084 0.370 0.777 0.594 0.524 0.652
29 0.650 0.078 0.440 0.805 0.660 0.592 0.714
30 0.618 0.083 0.412 0.814 0.621 0.564 0.675
31 0.547 0.093 0.220 0.741 0.555 0.485 0.611
32 0486 0.103 0.224 0.726 0.490 0.415 0.566
33 0.656 0.057 0.507 0.780 0.657 0.620 0.697

Additional Results. We report more detailed results for the registration accuracy of CLAIRE in
this section. The statistics for the Dice for the squared L?-distance with respect to each individual
label is reported in Table 5. The associated results for normalized cross correlation are reported in
Table 6. These results are for the parameter search for 240 registration (all-to-all) of the NIREP
dataset.
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