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1 Introduction

Bosonic string scattering amplitudes can be mathematically defined as integrals over the
space of all maps from Riemann surfaces with marked points to a given spacetime manifold.
To obtain an explicit expression for such an integrand, one proceeds from first principles of
string theory, but of course eventually has to choose local coordinates on the moduli space.
This construction in particular relies on the Mumford isomorphism det(IE1)®' = det(Ey)
over the moduli space My of genus g > 1 (bosonic) Riemann surfaces. Here E; — M,
is the universal vector bundle of holomorphic k-differentials, whose fiber over a Riemann
surface X € My is HO(X,w®*), where w = T is the holomorphic cotangent bundle of X.
Algebro-geometrically, since Eg is the cotangent bundle T]\’}g, the Mumford isomorphism
gives the expression wyy, = c1(7yy,) = det(Ez) = P13 for the canonical bundle w M, of the
moduli space, where A\; := ¢1(E;) = det(E;) € Pic(M,). Since each space-time dimension
contributes )\?1/ % to the integrand, in particular the Mumford isomorphism implies that
bosonic string theory could only make sense in 26 dimensions. We note that the bosonic



Mumford isomorphism is a statement that two vector bundles are isomorphic, but it does
not give a canonical isomorphism between them.

Bosonic string amplitudes were extensively studied in the 1980s, and various expressions
for them were obtained in arbitrary genus, see [2, 3] and also the more recent literature [4, 5]
summarizing these results and providing further references. At tree level (i.e. no loops,
i.e. genus zero Riemann surfaces) explicit expressions for bosonic string amplitudes are
well-known, see [6].

The mathematical foundations of the superstring scattering amplitudes were reviewed
and revisited by Witten [7], with further mathematical underpinnings developed in [8-10].
Superstring scattering amplitudes can be mathematically defined as integrals over the space
of all maps from super Riemann surfaces to a given space-time supermanifold. Recall that
a super Riemann surface (SRS) is a complex supermanifold X of complex dimension (1]1),
i.e. such that local charts at any point of X are given by one even and one odd coordinate,
together with a mazimally non-integrable, odd distribution D C Tx, i.e. a distribution D of
rank (0|1) such that the Lie bracket of super vector fields induces an isomorphism

[—,—]: D@D = Tx/D.
This yields a canonical short exact sequence
0D —Tx - D% 0. (1.1)

The super Mumford isomorphism over the moduli space M, of SRS of genus g > 1 is the
isomorphism

BGI(H‘:1/2)®5 = Ber(E3)2), (1.2)

where Ky /5 is now the virtual coherent sheaf over My, with fiber H°(X,w) — H'(X,w) over
X € M, where w := Ber Ty = D* now denotes the canonical bundle of the SRS X, while
Es/o denotes the bundle with fibers H%(X,w®?) (for which the H' vanishes automatically),
and Ber denotes the Berezinian, also known as superdeterminant.! Since the cotangent
bundle to My is Eg/y, this gives

Ber(E/2)®” = wa, , (1.3)

which again is the reason why superstring theory can only be consistent in 10 = 5-2 dimensions
(see below and [7-9, 11] for more details). Crucially, unlike in the bosonic case, the super
Mumford isomorphism (1.2) is not just a statement that two line bundles over M, are
abstractly isomorphic, but gives a canonical isomorphism between them, see [1].

While the moduli space M, of genus g > 1 bosonic Riemann surfaces is a complex
Deligne-Mumford stack of dimension 3g — 3, the moduli space M, of genus g > 1 SRS is
a complex superstack of dimension (3g — 3|2g —2). For g = 0 (resp. 1), to get a Deligne-
Mumford stack as the moduli space of bosonic Riemann surfaces, one needs to consider
Riemann surfaces together with at least n = 3 (resp., n = 1) marked points, whence

'Recall that on the bosonic Riemann surface Xreq underlying X, w restricts to a square root of the

canonical bundle of X;eq, so it makes sense to talk of 1/2- and 3/2-differentials, by taking this choice of the
®1/2

line bundle w Xood ®



dim Mo, = n — 3; dim M;, = n. Unlike the bosonic case, where there is only one notion
of a marked point on a Riemann surface (which is a codimension 1 complex subspace, and
equivalent to considering a puncture), there are two different notions of markings or punctures
for super Riemann surfaces. A Neveu-Schwarz (NS) marking on a super Riemann surface X
is just a point of X, i.e. a subspace of complex dimension (0|0) and codimension (1|1), which
plays no role for the distribution D. On the other hand, a Ramond (R) marking is a subspace
of codimension (1]0), over which the maximal non-integrability of the distribution D fails
in a controlled way [7, 12-14].

We denote by M, ,, . the moduli of genus g super Riemann surfaces with n Neveu-
Schwarz markings and k£ Ramond markings, and then for g > 1 it is a superstack of dimension
Bg—34+n+k|2g—2+n+ %) To write an explicit expression for superstring scattering
amplitudes, one needs to choose local coordinates on Mg, . We recall that locally any
(smooth or complex) supermanifold is split, i.e. is isomorphic to the exterior algebra of a
vector bundle on its underlying (bosonic) manifold. Thus in a sufficiently small coordinate
patch, Mg ,, 1. is modelled on a vector bundle (quotiented by a finite group, as we are working
with orbifolds) over the moduli space SMy 11 = (Mgn k)red of Riemann surfaces with a spin
structure. However, as was shown by Donagi-Witten [15] (see also Donagi-Ott [14] for the
case with Ramond markings), for high enough genus, globally M, ,, . is not split and does not
even admit a global holomorphic projection to its reduced bosonic moduli space SMy 4. In
physics literature [16, 17], to write formulas on My , ;;, one often works in local coordinates,
and then uses picture changing operators (PCOs) to change to a different coordinate chart.
To deal with the choices involved, one introduces ghosts, and then integrates over them as
well. In particular, this approach led to spectacular computations of superstring scattering
amplitudes in genus 2 by D’Hoker and Phong [18-24].

Our focus in this paper is the moduli space of genus 0 super Riemann surfaces with only
NS markings: dim Mg, 0 = (n—3|n—2), for n > 3, since the dimension of the automorphism
group G := OSp(1|2)? of the super projective line P! with the odd distribution D Tpin
is equal to (3]2). Then My, o is the moduli space of n-tuples of labeled pairwise distinct
points (21[C1), ..., (zn|Ca) € P, called NS punctures, up to the diagonal action of G. The
group G acts transitively on triples of distinct bosonic points, and then further on pairs
of odd coordinates. Moreover, fixing the values of z1, 29, 23, (1,2 to be 29, 23,23, ¢D, ¢Y for
some distinct values 29,29, 29 € P! gives a point in each G-orbit in the configuration space
of n-tuples of distinct points of P, Each G-orbit contains a unique element with these
values, up to the action of the involution, which for the choice of ¢} = (§ = 0 is the
element of G that fixes the bosonic coordinate and changes the sign of the odd coordinate
on P see [25, § 2.12] and [26, § 5.1.2]. Thus, similarly to the bosonic case, there are
global coordinates (z4,...,2,[(3,...,(n) on Moy, 0, which exhibit this supermoduli space as
a dense open subset of the superorbifold CO' x (C'1)»=3 /7, = C"~317=2 /7, (provided one
of 29,29, 29 is set to 00), where Zs acts by the involution that changes the signs of all odd
coordinates simultaneously. Therefore it should be possible to write a global expression for the
tree-level superstring amplitudes, for the case of only NS punctures, explicitly in these global
coordinates, from first principles, without introducing ghosts or picture changing operators.

When we talk about integrals, such as (1.9), over My 0, we treat them as improper
integrals over a noncompact domain and ignore the isotropy group Zo, since its only possible



contribution to the integral could be a factor of 2. The choice of whether to divide or multiply
by 2 is left to the future reader, as the additivity properties of the Berezin integral over
superstacks are not yet well understood.

The first principles we mentioned above are canonical isomorphisms, such as the super
Mumford isomorphism (1.2), which simplifies in the case g = 0. Over My 5, o, the super vector
bundle E, /5 trivializes canonically, and thus and thus so does Ber(E, /5), because H 0P, ) =
0 and H (P w) = HO(P'', Opi;1)* is canonically isomorphic to C. However, in the presence
of NS markings, the canonical bundle wy, , , is identified with Ber(H%(w®?(NS))), where
NS is the total NS divisor, rather than with Ber(E; /2), as in the case of no markings. With
this change, the super Mumford isomorphism (1.3) gets modified to a canonical isomorphism

Ber(E;2)®° ® Ber(H" (X, w®*(NS)|xs)) = Wy 0
see [7, 12]. In the g = 0 case, this simplifies to
Ber(HO(X7 w®3(NS)\NS)) = WMo o - (1.4)

It is known that the line bundle w®3(NS) above may be replaced by any other odd line
bundle via the canonical isomorphism (4.4), [1, 12]. As a consequence, we get the canonical
isomorphism

Ber(H(X,w|Ns)) = Watgno s (1.5)

which will be used in the main theorem below.

In this paper we perform the computation of the tree-level NS scattering amplitudes
from first principles, not surprisingly recovering the known formulas [27-30] from the physics
literature. The main ingredient is the canonical determination of the holomorphic measure
on Mg 0, which we deduce by using the canonical super Mumford isomorphism; this also
allows us to canonically fix the coupling constant. We show that the choice of left-moving,
conformal vertex-operator insertions produces a section

n
<® Vi(21¢) | ¢[azldC] s, [dzldC]lej]> (1.6)
j=1
of the line bundle Ber(H°(X,w|ns)) and compute its image under the isomorphism (1.5).
Here we have uniformized notation and assumed z; = z? for j <3 and (; = C]Q for j < 2.
The vertex operators V; represent the incoming and outgoing particle states. These are
vector-valued functions, and the notation ( ) stands for the vacuum expectation value (VEV),
ie. (0) = (Q]OQ), where € is the vacuum state, O any given operator having € in its domain,
and (|) denotes the inner product on the Hilbert space of physical states.

Theorem 1. The choice of conformal vertex-operator insertions (1.6) gives for any X €
Moo a section of Ber HY(X,w|ns). Then the canonical isomorphism (1.5) gives a holomor-
phic section of the line bundle wy, ,, , over the dense open subset of Mo no defined by forcing
each NS puncture to stay within the open chart with bosonic coordinate z # co. This section
can be expressed in global coordinates (z4,...,2n|(3,...Cn) on Moo as

<H Vj(zjléj)>d’/a (1.7)
j=1



where
dv = —2,%2 (23 —Z1 — %C{;Cl) 23 — 22 — %C3C2) [d24 o dzy ‘ dgs... an]

and zj = z;-), j=1,2,3, and {, = 0, a = 1,2, are fived finite values (for any concrete

purposes we can set Cf = CS =0).
1
zZ1

the vertex-operator insertion (Vi(z1|¢1)[¢[dz|d(]|ns, | [dz]dC]|ns,]) with

If instead we set z1 = 0o, or more concretely, (wi|n) = ( 1) (0|nY), and replace

(V1 (0lm1) [nldwldn]|ns, | [dwldn]|xs,]) ,

then the corresponding canonical section of w,,, , on the whole supermoduli space Mo 0 C
C"=31n=2 /75 becomes

<v1 o) T Vi zjrcj> (1.8)
j=2

where
dv = s (14 3om) (23 — 22 = 3GsCo) [d2a .z | dCs ... G

and n = 77?, zj = z?, 71=2,3, and (o = CS

Remark 1. This theorem has an immediate application to physical observables. Define the
tree-level amplitude for scattering n > 3 type II superstrings in the NS sector as

A, = /MMO <]H1 Vi(z1G53 5j|C_j)> dm, (1.9)

where the bar indicates complex conjugation, the vertex operators combine left- and right-
movers, i.e., are smooth, rather than holomorphic, sections of the corresponding bundles, and
the measure is the product of the holomorphic and antiholomorphic factors:

dm =dv-dv,

with dv defined in Theorem 1. Thus we have gotten the standard expression for the scattering
amplitude, usually obtained in physics in an ad hoc way by introducing ghosts and picture
changing operators. We review this process in section 6 to reconcile it with our formulas.
However, our formulas have the advantage of also determining the closed-string coupling
constant g. = (1/2)2 = 1/4 canonically, since the super Mumford isomorphism is defined
canonically, not just up to scaling.

In (1.9) we have omitted the contribution of the dilaton field ¢, which usually gives
ge = (e?). If we were to include the dilaton field, the coupling constant would have to be
adjusted to g. = <e¢)

While the holomorphic forms (1.7) and (1.8) in Theorem 1 are written as an expression
in terms of the chosen global coordinates on Mg, 0 — Cn—3ln—2 /Zs, of course, the actual
forms (1.7) or (1.8) are well-defined on the moduli space, independent of which coordinate
system is chosen. The advantage of our approach is that we are able to determine the
holomorphic forms (1.7) and (1.8) and measure dv canonically from first principles, without
any need for PCOs or ghosts — including the determination of the coupling constant.



Beyond being a direct mathematical computation not involving ghosts or PCOs, we
hope that the current paper may be of reference value in assembling together the many
mathematical pieces of the construction. We also view our computations as a stepping
stone towards performing similar explicit computations for tree-level superstring scattering
amplitudes with Ramond markings, where the procedure is quite different from the NS
case [31]. For the Ramond case, Ott and the third author [13] have recently obtained an
explicit geometric description of Mg o 1, which should enable a similarly explicit determination
of superstring scattering amplitudes.

2 Basic conventions and constructions with SRSs and their moduli

In this paper, we work with super Riemann surfaces (SRSs) of genus zero, which all are
isomorphic to the standard SRS of genus zero based on the projective superspace P! .=
Proj Clu, v|£] over the ground field C of complex numbers, see [25, 26]. We will write X
for such an SRS, when it is essential to think of the SRS, or superconformal, structure, i.e.
an odd, maximally non-integrable distribution D C T, see below. The supermanifold P!/
may be glued out of two affine open charts C!I' with coordinates (z|¢) = (v/u|&/u) and
(w|n) = (u/v|&/v) by the gluing functions

w=1/z, n=7¢_/z.
The odd distribution D defining the SRS structure is generated by the super vector field

0 0
DC = afg + @ (2.1)

in the chart (z|¢) and the super vector field
0 0

o1~ "ow
in the chart (w|n). Note that £[D¢,D¢] = Dg = 0/0z, and this ensures the mazimal
non-integrability of D.

A remarkable feature of super Riemann surfaces is dualism between points and divisors,
making the geometry of SRSs akin to that of classical Riemann surfaces, where the fact that
divisors are linear combinations of points plays a prominent role. In particular, Neveu-Schwarz
(NS) punctures have their divisor avatars, and we will often switch between NS punctures
and NS divisors. What creates this dualism is the structure distribution D. Given a point
p on a SRS X, we can define a complex subsupermanifold of dimension 0|1 supported on
p, i.e., a prime divisor, with tangent space given by D|,. In a family of once-punctured
SRSs, represented by a universal SRS C over the moduli space M with a section p : M — C,
regarded as a subspace of the universal SRS C, the corresponding NS divisor is given as
the total space, determined by its Op-algebra S(D*|,) of functions, of the odd line bundle
D|, over p. The inclusion of this total space is given by the projection of the conormal
bundle Tc*/ M ‘p of p in C to D*|,, which is the dual of the inclusion D — T¢ /m- Conversely,
given a prime divisor, we can find a unique point in it so that the tangent space to the
divisor at this point is given by the distribution D. If f = 0 is a local equation of a prime



divisor and D is a generator of D near the divisor’s support, then the equations f = 0 and
Df = 0 determine the corresponding point. In coordinates (z|() in which the structure
distribution is generated by D¢, see (2.1), the divisor corresponding to a point (29[o) is
given by the equation z — zg — ((y = 0.

We will work with families X — S of SRSs of genus zero with NS punctures over a
base S. We will assume the base S to be affine, just like the supermoduli space. We will
still denote the total space of the family by X. We will also denote by II the parity change
operator on a super vector space or sheaf of such.

The Berezinian Ber F' of a free module F' of finite rank over a supercommutative algebra
is a rank-(1|0) (or (0[1), if n is odd) free module, defined as the set [e1,...,em |€1,...,&,] Of

equivalence classes of homogeneous bases {ey,...,en |€1,...,e,} of F modulo the relation
[Mey,...,Men | Me1,...,Mey| ~ (Ber M) - [e1,...,em|€1,-..,n]

for each invertible linear automorphism M of the module F. We also add the zero element
to Ber F' to make it a module. Here Ber M is the Berezinian, or superdeterminant, of M.
If, in a homogeneous basis, M is represented by a block matrix

AB
M=
with respect to the decomposition M = My ¢ M; into the even and odd parts, then
Ber M := det(A — BD7'C) det(D)™! = det(A)det(D — CA™'B)~L.

The Berezinian of a map of free modules is multiplicative: Ber(M;Ms) = Ber(M;) Ber(Ms).
Given a short exact sequence of free modules

0— Fy — F, —» F3 — 0,
we also get a canonical isomorphism of the Berezinians of the modules:
Ber F, = Ber F} ® Ber F;.

A standard argument extends the construction of Ber F' to locally free modules and sheaves.

Line bundles in the super setting will be divided into even and odd ones, depending
on whether their rank is 1|0 or O|1.

We will adopt the notation £F for the k’th tensor power £¥F of a line bundle £ for
k € Z. We will routinely use abbreviated notation for cohomology as well. For example,
H(w") will denote the cohomology space Hi(Cg7n70,w?;]fn’o/MO’nvo), where Co.n.0 2 Mono is
the universal family of genus-0 SRSs with n NS punctures. In full generality, we should be
working with the space H%(Mg .0, Rip*wf%lfnyo / Mo,n,o)’ but it is indeed naturally isomorphic to
H(Co.n.0, waﬁho/Mo%O), given that My, o is affine, being the Zo-quotient of the complement
of hyperplanes in CO* x (C'11)"~4, Likewise, the Berezinian of cohomology B(F) = Ber H*(F)
will be identified with Ber H°(M 5, 0, Ber(R®*p.F)). See the details on the determinant and
Berezinian of cohomology in [32, 33] and [1, 12], respectively.

We will denote by (21[(1), ..., (2n|Cn) the coordinates of the NS punctures. To simplify
notation, we will write w for the relative dualizing sheaf W n0/Monor a0d, when relevant,
also for its restriction, also known as the canonical bundle, to an individual SRS.



3 The super Mumford form

We recall that the super Mumford isomorphism is a canonical isomorphism B(w?) = B(w)?

over the supermoduli space Mg for g > 2, [1, 34]. Here we will use the same construction
to establish a canonical isomorphism over Mg, 0: B(w?®) = B(w)®. To start out, and also
for further use, we construct natural bases for the spaces of global sections of the powers
of the relative dualizing sheaf w.

3.1 Bases of cohomology
We denote by t := z[dz|d(]™! € H(Cpn0,w™!) the generating section of w™!, and consider,
for any positive integer k, the following short exact sequence on Cp 0:

k-1 k—1
— W dive — 0.

0—wh b w
We make the maps in the associated long exact sequence of homology explicit for k = 1,2, 3, by
first writing out the bases of the relevant spaces, and then identifying the maps on homology
explicitly in these bases, so that Bj(t) is the canonical isomorphism of the associated
Berezinians B(w*™!) ~ IIB(w*) ® B(w* ! 4iv¢). These, suitably modified in the presence of
NS markings, will be used for the computation of the super Mumford form.

Case k = 1. Here we get the exact sequence (of cohomology of sheaves over Cp )
0=H%w)— H(O) = H(O|aiv¢) = H' (w) - H(O) =0

The basis of H°(Q) is {1| } — this notation is to list the even basis vectors followed
by the odd basis vectors (none in this case) after the dash. Since H*(O) = 0 for i > 0,
it follows that the Berezinian B(Q) = Ber H%(Cpn0; O) = det H%(Cp0; O) has as basis
the section Ber{1| } = det{1]| }, which we will denote by [1| ]. Using relative super
Serre duality, we see that H'(w) = HY(O)* on each genus zero SRS X, which globalizes
since we have global coordinates on the affine superscheme My, . Explicitly, the Serre
dual to the even basis element 1 of H°(0O) is given by {g[ddd{] ‘ }, and we observe that
B(w) = (Ber(H'(w)))™! = Ber(H"(0)) = B(0O) also has basis [1]].

The basis of H°(Olaive) is {1aive| Claive}, and thus [1|give | Claive] € B(Olaive) is the
generating section of that sheaf. We can thus compute

Bi(t):=[1|]@ 1] ] & [Laivt | Claive) " € B(O) @ B(w) @ B(Olaive) " -
Case k = 2. Here the exact sequence of cohomology is
0=H"w") = Hw) = H(Wlaive) = H' (w?) = H'(w) = H' (Wlaive) = 0

(where the last zero is simply for dimensional reasons). An explicit basis of H!(w?) = HO(w™1)*
can be written simply by thinking of these as suitable volume forms with poles:

{[dz|dc]2 ¢[dz|d(]? <[dz|d<]2}: { ¢ ‘ 1 z }
z 22 ldz[d¢] | [dzdC]’ [dz|dC] |

z z




Thus the generating section of the Berezinian B(w?) = B(w™!) is given by

{[d»jdd ’ [d;dd ’ [dszg] }

The basis of H?(wlqiv¢) is given by {¢[dz|d(]|aiv¢ | [d2]d(]|aive}, and we finally compute

Bg(t);:H[1|]1®|: ¢ ‘[ 1 P

-1
[dz|d¢] | [dz|d¢)’ [dzdg]] ® [Cldz|dC]laive | [dz|dC]|aive]

€ IB(w)™' @ B(w?)™ ® B(wlaivt)-
Case k = 3. In this case a basis of H'(w?) = H%(w™2)* can be given as

dz|d¢]?
{c.cae2le, 2} [T

(where from now on we write such bases by separating out the common factor, for readability)
and we have the generating section

[dz]dC]®  [dz|dc]?
’ 2

’ 2 23 z z

z z

[c[dzrdcﬁ ([dz]dC¢]? ¢[dz|d)?

] € B(W) = B(w™?).

Similarly by thinking of volume forms with poles, we see that {[dz|d(]?|aiv¢ | C[d2|dC]?|aive}
gives a basis of H%(w?|qiv¢), and thus we finally compute

B0 = | ag | i @

oI lé[dZ\dC]?” ¢ldzld¢)® ¢ldz|dc)?

z 22 7 23

[dz|d¢)? [dz|d<}3]

z 22

® {[d2|dd2|divt ’ C[d2|dd2’divt] - € B(w?) @ IIB(w?) @ B(w?|aive) b

3.2 A formula for the super Mumford form

We are now ready to determine explicitly the super Mumford isomorphism, recalling that
unlike the bosonic case, this is not just an abstract isomorphism of line bundles, but in fact the
canonical isomorphism given by the element y := B3(t) ® Ba(t) ® B1(t) ™2 € B(w3) ® B(0)7,
where to identify this product we recall that B(Q) is canonically isomorphic to B(w). To
obtain an expression for u, we manipulate the formulas for By(t), Ba(t), B3(t) from the
previous section. We obtain

[C[dz|dCHlet ’ [d’Z’dC”dlvt] ® [”divt ‘ C’divt]
1Pe {[dzfdd ’ i [dz’\zdd}

By(t) @ By(t) ! =

Recall that restricting any even line bundles £ and M on a SRS X to the divisor divt,
we have canonical isomorphisms

B(ML|aive) = B(Llaive) ™ B(Llaive) = B(Mlaive)



where the latter identification is given by multiplying by any generating holomorphic section
of £L71 ® M in a neighborhood of divt. Applying this to all the restrictions in the formula
above, we compute

1

Bo(t) @ By(t) ! = € B(O)® @ B(w?) ™t

1P e [[dzqu ‘ ) @ ]

By a similar simplification of the expression for Bs(t) from the previous section, we obtain

¢[dz|d¢)? (ldz|d¢]®  ¢[dz|dC]?
z ’ 22 ) 3

[1]?

{dcd ‘ d ld > Td Zd } 02y [ [dZ|dC]37 [dz|c21 ]3}
B(t) ® By (1)t = LI | 1=l [d=ldc] A | [l

€ B(w?) ® B(w?) @ B(O)™2.

Finally, noticing that the canonical section [1 | | defines a global trivialization of B(0O),
and can thus be omitted in the formulas above, we obtain the following expression for the
super Mumford form

= Ba(t) @ By(t) @ By (1) 72 = [ Sl claeicl

z z z

[dz|d¢]® [dZ|C£C]3 } (3'1)

z ’ z

as a global section of the line bundle B(w?) ® B(O)™° = B(w?) over Mg 0.

4 The super Kodaira-Spencer map over My, 0o

We now proceed to work out the super Mumford isomorphism for the case of genus 0 SRS with
NS markings, by computing the natural isomorphism given by the super Kodaira-Spencer map.

The superanalog of the Kodaira-Spencer map in the case of deformation theory of
supermanifolds is well-known [9, 11, 35]. In our case this will be a map from Tx Mg, 0,
which is a super vector space of dimension n — 3|n — 2, to a suitable first homology. For
our purposes it will be more natural to work with the dual map, as it is more explicit to
write bases for spaces of sections H° rather than for the first homology H'. We first recall
the setup, and then compute the super Kodaira-Spencer map explicitly, by using an explicit
cover to get the class in Cech cohomology.

4.1 The construction

For a SRS X, let 7¢¢ C Tx be the sheaf of superconformal vector fields, i.e. vector fields that
preserve the distribution D, i.e. of v € Tx such that [v, D] C D. coordinates, see formula (12)
in Katherine Maxwell’s paper https://arxiv.org/pdf/2002.06625.pdf. Note that 7%¢ is not an
Ox-module: the product f - v of v € T and a (local holomorphic) function f € Ox may
not lie in 7¢°. However, as a sheaf of abelian groups, 75¢ is isomorphic to D®2 and in fact
this natural isomorphism can be used to induce an Ox-module structure on T3¢, see [36].
We thus consider T¢¢(—NS) C T¢¢ as the subsheaf of those vector fields that preserve D,
and which also do not move the NS divisor NS.

The previous discussion can be globalized to consider D as a subsheaf of the relative
tangent sheaf T¢, . /a10,..0 € Tco o and then define the subsheaves 7'6‘5;)0’”70//\40771‘0(— NS) C
TComo/Mono and Ty (= NS) C Tey,,, of vector fields that preserve the global D and fix
the global divisor NS, which we think of as an unramified effective Cartier divisor.
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Altogether, this yields the exact sequence of sheaves of vector spaces
0— 7dcsoc,n,0/M0,n,o(7 NS) - 72'800,71,0(7 NS) - p*TMO,n,O — 0.
Then the super Kodaira-Spencer isomorphism is the connecting homomorphism
1 1 2
TMomo — B ps C%C,n,o//\/lo,n,o(_ NS) = R'p.D®?(— NS)
induced by the isomorphism

®2 ~
D = Dot o/ Moo (4.1)

—_1\f
fD¢ ® De — [0, + SR Do () D,

see [36-39]. Taking global sections, we globalize the super Kodaira-Spencer isomorphism
to the isomorphism

KS : H*(Mon0, Trone) = H' (Cono, D?(—NS)).
The super Kodaira-Spencer isomorphism over a given SRS X € Mgy is
TMonolx = H' (X, D|F?(—NS)).

To identify H'(Co 0, D®*(—NS)) further, we apply Serre duality:

R'p.D¥*(=NS) = puwiy) g o (NS)
which leads to the isomorphism

o: HY(Cono, D¥*(—NS)) = H°(Co .0, w*(NS))*.
Combined with the super Kodaira-Spencer isomorphism, this gives the dual isomorphism:
p*wa‘jﬁnyo/MO’nyo (NS) = Thtg.000

which globalizes to the dual super Kodaira-Spencer isomorphism

KS* : HO(C[)J%O; w?ifn,O/MO,n,o (NS)) — HO(Movnv()’ TJ*MO,TL,O)'

4.2 Proof of the main theorem

The rest of the paper is largely dedicated to the explicit computation of the super Kodaira-
Spencer map and identification of bases for the spaces involved. Before we get into that, we
would like to outline the proof of Theorem 1. Consider the following short exact sequence
(SES) of sheaves over Cp .0, by restricting to the NS divisor:

0 — w3 —w?(NS)—=w3(NS)|ng — 0. (4.2)

This is the analog for a divisor with multiple components of the case k = 3 of the SES
described in section 3. This SES gives a canonical isomorphism of the Berezinian line bundles:

B(w?) ® B(w’(NS)|ns) = B(w*(NS)),

— 11 —



which we are going to identify explicitly. Since H°(w?) = 0, and H'(w3(NS)|ns) = 0, as
the relative (topological) dimension of the NS divisor over the moduli space Mg 5, 0 is 0 and
Mo 0 is affine, the associated exact sequence in cohomology is simply

0 — H(w3(NS))—H(w?(NS)|ng)—H (w?) — 0. (4.3)

The choice of any even generating section of the line bundle w?(NS) in an affine open
neighborhood of the divisor NS yields an isomorphism

B(w|xs) = B(w’(NS)|xs) (4.4)

which does not depend on the choice of the section and is thereby canonical, see [1, 12].
provided none of the NS punctures is at oo, and the Berezinian line bundle B(w?(NS)|xs).
Thus, we have a canonical isomorphism

¢:BW)® B(w|ns) = B(w3(NS)).

In appendix A we provide further details and compute the image of the super Mumford
form p € T'(Mo 0, B(w?)), given by (3.1), tensored with a global section of B(w|ns) arising
from vertex-operator insertions, under the isomorphism ¢, see Proposition 6:

[dz|dq|st}>)

= <ﬁ Vj(Zj\Cj)>Ber ({C,Cz,...,(z”“‘]1’.._7271—3}_ [dz|d¢)? ) |
j=1

v (u ® <® Vi(21¢) | ¢[a2ldC] s,
=1

iz =2 — ()

where (21/C1), ..., (#1]¢1) are the NS punctures. In section 5 we explain how vertex-
operator insertions make up a section of B(w|ng). The Berezinian of the dual super Kodaira-
Spencer isomorphism, computed in the remaining part of section 4, with detailed linear
algebra computations given in appendix B, naturally identifies B(w3(NS)) with the space
H(Mo 0, WMo o) = H°(Mo 0, Ber( -/{k/lo,n,(])) of holomorphic volume forms on Mg, o:

Ber(KS™): B(w3(NS)) = HO<M0,H,07wMo,n,O)'

Proposition 4 below gives an explicit computation,

P _2n1_2 (23 — 21 — 3G3C1) (23 — 22 — 3(3C2)[dza . . . dzp | d3 ... G,

of the image

* n—4 n—3 [dz’dCP
Ber(KS¥) (Ber <{C>CZ’ SRRI AN R A Tz -z — CCj)))

under the isomorphism Ber(KS*), when all the NS punctures are finite, and yields Theorem 1.
The case z; = oo is treated in appendix C. O
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4.3 The Cech cohomology computation

First, note that for computations with supermanifolds, it is enough to take an acyclic (Leray)
cover of the underlying bosonic manifold. Below is a precise statement, which is surely known
to seasoned supergeometeres, though we could not find it in the literature.

For a topological space X and a sheaf F on it, recall that an open cover {U;} is called Leray
with respect to F if for the derived-functor cohomology, we have H(U;, N---NU;,, F) = 0 for
all finite sets {i1,...,7,} of indices and all ¢ > 0. In this case, the derived-functor cohomology
H9(X, F) will agree with the Cech coholomogy of F with respect to this cover, justifying
using the same notation for both.

Lemma 2 (Folklore).

1) If X is a separated superscheme of finite type and F is a quasi-coherent sheaf on X,
then any cover of the underlying scheme X,..q by affine open schemes is Leray with
respect to JF.

2) If X is a complex supermanifold and F is a coherent sheaf on X, then any cover of the
underlying manifold X,eq by open Stein manifolds is Leray with respect to JF.

This lemma follows from the following lemma.
Lemma 3 (Folklore).

1) If X is a superscheme of finite type whose reduction Xieq s affine and F is a quasi-
coherent sheaf on X, then H1(X, F) =0 for all ¢ > 0.

2) If X is a complex supermanifold whose reduction Xyeq is Stein and F is a coherent
sheaf on X, then H4(X,F) =0 for all ¢ > 0.

Proof. (1) Let Jx = ((Ox)1) be the ideal sheaf of odd nilpotents on the superscheme X. If X
is of finite type and F is a quasi-coherent sheaf on it, then F is a finite iterated extension by
quasi-coherent sheaves J%F/ J}Hf of Ox,., = Ox/Jx-modules, whose higher cohomology
vanishes by the algebraic version of Cartan’s theorem B, see [40, Theorem II1.3.7]. Therefore,
by downward induction on n, the higher cohomology of F on X will also vanish.

(2) The same argument works, except that Cartan’s theorem B itself is applied to the
coherent sheaves J%F/ J)"(H}' on Xeq- O

Remark 2. By a straightforward super generalization of Serre’s theorem on affineness, it
follows that if X is a superscheme of finite type whose reduction X,e¢q is affine, then X is
affine as a superscheme.

To make formulas more symmetric, we will perform the computation below while setting
the points 29, 29, 2§ to be finite. (The case 2 = oo is treated in appendix C.) Recall that
while all these 3 bosonic coordinates along with the corresponding fermionic coordinates ¢}
and (Y can be fixed by the action of OSp(1]2)?, the (3 remains free, and in anticipation of
this we will be taking one “unnecessary” open set, W3, to handle this.

We will compute the super Kodaira-Spencer map
KS : H*(Mon,0, TMono) = H' (Cono, D¥*(—NS))

in Cech cohomology. Since the super Kodaira-Spencer map is a morphism of sheaves over
(Mon,0)red = Mo pn, we may compute it locally on My ,,, which may be identified with an
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open subset of C"~3. For any point (z,...,2%) € My, we can choose € > 0 sufficiently
small so that the ball Be (2],...,2)) in C"~3 of radius £/2 around this point is contained

’rTn
in My p, which is to say that within this ball all the n — 4 bosonic points stay distinct, and
also distinct from 21 = 29, 29 = 23 and 23 = 2J. Then, working over this ball in the universal

family p: Cono0 — Mon,o of SRSs, we cover the preimage pred(B (zg, e 22)) C (Con,0)red

[
2
by the following open subsets.

First recall that the fibers of p,eq are simply copies of P!, since in the universal curve

We denote by U; C C, j = 3,.
the open radius-¢ disk around z;) (adjusting ¢, if necessary, to make sure that the dlsks

the point is allowed to coincide with one of 29, ..., z0.
are all disjoint), and denote by Uy the complement in P! of the union of closed radius-¢/2
disks around these points. Then P! = Uy U Us U - -- U U,,, and we now construct a suitable
cover of p,(Be(24,...,23)) by the open sets W, := U, x Be (29,...,29). We see that the
open cover {WUQ, Ws, ..., Wy} is such that the only nonempty intersections are the pairwise
intersections between Wo and W, since € was sufficiently small (¢ < min{|z; — 2|, j < k}).
Moreover, these pairwise intersections are simply open annuli, and thus Stein, and thereby
acyclic for coherent sheaves. We further take the open subsupermanifolds of Co o based
on each of these open subsets.

We utilize the same coordinates (z4,...,2,|(3,...,(y) on the superdomain in Mg, o
over the common factor Be (24, ..., 29) of all W;’s and augment them with coordinates built
on the standard affine coordmates (2|¢) on the superdomains in P! over the factors U,
3 < j < n. More precisely, we put over W, the coordinates

(Z4a cee 7Zn|g37 cee 7CTL; w]|77j) 3
where

(wslng) = (z — 2§ — ((3l¢ — C3),
(wjlng) = (2 — zj — CGIC— (), J =>4

Since our open subsets and their intersections (pairwise, as triple are all empty) are Stein

(4.5)

manifolds, they are acyclic for cohomology with coefficients in coherent sheaves of O-modules
on the corresponding open subsupermanifolds. Therefore this atlas can be used to compute
Cech cohomology. We thus compute the super Kodaira-Spencer map from (4.5) in this atlas as

KS sc " .
0z, o =040, ELWONWI, TS, o/ atg (NS} 0 G=4em,
KS sc "
8<a ’H{_éka(ana _Cawa) = 6ka((277a+<a)8wa _D'f)a) € F(WOQW]C’%O,”70/MO’”70(_NS))}kzg’
a=3,...,n.

As in the classical case of families of complex manifolds, see [41, section 4.2(a)] and [42
eq. (1.33)], the above super Kodaira-Spencer map is given by the infinitesimal deformations
of the fiber of the universal SRS Cp 0 in the z; and (, directions on the supermoduli space
Mon,0. Composing with the isomorphism (4.1), we get

azjﬁ{—akjnmewn.er(Woka,D® (- NS))}k , j=4,....n,
. (4.6)
O, " ka((20a+Ca) Dy, @Dy, ) ED(WoN Wi, DZ2(=NS))}  , a=3,....n.
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4.4 The dual map

While we have an explicit basis for H%(w3(NS)), we want to compute the super Kodaira-
Spencer map in coordinates (z4,...,2,|C3,...,(n) on Mgy 0. Equivalently, we can make
explicit the dual map isomorphism

KS*: Ho(wg(NS)) — HO(MO,mOvTX/Io,n,o)

obtained by combining the super Kodaira-Spencer map with Serre duality and applying
linear duality. The Serre duality isomorphism

o H'(X,D%*(~NS)) — H°(w*®3(NS))*
is given by
o(fDc ® De)(N) = Res [15p, 00,
The contraction can be easily computed once we notice that
tp,ldz|d(] = 1. (4.7)
A nice way to prove (4.7) is by using the exact sequence
0-D—-T—->T/D—0

and the isomorphism D? = 7/D. Indeed, note that [% | 8%} is a local basis of Ber T,

and compute
[%MQJ - [%IDJ = [D?|D¢] = D¢ € Ber T = D.

Therefore, [dz|d(] = D} € D* = Ber T* = wx, which means [dz|d(](D¢) = 1 and implies (4.7).
So, the composition of Serre duality with the super Kodaira-Spencer map (4.6) gives
oo KS: azjl—>0'(—D<®Dc|W0ij), j=4,...,n,

(4.8)
0 oKS: 0, — 0((2na + () D¢ ® Delwonw,)s a=3,...,n,

where we take into account that Dy, = D¢|w,nw;, which follows from (4.5). We want to
evaluate o explicitly on the basis (A.6) for H’(w3(NS)), described in Proposition 6. For
convenience, we rewrite that basis in the form

ol b1~ ¢\ [dz]dC]?
{Cz ) <1 k;lz_zk>} H;'lzl(Z—Zj), (49)

where b = 0,...,n —3 and @ = 0,...,n — 4. In this formula, and until the end of this

section, to simplify notation, we will simply write 21, 20, z3 instead of 29,29, 28 and (1,
instead of (),(Y. We stress that these are fixed points in C, not free bosonic coordinates
on Moo like z4,..., 2, (and we still do not allow them to take infinite value, except in
appendix C). However, as they appear symmetrically in the formulas, we will avoid using
the superscript 0 here and in the appendices.
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We compute

z%¢[dz|d(] —2%¢ldz|d(] -z
De®Delw, ():Reszzzi[ - ]: I
( ¢ C|W OW) y l(z Z]) | i j:l(z_zj) Hk#i(zifzk)
bdz|dc] b[dz|d -
U(_DC®DC‘WOWW1') ([(LCZ] < Z zCk§k>> :Res|z:zi [ n[ (z‘ dz) (Z Zc_kgk>‘|
J=1 J k=1
_ 2 Ck d zb
o Hﬁgl(zl zj) z:l 2 —2) Gi dz z=2z; H 7&1(’2_’2])
_ ? GG bGiz,
Hj;tz(zl Zj) P iZi*Zk HHéZ(ZZ_Z])
for © = 4,...,n and, similarly,
2°([dz|d(]? —22Ge
o ((2ne+Ce) D@ De|w, Wc)( = » )
¢oemen [ (2—2) [Thze(ze—2k)
2b[dz|d¢)? - 220
o ((2ne+Ce) De® Delwonw.) ( ==
‘ <o j= 1(2 Z] z:: Hj;éc(zc—zj)
b
+ Ze CCCk

H];éc(ZC_Z]) k+#c Re— %2k
for ¢c = 3,...,n.

4.5 The Berezinian of the dual map

Proposition 4. The isomorphism Ber(KS*) maps Ber ({C,Cz,...,g‘z”_‘l\1,...,z"‘3}~

> 3
) ﬁfi_ccj)) to — iz (23 — 21 — 5C3C1) (23 — 22 — 5(3C2)[dza, .., d2n | dG3, . .., dCy].
i

Proof. We compute the dual super Kodaira-Spencer map KS* explicitly to be given by the
following matrix in the dual bases (A.6) of HY(w3(NS)) and {dz4,...,dz, | dCs,...,d¢,} of

HO(Movnvo’ T/{k/loyn,()):
A B
M, = )

where A is an (n — 3) x (n — 3) matrix with entries

k 1
A'k_ ]+3
=
[Tizjy3(243 — 21)

with 1 <! <nand1<jk<n-—3; Bisan (n—3) x (n —2) matrix with entries

By = §+§ s (_ )3 G+3 — G Cz s 1)Cj+3>

Hl#j+3(zj+3 -z i£j+3 Zj+3 — Zj+3
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withl1<l<nand1<j;<n—-3,1<b<n-—2;Cisan (n—2)x (n—23) matrix with entries

 Care?id
[Lizat2(Zat2 — 21)

Cak

withl </<mnand1<a<n-21<k<n-—3;and D is an (n — 2) X (n — 2) matrix with
entries
2003 Ca+2Gi

— 2+
Hl¢a+2(zﬁ+2 - Zl) itat2 RZa+2 — %

Dab =

withl <l <nandl<a<n-—2,1<b<n—2. Inthe end, it is the Berezinian of M,, what
we need, and we determine it by a direct computation.

Lemma 5. The Berezinian of the map M, is given by

det(A) 1 1 1
Ber M,, = det(D — CA 1B =2 (23 — 21 — 503C1) (23 — 22 — 5(3(2).
Appendix B is dedicated to the proof of this lemma. The proposition follows. O

5 Vertex-operator insertions

Here we discuss vertex-operator insertions and argue that they define a section of the line
bundle B(w|ns). Our construction in principle follows the lines suggested by Witten [43,
appendix A] for the moduli space M 1 of ordinary Riemann surfaces with one puncture, but
the case of Neveu-Schwarz punctures on a super Riemann surfaces seems to be considerably
subtler. A vertex operator is usually understood as representing the asymptotic state of an
incoming (at time ¢ = —00), or outgoing (at time ¢ = +00) particle, with given spacetime
momentum, spin, and other possible quantum numbers. After integration over spacetime, the
vacuum expectation value (VEV) of the vertex operator becomes a section of the contangent
bundle of the worldsheet (a super Riemann surface) of the propagating superstring, which
presents itself as a boundary component of the SRS. The assumed superconformal invariance
of the vertex operator means that the vertex operator is a cotangent vector to the super
Riemann surface X at the puncture replacing the boundary component. This puncture can
be of Ramond or Neveu-Schwarz type, but in this paper, we focus on NS punctures. Let
us also consider only conformal, i.e., left-moving, vertex operators, as a start, to keep doing
complex analytic geometry as long as possible. The holomorphic cotangent bundle 7y on X
is a rank-(1|1) super vector bundle, which fits into the short exact sequence

0— (D")®? = T3¢ = D* =0,
dual to (1.1). Recall that D* = wx and restrict this sequence to the NS puncture p € X:
0 — wi? ]p—> Txlp = wxl|p = 0.

If two cotangent vectors vi,vs € T¥|, form a basis such that v; generates w?f lp and vy
projects to a generator of wx|p, then their Berezinian [v;|vs] is a vector in Ber T¥|, = wx|p.
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This vector is a vertez-operator insertion, which is meant to have been integrated over the
field configurations (to produce a VEV) and is usually denoted with extra brackets: ([v1|va]).

We claim the vertex-operator insertion [vi|vs] € wx|, gives rise canonically to a vector
in the odd line Ber H(NS,,wx|ns,). Let NS, be the NS divisor corresponding to the NS
puncture p. The NS divisor is determined by its algebra of functions Ox|ns, = S(D*[,) =
Ox|p @ D*|p, see section 2. Tensoring this algebra with wx|ns, over Ox|ns, = Oxs,, we get

wx|Ns, = wxlp B W |p,

whence we see that Ber H'(NS,, wx|ns,) = W, ® wy'lp = wxlp. Thus, the vertex-
operator insertion [vi|vs] € wx|p, can naturally be regarded as a vector in B(wx|ns,) =
Ber H O(NSp, wx|Ns,). In the above, we have made sure to avoid splitting super vector spaces
and sheaves into even and odd components, which allows the argument to easily generalize to
families of super Riemann surfaces. For the universal family C, 10 — Mg 1,0, a vertex-operator
insertion becomes a section V(p) = [v1|va] € H°(Mg1,0, B(w|ns,)), where p is understood
as a section p : My10 — Cg1,0 of the universal family.

When we have n NS punctures p1, ... pn, the corresponding total NS divisor is the sum
NS =NS,, +...+ NSpn, and the vertex-operator insertions Vi(p1),..., Va(pn) multiply to
produce a section @7_; V;(p;) of Ber(w|ns) = Ber(w|ns,, )®- - -®@Ber(wlns,, ). If (z[¢) are holo-

[dzldC] s, |
[dz]dq]

morphic coordinates near the j’th NS puncture p; = (z;((;), where [C [dz|dC]|xs;

gives a basis of Ber(w|ns;,), then V;(p;) may be expressed as V;(z;|¢;) [C[dz|d§]\NSj

vertNSj}, whence the product of these gives a section

Q Vi) cldzldC]Ins, | [dzldC]lns, | € HO(Mono, Ber(wlxs)),
7=1

as claimed in (1.6), where we used the brackets () there to stress that it includes integration
over the spacetime configurations.

6 Tree-level scattering amplitudes in the physics literature

To better understand the physics context of our results and match them with the well-known
computations, we review how the holomorphic measure dv arises in the determination the
superstring scattering amplitudes in the physics literature for the type IIB superstring theory.
The matter superfields in terms of the holomorphic coordinates (z|¢) on a SRS and the
antiholomorphic coordinates (Z|¢) on the complex conjugate SRS are given by

XH(2]G5 2[¢) = X[ (2) + XR(2) + (' (2) + (" (2). (6.1)

In the usual approach to superstring scattering amplitudes one also introduces the su-
perghost fields
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In order to compute the scattering amplitude among n physical states, one inserts and
then integrates superconformal vertex operators of conformal weight (1|1) at the punctures.
However, to eliminate the zero modes of the superghosts and get sensible path integrals,
one must then also introduce picture changing operators (PCO), necessary to get a sensible
nontrivial measure (allowing for nonvanishing result). It turns out that the vertex operators
can then be taken in the form

V(23 21C) = e(2)c(2)é(v(2))6 (7(2))V (21¢; 2[¢)

where V' is a superconformal field of conformal weight (1|1), and the delta distributions
are meant to ensure that the v components vanish at the puncture. When computing the
amplitudes, for n > 3, one has also to introduce the insertion of §(3)d(/3), conventionally
chosen at (23|C3, 23|C3), which can be used to eliminate 6(y(23))0(5(23)). For n >4, n — 3
vertices can be replaced by integrated vertices

Ky, = /Edéjdfjdzjd?j V(2165 Z1¢)

where Y. is the genus zero super Riemann surface underlying the scattering representation,
so that we can write for the amplitude

An = <cc5(7)V1(Z?I0; 2910)ccd () Va(2510; 23]0)ccd () De, Dg, Va(2510; 250) H >

where (...) means the VEV. In particular, the first three bosonic coordinates are fixed
at the arbitrary values z?, zg , zg , while the first two odd variables are conventionally fixed
at (, = 0, a = 1,2. Notice that the ghosts disappeared from the integrated vertices so
they factor in the VEV as

bigh = (c28(7) (205 206 () (28 2)cad (1) (25 29) ) -

A simple physics calculation using bosonization and operator product expansion (OPE)
then yields

kgn = (25 — 21) (25 — 22) (23 — 21)(%5 — 22),

and we remark that the amplitude can then be rewritten as

n

An =90~ 2//\/( <Vl(’<’1|0 21|O)V2(22|0 22‘0)‘/3 23|C3,23\C3 H Z]KJ’Z]|C])>Dm7
0,n,0

(6.2)
where g. denotes the closed string coupling and the integration measure is

Dm = k‘gh[d,&; - dzn\dC;z, - d(n} [Cl§4 - d2n|d53 - dén] .

Direct comparison with (1.9) allows us to identify g. = 1/4 (when neglecting the
dilaton field).
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7 Conclusion

We can now compare our results with the standard derivation of tree-level NS amplitudes
available in the literature. Instead of deducing the amplitude formula (6.2) by constructing
a measure through the introduction of ghosts and PCOs, we have suggested the slightly
more general formula (1.9), containing only the physical fields and the canonical measure,
as determined by the super Mumford isomorphism over Mg, 0. By comparing the two
formulas, we see that they coincide after replacing g. by ﬁﬁ, if we include the dilaton
contribution in (1.9).
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A The super Mumford form over M, o

Here we compute the image of the super Mumford form

j— [ddzrdd?’ ([dz|d¢)® ¢[dz|d¢]?

9 2 9 23

[dz]d(¢]®  [dz]d(]?
z z ’ 2

z z

] € B(w?), (A1)

see (3.1), tensored with a global section

<(§) Vj(ZjICj)[C[dZIdC]vaSj [dZIdC]Ist]> € B(w|ns)
j=1

arising from vertex-operator insertions, under the isomorphism
¢: B(w’) @ B(w|ns) = B(w’(NS)), (A.2)
which comes from the short exact sequence
0 o® Lo W3NS) L5 W3 (NS)|ns — 0 (A.3)
and the canonical isomorphism (4.4):

B(w’Ns) l) B(wS(NS)|N5) . (A4>
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Even though all the isomorphisms are defined in a canonical, coordinate-independent way,
since we want to perform explicit computations, we work with the standard affine coordinates
(z ]C) on P, Note that the isomorphisms are linear over holomorphic functions, such as

J 1 ](ZJ\CJ)>, on the supermoduli space and, therefore, it is enough to compute the
image of

é[ [dz]d(]|ns; | [dz]dC]|ns, } (A.5)

under ¢

Proposition 6. The image of (A.5) under the isomorphism ¢ of (A.2) is the Berezinian of
the following basis of H°(w3(NS)):

n—4 n—37\ | [d2’|d<]3
{Cvg'z?"'acz ‘17"‘7Z } n ( _CCj).

7j=1

(A.6)

Proof. For each j = 1,...,n, multiplication by the generator % of w?(NS) (in a small
enough open neighborhood of the jth NS puncture) maps the basis

{C[dz\dé] [dz]d(] }
NS; NS,
of H(w|xs;) to the basis
¢ldzd¢]? [dz|d¢]?
—_ —_— A.
{Z—ZJ—CCJ NS, | 2% — GG NSj} (A7)

of H(w?(NS)|xs,), where the “restriction” |xg, means considering a local section of w?(NS)
modulo the subsheaf (z — z; — ((;) w3(NS). This maps the Berezinian

& [¢ldzldc] s, |[d=1dd] s, | (A.5)
7=1
of the basis of H’(wng) to the Berezinian
_ldzjdc]’

= | ¢ldz|d¢)?
® L’ —2; — (G Iy

Jj=1

A9
zj = CGj st] (89)

NS;

of the basis of H%(w?3(NS)xs) and induces the canonical isomorphism (A.4) on the Berezinians
of the cohomology. It remains to show that the canonical isomorphism

B(w?) @ B(w3(NS)|ns) = B(w?*(NS)) (A.10)

induced by (A.3) matches the super Mumford form i, the Berezinian (A.9), and the Berezinian
of the basis (A.6):
® (A.9) — [(A.6)]. (A.11)
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We will work with the long exact sequence in cohomology
0 — HO(w3(NS)) L HO(w3(NS)|xs) — HY(w?) = 0 (A.12)

associated with the short exact sequence (A.3) of sheaves. In terms of the sequence (A.12),
the isomorphism (A.10) rewrites as

Ber(H°(w?(NS)|ns)) = Ber(H'(w?)) ® Ber(H°(w?(NS))).

We will describe the relation between the bases of the three terms of (A.12) and the resulting
relation between their Berezinians.

The map g in (A.12) is obtained by restricting the elements of the basis (A.6) to the
divisor NS. This gives the following elements of H°(w3(NS)|xs):

a 3
Cz] [dz|d(] 7 0<a<n-_4,

7 iz (25 =20) 2=2=CGj Ing,

a a L . 3
@ Zj B CZ] ZC] C _aCi [d2|dd 7 0<a<n—3
j Hk;éj(zj—zk) Hk;éj(zj—zk) ket CI TRk Fj Z—2j—(Gj NS;

To determine the map § in (A.12) explicitly, we first note that
dz|d¢]?
{gz2,<z,g zQ,z} | ZLSC] (A.13)

is a basis of H'(w?) whose Berezinian is the super Mumford form p, see (A.1). On the other
hand, by Serre duality H'(w3) = H(w™2)*, and

{1,2, 22\ - ¢, —gz} . [dz]d(]_Q

is the dual basis of H%(w™2). The map & sends A\ € H°(w3(NS)|ns) to 6(N) € H'(w?) =
H%(w™2)* such that for any o € H°(w™2), we have

d(A)(a) = Resns(Aa).

This map ¢ is given explicitly on the basis (A.7) by

¢ ¢

— (+Zj2+2]2-
NS o

¢ldz|d)
z—zj — (G

[dz|d¢]®
z— 2z — (G5

¢

22

) ldslac’

z

— (i + zjzl2> [dz|d¢]?

NS;

forj=1,...,n.
Thus, in matrix form with respect to the chosen bases, we can write

_(AB
g_ OC’
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with

1 -
Hk;«él(zl_zk)( 3 Z15--05 2] )
1 -
A= Hk;@(zz Zk)( 12250y 29 ) |
H (lzn z;‘)(lﬂzn,. 72;’174*4)
k#n
—Ck . C1—Cr)21 e B
m<zk¢l G Zk;ﬁl(zl ol CHETPRED S Wt lzlkzk —(n—3)27 Cl)
—Ck . C2—Ck)z o -
oo m(zk#%’ Npr I G Zk;ﬁz%*(n—@@ C2>
1 Cn=Ce . (Cn=Czn _» . . A
W(Ekin znfz27 Zk#n?ﬁsk Cns -e3 Zk;ﬁn 2n—2k (n 3)2n Cn)
1 -
Hk;él(zlfzk)(LZl,.., , 21 )
1 L
C= Hk;ﬁg(zZ zk)(]-722,... 2y ) |
TTA“%;TAZS(I’ZH,”.723*3)
k#n
and
Z1 22 ... Zn 00..0
5: Z%Z%...Z%OO '0
0 0 . 0 1 1 ) 1
00 ...02 2...2

Let us pick a splitting of the short exact sequence (A.12), that is to say, a map ¢ :
H'(w?) — H°w3(NS)|ns) such that §6' = id. A priori there are many choices, but the
relation between the Berezinians will not depend on the choice. Since we have fixed the
coordinates {z4,...2n |(3,...,(n}, we are left to work with the matrix elements associated
to the remaining ones, which renders an invertible 5 x 5 matrix. We get

NE —(22+23) 1 0 0
(22—21)(z3—21) (22—21)(23—21) (zg_zl)(23_Z1)
2123 —nve 0 0
(z1—22)(23—22) (21—22)(23—22) (z17Z2)(23 )
e — (22 +21) O 0
(22—23)(21—23) (22—23)(21—23) (22_23)(21 =
0 0 X : 0
- ! X 0 0 0
0 0 O ’ 0
20—21 22—21
0 0 . 5 :
Z1—22 21—22
0 0 . O :
0 0 : 0 0
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The transition matrix M from the basis of H°(w?(NS)|ns) formed by the image of the
basis (A.6) under g and the image of the basis (A.13) under ¢’ to the basis (A.7) over all
7 =1,...,n is thus represented by a 2n x 2n block matrix

AB
M = ~
[ve)

where
1 n—4 (z223,—22—23,1)
[, (= )(1,21,. N
1 n—4 (Z 23,—21—Z2 ,1)
Hk#z(n*zk)(lyz%. 329 )7 m
- n—dy (2173,-21-23,1)
A= Hk#3(23_zk)(1’z3" %3 ); (21—23)(22—23)
H (124 zk)( 2 %4s ’Z274)7 (0,0,0) ’
k#4
T oLz, (0,0,0)

21 (¢1—¢ Zn_g n—
[I (21 2k) (Ek?ﬁl zZ1— Zk Z k#1 (Cil O—;Z G - E’C?ﬁl 121 k)Zk —(n=3)z 441;0;0)
k;él

2 22 C2—Ck)= i n—
(Ek;ﬂ o Dk (sz CZ,{ —G2; - Ek¢27(2z2k)zk2 —(n—3)2y 442;0;0)

- n n . . n=Cr)zn® —4,+ 0.
Hk# anzk) (Zlﬁﬁn zn—glz’ Zk#n (Czn—gz: —Cns oo Zk#n a sz—)zzk 7(7173)22 4@17070)

1 n—3 (22,—1)
Hk;ﬂ(zlfzk) (17217'“ 21 )7 22—
1 n—3 (21,—1)
(L,22,..,297°), S

L 257%), (0,0,0)

o
I
;1
Y
M)
—
w
IO
N
~
<

Q
I
—
N
w
—
N
w
N
>
N
—~
=
&

T L2, (0,0,0)
k#n

Accordingly, the Berezinians of the two bases of H°(w3(NS)|nys) are related by Ber M,
which the following lemma claims to be simply equal to 1, proving (A.11) and thereby the
proposition. O

Lemma 7. Ber M = 1.

Proof. We have Ber M = det Adet C~!. In order to compute these determinants, let us

notice that
A _ Al A2 7
Az 0O

111

Ay = | 21 22 23 ;

2,2 .2
271 %5 23

where As is the 3 x 3 matrix
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and As is the (n — 3) x (n — 3) matrix

Il — n—4
m(1’247--.7z4 )
Ag =

1
TG (1, 2,0, 2

Therefore,

1

det Ay = H

M
1<j<k<3 “k—%i

" 1
det Az =TT (= ) det
’ 1131 <Hk¢l(zl—zk)>

and?

n—4
1,24,...,24

—4 g <Hk7él)> 4§7’1<_£1§n(zm_ZT)7

n
1zn,....20

det A= (—1)""det Apdet A3=(-1)""% ][
1<j<k<3

~ C1 Cy
C=
<Cg 0)’

2k —2 ];[ (Hk;él zl Zk)) H (Zm—Zr).

4<r<m<n

In the same way, we have

where (5 is the 2 x 2 matrix

and Cj is the (n — 2) x (n — 2) matrix

1 -
m(l’z&.. ) 25 )
03 =
m(lwzn, e 72;77:*3)
Therefore,
det Cy = ’
22 —2Z21
- 1 17'237---,2?_3 i
e e VA e Ll SRR bt VAU iery (om22),
ll;[?)(l_[k;él(zl—zk)> 1.z Ln—3 1;[ (Hk;gl Zl Zk)>3§rgn§n m— Zr
yZnye-9 2y

2In bringing each of the far right columns to the left, in order to get a block-diagonal matrix, the determinant
changes sign 3(n — 3) times.

,25,



and

. 1 L 1
det C = det Codet C3 = Zm — Zr).
72— 21 l];g (Hkil(zl o Zk)) 3<r];[n<n( )

By taking the quotient we get
det A —1)n3 " 1
Ber M = b (=1) e SV Y H (2m — 2r)
det C (23— 22)(23 — 21)(22 — 21) =y \ I (21 — 2)

4<r<m<n

X (22 — 21) ﬁ (H(zl - Zk)) ]._.[

1=3 \k#l 3<r<m<n *M AT

(_1)1173 1
= zZ3 — Xk .
(23 — 22)(23 — 21) ,g( ) 3<1;[§n Zm — 23
The first factor times the last n — 3 give [];.3 ﬁ, so we get Ber M = 1. O

B Proof of lemma 5: the Berezinian of the super Kodaira-Spencer map

We first notice that, for N = D — CA™!B, in terms of rows, we can write

—m ((1 + %Zk#:& Z§3—C§k) (]., 23y .- ,Zg_3) + %(1, L3y e ey 25_4)14_1_8)
J

2 -
_m (]‘7 zn’ cey Z’r’rlb—g)

so that writing the first row as a sum, we can write det N = det N’ + det N”, where

2 -3
St (U 350 ) (a2 )

2 -
N' = Hj7é4(z4—2j) (1724,...724 )
2 .
Hj;én(zn—zj') (17Z’n,-..’zn )
and
_m ((EZ:4 zﬁ‘?’fik) (1,23, ..., 2073 + G3(1, 23, .. '»Z§_4)A—1B)
J
2 o
N” N H]‘¢4(Z4—zj) <17 Zhyeo 32y )

n—3
1, 2n, ..., 2079)

2 (
Hj;én(z’ﬂizj)
It is immediate to see that det A/ det N’ gives the expression (5). So we just need to prove
that det N” = 0. This is equivalent to say that det N = 0, where

(S S ) (1,25, 257 + G125, 25D ATIB

N (1,24,...,22‘_3)
(L, zn, ..., 22_3)
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Now, we observe that the first line has the form > }_ 4X/€C3<k7 where yi is a row. So, it
is sufficient to prove that det N, = 0 for each k, where Nj, is obtained by replacing s
in place of the first row of N. By the structure of the element of the matrix N, we see
that its determinant is cyclically symmetric in the 2y, k > 3, so it is sufficient to prove the
vanishing result just for one given k, say k = 4. We also notice that in A~'B the common
denominators in A and B cancel out. It is also convenient to notice that of the rows of B
only the last terms in the parenthesis of Bj, contribute to the determinant, since the first
terms give rows that are combinations of the remaining rows. Therefore, we can replace
the matrix A~'B with A~!B,, where

124 27 ... 2574
- 125 22 ... 2074
A=

1zy 22 ... 204

is a Vandermonde matrix (up to the change of sign in the second column), and

—C4 —2G4zs .. —(n —3)¢u2)
~ 0 0 0o ... 0
4= .
0 0 0 0
Thus, we see that
det Ny = det Nj + det Ny ,
where
-3
%(l,zg,...,zg )
~ 1, 24,000,250
Ny = 4
1, 2ny ., 2073
and
C3(1,23,...,25" 4)A 1B,
N 1,24,...,2873
1, zp,. .. ,z;l_‘g
We now prove that det Nf = —det N}. Factoring out % from the first row of N} gives

a Vandermonde matrix, so that the determinant is equal to

det N:L = C3C4 H ( Zk — Zj = —<3C4 H Zl — 23 H (Zk — Zj). (B.l)

73T R g lh<n 4<j<k<n

We can Tnow compute det N, ~” To this end, we notice that the entry number k of the first
row of Nj is Y723 267 1A ! (B4) 1%- This can be computed as follows. Since A_;' det A is the
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co-factor of the matrix A in position al, we see that ZZ;? zé’_lfl;f det A is the determinant
of the matrix A obtained by replacing z4 with z3 in the first row of A. Since both A and
A’ are Vandermonde matrices, we get

iy a-1 -1 det A” ooz — 23
Z 23 al —
a=1 =

and so

(07 17 2'24’ R (n - 3)2274)
(1,24,...,2073)

[T 52 — 23)

det
j=5 (25 — 24)

det N = — (3¢ (B.2)

(1,2, ...,2773)

Now, all co-factors of the first line of the last matrix are of Vandermonde type and, in
particular, are thus divisible by []7_5(2; — 24). It follows that det N/ is a polynomial in
the z; of the same degree as det Nj, which vanishes when z; = 23 (for some j > 5) or when
zj = 2z (for some 5 < j < k < n). Since the determinant det N} is simply the product of
these linear factors, and det N, 1 is a polynomial of the same degree divisible by the same
degree, it follows that det N/ / det N} is just a constant, which we can compute by evaluating
for any specific values of z;. For z4 = 0 we get

(0,1,0,...,0)
) (1,0,...,0) . (20 es2870)
det N = —¢ye Himse=28) qop | o7 onmay | 2 e Esim2s) g [
j=5 7] =57 (zg,...,zg_?’)
(1,2p,...,2773)
=GG][(m-2) ]z ] (=—2)
=5 Jj=5 5<j<k<n
(B.3)

which coincides with the evaluation of — det N}, computed in (B.1), for z; = 0.

C The z; = oo case

Here we consider the z; = oo case, or, equivalently, of (w|n) = (0|n1) in the coordinates
(wln) = (% , | %) in the chart on P!I' centered at z = co. We will deduce the resulting
expression (1.8) in that case of Theorem 1 by letting z; — oo in formula (1.7), which gives the
expression of the measure for a finite value of z;. More precisely, we will let (w; [n1) — (0| n1)
(or simply w; — 0) for (wq|m) = (% | %)

There is one subtlety, though. We want the vertex-operator insertion

Vi(a1lGr) [Cldzldc] |, | [d=1dd] g, | = V2 (25

5711) wr [n[dw|dn] Ins, ’ [dw]dn] |NSJ (C.1)
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at NS; = {w — w1 +nm = 0} in (1.6) to converge to a finite vertex operator

Vi(0lmn) | nlduwlds]Ins,

[dw]d)|xs, |
as w; — 0, i.e., we want

w1

lim V; (wil

w1 —0

&) L =TA(0lm).

Here we again drop the vacuum expectation value brackets () from the notation.
On the other hand,

1
dv = = <Z3w1 -1- %Cgm) (23 — 23 — %C:a(z) [dzy ... dzn | dCs ... dG,]
and hence
v dy — Vl(wil | 1%1) 1 1 1 d d d d
1(2’1‘@) V= —W (Z3w1 — 1= 5(3771) <Z3 —R2 — §C3C2) [ ZunN Zn| G- <n]

= Vi(0m) 5tz (1 + %Csm) (Z:s — 29— %CE;CQ) [dzg ... dzn [dG3 ... dCp)

as wy; — 0. In Theorem 1, we use Vj in lieu of Vl as well as slightly abuse notation and
denote the above limit by Vi (0]n)dv.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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